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Abstract—We focus on exponential stability of stochastic
functional differential equations with delayed impulses.
One of the notable characteristics of this paper is the
dependence of both the given impulsive-free stochastic
differential equation and impulsive perturbations on the
past state of the system. Compared with the existing litera-
ture, we introduce new criteria for establishing exponential
stability in mean square and almost surely. We provide two
examples in this paper to showcase the effectiveness of our
criteria.

Index Terms—stochastic functional differential equation;
exponential stability; delayed impulse.

I. INTRODUCTION

In this paper, we focus on exponential stability, both
in the mean square and in the almost sure sense,
for stochastic functional differential equations (SFDEs)
when they are influenced by delayed impulses. Impulsive
systems have attracted significant interest over recent
years with a rich body of literature that spans impulsive
differential equations [6], [9], [15] and stochastic pro-
cesses [11], [12], [21]. An important consideration for
such systems is the stability. Stability has been the focus
of enormous research with thorough investigation; see
for example, Chapter 4 of [15]. The past effort showed a
breadth of studies on the exponential stability in various
forms of impulsive SFDEs [2], [7], [13], [14], and the
development of the numerical approximations for SFDEs
involving impulses [18], [19], [22].

In this paper, our study distinguishes with the existing
literature featuring the dynamics of system states and
impulsive effects are based on historical data from finite
past intervals. As a result, following an impulse at time
t, the state X (¢) is influenced not only by the immediate
pre-impulse state X (¢~) but also by states with historical
past within a set {X (¢ +u) : u € [-7«,0)}, where 7,
is a positive constant. This approach provides a broader
perspective than previous studies [1], [16], [17], which
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limited their focus to the state’s immediate pre-impulse
conditions, thereby offering a more realistic stochastic
model. Note that SFDEs with delayed impulses have
been the subject of earlier consideration [3], [4], [5], [8],
[10], [20], where Lyapunov functions and Razumikhin
techniques were applied, alongside concepts like average
dwell-time [10] and average impulsive delays [5]. Nev-
ertheless, the stability criteria established through these
methods are characterized by complex conditions, and
that are difficult to verify for applications.

We propose an effective treatment in this paper for
addressing SFDEs impacted by delayed impulses, aiming
to establish new and easily verifiable criteria for their ex-
ponential stability. We summarize our main contributions
in this paper as follows. First, we study a broader class
of SFDEs influenced by past state-dependent impulses.
Second, we introduce an innovative method to assess
the exponential stability of SFDEs with delayed im-
pulses using a comparison procedure. Next, we establish
several new stability criteria. It should be highlighted
that the category of impulsive SFDEs being examined is
significantly complex and abstract, showcasing a range
of interactions between delays within the SFDEs them-
selves and those appeared in the impulses. The stability
criteria established in this paper, in particular Theorem
II1.1, Corollary III.3, and Corollary III.4, have not been
documented in the existing literature to the best of our
knowledge.

We organize the rest of the paper as follows. Section
I[I begins with the problem formulation. Section III
presents the main results of the exponential stability of
impulsive SFDEs. Section IV provides two examples for
illustration. The paper is concluded with several remarks
in Section V.

II. FORMULATION

We first list the notation to be used in this paper.
Denote Ry = [0,00) and let N be the set of positive

integers. Denote by ¢ V ¢a = max{ci,ca} for two
real numbers ci,co € R, and AT the transpose and
|A] = /tr(ATA) the trace norm of a matrix A €
Ré %2 with dy, dy € N. Denote by |z| = (L, 22)"/
the Euclidean norm of z = (xq,...,74)' € R9
For 7 > 0, denote by PC([—7,0],R?) the space of
all piecewise continuous functions ¢ : [—7,0] — R?
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that are right continuous with left limits, endowed with
the norm |[¢[| = sup,e(_,q |¢(s)]. We work with a
complete filtered probability space (Q, F, P, {F;}) with
{F:} satisfying the usual condition in that it is right-
continuous and JF( contains all the null sets. Assume
that the m-dimensional standard Brownian motion w(-)
is defined on (Q,F,P,{F}), where m € N. For
each t > 0, let L3 ([—r,0],R?) be the family of F;-
measurable PC([—r, 0], R%)-valued random variables ¢
such that E||¢[? < cc.

