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Abstract

Purpose — The paper aims to determine the rational homotopy type of the total space of projectivized bundles
over complex projective spaces using Sullivan minimal models, providing insights into the algebraic structure
of these spaces.

Design/methodology/approach — The paper utilises techniques from Sullivan’s theory of minimal models
to analyse the differential graded algebraic structure of projectivized bundles. It employs algebraic methods to
compute the Sullivan minimal model of P(E) and establish relationships with the base space.

Findings — The paper determines the rational homotopy type of projectivized bundles over complex
projective spaces. Of great interest is how the Chern classes of the fibre space and base space, play a critical
role in determining the Sullivan model of P(E). We also provide the homogeneous space of P(E) when n = 2.
Finally, we prove the formality of P(E) over a homogeneous space of equal rank.

Research limitations/implications — Limitations may include the complexity of computing minimal
models for higher-dimensional bundles.

Practical implications — Understanding the rational homotopy type of projectivized bundles facilitates
computations in algebraic topology and differential geometry, potentially aiding in applications such as
topological data analysis and geometric modelling.

Social implications — While the direct social impact may be indirect, advancements in algebraic topology
contribute to broader mathematical knowledge, which can underpin developments in science, engineering,
and technology with societal benefits.

Originality/value — The paper’s originality lies in its application of Sullivan minimal models to determine
the rational homotopy type of projectivized bundles over complex projective spaces, offering valuable insights
into the algebraic structure of these spaces and their associated complex vector bundles.
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1. Introduction

This section will outline the fundamental concepts and definitions of differential graded
algebras. We consider a setting where all algebras and vector spaces are taken over the field
@ of rational numbers. The primary reference for the definitions in this paper is [1].

Definition 1.1. A graded algebra is a graded vector space A = @, » o4’ together with an
associative multiplication of degree zero:
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AQAT A x®y- oy,

such that there is an identity 1 € A% A graded algebra is called commutative (cga) if

ay = (=1)"Px,

where, x, y are homogeneous elements of degree |x| and |y| respectively. A differential in a
graded algebra A is a linear map d: A? - A?*! satisfying d°d = 0,

d(xy) = (dx)y + (=1)"x(ay).

The pair (4, d) is a commutative differential graded algebra (cdga), if A is commutative.

If Vis a graded vector space, then the free commutative graded algebra A V'is defined by
AV = S(V**") @ E(V°%), where S(V°**") is the symmetric algebra and E(V°%) is the exterior
algebra. If {vy, v, - - - } is a basis of V, then AV is often written as A(v, v, - - -).

Definition 1.2. Let C*(X, Q) be the cochain algebra of the normalized singular cochains
on a topological space X. Sullivan defines a cdga Ap;. (X, Q) of polynomial forms on X, with
natural cochain algebra quasi-isomorphisms

C'(X,Q)SDX)=Ap (X, Q),

where D(X) is a third natural cochain algebra [2, §10]. Moreover, Ap, (X, Q) is a contravariant
functor from the category of topological spaces to a category of cdgas.

Definition 1.3. A commutative cochain algebra (AV, d) is called a Sullivan algebra if

such that,d = 01in V(0) and d: V{k) = AV(k — 1),k > 1. Moreover, a Sullivan algebra (AV, d) is
called minimal if dV ¢ AZ2V. Let (4, d) be a cdga with H° (A) = Q, there always exists a
quasi-isomorphism : (AV, d) — (A4, d), where (AV, d) is a Sullivan algebra. A cdga map ¢: (4,
d) — (B, d) is a quasi-isomorphism if H(¢) is an isomorphism.

Definition 1.4. Consider the cdga A({, dt), where |¢| = 0, |df| = 1 and d({) = dt. There are
augmentation maps ¢;: A(t,dt) — Q, where £y(f) = 0 and £,(f) = 1. Two cdga maps ¢y, ¢1:
(AV,d) — (B, d) are homotopic (i.e. ¢y = ¢) if there exists a cdga map ®: (AV, d) —» BQA(, di)
such that (1 ® &) ® = ¢;[2, §12].

Definition 1.5. [1, §2]Let X be a path-connected space. The Sullivan minimal model of X is
the Sullivan minimal model of Ap; (X). If /: X — Y is a map between path-connected spaces,
the minimal model of Ap;(f) is called the Sullivan minimal model of f.

