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Mutual Information Measure for Glass Ceiling
Effect in Preferential Attachment Models
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Abstract—This article introduces a novel mutual information-
based measure to assess the glass ceiling effect in preferential at-
tachment networks, which advances the analysis of inequalities in
attributed networks. Using Shannon entropy and generalizing to
Rényi entropy, our measure evaluates the conditional probability
distributions of node attributes given the node degrees of adjacent
nodes, which offers a more nuanced understanding of inequality
compared to traditional methods that emphasize node degree
distributions and degree assortativity alone. To evaluate the effi-
cacy of the proposed measure, we evaluate it using an analytical
structural inequality model as well as historical publication data.
Results show that our mutual information measure aligns well
with both the theoretical model and empirical data, underscoring
its reliability as a robust approach for capturing inequalities in
attributed networks. Moreover, we introduce a novel stochastic
optimization algorithm that utilizes a parameterized conditional
logit model for edge addition. Our algorithm is shown to
outperform the baseline uniform distribution based approach in
mitigating the glass ceiling effect. By strategically recommending
links based on this algorithm, we can effectively hinder the glass
ceiling effect within networks.

Index Terms—Citation gap, directed mixed preferential attach-
ment (DMPA) model, glass ceiling effect, mutual information,
Rényi entropy.

I. INTRODUCTION

THE glass ceiling effect is a subtle yet profound barrier
that keeps certain groups of people from attaining equal

advancement or visibility. Social networks are an important
area where the glass ceiling effect arises. For instance, fac-
ulty hiring networks have been used to examine inequality
and hierarchical structure in university prestige and gender [1].
Coauthorship of articles enables us to examine how researchers
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collaborate and what factors have the strongest impact on that
collaboration [2]. Studies of citation networks have uncovered
structural inequalities that adversely affect the research influ-
ence of scholars from particular groups [3] or based on gender
[4]. Notably, female researchers often face underrecognition,
with their work frequently appearing in less prestigious journals
[5] and receiving fewer citations [6].

In this article, we employ the mutual information measure,
derived from Shannon entropy and more generally Rényi en-
tropy, to quantify the glass ceiling effect in an attributed net-
work. Specifically, we demonstrate that the mutual information
between the conditional probabilities of two nodes linked by
a randomly selected edge provides critical insights into the
reduction of uncertainty regarding the attributes of the nodes,
conditioned on their degrees. In this context, the conditional
probability indicates the likelihood of encountering particular
attribute values for a node, given its degree. This measure
reflects the complex dependencies in an attributed network and
allows us to identify the presence of glass ceiling effect. It helps
identify whether a node’s demographic traits, such as gender,
have an impact on the recognition or attention she receives
within the network.

The proposed mutual information measure offers several ad-
vantages over existing measures such as power inequality [7],
moment glass ceiling [7], tail glass ceiling [7], and gendered
citation gap [4], which rely solely on the separate degree dis-
tributions of two gender groups.

1) Capturing General Dependencies: The mutual informa-
tion measure takes into account the entire degree distri-
bution and its relationship with node attributes, such as
gender. This allows it to capture general dependencies
between degrees and attributes, beyond simple linear re-
lationships. In contrast, measures such as assortativity [8]
only consider linear correlations, potentially overlooking
more complex associations.

2) Efficient Optimization: By transforming the discrete op-
timization problem into a stochastic optimization [9]
over the probability space of edge addition, the mu-
tual information measure enables the development of
computationally efficient algorithms. This transformation
makes it easier to explore and optimize network structures
while considering the interplay between node degrees and
attributes. Existing measures, which focus on separate
degree distributions, may not lend themselves to such
optimization techniques.
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3) Analytical and Computational Utility: The proposed
method represents a novel application of information the-
ory, specifically mutual information, to network science
[10]. By quantifying the reduction in uncertainty about
node attributes given node degrees, it provides a princi-
pled and interpretable framework for analyzing attributed
networks. This approach offers both analytical insights
into the relationships between degrees and attributes and
computational tools for optimizing network structures
based on these relationships.

In summary, the mutual information measure goes beyond
simple comparisons of separate degree distributions by cap-
turing general dependencies, enabling efficient optimization,
and providing a principled information-theoretic framework for
analyzing attributed networks. These advantages make it a valu-
able addition to the existing set of network inequality measures,
offering new perspectives and computational possibilities for
understanding and mitigating disparities in network structures.

This article is organized as follows.
Section II provides an overview of related work, including

discrete choice models for networks, the glass ceiling effect,
and information-theoretic measures. In Section III, we intro-
duce the concept of an attributed network and propose a novel
mutual information measure to quantify the glass ceiling effect.
We also introduce a data structure, the joint degree and attribute
matrix (JDAM), for efficient computation. Section IV presents
a stochastic optimization algorithm designed to mitigate the
glass ceiling effect by minimizing the proposed mutual infor-
mation measure. Finally, Section V evaluates the effectiveness
of our measure through simulations and real-world citation
network analysis.

II. RELATED WORK

A. Discrete Choice in Networks

An array of studies [11], [12], [13] delve into the process of
network formation through a discrete choice theory framework.
These studies propose that the origins of network inequal-
ity could be traced back to factors that influence decision-
making processes.

