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ARTICLE INFO ABSTRACT

Keywords: In this paper, we explore pattern formation in a four-species variational Gary-Scott model, which includes all
Variational Gray-Scott models reverse reactions and introduces a virtual species to describe the birth-death process in the classical Gray-Scott
Energetic variational approach model. This modification transforms the classical Gray-Scott model into a thermodynamically consistent closed

Reaction-diffusion systems
Pattern formation
Transient pattern

system. The classical two-species Gray-Scott model can be viewed as a subsystem of the variational model in
the limiting case when the small parameter ¢, related to the reaction rate of the reverse reactions, approaches
zero. We numerically explore pattern formation in this physically more complete Gray-Scott model in one
spatial dimension, using non-uniform steady states of the classical model as initial conditions. By decreasing
¢, we observed that the stationary patterns in the classical Gray-Scott model can be stabilized as the transient
states in the variational model for a significantly small ¢. Additionally, the variational model admits oscillating
and traveling-wave-like patterns for small €. The persistent time of these patterns is on the order of O(e™!).
We also analyze the energy stability of two uniform steady states in the variational Gary-Scott model for fixed
e. Although both states are stable in a certain sense, the gradient flow type dynamics of the variational model
exhibit a selection effect based on the initial conditions, with pattern formation occurring only if the initial
condition does not converge to the boundary steady state, which corresponds to the trivial uniform steady
state in the classical Gray-Scott model.

1. Introduction Reaction—diffusion equations, rooted in the seminal work of Alan
Turing [3], have been one of the best-known mathematical models

Pattern formation is an emerging phenomenon observed across used to study pattern formation [9-12]. Arising from Turing instability,
various disciplines, including biology, chemistry, physics, and engi- reaction—diffusion models can generate a wide variety of spatial pat-
neering. Examples range from the stripes on a zebra to the spirals terns. Recent advances in the mathematical study of pattern formation
of galaxies [1]. Understanding the mechanisms and principles behind include the integration of computational techniques to compute mul-
pattern formation has been a longstanding scientific challenge, as tiple patterns [13-18], as well as the application of machine learning

it plays a fundamental role in the organization and functionality of
natural systems. In biology, pattern formation underpins key processes
such as embryonic development, tissue morphogenesis, and cellular
differentiation, which are essential for the proper structure and function
of living organisms. Mathematical models play a crucial role in under-
standing pattern formation, offering a powerful tool to unravel its in-
tricate dynamics, uncover fundamental principles, and predict complex
behaviors [2-4]. During past decades, significant contributions have
advanced our understanding of pattern formation, including the molec-
ular underpinnings [5], modeling dispersal in biological systems [6],
investigating dynamic pattern formation in cellular networks [7], and Gray-Scott model contributes to our understanding of pattern for-
exploring multiscale models of developmental systems [S]. mation observed in various natural and artificial systems [9], and

methods to analyze complex pattern formation from data and discover
novel patterns [16,19].

One of the most well-known reaction—diffusion systems for pat-
tern formation is the Gray-Scott model, which can generate a diverse
range of spatial patterns [20-23]. Originally proposed by Gray and
Scott [24,25], this model consists of two reacting chemical species in a
system of two ordinary differential equations. Later, mechanical effects,
i.e., diffusion, was incorporated into the model, leading to reaction—
diffusion equations capable of generating complex patterns [20]. The
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has been widely studied during the past decades [23,26,27]. These
insights not only deepen our understanding of nonlinear dynamics
and self-organization but also have practical implications in fields
such as chemistry, materials science, and biology [28]. The Gray-
Scott model is a widely used prototype for studying pattern formation,
providing a critical link between theoretical modeling and experimental
observations across various disciplines [29]. Similar models for pat-
tern formation include the Belousov-Zhabotinsky reaction [30], the
Schnakenberg model [31], the Gierer-Meinhardt model [32], and the
Brusselator model [33], which also exhibit rich dynamics and are
commonly used in mathematical biology and related fields.

The classical Gray-Scott model is built by coupling linear diffusion
equations with the reaction kinetics of two irreversible reactions, de-
scribed by the law of mass action. More precisely, the Gray-Scott model
considers the following two irreversible reactions

U+2V— 3V, V— P, (€8]

where V is an activator, U is a substrate, and P is an inert product. To
maintain the system out of equilibrium, both U and V are removed by
the feed process [20]. Consequently, The reaction—diffusion equation
of u and v are given by [20]

M pdu—u? + f(1 —u)
o @
0—’: =D, Av+ur? —kv— fv,

subject to certain boundary and initial conditions. Here, u and v denote
the concentration of U and V, the dimensionless reaction rate for the
first reaction is set to be 1, k is the dimensionless rate constant of
the second reaction, f represents the dimensionless feed rate, and D,
and D, are diffusion coefficients. A surprising variety of spatiotemporal
patterns can emerge from the reaction-diffusion Eq. (2) under specific
parameter values and initial conditions [20].

From a modeling perspective, the classical Gray-Scott model is not
thermodynamically consistent, meaning it may not satisfy the first and
second laws of thermodynamics. In biological systems, where energy
input, dissipation, and conversion govern self-organization, thermody-
namic consistency is crucial for developing mechanistically accurate
and predictive models that faithfully capture the underlying physical
principles. As a result, the thermodynamic basis for pattern formation
in the Gray-Scott model is unclear. For instance, it remains uncer-
tain whether these patterns represent transient phenomena or non-
equilibrium steady states, what is the energetic cost of the complex
pattern in the models.

In a recent work [34], a variational, reversible Gray-Scott model is
developed based on an energetic variational approach (EnVarA) [35,
36]. The model revises the classical Gray-Scott model into a thermo-
dynamically consistent form by including all reverse reactions in the
model. Additionally, a virtual species is introduced to account for the
influx and efflux of u and v, effectively transforming the open system
into a subsystem of a larger, closed system. It is proved in [34] that
in the short-time dynamic process, when ¢, the small constant related
to reaction rates in the reverse part, goes to zero, the solution to the
variational Gray-Scott models will converge to that of the classical
Gray-Scott models. Additionally, numerical simulations in a recent
study [37] demonstrate pattern formation can occur in the variational
model.

The variational Gray-Scott model not only restores thermodynamic
consistency of the classical model but also provides a more realistic
framework for studying biological and chemical pattern formation.
Many natural processes, such as biochemical reactions and cellular
transport mechanisms, involve reversible dynamics that adhere to ther-
modynamic laws. By capturing these aspects, the variational model
allows for a deeper understanding of pattern formation in systems
where classical models fall short. Moreover, the techniques and in-
sights developed through this study can be extended to other reaction—
diffusion systems, offering a roadmap for analyzing complex patterns
in fields ranging from developmental biology to materials science.
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For the classical Gray-Scott model, many nontrivial steady states
on the domain 2 = (0,1) with no-flux boundary conditions have
been computed in [13]. As a first step in exploring pattern formation
in the thermodynamically consistent variational Gray-Scott model for
various values of e, we use these steady states as initial conditions,
expecting they may serve as suitable starting points for observing
potential pattern formation in the variational model. Numerical experi-
ments indicate that for relatively large values of ¢, all initial conditions
quickly converge to a uniform steady state. However, for sufficiently
small ¢, the variational model exhibits rich transient dynamics: sta-
tionary patterns may persist for long periods, and both oscillatory and
traveling-wave-like behaviors can emerge. We also analyze the stability
of two uniform steady states in the variational Gray-Scott model for
fixed ¢ to provide some theoretical insights to the simulation results.
Although both uniform states are stable in a certain sense, pattern
formation can only occur if the initial condition does not converge to
the boundary steady state, in which (u,v) = (1,0).

