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Abstract

Energy-conserving Hermite methods for solving Maxwell’s equations in dielectric and dis-
persive media are described and analyzed. In three space dimensions, methods of order 2m
to 2m + 2 require (m + 1)* degrees-of-freedom per node for each field variable and can be
explicitly marched in time with steps independent of m. We prove the stability for time steps
limited only by domain-of-dependence requirements along with error estimates in a special
semi-norm associated with the interpolation process. Numerical experiments are presented
which demonstrate that Hermite methods of very high order enable the efficient simulation
of the electromagnetic wave propagation over thousands of wavelengths.
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1 Introduction

Hermite methods are general-purpose discretization schemes for solving time-dependent par-
tial differential equations exploiting the unique projection properties of the Hermite-Birkhoff
interpolation [2]. Hermite methods are particularly well-suited for hyperbolic equations for
two reasons.

e In contrast with typical polynomial-based element methods, Hermite methods for hyper-
bolic problems can march in time in interior domains with a time step, At, limited only by
domain-of-dependence constraints, cAt < Ax, independent of the polynomial degree.

e The cell updates require no communication with neighboring cells, so high-order Hermite
methods essentially maximize the computation-to-communication ratio.
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Examples of the application of Hermite methods in the hyperbolic case include the original
dissipative formulation [7] as well as more recent energy-conserving forms [3, 19, 20], which
treat the scalar wave equation and the first-order acoustic system. The method presented
here generalizes the conservative Hermite method to the more complex dispersive Maxwell
system. This generalization requires some additions to the algorithms to handle the dispersion
models as well as substantial changes to the convergence analysis even in the dielectric case.
We note that [3, 19, 20] also include implementations on GPUs where the localization of the
cell updates can be exploited. Although not considered here, we expect that efficient GPU
implementations of the proposed schemes are possible and we hope to explore them in the
subsequent work.

Here we consider the general dispersive Maxwell system:
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We assume Lorentz models for the temporal convolutions; precisely, with s the Laplace
transform variable dual to time,
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Here we include the frequency dependence not only of the permittivity but also of the perme-
ability to account for simple homogenized models of metamaterials. Note that more general
models, as discussed in [16], could also be treated, and applications to the nonlinear dis-
persive media have been completed and will appear in follow-up publications. As our focus
here is on energy-conserving discretizations, we will consider cases where the dissipation
can be neglected, y,,j = i, ; = 0, where the Lorentz model reduces to a so-called Sellmeier
model. We eliminate the convolutions by introducing additional fields K, L;, R;, and S; to
obtain
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After rescaling the variables, we can rewrite (1)—(5) in the form
Vv aw
—_— = Ap— + MW —TyV, 6
o Xk: L v (6)
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Here, in a 3 x 3 block form, the skew-symmetric matrices A; encode the curl operator

3 5 Vx 00
ZAk—:c 0 00}, c:(eu)fl/Z,
periC 0 00
M is given by
0 0 —diag(we, ;)
M = 0 0 diag(Q.,;) |,

diag(wp, ;) —diag(Ry, ;) 0
and the dissipation matrices are nonnegative and diagonal,
'y =diag(00 v, ;), T'w =diag(0 0y, ;).

Spatial derivatives are only applied to E and H, and the characteristic speeds are ¢, 0. We
thus conclude that the domain-of-dependence, which is fundamental to the application of
Hermite methods, is unaffected by the dispersive corrections. In addition, an energy given
by || V||i2 + ||W||]2~2 is conserved or dissipated (modulo boundary contributions), and the
number and type of admissible boundary conditions are the same as for Maxwell’s equations
in a simple dielectric.

We note that a number of alternative discretization schemes have been proposed to simulate
Maxwell’s equations in the linear dispersive media. For example, extensions of the Yee
scheme are analyzed by Bokil and Gibson in [5]. Discontinuous Galerkin methods have been
considered by a number of authors [10, 14, 17, 18] and edge elements are studied by Yang et
al. [21]. Finite difference methods on overlapping meshes are analyzed and tested by Banks
et al. in [4]. The potential advantage of the methods we propose in comparison with these
alternatives is the possibility for efficient implementations of very high-order approximations
as well as the minimal communication requirements during large time steps.