In particular, Overgoor et al. [11] portray network growth
as a sequence of discrete decisions made by each node to
form connections with others. They utilized the multinomial
logit (MNL) model to articulate the probability of selecting
each alternative, integrating various network features such as
preferential attachment and homophily. Gupta and Porter [13]
subsequently introduced the repeated-choice (RC) model as
an advanced tool to study network formation. This RC model
addresses certain limitations of the MNL model, notably the
presumption that each node makes only one decision and shares
a common choice set. Furthermore, to comprehend the effects of
degree and attribute assortativity on network formation, Sadler
[14] formulated a diffusion game. In this game, each node
elects whether to adopt a new behavior. To demonstrate the
diffusion of this new behavior, Sadler employed a branching
process on a randomly generated network, where nodes are
chosen based on a configuration model. Concurrently, this study

investigates how to extend degree and attribute assortativity to
their nonlinear counterparts using mutual information.

In this present work, we similarly employ a conditional logit
model to add edges based on an optimized probability distri-
bution, thus extending the application of the proposed mutual
information measure.

B. Glass Ceiling Effect in Networks

A variety of discrete-time network models [3], [7], [15] have
been proposed to effectively represent the dynamics of the glass
ceiling effect.

Avin et al. [7] put forth a preferential attachment model of
undirected networks to study the glass ceiling effect. In this
model, the presence of preferential attachment, homophily, and
minority groups are deemed necessary and sufficient conditions
for the emergence of the glass ceiling effect. Subsequently,
Nettasinghe et al. [3], [15] developed the directed mixed pref-
erential attachment (DMPA) model. This model weaves di-
rected preferential attachment and homophily into the growth
dynamics of a directed graph, containing both a minority and
a majority group. They conducted thorough analyses of the in-
degree and out-degree distributions of the minority and majority
groups within the DMPA model. As such, the DMPA model
delves into the glass ceiling effect by examining the interaction
between the structure and dynamics of directed networks. Teich
et al. [4] recently investigated the under-citation of women’s
contributions in contemporary physics and explores ways to
mitigate this gendered citation gap. The authors analyzed over
1 million articles published in 35 physics journals between
1995 and 2020, using a name-based gender categorization.
The authors define the over/under-citation of an author gender
category as the percent difference between the actual number of
citations received and the expected number of citations based
on a gender-blind model. The article also discussed strategies to
mitigate the gender citation gap at individual, journal, and com-
munity levels, such as including citation diversity statements
and reconsidering reference list length limits.

In our study, we employ the DMPA model to examine the effi-
cacy of the proposed mutual information measure. In particular,
we compute mutual information from each network snapshot
generated from the DMPA model simulation. This approach
enables the depiction of the evolution of the glass ceiling effect
over time, making it highly compatible with existing models.

Some recent works provide critical insights that challenge
conventional models such as the Barabási–Albert (BA) model,
and offer new perspectives that could enrich our understanding
of glass ceiling effect in networks. The embedding model dis-
cussed by Papadopoulos et al. [16] introduces a new perspective
on how node popularity and similarity contribute to network
growth, diverging from the traditional view that primarily em-
phasizes node degree. Similarly, the works by Benson et al.
[17] and Shang et al. [18] provide further evidence of the
evolving nature of network theories. Benson et al. challenge
the simplistic view of network organization by introducing the
concept of higher order structures. On the other hand, Shang
et al. offer a model that incorporates community structures into
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network growth, which is crucial for understanding assortativity
and heterogeneity within networks.

C. Information Theoretic Measures for Networks

Another line of research relevant to this study is information
theory for networks. Wiedermann et al. [19] adapted Shannon
entropy to network science. They introduced a statistical com-
plexity measure that utilizes the divergence between the actual
network and an appropriate reference model, such as a random
network, to classify complex networks. Radicchi et al. [20] uti-
lized maximum entropy principle which quantifies the tradeoff
between the entropy of the network ensemble and the entropy
of its compressed representation to explain the heterogeneity in
a spatial network.

In addition to network entropy, [21] proposed a network
fisher information measure to assess the degree of disor-
der within a network and evaluate regime transitions of ran-
dom networks in the Shannon–Fisher plane. Furthermore, [22]
suggested an information content measure that captures the
distinction between a network’s degree heterogeneity and the
assortative noise present within it.

Inspired by these noteworthy network information-theoretic
measures, our study introduces a novel Rényi mutual infor-
mation measure. In addition to considering the degree and
joint degree distribution, we also incorporate attribute and joint
attribute distributions to quantify attribute inequality within
the network.

III. PROPOSED METHODOLOGY

This section begins by introducing the key concepts of at-
tributed networks, remaining degree distribution, and the joint
remaining degree distribution of adjacent nodes, which are
essential for defining the information content of a network.
Then, we propose the mutual information, that incorporates
node attributes to measure the information content of an at-
tributed network. Then, we introduce an extension of mutual
information, mutual information, and demonstrate its superior
correlation coefficient with node attribute assortativity. This
analysis offers critical insights into the role of node attributes
in network edge formation and emphasizes the importance of
incorporating these attributes into network inequality analysis.
Our proposed mutual information measure provides a valu-
able tool for assessing the impact of node attributes on net-
work structure and can aid in mitigating structural inequalities
in networks. Notations used in this article are summarized in
Table I.

