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We discuss the realization of 2d (0, 2) gauge theories in terms of branes focusing on

Brane Brick Models, which are T-dual to D1-branes probing toric Calabi-Yau 4-folds.

These brane setups fully encode the infinite class of 2d (0, 2) quiver gauge theories on
the worldvolume of the D1-branes and substantially streamline their connection to the

probed geometries. We review various methods for efficiently generating Brane Brick

Models. These algorithms are then used to construct 2d (0, 2) gauge theories for the
cones over all the smooth Fano 3-folds and two infinite families of Sasaki-Einstein 7-

manifolds with known metrics. This note is based on the author’s talk at the Gauged

Linear Sigma Models @ 30 conference at the Simons Center for Geometry and Physics.
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1. Introduction

Engineering quantum field theories in terms of String or M-Theory branes is a pow-

erful approach for studying their dynamics, often providing alternative perspectives.

D-branes probing singularities provide a platform for constructing interesting field

theories in different dimensions. 4d N = 1 gauge theories on D3-branes probing sin-

gular toric Calabi-Yau (CY) 3-folds are the most thoroughly studied setups within

this class. In this case, brane tilings significantly streamline the connection between

the 4d gauge theories on the D3-branes and the probed geometry.1,2

In recent years, the study of 2d (0, 2) gauge theories on D1-branes probing toric

CY 4-folds culminated with the introduction of brane brick models,3 which result

in powerful simplifications in the map between geometry and 2d theories analogous

to the ones previously brought by brane tilings.

In this note, we present a brief review of recent works in which brane brick

models have been exploited for determining and studying the gauge theories for

large classes of interesting CY 4-folds. These geometries include the complex cones

over all smooth Fano 3-folds,4 and infinite families of cones over the Y p,k(CP1×CP1)
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and Y p,k(CP2) Sasaki-Einstein 7-manifolds.5

2. Brane Brick Models

Brane brick models are obtained from D1-branes at CY4 singularities by T-duality.

We refer the reader to3,6–8 for detailed discussions. A brane brick model is a Type

IIA brane configuration consisting of D4-branes wrapping a 3-torus T3 and sus-

pended from an NS5-brane that wraps a holomorphic surface Σ intersecting with

T3. The holomorphic surface Σ is the zero locus of the Newton polynomial defined

by the toric diagram of the CY4. The basic ingredients of the brane setup are sum-

marized in Table 1. The (246) directions are compactified on a T3. The 2d gauge

theory lives on the two directions (01) common to all the branes.

Table 1. Brane brick model configuration.

0 1 2 3 4 5 6 7 8 9

D4 × × × · × · × · · ·
NS5 × × ———– Σ ———— · ·

Brane brick models, or equivalently their dual periodic quivers, fully encode the

2d (0, 2) quiver gauge theories on the worldvolume of D1-branes probing toric CY

4-folds. Namely, they summarize not only the quivers but also the J- and E-terms.

The dictionary between brane brick models and gauge theories is summarized in

Table 2.

Table 2. Dictionary between brane brick models and 2d (0, 2) gauge theories.

Brane Brick Model Gauge Theory Periodic Quiver

Brick Gauge group Node

Oriented face Bifundamental chiral field Oriented (black) arrow
between bricks i and j from node i to node j from node i to node j

Unoriented square face Bifundamental Fermi field Unoriented (red) line
between bricks i and j between nodes i and j between nodes i and j

Edge J- or E-term Plaquette encoding
a J- or an E-term

For additional results regarding brane brick models, we refer the interested

reader to.9–11

3. From CY4’s to Brane Brick Models

Several methods for constructing brane brick models associated to a given toric

CY4 have been developed. Some of them considerably simplify this task. Figure 1

summarizes a few of these procedures.

Partial resolution consists of embedding the toric diagram of interest within a

larger toric diagram, for which the 2d gauge theory is known. A standard choice
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for such initial geometry is an abelian orbifold of C4. The deletion of points that

connects the two toric diagrams translates into higgsing in the field theory.6 The

determination of the chiral fields that acquire a non-zero VEV to achieve a desired

toric diagram is simplified by considering the map between fields in the quiver and

brick matchings, certain combinatorial objects in the associated brane brick model

that are analogous to perfect matchings of brane tilings.3

Orbifold reduction generates the 2d (0, 2) gauge theories associated to D1-branes

probing a toric CY4 starting from 4d N = 1 gauge theories on D3-branes probing

toric CY3’s or, equivalently, the corresponding brane tilings. Given two integers

k+, k− ≥ 0 and a perfect matching p0 of a brane tilings for a CY3, orbifold reduction

generates a gauge theory that corresponds to a CY4 whose toric diagram is obtained

by expanding the point associated to p0 into a line of length k+ + k−, with k+
points above the original 2d toric diagram and k−points below it. The algorithm

for producing the 2d gauge theory has an elegant implementation in terms of the

periodic quiver.12 This procedure generalizes dimensional reduction and orbifolding.

With orbifold reduction, the gauge theories for rather complicated CY4’s can be

found with little effort.

3d printing is similar to orbifold reduction in that it provides a combinatorial

prescription for constructing the 2d (0,2) gauge theory for a CY4 starting from the

brane tiling for a CY3.
13 In 3d printing, multiple points in the toric diagram of the

CY3 can be lifted to produce the toric diagram of the CY4, as illustrated in Figure

1.

Mirror symmetry provides an alternative way for deriving the 2d (0, 2) gauge

theory. The mirror configuration consists of D5-branes wrapping 4-spheres and the

gauge theory is determined by how they intersect.8,14 Figure 1, shows various pro-

jections that contribute to the visualization of the configuration of branes in the

mirror. Interestingly, changing the complex structure and passing through vanishing

cycles results in inequivalent geometries. However, the mirror geometry unifies the

inequivalent geometries of the CY into a single CY manifold. In this way we can

understand field theory dualities from the uniqueness of the CY mirror.

4. Fano 3-Folds

Brane brick models are particularly useful for finding the 2d (0,2) gauge theories

for large families of toric CY 4-folds. An interesting family of geometries is given

by the complex cones over Gorenstein Fano varieties that are constructed from a

special set of lattice polytopes known as reflexive polytopes. Table 3 summarizes

the numbers of inequivalent reflexive polytopes up to dimension 4, following the

seminal classification of Kreuzer and Skarke.15–17

These polytopes should be regarded as the toric diagrams of toric CY’s con-

structed as the complex cones over the corresponding Fanos. We are interested in

CY 4-folds, i.e. dimension 3, where there are 4,319 polytopes. Moreover, let us focus

on those reflexive polytopes that are also regular, which implies that their associ-
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with W the 4d superpotential. In this expression, we understand the J-terms and W

as functions of the 2d (0, 2) chiral multiplets coming from the 4d chiral multiplets.

The E-terms follow from the 4d gauge interactions, and are given by

Eij = �iiXij � Xij�jj . (3.2)

3.2 3d Printing CY 4-Folds

Before introducing 3d printing, it is useful to explain in general lines the relation be-

tween the toric CY3 and CY4 connected by it. The relation between the two geometries

will be discussed in detail in §4.

