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We introduce a general approximate method for calculating the one-body correlations and the momentum
distributions of one-dimensional Bose gases at nite interaction strengths and temperatures trapped in smooth
con ning potentials. Our method combines asymptotic techniques for the long-distance behavior of the gas
(similar to Luttinger liquid theory) with known short-distance expansions. We derive analytical results for
the limiting cases of strong and weak interactions and provide a general procedure for calculating one-body
correlations at any interaction strength. A step-by-step explanation of the numerical method used to compute
Green's functions (needed as input to our theory) is included. We benchmark our method against exact numerical
calculations and compare its predictions to recent experimental results.

I. INTRODUCTION our analytical derivations, and reintrodue@&hen comparing
the analytical and numerical results in S¥®.

Since the early days of Bose-Einstein condensation in ultra- Nonlocal correlation functions likg(x;y) are generally
cold gas experimentd [ 2], the momentum distribution of the challenging to compute both analytically and numerically.
atoms has been a pivotal experimental observa)leNlea- ~ Consequently, predicting the momentum distribution theoret-
sured via time-of- ight imaging, the momentum distribution ically is dif cult, specially in correlated gases out of equilib-
has allowed to observe and characterize a wide range of phddm [6, 8, 9, 12, 14]. In the context of bosonic gases, this
nomena in a wide range of systensJ]. In recent years, mo- challenge has attracted signi cant attention from theorists over
mentum distribution measurements in ultracold gases in onél€ years 9. Analytical results have predominantly been re-
dimensional (1D) and close-to-1D geometries have allowedtricted to 1D. Even in 1D, direct calculations for microscopic
to observe dynamical fermionization during the expansion itiamiltonians are typically limited to hard-core bosoh&{19],
1D [8], test the accuracy of generalized hydrodynamés [ which can be mapped_ onto noninteracting fermions through
study the 2D-1D crossovel (], probe the effect of dipolar the Bose-Fermi mappin@{]. Numerically, the momentum
interactions in 1D gase4 ], observe hydrodynamization after distribution in equilibrium can be obtained using quantum
Bragg scattering pulse4], unveil cooling by dimensional Monte Carlo simulations1-23] or, for integrable gases, by
reduction L1, 13], and characterize the dynamics of dipolar-using sophisticated form-factor resummation meth@dsZ25.

interaction stabilized many-body quantum scaw [ Furthermore, numerical results in and out of equilibrium can
The momentum distributioh(p) is the Fourier transform, ~be obtained for lattice hard-core bosons at ze 7] and
7 7 nite [ 28, 29] temperatures. Such lattice calculations have
f(p)= dx dy €P% Vg (x:y): 1) been used, in the low-density limit, to understand some of
P y QiX:y) the recent experimental results in the continuum mentioned
earlier 8, 9, 11, 12, 14).
of the equal-time correlation function There also exist well-known asymptotic results for the
n i OBDM of 1D bosonic gases. In particular, in homogeneous
ai(x;y) = h"™ ) T y)is (2 (i.e., translational invariant) ground states, ktieg-distance

asymptotic behavior af; (x; y) is predicted by Luttinger liquid

which is known as the one-body density matrix (OBDM). Heretheory B0-33] to be of the general form:

"Y(x)and{ x) are the one-particle creation and annihilation _ _
operators, respectively, at positian We set~ = 1 throughout g (x;y) . X Bm2cos(@kejx ij). 3)
noxoyjodn) (njx  yj)2m*K+zic

0

_ _ ' _ wheren is the 1D atom densitkr = n is the associated
Attila Takacs and Yicheng Zhang contributed equally to this work. Fermi wavevector, an is the dimensionless Luttinger param-



1.1 T T 1.1 T T T T T T
-&- ABACUS -&- ABACUS -&- ABACUS 1.0 -&- exact TG |
long dist. long dist. 1.0 long dist. ' hﬁ’ long dist.
S 1.0 ks short dist. 1.0 “"L\Q short dist. | HQ&{Q short dist. ]\ short dist.
> s 0.8
0.9 e
<. 0.8
B o9 08 0.6
— N
(=
B S 0.6 0.4
0.8 == 07
0 2 4 6 0 2 4 6
rn rn
2.0 T T T 2.0 T T T 2.0 T T T 2.0 T T T
approx. —— approx. approx. —— approx.
(e) -&- ABACUS (f) -&- ABACUS (g) -e- ABACUS (h) -e- exact TG
1.5F 1 1.5 1 1.5 . 15F E
— . 25 0.2
&
“~ 1.0 1 10 1 10 1 1.0 ol 1
% \
0.5 1 0.5 1 0.5 Vs . 0.5 0.0 E
. 25 5.0 75 ‘BSSSMA 25 5.0 75
0.0 T T T 0.0 i T T 0.0 h N1 T 0.0 1 1 T
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
p/n p/n p/n p/n

Figure 1. Top: Exact results for g; (z,0) (symbols, ABACUS data of Ref. [24] at finite interaction, and exact Bose-Fermi mapping result at
infinite repulsion) compared against the leading order (m = 0) of Eq. (3) [solid line, see Eq. (17)] and to Eq. (4) up to ¢ = 4 [dot-dashed line,
see Eq. (19)]. Bortom: Corresponding normalized momentum distribution f(p) obtained from the exact results (dashed line) and from the
minimum of g (z, 0) in the two asymptotic regimes shown for g1 (, 0) (solid line). The insets provide a magnification of f(p) at intermediate
momenta. The reduced interaction coupling ~y increases from the left to right.