A. Definition of an Attributed Network

We describe an attributed network as a directed multigraph
with node labels, G= (V,E,w, f), where V is the set of nodes;
E ⊆ V × V is the set of directed edges between nodes; w :
E → Z

+ denotes the edge multiplicities; f : V →{±1} assign
a binary label to each node based on a demographic attribute

TABLE I
SYMBOLS USED IN THIS ARTICLE

Symbols Description

G The attributed network

V The fixed node set of the network
E The edge set of the network
w The edge multiplicities function
f The node attribute function

pout(k), pin(k) The node degree distribution
qout(k), qin(k) The remaining node degree distribution

e(k, k′) The joint remaining degree distribution
H The Shannon entropy
Hα The Rényi entropy
Iα The mutual information measure

such as gender.1 The adjacency matrix A can be defined as

Aij =

{

w(i, j), if (i, j) ∈ E

0, otherwise.
(1)

Drawing a parallel to a citation network for illustration, an
edge (i, j) indicates that the target node j cites the source node
i, meaning the edge’s orientation represents the flow of infor-
mation or influence from node i to node j. Consequently, the
out-degree of node i, denoted as dout(i), quantifies the number
of times others cite node i, whereas the in-degree, denoted as
din(i), quantifies the number of times node i cites other nodes.
We have that

dout(i) =
∑

(i,j)∈E

w(i, j), din(i) =
∑

(j,i)∈E

w(j, i). (2)

The out-degree distribution is defined as pout(k), k =
0, 1, . . . , kmax

out , where pout(k) denotes the probability that a ran-
domly chosen node in the graph will have an out-degree of
k. Similarly, the in-degree distribution is defined as pin(k),
k = 0, 1, . . . , kmax

in , where pin(k) denotes the probability that a
randomly chosen node in the graph will have an in-degree of
k. Here, kmax

out and kmax
in represent the maximum out-degree and

in-degree observed in the graph, respectively.
We are interested here in the remaining out-degree distribu-

tion [8] defined as

qout(k) =
(k + 1)pout(k + 1)

∑

j∈{1,...,kmax
out }

jpout(j)
, k ∈ {0, . . . , kmax

out − 1} (3)

which quantifies the distribution of the number of edges leaving
a node, other than the edge that we arrived along. Similarly, the
remaining in-degree distribution is defined as

qin(k) =
(k + 1)pin(k + 1)

∑

j∈{1,...,kmax
in } jpin(j)

, k ∈ {0, . . . , kmax
in − 1} (4)

which quantifies the distribution of the number of edges enter-
ing a node, other than the edge that we arrived along. The re-
maining degree distributions are important because they capture

1We can do the partition based on other attributes as well in citation
networks, such as the prestige of authors’ institutional affiliation [3] and the
majority/minority identity.
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Fig. 1. We display the out-degree dout(i), the remaining out-degree d−out(i),
and the node attribute f(i) of the source node i and the in-degree din(j), the
remaining in-degree d−in (j), and the node attribute f(j) of the target node j
in an attributed network.

the probability of reaching a node with a certain degree when
following a randomly chosen edge in the graph.

Now, we define e(k, k′) to be the joint probability distribu-
tion of the remaining out-degree k of the source node and the
remaining in-degree k′ of the target node at the ends of a ran-
domly chosen edge. This quantity is not necessarily symmetric,
meaning that e(k, k′) may not be equal to e(k′, k). It obeys
the sum rules

∑

k,k′ e(k, k′) = 1,
∑

k′ e(k, k′) = qout(k), and
∑

k′ e(k′, k) = qin(k). Fig. 1 shows the statistics of a pair of
nodes connected by a directed edge, including the remaining
out-degree d−out of the source node, the remaining in-degree d−in
of the target node, and their respective attributes.

B. Mutual Information Measure of an Attributed Network

In this section, we define the mutual information measure
of an attributed network, where network degree information is
readily accessible, such as the number of citations an author
has received. However, node attributes, such as gender, research
area, or academic rank, may not be entirely determined by node
degrees. To capture this, we propose the mutual information
framework, which assesses the decrease in uncertainty about
node attributes when considering node degrees. This framework
quantifies the extent to which node degrees provide information
about node attributes, even when the attributes are not entirely
dependent on the degrees, which proves to be a useful measure
of glass ceiling effect.

1) Shannon Mutual Information: The Shannon entropy2 of
a network with respect to the remaining degree distribution (3)
and (4) are defined as follows:

H(qout) =−
∑

k∈{0,...,kmax
out −1}

qout(k) log(qout(k))

H(qin) =−
∑

k′∈{0,...,kmax
in −1}

qin(k
′) log(qin(k

′)) (5)

which quantifies the heterogeneity of the network’s remaining
out- and in-degree distributions.

Furthermore, the network’s information content [22] (also
referred to as information transfer in [10]) can be determined by
considering the joint distribution of the remaining out-degree
j of the source node and the remaining in-degree k of the
target node at the ends of a randomly chosen directed edge.
Specifically, the information content is defined as

I(qout; qin) =H(qout)−H(qout|qin) (6)

2We assume logarithm to base 2 throughout the article.

where

H(qout|qin) =
∑

k′∈{0,...,kmax
in −1}

qin(k
′)

∑

k∈{0,...,kmax
out −1}

πout(k|k
′) log

1
πout(k|k′)

=
∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

e(k, k′) log
qin(k

′)

e(k, k′)
(7)

is the conditional entropy defined via conditional probabili-
ties πout(k|k

′) = (e(k, k′)/qin(k
′)) of observing a node with k

edges leaving it provided that the node at the other end of the
chosen edge has k′ incoming edges. In information-theoretic
terms, H(qout|qin) is equivocation (nonassortativity) between
qout and qin, i.e., the assortative noise within the network’s
information channel [23].