For 7 > 0 and 7, > 0, let f : PC([-r,0],R?) x
R, — R% g : PC([-r,0],R%) x Ry — R¥>™ and
Iy, : PC([~r4,0],R?) — R? (k € N) be Borel measur-
able functions. Let {tz}renufoy be a strictly increasing
sequence of nonnegative numbers satisfying tp = 0 and
limg_, o0 t = co. Consider the impulsive SFDE

dX (t) = f(Xe, t)dt + g(Xe, t)dw(t)
for t >0, t¢ {tx},
X(tk):Ik(X:) for k€N,

(L1)

where X; : [-7,0] — R? is defined by X;(u) = X (¢t +
u) for u € [—r,0) and X;(0) = X(¢t~). Meanwhile,
X} i [-74,0] = R% is defined by X; (u) = X (t+u) for
u € [-74,0) and X;(0) = X (¢7). The initial condition
is & € L% ([-r,0],RY), ie.,

X(u) =&(u) forany u € [—r,0].
Thus, for each k£ € N,

(IL2)

X0 =X+ [ fXas)ds

k

¢
+/ 9(Xs, s)dw(s) for t € [trp_1,tk),

tr—1

X(tr) = I(X],).

It can be seen that the impulses depend on a finite-
time segment of past states. Throughout this work, we
suppose the following assumption (H1) holds.

(H1) (a) For any ¢ > 0,
f0,t)=0eR? g(0,t) =0 R>™,

(b) The functions f(-,¢) and g(-, ) satisfy the local
Lipschitz conditiog; that is, for each n € N, there
exists a constant K,, > 0 such that

‘f((blvt) - f(¢27t>‘ + |g(¢17t) - g(¢27t)|

< Kyllg1 — 2],
(IL3)
whenever ¢ > 0 and ||¢1]| V ||¢2|| < n. Also, f(-,")
and g(-,-) satisfy the linear growth condition; that
is, there exists a constant K > 0 such that

/(0] + |g(¢, )] < Ko(1+ [1¢]l)
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for any (¢,t) € PC([—r,0],R?) x R.
(c) There exist a sequence of positive constants
{Kk}ken such that

|1:()] < K¢
for any (¢, k) € PC([—74,0],R%) x N.

Remark II.1. Assumption (H1) (a) indicates that the
process X (t) = 0 is a trivial solution of Eq. (Il.1) (or
a2 = 0 is an equilibrium point). If I;(¢) = #(0) for any
(¢,k) € PC([~r.,0],R?) x N, Eq. (IL1) is simply a
SFDE studied in [11].

(IL4)

The existence and uniqueness theorem is given below.
The proof is routine. Hence, we omit it for brevity.

Theorem IL.2. Assume (H1). Then for each & €
L3 ([-r,0],R?) x M, Eq. (IL1) has a unique global
solution X¢(-) satisfying (11.2). Moreover, for each k €
N, X¢(-) has continuous sample paths on the interval
[tk—1,tr) almost surely and

E( sup |X5(s)|2) < oo forany T > 0.
—r<s<T

The definitions of the exponential stability in mean
square and almost sure exponential stability of impulsive
SFDEs are recalled below.

Definition IL.3.
1) The equilibrium point z = 0 of Eq. (Il.1) is
(a) exponentially stable in mean square if there
exist constants &K > 0 and A > 0 such that

E[XE(t)* < Ke ME|g]

for any ¢ € L%, ([—r,0],R?) and ¢ > 0;
(b) almost surely exponentially stable if there exists
a constant A > 0 such that

lim sup L |X5(t)] < =X\ almost surely
t—o0 t
for each £ € L% ([-r,0],R?).
2) Eq. (IL.1) is said to be exponentially stable in mean
square (resp., almost surely) if its equilibrium point
x = 0 is exponentially stable in mean square (resp.
almost surely).