The rest of the paper is organized as follows. In Section 2, we
derive the variational Gray-Scott model using the energetic variational
approach. Section 3 is devoted to analyzing the energy stability of two
uniform steady states. In Section 4, we investigate pattern formation
in one dimension for different values of ¢, using the steady states
from [13] as initial conditions. Finally, in Section 5, we examine
how the persistence time of patterns depends on the parameter e. A
conclusion remark is given in Section 6.

2. Variational Gray-Scott model

In this section, we briefly review the derivation of the thermody-
namically consistent variational Gray-Scott model, proposed in [34],
by an energetic variational approach [35,36].

Motivated by non-equilibrium thermodynamics, particularly the cel-
ebrated works of Lord Rayleigh [38] and Onsager [39,40], the EnVarA
has been a powerful tool of building thermodynamically consistent
models in physics, chemical engineering, and biology [35,41]. The
key idea of EnVarA is to describe an isothermal and mechanically
isolated system by its energy and the rate of energy dissipation over
time, along with kinematic (transport) assumptions on the employed
variables. More precisely, according to the first and second laws of
thermodynamics [35,42], an isothermal and closed system possesses an
energy-dissipation law

d

a Etotal(t) - _

A1) <0. 3)

Here, E'®@l is the total energy, which is the sum of the Helmholtz
free energy F and the kinetic energy K; A (r) > 0 stands for the rate
of energy dissipation, which equals to the rate of entropy production
in this case. Once these quantities are specified, a thermodynami-
cally consistent model can be derived by combining the Least Action
Principle (LAP) and the Maximum Dissipation Principle (MDP) [35].
More specifically, for the energy part, one can employ the LAP, taking
variation of the action functional A(x) = /OT (K = F)dr with respect
to x (the trajectory in Lagrangian coordinates) [35,43], to derive the
conservative force, i.e., §A = /OT Jo(forcejne, — forceeyyy) - 6x dxdr. For
the dissipation part, one can apply the MDP, taking the variation of the
Onsager dissipation functional D with respect to the “rate” x,, to derive
the dissipative force, i.e., 6D = [, forcey;ss-6x, dx, where the dissipation
functional D = % A in the linear response regime [39]. Consequently,
the force balance condition results in

6A 6D

o2 _ 2= 4
ox  Ox, “)
which is the dynamics of the system. In the case that £ =0, % = —%,

then the dynamics can be written as
D __oF

5x, ox’
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which is a generalized gradient flow. For these systems, the free en-
ergy determines the equilibrium of the system and the rate of energy
dissipation determines the dynamics.

The EnVarA is originally developed for mechanical systems, and x
should be understood as the flow map. Recent work [41] extends this
variational principle to reaction kinetics by computing the variation
with respect to the reaction trajectory R, analogous to the flow map,
and its time derivative d,R, representing the reaction rate, to derive
reaction kinetics. One key advantage of using EnVarA to model complex
chemo-mechanical systems in biology is its ability to provide a unified
framework for both mechanics and chemistry. All multiscale energetic
couplings and competing effects are naturally incorporated through the
choice of the energy-dissipation law.

2.1. Derivation of the variational Gray-Scott models

Since we are only interested in the concentration of the substrate
U and the activator V, we can combine the removal process V and
the process of generating P, an inert product, as one process for
mathematical simplicity. Therefore, the chemical reactions described
in the classical Gray-Scott model (2) can be represented as follows:

1 k*f f f
U+2V—s 3V, V—s P, U—s @, @§—>U )

In the reaction network (5), all chemical reactions are irreversible. In
addition, it involves the birth and death of U, making the overall system
an open system.

To formulate a thermodynamically consistent variational Gray-Scott
model, we consider the following reversible chemical reactions:

k+f f
U+2V=—=3V, V—=P, U=—=Y, (6)
€ €3

where ¢; are small parameters, Y is a virtual species added to model
the birth-death process of U. Clearly, if ¢, - 0 and ¢, — 0, the first
two reactions revert to those in (5). The introduction of the virtual
species Y, whose concentration is large (of the order O(1/e5)), allows
us to treat the open system, situated in a sustained environment with
influx and efflux, as a subsystem in a larger, closed “universe” [44]. A
similar approach is used in [45]. In general, the small parameters ¢; are
different and may not be in the same order. In particular, e; not only
represents the reaction rate of the reverse reaction but also describes
the concentration scale of the virtual species Y. In the current study,
we assume €, = ¢, = ¢; = ¢. We will explore more general cases in
future work.

We denote the concentrations of species P and Y by p and y/e
respectively. To derive the variational Gray-Scott model, we first notice
that the concentrations satisfy the following kinematics

u, + V- (uu,) = —0,R| — 0,R;
v, + V- (vu,) =0,R; —0,R,
P =0iR,

¥, = €0,R3,

(7)

where R, is the reaction trajectory of each reaction in (6), and u, and u,,
are effective velocity induced by the diffusion process. The reaction tra-
jectories R;(7) account for the number of forward reaction has happened
for ith reaction by time ¢t and may take negative values [41]. Here, we
disregard the diffusion effects on P and Y, as the slow diffusion of P
and Y minimally impacts the dynamics of U and V, which are our main
focus. The boundary condition for all species is the non-flux boundary
condition, given by
u_ v _op_dy
v av  dv  dv
which ensures the boundary term vanishes in deriving the force balance
equation by the EnVarA. It is important to note that

=0, ®

E/u+v+p+zdx=0, (C)]
dr Q €
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for the kinematics (7) along with the non-flux boundary condition (8).
The conservation property (9) plays an important role in studying the
steady state of the variational Gray-Scott model.

Following the general framework of modeling reaction-diffusion
systems [41], the variational Gray-Scott model can be formulated based
on the energy-dissipation law

d
ar(uv v,p,y) =— Amech — Achem - (10)

Here, F(u,v,p,y) is the free energy of the system, Ay . and Ageme
are the rate of energy-dissipation due the mechanical (diffusion) and
chemical (reaction) parts respectively. The free energy F(u,v,p,y) is
taken as

F = / u(Inu—1)+uoc,+ov(In u—1)+uav+p(lnp—1)+pap+7(1n 7—1)+Y0; dx .

an

Here, y = Z represents the concentration of Y, o,, 0,, 0,, o5 denote

internal energy of each spemes, which together determlne the equilib-
rium of the system. Let (u,v’,p}, ¥ +) [S R4 be a positive equilibrium
of the chemical reaction system (6), then o,, o, s Ops O satisfies

Inu} +0,=In0v} +o,
=Invi +o, (12)

Inul +o0,=Iny] + o3

Inp} +0,

Since (u® ) satisfies

SRR AN

s g3 o o
w5 =e@)), (k+ vl =epl, ful =€y, 13)

we have

o,—0,=Ine, o,—

’ ” A » =1Ine—In(k + f),

oy—o0,=lne—Inf . 14

We can solve for 6; (i = u,v,p,y) in terms of k, f and e. Notice in
Eq. (14), that there are four variables but only three equations, resulting
in an overparameterized case. The analysis for the differential internal
energy o; follows a similar pattern. In this paper, we take

0,=0, o,=lne, o0,=2lne-Ink+f), oy=lne—Inf. (15)

