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HOMOGENIZATION OF VISCOUS HAMILTON-JACOBI
EQUATIONS*
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Abstract. We study the optimal rate of convergence in periodic homogenization of the viscous
Hamilton—Jacobi equation u§ +H (£, Du®) = eAu® in R™ x (0, 00) subject to a given initial datum. We
prove that [|u® —ul| oo @mn x[0,77) < C(1+T)+/€ for any given T' > 0, where u is the viscosity solution
of the effective problem. Moreover, we show that the O(y/¢) rate is optimal for a natural class of H
and a Lipschitz continuous initial datum, both theoretically and through numerical experiments. It
remains an interesting question to investigate whether the convergence rate can be improved when
H is uniformly convex. Finally, we propose a numerical scheme for the approximation of the effective
Hamiltonian based on a finite element approximation of approximate corrector problems.
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1. Introduction.

1.1. Settings. For each € > 0, let u® € C(R™ x [0,00)) be the viscosity solution
to

(1.1) uf + H (%,Duf) =eAu®  in R™ x (0,00),

uf(z,0)=g(x) on R".

Here, g € C%(R") is a given initial datum and H = H(y,p) € Lip,.(R" x R") is a
given Hamiltonian that is Z"-periodic in its y-variable and satisfies

(1.2) esgﬂiknf {|H(y,p)|2 + (n+1)DyH (y,p) ~p} — 00 as |p| — oo.
y n

Then, it is known that u® converges to u € C(R™ X [0,00)) locally uniformly on
R™ x [0,00) as € — 0", where u is the viscosity solution to the effective problem

u; +H (Du) =0 in R"™ x (0, 00),

(1.3) u(z,0) =g(x) on R™;
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see [21, 8]. Here, the effective Hamiltonian H € C'(R") is determined by H in a nonlin-
ear way through cell problems. It is worth noting that if H = H(y,p) is independent
of y, that is, H(y,p) = F(p), then (1.1) becomes the usual vanishing viscosity problem
(1.4) uf + F (Duf)=eAu® in R™ x (0, 00),

| w*(2,0) = g(z) on R*,

in which case we have H = F. Both (1.1) and (1.4) are basic and fundamentally
important problems in the theory of viscosity solutions. o
Introducing the notation T" :=R"™/Z", we now give a precise definition of H.

DEFINITION 1 (effective Hamiltonian). Assume (A1)-(A2). For each p € R",
there exists a unique constant H(p) € R such that the cell (ergodic) problem

(1.5) H(y,p+Dv)=H(p)+Av  foryeT"

has a continuous viscosity solution v. If needed, we write v="2v(y,p) or v=1,(y) to
clearly demonstrate the nonlinear dependence of v on p. In the literature, v(-,p) is
often called a corrector. It is worth mentioning that v(-,p) is unique up to additive
constants.

From now on, we normalize the corrector v so that v(0,p) = 0 for all p € R™.
In fact, v(-,p) € C*(T") and p ~ v(-,p) is locally Lipschitz. Further, the effective
Hamiltonian H is locally Lipschitz.

Our main goal in this paper is to obtain the optimal rate for the convergence of
u® to u, that is, an optimal bound for ||[u® — ul|zec(®nx[o,7)) for any given T' > 0 as
€ — 07. Heuristically, thanks to the two-scale asymptotic expansion,

(1.6) w (1) o ul, t) + v (g,Du(x,t)) +O(2).

However, this is just a formal local expansion, and it is not clear at all how to obtain
the optimal global bound in the L*°-norm from this.

1.2. Main results. We now describe our main results. Let us introduce the set
of assumptions (A1)-(A3) given by
(Al) H €Lip,.(R® x R™), and H(-,p) is Z"-periodic for each p € R™;
(A2) H satisfies (1.2);
(A3) g€ Lip (Rn) with ||g||C0,1(]Rn) < 0.

THEOREM 1.1. Assume (A1)-(A3) and fit T > 0. Then, there exists a constant
C >0 depending only on H, n, and || g||co.1wny such that for e € (0,1) there holds

[|u — || oo (mn o,y < C(1+T)Ve,

where u® and u denote the viscosity solutions to (1.1) and (1.3), respectively.

The above rate O( /) turns out to be optimal in the sense that there exist
particular choices of H and g satisfying (A1)—(A3) such that the convergence rate is
exactly O(y/€). Quantitative homogenization for Hamilton—Jacobi equations in the
periodic setting has received quite a lot of attention in the past twenty years. The
convergence rate O(e'3) was obtained for first-order equations first in [5]. In [3], the
authors generalized the method in [5] to get the same convergence rate O(e/?) for
the viscous case considered in this paper. For weakly coupled systems of first-order

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/20/24 to 35.20.143.48 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1560 J. QIAN, T. SPREKELER, H. V. TRAN, AND Y. YU

equations, see [25]. For other related works, see the references in [5, 3, 25]. Of course,
the rate O(¢'/3) is not known to be optimal in general.

The optimal rate of convergence O(e) for convex first-order equations was recently
obtained in [35]. Moreover, we expect that for any given uniformly convex H, the
convergence rate is O(e) for (1.1) for generic initial data, which is stronger than the
notion of optimality in this paper. We refer to [17] for the multiscale setting. For
earlier progress in this direction with nearly optimal rates of convergence, we refer
the reader to [26, 36, 24, 6] and the references therein. To date, optimal rates of
convergence for general nonconvex first-order cases have not been established.

To the best of our knowledge, the optimal rate of convergence for periodic homog-
enization of viscous Hamilton—Jacobi equations has not been obtained in the current
literature. The rate O(¢/3) was obtained in [5, 3] by using the doubling variable
technique, the perturbed test function method [8], and the approximate cell prob-
lems. The usage of the approximate cell problems introduces another parameter in
the analysis, and as a result, the rate 0(51/3) was the best one can obtain through
this route by optimizing over all parameters.

In this paper, we are able to obtain the O(4/¢) convergence rate by dealing directly
with the correctors. A key point is that after normalizing v(0,p) = 0, we have that
v(-,p) is unique, and p— v(+,p) is locally Lipschitz. It is worth noting that we do not
require convexity of the Hamiltonian in Theorem 1.1.

Here, we will use H(y,p) = F(p) for some choices of nonlinear F' to construct
computable sharp examples. Similar results were known for linear F' in the con-
text of conservation laws [31]. The connection between scalar conservation laws and
Hamilton—Jacobi equations is well known to experts. Precisely speaking, in one di-
mension, if v = u(x,t) is a viscosity solution to u; + F(u,) = 0, then v = u, is an
entropy solution to v; + (F'(v)), = 0. The convergence rate of vanishing viscosity in
scalar conservation laws has been well studied and the convergence rate of O(y/¢) was
known under suitable assumptions [19)].

THEOREM 1.2. Let n=1. Let F € Lip;,.(R) be such that
F(p)=p forpel0,1],
F(p)<p forpe[-1,0],
and suppose that g(x) =max{1—|z|,0} for x €R. Then, for any e € (0, 1) there holds
e—1

\/Ee\/g7

|u6(07 1) - u(0> 1)| >

where u® denotes the viscosity solution to (1.4) and u denotes the viscosity solution
to (1.3) with H=F

We would like to point out that the above g can be replaced by a smooth function
(Remark 1). Also, the proof of Theorem 1.2 leads to the following corollary.

COROLLARY 1.3. Let n=1. Assume that F' € Lip,,.(R) and that F is linear in
(a,b) CR for some given a <b. Then, there exists an initial datum g € Lip (R) such
that for any € € (0, 1) we have that

[u=(0,1) — u(0,1)] > cov/e

Jor some constant co >0 depending only on F' and g, where u® denotes the viscosity
solution to (1.4) and u denotes the viscosity solution to (1.3) with H=F.
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It is also straightforward to generalize Theorem 1.2 to any dimension in the corol-
lary below, whose proof is essentially the same as that of Theorem 1.2.