III. MAIN RESULTS

For the stability analysis in the rest of this paper, we
use the following conditions.
(H2) (a) There exist a sequence of positive numbers
{7k }ren such that

EL(QP <y sup  E|¢(u)?

uE[—14,0)

(IIL1)
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for any £ € N and ( € L%_—tk([—r*,o]’Rd).
Moreover,

( Z |ln’yk’> <oo and tp_1 < tp—ry

s—r<tp<s

sup
s>0

for any k£ € N.
(b) There exist real numbers \; € R and Ay > 0
such that

E(Z(((O))Tf(CJ) + 9 (¢, t)|2>

< ME[C0) + X sup  E[¢(u)f?
u€[—r,0)
for any ¢ > 0 and ¢ € L% ([, 0],RY).
Under assumptions (H1) and (H2), we define ¢ : R X
Ry —-Rand ¢ : R — R by

(IIL.2)

plet) =ct+ Y (Inym +cr),

tm <t
P(ec) = sup (cu - Z (Inv,, + c*r*)),
$>0,ue[—7,0) St U<t <s
(I11.3)
where ¢~ = max{—c,0}. We are now in a position to

state the main result of this paper.

Theorem IIL.1. Suppose that conditions (H1) and (H2)
are satisfied and that there exists a $ € R satisfying

A+ Aoe?® < . (111.4)
Then we have the following results.
(a) There exists a K > 0 such that
E|XE(t)]? < KE||€]?e?PD) (IIL5)

for any & € L, ([-r,0],R?) and t > 0.
(b) The mean square Lyapunov exponent of Egq.
e(B,t)

(IL.1) is not greater than limsup If
t—o00
it . .
lim sup M < 0, then Eq. (11.1) is exponentially
t—

stabfg in mean square.

: o(B,t . .

(¢) If imsup ————= < 0 and there is a positive
t—o0 N t

constant K such that

E(If(COP +19(G ) < B sup BIC(w)f?

u€[—r,0]
(I11.6)
for any t > 0 and ¢ € L%_—t([—r, 0], RY), then Eq.
(IT.1) is almost surely exponentially stable.

Proof. For notational simplicity, denote X (-) = X¢(-).
Without loss of generality, suppose E|/£|? > 0. Using
standard arguments for SFDEs as discussed in [1 1, Chap-
ter 5], we can demonstrate that there exists a positive
constant K = K (K, t1) independent of £ such that

sup

[e—W<th>E|X(t)|2} < K,
te(0,t1)

(I1L.7)
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where K; = KE||¢|%.
(a) We prove by induction that for any n € N,

sup

[e—%"(ﬁvt)mx(t)ﬂ < K.
te0,tn)

(111.8)

In view of (II1.7), (II1.8) holds for n = 1. Now suppose
(II1.8) holds for n < k; that is,

sup
te(0,ty)

[e_“”(ﬁ’t)E|X(t)|2} < K. (IIL9)
We proceed to show that (I11.8) holds for n = k + 1.
Consider the real-valued function ®(-) defined by

®(t) = e ?BHIE|IX(#)|? for te€[0,trs1)

and ‘I)(tk+1) — e‘@(ﬁ»t;+1)E|X(t;+l)|2. By (1119),
SUPyeo 1) P(t) < Ki. We also have

sup  E|X7 (u)]?
wE[—ry,0)
< etp(ﬁvt;)+577’* sup
w€[—ry,0)
sup  D(ty +u)
uE[—ry,0)
< Ky et B8

e_LF(thk"Fu)IE'X:k (u)ﬂ

— (Bt )BT

This together with (II1.1) implies

efw(ﬁ,tk)E‘X(tkN?
= e—sﬂ(ﬂik)]Euk(X;;)F

< e PP sup EIXT (u)]?
u€[—ry,0)