eter, which depends on the strength of the interaction between  The agreement between the numerical and the asymptotic re-
the bosons. d(n) is the typical length scale of the microscopic sults is excellent at short and long distances for all values of
problem, thereafter taken as the maximum between the inter-  the dimensionless coupling parameter 7 (see Sec. II) shown.
particle distance n !, and the healing length &y o< 1/4/n,  In the strongly interacting regime, the asymptotic results de-
namely d(n) = max(1/n, &pear)- The sum in Eq. (3) runs over  viate from the numerical ones within a narrow window about

integer numbers m > 0, physically encoding low-energy mo-  |x — y| ~ 1/n. In the limit of infinite repulsion (hard-core
mentum +2mkp processes [32]. Each of these terms comes bosons), this observation dates back to the seminal work of
with a dimensionless amplitude B,, that depends on the micro-  Vaidya and Tracy [18]. The deviations of the short-distance

scopic details of the model [34, 35]. It follows from Eq. (3) that ~ expansion for arbitrary interaction strengths were recently dis-
the momentum distribution of the ground state of an infinitely cussed in Ref. [40]. In Figs. 1(e)-1(h) we compare f(p) ob-
long 1D Bose gas exhibits a peak f(p) ~ |p| zx L forp — 0, tained using the Fourier transform of the asymptotic results for
as well as weaker singularities about integer multiples of 2k, g1(x,y) (closest to the numerical ones) to the numerical results
f(p) ~ |p ¥ 2mk F|ﬁ+2m2K ~1 when p — +2mkp. for f(p) [24]. The agreement is excellent at low momentum
Asymptotic results are also available for the short-distance (p < kr). The disagreemel.lt becomes Vis.ible, see the insets,
behavior of g1 (). In particular, for the ground state of the ~ forp R kp before f(p) vanishes at very high momentum.
1D Bose gas with §-interaction, also known as the Lieb-Liniger The previous observations for the homogeneous ground state
model [36] (see Sec. II for details) [37-39]: motivate the analysis in this paper. We use asymptotic results
for the long- and short-distance behavior of the OBDM at finite
g1(7,y) ~ 14 Z C,(nlz — y|)? 4) temperature (see also Refs. [40, 41]) and in the presence of
n |z—y|<d(n) E confining potentials to compute momentum distributions that
>t are of direct relevance to current experiments with ultracold
where the dimensionless coefficients C;, can be expressed in 1D gases (as we show in Sec. IV). Our results are compared to
terms of local thermodynamic quantities in the gas. those obtained for exactly solvable cases, such as trapped hard-
In Figs. 1(a)-1(d), we compare asymptotic results for the core bosons at finite temperature and weakly interacting bosons
ground state of the repulsive Lieb-Liniger model to numerical in the quasicondensate regime. For intermediate interactions
form-factor resummation results at finite interaction and exact  strengths, which are not exactly solvable, we benchmark our
Bose-Fermi mapping result at infinite repulsion for N = 100 results against those of quantum Monte Carlo simulations.
bosons in a ring with unit density [24]. Due to the finite length The paper is organized as follows. In Sec. II, we intro-
L of the ring, to plot the long-distance results from Eq. (3)  duce the Lieb-Liniger model and review known results for
we replace |2 — y| by the chord distance Lsin(w|z — y|/L)/m.  the long- and short-distance asymptotics of the OBDM. In
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Sec.lll, we study trapped 1D gases in equilibrium at nite may interpret the r.h.s. of EQ) as the set of momenta of a
but low temperature using the “inhomogeneous Luttinger lighoninteracting Fermi gas, and thus one can think of the cor-
uid” approach 83, 42—46]. We derive analytical expressions responding rapidities as imposing a nontrivial quantization
for the OBDM in traps at nite temperature in the hard-core condition due to the contact interactions. For instance, the
(Tonks-Girardeau) limit and in the weakly-interacting (Gross-ground state setgs is obtained from the equally spaced con-
Pitaevskii) limit. In SeclV, we provide a detailed discussion guration I; = ™31 +j ie., by lling a Fermisea for the

of our numerical method for evaluating the OBDM in the inho-associated noninteracting system.

mogeneous Luttinger liquid for arbitrary repulsion strengths, In the thermodynamic limitN ! 1 andL ! 1 at
generalizing the method of Re#l] to nite temperature. In  xed densityn = N=L, it is convenient to replace the ra-
Sec.IV, we benchmark our approach against exact numericgidity set with a smooth density distribution( ;) =
calculations and compare its predictions to recent experimefimy. v 15[L( j+ i)]. In the ground state, the latter
tal results. We summarize our results and discuss potentightis es the following integral equation

extensions in Sed/I. 7

2 ()=1+ FFdOCZfE:(O)o)z; (10)

II.  LIEB-LINIGER MODEL

R
. _ Ry .
Throughout this paper, we focus on 1D gases of bosons WitW'th F xedbyn = d (). Forlater convenience, we

. F. . . .
. ! . so introduce the dressing operation of a generic function of
repulsive contact interactions. In the absence of an externdl ™. .. : . X
. . ) rapiditiesh, de ned as the solution to the integral equatid®]
potential, the corresponding model was introduced and solve

by Lieb and Liniger B6]: Z q 0 2
1Z L h i h*( )= h( )+ i Tmhdr( 9; (11
Ho= >  ax™00  @+c™tx) 1x); ()

z

in terms of which () [1=(2 )]dr. It is also possible to

where”Y(x) and{ x) are bosonic creation and annihilation express Eq(10) in terms of dimensionless variables= ¢= ¢

operators, respectively, at positigrin a ring of lengthL. We andg(u) ( Fu):
set the mass of the bosoms= 1, andc > 0is the strength of Z,

