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Absence of bound states for quantum walks
and CMYV matrices via reflections

Christopher Cedzich and Jake Fillman

Abstract. We give a criterion based on reflection symmetries in the spirit of Jitomirskaya—
Simon to show absence of point spectrum for (split-step) quantum walks and Cantero—Moral—
Velazquez (CMV) matrices. To accomplish this, we use some ideas from a recent paper by the
authors and collaborators to implement suitable reflection symmetries for such operators. We
give several applications. For instance, we deduce arithmetic delocalization in the phase for the
unitary almost-Mathieu operator and singular continuous spectrum for generic CMV matrices
generated by the Thue—Morse subshift.

1. Introduction

One of the fundamental issues in the theory of ergodic operators is to establish the
presence of Anderson localization (i.e., pure point spectrum with exponentially decay-
ing eigenfunctions) whenever one suspects it to be present, and furthermore, one
often suspects Anderson localization occurs for operator families in the regime of
positive Lyapunov exponents. Indeed, positivity of the Lyapunov exponent is often
the first step on a journey towards localization and provides a key input: namely,
(via Ruelle’s theorem [43]) positivity of the Lyapunov exponent ensures that for any
energy for which the pointwise Lyapunov exponent exists, one has an exponential
dichotomy of solutions and therefore generalized eigenvalues must decay exponen-
tially. However, the phenomenon in question is in general very delicate, since one
must be careful of the exceptional set on which the pointwise Lyapunov exponent
fails to exist. This can be overcome, and hence the desired localization can be proved,
using a variety of techniques, such as multi-scale analysis, fractional moment analy-
sis, large deviations, repulsion of singular clusters, elimination of double resonances,
and others; for references and further reading, we direct the reader to [4, 16, 17, 35].
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These approaches have been pursued and implemented in a number of works con-
cerning quasi-periodic [12, 27, 46, 47], almost-periodic [11], skew-shift [14, 37, 39]
and random [2, 8, 28,34,48] CMV matrices.

One is also naturally interested in understanding structures that preclude local-
ization in the regime of positive exponents (either globally, or locally in energy).
The present paper accomplishes precisely this task for CMV operators in the pres-
ence of suitable reflection symmetries by synthesizing ideas of [11] to exploit gauge-
invariance in order to implement the approach of Jitomirskaya and Simon [31]. The
main results of this work in particular show that several localization results recently
obtained for the unitary almost-Mathieu operator [12,47] and mosaic model [11] are
sharp in the sense that localization for almost every phase cannot be strengthened to
localization for all phases. Furthermore, the method gives generic absence of eigen-
values for CMV matrices and quantum walks generated by subshifts containing many
palindromes. In particular, we obtain the first results on singular continuous spectrum
for CMV matrices generated by the Thue—Morse subshift, to our knowledge.

Let us briefly recall some of the background literature. In the setting of self-
adjoint operators Jitomirskaya—Simon gave a criterion for Schrodinger operators to
have purely continuous spectrum [31]. This was adapted to palindromic subshift oper-
ators by Hof, Knill, and Simon [29] and developed further in works such as Koslover
[36] and Jitomirskaya and Liu [30]. As was noted in [11], arguments based on reflec-
tions to be more delicate (even outright impossible) for standard CMV operators, due
to a lack of appropriate reflection symmetries. However, the authors and collabora-
tors observed in [11] that one can overcome this by passing to the setting of so-called
generalized CMV matrices via complexification and relating the complexified CMV
matrix to the initial operator via a diagonal gauge transformation that preserves the
Verblunsky coefficients. Let us also mention a different obstruction to localization,
known as the Gordon criterion [25], is based on the presence of suitable repetitions,
rather than reflections. This is significantly more straightforward and has already been
worked out for CMV matrices in [21]; see also [38] for an arithmetic strengthening
and [40,41] for earlier results. Recently, Avila and Damanik have announced another
approach to delocalization that applies to ergodic self-adjoint operators in arbitrary
dimensions [6].

CMV matrices have physical significance, as they are (equivalent to) one-dimen-
sional split-step quantum walks, which was first observed in [9] and elaborated upon
in [11]. Split-step quantum walks are the simplest type of the rich class of quan-
tum walks which have gained popularity in recent years as models of discrete time
quantum dynamics. In this sense, quantum walks play a role similar to that of Jacobi
matrices for continuous time evolutions generated by general self-adjoint operators,
and one is therefore naturally interested in their dynamical [1-3, 5, 26, 33, 34] and
spectral [7, 10, 13,32,42] properties.

We formulate our main results precisely in Section 2 and prove them in Section 3.
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2. Results

2.1. General Results

We begin by recalling the notion of generalized extended CMV (GECMV) matri-
ces from [11]. Let S3 = {(a, p) € C? : |a|?> + |p|> = 1} and consider a sequence
{(tn. pn)} € (S?)Z. In the standard basis of £2(Z), the corresponding GECMV matrix
takes the form

Qo p—1 @100 P1Po

E=E64,= Pop—1  —Pot-1 —@i% —pito :
G201 —0201 U302 P3pP2
p2p1  —p201  —O302  —P302
) Q2.1
where we boxed the (0, 0) matrix element. A standard CMV matrix has the form (2.1)
with p,, > 0 for all n; equivalently, p, = /1 — |, |?. The standard CMV matrix has an

important role in mathematical physics, spectral theory, and orthogonal polynomials;
for a textbook discussion that includes many important cases (e.g. periodic, random,
and almost-periodic), see [44,45]. For any sequence a = {a,,} € DZ, the associated
standard CMV matrix and its cousin with complexified p terms will be denoted by

— C._
Ey 1= ga’m, 8(1 = ga,im'

By [11], & and 85 are equivalent via a gauge transform.
Givenu € CZ and { € %Z, the reflection of u through the center { is given by

(Rew)n = usg—n-

In order to get useful estimates, we will need Verblunksy pairs with exponentially
good approximate reflection symmetries locally on intervals that are exponentially
long (with respect to the center of reflection). To generate such symmetries for a
suitably rich set of phases in the ergodic setting below, it is useful to begin with
a sequence that obeys exact symmetries globally. The following notions make this
precise.

We say that @ = {a,} € DZ is reflection symmetric about the center ¢ if

(Rect)n = @y 2.2)

It is no loss of generality to assume that the center of reflection is 0, which we will
do throughout the paper: we simply say that « is reflection symmetric if it is reflection
symmetric about ¢ = 0.



C. Cedzich and J. Fillman 1516

The following definition captures precisely the approximate local reflection sym-
metries that we will need.

Definition 2.1. Given B > 0 and { € 1Z, we say that @ € DZ is (B, {)-reflective if
[(Rea)n — 0| < e BIEl forall n € Z such that |¢ — n| < B¢l

We say that o is B-reflective if it is (B, {)-reflective for infinitely many ¢ € %Z.
Clearly, « is (B, ¢)-reflective for every B > 0 whenever it is reflection symmetric
about ¢, but not conversely.

Throughout, we assume that the Verblunsky coefficients are bounded away from
1 in modulus:
letlloo = ro < 1, (2.3)

which in particular implies
lon] = (1 —r)"/? =t ¢ >0

uniformly in 7.
The main result is the following.

Theorem 2.2. Assume « satisfies (2.3). There is a constant By such that the following
is true: if o is B-reflective with B > By, then & = &, has empty point spectrum for
any admissible' choice of p; in particular, the standard CMV matrix &y has empty
point spectrum.

Remark 2.3. A few comments are in order.

(a) A straightforward attempt to imitate the proof of [31] for standard CMV matri-
ces leads to roadblocks arising from the lack of relevant symmetries. For instance, it
is clear that an estimate of the form (3.7) is needed to obtain useful estimates on the
quantities in, for example, (3.11) and (3.19). Thus, in addition to the identity (2.2) for
the «’s, one also must have a symmetry of the type (3.7) for the p’s, and such a sym-
metry cannot hold for standard CMV matrices, so one absolutely must complexify to
reveal the necessary symmetry.