Let ¢: (A, d) — (B, d)be amap of cdga’s, and m 4: (AV, d) — (A, d) and mpz: (AW, d) — (B, d) be
the Sullivan models. Then there exists a morphism of cdga’s g: (AV, d) — (AW, d) that is
unique up to homotopy, such that mg°g ~ ¢ °m is called the Sullivan minimal model of ¢.



Definition 1.6. A Sullivan minimal algebra (AV, d) is said to be formal if there exists a
homomorphism @: (AV, d) - H *(AV, d) inducing an isomorphism on cohomology. A space X
is said to be formal if its minimal model is formal.

Definition 1.7. A relative Sullivan model of a morphism of commutative differential
graded algebras ¢: (4, d) — (B, d) is a morphism (4, d)#(A ®AV,d)and V = Uy s o VIk),
where 7(0) c V(1) C - - - isan increasing sequence with d(V(0)) CA and dV(k) CA ® Vik — 1),
k > 1 and there is a quasi isomorphism y: (A @AV, d) — (B, d) such that y°i = ¢.

Let F — E<-Bbe a fibration between simply connected spaces, then there exists a relative
Sullivan model (AV, d) = (AV Q AW, D) — (AW, d), where (AV, d) and (AW, d) are respective
Sullivan models of B and F. Moreover, (AV @ AW, D) is a Sullivan model of E, not necessarily
minimal [3, §12].

Definition 1.8. Let @ be a finite-dimensional graded vector space concentrated in even
degrees. A regular sequence is defined as an ordered set of elements #, . . ., #,, belonging to
AT Qsuch that »; is not a zero divisor in AQ), and for ¢ > 2, then the image of «; is likewise not a
zero divisor in the quotient graded algebra AQ/(uy, ..., #;_1). In particular, any given
sequence of the form #y, . . ., u,, can be used to define a pure Sullivan algebra denoted as (AQ
®AP, d), for AP = Alxy, ..., x,,), where the differential operator is defined by dx; = u; [2,
p. 437, 4 p. 157].

Definition 1.9. [1, p. 188] A closed manifold (M?*, ) is cohomologically symplectic (or
c-symplectic) if there is w € H*(M; Q) such that @” # 0.

2. Model of the projectivization of a complex bundle
A projectivized bundle is constructed by replacing each fibre of a complex vecto bundle with
the corresponding projective space. Specifically, let

n:C"->E-B,

be a complex vector bundle over a complex smooth manifold B, the projectivized bundle P(E)
is constructed by replacing each fibre C" of E with the corresponding projective space CP"~"
[5, §20]. The operation of projectivization applied to the bundle # yields a fibre bundle,

P(z): CP"'-P(E)-B. Q)
The cohomology algebra of the total space P(E) is given by

H'(P(E)) = H"(B)[x] /Bx(x" +  EX"™ + -+ - + ¢,.1Ex + ¢,E),
X (" +a(E)x" 4 4 o (B)x + cu(E)),

where ¢; € H(B, Q) are the Chern classes on the complex bundle z and « is a generator of
H'(CP7"; Q) [1, p. 333, 4, §4, 6, p. 1963]. According to the Leray-Hirsch theorem,
H*(P(E))=H"(B) ® H"(CP"™") as vector spaces [5].

Theorem2.1. Letn: C" — E — Bbe a complex fibre bundle and P(x) its projectivization. If (A,
d) is a cdga model of B, then a model of the total space of P(r) is given by (A @ A(Xs,, X2,—1), D),
Dity, = 24 + S0 coxi™ and ¢; € H* (A, Q) represent the Chern classes of .

i

Arab Journal of
Mathematical
Sciences




AJMS

Proof

If Bis a complex manifold and z corresponds to the tangent bundle, the structure group of the
complex vector bundle can be reduced to U(zz). Moreover, the structural group of P(x) reduces
to U(n)/S' = PU(n), where S is considered as a subgroup of U(x) under the identification

A - 0
AH(; ) res.
0 --- 2

Therefore, P(r) is classified by a map

f:B—BPU(n).

As BPU(n) has the rational homotopy type SU(#), a Sullivan model of BPU(n) is given by
(A(y, --¥2,), 0), and a model of fis ¢: (A(Wy, - ¥2,), 0) = (A, d) with Chern classes
lc]] = dU2) € HA(A, d), for i = {1, 2, ..., n}. A relative model of projectivization is then
given by,

D: (A4,d) = (A (A(x2,%24-1), D) = (A(%2n, Xou-1), d),
with
Dxoyy = x5 + Z cix;“‘l'.
pa

This agrees with the rational homotopy type of the rational universal fibration of fibre CP" ™
[7,8, §11].