Given the entropy and the conditional entropy, the informa-
tion content (6) can be expressed as

I(qout; qin) =
∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

e(k, k′) log
e(k, k′)

qout(k)qin(k′)
(8)

which measures the amount of network degree correlations, i.e.,
the information of an author’s degree conveyed by degrees of
authors she cites.

2) Rényi Mutual Information: The Rényi entropy [24], [25]
is a generalization of Shannon entropy and has many applica-
tions in fields such as unsupervised learning, source adaptation,
and image registration. The Rényi entropy of order α is defined
as follows for the node remaining degree distribution q:

Hα(qout) =
1

1 − α
log

⎛

¿

∑

k∈{0,...,kmax
out −1}

qout(k)
α

À

⎠

Hα(qin) =
1

1 − α
log

⎛

¿

∑

k′∈{0,...,kmax
in −1}

qin(k
′)α

À

⎠ (9)

where α ∈ (0, 1) ∪ (1,+∞). The limiting value of Hα as α→
1 is the Shannon entropy (5). The conditional Rényi entropy (7)
is defined following Hα(q|qin) =Hα(qout, qin)−Hα(qin):

Hα(qout|qin) =
1

1 − α
log

⎛

⎜

¿

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

e(k, k′)α

∑

k′∈{0,...,kmax
in −1} qin(k′)α

À

⎟

⎠
.

(10)

Replacing the Shannon entropy in the definition of mutual
information (6) by the Rényi entropy, one obtains the Rényi
mutual information

Iα(qout; qin) =Hα(qout)−Hα(qout|qin)

=
1

1 − α
log

⎛

⎜

⎜

⎜

⎜

¿

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

qout(k)
α
qin(k

′)α

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

e(k, k′)α

À

⎟

⎟

⎟

⎟

⎠

.

(11)
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Now taking the node attributes into account, we define the
joint mutual information as

Iα(qout,mout; qin,min)=Hα(qout,mout)−Hα(qout,mout|qin,min)
(12)

which is the mutual information between the two bivariate
variables (qout,mout) and (qin,min) that stand for the degrees
and the attributes of a pair of two adjacent nodes connected by
a directed edge. It can be expanded as

Iα(qout,mout; qin,min)

=
1

1 − α
log

⎛

⎜

⎜

⎜

⎜

¿

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

∑

c∈{±1}
c′∈{±1}

p(k, c)αp(k′, c′)α

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

∑

c∈{±1}
c′∈{±1}

p(k, c, k′, c′)α

À

⎟

⎟

⎟

⎟

⎠

(13)

where p(k, c) and p(k′, c′) represent the joint distribution of
degree and attribute for the source node and the target node,
respectively, whereas p(k, c, k′, c′) represents the joint distri-
bution of degree and attribute of a pair of nodes connected by
a directed edge.

The proposed mutual information measure is defined as the
conditional mutual information of the attributes of neighboring
nodes given the degrees of the nodes

Iα = Iα(mout|qout;min|qin)

= Iα(qout,mout; qin,min)− Iα(qout; qin)
(14)

where the mutual information is specifically defined between
the conditional probability distributions of node attributes given
node degrees of adjacent nodes.

We can rewrite (14) as

Iα =
1

1 − α
.

log

⎛

⎜

⎜

⎜

⎜

¿

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

∑

c∈{±1}
c′∈{±1}

e(k, k′)αp(k, c)αp(k′, c′)α

∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

∑

c∈{±1}
c′∈{±1}

qout(k)αqin(k′)αp(k, c, k′, c′)α

À

⎟

⎟

⎟

⎟

⎠

.

(15)

The Shannon mutual information is the special case of (15)
when α→ 1

I =
∑

k∈{0,...,kmax
out −1}

k′∈{0,...,kmax
in −1}

∑

c∈{±1}
c′∈{±1}

(

p(k, k′, c, c′)

log
qout(k)qin(k

′)p(k, k′, c, c′)

e(k, k′)p(k, c)p(k′, c′)

)

. (16)

Iα quantifies the increase in information content of an at-
tributed network due to the inclusion of node attributes. In other
words, Iα provides insight into the additional information that
node attributes can offer beyond what can be explained by
degree assortativity alone, thereby enabling a more accurate
assessment of the underlying network inequality and glass
ceiling effect.

Fig. 2. Representation of the JDAM (17) for an attributed network. Up-
per section displays an attributed network G alongside its corresponding
adjacency matrix A; centrally located on the left is the JDAM. The other
three visuals illustrate aggregating the JDAM across rows, columns, and
attributes to derive the joint distributions (18). These visuals demonstrate
the usefulness of the JDAM in computing the information content (6) and
the mutual information (15). We disregard any (k, c) where p(k, c) = 0 and
(k′, c′), where p(k′, c′) = 0 to represent JDAM more concisely.