COROLLARY 1.4. Let F € Lip,,.(R"™) be such that

F(se1)=s forsel0,1],
F(se1)<s forse[-1,0],

and suppose that g(x) = max{l — |z1|,0} for x € R™. Then, for any ¢ € (0, %) there
holds

e—1
Ve

where u® denotes the viscosity solution to (1.4) and u denotes the viscosity solution
o (1.3) with H=F.

|u8(071) _u(071)| > \/gy

The bound O(v/Te) for ||uf — || Lo (rn x[0,7)) for the vanishing viscosity process
of (1.4) was obtained in [12, 7, 9]. In this situation, we need only assume that F' is
locally Lipschitz on R™ and g is bounded and Lipschitz on R™ (see, e.g., [7, Theorem
5.1]). For the static cases, see [33, 34].

Thus, the results of Theorem 1.2 and Corollaries 1.3-1.4 confirm both the opti-
mality of the convergence rate of the vanishing viscosity process of (1.4) with optimal
conditions, and the optimality of the O(y/¢) bound in Theorem 1.1. See Remark 1
for Theorem 1.2 with a C? initial condition for each ¢ > 0. Besides, we provide a
generalization of Theorem 1.2 in Proposition 4.2 in which for each fixed e € (0, i),
the Hamiltonian F' need not be linear in any interval in one dimension at the price
of nonconvexity. Note also that in Corollary 1.4, F' does not need to be linear in any
open set in multiple dimensions.

Note that all the Hamiltonians in Theorem 1.2 and Corollaries 1.3-1.4 are not
strictly convex and do not have y-dependence (i.e., no homogenization effect is in-
volved). Hence, it is natural to ask (I) whether the convergence rate can be improved
for strictly /uniformly convex H and (II) how the y-dependence impacts the conver-
gence rate.

(I) has been investigated in the context of one dimensional conservation laws for
the vanishing viscosity process of (1.4). It was proved that the convergence rate can be
improved to O(e|loge|) for uniformly convex F under some technical assumptions [32].
In section 4.3, we demonstrate this fact for the quadratic Hamiltonian F(p) = 1|p|?
in any dimension for general Lipschitz continuous initial data. More interestingly, we
showed that for any C? initial datum g, the convergence rate is O(e) for a.e. (z,t) €
R™ x (0,00). For strictly but not uniformly convex F', numerical computation shows
that the convergence rate could be various fractions. For instance, for F(p) = i|p\4 in
Example 5, the rate of convergence for the vanishing viscosity process of (1.4) seems
to be O(/?). This suggests that there might be a variety of rates O(e®) for £ <s <1
for (1.4), which is a new phenomenon. It will be an interesting project to find an
example where a convergence rate a € (%, 1) can be established rigorously.

As for (II), it is quite challenging to conduct a theoretical analysis beyond The-
orem 1.1 when y is present. In this paper, we will focus on numerical computations
to get some rough ideas and inspire interested readers to work on this subject. Our
numerical examples, Examples 10 and 11, show that when H = H(y,p) is strictly
convex in p and smooth in y, the convergence rate is similar to O(e) or O(e|logel).
Meanwhile, when the regularity in y is merely Lipschitz continuity, the convergence
rate seems to be reduced; see Examples 6-9.
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Finally, we discuss the construction of numerical methods for the approximation of
the effective Hamiltonian H. In particular, we provide a simple scheme to approximate
H at a fixed point based on a finite element approximation of approximate corrector
problems. For related work on the numerical approximation of effective Hamiltonians
we refer to [1, 11, 15, 16, 23, 27| for first-order Hamilton—Jacobi equations without
viscosity term, and to [14, 18] for second-order Hamilton—Jacobi-Bellman and Isaacs
equations.

Organization of this paper. In section 2, we use a priori estimates to simplify
the settings of the problems. The proof of the bound in Theorem 1.1 is given in
section 3. In section 4, we consider (1.4) with various choices of F' and g, and obtain
the optimality of the bound in Theorem 1.1. In particular, this section includes a proof
of Theorem 1.2. Numerical results for both (1.1) and (1.4) are studied in section 5.
The approximation of the effective Hamiltonian is studied in section 6.

2. Settings and simplifications. Assume (A1)-(A3). For € € (0,1), let u®
denote the viscosity solution to (1.1). Let u denote the viscosity solution to (1.3). By
the comparison principle, we have that

(2.1) |t oo (mr x[0,00)) + 1 DU oo (mr x[0,00)) < M

for M := Ry 4+ maxgq g, |H| < Ry + maxy,, «B(0,Ro) [H |, where Ro := || Dg|| o< ).
Let us further assume that

(2.2) |1z || Loe (R x[0,00)) T+ DU || Loo (R x [0,00)) < Co

for a constant Cy > M that is independent of €. Note that (2.2) is satisfied if
| Dgll o ny + €l|Ag||Lo®ny < C for some C' > 0 independent of ¢ € (0,1) thanks
to the classical Bernstein method based on (A1)—(A2) (see, e.g., [34, Chapter 1]). In
particular, (2.2) holds if g € C?(R™) with ||Dgl| e rn) + [|Ag|Le®n) < 00. Since
g is merely assumed to be in C%!(R") in Theorem 1.1, we will employ a suitable
mollification of ¢ in section 3.2 to remove the assumption (2.2).

Accordingly, values of H(y,p) for |p| > Cy are irrelevant. Indeed, letting ¢ €
C>°(R™,[0,1]) be a cut-off function satisfying

Ep)=1if [p| <Co+1, £(p) =0if |p| > 2(Co + 1),

and introducing

H(y,p):=Ep)H(y,p) + (1 —€@))|p|*  for (y,p) € T" x R,

we have that H satisfies (A1)~(A2) and u solves (1.1) with EI in place of H. There-

fore, from now on, we can assume that H takes the form of H, that is, H satisfies
(A4) H(y,p) = [p|* for y € T" and [p| > 2(Co + 1).

Assumption (A4) helps us simplify the situation quite a bit as follows. For |p| >

2(Co+1), it is clear that v(-,p) =0 and H(p) = |p|?>. Hence, we obtain that p+ v(-,p)

is bounded and globally Lipschitz, that is, there exists C' > 0 such that

23) oG p)llpen) <C lv(p) —v( D)) <Clp—pl  Vp,pER™

If a function A : R™ — R is Z"-periodic, we can think of A as a function from
T™ to R as well, and vice versa. In this paper, we switch freely between the two
interpretations.
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3. Proof of Theorem 1.1.

3.1. Part 1: Proof based on (2.2). Assumptions (Al)—(A4) are always in
force in this section. Let T" > 0 be fixed. Our goal is to show that there exists a
constant C' > 0 depending only on HH||CO,1( n, and Cy from (2.2)

such that for any ¢ € (0,1) there holds

(3.1) [u® — ul| oo (mn xjo,77) < C(1+T)Ve.

The approach here is inspired by that in [34, Theorem 4.40]. We first show that

T xB(0,2(Co+1)))’

(3.2) u®(z,t) —u(z,t) <C(1+T)ve  V(z,t)eR™ x[0,T].