Recall that the toric diagram of a CY3 TCY3 is 2-dimensional and every point in

it corresponds to a (collection of) perfect matching(s) in an associated brane tiling.

3d printing turns TCY3 into the 3d toric diagram of a CY4, TCY4 , by growing a third

dimension, e.g. the z-direction, as follows. We can simultaneously take several points

in TCY3 and expand each of them into an arbitrary number of points along z with an

also arbitrary shift with respect to the x � y plane. It is important to note that any

points inside the resulting convex hull are automatically lifted, properly generating a

convex TCY4 . Figure 1 shows an example that starts from the toric diagram of the

complex cone over dP3 and lifts two points. The blue and green points give rise to two

and three points, respectively.

Figure 1: Example of lift of two points in the toric diagram of the complex cone over

dP3.

The toric diagram of of a wide class of CY4’s can be reached by this procedure.1

1It would be interesting to characterize the class of geometries that cannot be generated by 3d

printing in its current form and, if possible, to generalize it to produce arbitrary toric CY4’s. An

interesting class of CY4’s that seems to be out of reach of 3d printing is given by those without

crepant resolutions. These are geometries for which the normalized volume of the toric diagram

cannot be obtained by a triangulation in terms of minimal tetrahedra with vertices on points in the

toric diagram. A simple example is the C4/Z2 orbifold with action (1, 1, 1, 1) [1].

– 5 –

Similarly, for the conifold quiver block, we have

J E

⇤
(1)

1,2
: X2,1Y1,2Y2,1 � Y2,1Y1,2X2,1 Z1,1X1,2 � X1,2Z2,2

⇤
(2)

1,2
: Y2,1X1,2X2,1 � X2,1X1,2Y2,1 Z1,1Y1,2 � Y1,2Z2,2

⇤2,1 : X1,2X2,1Y1,2 � Y1,2X2,1X1,2 Z2,2Y2,1

⇤2,1 : Y1,2Y2,1X1,2 � X1,2Y2,1Y1,2 Z2,2X2,1 � X2,1Z1,1

⇤2,1 : X1,2X2,1Y1,2 � Y1,2X2,1X1,2 � Y2,1Z1,1

(3.16)

3.6 Relation to Orbifold Reduction

3d printing considerably supersedes orbifold reduction, which was introduced in [13] as

a generalization of both dimensional reduction and orbifolding. Figure 7 illustrates the

e↵ect of these three operations on a toric diagram.

k+= 2 

k-= 1 

k = 2 

(a) (b) (c) 

Figure 7: Toric diagrams for: a) the dimensional reduction of dP3 to dP3 ⇥ C, b) a

(dP3 ⇥C)/Zk orbifold with k = 2 and c) an orbifold reduction of dP3 with k+ = 2 and

k� = 1.

Below we briefly explain how all these operations are special cases within the frame-

work of 3d printing.

• Dimensional reduction. Using a single quiver block S(Q, p) we generate a

periodic quiver associated to the 2d (2, 2) gauge theory that corresponds to CY4 =

CY3 ⇥ C. The result is independent of the perfect matching p used for the lift.

– 14 –
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Figure 47. Continuous transition between phases A and B corresponding to triality on node

1. We show the variation in P (x, y, z) and the transformation on the W -plane and the x-,

y- and z-tomographies. In order to facilitate the combination of figures, the di↵erent planes

have relative rescalings.

– 56 –

Partial resolution Orbifold reduction

Mirror symmetry

3d printing

Fig. 1. Some methods for generating brane brick models for toric CY 4-folds.

Table 3. The number of inequivalent reflexive polytopes and

regular reflexive polytopes in dimension d ≤ 4.15–17

d Number of Polytopes Number of Regular Polytopes

1 1 1

2 16 5

3 4,319 18

4 473,800,776 124

ated Gorenstein Fano varieties are smooth. According to Table 2, this leaves us with

a manageable subset of 18 polytopes, shown in Figure 2.

The CY3 analogues of these geometries are the complex cones over F0 and del

Pezzo surfaces, which have played a prominent role in elucidating the correspon-

dence between CY 3-folds and the 4d N = 1 gauge theories on D3-branes probing

them (see e.g.18–21).

In,4 a brane brick model, i.e. a 2d (0, 2) gauge theory, was constructed for each

of the 18 regular reflexive polytopes in 3 dimensions. For every one of these models,

the moduli space was thoroughly studied, calculating the generating function of

mesonic gauge invariant operators, the Hilbert series, using the Molien integral

formula. For each of these models, the generators of the mesonic moduli space were

expressed both in terms of chiral fields of the 2d gauge theory as well as brick

matchings. Finally, for all these models, it was verified that the generator lattice

of the corresponding mesonic moduli space is the polar reflexive dual of the toric

diagram.



2d (0,2) Gauge Theories from Branes: Recent Progress in Brane Brick Models 5

<latexit sha1_base64="inIDU5TWInuuL9uLyHIFTrKTgEc=">AAACDHicbVDLSgNBEJyNr7i+olcvgyHgKexK8HELePEYwTwgWcLspJMMmZ1dZnoDYckXeBP9F29e/QV/xZOzSQ6aWNBQVHXT3RUmUhj0vC+nsLW9s7tX3HcPDo+OT0ruacvEqebQ5LGMdSdkBqRQ0ESBEjqJBhaFEtrh5D7321PQRsTqCWcJBBEbKTEUnKGVHmv9UtmregvQTeKvSJms0OiXvnuDmKcRKOSSGdP1vQSDLLQ7Qc/dSi81kDA+YSPoWqqsbIJsceicVqwyoMNY21JIF6r7ayJjkTGzKLSdEcOxWfdy8T+vm+LwNsiESlIExZeLhqmkGNP8azoQGjjKmSWMa4GCUz5mmnG02bg9A7h8ACFKJEPIFJuK0SIjmh8USzPP5jYsfz2aTdK6qvrX1Vq5frcKrUjOyQW5JD65IXXyQBqkSTgB8kxeyZvz4rw7H8vGgrOaOCN/4Hz+AJIKnLw=</latexit>

4
<latexit sha1_base64="qSgk8RtSYjl7BAZQXDDCR0ahrCU=">AAACEHicbVDLTgJBEJzFF+IL9ehlIiHxRHaV+LiRePEIiTwSIGR2aGDC7OxmppeEbPgCb0b/xZvx6h/4K56cBQ4KVtJJpao73V1+JIVB1/1yMhubW9s72d3c3v7B4VH++KRhwlhzqPNQhrrlMwNSKKijQAmtSAMLfAlNf3yf+s0JaCNC9YjTCLoBGyoxEJyhlWpXvXzBLblz0HXiLUmBLFHt5b87/ZDHASjkkhnT9twIu4lvd4Ke5Yqd2EDE+JgNoW2psrLpJvNDZ7RolT4dhNqWQjpXc78mEhYYMw182xkwHJlVLxX/89oxDm67iVBRjKD4YtEglhRDmn5N+0IDRzm1hHEtUHDKR0wzjjabXMcALh5ACCLJEBLFJmI4z4imB4XSzJKZDctbjWadNC5L3nWpXCsXKnfL2LLkjJyTC+KRG1IhD6RK6oQTIE/khbw6z86b8+58LFozznLmlPyB8/kDRGWeDQ==</latexit>