Next, we impose the rate of energy dissipation of the system, given
by

v
Bmear= [ el P+ - P ae)
U U
and

9 R, %Ry
Athem = a,Rl In e 3 +1 )+ aIRZ In ? +1
1

R,
+0,RyIn | 2= —1)dx 17)
y

To derive the dynamics from the energy-dissipation law, we apply
the EnVarA to the mechanical and chemical parts respectively, which
leads to u, (@ = u,v) and R; (i = 1,2,3) such that the energy-dissipation
law (10) holds. In order to get the equation of u,, we first define the
flow map x,(X, ) that is associated with u, by the ODE

%xu(x’ = uu(xu(Xv 0,1, xu(X, 0)=

If we consider only the diffusion of u, u(x,t) is determined by the flow
map x,(X,?), making 7 as a functional of x,(X,7). Applying the LAP
and MDP with respect to x, and u, leads to the force balance equation
(see [34] for the detailed calculations)

% =lnu+o, (18)
where y, is known as the chemical potential for the species u. Similarly,
we can derive that

uu, = —DuMVﬂu, Hy =

SF
vu, = -D,vVu,, Hy=— =

5 Inv+o, (19)
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For the chemical part, we need to perform the EnVarA with respect to
R; and 9, R;, which leads to

(PR 2 (%R )
S s =—(4y—m,), In e—p+ =—(up — Hp)s

0, R3
In| —=1) =—=(uy — )
y

Recall that 6,, 6,, 6,, o5 satisfies (14), we can show 9, R; satisfies the
law of mass action. Indeed, from (20), we know that

(20)

o,R, = ev’ exp(—(Inv + o,—Inu-o0,) - ev’ = uw? —ev’ 21)

The calculations for J,R, and 9,R; are similar.

Combining the force balance equations (18)—(20) with the kinemat-
ics (7), we end up with the following reversible variational Gray-Scott
model

u, = D,Au— (uv?® — ev’) — fu+y

v, = D,Av + (wv? — ev®) = (k + f)v — €p)

p=k+flo—ep

yi=e(fu—y).

(22)

Remark 2.1. Although the Gray-Scott model is not directly associ-
ated with any specific biological system, the same approach can be
applied to restore thermodynamic consistency in more realistic models
of pattern formation in various biological systems, as these models are
typically of the reaction—diffusion type [12]. As another representative
example, consider the celebrated Schnakenberg model [31,46], given
by

{ut = D,Au+ kya — kyu+ kyu’v, (23)

v, = D,Av + kyb — ks,

which models the sequence of reactions
ki k3 ky
XT“—A, 2X+Y——3X, B—Y,
2

where u and v denote the concentrations of species X and Y, respec-
tively, and a and b are the concentrations of A and B, assumed to be
constant. A thermodynamically consistent version of the Schnakenberg
model can be constructed by restoring the reversible parts of the latter
two reactions with small reaction rate € and formulating the full system
in terms of a, b, u, and v. The resulting reaction—diffusion system can
be derived from the energy-dissipation law

%/u(lnu— ) +uc, +v(lnv—1)+ve,+a(lna—1)+ac, + b(Inb — 1)

+ boydx

_L||L||3Rla’ﬁlaRla’ﬁ1
= Duu”+DUu”+’ln k2a+ +0,RyIn €u3+
o R3
+0,RyIn =2 41) dx,
€v

where R; are reaction trajectories for the three involved reactions,
and u,(a = u,v) are average velocities due to the diffusion of u and
v. The internal energies can be taken as o, = 0, 6, = Ink, — Ink,
o6,=Ine+Ink, —Ink; —Ink; and o, =2Ine +Ink, —Ink; —Ink; —Ink,.

2.2. Formal limit of the variational Gray-Scott model

In this subsection, we show the first two equations in the variational
Gray-Scott model (22) can be reduced to the classical Gray-Scott model
(2) when € — 0.

Assume the initial concentrations of U, V, P, and Y as u, vy, py, and
yo/€, where y, = f. When e is small, we notice that y(r) = y, = f is
a nearly constant function since y, ~ 0. Thus, as ¢ approaches zero,
the first two equations in the variational Gray-Scott model formally
converge to the classical Gray-Scott models, as we drop all terms with
e and replace y by f in the u, v equation. The above argument can be
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made more rigorously [34]. Since both the equations of p and y are
linear, we have

1
p=poe " +e " (k+ f)/ v(t)ef’dt and
L0 24
y=ye "+ efe_g'/ u(t)e'dr.
0

By plugging Eq. (24) into Eq. (22), we rewrite the equations of u and v
as follows:

u, = D, Au— uv? — ev’) — fu+yje™ +efe f(; u(t)e' dt
v, = D,Av + (u? — ev®) — (k + f)v+ epye™ + ee ' (k + f) /(; v(t)e'dr.

(25)

If max{||u| ;. |0l } < M for all ¢ € [0, ), where M is an order one
constant with respect to ¢, then the following limits hold:

' t
ev®,efe / u(ne dt,eype " ee ' (k + f) / v(t)e" dt — 0,
0 0

and yye™ — y, as ¢ - 0. Hence, formally, the variational Gray-Scott
model (25) converges to the classical Gray-Scott model
{ u, = D,Adu —uv? — fu+f 26)
v, = D,Av + uv? — (k+ f)v.

when ¢ — 0. We emphasize that it might be difficult to prove the
assumption max{||ull;«,|lvll;«} < M. So, the above limit is formal.
However, the numerical simulations in the next section show this
assumption holds for all tested initial conditions.

It is worth emphasizing that the formal convergence does not imply
that the performance of the variational Gray-Scott models and the
classical model is identical, as the system may exhibit singularity with
respect to e. In the following sections, we will study the dynamical
behavior of the variational Gray-Scott model for various e.

3. Uniform steady states in the variational Gray-Scott model and
their energy stability

Unlike the classical Gray-Scott model (when e = 0), which has only
one uniform steady state (u, v) = (1,0), for a given ¢ > 0, the variational
system admits two uniform steady states. More precisely, for a given
initial conditions (u, vy, py, y,) and the domain 2 = (0, 1), we define
the total mass of all species C as

C=/u0+uo+p0+éy0dx, 27)
Q

where y, = f. Assume that (u,,v,,p,,y,) is spatially homogeneous
steady-states of the variational Gray-Scott model (22), then (u,, vy, p,
y,) satisfies

fu =y
W = ')’ @8)
(k+ f)v° =ep’

subject to the constraint:
u5+us+ps+ly5:C/|.Q|:C, (29)
€

Here, | 2| = 1 is the size of the domain. Solving (28) with the constraint
(29), we obtain two spatially homogeneous steady-states: one is a
boundary steady-state given by

€
e+ f

. ; ) fe
up = (“ia”ispi»)’i) -=< C, 0,0, mc , (30)

and the other is an interior steady-state expressed as

. . (k+f) fe
u, =5, 05, p5, ;) = (;C, EC’ = C, %C>,

(31
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where

k
/1:=e+1+%f+f.

Here, the term interior means the steady state is in the interior of the
stoichiometric compatibility class [47], defined by

{(w,0,p,y) ER} |u=uy— Ry — Ry, v =10y + R, — Ry, p=py + Ry,
y=yy+€Rs, (R, Ry, Ry) € R} .

In contrast, the term boundary refers to a steady state that lies on the

boundary of this compatibility class.