2 Conservative Hermite Discretization of the Dispersive Maxwell
System

The essential ingredients of all Hermite methods are:

i. acuboidal primal and dual grid,
ii. degrees-of-freedom defined by tensor-product Taylor polynomials at the cell vertices,
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iii. cell polynomials constructed as tensor-product Hermite-Birkhoff interpolants of the vertex
data,
iv. local (cell-wise) evolution to produce the updated degrees-of-freedom at dual cell nodes.

Our focus here is on energy-conserving methods exploiting the special structure of the
Maxwell system. To that end, we assume that y, ; = ¥;,,; = 0. In our subsequent discussion,
we will indicate how the method can be modified to include dissipation. We note that the
original dissipative Hermite method analyzed by Goodrich et al. [7] is directly applicable
to the dispersive Maxwell system. In contrast with the scheme proposed here, in the dis-
sipative method, all fields are defined on both the primal and dual grid and thus at every
time step. The energy, as measured in the Hermite-Birkhoff semi-norm defined below, is
then decreased by the interpolation process at each step. A comparison between the dissi-
pative and nondissipative discretizations for the scalar wave equation is presented in [3].
As might be expected, there is an efficiency advantage with the conservative discretization
only needing to evolve half as many variables per step, which is manifested in the numer-
ical experiments as a reduction in solution time by almost a factor of two. In addition, in
some cases, the exact energy conservation may be a desired feature. If dissipative models are
used, however, the original method can be used at a higher order than the method proposed
here due to time step restrictions associated with the multistep formula used to evolve the
dissipative terms. We are assuming a uniform Cartesian mesh and piecewise uniform media.
Methods for treating mapped grids to accommodate smooth boundaries are straightforward
to implement and will be briefly discussed later on. We are also exploring the use of purely
Cartesian meshes and embedded boundaries [8]. Denote the vertices on the primal cells by
(X1,j1> X2, j5» X3, j;) and on the dual cells by (x, RS jg) with fg = jor+ 1/2. Lastly set
Ax = Xk, ji41 — Xk, jp = =Yk

We define V and W at dlfferent tlme levels th = nAt, thr12 = (n + 1/2)At, and on
different grids. Using the standard multi-index notation, we define the degrees-of-freedom
to be

ah Axle! o
./'1:.[2,]3 (ty) ~ TD V(xl,j1 » X2, 70 X3, j35 ), ©)
lor]
le 5 o nij2) & Wx) 55%5 35 X3 55 Int1/2) (10)

with
a=(a,0,03), 0<o;<m, |ol=a+o+as.

To describe the numerical process assume, we know Vjo: };2 i (t,) and Wﬂ AN (t,,+1 /2)-
1,J2+]

Our goal is to update V. The first step is to compute the tensor-product Hermlte Birkhoff
interpolant of the W data. Precisely, we determine the unique tensor-product vector-valued
polynomial

2m+12m+12m+1

7 k k; k
Wj],jz,j3(xlvx2sx3) = Z Z Z Ck],kg,k3(xl _xl,j]) 1()62 _xz,jz) 2()63 _x3,j3) 3

k1=0 k=0 k3=0
satisfying the interpolation conditions

Axlal
o!

Wit o js Kji1/2, o172, j3£1/2) = 1:|:l/2 atl1/2, j3i1/2(tn+1/2) (11
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To evolve, we choose ¢ and use the Taylor approximation

(A[/2)2K leK lV

q
Vitar)) = V(t)) +2)
(=1
The time derivatives can be recursively computed using only W:

W), o) 8
=2Ak%+MWj|,j2,jgv (12)
k x"

Z 1
(ZAk+M) (ZATB MTVH>. (13)

We emphasize that the functions V¢ are all tensor-product polynomials. Thus, the updated
data can be obtained by simply differentiating the temporal Taylor series in space:

|Oé| q (AI/Z)ZZ—I
4
Vel ) = 11,2,3(zn)+ . “<2ZMV Kjijojs)- (14)
=1

The procedure for updating W from #,_1,2 to t,,11 /2 is completely analogous; we list the
steps below for completeness. First, compute the interpolating polynomial ‘7;1 b satisfying