3
<latexit sha1_base64="oRJfTpQZTTh2YtMKuoLnqf27qRw=">AAACEHicbVDLagJBEJw1L2NeJjnmMkSEnGRXJI+bkEuOCvEBKjI7tjo4O7vM9Aqy+AW5heRfcgu55g/yKzll1D0kmoKGoqqb7i4/ksKg6345ma3tnd297H7u4PDo+CR/etY0Yaw5NHgoQ932mQEpFDRQoIR2pIEFvoSWP7lf+K0paCNC9YizCHoBGykxFJyhlerlfr7gltwl6CbxUlIgKWr9/Hd3EPI4AIVcMmM6nhthL/HtTtDzXLEbG4gYn7ARdCxVVja9ZHnonBatMqDDUNtSSJdq7tdEwgJjZoFvOwOGY7PuLcT/vE6Mw9teIlQUIyi+WjSMJcWQLr6mA6GBo5xZwrgWKDjlY6YZR5tNrmsAVw8gBJFkCIliUzFaZkQXB4XSzJO5Dctbj2aTNMsl77pUqVcK1bs0tiy5IJfkinjkhlTJA6mRBuEEyBN5Ia/Os/PmvDsfq9aMk86ckz9wPn8AQrmeDA==</latexit>

2
<latexit sha1_base64="zkkRRYWU0O9wO0iZWqmPUI/snhM=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV4OMW8OIxAZMIyRJmJ51kyOzsMtMbCMt+gTfRf/EmXv0Df8WTk8dBEwsaiqpuuruCWAqDrvvl5DY2t7Z38ruFvf2Dw6Pi8UnLRInm0OSRjPRjwAxIoaCJAiU8xhpYGEhoB+O7md+egDYiUg84jcEP2VCJgeAMrdTwesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cgxs/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu6pUG9VS7XYZW56ckXNyQTxyTWrkntRJk3AC5Im8kFfn2Xlz3p2PRWvOWc6ckj9wPn8AQQ2eCw==</latexit>

1

<latexit sha1_base64="xBUu/6zpnllelAGAQR4KZP2xnvk=">AAACEHicbVDLagJBEJw1L2NeJjnmMkSEnGQ3mNdNyCVHhfgAFZkdWx2cnV1megVZ/ILcQvIvuYVc8wf5lZwyrh4STUFDUdVNd5cfSWHQdb+czMbm1vZOdje3t39weJQ/PmmYMNYc6jyUoW75zIAUCuooUEIr0sACX0LTH9/P/eYEtBGhesRpBN2ADZUYCM7QSrWrXr7gltwUdJ14S1IgS1R7+e9OP+RxAAq5ZMa0PTfCbuLbnaBnuWInNhAxPmZDaFuqrGy6SXrojBat0qeDUNtSSFM192siYYEx08C3nQHDkVn15uJ/XjvGwW03ESqKERRfLBrEkmJI51/TvtDAUU4tYVwLFJzyEdOMo80m1zGAiwcQgkgyhESxiRimGdH5QaE0s2Rmw/JWo1knjcuSd10q18qFyt0ytiw5I+fkgnjkhlTIA6mSOuEEyBN5Ia/Os/PmvDsfi9aMs5w5JX/gfP4AR72eDw==</latexit>

5
<latexit sha1_base64="+rB4oYcSMwT57kBf3Sxmhi2chCE=">AAACEHicbVDLTgJBEJzFF+IL9ehlIiHxRHYNQb2RePEIiTwSIGR2aGDC7OxmppeEbPgCb0b/xZvx6h/4K54cYA8KVtJJpao73V1+JIVB1/1yMlvbO7t72f3cweHR8Un+9KxpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3K/8FtT0EaE6hFnEfQCNlJiKDhDK9Ur/XzBLblL0E3ipaRAUtT6+e/uIORxAAq5ZMZ0PDfCXuLbnaDnuWI3NhAxPmEj6FiqrGx6yfLQOS1aZUCHobalkC7V3K+JhAXGzALfdgYMx2bdW4j/eZ0Yh7e9RKgoRlB8tWgYS4ohXXxNB0IDRzmzhHEtUHDKx0wzjjabXNcArh5ACCLJEBLFpmK0zIguDgqlmSdzG5a3Hs0maV6XvEqpXC8XqndpbFlyQS7JFfHIDamSB1IjDcIJkCfyQl6dZ+fNeXc+Vq0ZJ505J3/gfP4ASWmeEA==</latexit>

6
<latexit sha1_base64="Si178hfZHoZp1HuEd3kWGw67zNs=">AAACEHicbVDLTgJBEJzFF+IL9ehlIiHxRHYNEb2RePEIiTwSIGR2aGDC7OxmppeEbPgCb0b/xZvx6h/4K54cYA8KVtJJpao73V1+JIVB1/1yMlvbO7t72f3cweHR8Un+9KxpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3K/8FtT0EaE6hFnEfQCNlJiKDhDK9Ur/XzBLblL0E3ipaRAUtT6+e/uIORxAAq5ZMZ0PDfCXuLbnaDnuWI3NhAxPmEj6FiqrGx6yfLQOS1aZUCHobalkC7V3K+JhAXGzALfdgYMx2bdW4j/eZ0Yh7e9RKgoRlB8tWgYS4ohXXxNB0IDRzmzhHEtUHDKx0wzjjabXNcArh5ACCLJEBLFpmK0zIguDgqlmSdzG5a3Hs0maV6XvJtSuV4uVO/S2LLkglySK+KRCqmSB1IjDcIJkCfyQl6dZ+fNeXc+Vq0ZJ505J3/gfP4ASxWeEQ==</latexit>

7
<latexit sha1_base64="GxHag6IcJVMRl7tFWNtP2pp0xjU=">AAACEHicbVDLTgJBEJzFF+IL9ehlIiHxRHYNUbyRePEIiTwSIGR2aGDC7OxmppeEbPgCb0b/xZvx6h/4K54cYA8KVtJJpao73V1+JIVB1/1yMlvbO7t72f3cweHR8Un+9KxpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3K/8FtT0EaE6hFnEfQCNlJiKDhDK9Ur/XzBLblL0E3ipaRAUtT6+e/uIORxAAq5ZMZ0PDfCXuLbnaDnuWI3NhAxPmEj6FiqrGx6yfLQOS1aZUCHobalkC7V3K+JhAXGzALfdgYMx2bdW4j/eZ0Yh5VeIlQUIyi+WjSMJcWQLr6mA6GBo5xZwrgWKDjlY6YZR5tNrmsAVw8gBJFkCIliUzFaZkQXB4XSzJO5Dctbj2aTNK9L3k2pXC8XqndpbFlyQS7JFfHILamSB1IjDcIJkCfyQl6dZ+fNeXc+Vq0ZJ505J3/gfP4ATMGeEg==</latexit>