(b) In fact, as the reader will see, even with the new ideas using gauge transforms
to relate to the complexified p case, the computations are somewhat more laborious
in the present setting. For instance, one may compare the proof of Lemma 3.4 to the
corresponding computation in [31, Step 1]. Similarly, the absence of symplectic sym-
metry (even after complexification) makes the comparison of “reflected” and inverted
transfer matrices quite delicate.

I"That is, any choice of p satisfying |a,|> + |on|? = 1.
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(c) If « satisfies (2.3), then the hypothesis of Theorem 2.2 is fulfilled whenever o
is even and real-valued.

(d) The largeness condition on B is concrete. To ensure that z € dD is not an
eigenvalue of &, one simply needs B to be large enough that

nli)ngo e—Bn ”NZ-I—n—l,z te N€+1,ZNZ,Z|| =0
uniformly in £ € Z, where N, , denote the transfer matrices (see Lemma 3.1). Thus,
for ergodic models over strictly ergodic base dynamics (for which one may apply Fur-
man’s uniform subadditive ergodic theorem [24]), one can phrase the relevant bound
in terms of the Lyapunov exponent locally in the spectral parameter and deduce arith-
metic delocalization; compare Theorem 2.5 and Corollary 2.6.

(e) When applying the results to general quantum walks that are not given by
GECMYV matrices, some care is needed. For instance, the electric walks in [13, 14]
have symmetric coins, but application of the gauge transform leads to a CMV matrix
that does not satisfy the necessary symmetries, so our results do not apply in that
setting.

(f) It follows readily from the result of Damanik and Killip [19] that for any
almost-periodic sequence « that is not limit-periodic, the set of reflective w € hull(w)
has zero Haar measure.

Theorem 2.2 can be applied to almost-periodic CMV matrices. Recall that o € C%
is called almost-periodic if its orbit

orb(a) :={a(-—n) :n € Z}

is relatively compact in £°°(Z). In that case, the closure (which is compact) is called
the hull:
hull(e) := orb(a)llee.

Corollary 2.4. Assume a: Z — D satisfies (2.3). If o is reflection-symmetric and
almost-periodic, then there is a dense Gg subset Qo C hull(«) such that the extended
CMV matrix &, has empty point spectrum for all w € Q.

Note that in the setting of Corollary 2.4, @ € hull(«), so the Verblunsky coefficient
sequence associated with &, is simply the sequence w itself, that is, ¢, (n) = w(n).
In addition, as alluded to in Remark 2.3, one can make Corollary 2.4 quantitative and
can exclude eigenvalues locally in the spectral parameter. In order to do that, we need
the Lyapunov exponent L(z) (which will be defined in (3.22)).

Theorem 2.5. Assume «: 7 — D satisfies (2.3). If o is almost-periodic and B-reflec-
tive, then, for any admissible p, &y , has no eigenvalues in the region {z € 0D :
2L(z) < B}.
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This allows us to establish a corollary giving arithmetic delocalization in the spirit
of [30, Theorem 4.2]. To formulate the result, recall that a topological group is called
monothetic if it contains a dense cyclic subgroup (e.g., this class of groups includes Z,
Zp, T<, Zpy X T4, and certain procyclic groups such as the p-adic integers). Given
a metrizable compact monothetic 2, a generator 8 of a dense cyclic subgroup, and
f € C(RQ,C), the sequence (f(nB + w))nez is almost-periodic® for any choice of
w € Q. This is a standard fact whose proof can be found in various places, e.g., [15,
Section 3].

For a metrizable compact monothetic group 2 with translation-invariant metric
dist, we denote

lloll = llelle = dist(w,0), o € Q.

For B, w € 2, define

6(B, w) = limsup

[n]—o00

[_elizo +nglly o

|n|

Corollary 2.6. Suppose Q2 is a compact metrizable monothetic group, that 8, w € 2,
and that the subgroup generated by f is dense in Q. If f:Q — D is Lipschitz con-
tinuous and satisfies f(—w) = f(w), then for each w € S, the CMV matrix €, with
coefficients

o) = f(np + o)
has no eigenvalues in the region {z € 0D : L(z) < §(B, w)}.

Let us briefly point out that [30, Theorem 4.2] is formulated for 2 = T, but the
proof they give carries through with cosmetic changes to the more general setting
described in Corollary 2.6. Moreover, we need this slight generalization since the
UAMO (viewed as a dynamically defined CMV matrix) is most naturally viewed as
having base dynamics on T x Z,, as discussed below in (3.23).

2.2. Examples and applications

The criterion in the main results can be applied to models of interest. For instance,
localization questions for the unitary almost-Mathieu operator (UAMO) introduced
in [12,23] have been studied in [12,47]. In light of [11, 12], the UAMO family is
gauge-equivalent to the family of GECMYV matrices given by

tan—1 = AacosQu(n® + 0)), azy =AY,

’That is, its translates are precompact in £°°(Z).
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where we abbreviate A} := (1 — A%) 1/2 et us denote the corresponding operators by
SEﬁdzocp o- Notice that we use the cosine rather than the sine (which is the definition
given in [12]) since the cosine function is even and we want to emphasize reflection

symmetries.

Corollary 2.7. For any A1, A, € (0, 1) and irrational ®, Sfﬁ]}g”@’e has empty point
spectrum whenever

Ax(1 +/Vl)]
A1+ 251
8UAMO

In particular, A dn. @0 has empty point spectrum for generic 0 € T and has purely

|
58(2.6) > log[ 2.5)

singular continuous spectrum whenever (2.5) and Ay < A hold.

The same result can be applied to other almost-periodic CMV matrices, such as
the mosaic model considered in [11], which can be given by an additional choice of
parameter s € Z and defining

Arcosa(n® + 0)) k € sZ

i
Oop = Al’ Cokn—1 = .
0 otherwise.

: . mosaic
We write the resulting operator as & Sy B.0°

Corollary 2.8. For any s € Z, A1, A> € (0, 1), and irrational ®, 8;“;{513";2 o9 has
empty point spectrum for generic 0 € T.

Finally, let us mention that the criterion in Theorem 2.2 may be applied to ergodic
CMV matrices taking finitely many values, which occur naturally in the context of
subshifts. Given a finite set A C D (the alphabet), a subshift is any compact3 set
Q C AZ that is invariant under the action of the shift map sh: AZ — AZ given by

[shw](n) = o(n + 1).

It is well known that a subshift (€2, sh) is minimal (in the sense that the shift-orbit of
every w € 2 is dense in 2) if and only if there is a set

L=L@cl Ja
neN

with the property that £ is precisely the set of finite strings occurring in every w € €2,
that is,
lwjoj41- Ojym—:j €L, m>1} =L

for every w € Q. The set £ is called the language of the subshift.

3Naturally, + is given the discrete topology and A% is in turn given the product topology.
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Corollary 2.9. If (2, sh) is a minimal subshift whose language contains arbitrarily
long palindromes, then &, has empty point spectrum for generic w € S2.

In particular, let us mention that Corollary 2.9 can be applied to the subshift
generated by the Thue—Morse substitution Stv: a — ab, b — ba over the alphabet
A = {a, b}. The corresponding CMV matrices and quantum walks were studied from
a dynamical perspective [18,22] and were known to have purely singular spectrum
by Kotani theory [45] and in fact Cantor spectrum of zero Lebesgue measure [20],
but singular continuous spectrum could not be established until now. Since this is an
important example in the theory of aperiodic order, we formulate this explicitly as a
corollary.

Corollary 2.10. If Q C {a,b\? is the subshift generated by the Thue—Morse substi-
tution, then for generic w € Q, &, has purely singular continuous spectrum.

To the best of our knowledge, this gives the first result about singular continuity
for CMV matrices or quantum walks generated by the Thue—Morse substitution. For
Schrodinger operator versions of these results, see [29].