A g, e 15
a! o2 /%( Ji1/2, o1/2, /zil/Z) ,i]/z Jat1/2, j3i1/2( n): (as)
Then compute time derivatives recursively:
Wl — ZATa g T (16)
- LT JtJ2.gs’
k
3 awt!
wt = (ZAZG T) (ZAk 3 +MWZ_1>. (17)
k " Kk
Finally, update the solution data:
lej 2 (tn+1/2) f ;2’;3(1‘,;71/2)
Axlel I (a2t
+—D 2;7(% Y W x5 ). (18)

2.1 Dissipative Corrections

To include the dissipation terms in the evolution, we propose solving a differential equation
for these terms using an implicit Nordsieck method in a predictor-corrector form as described
by Byrne and~Hindmelrsh [6]; see also [8, Ch. III-6]. For example, consider corrections to
(14). Define Dy and Dy as solutions to the differential equations:

aD aD

sV =-TIyV, w

ot ot

Note that since the dissipation matrices are diagonal and equal to zero in many blocks, these
equations do not involve all the variables. The degrees-of-freedom in the Nordsieck method

— TyW. (19)
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are the coefficients of a temporal Taylor polynomial scaled by the time step. Precisely, we
have the space-time representations within a cell and at time levels #,, t,,1/2:

qN k
(rt—tn)
Dy ji o, js (61, %2, X3, 1) % 3 DV jy k31, 32, 33) =7, (20)
k=0
qN k
- - (t — tuy1/2)
Dy, 5 5 5 (1, x2,x3, 1) NZDW,il,fz,fs,k(xl*xz’x3)7A,k ; 21

k=0

where DV j1,j2.J3,k 18 @ tensor-product polynomlal in (x1, x2, x3) represented as V in (9) and

DW,/1,/2,,/3J< is represented as W in (10). Then DW nin sk is computed via the Hermite-

Birkhoff spatial interpolation exactly as W, leading to

l (t — tyg12)*
~ n
D W.ji.j2s ]%(xl X2, X3,1) X Z DW g2, 73 k(x1 X2, X3) Atk :
k=0

Maintaining the structure of (14), we must simply incorporate the additional terms in the

formulas (12)—(13), evaluating all terms involving Dv ji,ja.j3 and DW Jidni at ty11)2:

3Dy j, jp.j

ZA 11 J2.J3 + MWJ] s Véj;,n,n’ (22)
9 Ty, 0—1
= Z Ap—+M -MTy
Xy
k
2-2p 20—1 )
+8 DW J1J2. 03 0 Dy ji.jo.j3 (23)
9720-2 9720—1 :

Here we note that we are using the predicted values of Dy ; that is the space-time polynomial
centered at f,,. Since it is interpolated, the terms involving DW will have the tensor-product
degree 2m + 1 while Dy will only be of degree m. Due to the shrinking stability domain of the
Nordsieck methods with increasing gy, we limit the order used to represent the dissipative
terms. Therefore, the formal temporal order of the method will now be less than the spatial
order for large values of m.

We must also update the Taylor representation (20), enforcing (19) at #, 41 using the for-
mulas derived by Byrne and Hindmarsh [6]. Coefficients of the predicted values of Dy | J1 23
are simply obtained by recentering (20):

& ) =t ) & (t —tn)*
Z DV,,il.jz,j3J<(x1 » X2, x3)T Z DV J1.J2.J35 k(x1, x2, XB)Ttk'
k=0 k=0

The updates are written in terms of coefficients £; 4., j =0, - - - , gy, defined by

IN T Vs +h)ds
sz,CINu] = IIN 1
i f ]_[ (s +k)ds

Then, with all quantities representing spatial polynomials,

§=—

(p)
(AtF vie Dy, jm’l),
Lgn
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Dy - o (p)
Dv ji.jp.jsk = DV sk T 8Lkqy-

The dissipative correctlons at the other half-step are analogous with the roles of Dy and
Dy reversed. That is, v and Dy appear in the formulas, and Dy is updated using the
predictor-corrector scheme.

We remark that the implicit assumption in this procedure is that the dissipative corrections
are small. Then we expect that their inclusion will have a negligible effect on the time step
stability constraints. Although we exclude these terms in our analysis we include them in one
of the numerical examples. We then find that in some cases the order reduction is significant
and hence sometimes favors the use of lower values of m than in the nondissipative cases.