8

<latexit sha1_base64="Eh48jkkEkTYNN0QAK8LOdZVzT5c=">AAACEHicbVDLTgJBEJzFF+IL9ehlIiHxRHYNUbmRePEIiTwSIGR2aGDC7OxmppeEbPgCb0b/xZvx6h/4K54cYA8KVtJJpao73V1+JIVB1/1yMlvbO7t72f3cweHR8Un+9KxpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3K/8FtT0EaE6hFnEfQCNlJiKDhDK9Ur/XzBLblL0E3ipaRAUtT6+e/uIORxAAq5ZMZ0PDfCXuLbnaDnuWI3NhAxPmEj6FiqrGx6yfLQOS1aZUCHobalkC7V3K+JhAXGzALfdgYMx2bdW4j/eZ0Yh3e9RKgoRlB8tWgYS4ohXXxNB0IDRzmzhHEtUHDKx0wzjjabXNcArh5ACCLJEBLFpmK0zIguDgqlmSdzG5a3Hs0maV6XvJtSuV4uVCtpbFlyQS7JFfHILamSB1IjDcIJkCfyQl6dZ+fNeXc+Vq0ZJ505J3/gfP4ATm2eEw==</latexit>

9
<latexit sha1_base64="+i2s0O8UTivN0tdnlYGgfPOGRTI=">AAACEXicbVDLTgJBEJzFF+IL9ehlIiHxRHYN8XEj8eIRjSAJEDI79MKE2dnNTC8J2fAH3oz+izfj1S/wVzw5LBwUrKSTSlV3urv8WAqDrvvl5NbWNza38tuFnd29/YPi4VHTRInm0OCRjHTLZwakUNBAgRJasQYW+hIe/dHNzH8cgzYiUg84iaEbsoESgeAMrXTvub1iya24Gegq8RakRBao94rfnX7EkxAUcsmMaXtujN3Ut0tBTwvlTmIgZnzEBtC2VFnZdNPs0iktW6VPg0jbUkgztfBrImWhMZPQt50hw6FZ9mbif147weCqmwoVJwiKzxcFiaQY0dnbtC80cJQTSxjXAgWnfMg042jDKXQM4PwBhDCWDCFVbCwGWUh0dlAkzTSd2rC85WhWSfO84l1UqnfVUu16EVuenJBTckY8cklq5JbUSYNwEpAn8kJenWfnzXl3PuatOWcxc0z+wPn8AbaKnkU=</latexit>

10
<latexit sha1_base64="aaYIeGkZowt6nwccBZENf/E09No=">AAACEXicbVDLTgJBEJzFF+IL9ehlIiHxRHYN8XEj8eIRjSAJEDI79MKE2dnNTC8J2fAH3oz+izfj1S/wVzw5LBwUrKSTSlV3urv8WAqDrvvl5NbWNza38tuFnd29/YPi4VHTRInm0OCRjHTLZwakUNBAgRJasQYW+hIe/dHNzH8cgzYiUg84iaEbsoESgeAMrXTveb1iya24Gegq8RakRBao94rfnX7EkxAUcsmMaXtujN3Ut0tBTwvlTmIgZnzEBtC2VFnZdNPs0iktW6VPg0jbUkgztfBrImWhMZPQt50hw6FZ9mbif147weCqmwoVJwiKzxcFiaQY0dnbtC80cJQTSxjXAgWnfMg042jDKXQM4PwBhDCWDCFVbCwGWUh0dlAkzTSd2rC85WhWSfO84l1UqnfVUu16EVuenJBTckY8cklq5JbUSYNwEpAn8kJenWfnzXl3PuatOWcxc0z+wPn8Abg2nkY=</latexit>

11
<latexit sha1_base64="ay9MD7BncS+K0oKWyUzAOnYdb2k=">AAACEXicbVDJSgNBEO2JW4xb1KOXxhDwFGZCcLkFvHiMYhZIQujp1CRNenqG7ppAGPIH3kT/xZt49Qv8FU92loMmPih4vFdFVT0/lsKg6345mY3Nre2d7G5ub//g8Ch/fNIwUaI51HkkI93ymQEpFNRRoIRWrIGFvoSmP7qd+c0xaCMi9YiTGLohGygRCM7QSg9euZcvuCV3DrpOvCUpkCVqvfx3px/xJASFXDJj2p4bYzf17VLQ01yxkxiIGR+xAbQtVVY23XR+6ZQWrdKnQaRtKaRzNfdrImWhMZPQt50hw6FZ9Wbif147weC6mwoVJwiKLxYFiaQY0dnbtC80cJQTSxjXAgWnfMg042jDyXUM4OIBhDCWDCFVbCwG85Do7KBImmk6tWF5q9Gsk0a55F2WKveVQvVmGVuWnJFzckE8ckWq5I7USJ1wEpAn8kJenWfnzXl3PhatGWc5c0r+wPn8Abninkc=</latexit>

12

<latexit sha1_base64="mMZQSTat0AmjnTmPP8kt5fhqIUs=">AAACEXicbVDJSgNBEO2JW4xb1KOXxhDwFGY0uNwCXjxGMQskIfR0apImPT1Dd00gDPkDb6L/4k28+gX+iic7y0ETHxQ83quiqp4fS2HQdb+czNr6xuZWdju3s7u3f5A/PKqbKNEcajySkW76zIAUCmooUEIz1sBCX0LDH95O/cYItBGResRxDJ2Q9ZUIBGdopQfvopsvuCV3BrpKvAUpkAWq3fx3uxfxJASFXDJjWp4bYyf17VLQk1yxnRiIGR+yPrQsVVY2nXR26YQWrdKjQaRtKaQzNfdrImWhMePQt50hw4FZ9qbif14rweC6kwoVJwiKzxcFiaQY0enbtCc0cJRjSxjXAgWnfMA042jDybUN4PwBhDCWDCFVbCT6s5Do9KBImkk6sWF5y9Gskvp5ybssle/LhcrNIrYsOSGn5Ix45IpUyB2pkhrhJCBP5IW8Os/Om/PufMxbM85i5pj8gfP5A7uOnkg=</latexit>

13
<latexit sha1_base64="jTojZSicP5PTxQsUF1zYq9pvHwA=">AAACEXicbVDLTgJBEJzFF+IL9ehlIiHxRHYN8XEj8eIRjSAJEDI79MKE2dnNTC8J2fAH3oz+izfj1S/wVzw5LBwUrKSTSlV3urv8WAqDrvvl5NbWNza38tuFnd29/YPi4VHTRInm0OCRjHTLZwakUNBAgRJasQYW+hIe/dHNzH8cgzYiUg84iaEbsoESgeAMrXTvVXvFkltxM9BV4i1IiSxQ7xW/O/2IJyEo5JIZ0/bcGLupb5eCnhbKncRAzPiIDaBtqbKy6abZpVNatkqfBpG2pZBmauHXRMpCYyahbztDhkOz7M3E/7x2gsFVNxUqThAUny8KEkkxorO3aV9o4CgnljCuBQpO+ZBpxtGGU+gYwPkDCGEsGUKq2FgMspDo7KBImmk6tWF5y9GskuZ5xbuoVO+qpdr1IrY8OSGn5Ix45JLUyC2pkwbhJCBP5IW8Os/Om/PufMxbc85i5pj8gfP5A706nkk=</latexit>