3. Proofs of the results

One studies & and its spectral properties via the generalized eigenvalue equation
Su=zu, zeC*=C\{0},ueC? 3.1)

where we emphasize that no assumption is made about ¥ beyond being a complex-
valued sequence.
For later, use note that & acts on coordinates via

[Ea,pu](2n) = &2p[p2n—1u(2n — 1) — a2p—1u(2n)] (3.2)
+ p2n[02nr1u(2n + 1) + p2p1u(2n + 2)]
(6ot (211 + 1) = Fan i @n — 1) — cap-yu(2)] (3:3)

— 2n[0pr1u(2n + 1) + p2p+1u(2n + 2)].

Solutions to §u = zu with z € C* and u € CZ satisfy the iterative relation

un +1)| u(2n —1)
[ u(2n) i| B M"’Z|:u(2n —2):|’ nez,
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where the transfer matrices M, ; are given by

M, ; = X(ct2n, 2n—1,%2n—2, P2n. P2n—1, P2n—2,Z)
_1 — —_— —_—
L 1 |:Z + 02p02n—1 + Q2n—102n—2 + Q2nG2p—2Z

P2nP2n—1 —P2n2p—1 — P2n2n—22

—P2n—202pn—1 — P2n—202pZ
[ b
P2nP2n—22

for n € Z and z € C*. This follows from direct calculations using (3.2) and (3.3),
which are carried out in detail in [12, Section 4]. Note that the determinant of M, ; is
given by .

det M, , = p2n—lp2n—2‘

P2nP2n—1

Similar calculations give us the following iterative relations for starting points

with reversed parity. For the reader’s convenience, we sketch the argument below.

Lemma 3.1. Suppose that &u = zu for z € C \ {0}. Then

un +2)| u(2n)
[u(2n + 1)i| = Nuz |:u(2n - 1):|’ nez, 34

where

_ ~1
Nuz = X(@2n+1, %20, 02n—1, P2n+1, P2ns P2n—1,2 )

[— —_— _1 —_—
_ 1 |:Z + @2nton—1 + Q2p102n—12" + O2p4102n
- -1
P2n+1P2n —Q2pP2n4+1 — X2n—1P2n+1Z
—— -1
—Q2nP2n—1 — ¥2p+102n—12
_ 1 . (3.5
P2n—102n+12
Moreover; s
P2nP2n—1
det N, , = =
P2n+1P2n

Proof. From a2,(3.2) + p2, (3.3) and p3,(3.2) — a2, (3.3) we get
W2, 2u(2n) 4+ p2nzu(n + 1) = paqu(n — 1) — azp—1u(2n) (3.6)

and

p2nzu(2n) —dapzu(2n + 1) = dapr1u(2n + 1) + pap+1u(2n + 2),

respectively, where we used that |a|? + |p|> = 1. Solving the first equation for
u(2n + 1) and inserting it into the second one yields the relations in (3.4). The deter-
minant is determined by a straightforward calculation. |
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Lemma 3.1 immediately implies that for two solutions u, v of the generalized
eigenvalue equation (3.1), we have

|:u(2n +2) v(2n+2)

_ u(0) v(0)
u(2n + 1) U(Zn + 1)j| = Nn,an—l,z Ce N()’Z|: j|

u(=1) v(=1)
Taking determinants on both sides and rearranging terms gives
P2nP2n—1 - - - P10

W(u,v)(n) := pant+1—
P2npP2n—1-- - P1P0O

—u2n + Hv(2n + 2))
= p—1((0)v(=1) —u(=1)v(0)).

We shall call W(u, v) the Wronskian of u and v.

u@2n +2)v2n +1)

Remark 3.2. The following observation will be helpful in the proof: for
pS 1= i1 —|an|?,
then

oy = (P9 = 11—l )2 = (1 = | [*) 2|

- 2r

= —WH%J — lamll,
where r = max{|oy,|, |@m|}. Thus, if  is (B, ¢)-reflective and satisfies (2.3), then p€
obeys

— 2r _
[(RepC)n — (—pC)| < ————e BN (3.7)
V1 —rg

for all n € Z such that | — n| < exp(B|{]).
In view of the foregoing remark, we introduce the following.

Notation. Throughout the argument, we let C > 0 stand for a constant that depends
only on r¢ from (2.3), and write f < g to mean f < Cg for such a constant.

Proof of Theorem 2.2. Assume « is B-reflective and B is sufficiently large. Choose
|¢;| — oo such that « is (B, {;)-reflective. By passing to a subsequence, we may
assume that every {; has the same sign and 2¢; has the same residue modulo 4 for
every i. Without loss of generality, we consider the case {; > 0 and 2{; =~ 2 mod 4
for every i, so we write {; = 2m; — 1 with m; € N. The other cases are similar. The
main difference between the cases is what transfer matrix cocycle one must use. To
be concrete, the current case compares N with its “reflected” variant, while the case
2¢; = 0 mod 4 compares M with its reflected variant. The case of half-integer centers
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(2¢; odd) requires one to use transfer matrices associated with the transpose of a CMV
matrix, but aside from that, all steps are analogous.

Due to [11, Theorem 2.1], it suffices to prove the statement of the theorem for
a single admissible p. As discussed in Remark 3.2, the symmetry of the o, can be
passed to p,, and furthermore, we need p to satisfy bounds such as (3.7) (up to shifting
the center of reflection). Thus, we choose p, = i /1 — |a,|?. Consequently, we may
assume henceforth that

|pam;—t—2 + pe) S e B4, |agm,—gn — | < e BY, (3.8)

for every £ € Z satisfying |¢; — £| < eB% and recall that our assumptions give |pg| >

¢o > O uniformly in £ € Z.

Remark 3.3. By a standard telescoping estimate, (3.8) implies that (since |p|, || < 1)
|Cam, —t—2Pam;—t—2 + @pp| < e BY

for all £, ¢ € Z with |&; — £, & — €| < eB% , with similar bounds for other suitable
combinations of p’s and a’s.

Let us define the reflection of u through 2m; — % by
uj(k) =u(@dm; —k —1) 3.9
and note that
u;2n —1) = u(dm; —2n), u;(2n) =u(dm; —2n —1).
Lemma 3.4. Under the assumptions (3.8) and with u; as in (3.9),
WGt un) () = W up) (n)] < e
forall n,n’ with |m; —n|,|m; —n’| < %eBZi —1.

Proof. To begin, notice that the assumption on |m; — n| implies that for n = —1,0, 1,
one has

l&i—@n+n)| = 2mi —1—=2n—n| <2|m; —n| +2 < 8%,

and thus we can (and will) apply (3.8) with £ = 2n — 1,2n,2n + 1 in the present
argument.
By definition of the Wronskian, we have

[W(u, v)(n) = W(u,v)(n — 1)

= %|p2n+1p2n[u(2n +2)v2n+ 1) —un + DHv(2n + 2)]
2n
— Pan P21 [u(2n)v(2n — 1) —u(2n — Hv(2n)]|.



C. Cedzich and J. Fillman 1524

Applying the generalized eigenequation (3.2) and (3.3) for u yields
[W(u,v)(n) —Wu,v)(n —1)|

= [z — @lpmmiun@n — 1) — azy-yuCen)
— P2nzn1u(2n + 1)Jv(2n + 1)
— p2n+1p27uU (20 + 1) v(2n + 2) — P2np2n—1u(2n)v(2n — 1)
+ [zu(2n + 1) + panazn—1u(2n)
+ @an [0z 1u(2n + 1) 4 pans1u(2n + 2)]Ju(2n)|

= |z v@n) — v @n — DluCn)
— [p2n®an+1v(2n + 1) + p2n+10220(2n + 2)Ju(2n + 1)
— Qan[p2n—1u(2n — 1) — a2p—1u(2n)Jv(2n + 1)
+ aop @2 1u(2n + 1) + p2n+1u(2n + 2)]v(2n)

+ z[u@n)v(2n + 1) + u(2n + Hv(2n)]|. (3.10)
Now, setting v = u; with u; as in (3.9), we claim