2.2 Implementation in Mapped Coordinates and Compatibility Conditions

The methods we have proposed are most efficient for the piecewise uniform media. In partic-
ular, the recursions (12)—(13) and (16)—(17) require significantly fewer operations when no
differentiations of the coefficients are needed. At boundaries and interfaces some modifica-
tions are required. As mentioned above, we are experimenting with the embedded boundary
and interface methods. Although it is at this time unclear if that method can be extended to a
high order, it should be possible to combine it with higher-order methods away from bound-
aries and interfaces. The alternative is to use mapped cells where necessary and to use the
equations in conjunction with the interface conditions to extend the solution to ghost nodes.
This approach is proposed by Loya et al. [13]. We note that one can choose to either define
the component vectors in reference to a fixed Cartesian system or also transform them into
components referenced to the mapped system as proposed for the Yee scheme in [9]. In either
case, the only change to the method appears in the details of the recursions. As suggested
in [13], using a representation of the mapping as a Taylor polynomial of a sufficiently high
order centered in the cell, the additional cost involves the multiplication of the derivatives of
the field interpolants by the coefficients arising from the mapping. For example,

V3 or; 3V
xp I dx drj’

increasing the cost due to the three polynomial multiplications. Note that these multiplications
can be truncated according to the eventual truncation of the update.

The major complication in the implementation of Hermite methods is the imposition
of the boundary and interface conditions. This stems from the need to provide the normal
derivative data to update the solution in the cells adjacent to the boundary. For the dissipative
formulation, three approaches have had success.

i. Coupling with discontinuous Galerkin discretizations in a possibly unstructured mesh
near the boundary [1]. Here local time-stepping in the DG elements allows us to retain
the large global time steps in most of the domain.

ii. The correction function method [12]. This involves a weighted least squares construc-
tion of a space-time polynomial near the boundary. Penalty terms in the least squares
construction involve the boundary evolution, Maxwell’s equations, and a match with the
Hermite evolution in nearby volume cells.

iii. Compatibility conditions [13]. Here one uses the boundary conditions along with the
equation and its normal and tangential derivatives to compute the missing data required
to evolve the polynomial at the boundary.
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Of these methods, only the compatibility approach has been demonstrated to work with
a conservative Hermite method, namely the scheme for the scalar wave equation studied by
Appelo et al. [3]. As such it is not directly applicable to the Maxwell system studied here
though it is a promising avenue for future research to explore its extension to the present case.
Consider the example of a flat PEC boundary x; = constant. Then if the mesh containing
the magnetic field is aligned with the boundary the problem is to determine the electric field
and its derivatives at a dual ghost node. This is easily accomplished by assuming that the
tangential fields are extended as odd functions and the normal field as an even function.
Extending this procedure to a curved boundary and mapped coordinates leads to an algebraic
system enforcing a zero tangential field along the boundary and a zero normal derivative of
the projection of the electric field in the normal direction. In [13], the scalar wave equation is
considered and the sixth-order convergence for a conservative Hermite scheme with m = 3
is demonstrated.

3 Stability and Convergence

To establish the stability and convergence of the proposed method, we exploit the projection
property of the Hermite-Birkhoff interpolation process defined by (11) and (15) along with
standard interpolation error estimates. (See [3, 7, 20] for detailed proofs.) We will assume
throughout this section that the solution is 2m-periodic in each Cartesian coordinate and
denote the domain by T. Denote by Z,,, the interpolation operator; to cut down on the required
notation, we use the same symbol for interpolation on the dual and primal grids. The essential
property is expressed as the orthogonality of interpolants and interpolation errors in the semi-
inner product (24), which we will call the HB inner product. Introducing the notation for the
L? inner product of vector-valued functions

3
T T T
(u, v>(L2(’IF))3 :/ / / Zuj(xl,xz,x3)vj(x1,x2,x3)dx1dx2dx3,
— T — T — 7T .
Jj=1

we define for any vector functions f and g the semi-inner-product
a3m+3 f a3m+3 g

m+1q m+1lq m+1~ m+1q m+1q m+l :
0x] " 0xy " Ox3 0x] " 0xy " 0x3 >(L2(TF))3

(f:8m =< 24)