14
<latexit sha1_base64="oRtLCOjVxmKVgS3uwvLAzyIlGzs=">AAACEXicbVDJSgNBEO2JW4xb1KOXxhDwFGYkbreAF49RzAJJCD2dmqRJT8/QXRMIQ/7Am+i/eBOvfoG/4snOctDEBwWP96qoqufHUhh03S8ns7a+sbmV3c7t7O7tH+QPj+omSjSHGo9kpJs+MyCFghoKlNCMNbDQl9Dwh7dTvzECbUSkHnEcQydkfSUCwRla6cG76OYLbsmdga4Sb0EKZIFqN//d7kU8CUEhl8yYlufG2El9uxT0JFdsJwZixoesDy1LlZVNJ51dOqFFq/RoEGlbCulMzf2aSFlozDj0bWfIcGCWvan4n9dKMLjupELFCYLi80VBIilGdPo27QkNHOXYEsa1QMEpHzDNONpwcm0DOH8AIYwlQ0gVG4n+LCQ6PSiSZpJObFjecjSrpH5e8i5L5ftyoXKziC1LTsgpOSMeuSIVckeqpEY4CcgTeSGvzrPz5rw7H/PWjLOYOSZ/4Hz+AL7mnko=</latexit>

15
<latexit sha1_base64="+DE5xCLiiDsNGB7Iircx/H/ygJQ=">AAACEXicbVDLSgNBEJyNrxhfUY9eBkPAU9iVEPUW8OIxinlAEsLspDcZMju7zPQGwpI/8Cb6L97Eq1/gr3hy8jhoYkFDUdVNd5cfS2HQdb+czMbm1vZOdje3t39weJQ/PmmYKNEc6jySkW75zIAUCuooUEIr1sBCX0LTH93O/OYYtBGResRJDN2QDZQIBGdopQev0ssX3JI7B10n3pIUyBK1Xv670494EoJCLpkxbc+NsZv6dinoaa7YSQzEjI/YANqWKiubbjq/dEqLVunTINK2FNK5mvs1kbLQmEno286Q4dCsejPxP6+dYHDdTYWKEwTFF4uCRFKM6Oxt2hcaOMqJJYxrgYJTPmSacbTh5DoGcPEAQhhLhpAqNhaDeUh0dlAkzTSd2rC81WjWSeOy5FVK5ftyoXqzjC1Lzsg5uSAeuSJVckdqpE44CcgTeSGvzrPz5rw7H4vWjLOcOSV/4Hz+AMCSnks=</latexit>

16

<latexit sha1_base64="WPIab8e66o73SO9vtyKytl+bLmg=">AAACEXicbVDLSgNBEJyNrxhfUY9eBkPAU9iVYPQW8OIxinlAEsLspDcZMju7zPQGwpI/8Cb6L97Eq1/gr3hy8jhoYkFDUdVNd5cfS2HQdb+czMbm1vZOdje3t39weJQ/PmmYKNEc6jySkW75zIAUCuooUEIr1sBCX0LTH93O/OYYtBGResRJDN2QDZQIBGdopQev0ssX3JI7B10n3pIUyBK1Xv670494EoJCLpkxbc+NsZv6dinoaa7YSQzEjI/YANqWKiubbjq/dEqLVunTINK2FNK5mvs1kbLQmEno286Q4dCsejPxP6+dYHDdTYWKEwTFF4uCRFKM6Oxt2hcaOMqJJYxrgYJTPmSacbTh5DoGcPEAQhhLhpAqNhaDeUh0dlAkzTSd2rC81WjWSeOy5F2VyvflQvVmGVuWnJFzckE8UiFVckdqpE44CcgTeSGvzrPz5rw7H4vWjLOcOSV/4Hz+AMI+nkw=</latexit>

17
<latexit sha1_base64="sUYJX8z6/E5IuUEBZ6bp7EiB+xE=">AAACEXicbVDLSgNBEJyNrxhfUY9eBkPAU9iVoPEW8OIxinlAEsLspDcZMju7zPQGwpI/8Cb6L97Eq1/gr3hy8jhoYkFDUdVNd5cfS2HQdb+czMbm1vZOdje3t39weJQ/PmmYKNEc6jySkW75zIAUCuooUEIr1sBCX0LTH93O/OYYtBGResRJDN2QDZQIBGdopQev0ssX3JI7B10n3pIUyBK1Xv670494EoJCLpkxbc+NsZv6dinoaa7YSQzEjI/YANqWKiubbjq/dEqLVunTINK2FNK5mvs1kbLQmEno286Q4dCsejPxP6+dYFDppkLFCYLii0VBIilGdPY27QsNHOXEEsa1QMEpHzLNONpwch0DuHgAIYwlQ0gVG4vBPCQ6OyiSZppObVjeajTrpHFZ8q5K5ftyoXqzjC1Lzsg5uSAeuSZVckdqpE44CcgTeSGvzrPz5rw7H4vWjLOcOSV/4Hz+AMPqnk0=</latexit>

18

<latexit sha1_base64="9P/b39O2RXbo4zrdqzOVHHMjFho="></latexit>

Y 4,2(CP2)

<latexit sha1_base64="wM4ZOCJYrGNPW02dvsn0J8REJOE=">AAACJ3icbVDLSgMxFM3Ud31VBTdugqXgQupMKepScONSwT6wrSWT3tbQTGZI7hTKOD/jTvRf3Iku/Q1XZtoufJ0QOJxzLzk5fiSFQdd9d3Jz8wuLS8sr+dW19Y3NwtZ23YSx5lDjoQx102cGpFBQQ4ESmpEGFvgSGv7wPPMbI9BGhOoaxxF0AjZQoi84Qyt1C7tXt4l3aE961A4Y3vl+cpN2K91C0S27E9C/xJuRIpnhslv4bPdCHgegkEtmTMtzI+wkvo0COs2X2rGBiPEhG0DLUmVl00km+VNaskqP9kNtr0I6UfPfNhIWGDMOfDuZZTS/vUz8z2vF2D/tJEJFMYLi04f6saQY0qwM2hMaOMqxJYxrgYJTfsc042gry7cN4PQDCEEkGUKi2EgMJtXRLFAoTZqktizvdzV/Sb1S9o7L1atq8aw8q22Z7JF9ckA8ckLOyAW5JDXCyT15IE/k2Xl0XpxX5206mnNmOzvkB5yPLyqrpkA=</latexit>

Q1,1,1/Z2

<latexit sha1_base64="zzoPmzr85Jahhk0HRZYIAU0RiBk="></latexit>

P1
+�(dP0)

<latexit sha1_base64="kcW0yHNehnnnEuyYYRhz1OntZmk="></latexit>

P1
+�(dP1)

<latexit sha1_base64="GZ52xhI68WYFeM0euIr3jkOhJU4="></latexit>

Y 1,2(CP1 ⇥ CP1)
<latexit sha1_base64="1SxK0QwkfH5wok9F7bRSEXPXKnc="></latexit>

P3
+�(dP1)