Notice that 4 = O(¢™!) and C = O(e™!), we can estimate the two
steady states as follows:

@, 0305 ¥} = (0(1),0,0.0(1),
WS, U3, P} 73) = (O(e), O(1), 0 ™), O(e)). (32)

The concentration of Y is O(¢~!) in the boundary steady state and is
O(1) in the interior steady state. Since the initial condition of Y is
O(e™1), it can be expected that a significant time is needed if the system
would like to reach the interior steady state for small e.

Remark 3.1. Note that when ¢ — 0, we have
limu, =(1,0,0, f), limu, = O,L,oo,O .
e—0 e—0 k + f

Hence, the boundary steady state in the variational Gray-Scott model
corresponds to the uniform steady state of the classical Gray-Scott
model, while the interior steady state is not related to any steady state
of the classical Gray-Scott model.

In this section, we analyze the energy stability of two uniform steady
states with fixed e. Although the variational Gray-Scott model com-
prises four species - U, V, P, and Y, the conservation law constrains the
system’s degrees of freedom to three, corresponding to three reaction
trajectories R;. Specifically, based on Egs. (7), the perturbation in the
stability analysis satisfies

s=(—a) —a3, 0] —ay,0p,€0Q3) ,

where ¢; € R for i = 1,2,3. Thus we define the perturbation manifold
as follows:

S| :=span{sy, sy, 83}, s :=(-1,1,0,0), s, :=(0,-1,1,0),

s3 :=(=1,0,0,¢).

33)
where, s; correspond to the perturbation along the reaction trajectory
R;. We use E denote the free energy (11) without spatial integration
throughout this section.

3.1. Stability of the interior steady-state

For the interior steady state u,, we can prove that it is a local
minimizer of the free energy (11) based on the following proposition:

Proposition 3.1. For any ¢ > 0, the interior steady state

k
uy = 5,03, P4y ¥) = (gc te, 2le, %c) 34)
is a local minimizer of the energy E on the manifold u, + S;, where

ug = (ug, vy, Pg» Yo/ €) is the initial condition.

Proof. Without loss of generality, we perturb u, along the direction of

s, of the three-dimensional manifold S; (a similar analysis applies to

other directions) and obtain:

dE[u, + 6s,]
dé

By the definition of ¢, and o,, we conclude that 6 = 0 is the unique
dE[uy+6s;]
d

=In(p; +6) + 0, — In(v; — 6) — 0. (35)

solution of = 0, indicating the critical point. Furthermore, by
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computing the second variation, we have:

d2E[u, + 8s
p o5l 1, _1 36)
ds? py+e  v3—6

Since v}, p; > 0 for any € > 0, % 50 > 0, indicating that this

steady state is a local minimizer in the s, direction, similarly for other
directions. []

Next, we examine the energy landscape near the interior steady
state and its evolution as e approaches zero. We plot the energy
landscape around the steady state in three directions on S; shown in
Fig. 1 for ¢ = 0.01 and ¢ = 0.0001 respectively. While the behavior
of s, remains stable, for s, and s;, we observe a notable change as
e diminishes: the stable region contracts significantly. Essentially, the
inflection point approaches the steady state in this direction.

The reason for this phenomenon is that u$ will be close to 0 when ¢

2

is small, as u] is at the order of O(e). Computing the second variation

in the s, direction, we have

d?*Efu, + 6s] 1 1
= — + — . 37
ds? U% +6 u% -6 @7

. E[uy+5 . )
Notice that % > 0 requires § < u;. Consequently, as e decreases,

the stability region around the local minimizer shrinks.

In summary, we have shown that the interior steady state remains
stable for all ¢ > 0. However, as e decreases, the stable region also
becomes smaller. Nonetheless, it is still challenging for the system to
escape from the steady state, as it would require 6 > 3, which would
result in 4 < 0, an impossible scenario. Therefore, even for very small ¢,
if the initial data is not far away from the steady state, the system will
still converge to this interior steady state. However, when ¢ is small,
ensuring that the initial conditions are not too far from the steady state
requires p to be of order ¢~!, meaning species P must have a significant
presence.

3.2. Stability of the boundary steady-state

For the boundary steady state, the stability analysis differs from that
of the interior steady state. First, we observe that this is not a critical
point of the free energy. Recall s; = (-1,1,0,0) € S|, then:

dE[u; +6s;]
dé
This expression tends to infinity as § — 0%, indicating it is not a critical

point of the free energy. Indeed, we can compute the local minimizer of
E is the three-dimensional perturbation space u, + S, which satisfies:

= In(vy+68)+0,~In(w;-8)~0, = Iné+0,~In(w;-5)-0,. (38)

s

uj—ap—ay
ap—ay -
a -0 _ €
a f+k (39
e(uj—a)—a3) _ e
y|teas A

This system has a unique nonzero solution such that
u; +a;(=1,1,0,0) + 23(0, =1, 1,0) + a3(—1,0,0, €) = u,.

Hence, u, is the unique minimizer of the free energy E in the space
u; + S;. The reason that u, is a steady state of the system is that
the mobilities for R, and R,, given by ev® and ep, vanish, due to the
disappearance of V' and P. Consequently, the first and second reactions
cease to exist:

1 k+f
U+2V==3V, V==P. (40)

We can show that the boundary steady state is a local minimizer of
the free energy E in a one-dimensional perturbation space S, :=
span{(—1,0,0,¢)}, i.e., a perturbation along the direction of the third
reaction trajectory:
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Fig. 1. Energy landscape for e = 0.01 and e; = 0.0001 along the s; directions relative to the interior steady state.

Proposition 3.2. For any ¢ > 0, the boundary steady state

up = (uy, v}, 0y, ) :=< € _c 0,0 L c>, (41)

e+ f e+ f)
is a local minimizer of the free energy F on the manifold u, + S,, where
uy = (ug, Vg, Py. Yo/ €) is the initial condition.

Proof. The proof follows a similar structure to that of Proposition

3.1. 1

Although the boundary steady state is only stable along the di-
rection (—1,0,0,¢) and not stable in the (-1,1,0,0) and (0,1,-1,0)
directions. It still behaves as a nearly local minimizer when ¢ is small
and (1) amounts of U, V, and P, and O(e™') of Y present initially. More
precisely, since the first and second reactions account for only a fraction
of ¢ in the system, it is reasonable to consider the perturbation along
the direction

s=s83+es; +es, =(=1,0,0,¢) + (—¢,0,¢,0),

direct calculation reveals that:

lim dE[u; + 6s] —lim dE[u; + 6s3] +lim dE[u; + €6(sy + 55)]

e—0 dé e—0 dé e—0 dé
dE[u; + 6(-1,0,0,
_ o Bl + 6 9 _, “)
=0 dé

Additionally, numerical results further support this assertion, as shown
in Fig. 2. The boundary steady state is a local minimizer in the one-
dimensional space for small e. This is primarily because most reactions
in this scenario are governed by the third reaction, which is stable for
the boundary steady state. Consequently, for certain initial conditions,
the system will converge to the boundary steady state when e is small.
We term it as virtual stability. The reason for labeling this as “virtual”
is that the third reaction is artificial and virtual, as it does not exist in
the classical Gray-Scott models defined by Eq. (2). Moreover, when ¢ is
not very small, it can be noticed that the boundary steady state is not a
local minimizer, even within the restricted one-dimensional setting. As
a result, a small perturbation around it leads to convergence towards
the interior steady state.

Overall, we observe that the interior steady state is stable, while
the boundary steady state is considered virtually stable. The virtual
stability arises when V and P disappear quickly in the system. In such
cases, the initial terms of P and V occupy only a fraction of ¢ in
the entire system, while the term Y dominates almost entirely. This
scenario satisfies the conditions for virtual stability, leading the system
to converge to the boundary steady state.