the repulsive contact interaction. _ 2g(u )=1+ e 22 g (%) S 12
The Lieb-Liniger model can be solved using the Bethe 1 +(u U9
ansatz 86, 47, 48]. Focusing on the sector with bosons, R
the Hamiltonian §) can be written in the rst-quantized form normalized such that 11 dug(u; )= . Asaresult, one
" nds that the equilibrium properties of the Lieb-Liniger gas
g = % @@ fe S ©) depend uniquely on the dimensionless reduced coupling
1=1 P i< N = c=n; (13)
ith iated -body ei tat . . .
With assoclated many-body elgenstates with ! Oand !'1 corresponding to the limits of weak
B o(:%=E() (% @) and strong interactions, respectively.
' ’ Although the Bethe ansatz approach provides an exact un-
% = (X1;:::;Xn), Whose explicit expression can be found'derstanding of the spectrum of the Lieb-Liniger mogig| the
e.g., in Refs. 36, 47, 48). Importantly, these eigenstates are calculation of correlation functions within this framework is a
labeled by a set of real spectral parameters( 1::::: n) formidable challenge. Since determinant formulas for the eld
(or rapidities) whose allowed values are the solutions of théorm-factorsh j"Y(0)j i between two generic Bethe-ansatz
Bethe equations: eigenstates have been determingd,[one may express the
OBDM (2) as
eiiL_Y i +|C J_l ..... N: (8)
I <+ ic’ T X hi™x)i ih ito) i i
oi a060=" T j‘?i V1L
or, equivalently, in logarithmic form fo
W where is the rapidity set of the reference state (e.g., the
- 1 2 arctan _ . 27|. . ) ground state). The evaluation of Hd4) requires the sum-
L - c L mation over the intermediate Bethe-ansatz stateswhich

beyond few-particle systems is a challenging task that needs to
Equation(9) uniquely speci es a rapidity set [hence, an be tackled using sophisticated numerical algorithms, see, e.g.,
eigenstate of the Hamiltonia®)] for a set of distinct inte- Ref. [25]. The numerical evaluation of E¢14) for the ground
gers (half-integerd));; :::; Iy for N even (odd). In fact, one state, reported in Ref2f], yielded the results plotted in Fig.



A. Long-distance asymptotics of the OBDM B. Short-distance asymptotics of the OBDM

Alternatively, a universal description of the system's corre- The long-distance asymptotics in E§) exhibits an ultravio-
lations can be obtained at low energies using Luttinger liquidet divergence in the limitx  yj! 0. This singularity, absent
theory B1, 32]. The main idea of this effective low-energy in the microscopic model, is inherent to the Luttinger liquid de-
theory is to encode low-energy guantum uctuations in termsscription and must be regularized in order to obtain the momen-
of uctuating bosons on top of the Fermise® [ ¢; ¢]  tumdistribution via Fourier transform [cf. E{L)]. To this end,
obtained through the thermodynamic Bethe ansatz. Followinghe short-distance expansion@fx;y) forjx yj  d(n),
this approach, it is possible to write the so-called harmoniceported in Eq(4) and derived in Refs37-39], can be used.

uid expansion of the eld operator]5, 31-33] Retaining only the lowest orders, one has
s
B : ;0) xt oy L - .
AX hq i gl(X1 2 3 4.
Ne 0 @ By el xs 01 g 1700, - 1+ Ca(njxj)”+ Ca(njxj)” + Ca(njxj)™; (19)
m2z (15) with the coef cients expressed in terms of thermodynamic
with the density@ " and phasé uctuating elds satisfying Bethe ansatz quantities
[@"(): "9 = i (x x9.InEQ.(15,Bm Bm() o) 20 80, 20
are dimensionless nonuniversal amplitudes associated to Umk- A= 2 ' (20)
lapp scattering, whose values are obtained from eld form
factors in the thermodynamic limit, as detailed in Appenlix 20
(see also Refs3H, 35, 44, 46]). The properties of such uctu- Cs( )= a( ); (21)
ating bosons are determined by the Luttinger Hamiltonian 12
R z, h i o h g and
H=2—odx vKe@(x) +i- @(x) ;(16) CA():18§ 9, 2,2+39 + 29+ 9@+ )
24 ’

wherev is the sound velocity an is the Luttinger parameter, d dthe f . (22)
respectively. For the Lieb-Liniger mod¢s), these parameters €re We de ned the functions
are not independent,= n=K ,withK =[19( £)]? 1 Ry dug(u; )u
for repulsive interactions. x( )= = E : Tt (23)

By establishing the two-point correlation of the uctuat- 11 dug(u; )]

ing elds via Eq.(16), the Luttinger liquid theory enables the

calculation of higher-order correlators by means of Wick'sStrictly speaking, E§19) is valid for the ground state of the
theorem. For the specic case @i(x;y), this leads to Ljeb-Liniger model. However, while nite but low temper-
Eqg. (3) [15 32 33]. When evaluating the sum in E@S),  atures qualitatively change the long-distance decay of the
one can use the fact that each harmanicontributes to the  OBDM from algebraic to exponential [cf. Eqd.7) and(18)],
expansion in Eg(15) as a short-distance correction that scalesthey do not signi cantly affect its short-distance behavior. The
liken m,with  =2m?K + 5 [32]. Hence, by trun- vyalidity of Eq. (19) for the nite-temperature gas was tested
cating the sum at its leading orden (= 0), one obtains the against quantum Monte Carlo simulations in Ref€), j1].

long-distance asymptotics of the OBDM [valid fog  d(n)] As discussed in the introduction, Fiyshows the ground-
. state OBDM for a translationally-invariant gas of sike
q(x;0)  Bon (17) obtained by combining the asymptotic results of E(S)
n jxjﬁ and(19). For the long-distance behavior, we retained only the

leading-order termnf = 0), although we veri ed that sub-
with jxj replaced by sin( jxj=L)= in nite-size systems. leading correctionsnt = 1) do not signi cantly affect the
Furthermore, the Luttinger liquid theory allows one to accountmomentum distribution within the range of momenta that are
for small thermal uctuations. By incorporating the effect shown. The matching at intermediate scales yj  d(n)
of a nite temperatureT in the low-energy description of is done by taking the minimum of the two asymptotic curves.

uctuating elds, one obtains: While improved results could be obtained through, e.g., a poly-
nomial interpolation between the two asymptotic regimes, we
0.(x; 0) Bon zic _ nd that our approach provides accurate results without the
n h L (18) ' need of further manipulations.
i ixj
T sinh =
-
valid for a translationally invariant gas whep  d(n) Ill. TRAPPED 1D BOSE GASES
jXj, with thermal length+ = T=v (we set the Boltzmann
constankg =1). See, e.g., Secs. 3 and 4 of R&fZ][or the In experiments with ultracold bosonic gases in 1D geome-

appendices of Ref3p] for a derivation of Eq. 18). tries, which can be realized using 2D optical latticgsl5] or
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atom chips 1], a con ning potentialV (x) is present, so the Green's functions of the phase uctuating eft{x). We also
corresponding 1D gases are modeled using the Hamiltonianintroduced the timescale
Z L z R dX