Define the Hermite-Birkhoff interpolation operator Z,, by setting Z,,, f for a periodic function
f to be the periodic piecewise polynomial f defined as in (11) or (15). (To keep the notation
as simple as possible, we do not distinguish between the interpolation on the primal and dual
grids.) Then we have

(Zmf,8 —Zm&m=0. (25)

Denoting by | - |2,, the semi-norm associated with the semi-inner-product, (25) implies the
Pythagorean Theorem:

|l = T f o + | f = T f - (26)

We will focus on establishing the stability and convergence for the case of a dielectric
medium. That is, we set M = I'y = I'yy = 0 and thus only need to evolve the electric and
magnetic fields E and H. Since the dispersive terms present themselves as zero-order per-
turbations to the dielectric system, they are straightforward to include, at least suboptimally,
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once the principal order terms have been handled. The analysis in the dielectric case consists
of three main parts.

i. Using the Fourier series, we establish an exact conservation law for the Maxwell system
staggered in time. This law holds in any Sobolev semi-norm, including the HB semi-norm
defined above.

ii. Using the fact that the Hermite method can be written as an exact evolution followed
by interpolation, we establish a discrete conservation law which is closely related to the
exact conservation law for the continuous system restricted to the HB semi-norm. In
particular, it differs only by terms arising from the interpolation error.

iii. Comparing the exact and discrete conservation laws we derive error estimates.

Lastly, we extend the analysis to dispersive models without dissipation using a more standard
energy argument, but leveraging the stability analysis in the dielectric case.

3.1 Conserved Quantities for the Continuous Problem

Expanding in a Fourier serigs in space, 1et E (k, 1), H (k, t) be the Fourier coefficients of
the symmetrized variables E = \/€eE, H = /uH. They satisfy the ordinary differential
equations

IE L 0H R
— —ick x H, — = —ick x E. 27
ot ot
For k # 0, set k = |k|l€. We will make use of an orthogonal decomposition of the fields
E = Es+ En, H = Hgs + Hy defined for any vector function U by
Uy (k) = kk"O k), Usk) = U (k) — Uy (k). (28)
We also define the operator C applied to any vector function U by
CU(k) =k x U(k), (29)
and note the identities which follow from elementary identities satisfied by the cross-product

CU = CUs, C2Us =~Us, [CUsh)| = |Ts0)|. (30)

The last identity combined with Parseval’s relation implies that C preserves all Sobolev norms
of U S.
We also define operators S* asin [3, 20]:

SEU (k) = eHkIA2 () ), 31)
noting that S~ = S** and that the operators are unitary:
STS— =88t =1. (32)

In addition, they commute with the operator C and the orthogonal decomposition onto S and
N vector components. Using these operators, we define the following functions:

PE(x, 1) = Eg(x,t) F STCHg(x, 1 — A1/2),
O (x, 1 + At/2) = Hs(x, 1 + At/2) + STCEs(x, 1), (33)

and prove the following continuous conservation law.
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Theorem 1 For the dielectric system M = I'y = Ty = 0 and any Sobolev norm or semi-

norm
IPEC.t+ AD| = Q5. t + At/2)|| = [|PE(C. D).
Proof Consider first the exact formula for the electric field:

1 (At/2)2Z71

TR (Vx)*THx, t + At)2).

E(x,t+ A1) = E(x, 1) + 22(—1)
(=1

In the Fourier space, we have

)Z—l (At/z)ZZ—l

G- (ickx)* " TH (K, 1 + At/2)

o0
Ekt+An=Ek)+2) (-1
(=1
o Giclk|At/2)%¢!

= Ek,1)+2) (1) STty

=1
Using (IQX)ZZ—II-AI = (—1)5‘112 x H leads to

(iclk|At/2)2t1

Ek,t+At)= Ek, 1)+ (22 =D

=1
= E(k, 1) + (elKIA/2 _ oMM s (K, t + At)2).

)12 x H(K, 1 + At/2)

kx)?"VH K, t 4+ A1/2).

(34)

Repeating a similar procedure for the magnetic field, the exact evolution formulas in terms

of C and S* take the form:

EX, 1+ At) = Ex, 1)+ (ST —S7)CH(x,t + At/2),
H(x,t+ At/2) = Hx,t — At/2) — (ST = S7) CE(x.1).