To visualize Iα for an attributed network, we first de-
fine the (out-degree, attribute) group Bout(k, c) = {i|qout(i) =
k, f(i) = c} as the set of nodes that have remaining out-degree
k and attribute c. The number of (out-degree, attribute) groups
is capped at 2kmax

out , each representing a unique combination of
out-degree and attribute values. Similarly, we define the (in-
degree, attribute) group Bin(k, c) = {i|qin(i) = k, f(i) = c} as
the set of nodes that have remaining in-degree k and attribute c.
The JDAM [26], is defined by the count of edges that link nodes
from the (out-degree, attribute) group (k, c) to the (in-degree,
attribute) group (k′, c′)

JDAM((k, c), (k′, c′)) =
∑

i:qout(i)=k,
f(i)=c

∑

j:qin(j)=k′,
f(j)=c′

w(i, j) (17)

which capture the co-occurrence of node degrees and attributes
for nodes that are connected by a directed edge within the
network. Fig. 2 shows an example citation network and its
corresponding JDAM.

Driven by the observation that the JDAM corresponds to the
joint degree and attribute distribution of connected node pairs
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p(k, k′, c, c′), we can group its rows or columns by node degrees
or attributes, leading to the following formulations:

e(k, k′)∝
∑

c∈{±1}
c′∈{±1}

JDAM((k, c), (k′, c′))

p(k, c)∝
∑

k′∈{0,...,kmax
in −1}

c′∈{±1}

JDAM((k, c), (k′, c′))

p(k′, c′)∝
∑

k∈{0,...,kmax
out −1}

c∈{±1}

JDAM((k, c), (k′, c′))

qout(k)∝
∑

k′∈{0,...,kmax
in −1}

c′∈{±1},c∈{±1}

JDAM((k, c), (k′, c′))

qin(k
′)∝

∑

k∈{0,...,kmax
out −1}

c∈{±1},c′∈{±1}

JDAM((k, c), (k′, c′)). (18)

Given the above reformulation, we are now able to calculate Iα
(15) derived entirely from the JDAM.

C. Existing Glass Ceiling Measures

In this part, we examine alternative measures for assessing
glass ceiling effect. For illustrative purposes, we use gender
categories as node labels within a citation network context.

1) Power Inequality [7]: Power inequality is defined as
the ratio of the average degree of male authors to that of
female authors

power =

∑
i:f(i)=+1 d(i)

|i:f(i)=+1|
∑

i:f(i)=−1 d(i)

|i:f(i)=−1|

(19)

where label +1 represents male and −1 represents female.
2) Tail Glass Ceiling [7]: Tail glass ceiling interprets the

most powerful positions as those held by the highest degree
nodes, and is defined as the ratio of the number of male authors
with degree at least k to that of female authors with degree
at least k

tail =
|i : f(i) = +1, d(i)≥ k|

|i : f(i) =−1, d(i)≥ k|
. (20)

3) Moment Glass Ceiling [7]: Moment glass ceiling ex-
tends from (19) by considering the second moment of the degree
sequences of male authors and female authors

moment =

∑
i:f(i)=+1 d

2(i)

|i:f(i)=+1|
∑

i:f(i)=−1 d
2(i)

|i:f(i)=−1|

. (21)

Nevertheless, neither moment glass ceiling nor the previously
mentioned measures are inherently tailored for directed graphs.

4) Gendered Citation Gap [4]: This is an additional metric
for comparison which specifically examines the phenomenon
where publications by women are cited less frequently, while
those by men receive disproportionately more citations. Define
MW as the total count of instances where a female author cites
a male author, and WM as the total count of instances where a

male author cites a female author. Let n1, n2, n3, n4 be the num-
ber of citations received by male authors, received by female
authors, given by male authors, and given by female authors.
It is evident that the sum of citations received by males and
females equals the sum of citations given by males and females,
i.e., n1 + n2 = n3 + n4. The over/under-citation of an author
gender category is defined as the percent difference between the
actual number of citations received and the expected number of
citations based on a gender-blind null model

gap =

MW
n1n4/(n1+n2)

WM
n2n3/(n1+n2)

=
MWn2n3

WMn1n4
(22)

where n1n4/(n1 + n2) denotes the expected number of cita-
tions received by male authors given by female authors.

IV. STOCHASTIC OPTIMIZATION FOR REDUCING THE

NETWORK INEQUALITY

As discussed in Section III, the proposed mutual informa-
tion measure quantifies the glass ceiling effect in an attributed
network. In this section, our goal is to mitigate the glass ceil-
ing effect by optimizing the mutual information measure. Our
approach involves using a parameterized distribution to sample
the edges to be added to the network. By updating the param-
eterized sampling distribution through stochastic optimization,
we aim to maximize the expected value of the mutual informa-
tion measure. This approach is superior to deterministic edge
addition or removal as it guarantees a local optimum, and it is
effective in reducing inequalities such as the glass ceiling effect.
It achieves this objective through random link recommendation,
which preserves privacy [27].