< %e—s&(,&tk)Klesa(/d}t;)-kﬁ’m

(IIL.10)

= Ky;

that is, ®(tx) < K. To show that (II1.8) holds for n =
k + 1, it is sufficient to verify that

sup
tE(tr,tit1)

d(t) < K. (IL11)
If this statement were false, by the continuity of the
function ®(-) on [tk, tx+1], there would exist a number
ti € (tg,tx+1) such that

B(t) < Ky for t€[tp,t,), ®(t) =K, (L12)

We assume ¢, € (t,tr4+1). The case ¢, = ti41 can be
treated similarly. Fix A > |\;]. By the Dynkin formula,

A E|X (£
tu
:eM’“E\X(tk)\Q-l-E/ > (AX()? a3

ty

+2(X(5)) " F(Xs, ) + |g(Xs, )| ) ds,
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By (I11.2),
ta
B[ MO () + 20X() TS (Xers)
tr
+g(Xs, 8)%)ds
- (IL.14)
g/ (A + AEIX (s)
tr
+X2 sup E|X(s+ u)|2)ds.
uwe[—r,0)
In view of (I11.12), we have
E|X (s)]? < K1e##®) for any s € [ty,t,). (IIL15)
For s € [ty,t«) and u € [—7,0), we have
(p(ﬁas_‘_u) - QD(B)S)
=Bu— > (Inym+pBr)
stu<t,<s
< s (Bo= Y (mymt )
$>0,v€[—r,0) sHv<tm<s
=¥(B).
Consequently,

E|X (s +u)|? < KjerBstw)
= K, e?Bstu)=e(B:5) o (B:5)

< K1e¥Be?(B:5) for any s € [tg, t.).
(1I1.16)
Putting the estimates in (II1.14)-(II1.16) together yields

B [ (VX +20X() T (X

tr

+g(Xo,5)|?)ds

< K, erste(B,s) (/\ A+ )\2€w(ﬁ)>ds

ty

— K1€Ztm<tk (Inym+8~ T*)/ ()"'Fﬂ)s()\ + ﬁ)dS

tr

— Kleztmgtk(lnvmwv*)(e(Aw)t* _ B(Mﬁ)tk)_

(IIL.17)
It follows from (I11.10), (I11.13), and (I1.17) that

M E|X (t))?
< KleAtk+¢(ﬁ’t"‘)
1K eXtmse, (B Ym+B7r) (eX+Dte _ (O+A)1)

— Kleztmgtk (In ’Ymr+B7T*)e(>\+5)t* .

Hence

E|X (t,)]? < Kyt tomen (namt87r) _ e po(Bite),

That is, ®(t;) < K1, which contradicts the second state-
ment in (I11.12). As a result, (III.11) holds. Consequently,

e ?BOE|X (1)|? < Ky forany ¢ >0,
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which implies (IIL.5).

(b) By (IIL5),

lim sup 1 In (E|X§(t)\2) < lim sup M
t—oo L t— o0 t

Hence, the mean square Lyapunov exponent of Eq. (II.1)
is not greater than limsup,_, @. It can be seen
from (II1.5) that if limsup,_, @ < 0, Eq. (IL.1) is
exponentially stable in mean square.