(35)
(36)

Rewriting these in terms of the orthogonal decompositions (28) and utilizing (30), we have

Es(x, 1+ At) = Eg(x,1) + (ST — S7) CHs(x, t + At/2),
Hs(x,t 4+ At/2) = Hg(x,1 — At/2) — (ST — S7) CEs(x, 1),
EnXx,t+ At) = En(x, 1),
Hy (X, t + At/2) = Hy(x,t — At/2).

(37
(38)
(39)
(40)

Assuming V - E = V - H = 0 initially, (39)-(40) simply imply that the fields will be
solenoidal at all subsequent discrete times. (We will assume this to be true when estimating

the errors.) Again using (30) and (32), we rewrite the evolution formulas (37)—(38):
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PY(x,t+ A1) =—=5COT(x, 1t + At/2),
P (X,t+ A1) = STCO™(x, 1 + At/2),
O (x,t+ At/2) = S CPT(x,1),

O (x,t +At/2) = —STCP™(x,1).

(41)

Equation (34) then follows due to the norm preserving properties of the operators S* and C.

3.2 Conserved Quantities for the Discrete Problem

We now note that for polynomial data the recursions (13) and (17) will terminate once the
number of spatial derivatives exceeds the degree. For the tensor-product polynomials of the
total degree 6m + 3, we have

Ve=W¢=0, £>3m+2.

Thus, if we take ¢ = 3m + 2 the cell polynomials are evolved exactly. Moreover, if we obey
the CFL restriction

cAt < ml.(ax Axy, 42)

then we have the following lemma. Here we define Eh, H" to be the Hermite-Birkhoff
interpolants of the vertex data and define the quantities PO a5in (33).

Lemma 1 For the dielectric system M = T'y = 'y = 0,if ¢ = 3m +2 and (42) holds, then
the quantities P Ef’v, Qi*h, and Hz}\l/ computed from the approximations, E" H" 1o the
symmetrized variables satisfy the evolution formulas:

P (x, t + A1) + Efy(x,1 + A1)

-_1, (S_CQ+’h(X, t+ At/2) — El(x, t))

— (=T, (STCQ ™ (x, 1 + At/2) + Ef(x, z)) ,
P=M(x,t + A1) + El(x, 1 + A1)

—7, (S*CQ*»h(x, {4+ At/2) + El(x, t))
(=T (S_CQ""h(x, t+ A1)2) — El(x, z)) ,
O (x, 1 + At/2) + H (x, t + At/2)

=7, (STCPT .0+ Hly(x. 1 = A1/2))

(43)

(=T (S*CP*”’(X, 0 — Hl(x, 1 — At/Z)) ,
O~ M (x, t + At/2) + HY (x, 1 + At/2)
-1, (S*CP"h(x, n—Hx, 1 — At/Z))

— (=T (S_CP+”1(X, 0+ H(x.t — At/2)) .

Proof Assuming (42), the domain of dependence of the solution at the cell centers on either
grid lies completely within the cell. Therefore, since the cell polynomial is updated exactly
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if we take ¢ = 3m + 2, the data used to compute the Hermite-Birkhoff interpolants is the
exact evolution of the approximate solution at the previous times. Thus, the only error over
a time step is the interpolation error which can then be projected onto the various solution
components. The further complications in (43) in comparison to (41) arise from the fact
that the projections do not commute with Z,,,. Recalling that Z,, is a projection the discrete
evolution formulas are

E"(x,t+ A1) = E"(x, 1) + Z,, (ST = S7) CH{ (x, 1 + At/2), (44)
H'(x,t + At/2) = H"(x,1 — At/2) = T, (ST = §7) CE%(x. 1). 45)

Consider, for example, the updated formula for Pth L E f\, making use of (44)—(45) along
with (30) and (32). Note that

E"x,1) =T, E"(x,1) = —L, S CSTCE (x, 1) + T, E}(x, 1),
0 =—(1—-Z)E"x,1)=(1—Z,)STCSCEL (X, 1) — (1 — T, El(x, 1).

We compute
PHI(x, t + A1) + El(x, 1 4 Ar)
= E"(x,1 + A1) — STCHY (x, 1 + At/2)
=T, (57 (i, 1+ A1/2) + STCELx. ) - Ep(x.1)
= (-1 (S+c (Hg(x, {4+ At/2) — STCE!(x, z)) +Eh(x, r))
=_1, (S_CQ+‘h(x, 1+ A1)2) — El(x, z))
(=T (S*CQ”h(x, {4+ At/2) + El(x, z)) .
The other identities in (43) are similarly derived.