4. Pattern formulation in variational Gray-Scott models

In this section, we explore the pattern formulation in the variational
Gray-Scott model for different ¢ in one dimension.

For the classical Gray-Scott model (where ¢ = 0), stationary spatial
patterns correspond to non-uniform steady states of the system [13].
Additionally, traveling patterns exist, which correspond to traveling
wave solutions [27]. In [13], the authors compute steady states of
the classical Gray-Scott model in the domain 2 = (0,1) subject to
the non-flux boundary condition under the standard finite difference
discretization. The parameter values used are D, = 5 x 107%, D, =
25x 107, f = y, = 0.04, and k = 0.065. It shows that, under these
parameter values and the non-flux boundary condition, in addition to
the trivial uniform steady state (u,v) = (0, 1), the classical Gray-Scott
model has 6 non-uniform linearly stable steady states and 16 linearly
unstable nonuniform steady states, shown in Fig. 3. These steady states
are computed using homotopy continuation techniques. Their linear
stability is determined by analyzing the eigenvalues of the Jacobian
matrix at the steady states. Specifically, the spectrum is computed
numerically by solving the characteristic equation for the Jacobian. If
any eigenvalue has a positive real part, the steady state is unstable,
while if all eigenvalues have negative real parts, the steady state is
stable.

To explore pattern formation in the variational Gray-Scott model
for different e, we use these 23 steady states of the classical Gray-Scott
model as the initial conditions for (u, v). The initial conditions of p and
y are taken as

Yo(x) = f. (43)

We impose the same no-flux boundary conditions as in [13]. We then
examine the evolution of these initial conditions for various values of
¢, with the expectation that they serve as suitable starting points for
capturing pattern formation in the variational model. These initial con-
ditions can also be interpreted as spatially heterogeneous perturbations
of the two uniform steady states analyzed in the previous section.

We adopt a semi-implicit method, which treats the reaction part ex-
plicitly and the diffusion part implicitly, for the temporal discretization.
The spatial grid size is » = 1/256. Since the initial concentration of
species Y is y,/e, for smaller ¢, more Y exist and the total mass C,
defined in (27), is also larger. We consider ¢ = 1072, 10~*, and 1079,
corresponding to a relatively large e, an intermediate-sized e, and a
significantly small €, respectively.

po(x) =1,

4.1. € = 1072 relatively large €

We first consider a relatively large ¢ by taking ¢ = 102. Fig. 4(a)-(b)
shows the time evolution of different initial conditions for ¢ = 1072,
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Fig. 2. Numerical results demonstrating near-stability when Y dominates almost the entire system.
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Fig. 3. Steady states of the classical Gray-Scott model in the domain £ = (0, 1), subject to the non-flux boundary condition, with parameter values D, = 5x10™* and D, = 2.5x107%,
[ =y,=0.04, and k =0.065, computed in [13]: (a) Linearly stable steady states (u : solid line, v: dashed line). (b) Linearly unstable steady states (u : solid line, v: dashed line).

visualized through u(x,t) for x € (0,1) and ¢ € (0,40). The temporal
step size is set to A7 = 0.5. Numerical results show that decreasing the
temporal step size yields quantitatively similar solutions. The initial
conditions in Fig. 4(a) correspond to linearly stable steady states of
the classical Gray-Scott model, while those in Fig. 4(b) correspond to
linearly unstable steady states.

The simulation result shows that, for relatively large e, all initial
conditions, including the one with (v,v) = (1,0), converge to the
uniform interior steady state u,, as the concentration of U will decrease
to around 0. As a result, any non-uniform patterns in the limiting
system are destroyed in a relatively short time for a relatively large €.
This result is consistent with the theoretical analysis presented in the
previous section, as the interior steady state u, is a minimizer of the
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Fig. 4. (a) Numerical results for the variational Gray-Scott model with e = 1072 using linearly stable steady states of the classical Gray-Scott model as initial conditions. (b)
Numerical results for the variational Gray-Scott model with ¢ = 10~2 using linearly unstable steady states of the classical Gray-Scott model as initial conditions.

free energy and the boundary steady state is not virtually stable for a
relatively large e.

4.2, e = 10~*: Intermediate-sized ¢

Next, we consider an intermediate-sized ¢, ¢ = 107*. The time
evolution of different initial conditions for ¢ = 10~%, visualized by u(x, t)
for x € (0,1) and ¢ € (0, 1000), are shown in Fig. 5(a)—(b). The temporal
step size is set to A7 = 0.5. The initial conditions in Fig. 5(a) correspond
to linearly stable steady states of the classical Gray-Scott model, while
those in Fig. 5(b) correspond to linearly unstable steady states.

Unlike the case of ¢ = 1072, the initial condition with (u, v) = (1,0)
can converge to the boundary steady state. Additionally, there are four
initial conditions that converge to the boundary steady state u; quickly.
The result is consistent with the theoretical analysis that the boundary
steady state is virtually stable for small e. Other initial conditions tend
to converge to the interior steady state u, as the concentration of U
decreases. However, the convergence is very slow, and non-uniform
patterns can persist for a long time. Non-stationary patterns are still
observable at t+ = 1000. For further illustration, Fig. 6(a)-(b) show the
profile of u(x, 1) at t = 0,250,500,750 and 1000 for two different initial
conditions, corresponding to linearly stable solutions 4 and 6 in the
classical Gray-Scott model. The results clearly show that u(x, r) flattens
over time and its total mass decreases in both cases.

More interestingly, for ¢ = 10~*, we observe oscillating solu-
tions during the time evolution. In the original paper on the Gray-
Scott model [24], Gray and Scott demonstrate that the system exhibits
chemical oscillations even without diffusion.

To illustrate the oscillation in the variational Gray-Scott model, we
examine the solution with the initial condition corresponding to the

linearly unstable solution 4 (fourth image in Fig. 5(b)) in detail. Fig.
7(a)—(b) show the evolution of u(0.5,7) and v(0.5,7), as well as the total
mass of u and v, respectively. The plots show the damped oscillations
in the concentration of u and v, which are similar to the phenomenon
reported in Fig. 4 in [24] for the irreversible Gray-Scott model without
diffusion. After the oscillation, the solution behavior is similar to the
solution with the initial condition corresponding to the stable solution
3 (fourth image in Fig. 5(a)).

4.3. € = 107°: significantly small e

Next, we consider ¢ = 107°, a significantly small e. Fig. 8 shows
the simulation results for ¢ = 107°, visualized by u(x,?) for x € (0, 1)
and 7 € (0,1000). Again, the initial conditions in Fig. 8(a) correspond
to linearly stable steady states of the classical Gray-Scott model, while
those in Fig. 8(b) correspond to linearly unstable steady states.