A. Stochastic Optimization Problem Formulation

In order to optimize the proposed mutual information mea-
sure of a network, we consider adding an edge between node
in (out-degree, attribute) group (k, c) and node in (in-degree,
attribute) group (k′, c′). By doing so, we increase the en-
try [(k + 1, c), (k′ + 1, c′)] in JDAM by one while reducing
the entry [(k, c), (k′, c′)] by one. The set of possible (out-
degree, attribute) groups and (in-degree, attribute) groups be-
fore and after the edge addition are Vout = {0, . . . , kmax

out } ×
{±1} and Vin = {0, . . . , kmax

in } × {±1}, respectively. The edge
space is thus E = Vout × Vin, which is 4(kmax

out + 1)(kmax
in + 1)

dimensional.
To formulate the optimization problem, we define the objec-

tive function as the change in mutual information resulting from
adding an edge to the network, i.e., Q(x) = Iα(E ∪ {x})−
Iα(E), where x ∈ E and E ∪ {x} represents the edge set after
the edge addition. However, we demonstrate with a counterex-
ample in Fig. 3 that the discrete optimization problem

x∗ ∈ argmin
x∈E

Q(x) (23)

is not submodular. Specifically, we find that Iα(Ea ∪ {x})−
Iα(Ea) =−0.218 < Iα(Ec ∪ {x})− Iα(Ec) = 0.551, even
though Ea ⊂ Ec.
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Fig. 3. Example illustrates a scenario where the discrete optimization
problem (23) is shown to be not submodular. We present the attributed network
at the top and the corresponding JDAM at the bottom. (a) Original network.
(b) Network with one additional edge. (c) Network with another additional
edge. Sequentially, we add one edge from (a) to (b) and then from (b) to (c).
As a result, the Iα increases from 0 to 0.551 but subsequently decreases to
0.333. Therefore, the performance of greedy algorithm cannot be guaranteed.
To address this, we relax the original problem into an optimization over the
probability distribution space of edge additions. We describe the application
of the stochastic optimization algorithm in Algorithm 1, demonstrating how
it navigates the solution space to optimize the objective function in a
nonsubmodular landscape.

To overcome this challenge, we relax the problem into
a stochastic optimization across probability distributions of
edges, with these distributions defined by a |E|-dimensional
parameter θ. The stochastic optimization algorithm allows us to
find locally optimal solutions in a randomized manner. Specif-
ically, we employ a distribution to select which edges to add
to the network and update the distribution via stochastic opti-
mization to maximize the expected value of Iα. This approach
effectively resolves the edge addition problem while reducing
the glass ceiling effect.

Consider a family of probability mass functions f(x; θ) on
E , parameterized by the conditional logit model with separate
fixed effect θi for each edge i

fi(E ; θ) =
exp(θi)

∑|E|
i=1 exp(θj)

. (24)

Then, we formulate the optimization problem as

θ∗ = argmin
θ∈R|E|

C(θ)

= argmin
θ∈R|E|

Ex∼f(E;θ){Q(x)}. (25)

Here, we optimize the probability distribution of the edges in
(25), where the objective function is the expected increase in
mutual information with respect to the probability distribution.

In the following section, we explain how we use the simulta-
neous perturbation stochastic approximation (SPSA) algorithm
[28] to solve this stochastic optimization problem effectively.

B. Stochastic Optimization Algorithm

We use the SPSA algorithm [28], [29] to estimate the gradient
of the new objective function with respect to each component
of θ. One of the key advantages of SPSA is that it requires

Algorithm 1 SPSA based algorithm to estimate θ∗

Input: Initial parameterization θ(0); JDAM of the current
network.
Output: Estimate of the (locally) optimal solution θ∗ of the
conditional logit model for edge addition (25).

1: for k = 0, 1, · · · do

2: Simulate the |E|-dimensional vector dk with random
elements

dk(i) =

{

+1 with probability 0.5

−1 with probability 0.5
(26)

3: Sample an edge x from E using f(E ; θ(k) +∆dk) (24),
where ∆> 0.

4: Compute the change in the mutual information,
C(θ(k) +∆dk).

5: Sample an edge x from E using f(E ; θ(k) −∆dk).
6: Compute C(θ(k) −∆dk).
7: Obtain the gradient estimate using (28).
8: Update θ(k) via stochastic gradient descent

θ(k+1) = θ(k) + ε∇̂C(θ(k)) (27)

9: end for

only two simulations of the objective function, regardless of
the dimension |E| of the optimization problem.

Algorithm 1 outlines the SPSA implementation. In the kth
iteration, all elements of θ undergo a random perturbation.
A vector dk made up of {±1}with a Bernoulli (0.5) distribution
is scaled by a factor3 ∆> 0 and added and subtracted from
θ. Then, by sampling the edge addition using the distribution
represented by the two perturbed θ, the objective function C(θ)
(25) is evaluated twice. The derivative of C(θ) with respect to
θ is approximated by

∇̂C(θ(k)) =
C(θ(k) +∆dk)− C(θ(k) −∆dk)

2∆
dk. (28)

Finally, the stochastic gradient algorithm can be used to update
θ. As the SPSA algorithm employs stochastic gradient descent
(28), and the objective function may not be convex, the algo-
rithm can only converge to a local stationary point. However, in
practice, local optima can still provide useful solutions. Specif-
ically, SPSA converges to a sampling distribution that is a local
maximum of the objective function.

In Section V-C, we demonstrate the practical effectiveness
of our approach through numerical results. This application
holds significant implications for fostering a more inclusive and
equitable scientific community.

V. NUMERICAL EVALUATION

In this section, we demonstrate the ability of the proposed
mutual information measure to quantify the glass ceiling effect

3∆ affects the bias-variance tradeoff as the bias in the derivative estimate
(28) is proportional to ∆2 whereas the variance is proportional to 1/∆2 [29].
In practice, we carry out a grid search over the parameters {∆, ε} to identify
an optimal parameter set for the SGD algorithm (27).
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in citation networks, using both analytical models and real-
world datasets. Additionally, we apply Algorithm 1 (Section IV)
to a real-world citation network to optimize the distribution over
edge addition, with the goal of reducing glass ceiling effect.
Our results demonstrate that the optimized conditional logit
model outperforms uniformly random edge addition, with a
significant improvement in reducing the growth of the proposed
measure. These findings highlight the importance of consid-
ering the distribution of edge additions in reducing the glass
ceiling effect in citation networks. The code and datasets used
in the experiments are publicly available at GitHub.