Proof of (3.2). We divide the proof into several steps.
Step 0. We write A4 :=R" x R™ x R™ x [0,00) X [0,00). For K > 0 to be chosen
and v € (0, 3), we introduce the auxiliary function ®;: 4 — R given by

T z2—Yy

Dy (a):=u(z,t) —uly,s) —ev (5’ \@) —w(a) for a=(x,y,z2,t,5) €A,
where

z—y|?+ |z — 22+t —s|?
(3.3) w(z,y,z,t,s):zl yl |2\£ | | + K(t+s)+vvV14+ |z|%

Note that there exist &, 7,2 € R" and £, 5 € [0,00) such that ®; has a global maximum
at the point a:=(%,9, 2,t,8) € A. We fix such a choice of @ and introduce ®: A - R
given by

Observe that ® has a strict global maximum at the point a.
Step 1. We show that

(34)  |#—2<Ce |i—gl+lj-2<COVE -3 <CO+EK)VE
>

®(&,9,,1,5) and (2.3) to obtain

—
|
2
D
~—
=
|
N>
S
IN
m
—
<
7N
m | &
=
|
<

T 27 I
—w(Z 2= <o —
) (253) e
which yields | — 2| < Ce as /2 < 2. Then, we use that ®(a) > ®(%,,%,,3), (2.1),
and (2.3) to find that

& — g + |2 — 2|7 - o & i 2—7q
_ < _ i a2
(1 —7v%) NG <u(#,8) —u(y,8) +¢|v 6,0 vl 7
<Clz —g|+CVelj— 2|
Scl‘%_g|+063/27

t— 35
2\e
which yields |f — 5| < C(1 + K)v/E.

1w 2 ) g8 + K-8 < (€ + K)li— 4,
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Step 2. For the case , 5> 0, we show that

t—§ —(Z2-—g
3.5 K H <C C.
(52) +F () soveron
Introducing ¢ : R™ x [0,00) — R defined by ¢(z,t) := u(z,t) — ®(x, 7, 2,t, §), we see
that u® — ¢ has a global maximum at (Z,%). We compute ¢;(2,%) = K + t;; and
. Piog\  (@-g)+ (-2 G
Dy(z,t)=Dv | —, + + ,
A (6 Ve ) Ve Vvt
s T 2—9 n+(n—1)z
A t)=Av | — 2 _— .

Writing g := % and pg 1= 2;89, we can use the viscosity subsolution test, (1.5), (3.4),

and local Lipschitz continuity of H to find that

t—8 —(z2-9\ . —

< [eAp(&,1) — Av(yo,po)] + [H (Yo, po + Dv(yo,po)) — H(yo, Dp(&,1))]
n+ (n—1)]2)? 5— g &

<2nyE+ et +ne + C |2 -

SRy TP T e

<Cye+ Ch;

i.e., (3.5) holds.
Step 3. For the case t,5 > 0, we show that

t—8 —(i—9
3.6 K — —H < Cy/e.
(30 () <o
For ae > 0, we introduce the auxiliary function ¥ :R™ x R™ x [0,00) — R given by
& 2=¢\ -yl HlEi-sP  ly—¢P?
0 = il K
(6:e) u(y’s)+€v<e’\/5>+ 20 2
lg—yl*+]5—s|?
5 .

Note that there exist yo,&n € R™ and s, € [0,00) such that the function ¥ has a
global minimum at the point (ya,&a, Sa)-
Step 3.1. We first show that

3.7) Yo —Eal SCave, |i—yal <CVI+ave, [i—sal <C(1+K)Ve
We use ¥ (Yo, s Sa) < ¥(Ya,Ya, Sa) and (2.3) to obtain
|yo¢7§a|2 T Z—Ya T 22—
A = —v| - < -
20{ _6 v 57 \/g v 5’ \/g —C\/g|ya 50&‘7

which yields |y, — o] < Cay/e. Then, using ¥(yq,&a,Sa) < V(Z,1,84), (2.1), and
(2.3), we obtain

) i 3—7 T z2—¢&, “i_lﬂ
_ - z P

_u(ﬂC,Sa) u(yavsa)ng{v(g’ ﬁ) U<57 \ﬁ >}+Py 2
< CJ2 = Yol + CVE[E = La| + Ce

<C|E —ya| + C(1 + a)e,

+7

|j_ya|2

2Ve
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which yields |# — yo| < Cv1+ay/e. Finally, |t — s4| < C(1 4+ K)y/z follows from

V(Yo €ar8a) < ¥(Yasa, 1), (2.1), and (3.4).
Step 3.2. We now show that, upon passing to a subsequence, there holds

(38) (yavfou Sa) — (Z),ZJ, §) as o — 0.

In view of (3.7), there exists (§,5) € R™ x [0,00) such that, upon passing to a sub-
sequence, (Ya,&a,Sa) = (9,7,5) as a — 0", As ¥(§,7,3) = limy 0+ ¥(Ya,as Sa) <
U(g,9,5) and using that, by Step 0, the point (§, §) is a strict global minimum of the
map (y,s) — ¥(y,y,s), we find that (7,5) = (7, 5).

Step 3.3. Introducing ¥ : R™ x [0, 00) — R defined by ¢ (z,t) := u(z,t) — V(x, &4, 1),
we see that u — ¢ has a global minimum at the point (y,,s4). We compute

i_sa A T—Ya | o~ Yo N
-K - ozaD arySa) = —Ya)-
7 +7(8 = 5a), DY(Ya,Sa) 7 T a + (9 — ¥a)

wt(yaa sa) =

By the viscosity supersolution test, local Lipschitz continuity of H, and (3.7), we have
for any o € (0,1) that

K_f_\/?_V(g—sa)—HG\_/ga +v(z7—ya)>
= ~1(Yar50) — H <sz(ya, 50) - &Y;ya>

<H(DV(yarsa) — T (Dwya,sa) - f;y) <OVe

In view of (3.8), passing to the limit o — 0T in the above inequality yields (3.6).
Step 4. For the case t,54 > 0, we combine (3.5) and (3.6), use local Lipschitz
continuity of H, and (3.4), to find that

“(2-9\ =(2-9
2K <H -H <
< <\/g) <ﬁ)+C\@+07_C\@+C%

which is a contradiction if v < % e and K = K4/ for K; > 0 sufficiently large.
Thus, £ = 0 or § = 0. In either scenario, using the definition of ®, the fact that
u®(-,0) =wu(-,0), (2.1), and (2.3), we have for any (z,t) € R™ x [0,T] that

O(z,x,x,t,t) < B(a) <us(2,t) —u(y,8) —ev (f, 2—\£§) <Cye.

In view of the definition of ®, letting v — 0™ in the above inequality yields
W (2,t) — u(z,t) — ev (go) 9K VEt<OVE  Y(z,t) €R" x [0,T).
Finally, by (2.3), we conclude that
u®(x,t) —u(z,t) <C(1+T)Ve V(z,t) e R™ x [0,T]. O
To complete the proof of (3.1), it remains to show that
(3.9) u(z,t) —u(z,t) > —C(1+T)\/e V(x,t) e R™ x [0,T].

Proof of (3.9). For K >0 to be chosen and y > 0 small, we introduce the auxiliary
function ®;: R™ x R” x R™ x [0, 00) % [0,00) = R given by
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~ T 22—y
Dy (z,y,2,t,8) :=u(x,t) —u(y,s) —ev | —, — | + w(z,y,2,t,5),
o 2,0.9) =) — (o) =0 (£ 520) atanant)

where w is defined as in (3.3). By following closely and carefully the proof of (3.2),
we obtain the desired result. ]

3.2. Part II: Removal of assumption (2.2). Let T' > 0 be fixed, let € € (0, 1),
and suppose that we are in the situation (A1)-(A3), i.e., (A1)—(A2) hold and g €
CY1(R™). Let p € C2(R",[0,00)) be a standard mollifier, i.e.,

/ plx)dz =1, supp(p) C {x e R": |z| <1}, p(x) = p(—z) for x € R™.

We set pf := E%p(g) and ¢° := p° * g. Then, g° € C*(R") and we have the bounds

(3.10) 9% = gllzee@ny < Ce, [IDg || oo (mn) + €[l D? g || oo (rny < C.