Like the case with ¢ = 107, due to the virtual stability, the
initial condition with (u,v) = (1,0) converges to the boundary steady
state quickly. Additionally, more initial conditions will converge to the
boundary steady state quickly, compared with the case of ¢ = 1074,

Interestingly, for the initial conditions corresponding to six non-
uniform, linearly stable steady states in the classical Gray-Scott model,
the profiles of u and v remain unchanged throughout the evolution. In
other words, these linearly stable stationary patterns in the classical
Gray-Scott model can be stabilized as transient states in the varia-
tional model for a very long time when ¢ is significantly small. We
can view these solutions as quasi-steady states or quasi-stable patterns
as the (u, v)-component of the solution is unchanged. Fig. 9 shows the
concentrations of U, V, P, and Y at t = 0 and ¢ = 1000 for the initial
condition associated with the non-uniform linearly stable solution 5. It
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Fig. 5. (a) Numerical results for the variational Gray-Scott model with ¢ = 10~* using linearly stable steady states of the classical Gray-Scott model as initial conditions. (b)
Numerical results for the variational Gray-Scott model with ¢ = 10~* using linearly unstable steady states of the classical Gray-Scott model as initial conditions.
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Fig. 6. The profile of u(x,r) at = 0,250,500,750 and 1000 for two different initial conditions: (a) linearly stable solution 4 and (b) linearly stable solution 6.

can be observed that although the concentrations of U and V' remain
unchanged, the concentration of P increases while Y decreases by
the same amount. The effective dynamics of the whole system is to
transform Y to P. From the numerical experiments, one can expect the
system will reach the interior steady u, at the end as the concentration
of P increases and Y decreases. However, since the initial concentration
of Y is much larger than that of P, a significant time is needed to reach
the steady state. Consequently, the spatial pattern can be stabilized for
a long time if the concentration of Y is large, i.e., y(x) ~ f. Additionally,
there are four initial conditions, corresponding to linearly unstable
steady-state 5, 6, 9, and 10, which will initially evolve towards a quasi-
steady state and will remain unchanged in the (4, v)— components for

a long time. The simulation results indicate that the variational Gray-
Scott model can capture the formation of a stationary pattern in the
irreversible Gray-Scott model.

Similar to the case with ¢ = 1074, we observe damped oscillation
in the concentrations of u and v when the initial condition corresponds
to unstable steady-state 4, 14, 16. Fig. 10(a)—(b) show the evolution of
u(0.5,1) and v(0.5,1), as well as the total mass of u and v, respectively,
for the solution with the initial condition corresponding to the unstable
solution 4. Compared with e = le —4, the damping effect is smaller and
more oscillations can be observed. All oscillating solutions will reach
stable solution 3 after a long time.

Moreover, we observed two traveling-wave-like solutions when the
initial condition corresponds to unstable solutions 7 and 8. The ex-
istence of traveling wave solutions is one of the most interesting
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Fig. 8. (a) Numerical results for the variational Gray-Scott model with ¢ = 10~° using linearly stable steady states of the classical Gray-Scott model as initial conditions. (b)
Numerical results for the variational Gray-Scott model with ¢ = 107° using linearly unstable steady states of the classical Gray-Scott model as initial conditions.

phenomena in the classical Gray-Scott model [23,27,48,49]. These are
solutions with the form u(x,t) = U(z), v(x,t) = V(z) with z = x — ¢t for
some constant ¢, which is known as wave speed. As shown in Fig. 8,
after some initial evolution, two solutions exhibit a traveling-wave-like
behavior. Fig. 11 shows the profile of u in one of the traveling wave-
like solutions at ¢+ = 200.400, 600, 800 and 1000. Strictly speaking, it is
not a traveling wave, as the profile of u is also changed slightly. This
might be due to the boundary effect. Fig. 11(b) shows the location of
min(u), which shows a traveling-wave-like behavior. It remains an open
question whether real traveling wave solutions exist in the variational
Gray-Scott model, which will be investigated in future work.

10

The simulation results suggeste that the variational Gray-Scott
model can capture various pattern formation phenomena in the clas-
sical Gray-Scott model, including steady patterns, oscillating patterns,
and traveling-wave-like patterns when ¢ is significantly small. These
patterns appear in the variational model as transient states before the
system reaches the uniform steady state. It is worth mentioning that
the classical two-species Gray-Scott model is a subsystem of the four-
species variational Gray-Scott model. In this variational model, the
concentration of species Y is significantly larger than that of the other
species, so the dynamics of the system are predominantly governed
by the effective reaction Y == P. The initial condition of U and V'
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Fig. 10. Oscillation behavior for the solution with initial condition corresponding to the unstable solution 4. (a) Evolution of u(0.5,7) and v(0.5,7) with respect to time. (b) Evolution

of total mass of u and v with respect to time.

will determine the dynamics either transform Y to P or P to Y. In the
current study, since the concentration of P is taken as 1, which is much
smaller than that of Y, the system will converge to the boundary steady
state quickly if the essential dynamics is P to Y. We can observe the
pattern formation for a significantly long time if the essential dynamics
is Y to P. We will investigate the effects of the initial concentration of
P in future work.

Furthermore, the simulation results are consistent with the energy
stability analysis presented in previous sections. When e is large, all ini-
tial conditions converge to the interior steady state u,, which minimizes
the free energy. However, when ¢ is sufficiently small, the gradient
flow dynamics favor the boundary steady state u; for certain unstable
initial configurations, due to the virtual stability of the boundary
state in this regime. In this sense, both trivial steady states become
effectively “stable”. For some unstable steady states, the system tends to
evolve towards the boundary steady state. Particularly, when the initial
condition is close to the boundary steady state but far from the interior
one — particularly due to the large value of Y — the system rapidly
converges to the boundary state. In contrast, convergence to the interior
steady state is much slower, leading to the persistence of non-uniform
patterns.

5. Pattern persistence time v.s. €

In this section, we study the pattern persistence time in the varia-
tional Gray-Scott model with respect to e.

We consider two typical initial conditions, which correspond to the
non-uniform linearly stable solution 6 (the last solution in Fig. 3(a))
and the linearly unstable solution 3 (the third solution in Fig. 3(b)). The
first one will always converge to the interior steady state according to

11

the numerical simulation. The second one will converge to the interior
steady state for large ¢, but converge to the boundary steady state for
small e. We define the pattern time as

T = inf{t | max{max u(x,?) — minu(x, t), max v(x,t) — minv(x, 1)} < a}
X X X X

with « being significantly small since the vanishing of the pattern
indicates that both u and v are close to constant functions. We pick
a = 0.05 throughout this section. Fig. 12 shows the relationship between
the pattern persistence time and e for these two initial conditions.

For the linearly stable solution 6, the pattern persistence time
increases as ¢ decreases, and is of the order O(¢~!). For the linearly
unstable solution 3, it converges to the interior state for relatively large
e, and the pattern persistence time also increases with decreasing e,
following the order ©(e~!). However, the initial condition converges
to the boundary steady state for large ¢, and the initial pattern will be
destroyed faster for smaller €. The result is consistent with the previous
simulation and analysis.

We plot the evolution of free energy for two initial conditions with
different values of e. For ¢ = 1072, the free energy plot clearly shows
that both initial conditions converge to equilibrium around ¢ = 400. The
evolution of free energy for ¢ = 10~* follows a similar pattern, but it
takes significantly longer for both solutions to reach the trivial steady
state, as shown in Fig. 12. However, for ¢ = 107, the linearly unstable
steady state in the classical Gray-Scott model quickly converges to the
boundary steady state, although the free energy of this state remains
relatively large. For the linearly stable state in the classical Gray-Scott
model, while the (u, v)-components of the solution remain unchanged,
as shown in Fig. 13, the system’s free energy continuously decreases
over time. The free energy plot also suggests that the linearly stable
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stationary patterns in the classical Gray-Scott model serve as transition
states in the variational model.