B = o+ ide(x)Ay(x)'( X): (24) TS w0 (28)

The con ning potential breaks the Bethe ansatz solvabiIity"j‘SSOCiated to the inhomogeneous Luttinger liquid m@2e)

of the model. Yet, one can use the local density approxima!Nich is the time needed by an excitation with velogita (x)

tion (LDA) to describe local quantities in the inhomogeneoust® Propagate from one edge to the other of the atomic cloud.
system using the corresponding Bethe ansatz results for the ho-We stress thali (x) (y)i is the phase-phase expectation
mogeneous gas with a local chemical potential V (x), see, value computeq on the inhomogenous equmbrlum state (at ei-
e.g., Refs.3, 15]. This simple approach provides an accuratether zero or nite temperature/? of th/(\e trapped Lieb-Liniger
description of inhomogeneous gases whenever the length sca8@s (24), while G (x;y) = hs(x)]"[s(y)]i is the corre-
associated to the changes in the density due to the externgponding correlation after the change of coordinate s(x)

potential is much longer than the interparticle distance, namelyhat maps the modulated Fermi surface onto one with unit

wheneven *(x) j @ logn(x)j. sound velocity and local Luttinger parametéfs(x)] (see,
In what follows, we assume th&t(x) = V( x) sothatin €.9., Refs.42 54, 61] and the discussion below). One then
the ground state the gas is con ned in aregio [ R;R] needs to de ne a regularized Green's function for phase-phase

[ L=2;L=2], with R being the “radius” of the atomic cloud. correlations occurring at same positof44, 46]
The generalization to non-symmetric traps is straightforward.

— i . h
In the Bethe ansatz description, LDA is implemented G (x)=lm G (xx9 G™Mx x9 (29
through a position-dependent rapicgy cutoff(x) in Egs.(10) _ _ N
d(11), xed such tham = T F() 4 Adopt-  Where ultraviolet divergences are removed by exploiting the
and(11), xed such thatn pa(x) nd (). Adop known result for the homogeneous gas, nan@¥™(x) =

ing a grand-canonical description for the gas locally allows on
to determine g (x) fromV (x) via the self-consistent equation
e[ £(x)] =0, with the dressed energy" ( ) satisfying

® K [s(x)]=4logjs(x)? [32.
Equation(27) readily provides the long-distance asymptotics
of the OBDM in terms ofG (x;y). In general, analytical

2 Z () 49 2cer( 9 results forG (x;y) are not available, so we treat this function
()= —  +VX)+ —= 5: (25) asaninputto our theory. In Selé/, we discuss an ef cient
2 Fo0 2 9 numerical implementation to obtai@ (x;y) for arbitrary

. - . potentials, and at nite interaction strengths and temperature.
IrgoEg%rgii)l;;hgeazhf&g&iigoetsg&?;sIQZiSr?n S?;;‘?)tatrr;iecllggo Conversely, the limits of strong and weak interactions are
= LDA ‘ i - i
Implementing the LDA in the Bethe ansatz framework re_exactly solvable and are discussed in the following paragraphs.

sults in a position-dependent Fermi surface, on top of which Lastly, we note that Eq27) has singularities in the limit
P Jep ) »ontop x !y, which parallel those discussed in SHcfor the ho-
low-energy uctuations can be incorporated like in the stan-

2 Co X . : mogeneous case. Therefore, the long-distance asymptotics
dard Luttinger “.qu'd theory rewewegi in S.ekt.'Thls Ie'ads' given in Eq.(27) must be complemented with a short-distance
to the so-called inhomogeneous Luttinger liquid Hamlltonlanex ansion foix i min[dioa(X): dioa(Y)]

[42-44, 46, 52-60] p X ] LpA (X); Gpa (Y
0 . .
z. N Gu(xy) = noa( ) 1+ Co()[noa()ix  vil*  (30)
A dx Vipa(X) %) Ay 2
Hin= =22 @K (0 @00 +
0

h i,l
@ (x) g
K(x) +Cs( )[nwoa( )ix Vil + Ca( )Inoa( dix  vil* ;

(26)
Here,K (x) = [L9( ¢ (x)]? is the local Luttinger parameter
andvipa = N pa(X)=K(x).

with = (x + y)=2 and the coef cientsCqy(x)

Cqy(c=n_pa(x)) obtained as simple LDA extensions of the

Notice that the Hamiltoniaf26) is still quadratic in the uc- res_,ults discussed in Sdt. Combining together the two asymp-
! ltonia(2e) is still qu ! " totic results of Eqs(27) and(30), we approximate the OBDM

tuating elds. Thus, exploiting Wick's theorem, it is possible to t all dist to determine th tum distributi fth
derive a generic expression for the long-distance asymptoticg all distances to determine the momentum distribution ot the

of the OBDM in the presence of con ning potentials trapped gas4).
_ 2K (z) 1
qu(xy) = e V) Y Bo(2)Noa(2) e 26 (2. A. Finite-temperature weakly interacting bosons
’ 2= xy [T vipa(2)] W ' in a harmonic trap
(27)
at leading order in the harmonic expansion € 0), and In the quasicondensate regimeé 0", namely, at weak
valid forjx yj  max[dipa(X); dipa(y)], with dipa(X) = repulsive interactions! 0 and high densityn(x) = n(x)=c

d(npa(x)). Here,Bo(x) = Bo(c=npa(x)) is the local such than(x) is nite, analytical results can be derived for the
nonuniversal amplitude, an@ (x) andG (x;y) are the OBDM in a harmonic trap/ (x) = %! 2x2, see also RefH?2].
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In this regime, our formalism below is equivalent to Bogoli- Using Eqgs.(35) and(36), the Hamiltonian(26) becomes
ubov theory, see, e.g., Re67]. diagonal in the mode operators and reads (up to an additive
Starting from the equation of state, = cn (see, e.g., constant)