3. Projectivization and tangent sphere bundles over complex manifolds

For a complex vector bundle 7: E — B?" let the unit tangent sphere bundle be denoted by S
— S(E) —» B*". Also, the complex structure on E implies that the circle S* acts on the sphere
bundle. Therefore, there exists a bundle map ¢: S(E) — P(E).

Sl < @ 9 527L71 Cpnfl
¢
St —— S5(E) P(E)
BQn —_— BQn

A model for the unit sphere bundle is given by (A ® Avy,_1, D), where Djy = d, Dvs, 1 = w,
where w is a cocycle that represents the fundamental class of B[9]. The following diagram of
cdga’s commutes:



(A,d) (A® A(xo, z9n-1), D) (A(z2,x9n-1),d)
q q
(A-, d) (A ® A(“Qn—l)-, D) (AUQN,— L, 0)

where, g(xz) = 0 and q@z,—1) = v2,-1.

Theorem 3.1. Consider the fibration of the unit tangent sphere bundle over a complex
projective space CP" and the projectivization fibration over CP”,

S(E)SP(E),

then 7;(¢) ® Q yields 7;(P(E)) ® Q ~ 7;(S(E)) ® Q, for 1 > 3.

Proof:If C" — E — CP" is a tanget bundle and y, a generater of H*(CP”", Q), then the Chern

classes are given by ¥, € H 22'(CP" ,Q),7=1,2, ..., nup to a non-zero rational factor (see [4,
§21]). Given that the Sullivan model of P(E) is (A(s, Vour1) ® Alxs, Xo9,_1), d) with

dys = dxs = 0,dyy,.; = yo and dxg,_; = x4 + - - - + 229272 + y%. Also amodel of the sphere

bundle S(£) is given by the Sullivan model (A(ys, ¥2,11) ® Avs,_1, d), with dy, = 0,

AVopi1 = y’zHl and dvs,_1 = ¥. The Sullivan model of £ is

q: (A(yZ7y2n+1) ®A(x27x2n—1)7 d) - (A(ybyzwrl) ®A02n—17D)7

where q(x2) = 0, g(x2,_1) = v2,_1 (see Ref. [10]).

The dual homotopy groups generated by [z, (P(E))®®]# & (Y9, Yous1, X2, X2u—1) and
[7.(S(E))®Q]" 2 (95, 95,41, 02,-1). The restriction of g to the algebra generators yields

5 : <,y2,y2n+17x27x2n—1> - (y27y2n+17 02;1—1>

Where(y,) = o 4(3,.1) = Yoy 1,4(12) = 0,and(x3,1) = v, Hence, gis surjective and
hence 7.({) ® Q is injective. Moreover, g is an isomorphism in the degree greater than 2.
Hence, for i > 3, 7;({) ® Q is an isomorphism.

Theorem 3.2. The rational homotopy type of the total space P(E) of the projectivized
bundle

CP' - P(E) - CP”,
is that of the homogeneous space U(3)/U(1) X U@1) X U(1).

Proof: Consider the projectivization fibration CP* — P(E ) > CP. The Sullivan model of the
total space P(E) is given by

(A(yg,y;)) ®A(xz,X3),d)7

with dy, = dxp = 0, dx; = x5 + %29, + 5 and dys = y; which is quasi isomorphic to
(AY2/93) ® A(x2,%3);d), dyy=dx, =0 and dxz = x% + %29, + ¥5. The cohomology
ring is
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H'(P(E), Q) = (Ay/y3) ® (Axa/ (25 + 2295 +33).).

Now, consider the homogeneous space G/H where G = U(3) and H = U(1) X U(1) X UQ).
Letj: H=U(@1) X U(1) X U(l) & G = U(3) the inclusion, and B;: BH — BG the classifying
map. Then G/H is the homotopy pullback of the following diagram:

G/H EG
‘ B,
BH BG

A Sullivan model for G/H is
(A(a27 bZa 62) ® A(w17 w3, w5)7 d)a

where
dws = asby + bycs + asco,
dW5 = dzszz,
dw, = ax+ by +co.

A change of variable ¢, = a5 + by + ¢ yields an isomorphism (A(as, bs, t2) @ Alwn, w3, ws), d)
with dwy = to, dws = asbs + (as + bo)(ts — as — by) and dws = asbs(ts — as — by) which is quasi-
isomorphic to

(A(aZ; b27 w3, w5)7 d)a

where
day = dby =0,
dws = —ab—ash, — b},
dws = —aiby — aybi.