[W(u,ui)(n) — Wu,u;)(n —1)]
= @![Eﬂzn—l + pam;—2n—20am; —2n—1]u(4m; —2n — Nu(2n)
— [P2nP2n—1 — Pam;—2n—2Pam; —2n—1]u(dm; — 2n)u(2n)
— [p2n@2n+1 + Pam;—2n—20am; —2n—3Ju(dm; —2n —2)u(2n + 1)
+ [P2n+1P2n — Pam;—2n—2Pam;—2n—3Ju(4m; —2n — 3)u(2n + 1)
+ z[@am; —2n—20am;—2n—2 — A2n0ap|u(4m; —2n — 2)u(2n)
+ z[0am; —2n—2P4m;—2n—2 + P2nC2n]u(4m; —2n — Du(2n)
— z[04m;—2n—2Pam; —2n—2 + Canp2n]u(dm; —2n — 2u(2n + 1)

+ zZ[Qam; —2n—2@am;—2n—2 — A2n0ap|u(4m; —2n — 1))u(2n + 1)|-
G.11)

The proof of (3.11) is not straightforward and also somewhat lengthy, so we put it into
Appendix A. Now, using the assumptions (3.8), (3.11), the Cauchy—Schwarz inequal-
ity, and z € dD, we get

|W(u,ui) () — W(u,up)(n')| < e B
for all n, n’ as in the statement of the lemma. [

Next, use the Cauchy—Schwarz inequality and |px| < 1 to see that

> W u) ()] < 2. (3.12)
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This implies that there exists n € Z with [m; —n| < %eB & — 1 such that
[W(u,u;)(n)| < 3¢~ B

(for if not, summing W (u, u;)(n) over the relevant range of n’s produces a contradic-
tion to (3.12)). Lemma 3.4 then implies that

1
|W(u,ui)(n)| < e B% foralln € Z with |m; —n| < EeBZ" —1.

Let us define ufE = u £ u;, and (using (3.9)) note that

ut@m; — 1) = +uf2m;). (3.13)
Further, we define
+
ui-(2n)
dEm)=| L' : 3.14
o [u?an—l)] e

Lemma 3.5. For each i, there exists s = s; € {+, —} such that
D5 ma)ll = [l @mi)[* + [uf@m; = DIP]V? g 72472 (3.15)
Proof. First note that W(u;, u:r ) = 2W(u, u;). Together with (3.13) this implies that

2] 02m; -1 lluy @mi — Du (2m;)|
= [p2m;—1|lu; @mi)u @m; — 1) —uy 2m; — Duf 2my)|
= |W(uy,ut)(m; — )| = 2|W(u,u;)(m; — 1)| < e”B%.

[ AR}

Thus,
uy 2m; — Duf 2m;)| S e P4,
so either
lu; 2m; — 1| < e B2 o |ui+(2mi)| < e B2,
In either case, (3.15) follows by symmetry of the ufE that is, by (3.13). ]

Next, we want to show that a similar bound holds for <I>l.jE (0). To this end, define

_ | uen) | wi@n) | _ [u(@mi —2n—1)
O(n) = |:u(2n — 1)]’ ®;(n) = |:ui(2n - 1)] B |: u(4m; — 2n) :|

and note that CIDii = & + ®; on account of (3.14) and the definition of ufc. Let us

write

0
NP = NP = T M (3.16)
k=n—1
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where N is given by (3.5). By Lemma 3.1, we have ®(n) = N} ®(0) and thus $(0) =
[NI]71®(n) with

n—1
(N1 = [T Nez-
k=0
The reader can check that N, ] is given by

— -1
N-l = 1 [ P2n—1P2n+12
nz = —— -1
P2nP2n—1 L%2nP2n+1 + Q2n—102n+12

—— -1
WUonP2an—1 + Con+1P2n—12 ]
JE— —_— _l —_—
Z 4 Qoplop—1 + O2p+102p—1Z  + O2p+1002p
1 51
P2nP2n—-1

Also, with the “mirrored transfer” matrices defined by

0 1 0 1
Hn.z = [1 O]N”’Z[l 0]

_ 1 [ Pan—1P2n+12" "
P2n+1P2n

—— -1
—Q2502n—1 — X2n4+1P2n—1Z
-1
—02nP2n+1 — ¥2n—102n+12 ]
— —_— _1 —_—
Z 4 O2plop—1 + M2p+1Q2n—12°  + C2p+102n
1 ~
= —U, (3.18)
P2n+102n

we deduce from Lemma 3.1 that

oy | #i0) | _ fu(4mi —1)
®;(0) = [u,-(—l)} B [ w(dm;) ]
_ mj u@mi =D o omi—tmilg, (.
- k=1_[m—H1k’z[ u(2m;) }_HZ @i (m;).
“—If—/
= grmi=tmil

Lemma 3.6. With s; as in Lemma 3.5, | ®;' (0)| — 0 as m; — oo.
Proof. We have

DFE(0) = B(0) £ @;(0) = [N (m;) £ HP™i 1M, (m;)
=[NP ®E (my) F [N — H2mi=bmil o, (my). (3.19)
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Thus, to control ||®F(0)|| we need to bound ||[N;"']~!|| and ||[N;"]~! —pPmi=tmil II.

To do this, we use the standard telescoping estimate: for matrices Ay, ..., A, and
By, ..., B, we have that
1 1 1 i+l 1
[T 4% =TT Be = >[ TT A¢]iai = Ba| TT5]
k=n k=n i=n k=n k=i—1
and thus

1 1 1 i+l 1
” [T4-]] Bk” <> H HAkH”Ai — Bi| ‘ HBkH-
k=n k=n i=n k=n k=i—1
Applying this to the second term of (3.19), two of the factors are bounded by the
submultiplicativity of the operator norm and the observation that
INg 2 I 1 2m; —k—1.21] < C.

Comparing the expressions for N~! and 4 in (3.17) and (3.18) and using the
symmetries (3.8) gives

INgE = Homy—k—1.21| S e B4,
Putting it all together, we have
NN = HEmi= i) < g Ce Bl (3.20)
Similarly,
IV @ (mi) || < €™ B2, (3.21)

Since the right-hand sides of (3.20) and (3.21) go to zero as i — oo when B is large
enough, combining these estimates with (3.19) proves the lemma. ]

With this result we can conclude the proof of Theorem 2.2 as follows. Lemma 3.6

implies that ||®(0)| — ||®(m;)|| — 0. By assumption, u € £?>(Z), so we conclude
that ®(0) = 0, which implies that u = 0 (by (3.6)). This contradicts normalization
of u. ]

Let us point out that Corollary 2.4 now follows in short order by a soft argument
with the Baire category theorem.

Proof of Corollary 2.4. Assume « satisfies (2.3) and is reflection-symmetric, write
Q = hull(@), and fix B large.
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For each m € Z, let Refl(B, m) C Q denote the set of (B, m)-reflective elements
of Q. For each k, the set
|JRefl(B.m)

m>k

is open by definition and dense in €2 (as it contains a translation semiorbit of «).

Therefore,
Qo= (JRefi(B.m)

k>1 m>k

is adense G4 by the Baire category theorem. Since &, has purely continuous spectrum
for every w € Q¢ by Theorem 2.2, we are done. |

We now move on to a discussion of the quantiative strengthening in Theorem 2.5.
If « is almost-periodic, its hull = hull(«) is a compact abelian topological group
and hence is equipped with a unique translation-invariant Borel probability measure,
which we denote by u. For each w € €2, we may consider the associated transfer
matrices N , = Ni () and their iterates N} (w) as in (3.5) and (3.16). The corre-
sponding Lyapunov exponent is given by”

L) = tim o [ og IV @) du(@) 6.2

Q
The argument is an adaptation of the previous argument along the contours of [30];
since it is so similar to the previous argument, we only sketch the main steps.

Proof sketch of Theorem 2.5. Fix o almost-periodic and B-reflective satisfying (2.3),
assume B > 21.(z), and fix ¢ > 0 small enough that 2(L(z) 4+ ¢) < B. The initial
parts of the proof proceed in precisely the same manner until one reaches (3.19). At
this point, one estimates the terms using the semiuniform ergodic theorem of Furman
(instead of a crude a priori esimate) to get improvements to (3.20) and (3.21):

”[szi]—lq);_vi (my)|| < ezmi(L(Z)‘i‘E)e—BCi/z’

”[szi]_l _ H[ZZmi—l,mi] ” 5 mieZm,- (L(Z)—f-e)e—Bé',' .