Ref. [63]), using the LDA one nds the local density X
N n .
| 2R2 X2 Hiinn = p 88 (42)
= —_— p>0
NLpa (X) ~ I Rz ¢ (31)

D The two-point correlation functions of Luttinger elds com-
whereR = " 2=! . Equivalently,R can be related to the puted in the ground state in harmonic traps thus have the fol-
number of particles through lowing analytical expressions

21 2R3 12X = =
N = : (32) h'(x)"(y)i = ¢ w (43)
6¢c 2 p
p>0
In the quasicondensate regime, Bogoliubov theory predicts a 202X b (x=R)b. (V=R

divergent Luttinger parameter given 34 h(x)(y)i = — p(x= ) p(y= ); (44)

r 2c 0> 0 p

L, 0 Nipa (X)
K(x) " — = _ 33 1 2X = =

(x) W c (33) W (x) ()i = i.T bp(x R'?ap(y R): (45)

p

. o p>0
while the sound velocity is

Notice that the sum entering in Eqd.3}—(45) is fast converg-
ing in p. These formulas can be generalized straightforwardly
to nite temperatures by replacing the ground state expectation

In the special case of a harmonic potential, the Luttinger ligvalues &,8) =1 and &ya, =0 by the thermal equilibrium
uid Hamiltonian(26) can be diagonalized using the following ones,tr “n8p8) =1+ nge(") andtr “naya, = nee("),

Vipa (X) o P C Nipa (X): (34)

mode expansiorbR, 57, 64] for a the density matrixy, /' exp H'n . The thermal
A . r TX  ay(x=R) occupation of a bosonic moderige(") = 1=(¢="  1). One
(x)=1l > (&) &), (35) ndsthat, at nite temperature, Eqs48)-(44) become
p>0 p
~_c!12X g, (x=R)ay(y=R)
Ay = o X bp(x=R) . W00 i = - [+ 2nge("p));
(x) = P O—ppT ar +,): (36) 2 o D P
P (46)
with [&,; 8] = p.q, [8,;84] = 0, and the phonon dispersion 212X b (x=R)b.(V=R
in the trap h"(x) “(y)i = o p(X ) plY )[1 +2nge("p)];
r p> 0 p
+1 47
o= p(pz ). 37)
_ ~ . while h"(x)"(y)i in Eq. @5) remains unchanged.
I ly, th d litud db
mportantly, the mode amplitudes (u) andby (u) entering in Equation(46), together with the known result for the nonuni-
Eqgs.(35) and(36) have a known analytical expression in terms, o o amplitudB, ' 1for | O* [44], gives direct access
of the Legendre polynomialsy(u) [52, 57, 64] to the asymptotic long-distance behavior of the OB[M) in
r 1 the quasicondensate regime for a harmonic potential. Explic-
= + —L : itly,
ap(u) p+ SLp(u); (38) 1y, |
s !
o1 12X [1+2nge("p)]
+1=2 0 = ¢ 12+ 2neel’p)]
bp(u) = 72';(“ L O Gix)=exp . Oap(x)ap(xo’ "
These functions satisfy the differential equation Y NLoa(2) SO .
2 P +2 nge(" ’
0 @ ap  _ r p(p+1) a . 2=xx 0 €XP €4 p>0a§(z)w
: zu2 @ o bp 2 by (40) - i '
In Fig. 2, we plot the results obtained evaluating E4g)
and are normalized such that at the center of the trap for different temperatures. The same
Z, Z, results can be obtained from EQ7) by insertingG (x;y)

given in EQ.(46) (upon using the change of coordinat&g)(

pat (41 gpeci ed below).

_ 2bp (u)bg(u) _
. du ay(u)ag(u) = X du 1z -
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Figure 2. Long-distance asymptotics of g1 (z, z") for bosons in the
quasicondensate regime (y — 0) confined in a harmonic trap V' (x) =
%wa:Q, obtained from Eq. (48). We set the trap frequency tow = 1
and take N = 20. We plot g1(x,z’) vs /R (R is the atom cloud
radius) for ' = 0 and for different temperatures (see legend). The
temperatures are to be compared with the energy scale 7' ~ 0.47

of the inhomogeneous Luttinger liquid model.

B. Finite-temperature hard-core bosons in a trap

In the hard-core boson limit (y — oo, also known as
the Tonks-Girardeau limit [20]), analytical results can be de-
rived for the OBDM of the inhomogeneous gas. The zero-
temperature case was discussed in Refs. [43, 46, 61], so here
we focus on the finite temperature T = 1/ regime. The key
feature of the Tonks-Girardeau limit that makes possible an
analytical treatment is that the Luttinger parameter is constant
and equal to its free-fermionic value, K (00) = 1, regardless of
the local value of density. This allows us to reduce the inhomo-
geneous Luttinger Hamiltonian (26) to the 2D conformal field
theory of a compact free boson. In terms of density fluctuating
fields, the corresponding action reads [32, 33, 65]

1 B/T 1 5
= / ds (Vo)?, (49)
0

:27r0

where V = (0, 0;) is the gradient in 2D Euclidean spacetime.
Here 7 is the dimensionless (i.e., rescaled by 1/7) imaginary
time, and the field ¢ is periodic in that imaginary time direction,
o(x, 7+ B/T) = ¢(x, 7). The spatial coordinate = has been
replaced with the stretched coordinate [43, 44, 46]

. x da’
s(x)y =T /_R P @’ (50)

which can be interpreted as the (dimensionless) time needed
for an excitation traveling from the left boundary to the point
z. The field ¢ has Dirichlet boundary conditions at the two
boundaries, ¢(0,7) = ¢(1, 7). The action (49) is then the one
of a free boson living on a cylinder of width 1 and circum-
ference B/T. After some technical manipulations detailed in
Appendix B, one obtains the following result for the finite-