To summarize, in order to have pattern formation in the variational
Gray-Scott model, one needs to have some particular initial condition
such that the variational model converges to the interior steady state,
in which all Y will convert to P. The pattern is maintained if the
concentration of Y stays large, analogous to the continuous feed of U
in the classical Gray-Scott model. The conclusion is similar to that in a
recent paper [50] on a slightly different thermodynamically consistent
three-species reaction—diffusion model, in which the authors show that
for a finite system, a specific Turing pattern exists only within a finite
range of total molecule number, and the presence of the third species
stabilizes the Turing pattern of the two species.

6. Conclusions

In this paper, we study the pattern formation of a thermodynam-
ically consistent variational Gray-Scott model, derived by an ener-
getic variational approach, in one dimension, using non-uniform steady
states of the classical model computed in [13] as initial conditions. The
variational Gray-Scott model includes a virtual term Y and reversible
reactions to the classical Gray-Scott model, transforming the system
into a thermodynamically consistent closed system. The classical Gray-
Scott model can be viewed as a subsystem of the variational Gray-Scott
model when the reverse reaction rate e tends to zero. By decreasing e,
we observed that stationary patterns in the classical Gray-Scott model

12

can appear as transient states in the variational model when ¢ is sig-
nificantly small. Additionally, the variational model admits oscillating
and traveling-wave-like solutions for small e. The results show the
capability of the variational model in capturing pattern formation.

We also analyze the energy stability of two uniform steady states,
an interior steady state and a boundary steady state, in the variational
Gray-Scott model. Although the interior steady state is always stable,
the stability region becomes significantly smaller as ¢ decreases. In
the meantime, the boundary steady state is virtually stable, i.e., is
stable with respect to the third reaction U == Y. For certain initial
conditions, since the concentration of Y (at order @(e~')) is much larger
than other species (at the order of O(1)) for small ¢, the gradient flow
dynamics will drive the system to the boundary steady state. In order
to observe pattern formation, one needs a special initial condition such
that the dynamics will not converge to the boundary steady state.

The variational Gray-Scott model offers a new mathematical frame-
work for understanding pattern formation from a thermodynamic per-
spective. The numerical simulation and theoretical analysis suggest that
pattern formation is maintained by the presence of species Y, i.e., the
continuous input of U in the classical Gray-Scott model. The initial
condition determines the effective direction of the reaction network,
and the pattern formation can only occur if the network continuously
generates the inert product P. Furthermore, for sufficiently small ¢, the
system’s free energy decreases over time due to the conversion of Y
to P, indicating that these patterns act as transition states in a larger,
closed system. This also implies that maintaining the pattern requires
a continuous energy input from the environment.
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The current study represents a first step towards understanding

pattern formation in biological systems from an energetic perspective.
Several open questions remain for the variational Gray-Scott model,
including: (1) Investigating the effect of varying the scale of small
parameter ¢; in the reaction network (6); (2) Analyzing the role of P in
pattern formation; (3) Examining more general initial conditions. We
will study these open questions in future work.

CRediT authorship contribution statement

Wenrui Hao: Writing — review & editing, Supervision, Method-
ology, Funding acquisition, Conceptualization. Chun Liu: Writing —
review & editing, Supervision, Methodology, Conceptualization. Yiwei
Wang: Writing — review & editing, Writing — original draft, Software,
Methodology, Investigation, Conceptualization. Yahong Yang: Writing
—review & editing, Writing — original draft, Methodology, Investigation,
Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.
Acknowledgments

CL was partially supported by National Science Foundation DMS-
2153029, DMS-2118181 and DMS-2410742. YW was supported by
National Science Foundation DMS-2153029 and DMS-2410740. YY and
WH are supported by NIH, United States via 1IR35GM146894.

Data availability

No data was used for the research described in the article.

References

[1]
[2]

J.D. Murray, Spatial models and biomedical applications, Math. Biol. (2003).
P. Maini, H. Othmer, Mathematical models for biological pattern formation, in:
Mathematics Inspired By Biology, Springer, 2001, pp. 153-176.

A. Turing, The chemical basis of morphogenesis: Philosophical transactions of
the roy al society of London. Ser. b, in: Biol. Sci, vol. 237, 1952.

D.M. Umulis, H.G. Othmer, The role of mathematical models in understanding
pattern formation in developmental biology, Bull. Math. Biol. 77 (5) (2015)
817-845.

P. Maini, R. Baker, C. Chuong, The turing model comes of molecular age, Science’
s STKE 2006 (335) (2006) pe30.

H. Othmer, S. Dunbar, W. Alt, Models of dispersal in biological systems, J. Math.
Biol. 26 (3) (1988) 263-298.

H. Othmer, L. Scriven, Instability and dynamic pattern in cellular networks, J.
Theoret. Biol. 32 (3) (1971) 507-537.

[3]

[4]

[5]

[6]

[7]

13

[8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

H. Othmer, K. Painter, P. Maini, Multiscale models of developmental systems,
Curr. Opin. Genet. Dev. 16 (4) (2006) 391-399.

S. Kondo, T. Miura, Reaction-diffusion pattern formation in development, Dyn.
Pattern. (2010) 103-126.

H. Meinhardt, A. Gierer, Pattern formation by local self-activation and lateral
inhibition, Bioessays 22 (8) (2000) 753-760.

G.F. Oster, J.D. Murray, A. Harris, Mechanical aspects of mesenchymal
morphogenesis, Development 78 (1) (1983) 83-125.

F. Wu, C. He, X. Fang, J. Baez, T. Ohnmacht, Q. Zhang, X. Chen, K.R. Allison,
Y. Kuang, X. Wang, A synthetic biology approach to sequential stripe patterning
and somitogenesis, BioRxiv (2019) 825406.

W. Hao, C. Xue, Spatial pattern formation in reaction—diffusion models: A
computational approach, J. Math. Biol. 80 (2020) 521-543.

S. Wu, B. Yu, Y. Tu, L. Zhang, Solution landscape of reaction-diffusion systems
reveals a nonlinear mechanism and spatial robustness of pattern formation, 2024,
arXiv preprint arXiv:2408.10095.

W. Hao, S. Lee, Y.J. Lee, Companion-based multi-level finite element method for
computing multiple solutions of nonlinear differential equations, Comput. Math.
Appl. 168 (2024) 162-173.

H. Zheng, Y. Huang, Z. Huang, W. Hao, G. Lin, HomPINNs: Homotopy
physics-informed neural networks for solving the inverse problems of nonlinear
differential equations with multiple solutions, J. Comput. Phys. 500 (2024)
112751.

W. Hao, J. Hesthaven, G. Lin, B. Zheng, A homotopy method with adaptive
basis selection for computing multiple solutions of differential equations, J. Sci.
Comput. 82 (1) (2020) 19.

Y. Wang, W. Hao, G. Lin, Two-level spectral methods for nonlinear ellip-
tic equations with multiple solutions, SIAM J. Sci. Comput. 40 (4) (2018)
B1180-B1205.

Y. Huang, W. Hao, G. Lin, HomPINNs: Homotopy physics-informed neural net-
works for learning multiple solutions of nonlinear elliptic differential equations,
Comput. Math. Appl. 121 (2022) 62-73.

J.E. Pearson, Complex patterns in a simple system, Science 261 (5118) (1993)
189-192.

X. Wang, J. Shi, G. Zhang, Bifurcation and pattern formation in diffusive
Klausmeier-Gray-Scott model of water-plant interaction, J. Math. Anal. Appl. 497
(1) (2021) 124860.

X. Chen, X. Lai, C. Qin, Y. Qi, Y. Zhang, Multiple-peak traveling waves of the
Gray-Scott model, Math. Appl. Sci. Eng. 4 (3) (2023) 154-171.