A. DMPA Model

We presented the DMPA model [3] in this section. We also
employed a condensed version of it to validate the mutual
information proposed in Section III.

The DMPA model examines glass ceiling effect by modeling
connection patterns in a growing citation network based on
preferential attachment, minority group and homophily, as well
as the rate at which new authors join. The two node types, m
and f where f represents the minority group, correspond to the
binary labels c ∈ {±1} defined in Section III-A. The network
starts with a single node of typem that has bidirectional directed
edges with another node of type f . At each time step, one of
the three edge addition events occurs:

1) With probability p, a new node appears and an existing
node cites it. The new node is assigned type f with prob-
ability p(f)≤ (1/2) and m with probability 1 − p(f).
The potential citing node is chosen from the existing
nodes with probability proportional to their in-degrees
plus a constant δ. A new citation edge is then created
based on the probability matrix

Patt =

[

ρatt 1 − ρatt

1 − ρatt ρatt

]

. (29)

Specifically, an edge is added with probability ρatt ∈
(0, 1) if both nodes have the same type. If not, an edge
is added with probability 1 − ρatt. A value of ρatt > 0.5
suggests the presence of homophily, indicative of a glass
ceiling effect. We simplify the model by assuming nodes
with different types share the ρatt, making Patt symmetric.

2) With probability q, a new node appears and cites an ex-
isting node. The new node’s type is assigned in the same
manner as in case (1). The potential cited node is chosen
from the existing nodes with probability proportional to
their out-degrees plus a constant δ. Then, a new citation
edge is created based on Patt (29).

3) With probability 1 − p− q, a new edge is created be-
tween two existing nodes. Both the citing and cited nodes
are chosen independently based on their in- and out-
degree, and they are connected based on Patt (29).

In this DMPA model, p(f) controls the imbalance between
type m and f , while ρatt determines whether the nodes are ho-
mophilic or heterophilic, which is integral to understanding the
glass ceiling effect. At ρatt = 0.5, nodes display no preference,
being equally likely to connect with similar or different types.

Fig. 4. We plotted the correlation coefficient r between the proposed
mutual information measure Iα and the analytical model’s parameter ρatt
(Section V-A1), across various values of α ranging from 0.1 to 3. Correlation
coefficient r consistently exceeded 0.8. Additionally, we fitted a linear
regression curve based on r and α, but the results were not significant,
suggesting that the choice of α is not crucial for analyzing the glass
ceiling effect.

In the simulation, we set ρatt ≥ 0.5, representing scenarios that
include the glass ceiling effect. Then, we vary its value from
0.5 to 0.95 and calculate the correlation between ρatt and the
proposed mutual information measure Iα.

1) Effects of Rényi Mutual Information Order: To identify
the optimal order α for the mutual information measure, we
carried out a series of numerical experiments by adjusting α
values from 0.1 to 3. For each α, we calculated the correlation
coefficient r between Iα and ρatt. This correlation was used to
determine the most effective α value.

As illustrated in Fig. 4, regardless of the chosen order α,
the correlation coefficient r between Iα and ρatt consistently
exceeds 0.8. Additionally, a linear regression curve was fitted to
demonstrate the weak relationship between α and r, supporting
our assertion that the order α is not crucial in analyzing the glass
ceiling effect.

Choosing an order α= 1 which is equivalent to Shanon’s
entropy and standard mutual information captures information
on all the elements on the distributions, while still emphasizing
the elements with high probabilities. In the subsequent experi-
ments, we will use Iα with α= 1.

2) Evaluation of the Rényi Mutual Information With the

DMPA Model: In the simulation,4 we set p(f) ∈ [0.1, 0.5] so
that type f corresponds to the minority. We vary ρatt from 0.5
to 0.95 which covers a spectrum of homophily. We set p=
q = 0.15 and δ = 10. For each combination of the parameters
{p(f), ρatt}, we generate a network with 5000 edges.

Fig. 5 displays Iα of networks simulated using various
combination of {p(f), ρatt}. The scatter plot reveals a posi-
tive correlation between the mutual information measure and
ρatt. Additionally, we display a plot of Iα versus ρatt for dif-
ferent p(f) in Fig. 6. This further supports the positive cor-
relation between Iα and ρatt, affirming the effectiveness of
the proposed mutual information measure in capturing the
glass ceiling effect. On the other hand, Fig. 7 illustrates

4We used the code provided by authors of [3]: https://github.com/ninoch/
DMPA.
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Fig. 5. Mutual information Iα of networks that were simulated from various
combinations of p(f) and ρatt under the DMPA model, which indicates
the positive correlation between Iα and ρatt. p(f) ∈ [0.05, 0.5] represents
the proportion of the female nodes, while ρatt ∈ [0.50, 0.95] represents the
probability that two nodes with the same gender connect with each other.

Fig. 6. Relationship between Iα and ρatt of networks simulated from the
DMPA model. Different colors represent different proportions of female nodes
p(f) ∈ {0.1, 0.2, 0.3, 0.4, 0.5}. Positive correlation supports our claim that
increased homophily leads to a higher mutual information measure, indicating
that greater emphasis is placed on node attributes and there is a stronger
manifestation of the glass ceiling effect.