Let u° denote the viscosity solution to

(311) {af + H (2,Daf) =A@ in R" x (0,00),

¢ (x,0) =¢°(x) on R",
and let @ denote the viscosity solution to
{at +H(D@)=0 inR"x (0,00),
w(x,0)=g°(x) on R".
By (3.10) and the comparison principle, we have that
(3.12) 13 — u| oo (rr x[0,00)) + 1T = ull Lo (R x[0,00)) < Ce.

On the other hand, in view of (3.10) we have |H(%,Dg%(z)) —eAg®(z)| < C for
x € R™, which yields that (z,t) — ¢°(x) 4+ Ct is a supersolution to (3.11), and (z,t) —
g°(x) — Ct is a subsolution to (3.11). By the comparison principle,

g9 () — Ct < (z,t) < g°(z) + Ct V(z,t) € R" x [0,00),

which implies that [|@g(-,0)[| e ®n) < C. As @5 solves a linear parabolic equation, we
find that [|%f] 1o (rn x[0,00)) < C by the maximum principle. Then, by the classical
Bernstein method (see, e.g., [34, Chapter 1)),

(165 || oo (R x [0,00)) F 1DTE || oo (&7 x[0,00)) < C-
Thus, we can assume that (A4) holds, and the proof from section 3.1 yields
(3.13) % — @l Lo mr xj0,7)) < C(1+T)V/e.
Finally, combining (3.12) and (3.13), we see that
o =l o pocr) < CL+ T)VE,

which concludes the proof.

4. Optimality of the bound in Theorem 1.1. In this section, we consider
the vanishing viscosity problem (1.4) with particular choices of F' and g. For ¢ > 0,

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/20/24 to 35.20.143.48 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

OPTIMAL HOMOGENIZATION RATE OF VISCOUS HJ EQUATION 1567

let u® denote the viscosity solution to (1.4), and let u denote the viscosity solution
to (1.3) with H = F. If F' € Lip,,.(R™) and g € Lip (R"), then || Du®|| Lo (mn x[0,00)) <
| Dgll Lo (rn)- Besides, it was obtained in [12, 7, 9] that

(41) ||U/E _UHLOQ(R"X[O,T]) SCV TE7
where the constant C' >0 depends only on n, Ro := ||g||Lip (rn), and || F||Lip (B(0,Re))-

Below, we study both Cauchy problems and Dirichlet problems.

4.1. A linear Cauchy problem. We first consider the case that F' is linear in
one dimension.

PROPOSITION 4.1. Let n =1 and assume that H(y,p) = F(p) = p for y,p € R.
Let g € Lip (R) and suppose that g >g(—=1) on R and g(x) > x4+ 14 g(—1) for any
€ [~1,0]. Then, for any ¢ € (0, %) there holds

e _ o VRISl -
[u(0,1) = u(0,1)] =u5(0,1) — g( 1)2ﬁexf,

where u® denotes the viscosity solution to (1.4) and u denotes the viscosity solution
o (1.3) with H=F.

Proof. In this situation, the problem (1.4) becomes
uf +ul=cul, in R x(0,00),
u®(z,0)=g(x) on R,
and the problem (1.3) becomes
U+ uy =0 in R x (0,00),
u(z,0)=g(x) onR.
Note that the solution to (4.2) is given by u(x,t) = g(x —t) for (z,t) € R x [0,00). We
introduce v° : R X [0,00) = R given by v°(z,t) :=u®(x +t,t). Then, v° solves
vf =evs, in R x (0,00),
v¥(z,0) =g(z) onR,

(4.2)

and hence, v° is given by

€ ,t Tet du.
ve(z \/R/ g(y)dy

This implies that

_lz—yl?

1
= — T det d .
7= /_Oo 9(y —t)dy
Using g(x) =g(z) —g(—1)>0for all z € R and g(y — 1) >y if y € [0, 1], we have for

uf(x,t) =v°(x —t,t)

u(0,1 0,1) e i y—1)dy —g(—1
(0.1) ~u( \/47 | e oty nay- g1
e HE y—1)d
¢47 / -y
2vE 2 e—l\[
> e tydy= E.
- \/4775/0 vy e
Noting that u(0,1) = g(—1) yields the desired result. |
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4.2. Proof of Theorem 1.2. Recall that we consider (1.4) in one dimension,
ie.,

(4.3) {uf +F(u)=eus, inRx(0,00),

u®(x,0) =g(x) on R.

As € = 0%, we have that u® — u locally uniformly on R x [0, 00), where u solves

(4.4)

{ut + F (uy) =0 in R x (0, 00),
u(z,0)=g(x) onR.

Proof of Theorem 1.2. We first show that «(0,1) =0. As F(0) =0 and g >0 on
R, the function ¢ =0 is a subsolution to (4.4), which yields u(0,1) > 0. In order to

show that also u(0,1) <0, let us introduce h,h: R — R given by h(z) := x + 1 and
h(z) :==max{h(z),0} for z € R. Let p € C°(R,[0,00)) be a standard mollifier, i.e.,

/00 plx)dz=1, supp(p)C[-1,1], and p(z)=p(—x) for z€R.

For 6 € (0,1), let p° := 1p(;) and set h° := p® x h. Note that h® > 0 as h > 0, and
ho > pd«h=h as h>h. Hence, h% > h > g on R. Besides, 0 < (k%) <1 on R which
follows from (h%)’ = p° + b’ and 0 < b’ <1 a.e. on R. Introducing (x,t) := h(z —t)
and ¥°(z,t) := h®(x — t) for (2,t) € R x [0,00), we have that ¢°(-,0) = h°® > g on R
and, using that F(p) =p for p € [0,1],

Up (2,) + F(y3(x,1) = —(1°) (2 — ) + F((h°)' (z = 1)) =0,

i.e., 1 is a supersolution to (4.4). Since ¥° — ¢ locally uniformly on R x [0,00) as
§ — 07, we deduce that 1) is also a supersolution to (4.4). In particular,

u(0,1) < 9(0,1) = h(~1) =0.

Thus, «(0,1) =0.
Next, we construct a subsolution to (4.3). We set

_lz—y|?

(4.5) df(x,t)::\/% /joe = gy — 1) dy

and recall from the proof of Proposition 4.1 that ¢f + ¢S = e¢3, in R x (0,00) and
¢°(-,0) =g on R. Since |¢'| <1 a.e. on R, we note that ¢S] <1 in R x (0,00). Using
that by assumption F(p) <p if |p| <1, we find that

Therefore, ¢° is a subsolution to (4.3) and by the comparison principle we have that
u® > ¢°. Hence, for € € (0, %) there holds

uf(0,1) > ¢°(0,1) > %JE,

where the second inequality follows from Proposition 4.1 applied to ¢°. ]

Remark 1. Fix £ € (0,1) and a € (0,751/€). In the situation of Theorem 1.2, if
we replace the initial condition g by

9% :=p"xgeC(R),
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where p® := Lp(Z) with p as in the proof of Theorem 1.2, then we still have that

W (0,1) — u(0,1) >

> Q\f
Indeed, as g®(—1) € (0,a) and g%(x) > 1+« for all z € [-1,—1 +2ﬂ c[-1,—a),
we have in view of the proof of Proposition 4.1 that w®(0,1) > ffe ¢ and that
u(0,1) = g*(—1) < $5+/2. Note that we still have g* € Lip (R) with [|g®||pe @) < 1
and |[|(g” ) Lo m) < 1.

We now provide a generalization of Theorem 1.2.

PROPOSITION 4.2. Let n=1 and ¢ € (0,%). Let m>1 be a constant such that

1 1
1_7 Q\fe\[

Let F € Lip,.(R) be such that
F(p)= o™ forpel0,1],
Flp)<p for pe[=1,0].