Recalling that ¢; = 2m; — 1, the condition B > 2(L(z) + ¢) suffices to see that the
expression in (3.19) goes to zero and hence the rest of the argument can be run as
before. ]

4The extra factor of one-half is so that the Lyapunov exponent of this cocycle matches that
of the usual Szegd and Gestesy—Zinchenko cocycles, on account of the connections between
cocycles discussed in the literature, e.g., [11, 18,47].
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Proof of Corollary 2.6. Notice that the assumptions imply that «,, satisfies (2.3) for
all w. Let § = §(B, w). For any ¢ > 0, we may choose |k;| — oo with |20 + k; B]|| <
e@=alkil "and observe by symmetry of f that

2o (ki = 1) = au)| = | f(@ + (ki —m)B) = F (@ + nP)|
= /(@ + (ki =mB) — f(~w —np)|
S 20 + kil 5 =0l

Thus, if L(z) < &, then we can choose ¢ > 0 with L(z) < § — ¢ and it follows from
the above that o, is B = 2(§ — ¢)-reflective,’ so z is not an eigenvalue of &, by
Theorem 2.5. ]

With the main results proved, we may now reap our harvest of corollaries.

Proof of Corollary 2.7. Notice that 8}]?1}([2(% p falls into the setting of Corollary 2.6
with

(3.23)

® ) 6 ,)_{Azcos(zne) if j =0,
> 1), i) =

Clearly, f is Lipschitz continuous and even. Thus, according to Corollary 2.6 together
with [12, Corollary 2.10], absence of eigenvalues holds throughout the spectrum for
any 6 such that

Aa(1+ )Vl)]
A1+ 251

Recalling the definition of § from (2.4), we see that §((3®. 1), (6.0)) = 18(®, 9),
0 (3.24) is equivalent to %S(QD, 0) > L(z). Since this holds for generic 8 € T, this
shows absence of eigenvalues when (2.5) holds. Since the expression on the right-
hand side of (2.5) is equal to the Lyapunov exponent on the spectrum [12] and is

5((®/2,1), (8,0)) > log[ (3.24)

positive when A1 < A,, it follows that the absolutely continuous and point parts of the
spectrum are both absent when (2.5) and A; < A5 hold. [ ]

Proof of Corollary 2.8. This follows from similar considerations as in the previous
corollary after changing Z, to Z, and suitably modifying f. ]

Proof of Corollary 2.9. Again, observe that the assumptions imply that o, satisfies
(2.3) for all w. This follows immediately by combining Theorem 2.2 with work of
Hof, Knill, and Simon, specifically [29, Proposition 2.1]. n

SNotice that %, not k;, is the center of reflection, which accounts for the factor of 2 here.



C. Cedzich and J. Fillman 1530

A. Proof of (3.11)

We need one preliminary: the £ M factorization. Concretely, we define

a
£ =P O@zn. pan), M = O@2nt1.p2n11). O, p) = [/5 _,o ]

o
nez nez

where ©(a;, p;) acts on the subspace £2({j, j + 1}). With these definitions, one
has & = £M. Since £ and M are themselves unitary, this means that Eu = zu is
equivalent to Mu = z£*u. Evaluating this relation at coordinates 2n and 2n + 1
gives

pan—1u(2n — 1) — aap—1u(2n) = z(@2nu(2n) + p2au(2n + 1)), (A1)
Wnu(2n + 1) + p2pp1un + 2) = z(p2,u(2n) — azau(2n + 1)).  (A2)

We now proceed with the proof of equation (3.11). Starting from (3.10), using the
eigenequation of u, and adding O in an inspired manner gives

[W(u,ui)(n) — W, u;)(n — 1)

= |Gy = 2 = 1) = (s — 2)u2n)
+ Pam;—2n—2|Cam;—zn—1u(4m; —2n — 1)
+ pam;—2n—1u(4m; —2n)Ju(2n)
— Pam;—2n—2|Cam; —2n—1u(4m; —2n — 1)
+ pam;—2n—1u(4m; — 2n)|u(2n)
— [p2nO2nr1u(4m; — 2n — 2) + papt1p2pu(d4m; —2n —3)u(2n + 1)
+ [ Pam;—2n—2(Pam; —2n—3u(4m; —2n — 3)
— Clam;—2n—3u(4m; —2n — 2))]u(2n +1)
— [Pam;—2n—2(Pam; —2n—3u(4m; —2n — 3)
— Olam;—2n—3u(4m; —2n — 2))]u(2n +1)
— Wanlpzn—1u(2n — 1) —azp—1u(2n)u(dm; —2n —2)
+ 020 (@2nt1u(2n + 1) + p2n41u(2n + 2))u(dm; —2n — 1)
+ z(u2n)u(dm; —2n —2) +u2n + Du(dm; —2n — 1))|
= %‘[(EIQZH—I + Pam;—2n—20am; —2n—1)u(4m; —2n — 1)

— (D2nP2n—1 — Pam;—2n—2P4m; —2n—1)u(4m; — 2n)|u(2n)
— Pam;—2n—2|Cam; —2n—1u(4m; —2n — 1)
+ pam;—2n—1u(4m; — 2”)]”(2n)
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— [(P2n02n11 + Pam;—2n—20am;—2n—3)u(4m; — 2n — 2)

+ (P2n+1P2n — Pam;—2n—2Pam;—2n—3)u(4m; — 2n — 3)[u(2n + 1)
— | Pam;—2n—2(Pam;—2n—3u(4m; — 2n — 3)

— Olam;—2n—3u(4m; —2n — 2))]u(2n +1)
— Q2n[P2n—1u(2n — 1) — a2p—1u(2n)u(4m; —2n — 2)
+ [o2n (@2nt1u(2n + 1) + p2p41u(2n + 2))u(dm; —2n — 1)
+zu@n)u(dm; —2n —2) +u2n + Du(dm; —2n — 1))|

= @‘[(Eamq + pam;—2n—20am; —2n—1)u(4m; —2n — 1)
— (P2nP2n—1 — Pam;—2n—2P4m;—2n—1)u(4m; — 2n)|u(2n)
—[zu(dm; — 2n — 2) — Tam, —2n—2(Pam;—2n—3u(4m; — 2n —3)
— Q4m;—2n—3u(4m; — 2n — 2))]u(2n)
— [(P2n02n11 + Pam;—2n—20am;—2n—3)u(4m; — 2n — 2)
+ (P2n+1P2n — Pam;—2n—2Pam; —2n—3)u(4m; —2n — 3)]”(2” +1)
—[zu(dm; —2n — 1) + dam; —2n—2(Xam; —2n—1u(4m; —2n — 1)
+ Pam;—2n—1u(4m; —2n))Ju(2n + 1)
— Wanlpzn—1u(2n — 1) —azp—1u(2n)u(dm; —2n —2)
+ 020 (@2nr1u(2n + 1) + p2p41u(2n + 2))u(dm; —2n — 1)
+zuQn)u(dm; —2n —2) +un + Nu(dm; —2n — 1))|
= F;AH:(/E;WZn—I + Pam; —2n—20am; —an—1)u(4m; —2n — 1)

— (P2nPan—i — Pam;—2n—2Pam;—2n—1)U(4m; — 2n)|u(2n)
— [(p2n@2n51 + Pam;—2n—2%am;—2n—3)u(4m; —2n —2)
+ (P2n+1P2n — Pam;—2n—2Pam;—2n—3)u(4m; — 2n — 3)[u(2n + 1)
+ [@am; —2n—2(Pam; —2n—3u(4m; — 2n — 3)
— Qam;—2n—3u(4m; —2n — 2))|u(2n)
— [@am; —2n—2 (Fam;—zm—iu(4m; —2n — 1)
+ Pam;—2n—1u(4m; —2n))Ju(2n + 1)
— @an[pan—1un — 1) — azp—u(2n)|u(4m; — 2n —2)
+ [o2n @ 1u @0 + 1) + pang1u(2n + 2)|u(dm; —2n = 1)].