(c) The proof of this part is a slight modification of
that of [1, Theorem 3.2]. We omit the verbatim detailed
proof for brevity. (|

Remark IIL.2. Let 5 be a constant satisfying (II1.4).
Define

9—hmsupf Zln'ym, 0. —hmsup Z B7ry)

t=o0 t,,L<t —oo tm<t

It follows from (I11.3) that

(5, t)

limsup —>2% < 8+ 6 + 6,.

t—o00

By virtue of Theorem IIL.1, 8 4+ 6 + 6, is an upper
bound of the mean square Lyapunov exponent of Eq.
(IL.1). The value of 6 can be regarded as a constant,
which describes the contribution of the impulses to
the exponential stability in mean square of Eq. (II.1).
Meanwhile, 6, describes the additional contribution of
the delayed impulses. If . = 0, the impulses do not
depend on the past states of the given system. In such a
case, 0, = 0 and

(ﬁ t)

limsup ———= < g+ 6.

t—o0
We refer to [17] for a similar estimate for SFDEs with
Markovian switching and impulsive perturbations.

Corollary IIL.3. Suppose that (H1) and (H2) hold and
that

H(c) =M + e ® —¢ for ceR.  (IILI8)

Furthermore assume

9—hmsup Zln’ym<0 and H(—6) < 0.

t—o0 tm<t

(I11.19)
Then the following assertions hold.
(a) Eq. (I1.1) is exponentially stable in mean square.
(b) If condition (111.6) is satisfied, then Eq. (I1.1) is
almost surely exponentially stable.

Proof. (a) We first observe that for ¢ € (0, —6), we have

~ =0 and
(cu— Z ln’ym).

Y(c)=  sup
stu<t, <s

$>0,u€[—r,0)
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Hence, the function (-) is decreasing and continuous

n (0, —6]. Consequently, the function H(-) is strictly
decreasing and continuous on (0, —6]. Since H(—0) <
0, there exists a constant 5 € (0,—60) such as H(B) <
0. That is, § satisfies condition (II1.4). Moreover, since
B € (0,—0), then

©(B3,1)
t

lim sup
t—o0

= hmsup (Bt + Z lnvm)

Ly <t

=pB+60<0.

By Theorem III.1, Eq. (II.1) is exponentially stable in
mean square.

(b) follows from the result in part (a) and Theorem
[1I.1. This completes the proof. ]

Corollary IIL.4. Suppose that (H1), (I11.1), (II1.2) hold,
and that there exists a constant 3 € R satisfying

AL+ Ae?P) < .

Moreover, suppose that there exist positive constants €
and -y satisfying

tr = ke and ~, =~ forany k € N. (I11.20)

Then the following assertions hold.

(a) The mean square Lyapunov exponent of Eq. (I11.1)
is not greater than

In Ty
ﬁ+—1+5 .
€ €
() If
In Ty
B+—1+5 <0,
€ €
then Eq. (I1.1) is exponentially stable in mean
square.
(o If

ln’y

B+ — <0

and condition (III.6) is satisfied, then Eq. (I1.1) is
almost surely exponentially stable.

BTy
€

Proof. By using (I11.20), it is readily seen that

| Ty
limsup (B? ) 7/8 nfy 6 r .
t—o00 19
Thus, the conclusion follows from Theorem I11.1. O

IV. EXAMPLES

Example IV.1. We consider a scalar impulsive SFDE

dX (t) = f(Xe, t)dt + g(Xe, t)dw(t)
for tZO, t¢{tk}k,

X(tk) = Ik(Xt*) for k€N,

(IV.1)
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where r = 0.3, r, = 0.2, t, = ¢k with ¢ = 0.5,

f(o,t) = —1.4¢(0) + 0.5¢(0) sin ¢(0) 4 0.6¢(—0.3),
g(b,t) = 0.8¢(0) cos p(—0.2)
for anyo(qS, t) € PC([-0.3,0,R) x Ry, and I;(¢) =
\/ﬁ/ ¢(s)ds for any ¢ € PC([-0.2,0],R). We

—0.2
investigate the exponential stability in mean square of

Eq. (IV.1). It is readily seen that assumption (H1) is
satisfied. Moreover,

26(0)f(6,) + [g(¢,1)|?
= 26/(0) ( — 1.46(0) + 0.5¢(0) sin 6(0) + 0.6¢(—0.3))
+0.8%¢(0)|* cos? ¢(—0.2)
< —0.56|4(0)* + 0.6|p(—0.3)|?