Assume that g(x) =max{1 — |z[,0} for z €R. Let u® denote the viscosity solution to
(1.4), and let u denote the viscosity solution to (13) with H=TF. Then,

|u®(0,1) — u(0,1)] > \f

Proof. First, we note that F(p) <p if |p| <1. Thus, by the last part of the proof
of Theorem 1.2, we still have u® > ¢, and hence,

e—1
>
—\/7?6\/57

where ¢° is defined in (4.5). Now, let h® = p° x h for 6 € (0,1) be defined as in the
proof of Theorem 1.2. We recall that h° > h > g and 0 < (h?)’ <1 on R. Introducing
C(z,t) :=h(z —t)+ (1 — L)t and

(4.6) u®(0,1) > ¢°(0,1)

COa,t) :=ho(z —t) + (1 - ;)t for (z,t) €R x [0,00),

we claim that ¢? is a supersolution to (4.4). Indeed, we have that ¢(°(-,0) = h® > g on
R, and using F(p) = %pm for p € [0,1] and Bernoulli’s inequality, there holds

Q)+ P 0) =1~ — — (W) (@ — 1) + F(() (2~ 1)

_ () (@ =)™ — 1+ m((h*) (x —t) — 1)] >0,

m

Since ¢® — ¢ locally uniformly on R x [0,00) as § — 0%, we deduce that ¢ is also a
supersolution to (4.4). Hence, we have that

u(0,1) €01 =h(1)+ 1= =1 = - < S

which completes the proof in view of (4.6). d

It is important to note that in the above proposition, although F' depends on m
and hence ¢, the value ||F||Lip, (r) does not depend on m and ¢.
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4.3. Quadratic Hamiltonian. Next, we consider the case where F' is quadratic
in one dimension. First, we construct an example that complements (4.1) when T is
very small.

PROPOSITION 4.3. Let n=1 and assume that H(y,p) = F(p) = |p|? fory,p € R,
and g(x) = —|x| for x €R. Fore >0, let u® be the viscosity solution to (1.4), and let
u be the viscosity solution to (1.3). Then, for e € (0,1) and T > 0, there holds

lu® — ul| Lo mx[0,7]) < OV TE,
and this upper bound O(V/Te) is sharp in the sense that

€
— 2
lim Y (0,t) —u(0,t) _

t—0+ \/%E; B \/;E.

It is important to note that we also obtain a rigorous asymptotic expansion of
u®(0,t) for 0 < ¢t < € in the proof of Proposition 4.3. We then give a finer bound of
u® — u in Proposition 4.4 under some appropriate conditions on g.

In this subsection, we assume the setting of Proposition 4.3. Then, problem (1.4)
reads

1
u+ e =eus, R x (0,00),

uf(z,0) =g(x) on R.

We have that u® — u locally uniformly on R x [0,00) as ¢ — 07", and u solves

1
ut+§|ux|2:0 in R x (0,00),
u(z,0) =g(x) on R.

(4.7)

Proof of Proposition 4.3. The bound O(v/T¢) was obtained in [12, 9]. We need
only show that this bound is optimal here. As g(z) = —|z| for x € R, we see that the
solution to (4.7) is given by

t
u(x,t) = —|x| — B for (x,t) €R x [0,00).

In particular, u(0,t) = f% for all t > 0. For € € (0,1), we have the following represen-
tation formula for u® (see, e.g., [10, Chapter 4]):

_lz—y?2 g
4et 2¢e y .

(4.8) u®(z,t) = —2¢elog [\/7

In particular, for any ¢ > 0 we have that

W (0, ) = —2¢log | —— T el

2 (™
= —2¢clog { eis
7 /

t
=—3 —2¢elog

e

o ] <4 e et (12)]
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Note that we have
k 52k+1

2 o0
= = T

erf(z

For z= 2—\\//{5 < 1, we have that 0 <erf(z) < 1 and

2 2
log(1 + erf(z)) =log <1+\/7»TZ+"'> Zﬁz‘i‘"' )
and thus,
t 2 t 2yt
us(0,8) = — 27i = \/EJF...,
2 \f2\f 2 VT
which gives us the desired result. ]

4.3.1. Improvement of convergence rates. It was shown in [32] that if the
Hamiltonian F is uniformly convex, i.e., F” > a on R for some constant o > 0, then
the convergence rate of the vanishing viscosity limit can be improved to O(e|logel)
when the initial datum satisfies certain technical assumptions. Below we show that
for F(p) = 3|p|?, the rate is almost everywhere O(e) when the initial datum is C?,
although O(e|logel) could happen at some points. For F(p) = [p|?, we have by the
Hopf-Lax formula (see, e.g., [10, 34]) that

u(z,t) = mf{()—l—tL(x;y)}, where  L(v) :=sup {pv — (p)}:%|v|2.

yeR peER

In particular, for any (z,t) € R x (0,00) there holds

lz> . lyl>  xy
4.9 ) — 2 g WL 2d
(4.9) u(z,t) 5 = Juf g(y) + 5 T L [
|2

which yields that 2+ u(x,t) — 5 is concave for any fixed ¢ > 0. Hence, for any fixed
t >0, we have that u(-,t) is twice differentiable a.e. on R. For ¢ >0, we set

(4.10) Sy:={x €R : u(-,t) is twice differentiable at z},

and note that R\S; has Lebesgue measure zero. Assume now that g € C?(R). We
know that for each x € S;, there exists a unique y,: € R such that

1 1
4.11 — inf e — g2 = - Sl a2
@) )= int {o)+ o - 9P} =000 + g5k~ el
and we have that
x_yx,
(4.12) U (,8) = ' (Y1) = = L 9" War) = =,

where the first equality in (4.12) follows from the method of characteristics. We obtain
that u,(x,t) = ¢'(z — tu,(x,t)) and hence,

Uz (T, 1) = (1 = tuge (2,1)) ¢" (. — tug (z,t) = (1 — tugs (2,1)) §" (Yu.t)-
In view of (4.12), we deduce that

1
(4.13) 9" (Ye) > =7
We are now in a position to prove the following result.
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PROPOSITION 4.4. Letn=1 and assume that H(y,p) = F(p) = %|p|2 fory,peR.
Assume that g € Lip(R). For e € (0,1), let u® denote the viscosity solution to (1.4),
and let u denote the viscosity solution to (1.3) with H = F. Then, the following
assertions hold true:

(i) For fized (z,t) €R x [0,00), there holds

|uf (z,t) — u(x,t)] < 2e|loge]

for e >0 sufficiently small.
(i) If we further assume that g € C*(R), then for each fized t >0 we have that

|u®(z,t) —u(z,t)| < Ce  for a.e. xE€R,
where C' = C(z,t) > 0 is independent of € € (0,1).
(iii) If g(x) = —3? for all x € [-1,1] and g(x) > —32? for all x € R, then
1
|u®(0,1) — u(0,1)] > §5| loge|

for e >0 sufficiently small.

Proof. Without loss of generality, let (x,t) = (0,1). Introducing h(y) := g(y) +
1y|? for y € R, we have by (4.8) and (4.9) that

u®(0,1) = —2¢log { : dy} , u(0,1) = ijnh = h(g),

1
VAame
where § € R is a fixed point for which there holds A(7) = ming h. Note that

_ ) =h(@)
e 2e dy} .

(4.14) u®(0,1) —u(0,1) = —2¢clog {\/i?s

We first prove (i). Since g € Lip(R), there exists M > 0 such that for any y € R with
ly — 4| > M there holds h(y) — h(y) > 1|y — y|>. For € € (0,1), we have that

y+M y+M 4
QMZ/ - h =) h(y) / — Aly—sl dy_*<1—e_1422/1>€23€
y—M y— A

for some A= A(L,|y|,M) >0 and B= B(A,M) > 0. Moreover,

ly—917 u\ & _ My 16
dy < e dy <2 e 8 dy< —e.
R\ (j—M,5+M) M M

Combining the two inequalities stated above, we find that

_hy)=h(@)
2e

/R\(?JMJ?JrM)

> y)—h(y 16
BES/ e_h( ST dy <2M + M&‘.