Now, applying (A.1) and (A.2) transforms the final expession into

1 _ _
= —|[(P2n0l2n—1 + Pam; —2n—20am;—2n—1)u(4m; —2n — 1)

I
— (P2np2n—1 — P4m[—2n—2p4mi—2n—l)u(4mi - 2”)]“(2’1)
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— [(p2n@2ns1 + Pam;—2n—2%am;—2n—3)u(4m; —2n — 2)
+ (P2n+1P2n — Pam;—2n—2Pam; —2n—3)u(4m; — 2n — 3)]”(2” +1)
+ [@am;—2n—22 (Qam;—2n—2u(4m; — 2n — 2)
+ pam;—2n—2u(4m; —2n — 1)) |u(2n)
— [@am;—2n—272 (Pam; —2n—2u(4m; —2n —2)
— Tam;—2n—u(4m; —2n — 1)) [u@n + 1)
— nz[a2au(2n) + p2au(2n + D]u(4m; —2n —2)
~+ [a2nz(p2u(2n) — dz,u(2n + 1)) Ju(dm; —2n — 1)\.

This can in turn be rearranged into

= | (P02t + Pam -2 u(dm; — 20~ Du(2n)
— (P2nP2n—1 — Pam;—2n—2Pam; —2n—1)U(4m; — 2n)u(2n)
— (p2nQ2n+1 + Pam; —2n—20am; —2n—3)u(4m; — 2n —2)u(2n + 1)
+ (P2n+10P2n — Pam;—2n—2Pam;—2n—3)u(4m; —2n — 3)u(2n + 1)
+ z[W4m;—2n—2Q4m; —2n—2 — A2n0ap]u(4m; — 2n — 2)u(2n)
+ Z[@am; —2n—2P4m;—2n—2 + P2n02n|u(4m; —2n — u(2n)
— z[0tam;—2n—2P4m;—2n—2 + Canp2nlu(dm; —2n — 2)u(2n + 1)

+ z[0tam; —2n—204m;—2n—2 — C2pQ2p]u(4m; —2n — 1))u(2n + 1)|,

whichis (3.11).

Acknowledgments. J. Fillman thanks the American Institute of Mathematics for hos-
pitality during a recent SQuaRE program, which facilitated the work. The authors are
grateful to the reviewers for carefully reading the manuscript and for helpful com-
ments.

Funding. C. Cedzich was supported in part by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) under the grant number 441423094. J. Fillman
was supported in part by National Science Foundation (NSF) grant DMS-2213196.

References

[1] A. Ahlbrecht, C. Cedzich, R. Matjeschk, V. B. Scholz, A. H. Werner, and R. F. Werner,
Asymptotic behavior of quantum walks with spatio-temporal coin fluctuations. Quantum
Inf. Process. 11 (2012), no. 5, 1219-1249 Zbl 1252.82080 MR 2979893


https://doi.org/10.1007/s11128-012-0389-4
https://zbmath.org/?q=an:1252.82080
https://mathscinet.ams.org/mathscinet-getitem?mr=2979893

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(91

[10]

(11]

(12]

[13]

(14]

[15]

[16]

Absence of bound states for quantum walks and CMV matrices via reflections 1533

A. Ahlbrecht, V. B. Scholz, and A. H. Werner, Disordered quantum walks in one lattice
dimension. J. Math. Phys. 52 (2011), no. 10, article no. 102201 Zbl 1272.81036

MR 2894584

A. Ahlbrecht, H. Vogts, A. H. Werner, and R. F. Werner, Asymptotic evolution of quantum
walks with random coin. J. Math. Phys. 52 (2011), no. 4, article no. 042201

Zbl 1316.81066 MR 2964162

M. Aizenman and S. Warzel, Random operators. Disorder effects on quantum spectra and
dynamics. Grad. Stud. Math. 168, American Mathematical Society, Providence, RI, 2015
Zbl 1333.82001 MR 3364516

J. Asch and A. Joye, Lower bounds on the localisation length of balanced random quantum
walks. Lett. Math. Phys. 109 (2019), no. 9, 2133-2155 Zbl 1428.82050 MR 3996005
A. Avila and D. Damanik, Deterministic delocalization. 2024, https://bicmr.pku.edu.cn/
content/show/18-3287.html visited on 24 September 2024

O. Bourget, J. S. Howland, and A. Joye, Spectral analysis of unitary band matrices. Comm.
Math. Phys. 234 (2003), no. 2, 191-227 Zbl 1029.47016 MR 1962460

V. Bucaj, D. Damanik, J. Fillman, V. Gerbuz, T. VandenBoom, F. Wang, and Z. Zhang,
Localization for the one-dimensional Anderson model via positivity and large deviations
for the Lyapunov exponent. Trans. Amer. Math. Soc. 372 (2019), no. 5, 3619-3667

Zbl 1422.35022 MR 3988621

M.-]. Cantero, L. Moral, F. A. Griinbaum, and L. Veldzquez, Matrix-valued Szegé poly-
nomials and quantum random walks. Comm. Pure Appl. Math. 63 (2010), no. 4, 464-507
Zbl 1186.81036 MR 2604869

C. Cedzich, J. Fillman, T. Geib, and A. H. Werner, Singular continuous Cantor spectrum
for magnetic quantum walks. Lett. Math. Phys. 110 (2020), no. 6, 1141-1158

Zbl 1445.81025 MR 4109482

C. Cedzich, J. Fillman, L. Li, D. C. Ong, and Q. Zhou, Exact mobility edges for almost-
periodic CMV matrices via gauge symmetries. Int. Math. Res. Not. IMRN (2024), no. 8,
6906-6941 MR 4735649

C. Cedzich, J. Fillman, and D. C. Ong, Almost everything about the unitary almost Math-
ieu operator. Comm. Math. Phys. 403 (2023), no. 2, 745-794 Zbl 1539.47080

MR 4645728

C. Cedzich, T. Rybdr, A. H. Werner, A. Alberti, M. Genske, and R. F. Werner, Propagation
and spectral properties of quantum walks in electric fields. Phys. Rev. Lett. 111 (2013),
no. 16, article no. 160601

C. Cedzich and A. H. Werner, Anderson localization for electric quantum walks and skew-
shift CMV matrices. Comm. Math. Phys. 387 (2021), no. 3, 1257-1279 Zbl 1484.82043
MR 4324378

D. Damanik and J. Fillman, Spectral properties of limit-periodic operators. In Analysis
and geometry on graphs and manifolds, pp. 382—444, London Math. Soc. Lecture Note
Ser. 461, Cambridge University Press, Cambridge, 2020 Zbl 1515.47047 MR 4412981
D. Damanik and J. Fillman, One-dimensional ergodic Schrodinger operators — 1. General
theory. Grad. Stud. Math. 221, American Mathematical Society, Providence, RI, 2022
Zbl 1504.58001 MR 4567742