A. Doelman, T. Kaper, P. Zegeling, Pattern formation in the one-dimensional
Gray-Scott model, Nonlinearity 10 (2) (1997) 523.

P. Gray, S.K. Scott, Autocatalytic reactions in the isothermal, continuous stirred
tank reactor: Oscillations and instabilities in the system A+ 2B 3B; B C, Chem.
Eng. Sci. 39 (6) (1984) 1087-1097.

P. Gray, S.K. Scott, Chemical oscillations and waves, Chaos: Interdiscip. J.
Nonlinear Sci. 23 (2) (1984) 025112.

G. Hu, Z. Qiao, T. Tang, Moving finite element simulations for reaction-diffusion
systems, Adv. Appl. Math. Mech. 4 (3) (2012) 365-381.

Y. Qi, Y. Zhu, The travelling wave of gray-scott systems—existence, multiplicity
and stability, J. Biol. Dyn. 11 (sup2) (2017) 379-399.

H. Nakao, Collective dynamics in non-linear systems of coupled oscillators,
Nonlinearity 23 (1) (2010) R1.

W. Li, H. Zhang, X. Zhang, J. Guo, Turing patterns in multiplex networks, Phys.
A 470 (2017) 285-292.

A. Turner, A simple model of the belousov-zhabotinsky reaction from first
principles, 2009.

J. Schnakenberg, Simple chemical reaction systems with limit cycle behaviour,
J. Theoret. Biol. 81 (3) (1979) 389-400.

A. Gierer, H. Meinhardt, A theory of biological pattern formation, Kybernetik 12
(1972) 30-39.


http://refhub.elsevier.com/S0025-5564(25)00079-3/sb1
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb2
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb2
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb2
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb3
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb3
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb3
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb4
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb4
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb4
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb4
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb4
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb5
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb5
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb5
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb6
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb6
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb6
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb7
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb7
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb7
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb8
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb8
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb8
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb9
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb9
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb9
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb10
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb10
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb10
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb11
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb11
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb11
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb12
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb12
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb12
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb12
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb12
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb13
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb13
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb13
http://arxiv.org/abs/2408.10095
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb15
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb15
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb15
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb15
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb15
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb16
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb17
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb17
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb17
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb17
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb17
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb18
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb18
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb18
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb18
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb18
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb19
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb19
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb19
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb19
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb19
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb20
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb20
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb20
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb21
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb21
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb21
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb21
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb21
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb22
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb22
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb22
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb23
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb23
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb23
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb24
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb24
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb24
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb24
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb24
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb25
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb25
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb25
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb26
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb26
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb26
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb27
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb27
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb27
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb28
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb28
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb28
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb29
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb29
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb29
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb30
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb30
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb30
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb31
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb31
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb31
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb32
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb32
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb32

W. Hao et al.

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

G. Gambino, M. Lombardo, M. Sammartino, V. Sciacca, Turing pattern formation
in the Brusselator system with nonlinear diffusion, Phys. Rev. E— Stat. Nonlinear,
Soft Matter Phys. 88 (4) (2013) 042925.

J. Liang, N. Jiang, C. Liu, Y. Wang, T. Zhang, On a reversible Gray-Scott
type system from energetic variational approach and its irreversible limit, J.
Differential Equations 309 (2022) 427-454.

M. Giga, A. Kirshtein, C. Liu, Variational modeling and complex fluids, Handb.
Math. Anal. Mech. Viscous Fluids (2017) 1-41.

Y. Wang, C. Liu, Some recent advances in energetic variational approaches,
Entropy 24 (5) (2022) 721.

G. Fu, S. Osher, W. Li, High order spatial discretization for variational time
implicit schemes: Wasserstein gradient flows and reaction-diffusion systems, J.
Comput. Phys. 491 (2023) 112375.

J.W. Strutt, Some general theorems relating to vibrations, Proc. Lond. Math. Soc.
1 (1) (1871) 357-368.

L. Onsager, Reciprocal relations in irreversible processes. L., Phys. Rev. 37 (4)
(1931) 405.

L. Onsager, Reciprocal relations in irreversible processes. II., Phys. Rev. 38 (12)
(1931) 2265.

Y. Wang, C. Liu, P. Liu, B. Eisenberg, Field theory of reaction-diffusion: Law of
mass action with an energetic variational approach, Phys. Rev. E 102 (6) (2020)
062147.

14

[42]
[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

Mathematical Biosciences 385 (2025) 109453

J.L. Ericksen, Introduction to the thermodynamics of solids, 1992.

V.I. Arnol’d, Mathematical Methods of Classical Mechanics, vol. 60, Springer
Science & Business Media, 2013.

H. Ge, H. Qian, Dissipation, generalized free energy, and a self-consistent
nonequilibrium thermodynamics of chemically driven open subsystems, Phys.
Rev. E— Stat. Nonlinear, Soft Matter Phys. 87 (6) (2013) 062125.

G. Falasco, R. Rao, M. Esposito, Information thermodynamics of turing patterns,
Phys. Rev. Lett. 121 (10) (2018) 108301.

P.K. Maini, K.J. Painter, H.N.P. Chau, Spatial pattern formation in chemical and
biological systems, J. Chem. Soc. Faraday Trans. 93 (20) (1997) 3601-3610.
D.F. Anderson, G. Craciun, M. Gopalkrishnan, C. Wiuf, Lyapunov functions,
stationary distributions, and non-equilibrium potential for reaction networks,
Bull. Math. Biol. 77 (2015) 1744-1767.

V. Manukian, On travelling waves of the Gray-Scott model, Dyn. Syst. 30 (3)
(2015) 270-296.

Y. Kyrychko, K. Blyuss, S. Hogan, E. Schdll, Control of spatiotemporal patterns
in the Gray-Scott model, Chaos: An Interdiscip. J. Nonlinear Sci. 19 (4) (2009).
D. Zhang, C. Zhang, Q. Ouyang, Y. Tu, Free energy dissipation enhances spatial
accuracy and robustness of self-positioned turing pattern in small biochemical
systems, J. R. Soc. Interface 20 (204) (2023) 20230276.


http://refhub.elsevier.com/S0025-5564(25)00079-3/sb33
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb33
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb33
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb33
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb33
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb34
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb34
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb34
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb34
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb34
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb35
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb35
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb35
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb36
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb36
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb36
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb37
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb37
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb37
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb37
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb37
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb38
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb38
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb38
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb39
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb39
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb39
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb40
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb40
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb40
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb41
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb41
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb41
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb41
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb41
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb42
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb43
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb43
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb43
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb44
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb44
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb44
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb44
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb44
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb45
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb45
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb45
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb46
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb46
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb46
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb47
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb47
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb47
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb47
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb47
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb48
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb48
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb48
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb49
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb49
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb49
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb50
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb50
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb50
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb50
http://refhub.elsevier.com/S0025-5564(25)00079-3/sb50

	On pattern formation in the thermodynamically-consistent variational Gray-Scott model
	Introduction
	Variational Gray-Scott Model
	Derivation of the Variational Gray-Scott Models
	Formal limit of the Variational Gray-Scott Model

	Uniform steady states in the Variational Gray-Scott Model and their energy stability
	Stability of the interior steady-state
	Stability of the boundary steady-state

	Pattern formulation in Variational Gray-Scott Models
	ε= 10-2: relatively large ε
	ε=10-4: Intermediate-sized ε
	ε= 10-6: significantly small ε

	Pattern persistence time v.s. ε 
	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Data availability
	References