1

N
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5
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Figure 3. Long-distance asymptotics of g1 (z, z) for hard-core bosons
(v — 00) confined in a harmonic trap V (z) = wz” — p, obtained
from Eq. (27) and (51). We set the trap’s frequency w = 1 and fix
w such that N = 20. We plot g1 (z,2') vs x/R (R = /2u/w is
the atom cloud radius) for 2’ = 0 and for different temperatures (see
legend). The temperatures are to be compared with the energy scale
T~ ~ 0.2 of the inhomogeneous Luttinger liquid model.

temperature Green’s function of the phase fields
1 9, (S(w)?(y) %) 9, (s(w)-;S(y)

Goo(z,y) = — log {82:191 (O %ﬂz

if
i)

2

where
1 ) r2
Oi(zlr) = —i Y (—1)72PTESTTT O (52)
reZ+i

is the Jacobi 8 function. The regularized Green’s function at
equal points is then

Goo(z) = lim |:G99(CI?,.T/) + ilog |s(x) — s(m')|2]

o' —x
1 %191(8(96) %)
~ —5log W : (53)

By inserting Egs. (51) and (53) in Eq. (27), and using that the

nonuniversal amplitude By(c0) = G(3/2)*/v2r ~ 0.5214
in the Tonks-Girardeau limit, where G(-) is the Barnes G-
function [16, 17, 66, 67], one finds the long-distance asymp-
totics of the trapped gas (24),

By(o0)

g1(x,y) = V2T 54
L) (o) (]
‘ﬁl(su);s(y) %> 2 ﬁl(sm;s(y) %) 2

We plot this result in Fig. 3 for a harmonic potential. In the zero-
temperature limit 5 — oo, Eq. (54) reduces to the expression
in Ref. [43, 66].
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For completeness, we also report the expression of thiori;j = 1;:::;M. Itis convenient to change the operator
Green's function for the density uctuating eld& (Xx;y) basis from” to the bosonic modes
hA[s(x)] A[s(y)]i , entering, e.g., in the calculation of the den- A A
sity ripples and in the density-density correlations, see for ﬁ = Lp;; (62)
instance Refs g5, 68], or AppendixB for a derivation: 2
4 S _sW) ] satisfying[t\]+ ;f]o] = jj o and commuting otherwise, that we
v 1 1 T collect in the2M -vector
G (xy)= > log oy 1 (55)
e e By bl = MTwy (63)
with2M  2M matrix W having nonvanishing elements for
IV. FINITE-TEMPERATURE GREEN'S FUNCTIONS OF J=100M
THE INHOMOGENEOUS LUTTINGER LIQUID p_
° Wij  Wij+m =1= 2
In thi.s section we d_iscuss the_numericallmethod_used to Wi = i:p 2: Wjimj +m = i:p 2: (64)
determine the equilibrium two-point correlation functions of
the Luttinger elds"(x) and "(x) in the Hamiltonian(26), This notation allows us to recast the Hamilton{&m) in the

valid for arbitrary strengths of the contact interaction at nite quadratic form

temperature. We follow Ref4p], where a numerical method

is described for the zero-temperature Green's functions (see

also Ref. §i6]), and extend that method to nite temperature.
Our starting point is the Hamiltonia26), which for conve-

nience we express in terms of the stretched coords(xiein

Hin= 0 WYhw b; (65)

which can be diagonalized by a further unitary transformation
U. Denoting”™ = UB, one has

Eq. 00), withvipa(X) = N 1pa(X)=K(X), N pd
0 hil Hin= YU WYhw UA=" (Y +4 ) (66)
1 41 (s 1=
N oo 2 N2 A 2
H'inn 7T, ds% K (s)"“(s) + K(s) E{ (56) with A = (M5 A s Ms i A ) and eigenvaluey
“j+m forj =1;:::;M, following from the symplectic struc-

. . . ture ofU required to preserve the canonical commutation rela-
Here, we introduced the canonically conjugated momenturg Ofﬁ operators45]

1s)= @"(s)= suchtha(l s); ()= i (s <. This Given the structure of the Fock space, it is convenient to
Hamiltonian can be readily discretized as follows consider the associated matrix

A w A M K n no)2 _ ld o0 y )

Hinhzij_lKj 12+—Tj_l W (57) l o Id WYhw (67)
whereld is theM M identity matrix and projects on the

whereM 1is the number of sampling points in the unit in- negative eigenvalue spectrumfobuch that the degeneracy of

terval, andK; K (s;j) is the discretized Luttinger parameter. the spectrum is removed.

The Luttinger elds are replaced with their discretized version Denoting as; the eigenvectors, and &s < 0 the eigen-

A,- , '\,- satisfying["j ; "j o] = i jjo. Open boundary condi- values, offi restricted to the negative energy subspace, the

tions are imposed on the chain, implying tﬁ\@t: "+ =0 two-point correlation matrix can be written as

andKg = Ky +1 = 1. In matrix form,

Hhi= YPr(y (68)
Hin="Th"; (58) : . : -
inh ' whereP(T) isaM M diagonal matrix that projects onto the
where target state over which the expectation value is computed. In
a thermal state, it gives Bose-Einstein weights to the bosonic
To AL AR A (59) modes
andhisthe2M  2M Hamiltonian matrix having nonvanish- Pr(Dly = #: (69)
ing elements
Equation(68) xes the structure of the desired correlation
hi = M it i +1 i+1j i . (60) functjon up to a_normalizati(_)n of the eig.e_nvectors _In order
i T K|+ K 1 Kiw + K to xit, we consider the auxiliary (Hermitian) matrix
- . id O
hi+ Mijj +M MT iij Kjv (61) Oij = .y 0 id i (70)



with eigenvectors u;, and we construct the normalized eigen-
vectors as [45, 46]

v = Y . G=1,...,M. (1)

’LLT —Id 0 w
J\0 1)
Finally, we consider the 2M x 2M canonical transformation
implemented by

ol (M +1)

vl (2M)

ol (M 4+1) ... vl,(2M)

Q= , v ... vy |, (72)
ol(y ... i)
ol, (1) .. wl (M)
in terms of which
€1
Ot ho= M VA
€1