The map f: (Alaz, ba, w3, ws), d) = (Alxz, y2, X3, ¥5), ), With flag) = xo, flws) = xs,
fbs) = yo, flws) = yox3 — ¥5 is a quasi-isomorphism. Therefore, P(E) has the rational
homotopy type of U3)/U(1) X U(1) x UQ).

Proposition 3.3.

Consider a non-trivial complex vector bundle §: C" — E — S* and the projectivization of
vector bundle

P(8): CP"' - P(E) 5S™.

Then P(E) has a rational homotopy type of CP*"~, for n > 2.



Proof:
The Sullivan minimal model of S** is (A(@z,, bay1), d) With das = 0, and dby,_; = agn. Again,

the Sullivan minimal model of CP" ™! is A(xs, X2, 1) with dxs = 0,and dxz,_; = x4 Therefore,
the KS model of r;

(A(aZVH b4n—1)7 d) - (A(aZn» b4n—l) ® A(xQ»xZVL—l)aD) - (A(x2’ x2n—1)7 d)7

is classified by a mapping,

f : (A(y47 e 7y2n)7 O) - (A(Clzn, b4n—1)7 d)

The Chern classes given by ¢1 = [f(¥2)] =0, ca = [f(v4)] =0, c3 = [fyg)] = O, - - -,
o1 = [f20-1)1 = 0, ¢, = [f2)] = [a2,] € H*(Szn)-
Then, the total space P(E) of the projectivized bundle has a Sullivan model,

(A(aZn» b4n—1 y X2, xZn—l)yD)’
Da, =0, Dxy =0, Dby,y = a3, Dipyy = % + .

Making the change of variables to eliminate the linear part, let #5, = x4 + a,. Then we getan
isomorphic cdga

(A(thb4n—17x23x2n—1)7D)7
DaZﬂ = 07 DxZ = Oa Db4n—1 = (t2n - x3)27 DxZn—] = th-

As the ideal (xo,,_1, t,,) is acyclic, the minimal Sullivan model of P(E) is,

(A2, b4y), D),
Dxy =0, Dby,_y = xﬁ”,

Hence P(E), has a rational homotopy type of CP*"~".

Remark: As P(E)=,CP*, then P(E) satisfies the hard Lefschetz property (See Theorem
3.1 in Ref. [6)).

Theorem 3.4. ([4,p. 149, 6], Theorem 4.1). Let M be a simply connected smooth manifold
of dimension 2n. Given a fibration

CP S ES M,

then E is formal if and only if M is formal.

The proof of this Theorem 3.4 is given in Refs. [4, 11]. We give here a simple proof of a
particular case of this theorem.

Theorem 3.5. If B is a homogenous space of equal rank with a complex structure of
dimension n, and C" — E — Bis the complex vector bundle, then in the projectivization bundle

cp! - P(E) - B,

have a formal total space P(E).

Proof:
Let B be a homogeneous space of equal rank, implying the existence of a pure model

Arab Journal of
Mathematical
Sciences




AJMS

(A(ylﬂ s Yy U1y 71}?1’1)5 d)a
where y; and v; are even and odd generators respectively, dy; = 0, and dv; C A, . . ., V).
Moreover, (dvy, . . ., dv,,) is a regular sequence in A(yy, . . ., ¥,,,). Hence B is formal. A model for
the total space of the projectivized bundle is given by
(A(yl: e Yy X2, U1, e e avmaxZ}'l—l)a d)7

where

n . .

dyy = =dy, =dry =0 and dxg =25 + Zcix’zl“, ] = H*(B).
=1

Let u; = dv; we show that (i, . . ., u,,, dxs,_1) forms a regular sequence in A(yy, . . ., Y, X2). It
suffices to show that

n
dxon_1 = %y + E Cixy
i1

is not a zero divisor in (A(yy, ..., ¥,)/(U1,. .., uy)) ® Ax2). By the contrary, assume that

n

n A=l

Xy + E Cix
=1

1s a zero divisor. Then there exists

ﬂO + Zﬁkxga
k=1

such that

<ﬁo + ZM;) (xz + Zcx;) =0, @
k=1

i1
where g; € AQn, ..., y)/ (s, . . ., #,,). The expansion of equation (2) yields

m-+n

Pxy " + polynomial of degree < m +#n in x».

This cannot be a zero divisor in (A(yy, .- -, ¥,)/ (U1, -« s thw)).
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