https://doi.org/10.1063/1.3643768
https://doi.org/10.1063/1.3643768
https://zbmath.org/?q=an:1272.81036
https://mathscinet.ams.org/mathscinet-getitem?mr=2894584
https://doi.org/10.1063/1.3575568
https://doi.org/10.1063/1.3575568
https://zbmath.org/?q=an:1316.81066
https://mathscinet.ams.org/mathscinet-getitem?mr=2964162
https://doi.org/10.1090/gsm/168
https://doi.org/10.1090/gsm/168
https://zbmath.org/?q=an:1333.82001
https://mathscinet.ams.org/mathscinet-getitem?mr=3364516
https://doi.org/10.1007/s11005-019-01180-0
https://doi.org/10.1007/s11005-019-01180-0
https://zbmath.org/?q=an:1428.82050
https://mathscinet.ams.org/mathscinet-getitem?mr=3996005
https://bicmr.pku.edu.cn/content/show/18-3287.html
https://bicmr.pku.edu.cn/content/show/18-3287.html
https://doi.org/10.1007/s00220-002-0751-y
https://zbmath.org/?q=an:1029.47016
https://mathscinet.ams.org/mathscinet-getitem?mr=1962460
https://doi.org/10.1090/tran/7832
https://doi.org/10.1090/tran/7832
https://zbmath.org/?q=an:1422.35022
https://mathscinet.ams.org/mathscinet-getitem?mr=3988621
https://doi.org/10.1002/cpa.20312
https://doi.org/10.1002/cpa.20312
https://zbmath.org/?q=an:1186.81036
https://mathscinet.ams.org/mathscinet-getitem?mr=2604869
https://doi.org/10.1007/s11005-020-01257-1
https://doi.org/10.1007/s11005-020-01257-1
https://zbmath.org/?q=an:1445.81025
https://mathscinet.ams.org/mathscinet-getitem?mr=4109482
https://doi.org/10.1093/imrn/rnad293
https://doi.org/10.1093/imrn/rnad293
https://mathscinet.ams.org/mathscinet-getitem?mr=4735649
https://doi.org/10.1007/s00220-023-04808-4
https://doi.org/10.1007/s00220-023-04808-4
https://zbmath.org/?q=an:1539.47080
https://mathscinet.ams.org/mathscinet-getitem?mr=4645728
 https://doi.org/10.1103/physrevlett.111.160601
 https://doi.org/10.1103/physrevlett.111.160601
https://doi.org/10.1007/s00220-021-04204-w
https://doi.org/10.1007/s00220-021-04204-w
https://zbmath.org/?q=an:1484.82043
https://mathscinet.ams.org/mathscinet-getitem?mr=4324378
https://doi.org/10.1017/9781108615259.016
https://zbmath.org/?q=an:1515.47047
https://mathscinet.ams.org/mathscinet-getitem?mr=4412981
https://doi.org/10.1090/gsm/221
https://doi.org/10.1090/gsm/221
https://zbmath.org/?q=an:1504.58001
https://mathscinet.ams.org/mathscinet-getitem?mr=4567742

C. Cedzich and J. Fillman 1534

[17] D.Damanik and J. Fillman, One-dimensional ergodic Schridinger operators —11. Specific
classes. Grad. Stud. Math., American Mathematical Society, Providence, RI, to appear

[18] D. Damanik, J. Fillman, and D. C. Ong, Spreading estimates for quantum walks on the
integer lattice via power-law bounds on transfer matrices. J. Math. Pures Appl. (9) 105
(2016), no. 3, 293-341 Zbl 1332.81066 MR 3465806

[19] D. Damanik and R. Killip, Reflection symmetries of almost periodic functions. J. Funct.
Anal. 178 (2000), no. 2, 251-257 Zbl 0967.43002 MR 1802894

[20] D. Damanik and D. Lenz, Uniform Szeg$ cocycles over strictly ergodic subshifts.
J. Approx. Theory 144 (2007), no. 1, 133-138 Zbl 1108.37002 MR 2287381

[21] J. Fillman, Purely singular continuous spectrum for Sturmian CMV matrices via strength-
ened Gordon lemmas. Proc. Amer. Math. Soc. 145 (2017), no. 1, 225-239
Zbl 1354.47023 MR 3565375

[22] J. Fillman, Resolvent methods for quantum walks with an application to a Thue—Morse
quantum walk. Interdiscip. Inform. Sci. 23 (2017), no. 1, 27-32 Zbl 1470.81041
MR 3637881

[23] J. Fillman, D. C. Ong, and Z. Zhang, Spectral characteristics of the unitary critical almost-
Mathieu operator. Comm. Math. Phys. 351 (2017), no. 2, 525-561 Zbl 06702035
MR 3613513

[24] A.Furman, On the multiplicative ergodic theorem for uniquely ergodic systems. Ann. Inst.
H. Poincaré Probab. Statist. 33 (1997), no. 6, 797-815 Zbl 0892.60011 MR 1484541

[25] A.J. Gordon, The point spectrum of the one-dimensional Schrédinger operator. Uspehi
Mat. Nauk 31 (1976), no. 4(190), 257-258 MR 0458247

[26] G. Grimmett, S. Janson, and P. F. Scudo, Weak limits for quantum random walks. Phys.
Rev. E 69, no. 2 (2004), article no. 026119

[27] S. Guo and D. Piao, Lyapunov behavior and dynamical localization for quasi-periodic
CMV matrices. Linear Algebra Appl. 606 (2020), 68—89 Zbl 1448.37028 MR 4130514

[28] E. Hamza, A. Joye, and G. Stolz, Localization for random unitary operators. Lett. Math.
Phys. 75 (2006), no. 3,255-272 Zbl 1101.82014 MR 2211031

[29] A.Hof, O. Knill, and B. Simon, Singular continuous spectrum for palindromic Schrédinger
operators. Comm. Math. Phys. 174 (1995), no. 1, 149-159 Zbl 0839.11009
MR 1372804

[30] S. Jitomirskaya and W. Liu, Universal reflective-hierarchical structure of quasiperiodic
eigenfunctions and sharp spectral transition in phase. J. Eur. Math. Soc. (JEMS) 26 (2024),
no. 8, 2797-2836 Zbl 07875499 MR 4756946

[31] S. Jitomirskaya and B. Simon, Operators with singular continuous spectrum. III. Almost
periodic Schrodinger operators. Comm. Math. Phys. 165 (1994), no. 1, 201-205
Zbl 0830.34074 MR 1298948

[32] A. Joye, Density of states and Thouless formula for random unitary band matrices. Ann.
Henri Poincaré 5 (2004), no. 2, 347-379 Zbl 1062.81030 MR 2057678

[33] A.Joye, Dynamical localization for d -dimensional random quantum walks. Quantum Inf.
Process. 11 (2012), no. 5, 1251-1269 Zbl 1252.82087 MR 2979894

[34] A. Joye and M. Merkli, Dynamical localization of quantum walks in random environ-
ments. J. Stat. Phys. 140 (2010), no. 6, 1025-1053 Zbl 1296.82052 MR 2684498


https://doi.org/10.1090/gsm/221
https://doi.org/10.1090/gsm/221
https://doi.org/10.1016/j.matpur.2015.11.002
https://doi.org/10.1016/j.matpur.2015.11.002
https://zbmath.org/?q=an:1332.81066
https://mathscinet.ams.org/mathscinet-getitem?mr=3465806
https://doi.org/10.1006/jfan.2000.3647
https://zbmath.org/?q=an:0967.43002
https://mathscinet.ams.org/mathscinet-getitem?mr=1802894
https://doi.org/10.1016/j.jat.2006.05.004
https://zbmath.org/?q=an:1108.37002
https://mathscinet.ams.org/mathscinet-getitem?mr=2287381
https://doi.org/10.1090/proc/13195
https://doi.org/10.1090/proc/13195
https://zbmath.org/?q=an:1354.47023
https://mathscinet.ams.org/mathscinet-getitem?mr=3565375
https://doi.org/10.4036/iis.2017.A.04
https://doi.org/10.4036/iis.2017.A.04
https://zbmath.org/?q=an:1470.81041
https://mathscinet.ams.org/mathscinet-getitem?mr=3637881
https://doi.org/10.1007/s00220-016-2775-8
https://doi.org/10.1007/s00220-016-2775-8
https://zbmath.org/?q=an:06702035
https://mathscinet.ams.org/mathscinet-getitem?mr=3613513
https://doi.org/10.1016/S0246-0203(97)80113-6
https://zbmath.org/?q=an:0892.60011
https://mathscinet.ams.org/mathscinet-getitem?mr=1484541
https://mathscinet.ams.org/mathscinet-getitem?mr=0458247
https://doi.org/10.1103/physreve.69.026119
https://doi.org/10.1016/j.laa.2020.07.031
https://doi.org/10.1016/j.laa.2020.07.031
https://zbmath.org/?q=an:1448.37028
https://mathscinet.ams.org/mathscinet-getitem?mr=4130514
https://doi.org/10.1007/s11005-005-0044-4
https://zbmath.org/?q=an:1101.82014
https://mathscinet.ams.org/mathscinet-getitem?mr=2211031
https://doi.org/10.1007/bf02099468
https://doi.org/10.1007/bf02099468
https://zbmath.org/?q=an:0839.11009
https://mathscinet.ams.org/mathscinet-getitem?mr=1372804
https://doi.org/10.4171/jems/1325
https://doi.org/10.4171/jems/1325
https://zbmath.org/?q=an:07875499
https://mathscinet.ams.org/mathscinet-getitem?mr=4756946
https://doi.org/10.1007/bf02099743
https://doi.org/10.1007/bf02099743
https://zbmath.org/?q=an:0830.34074
https://mathscinet.ams.org/mathscinet-getitem?mr=1298948
https://doi.org/10.1007/s00023-004-0172-x
https://zbmath.org/?q=an:1062.81030
https://mathscinet.ams.org/mathscinet-getitem?mr=2057678
https://doi.org/10.1007/s11128-012-0406-7
https://zbmath.org/?q=an:1252.82087
https://mathscinet.ams.org/mathscinet-getitem?mr=2979894
https://doi.org/10.1007/s10955-010-0047-0
https://doi.org/10.1007/s10955-010-0047-0
https://zbmath.org/?q=an:1296.82052
https://mathscinet.ams.org/mathscinet-getitem?mr=2684498