Fig. 7. Relationship between the gendered citation gap (22) and ρatt.
Plot demonstrates that the gendered citation gap fails to exhibit a positive
correlation with the parameter ρatt, which is associated with the glass
ceiling effect.

the relationship between the gendered citation gap (22) and
ρatt, which fails to reveal a strong correlation between these
two metrics.

Fig. 8. This figure displays the evolution of the mutual information measure
across five academic fields, alongside the gendered citation gap for each field.
Mutual information measure reveals varying trends: a decrease over time in
political science suggests reduced gender influence in citations, while steady
increases in physics and psychology indicate a growing glass ceiling effect.
Management shows a stable trend with a notable spike in 2018, likely due to
data anomalies. Except for physics, all fields exhibit a positive correlation
between the mutual information measure and the gendered citation gap,
demonstrating the measure’s effectiveness in capturing the dynamics of the
glass ceiling effect across disciplines.

B. Empirical Analysis of Publication Data

To confirm that mutual information measure is useful in
quantifying the glass ceiling effect in real-world data, we use
the publishing records from public datasets. We use the bib-
liographic data of publications in the field of physics, man-
agement, psychology, political science, and economics [3]. The
authors’ genders are extracted using third-party APIs.5 We con-
struct citation networks as follows. We group the articles in each
field based on the publication year to build the network per field
per year. Because the dataset for the field of Physics comprises
of articles published before 2019, we build citation network for
all the five fields from 2003 to 2018.

Fig. 8 illustrates the evolution of the proposed mutual infor-
mation measure across the five fields examined in this study.
The figure also displays the gendered citation gap (22) in rela-
tion to the mutual information measure. In four out of the five
fields studied, a positive correlation is observed between the
proposed measure Iα and the gendered citation gap, indicating
that the proposed measure is consistent with existing metrics.
Notably, the physics (APS) dataset is an exception to this trend.

Furthermore, the analytical DMPA model (Fig. 7) demon-
strates that the gendered citation gap fails to exhibit a positive
correlation with the parameter ρatt, which is associated with the

5https://namsor.app/; https://www.gender-api.com/.
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Fig. 9. This figure depicts the impact of edge addition on the mutual
information measure within the 2012 physics citation network. Horizontal axis
shows the number of edges added, with both axes presented on a logarithmic
scale. Contrary to the baseline approach that uses a uniform distribution for
edge addition, the results indicate that the optimized conditional logit model
(Section IV) results in a less significant increase in the mutual information
measure Iα. This suggests that the optimized model is effective in reducing
the glass ceiling effect.

glass ceiling effect. In contrast, the proposed measure success-
fully captures the glass ceiling effect (Fig. 6), suggesting its su-
periority over existing metrics in quantifying this phenomenon.

Specifically, in political science, Iα shows a gradual de-
cline over time, suggesting a decreasing focus on gender as
a factor influencing citation patterns. Conversely, in physics
and psychology, Iα consistently rises over the years, indicating
an intensifying glass ceiling effect where gender increasingly
influences citation dynamics. In management, the glass ceiling
effect remains relatively stable, except for a notable increase
in 2018, which may be attributed to incomplete citation data.
These trends provide critical insights into the changing land-
scape of gender-based disparities in citation practices within
various academic fields.

C. Optimization on Randomized Edge Addition

Previous numerical experiments on real-world citation net-
works show that mutual information measure Iα depicts the
glass ceiling effect of a network over time. We implement
Algorithm 1 in Section IV and show that the Iα can be opti-
mized using randomized edge addition.

We use the citation network in physics from year 2012 as an
example. As can be seen in Fig. 8, Iα is relatively high. We use
a parameterized conditional logit model (24) to select edges
to add to the network. θi, i= 1, . . . , |E| is initialized using a
standard normal distribution. We run the algorithm for 10 000
iterations.

We add various numbers of edges to the original network
using the conditional logit model to evaluate the optimization
result. The baseline method adds the same amount of edges but
uses a uniform distribution. Fig. 9 shows that both the attribute
assortativity γatt and the degree assortativity γdeg increase more
in the baseline method compared with the optimized conditional
logit model. As such, by recommending links in a random-
ized fashion, optimization on mutual information could reduce

inequality in a network while preserving the privacy of the
network participants.

VI. CONCLUSION

This article quantifies the glass ceiling effect in networks
using the mutual information measure (based on Shannon and
more generally, Rényi entropy) between the conditional proba-
bility distributions of node attributes given the degree of adja-
cent nodes. Compared to existing measures, mutual information
measure accounts for both demographic information and node
degrees, making it a more comprehensive measure of node
attribute information in networks. We illustrate the efficacy of
the mutual information measure through various examples and
simulations using an analytical network growth model (DMPA
model). Our results indicate that although this measure aligns
with existing metrics, it uniquely identifies the glass ceiling ef-
fect in scenarios where existing metrics fall short. Then, we ap-
ply the proposed measure to citation networks and demonstrate
its ability to identify structural inequality and track the evolu-
tion of the glass ceiling effect across different research fields
over time. Our results suggest strategies to support minority
scientists and demonstrate the potential of mutual information
to contribute to a better understanding of glass ceiling effects
in networks.
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