We are now in a position to prove Theorem 2, the discrete analog of Theorem 1.

Theorem 2 For the dielectric system M =Ty = Ty = 0, if ¢ = 3m + 2 and (42) holds,
then the approximate solution satisfies the conservation laws

2 2
]P*”’(-,t+At)‘ +‘P**h(-,t+At)]
m m
h 2 h 2
+2| Bl Gt An| 4 2|HE G+ A1)
m m
h 2 I/ 2
=[0" ¢t At/ 4|07 G+ A1)
m m
h 2 h 2
+2‘HN(~,I+At/2)‘m+2‘EN(',t)‘m
h 2 —h 2 I 2 h 2
= [P+ [prhon| w2|Eleon| +2|Hhe - a2 - de)
m m m m

Proof Compute recalling the fact that P Q%" and any other function in the range of C
are orthogonal to E f’v and H 1'\’, in the HB semi-inner product,

‘P+’h(- t+At)’2 +)E” 2 t+At)‘2
s AN
m m
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= [PHhC A + Bt + At)‘z
- ‘Im (S*CQM(-, t+ Atj2) — EN ., z))‘2
2
+ ’(1 T (S+CQ_’h(-, {4 AL/2) + EL (. z))‘
- ‘ImS_CQ+”’(~, r+ Az/z)‘2
2 2
+a=zsteo e+ Ay +|Ehe]
2Ly STCOTM (1 + AL/2), T EN (-, D)
21 = L)STCO™ (1 + A1/2), (1 = T EN (-, 1)),

2
m

‘P”h(- t+m)‘2 +‘Eh (.14 Ap)
b N
m

2
m

=[P+ AD + B+ AD

= ‘Im (S+CQ_’h(-, {4 A1)2) + EN (-, z))‘z
n ‘(1 — T (S—CQ”’(-, t+ Atj2) — EN(, z))‘2
= ‘ImSJrCQ_’h(-, r+ At/2)’2
2 2
+ ‘(1 TS Coth (L1 + At/2)’m + ‘E’g,(-, t).m
+2TnSTCO™ (-t + AL)2), TuEN ()
(1 = Z)STCOT (-t 4+ AL/2), (1 = ) EL (. 1)) .

Adding these expressions we find
+.h 2 —h 2 h 2
‘P ’ (~,t+At)‘ +’P : (-,z+m)‘ +2‘EN(-,t+At)‘
m m m

- ‘S’CQJ“}%, f+ Ar/z)‘i n ‘S*CQ’*h(-, [+ At/Z)‘i ) ‘E;‘V(-, t)"zn
2L S™COT (1 + A1/2), Tu EL (- 0))m

2(1 =TS COT (.t + A1/2), (1 = T)EN (-, 1))m

+2((1 = Z)STCO™ (1 4+ A1/2), 0 = T)ER (., 0))m
+2(ZnSTCO™ Mt + AL/2), T EN (-, D)

—2(
-2
(
{

= ‘S—CQ”(-, r+ AI/Z)‘i +lstco it + At/Z)‘i +2 ‘E’;V(., z)‘fn

—2(S7COT (-t + AL/2), EN ()
+2(STCO™" (-, 1t 4+ A1/2), EN (-, D)

=|other+ Mz)\i +lo e+ Ar/z)\i +2|Eh t)\fn :

Adding 2 }H f\’,(-, t+ At)2) |i1 to both sides of this equation yields the first equality in (46).
The second is proven similarly using the updated formulas for Q*" in (43).
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It is useful to organize the previous results in terms of the evolution of the conserved
quantities. Specifically, we introduce the HB semi-norm conserving operators U and V:

PHh(x, t + At) Ot (x,t + At)2)
Ph(x, 1+ A1) 0~h(x,t + At)2)

__24h
Ebx,t+An | u Hi(x,t+At/2) |° @7
HY(x, t + At/2) El(x, 1)
oth(x, 1+ At)2) Pt (x, 1)
O txt+ A2 | _ | PTMxD)
Hix. t+At)2) |~ ¢ Elx, 1) (“8)
El(x,1) Hl(x,t — At/2)