€M
By returning to the Luttinger fields (59), we are now in the
position of obtaining the desired correlation simply as

<Id + Pr(2e)

(®TD) =W Q ot wt, (74

Pr (26 ) >
with the factor 2 in the thermal state projectors following by
our choice of normalization. Explicitly, this matrix contains
the Green’s functions

"o 1M .. 1M
. {<¢i¢j>] . [(@-Hﬁ] .
(@Te) = il I R
[<Hi¢j>L7j=1 {<Hiﬂj>}i,j=1
so we perform the numerical integration
C=A(®"®) AT, (76)
with
Id
1
1
A= X ox o , (77)
M M
i 7 1

yielding the Green’s functions for density and phase fluctuating
fields, x; = z(s;),

(Goo(wirx))]Visy [Goolws )]sy
c— . (18)

Goo(wi )]sy [Goolwi,z))] )

exp [Goo(x,y) — 5 Goo(z) — 5 Goo(y)]

T =10 T =50
1.0 Lor 1
o
T
0.5 b
~ 08
—— analytic —— analytic
—-== num. method === num. method
0.6 & 1 1 L B 0.0 1 1 L
0.00 0.25 0.50 0.75 1.00 0.00 025 0.50 0.75 1.00
T=1 T=25
102 T T 10? T T
® 10'F 3
100 .
&~ 10°F E
—— analytic —— analytic
=== num. method === num. method
10—1 L 1 1 10—2 L L 1
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Figure 4. Results for exp [Gee(ac, y) — %Ggg(m) — %Ggg(y)} [enter-
ing in the general formula for the OBDM in Eq. (27)] for s(y) = 0.5
obtained numerically (dashed lines) and analytically (solid lines) in
the limiting cases of v — 0 (top panels, see Sec. IIl A) and v — oo
(bottom panels, see Sec. III B). The temperatures for which the results
are reported are to be compared with the energy scale 7! of the
inhomogeneous Luttinger liquid model reported in Fig. 3 (Fig. 2) for
v — oo (v — 0) respectively, and increases from left to right.

Lastly, the regularized Green’s functions are obtained from
those in Eq. (78) by removing ultraviolet divergences affecting
the correlation at coincindent points. Focusing on Gyg(z, z'):

K, 2\’
Goo(xj) = Gog(xjqr1,25-1) + R log SEY, (79)

for j # 1, M, and at the boundaries

Goo(x1) = Gog(x x)+K2lo LY (80)
00(21) = Goo(T1, T2 4g2+]\4,

_ K1 1 2
Goo(rn) = Goo(Tm, Tar—1) + 1 log<2+M> .(81)

The regularization of the other Green’s function G4 is done
in a similar way.

The phase-phase Green’s function in Eq. (78) [together with
its regularization in Egs. (79)—(81)] is used as a numerical
input for Eq. (27) to determine the OBDM (24) in arbitrary
potentials, and for finite temperature and interactions.

In Fig. 4, we compare the numerical Green’s functions with
the analytical results available in the limiting cases v — 0 and
v — 00, respectively. One can see that there is an excellent
agreement for the temperatures shown. In the following section,
we benchmark the validity of our approach for finite interaction
strengths and different temperatures against quantum Monte
Carlo simulations.
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Figure 5. OBDM of a gas of '%2Dy atoms in the hard-core regime v — oo confined in a harmonic trap with frequency 36.4Hz. We show results
for g1 at [(a) and (d)] the trap’s center (xo = 0), [(b) and (e)] xzo = R/2, and [(c) and (f)] the average g1 [see Eq. (82)]. Panels (a)—(c) [(d)—(f)]
show results for NV = 50 (/N = 5) bosons. In each panel, symbols joined by thin dotted lines are used for the numerical results obtained in the
low-density lattice calculations (referred to in the text as the “exact results”) and thick lines are used for the minimum between the result from
Eq. (54) (the long-distance asymptotics) and the result from Eq. (30) (the short-distance expansion), which is referred to in the text as the results

within “our approach”. We report results for three temperatures: 7' = 1, 5, and 20 nK.

V. FINITE-TEMPERATURE OBDM AND MOMENTUM
DISTRIBUTION OF TRAPPED BOSONS

Next, we benchmark our results for the OBDM and the mo-
mentum distribution. We restore the physical values of the
fundamental constants and use the parameters associated to
recent experiments to test our results. Specifically, we con-
sider a gas of 152Dy atoms confined in a harmonic trap with a
frequency w = 27 x 36.4 Hz [11].

We first consider the hard-core (v — o0) limit, for which
we compare the results obtained using the analytical approach
discussed in Sec. III B to numerical results obtained in the low-
density limit of lattice hard-core boson calculations [28]. The
latter approach was used to describe experimental results in-
and out-of-equilibrium in Refs. [11, 14]. Next, we consider the
soft-core [y ~ O(1)] case, for which we compare the numeri-
cal results obtained using the approach discussed in Sec. IV to
those of quantum Monte Carlo simulations. For convenience
in the discussions in this section, we refer to the approaches
discussed in Secs. III B and IV as “our approach” and to the
unbiased numerical calculations as the “exact results”.

A. Hard-core bosons

In Fig. 5 we report the results for the OBDM in the hard-core
(7 — o0) limit. The results reported for our approach are those
of the regularized OBDM, namely, the minimum between the
result from Eq. (54) (the long-distance asymptotics) and the
result from Eq. (30) (the short-distance expansion).

In Figs. 5(a)-5(c), we show results obtained for N = 50
hard-core bosons at three temperatures (1" = 1, 5, and 20 nK)
computed with respect to two different positions in the trap
[at the trap center (zo = 0) in Fig. 5(a) and at g = R/2 in

Fig. 5(b)] as well as the average

1
g1(x) = = [ dxo g1(xo, 20 — ),

I (82)

which is shown in Fig. 5(c). The agreement between our
approach (continuous lines) and the exact results (symbols) is
excellent at the lowest temperatures shown (1" = 1 and 5 nK)
and, as expected, worsens with increasing the temperature. For
T = 20 nK, while the differences are still small, they become
visible in the plots.