[35]

[36]

(37]

(38]

[39]

[40]

(41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

Absence of bound states for quantum walks and CMV matrices via reflections 1535

W. Kirsch, An invitation to random Schrodinger operators. In Random Schréodinger oper-
ators, pp. 1-119, Panor. Syntheses 25, Société Mathématique de France, Paris, 2008

Zbl 1162.82004 MR 2509110

D. A. Koslover, Jacobi operators with singular continuous spectrum. Lett. Math. Phys. 71
(2005), no. 2, 123-134 Zbl 1077.39019 MR 2134692

H. Kriiger, Orthogonal polynomials on the unit circle with Verblunsky coefficients defined
by the skew-shift. Int. Math. Res. Not. IMRN (2013), no. 18, 4135-4169 Zbl 1329.33011
MR 3106885

L. Li, D. Damanik, and Q. Zhou, Absolutely continuous spectrum for CMV matrices with
small quasi-periodic Verblunsky coefficients. Trans. Amer. Math. Soc. 375 (2022), no. 9,
6093-6125 Zbl 07578588 MR 4474886

Y. Lin, D. Piao, and S. Guo, Anderson localization for the quasi-periodic CMV matrices
with Verblunsky coefficients defined by the skew-shift. J. Funct. Anal. 285 (2023), no. 4,
article no. 109975 Zbl 07687703 MR 4584984

D. C. Ong, Limit-periodic Verblunsky coefficients for orthogonal polynomials on the unit
circle. J. Math. Anal. Appl. 394 (2012), no. 2, 633-644 Zbl 1263.47035 MR 2927484
D. C. Ong, Purely singular continuous spectrum for CMV operators generated by sub-
shifts. J. Stat. Phys. 155 (2014), no. 4, 763776 Zbl 1325.47068 MR 3192183

S. Richard, A. Suzuki, and R. Tiedra de Aldecoa, Quantum walks with an anisotropic coin
I: spectral theory. Lett. Math. Phys. 108 (2018), no. 2, 331-357 Zbl 1384.81033

MR 3748367

D. Ruelle, Ergodic theory of differentiable dynamical systems. Inst. Hautes Etudes Sci.
Publ. Math. 50 (1979), no. 50, 27-58 Zbl 0426.58014 MR 0556581

B. Simon, Orthogonal polynomials on the unit circle. Part 1: Classical theory. Amer.
Math. Soc. Collog. Publ. 54, Part 1, American Mathematical Society, Providence, RI, 2005
Zbl 1082.42020 MR 2105088

B. Simon, Orthogonal polynomials on the unit circle. Part 2: Spectral theory. Amer. Math.
Soc. Collog. Publ. 54, Part 2, American Mathematical Society, Providence, RI, 2005

Zbl 1082.42021 MR 2105089

F. Wang and D. Damanik, Anderson localization for quasi-periodic CMV matrices and
quantum walks. J. Funct. Anal. 276 (2019), no. 6, 1978-2006 Zbl 1462.35316

MR 3912798

F. Yang, Anderson localization for the unitary almost Mathieu operator. Nonlinearity 37
(2024), no 8, article no. 085010 Zbl MR 4774416

X. Zhu, Localization for random CMV matrices. J. Approx. Theory 298 (2024), article
no. 106008 Zbl 07885182 MR 4688052

Received 26 February 2024; revised 31 August 2024.

Christopher Cedzich
Faculty of Mathematics and Natural Sciences, Heinrich Heine Universitit Diisseldorf,
Universititsstrasse 1, 40225 Diisseldorf, Germany; cedzich@hhu.de


https://zbmath.org/?q=an:1162.82004
https://mathscinet.ams.org/mathscinet-getitem?mr=2509110
https://doi.org/10.1007/s11005-005-0160-1
https://zbmath.org/?q=an:1077.39019
https://mathscinet.ams.org/mathscinet-getitem?mr=2134692
https://doi.org/10.1093/imrn/rns173
https://doi.org/10.1093/imrn/rns173
https://zbmath.org/?q=an:1329.33011
https://mathscinet.ams.org/mathscinet-getitem?mr=3106885
https://doi.org/10.1090/tran/8696
https://doi.org/10.1090/tran/8696
https://zbmath.org/?q=an:07578588
https://mathscinet.ams.org/mathscinet-getitem?mr=4474886
https://doi.org/10.1016/j.jfa.2023.109975
https://doi.org/10.1016/j.jfa.2023.109975
https://zbmath.org/?q=an:07687703
https://mathscinet.ams.org/mathscinet-getitem?mr=4584984
https://doi.org/10.1016/j.jmaa.2012.04.082
https://doi.org/10.1016/j.jmaa.2012.04.082
https://zbmath.org/?q=an:1263.47035
https://mathscinet.ams.org/mathscinet-getitem?mr=2927484
https://doi.org/10.1007/s10955-014-0974-2
https://doi.org/10.1007/s10955-014-0974-2
https://zbmath.org/?q=an:1325.47068
https://mathscinet.ams.org/mathscinet-getitem?mr=3192183
https://doi.org/10.1007/s11005-017-1008-1
https://doi.org/10.1007/s11005-017-1008-1
https://zbmath.org/?q=an:1384.81033
https://mathscinet.ams.org/mathscinet-getitem?mr=3748367
https://doi.org/10.1007/bf02684768
https://zbmath.org/?q=an:0426.58014
https://mathscinet.ams.org/mathscinet-getitem?mr=0556581
https://doi.org/10.1090/coll054.1
https://zbmath.org/?q=an:1082.42020
https://mathscinet.ams.org/mathscinet-getitem?mr=2105088
https://doi.org/10.1090/coll/054.2/01
https://zbmath.org/?q=an:1082.42021
https://mathscinet.ams.org/mathscinet-getitem?mr=2105089
https://doi.org/10.1016/j.jfa.2018.10.016
https://doi.org/10.1016/j.jfa.2018.10.016
https://zbmath.org/?q=an:1462.35316
https://mathscinet.ams.org/mathscinet-getitem?mr=3912798
https://doi.org/10.1088/1361-6544/ad56ec
https://mathscinet.ams.org/mathscinet-getitem?mr=4774416
https://doi.org/10.1016/j.jat.2023.106008
https://zbmath.org/?q=an:07885182
https://mathscinet.ams.org/mathscinet-getitem?mr=4688052
mailto:cedzich@hhu.de

C. Cedzich and J. Fillman 1536

Jake Fillman
Department of Mathematics, Texas A&M University, 3368 TAMU, College Station,
TX 77843-3368, USA; fillman @tamu.edu


mailto:fillman@tamu.edu

	1. Introduction
	2. Results
	2.1. General Results
	2.2. Examples and applications

	3. Proofs of the results
	A. Proof of (3.11)
	References