<latexit sha1_base64="j6lF5cu2swVzF18Qj+3fDTl65Lk="></latexit>

P0
+�(dP1)

<latexit sha1_base64="BZxRczcPbTh/R/A15BFGQbJiL2Y="></latexit>

P1
+�(dP2)

<latexit sha1_base64="iA8+Li5wmpEYcaI9rCNz1KU50HU="></latexit>

P2
+�(dP2)

<latexit sha1_base64="enQomRAlbPoSK3DIK6QyztCEokk="></latexit>

P3
+�(dP2)

<latexit sha1_base64="+WTr16ss3hudFP/xzZ5CoQ2TLvw="></latexit>

P0
+�(dP2)

<latexit sha1_base64="GxEteCkXXTXYUehAbFsa0JMpGY0="></latexit>

P0
+�(dP3)

<latexit sha1_base64="qey/zTCmTvNI/INAEhj5SW34660="></latexit>

P1
+�(dP3)

<latexit sha1_base64="GZmlWnAV5Rng3zrCWHO0stqigxw="></latexit>

P3
<latexit sha1_base64="U501gLVJTr8OJkCfqPoBGBIluZQ="></latexit>

P2 ⇥ P1
<latexit sha1_base64="JoOcMpQZ5KawEE73sz7Uta7NNno="></latexit>

P(OP2 � OP2(1))
<latexit sha1_base64="pLZX6OgAIhv8/NFkjVEXNAKIdlQ="></latexit>

P(OP1 � OP1 � OP1(1))

<latexit sha1_base64="drY3B9RjX4l7fHMLRkZlOGj5j+4="></latexit>

P(OP2 � OP2(2))
<latexit sha1_base64="Fp423WhuXTizPJEV1dNnbN2VvZs="></latexit>

P(OP1⇥P1 � OP1⇥P1(1,�1))
<latexit sha1_base64="87+10yLniJbXGOhho3vcU/x5ttk="></latexit>

P1-blowup of 5
<latexit sha1_base64="tgpes2BrcluRgdYXeNLcoq+MkyU="></latexit>

P(OdP1 � OdP1(l)), l2|dP1 = 1

<latexit sha1_base64="73b4Rn85hHibxjXLcr+KTY5t2Lk="></latexit>

P(OP1⇥P1 � OP1⇥P1(1, 1))
<latexit sha1_base64="K6X2c209tCmotAH0Wnjce6Sc52A="></latexit>

P1-blowup of 3
<latexit sha1_base64="1plZh283qudd1NA8ST05bT6ep6Q="></latexit>

dP1 ⇥ P1 <latexit sha1_base64="EqGEaMnvoxt8BUTlbGRpX25d6DA="></latexit>

P1 ⇥ P1 ⇥ P1

<latexit sha1_base64="4Vn93qE5sFvTtRYrSDL7VL50ulk="></latexit>

dP2 bundle of P1
<latexit sha1_base64="4Vn93qE5sFvTtRYrSDL7VL50ulk="></latexit>

dP2 bundle of P1
<latexit sha1_base64="4Vn93qE5sFvTtRYrSDL7VL50ulk="></latexit>

dP2 bundle of P1
<latexit sha1_base64="3QxHdM72SMXs4eFQgaThIZYEQ0k="></latexit>

dP2 ⇥ P1

<latexit sha1_base64="oDaxdNnt0ZtFmSl2n6GYKU+UQCA="></latexit>

dP3 ⇥ P1
<latexit sha1_base64="1cmDHkNItCV+EOKwL+trwJloCsw="></latexit>

dP3 bundle of P1

<latexit sha1_base64="3AfSBCpaAHOahNEcgIZezj1+nZo=">AAACFnicbVA9SwNBEN3zM8avqKXNYghYSLhTUcuAjY0QwXxAEsPeZpIs2ds7dueEcNyPsBP9L3Zia+tfsXIvSaGJDwYe780wM8+PpDDoul/O0vLK6tp6biO/ubW9s1vY26+bMNYcajyUoW76zIAUCmooUEIz0sACX0LDH11nfuMRtBGhusdxBJ2ADZToC87QSo3bh+Ts5DTtFopu2Z2ALhJvRopkhmq38N3uhTwOQCGXzJiW50bYSXy7GXSaL7VjAxHjIzaAlqXKyqaTTM5NackqPdoPtS2FdKLmf00kLDBmHPi2M2A4NPNeJv7ntWLsX3USoaIYQfHpon4sKYY0+532hAaOcmwJ41qg4JQPmWYcbUL5tgGcPoAQRJIhJIo9isEkKZodFEqTJllY3nw0i6R+WvYuyud358VKeRZbjhySI3JMPHJJKuSGVEmNcDIiT+SFvDrPzpvz7nxMW5ec2cwB+QPn8weAF6A/</latexit>

M3,2

<latexit sha1_base64="AZrjnmuY1FHQg4RMRvG8MYxDbJQ="></latexit>

P++�(dP0)

<latexit sha1_base64="oxtkYo3TcyneDR7PKYbkafe8QNM="></latexit>

C4/Z4 (1, 1, 1, 1)

<latexit sha1_base64="8QbjNwAX8fj0Phr2mMzz0YDC1+4="></latexit>

P++�H+(dP0)