The fact that our approach describes the exact results for
N =50 1in Figs. 5(a)-5(c) so well is remarkable given that its
use is justified only in the limit of large number of particles
(N > 1). In experiments with ultracold gases in 2D optical
lattices, such as those in Refs. [§—14], arrays with thousands
of 1D gases are created with different number of atoms across
them (the population of the 1D gases is maximal at the center
of the arrays). For example, for the ones involving 152Dy
atoms in Refs. [11, 14], the central 1D gases had up to about
40 atoms. The benchmark in Figs. 5(a)-5(c) shows that our
approach is suited to describe the OBDM of 1D gases with
~50 atoms for experimentally relevant temperatures.

To explore the effect of decreasing the number of particles
to a few atoms, in Figs. 5(d)-5(f) we show results for V = 5.
Even for such a small number of particles our approach is
a good approximation for the exact results, specially at the
center of the trap [Fig. 5(d)] and for 9 = R/2 [Fig. 5(e)]. The
deviations for the average g («) [Fig. 5(f)] are larger because,
due to finite-size effects, the extent of the cloud is larger in
the exact results. Notice the increase in the support of the
correlations from the top (N = 50) to the bottom (N = 5)
panels in the exact results.

In Fig. 6 we report the corresponding results for the mo-
mentum (main panels) and density (insets) distributions in the
hard-core (v — oo) limit. The momentum distribution cal-
culations within our approach are carried out computing the
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Figure 6. (Main panels) Momentum distribution for the same setup of
Fig. 5, obtained via a Fourier transform of the OBDM. In (a) we show
the results for N = 50 and in (b) for N = 5. Symbols joined by thin
dotted lines show the numerical results obtained in the low-density
lattice calculations, and thick lines show the results by our approach.
(Insets) Same as the main panels but for the density as a function of
z/ R, where R is the atomic cloud radius. Exact numerical results
are shown by thick lines, and the LDA approximation by thin dashed
lines. We report results for three temperatures: 7' = 1, 5, and 20 nK.

Fourier transform of the regularized OBDM. The differences
between our approach and the exact results are small and diffi-
cult to see in the plots for V = 50 [see Fig. 6(a)], and remain
small but become visible for N = 5 [see Fig. 6(b)].

For the integrated difference

pmnx
A (pmax) _ — Dimax dp r!‘;7)[:6:)(21& (p) - fappr. (p) |
S dp fexac(p)

(83)

between the momentum distribution obtained within our ap-
proach ( fappr.) and the exact results (fexact), we find the results
reported in Table I. For N = 50, the differences A are smaller
than the differences between the experimental and the model
results in Ref. [11]. For N =5and T = 1, 5 nK (T = 20
nK), they are slightly (significantly) larger than the differences
between the experimental and the model results in Ref. [11].

‘ A for hard-core bosons ‘

T (nK) 1 5 20
N =50 | 0.033 0.033 0.039
N =51 0.138 0.102 0.253

Table 1. Integrated difference A(pmax) in Eq. (83) for hard-core
bosons for different temperatures (different columns) and different
number of particles (different rows). We set pmax = 8.

In Fig. 7, we compare experimental measurements of the
momentum distribution in the Tonks-Girardeau regime and
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Figure 7. Averaged momentum distribution over the array of 1D
dysprosium gases in the hard-core regime considered in Ref. [11],
in which the contact interaction strength is ¢ = 263 ym™" and
the harmonic trap frequency is 36.4 Hz. The experimental data
(thick solid line) and model results from the same exact approach
used here (dashed line), reported in Fig. 3(a) of Ref. [11], are
compared to our approach (thin solid line). To highlight the role
of temperature in the experiment, we also plot the model predic-
tions for the same array of 1D gases in the ground state (thin
dotted line). The average momentum distribution is computed as
(f(P))bes = % >~ WN fin,7y1(P), Where wy is the number of
tubes containing N atoms, and f{x, 1 ](p) is the momentum distri-
bution for a fixed number of atoms N and temperature 7. The
normalization factor A" ensures that [ {f(p))wbesdp = 1. Momentum
is rescaled by the recoil momentum pr = 27 /741 nm. See Ref. [11]
for more information about the experimental setup.

their modeling based on the exact approach used in this section,
which were reported in Fig. 3(a) of Ref. [11], to the momentum
distribution obtained using our approach. We compute the
average over 1D gases with the same number of particles and
temperatures as in the modeling discussed in detail in Ref. [11].
We find that there is a good agreement despite the fact that in
the experiments ~33% of the particles are 1D gases with 5 or
fewer particles, and that the average temperature of the gases
is ~10 nK. As anticipated in Sec. II, even though Eq. (30)
was derived for the ground state of the gas, it provides a good
description of the OBDM of 1D gases at the experimentally
relevant temperatures and number of particles without the need
of carrying out costly numerical calculations.

B. Soft-core bosons

In Figs. 8 and 9, we report the results for the average OBDM
[see Eq. (82)] and the momentum distribution of soft-core
bosons, respectively, with different strengths of the contact
interactions. The main panels show results for N = 50 and
the insets show results for N = 5. The behavior of differences
between our approach and the exact results with increasing
the temperature and/or decreasing the number of particles is
qualitatively similar independently of the value of the contact
interaction, which is reported in the figures in the form of the
reduced coupling at the center of the trap, and is qualitatively
similar to that discussed in detail in Sec. V A in the hard-core
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torus, which reads (see, e.g., Eq. (12.142) in the textb66j) [ Ref. [65] or Refs. B3, 43]) to construct the two-point function
. on an annulus with Dirichlet boundary conditions on both sides,
h (z:2) (0;0)i - }Io #1(zji ) (m 2)2 one arrives at Eq.B8). The same exercise with Neumann
’ » o/ torus 2 @#1(0ji ) ' boundary conditions leads to ERY).
(B9)
Then, applying the method of images (see, e.g., Chapter 9 in
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