— 00

Thus, in view of (4.14), we obtain that
[4(0,1) — (0, 1)| < 2¢loge]

for € > 0 sufficiently small.
Next, we prove (ii). Assume that 0 € Sq, where S; C R is defined in (4.10). Then,
J=1o, (recall (4.11)-(4.12)) is the unique minimum point of & and, using (4.13), we
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have that h”(j) = ¢"(y) + 1 > 0. Combining with the fact that g € C?(R) N Lip (R),
there exists a > 0 such that aly — g|? < h(y) — h(y) < é|y — g|? for any y € R. Thus,
there exists C' = C(a) > 0 such that

oves [ oty < vz

and hence, in view of (4.14),
|u®(0,1) —u(0,1)| < Ce.

Finally, (iii) follows immediately from (4.14) in combination with the fact that
due to h >0 on R, hf_; ;;=0, and h(y) =0, there holds

o) 1
_ h(n)=h(@) _ A =h(@)
/ e 2= dy> / e 22 dy=2. 0
—o0 -1

It is not clear to us whether Proposition 4.4 holds for other uniformly convex F'.
For strictly but not uniformly convex F (e.g., F(p) = ;|p|*), the convergence rate for
the vanishing viscosity process might be O(e®) for some exponent a € (3,1); see the
numerical Example 5. A natural question is whether we will see a similar convergence
rate when the homogenization process is involved for the quadratic case as numerical
example, Example 10, suggests. Let us briefly demonstrate the technical difficulty
in extending the proof of Proposition 4.4 to the homogenization problem. Consider
H(y,p) = 3|p|* + V(y) for a smooth Z"-periodic potential function V. Then, by the
Hopf-Cole transformation, we have that

uf (z,t) = —2¢log [h (ii)} ,

where h = h(z,t) is the solution to the problem

1
he—Ah+3Vh=0 in R" x (0,00),

_g(ex)

h(z,0)=e "= on R™.

Therefore, we have that

t gly
uf(x,t) = —2¢elog [/ K (z,z7€> % dy] ,

where K = K(x,y,t) denotes the fundamental solution corresponding to the operator
Oy — A+ %V. Obtaining the convergence rate requires a sharp estimate of the homog-
enization of K, which is a highly nontrivial subject. Let us further point out that the
convergence rate might also depend on the regularity of V' as the numerical example,
Example 6, suggests.

4.4. A Dirichlet problem. We are again in one dimension. For € > 0, we
consider the Dirichlet problem

{2(u6)3 =e(uf)” in (0,00),

(4.15) W (0) =1

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/20/24 to 35.20.143.48 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1574 J. QIAN, T. SPREKELER, H. V. TRAN, AND Y. YU

It is quickly seen that the solution is given by

_ Ve
Cx+/E
In particular, we have u®* — u = 0 locally uniformly in (0,00). Of course, there is a

boundary layer of size O(y/€) at x = 0, but let us ignore this boundary layer in our
discussion here. We observe that for any € € (0,1) there holds

u* ()

for x > 0.

(1) — u(1)| = H“; SV

Thus, once again, we see that the O(/¢) rate occurs naturally here. We record this

in the following lemma.

LEMMA 4.5. Fore € (0,1), let u® denote the solution to (4.15). Then, u® —u =0
locally uniformly in (0,00), and there holds

E -
lu (x)—u(x)|—x+ﬁ2%\@ V> 1.

In particular, for any d > 1, the optimal rate for the convergence of u® to w in the

L ((1,d))-norm is O(/e).

5. Numerical results for the vanishing viscosity process and the ho-
mogenization problem.

5.1. Vanishing viscosity process. We consider (1.4) in one dimension, that
is,

xrx

uf + F (u) =eus, inR x(0,00),
(5.1) {ue(aj, 0)=g(x) on R.

Recall that, as € — 07, u® — u locally uniformly on R x [0, 00), where u solves

{ut + F(uy) =0 in R x (0, 00),
u(z,0)=g(x) onR.

We now verify numerically that, in some particular examples,
[ (1) —u(:, 1)~ > CVE,

for some C > 0 independent of € € (0,1), which confirms again that the bound O(,/¢)
is optimal in general. To do so, we consider various choices of F' and g and compute
|u (-, 1)—u(-,1)|| L for different values of € > 0. Specifically, Examples 3, 7, and 9 give
the order of convergence %, and the other examples give convergence orders between
% and 1. In particular, Examples 3, 7, and 9 confirm the optimality of Theorem 1.1.

Let us describe our methodology. We partition a spatial interval [a, b] by a uniform
mesh with mesh size Az and choose adaptive time steps At to march through a given

time interval [0,T]. Accordingly, we discretize equation (5.1) as follows:

ur o —ur ult o —2ul +ul
n+1 n i+1 i—1 i+1 ) i—1 n n ,n
ul Tt =ul = At |F —€ =G, utut ).
7 7 |: ( 22:1; ) 21‘2 (z 15 %9 1+1)
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Monotonicity of the scheme requires that G is nondecreasing in each of its arguments;
consequently, we have

(5.2) > %Axmau(|F’(p)|7
J2
Az?
, <=
3 ar<y

The condition (5.2) requires a minimum viscosity to be imposed on the numerical
scheme, and the time step has to be chosen according to (5.3). To check the effect of
vanishing viscosity, we will set

1
Emin = Az max ‘F/(p)|,
2 P

e=2%nm  fork=09,...,1,0,

A 2
At:Ccﬂix7
2¢e

where c.qg < 1 is the CFL number. We note that it is extremely hard to verify
rigorously the examples considered below.

Ezample 1. Assume F(p) = |p|”> for p e R, and g(z) = —|z| for # € R. Then,
u(z,t)=—|z|—¢ for all (z,t) €R x [0,00).

Numerical results are shown in Figure 5.1(a). We observe that the convergence rate
is O(e) in this example.
Example 2. Assume F(p) = |p|* for p € R, and g(z) = —|z| for x € R. Then,
u(z,t)=—|z|—¢ for all (z,t) €R x [0,00).
Numerical results are shown in Figure 5.1(b). We observe that the convergence rate
is O(e) in this example.

Ezample 3. Assume F(p) = |p| for p € R, and g(z) = max{1 — |z|,0} for x € R.
Then,

u(x,t) =max{l — |z| —¢t,0} for all (z,t) € R x [0,00).

Numerical results are shown in Figure 5.1(c). We observe that the convergence rate
is O(y/€) in this example.

Ezample 4. We consider (5.1) only on a quadrant U = (—00,0) x (0,00). Assume
F(p)=p? for pe R, and g(z) = %(—:10)3/2 for x <0. The limiting PDE is

ug + (ug)® =0 in (—00,0) x (0, 00),
u(0,t) =0 for ¢ € (0, 00),
u(z,0)=g(z) for z € (—o0,0].

Then, for 0 <t <1,

3/2
u(z,t) = <—2;) (3—2t)""7  for all z € (—o0,0].
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+§: } ::::::I jj ::::::w ——— = [-0.1,0.1], Ax — 0.0002

— — —cllosi<])|

— — — =|logi=)|

10

1073

) — e, 1) g

ém“
10°
108
10° 104 1073 102 10!
3
(a) F(p) = |p|2 for p € R, (b) F(p) = \p|4 for p € R,
g(x) = —|z| for z € R. g(z) = —|z| for z € R.
—— = | A — 0.00022 +‘?,,;‘ 0.3,0], Ax = 0.00003 //’

[ENN]
—e— 0 =[-1LL1], Az = 0.00011 - -~

-—-V

(e, 1) e

[l 1)

105
10° 104 1073
(c) F(p) = Ip| for p € R, (d) F(p) =p® for p €R,
g(x) = max{1 — |z|,0} for € R. g(z) = %(—m)‘w2 for x € (—o0,0].
10°
& M =025, Q= [-11,11], Ax = 0.00011
Y o P
4){—\1‘ 2. @ =[-LL1LI1J, Ar=000011 e
10! —

10° 10° 10 103 102 10t 10°

(e) F(p) = %|p|4 for p € R,
g(xz) = M min{|z|, |z — 3| — 1} for z € R.