<latexit sha1_base64="uO8LMnG97894ylsX9CkNg3kj3jI="></latexit>

h0i
<latexit sha1_base64="uvwFgJCNMtsKxtMBpP2+6vXMUJg="></latexit>

h4i
<latexit sha1_base64="Gj13EmkAcuEdmVhFcE5aS+ojTmE="></latexit>

h5i
<latexit sha1_base64="NSE55fpQ7r1f8MnMrP2j94x9dM8="></latexit>

h6i

<latexit sha1_base64="j1Mb2paDTtaASuUBZ+gTMqKbcoE="></latexit>

h7i
<latexit sha1_base64="ucEZ3NTlBRVOX1PdjFSWif5z4rY="></latexit>

h24i
<latexit sha1_base64="rq9y+Qbv+8x5N1iSNewgqGPJHY4="></latexit>

h25i
<latexit sha1_base64="k23/Ximrwqd59vlGxLHIlV6ljA8="></latexit>

h26i

<latexit sha1_base64="rDU7tygxlvjcnR06DYkXgLPMIoA="></latexit>

h27i
<latexit sha1_base64="BVX5LDmfpCDFgTWgew29OaJKFNI="></latexit>

h28i
<latexit sha1_base64="xp2s1zdsMnxzaPVboqD3pG2xjms="></latexit>

h29i
<latexit sha1_base64="Wsb7t5D0EoZC6xFicpnvmabxwrw="></latexit>

h30i

<latexit sha1_base64="xEmWzLQoGmr3FXeOmPVlHnUHBJs="></latexit>

h81i
<latexit sha1_base64="Bbi9xIjBbK5Ks/axVAOCyDuyNTw="></latexit>

h82i
<latexit sha1_base64="WeVc0a1trvcwitCzukS26EriPac="></latexit>

h83i
<latexit sha1_base64="DPMt/RNIV+qjRuWJ+Rl4GsGF1E8="></latexit>

h84i

<latexit sha1_base64="DwSsGa02lxxVoUqVHWSKnyIBZGQ="></latexit>

h218i
<latexit sha1_base64="oHnWgVXlH8fiwBiIRYmRZB/nSsg="></latexit>

h219i

<latexit sha1_base64="THnj5uzfqEnDe7XVscgFbCXAaSg="></latexit>

XX <latexit sha1_base64="UNog3lDPgFrnbsy1P5P4NzsytOQ="></latexit>

YYYY
<latexit sha1_base64="4W0fXocByle1OrQV7sTO5AR0ngk="></latexit>

hmi
<latexit sha1_base64="i/tU2IR2Wg4xh6FT3Sse/xYg0BE="></latexit>

ZZZZ

<latexit sha1_base64="e7LoKpO57jpw8P3tV9HU+agssbE=">AAACG3icdZDJSgNBEIZ7XGPcoh69NAbB0zAjxuUW8OIxgkmEJISeTiU29jJ01whhyGt4E30Xb+LVg6/iyc4iqOgPDT9/VVHVX5JK4TCK3oO5+YXFpeXCSnF1bX1js7S13XAmsxzq3EhjrxPmQAoNdRQo4Tq1wFQioZncno/rzTuwThh9hcMUOooNtOgLztBHbWV6IKnOVAK2WypHYSWKzypndGpOjmbmuELjMJqoTGaqdUsf7Z7hmQKNXDLnWnGUYidP/Hqwo+J+O3OQMn7LBtDyVvvYdfLJzSO675Me7Rvrn0Y6SYvfJnKmnBuqxHcqhjfud20c/lVrZdg/7eRCpxmC5tNF/UxSNHQMgPaEBY5y6A3jVqDglN8wyzh6TMW2A5x+AEGlkiHkmt2JwQQXHR9kpBvlIw/riwj93zQOw/g4PLo8LFfDGbYC2SV75IDE5IRUyQWpkTrhJCX35JE8BQ/Bc/ASvE5b54LZzA75oeDtEwZQo0Y=</latexit>

model number
<latexit sha1_base64="Latenmpdo8omAoG2v+xhnU7sXdI="></latexit>

SAGE index

<latexit sha1_base64="30T1AMJwLP8EP+GAgHa4y/z8JQY="></latexit>

non-compact
Calabi-Yau 4-fold<latexit sha1_base64="f51nf4flb9nATLZkSocRf3vdFvM="></latexit>

Fano 3-fold

<latexit sha1_base64="6nglex+vpkRoPWGsqCtT60OxCvg=">AAACF3icdVA9SwNBEN3zM8avqKXNYghYHXdiEu0CNlaiYDSQhLC3mcTFvd1jd04IR/6Eneh/sRNbS/+KlZtLBBV9MPB4b4aZeVEihcUgePfm5hcWl5YLK8XVtfWNzdLW9pXVqeHQ5Fpq04qYBSkUNFGghFZigMWRhOvo9mTiX9+BsUKrSxwl0I3ZUImB4Ayd1DrTmJNeqRz41SA8rh7TKakfzkitSkM/yFEmM5z3Sh+dvuZpDAq5ZNa2wyDBbha51WDGxUontZAwfsuG0HZUOdl2s/zeMa04pU8H2rhSSHO1+G0iY7G1ozhynTHDG/vbm4h/ee0UB0fdTKgkRVB8umiQSoqaTp6nfWGAoxw5wrgRKDjlN8wwji6iYscCTh9AiBPJEDLF7sQwT4hODtLSjrOxC+srEfo/uTrww5p/eHFQbviz2Apkl+yRfRKSOmmQU3JOmoQTSe7JI3nyHrxn78V7nbbOebOZHfID3tsn/wqhsA==</latexit>

Notation

<latexit sha1_base64="u0t/pUW3HKQp21JJurkhs0VUHBE="></latexit>

Y 2,4(CP2)

Fig. 2. The 18 regular reflexive polytopes in dimension 3 corresponding to toric non-compact CY

4-folds and corresponding smooth Fano 3-folds.

4.1. An Example: Model 11

To illustrate the results in,4 let us focus on Model 11. Figure 3 shows how the

toric diagram for this model can be connected to two different CY3 toric diagrams.

Therefore, it is possible to derive the corresponding 2d (0, 2) gauge theory using

some of the approaches reviewed in Section 3. Starting from dP1, the toric diagram

for Model 11 is obtained by lifting the central point in two opposite directions. The

associated gauge theory can be therefore constructed from the one for dP1 using

orbifold reduction. Alternatively, the toric diagram for Model 11 follows from lifting

two points in the toric diagram of F0. Consequently, the gauge theory for Model 11

can also be constructed by 3d printing starting from the gauge theory for F0. It is

interesting to reflect on how the SU(2)×SU(2) global symmetry of the final gauge

theory arises from these two alternative constructions. In the first one, only one

of the SU(2) factors is present in dP1, while the second one emerges from orbifold

reduction. In contrast, the full SU(2)× SU(2) symmetry is already present in F0.

The corresponding brane brick model has the quiver in Figure 4 and the J- and
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and the D-term charges are given by

QD =

0
BBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 s11 s12 s13 s14 o1 o2 o3 o4

0 0 0 0 0 0 0 0 �1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 �1 0 0 �1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 �1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 �1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 �1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 �1 0 0 0

0 0 0 0 1 1 0 0 �1 �1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCA

.

(14.4)

Figure 31. Toric diagram for Model 11.

The toric diagram of Model 11 is given by
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1
CCCCCA

,

(14.5)

where Figure 31 shows the toric diagram with brick matching labels.

The Hilbert series of the mesonic moduli space of Model 11 takes the form
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From dP1 From F0

Fig. 3. Two alternative ways of obtaining the toric diagram for Model 11 from CY3 toric diagrams.
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Fig. 4. Quiver for Model 11.

E-terms are

J E

Λ1
16 : Y68X81 − X67X71 P15X56 − X12P26

Λ2
16 : X67Y71 − X68X81 P15Y56 − Y12P26

Λ3
16 : X68X87X71 − Y68X87Y71 P15Z56 − Z12P26

Λ4
16 : Y68S81 − X67S71 X12Q26 − Q15X56

Λ5
16 : X67T71 − X68S81 Y12Q26 − Q15Y56

Λ6
16 : X68X87S71 − Y68X87T71 Z12Q26 − Q15Z56

Λ1
27 : Y71Y12 − X71X12 P26X67 − X23P37

Λ2
27 : T71Y12 − S71X12 X23Q37 − Q26X67

Λ1
28 : X87X71Z12 − X81Y12 P26X68 − X24P48

Λ2
28 : X81X12 − X87Y71Z12 P26Y68 − Y24P48

Λ3
28 : X87S71Z12 − S81Y12 X24Q48 − Q26X68

Λ4
28 : S81X12 − X87T71Z12 Y24Q48 − Q26Y68

Λ1
31 : Z12X24X43 − X12X23 P37X71 − Q37S71

Λ2
31 : Y12X23 − Z12Y24X43 P37Y71 − Q37T71

Λ41 : X12Y24 − Y12X24 P48X81 − Q48S81

Λ1
47 : X71Z12X24 − Y71Z12Y24 P48X87 − X43P37

Λ2
47 : S71Z12X24 − T71Z12Y24 X43Q37 − Q48X87

Λ1
75 : Z56X68X87 − X56X67 S71Q15 − X71P15

Λ2
75 : Y56X67 − Z56Y68X87 T71Q15 − Y71P15

Λ85 : X56Y68 − Y56X68 S81Q15 − X81P15

(1)

Table 4 presents the generators of the mesonic moduli space of Model 11 in

terms of brick matchings with the corresponding flavor charges. Figure 5 shows the

corresponding generator lattice, which is a reflexive polytope that is the dual of the
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toric diagram of Model 11 shown in Figure 2, as expected.