for any (p,t) € PC([ 0.3,0],R) x R;. In addi-
tion, |I(4)]> < 4f 0.0 |0(s)|?ds for any (¢,t) €
PC([—0.2,0], R) xR . Thus, assumptions (H1) and (H2)
are satisfied with Ay = —0.56, Ay = 0.6, 7, = v = 0.8
for any k£ € N. In view of (II1.3), we have

Y(c) = sup (cu - Z (Inym + C_T*))
5>0, u€[—7,0) sHu<tm<s
~ (cuf ) (ln0.8+0.2c’)>
520, u€[—0.3,0) stu<tm<s

<0.3¢” + (In0.8+0.2¢7)~
We can check that 3 = 0.3 satisfies \; + \e?®) < 3

and
ﬁ Ty In0.8

P+ 0.5

Hence, by Corollary III.4, Eq. (IV.1) is exponentially
stable in mean square. Since condition (II1.6) is satisfied,
Eq. (IV.1) is also almost surely exponentially stable.

ln’y

=03+ <0.

Example IV.2. We consider another scalar impulsive
SFDE

dX(t) = f(Xtvt)dt +g(Xt7t)dw(t)a t Z Oat ¢ {tk}ka
X(ty) = (X[ ) for k€N,
IV.2)
where r =1, r, = 0.3,
0
F(6,8) = —1.556(0) + ¢(—1) sint + 0.3/ W26 (u)du,
-1

9(¢,t) = 0.99(0) sin ¢(0)

for any (¢,t) € PC([—
0.5k for any k£ € N and

1,0],R) x R;. Moreover, t;, =

0

I:(¢) = v0.25e 71 (—0.3) +2e—0-1/ o(s)ds

—0.25
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for any (k,¢) € N x PC([—0.3,0],R). We have

26(0)f(4,t) + lg(o, 1)
< —3.1¢%(0) + 2¢(0)p(—1) sint

0
+o0 [
—1

< —1.29¢°(0) + ¢*(—1)

u?$(0)¢(u)du + 0.8142(0)

/O u?¢? (u)du

-1

0
+0.3/ u?$?(0)du + 0.3
1

0
= —1.19¢%(0) + ¢*(—1) + 0.3/ u?$? (u)du
- (IV.3)
for any (¢, t) € PC(&—I,O],R) xR,. Thus, Ay = —1.19

and Ao =1+0.3
verified that

(@) < 0.5¢02|p(—0.3)+2¢ 02 / OIS

for any (k,¢) € N x PC([—0.3,0],R). That is, vy, =
e~ %2 for any k € N. Consequently,

2it,<tM¥m  Iny
t ot

u?du = 1.1. In addition, it can be
-1

0

=-04.

0 = lim sup
t—o0

We also have

W s (e X )
5>0,u€[-1,0) stu<t,<s
= sup (0.4u+ 0.2)
520, u€[—1,0) s+u§ngs
<0.2.

In view of (III.18), let
H(c)=—-119+1.1e¥) —¢ for ceR.

Then H(—0) = H(0.4) = —1.19 + 1.1e%? — 0.4 < 0.
Hence, by Corollary II1.3, Eq. (IV.2) is exponentially
stable in mean square. Since condition (II1.6) is satisfied,
Eq. (IV.2) is also almost surely exponentially stable.

V. CONCLUDING REMARKS

We have focused on examining exponential stability
in mean square and in the almost sure sense of a class
of SFDEs with delayed impulses. By a comparison
procedure involving a contradiction argument, we have
established new criteria for proving the exponential
stability. It is worth noting that in the models of interest,
the impulses are predicated on a finite historical period
of system development. It is conceivable that the results
and approach can be extended to hybrid SFDEs involving
a Markovian switching. This together with developing
numerical approximations and stabilization problems for
impulsive SFDEs are potential areas of exploration for
future research.
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