Fic. 5.1. Illustration of the error ||uj (-, 1) — u(-,1)|| oo () for Ezamples 1-5.

Numerical results are shown in Figure 5.1(d). Numerically, we observe that the con-
vergence rate is O(e%/4) in this example.

) = M min(|z|, |z — %\ — i) for

Ezample 5. Assume F(p) = 1|p|* for p € R, and g(z) =
,%, 1,2} to perform our tests.

x € R and some scaling constant M. We choose M € {
Then, we can use the Hopf-Lax formula to obtain

T
1
1
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u(x,t) Z;relﬂf{{g(y) +tL (zty> }, where L(v):= ilég {pv—F(p)} = ZM%

for (x,t) € R x (0,00). Numerical results are shown in Figure 5.1(e). Numerically, we
observe that the convergence rate is O(”2) in this example.

5.2. A simple homogenization test. Consider (1.1) in one dimension, that

is,

uf + H (%,u5) =cuf, inRx(0,00),

u®(z,0)=g(x) on R.
We take g(z) = min(|z|, |z — 3| — 1) for € R, and we consider six different choices
for the Hamiltonian H. Since the exact solution to the homogenized problem (1.3) is
unknown, we compute ||u®(-,T) — u€/2(~,T)HLoc(Q) for some chosen T" > 0 and compu-
tational domain €.

Ezample 6. Assume H (y,p) = 3|p|* +mingez |y—k| for y,p € R. Numerical results
are shown in Figure 5.2(a). The order of convergence seems to be in [1,2].
Ezample 7. Assume H(y,p) = i|p\4—|—minkez |y— k| for y,p € R. Numerical results

are shown in Figure 5.2(b). The order of convergence seems to be %

Ezample 8. Assume H(y,p) = %[p|> + minkez [y — k| for y,p € R. Numerical
results are shown in Figure 5.2(c). We observe the same as for Example 6.

Ezample 9. Assume H(y,p) = %|p|* + mingez [y — k| for y,p € R. Numerical
results are shown in Figure 5.2(d). We observe the same as for Example 7.

Ezample 10. Assume H(y,p) = %\p|2 + sin(y) for y,p € R. Numerical results are
shown in Figure 5.2(e), and the order of convergence seems to be close to 1.

Ezample 11. Assume H(y,p) = i\p|4 + sin(y) for y,p € R. Numerical results are
shown in Figure 5.2(f), and the order of convergence seems to be close to 1.

6. Numerical approximation of effective Hamiltonians. In this section,
we would like to gain a better understanding of the effective Hamiltonian H. Let us
recall that for p € R™, the value H(p) € R is the unique constant for which there exists
a viscosity solution v(-,p) € C(T") to

H(y,p+Dv)=H(p)+Av  foryeT".

6.1. Framework. Let us focus on a Hamilton—-Jacobi—Bellman nonlinearity
(6.1) H:T"xR" =R, H(y,p) = sull)\{—b(y,a)p—f(y,a)},
ae

where A is a compact metric space, b € C(T" x A;R™), f € C(T™ x A), and we assume
that b = b(y,a), f = f(y,«) are Lipschitz continuous in gy, uniformly in «. In this
setting, H € Lip (T™ x R™) and H = H(y,p) is convex in p. See [22] and the references
therein for the homogenization of viscous G-equations.

6.2. Approximation of the effective Hamiltonian. Let p € R" be fixed.
Our goal is to approximate the value H(p), and we begin by introducing approximate
correctors.
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10° >
—— Az = 40.2/10185 -
—5— Az = 40.2/20371 Pt
___ .
=
H10?
|
=
1072 1072

10 10t 10° 10 10t 10°

(a) H(y,p)=3|p|*+minkezly — k|, y,p €R.  (b) H(y,p)=3Ip|*+minkezly — k|, y,p € R.

—— Az = 40.2/10185 -
—8— A = 40.2/20371 -
___ .

“F107 F10t
I I
= =
4 A
10 2 I 10 2 I
107 10t 10° 107 10t 10°

(c) H(y,p)=%|p|*+minkezly — k|>, y,p € R. (d) H(y,p)=%|p|* +minkezly — k|, y,p € R.

—f— Ax = (40.2/1620746

-
)

L5) — 1y,

s, 0.5) = 1 [, 0.5) [l {60

(e) H(y,p) = %|p|2 + sin(y) for y,p € R. () H(y,p) = i|p|4 + sin(y) for y,p € R.

Fi1G. 5.2. Illustrftionlof lui, (- T) — uz/i(,T)HL;o%Q) for Ezamples 6-11 with im'tialliiatlulm
g(z) = min(|z|, |z — 5| — 3) for x €R. Here, Q = [—5,3], T =1 for (a)—(d), and Q = [-%, 5],
T= % for (e)—(f).

6.2.1. Approximate correctors. For ¢ > 0, introducing the approximate cor-

rector v? € C'(T™) to be the unique viscosity solution to the problem

(6.2) ov? + H(y,p+ Dv7) = Av? for y € T",
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it is known that {—ov%},~0 converges uniformly to the constant H(p) as o — 0F; see
[20, Chapter 4].

LEMMA 6.1. For o >0, let v7 denote the unique viscosity solution to (6.2). Then,
v7 € C?7Y(T") for any v € (0,1). Moreover, for any o >0 there holds

lov” + H(p)| L (1) < Co,

where C' > 0 is a constant independent of o.

Proof. As H € Lip (T" x R"), we have that v7 € W2P(T") for any p > 1; see [2].
Hence, Dv° € C%7(T") for any « € (0,1), and hence, H (-, Dv°(-)) € C%7(T"). By the
standard Schauder estimates, we obtain that v7 € C%7(T").

Let v =wv(-,p) € C(T™) be a solution to the cell problem (1.5). Then, the function

v — ||[v]| oo (Tny — @ is a subsolution to (6.2) and the function v + ||v|| Lo (pn) — @
is a supersolution to (6.2). By the comparison principle, we have that
H(p " Hp) . ..
v — ||v]| oo () — o) <07 v || g (pny — Alp) in T,
o o
and hence,
lov” + H(p) || Lo (1m) < 2[|0]| oo (1m) 0,

which completes the proof. 0

Therefore, a natural idea is to obtain a numerical approximation of H(p) based
on the fact that

H(p)= lim [ (—ov?),
o—0t Jy
where Y := (0,1)"”, in combination with a numerical approximation v{ of v? with
[v7 —vi |l (yy — 0 as h — 0 for o fixed. Let us briefly address a possible numerical
approximation for ||b||,. small. To ensure strong monotonicity of the finite element
schemes proposed below, we assume that

b1
(6.3) o> 1
requiring a minimum discount to be imposed for the numerical scheme. Here, we
follow the idea of the small-6 method (see, e.g., [27]) in combination with a finite
element approximation of (6.2). We note that the effective Hamiltonian can also be
approximated by the large-T method; see [27, 28] and the references therein. Since the
large-T method and the small-6 method (see, e.g., [27]) are mathematically equivalent,
we just use the small-6 method to illustrate the new formulation for convenience.