Table 4. The generators of the mesonic mod-
uli space of Model 11 in terms of brick

matchings with the corresponding flavor charges.

Generator SU(2)x̃ SU(2)ỹ U(1)b̃
p21p3p

2
6 so 1 0 -1

p1p2p3p26 so 0 0 -1

p22p3p
2
6 so -1 0 -1

p21p4p
2
6 so 1 -1 -1

p1p2p4p26 so 0 -1 -1

p22p4p
2
6 so -1 -1 -1

p21p
2
3p5p6 so2 1 1 0

p1p2p23p5p6 so2 0 1 0

p22p
2
3p5p6 so2 -1 1 0

p21p3p4p5p6 so2 1 0 0

p1p2p3p4p5p6 so2 0 0 0

p22p3p4p5p6 so2 -1 0 0
p21p

2
4p5p6 so2 1 -1 0

p1p2p24p5p6 so2 0 -1 0

p22p
2
4p5p6 so2 -1 -1 0

p21p
3
3p

2
5 so3 1 2 1

p1p2p33p
2
5 so3 0 2 1

p22p
3
3p

2
5 so3 -1 2 1

p21p
2
3p4p

2
5 so3 1 1 1

p1p2p23p4p
2
5 so3 0 1 1

p22p
2
3p4p

2
5 so3 -1 1 1

p21p3p
2
4p

2
5 so3 1 0 1

p1p2p3p24p
2
5 so3 0 0 1

p22p3p
2
4p

2
5 so3 -1 0 1

p21p
3
4p

2
5 so3 1 -1 1

p1p2p34p
2
5 so3 0 -1 1

p22p
3
4p

2
5 so3 -1 -1 1

Fig. 5. Generator lattice for Model 11.

In,4 all generators were also expressed in terms of chiral fields in the quiver. As
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an example, Table 5 provides these expressions for the first two generators in Table

4. Every generator can be represented in multiple ways in terms of the fields in the

gauge theory.

Table 5. First two generators in Table 4 expressed in terms of chiral fields in the quiver.

Generator SU(2)x̃ SU(2)ỹ U(1)b̃
P15Z56X67S71 = P15Z56Y68S81 = Z12P26X67S71 = 1 0 -1
= Z12P26Y68S81 = Z12X23P37S71 = Z12Y24P48S81

P15Z56X67X71 = P15Z56Y68X81 = Z12P26X67X71 = 0 0 -1
= Z12P26Y68X81 = Z12X23P37X71 = Z12Y24P48X81

5. Sasaki-Einstein 7-Manifolds

Every 2n-dimensional Kähler-Einstein manifold B2n there is an infinite family of

compact Sasaki-Einstein (SE) manifolds Y2n+3 of dimension 2n+3.22,23 For n = 2,

the 4-dimensional Kähler-Einstein bases B4 are either CP1×CP1 or CP2, giving rise

to two infinite families of SE 7-manifolds denoted Y p,k(CP1×CP1) and Y p,k(CP2),

respectively. The two families stand out because their SE metrics are known explic-

itly.22,23

The general toric diagrams for the corresponding CY 4-folds are show in Figure

6a, where the ranges for the parameters p and k are

Y p,k(CP1 × CP1) : 0 ≤ k ≤ p ,

Y p,k(CP2) : 0 ≤ k ≤ 3
2p . (2)

<latexit sha1_base64="dFk3HNRWrhVSr6wmN9rqF1i4lQg="></latexit>
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(�1,�1, k)

Fig. 6. General toric diagrams for the Y p,k(CP2) and Y p,k(CP1 × CP1) families of toric CY 4-
folds.

aFor brevity, we use the name of the SE base to also identify the corresponding CY4.
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The isometry of the SE 7-manifolds takes the general form H × U(1)2, with H

the isometry of the base B4. For Y
p,k(CP1×CP1) and Y p,k(CP2), the isometries are

SU(2)×SU(2)×U(1)2 and SU(3)×U(1)2, respectively. These isometries translate

into the global symmetries of the corresponding 2d (0, 2) gauge theories.

The 2d (0, 2) gauge theories for both infinite families of CY 4-folds were con-

structed in,5 guided by the techniques presented in Section 3. For example, the

cones over Y p,k(CP2) with p = 2
3k = 2m and m ∈ Z+ are equivalent to abelian orb-

ifolds of the form M3,2/Zm. The corresponding 2d (0, 2) theories can be obtained

via orbifold reduction of the 4d N = 1 theory corresponding to dP0. This is made

clear by Figure 7, where the highlighted plane indicates the toric diagram for dP0.

While not all the Y p,k(CP2) theories can be constructed in this way, the models we

obtain contain sufficient information to propose a closed form for the entire family,

a proposal that can then be checked to be correct. The gauge theories for the full

Y p,k(CP1 × CP1) family can be determined using the same approach.

<latexit sha1_base64="Lqc9eKh9Q2NzdWDCO+Sa4PJFBD0="></latexit>

Y 2,3(CP2)
<latexit sha1_base64="K4s0YGYTvXWzi7eRp+g+0iCNfFY="></latexit>

Y 4,6(CP2)
<latexit sha1_base64="D52lwLqZNMeldMpcJ49ZF5/BVuE="></latexit>

' M3,2
<latexit sha1_base64="NkRlAcLHC48G3wP1W1ow4eDhQrU="></latexit>

' M3,2/Z2

<latexit sha1_base64="eMjdQ9vb+dCj5k9K9zuZ97R7fqQ="></latexit>

' M3,2/Z3

<latexit sha1_base64="AQe1OSyTPuH4v37+IwtL24u0svA="></latexit>

Y 6,9(CP2)

Fig. 7. Various Y p,k(CP2) geometries that can be obtained via orbifold reduction from dP0.

As an example, the quiver for the 2d (0, 2) theory corresponding to Y 3,1(CP2)

is shown in Figure 8. The corresponding J- and E-terms take the following form
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where i, j, k = 1, 2, 3 are SU(3) global symmetry indices.
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Fig. 8. Quiver for Y 3,1(CP2).

Computing the moduli space of this theory, one obtains the toric diagram in

Figure 9, which is indeed the one for Y 3,1(CP2).
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Fig. 9. Toric diagram of Y 3,1(CP2).
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