6.2.2. Hll,er(Y)—conforming finite element approximation of (6.2). We
have that v” is the unique element in H! (V) such that

per

a(vcr7 90) =0 V(p € le)er(Y)7
where a: H, (Y) x H! (V) — R is given by

per per

a(w, ) = (Dw, Do) 2y + <sup {=b(,a) - Dw—g(-,a)}, sa) +o(w, ) r2(v)
acA L2(Y)
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with g(-,@) :=b(:,a) - p+ f(-,a). Indeed, assuming (6.3), a: H  (Y) x H (V) =R

per per

(V) and s € (m7 1), writing &, :=

. . 1
is strongly monotone since for any ui,us € H. i

per
uyp — uz,

a(u1,8,) = auz, ) > | D8ullF2 () + o072y — (sup Jb(-> @) - Doul, [0ul) 2 x)

> (1= D8y + (7= LI ) 18ul2r
> Conlldulli (v)-
It is also quickly checked that we have the Lipschitz property
la(u, ) — a(uz, ©)| < Cillur — uall vy llellmyy  Vur uz, o € Hyo (Y).
Let Vi, C HL..(Y) be a closed linear subspace of H!  (Y). By the Browder—Minty

per per

theorem and standard conforming Galerkin arguments, there exists a unique vj € Vj,
such that

(6.4) a(vy,on) =0 Yon € Vi,

and we have the near-best approximation bound
Cr .
||’U¢T _ ’UZ:HHl(y) < a w;llréf\/h ||UU _ wh||H1(y).

Choosing for V}, a Lagrange finite element space over a shape-regular triangulation
T, of Y with mesh-size h > 0, consistent with the periodicity requirement, leads to
a convergent method under mesh refinement. The discrete nonlinear system can be
solved numerically using Howard’s algorithm (see, e.g., [29]).

Introducing the approximate effective Hamiltonian

(6.5) Hon(p) = /Y(—OUZ),

we then have that

m@—mMMSM@—Lewﬂ

+olo” = v}l vy,

where [[v7 — vf | L1(yy — 0 as h — 0 and the first term on the right-hand side is of
order O(o) by Lemma 6.1.

6.2.3. Fourth-order-type variational formulation for (6.2). If information
on second-order derivatives of v7 is desired, it is interesting to see that inspired by
arguments based on Cordes-type conditions (see, e.g., [4, 13, 14, 29, 30]), we can derive
a fourth-order-type variational formulation for v, allowing for the construction of H?-
conforming finite element schemes. Introducing v := Wﬁlﬁ € C(T™ x A, (0,1]), note
that v? is the Y-periodic solution to

G[v°]=0, where Glw]:= 21615)& {v(,a) (wAw = b(-,a) - Dw+ ow — g(+,a))},

and v° is the unique element in H2, (V) satisfying

a(w?, )= (G7],00 — Ap)r2yy =0 Vo€ HZ . (Y).

per
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Indeed, note that due to (6.3) we have that a is strongly monotone: For any wuy,us €
2
H2,(Y), writing 8, :=u1 — up and 5:= 22=%= € (0,1], we have

per T Ao+l
|Gu1] — Glus] — (06, — A6y)|?
<sup [-(1(.0) = DA, — [](,) - DB+ (1(1.0) = 1o,
< (1 =n)(JA8u[* +20|Déy|* + 0%|6u]?)
almost everywhere (note 2|y — 112 + 5= |7b[> =2 — 2y <1 —1), and
||A5u||%2(y) + 20\|D5u||2L2(Y) + 02||5u\|%2(y) =|lody — A5u||%2(yy

which, in combination, yields

alur, 00) = a(uz,6,) = (1= V/T=1) 06, = Adu[[3z(y.

Further, a satisfies the Lipschitz property
a1, @) = aluz, 9)] < (14 VI=n) 06 = Adullz2(r o = Aglraey-

Let Vi, C H2.,(Y) be a closed linear subspace of HZ,.(Y). By the BrowderMinty
theorem and standard conforming Galerkin arguments, there exists a unique vy €V},
such that

a(vp,on) =0 Vo € Vp,

and, introducing the norm |[|w|[| := [[ow — Aw||2(y) for w € HZ. (Y), we have the
near-best approximation bound

1+yT—7 . i
L A/ A Y [[[v7 — wr]]].
1 — \/1 —’I’]whEVh

Choosing for V;, an Argyris or HCT finite element space over a shape-regular trian-
gulation 7; of Y with mesh-size h > 0, consistent with the periodicity requirement,
leads to a convergent method under mesh refinement. The discrete nonlinear system
can again be solved numerically using Howard’s algorithm. With the observations
of this subsection at hand, one can also construct mixed finite element schemes and
discontinuous Galerkin finite element schemes for (6.2) similarly to [14, 18].

llv” = vl <

6.2.4. Numerical experiments. For our numerical tests, we consider one lin-
ear example with known effective Hamiltonian and one nonlinear example with un-
known effective Hamiltonian. For both tests, we use the method from section 6.2.2.

Ezample 12. Consider H : T? x R? — R given by (6.1) with n =2 and A :={0}.
We set b(y,a) = b(y) := (5= cos(2my1),0) and f(y,«) = f(y) = 1 + sin(2my;) for
y = (y1,72) € T? and o € A. Our goal is to approximate the value of the effective
Hamiltonian H at the point p:= (3,1), and compute the approximation error |H (p) —
H, 1(p)|, where the true value can be explicitly computed as

N fol sin(27t) exp( 42z sin(2nt)) dt

H(p)=1
®) fol exp( 723 sin(27s)) ds
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In our numerical experiment, we compute H, ,(p) via (6.4)—(6.5), where we choose V},
to consist of continuous Y-periodic piecewise affine functions on a periodic
shape-regular triangulation 7, of Y into triangles with vertices {(ih,jh)}1<ij<n
where N =} € N. We choose o =107 for i € [-3,2]NZ and h =277 for j € [1,10]NZ.
The results are shown in Figure 6.1. Numerically, we can observe that the rate O(o)
in Lemma 6.1 is optimal.

Example 13. We consider H : T? x R? — R given by (6.1) withn=2and A :={«a €
R2: |a| <1}. We set b(y,a) :=b(y)+a and f(y, ) := f(y) for (y,a) € T2 x A, where b
and f are defined as in Example 12. Note that H(y,p) =|p| —E(y) -p—f(y) for (y,p) €
T2 xR%. Our goal is to approximate the unknown effective Hamiltonian H on [—1,1]2.
To this end, we approximate H (p) at all points pin S:={+1,+3 +1 43 +1 +1,0}2,
where we chose a finer resolution around the origin. In our numerical experiment, we
compute H, ;(p) via (6.4)—(6.5), where we choose V, to consist of continuous Y-
periodic piecewise affine functions on a periodic shape-regular triangulation 75, of Y
into triangles with vertices {(ih, jh)}1<; j<n where N =+ € N. We fixed a fine mesh,
i.e.,, h = 2719 and produced convergence histories with respect to o at each point
p € S. The nonlinear discrete problems were solved using Howard’s algorithm. For

the plot of the numerical effective Hamiltonian we used o = 27%; see Figure 6.2(a).

[—— o =1000 —s—0o =100 o =10
—e—o=1 ——o=01 7 =0.01

S TH(p) — H )] for B i — 11024
— — — /1N

102

10°

10® 10®
107 10 10t 10 10t 10° 10t 10° 10°

(a) b |H(p) — Hon(p)| for fixed o (b) o+ |[H(p) — Hon(p)| for fixed h = 2710

FiG. 6.1. Approzimation of H(p) at p= (3,1) for Ezample 12.

10

—t— [Hou(p) — Hopan(p)] for fixed k= 171024 and p = (-1, 1)
04 — — — /1000

5
-0.8 10
10! 10° 10t 10?

m

- (b) o = [Hon(p) — Hg n(p)| for h = 271°
(a) p= Hon(p) for 0 =27* A =27 and p=(-1,-1).

FIG. 6.2. Approzimation of H for Example 13.
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An exemplary convergence history of [Hypn(p) — Hg n(p)| with respect to o, for
p=(—1,-1), is shown in Figure 6.2(b) and we observe the rate O(o), as expected.
We note that the scheme performs nicely even beyond (6.3).
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