3.3 Convergence

By comparing the evolution of the continuous and discrete conserved variables, we can finally
derive an error estimate. Define errors in the conserved quantities by

P+(X, th) — P+'h(xa ty)
P™(x,t;) — P_’h(xa In)

=1 v -Elt) | )
Hy (X, th—12) — H;{’/(X, th-1/2)
O (X, tay12) — Q+’Z(X, In+1/2)
(X, t — P~ (x, ¢
Eltnsry2) = O™ (X, ty+1/2) (X, tn+1/2) (50)

Hy (X, tag12) — HY (X, tyy1/2)
EN(X, 1) — Ey (X, 1)

where we have introduced t, = nAt, t,41/2 = (n + 1/2) At. Convergence in the HB semi-
norm is established in Theorem 3.

Theorem 3 For the dielectric system M =Ty =Ty =0, if g = 3m + 2, the CFL number
% is fixed and satisfies (42), and the initial approximations are sufficiently accurate, then

there exists C depending only on m, the CFL number, and derivatives of the solution E(x, 1),
H(x, t), such that, for h = max(hy, hy, h;),

IEE | + [Etnr1/2)],, < C (1 + 1) h™. (51)

Proof We combine (43) with the exact formulas (37)—(40) to derive evolution formulas for
£. We begin with the first two equations. Note that we are assuming Exy = 0 and Hy = 0,
but for clarity, we retain them in the error equations:

P+(X, tn+l) - P+’h(xv tn—H) + EN(Xs tn-H) - EK/(X, tn+l)
= T (57 (@ X tur1/2) = O %, ta1y2)) — (Enx. 1) = Efy(x.1) ) )
~(1=Z) (57C (Q™ (%, tas1/2) = 07" (%, tas1/2)) + (Ew(x, 1) = Efy(x.1)) )

+(1 = Zy) (STCO™ (X, tag1/2) = STCOT (X, tt1/2)) .
P™(X, tys1) — P (X, 1) + EN(X, tug1) — EN (X, t11)

=+ (57 (0% tur12) = 07" o ta1y2)) + (Enx, 1) = Ely(x.1) ) )
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+(1=Zn) (57C (07 & tas1y2) = 07X a1 2)) = (En(x, 1) = Ely(x,1)))
+(1 = Z,) (STCOQ™ (X, fas12) — STCOF (X, tur1))) -
Similarly, we can write down the evolution of the error for Ey:
EN(X. ta+1) = EN(X. tay1) = EN (X, 1) — EN(X. 1)
+NT, (ST - $7)cC (Hs(x, tuy1/2) — HI(x, t,,_H/z))
+N( —Ip) (Es(X, tgg1) — Es(X, 1)),

where N is the projection operator defined in the Fourier space by the leftmost relation in
(28). Note that the Hy error is simply copied in this step of the evolution. Noting that

(1 =Zw) (STCO™ (X, tyy12) — STCOY (X, tyy1)2))
=1 —=Tp) (PTX, tag1) + P~ (X, tys1))
= -7y (Es(X, th1) + Es(X, 1)) ,

we can rewrite these relations as
h
E(tpr1) = U E(ty+172) + Tutis

where

[(1 = Zw) (Es(X. tag1) + Es(x, )]

o= | [0 =T Esexo ) + Esx )]

" [(1 = Z) (Es(X. tny1) — Es(X. 12))]
0

Assuming a smooth solution to the continuous problem and a fixed CFL number, the standard
Hermite-Birkhoff interpolation error formulas (e.g., [7]) imply

At
[(1 = Zin) (Es(X, thg1) + Es(X, ta))],, < C7 h™.

So invoking the triangle inequality for the semi-norm and the fact that ¢ preserves the
semi-norm we have

B

ECu Dl < U EGi12)| + [Tatily < [EGpp], +C

By similar computations, we deduce

At
|€(tn+1/2)|m < |E@) I + C7 h™.
Summing these inequalities, we have
EW I + |ECas1/2)|, < IE) I + |EG12)|, + Ctah™.

Assuming, as would be the case if we interpolate a smooth initial condition and an initial
half-step,

@) < CH"H, ||, < CH™Y,

we obtain the final result.
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3.4 Extensions to the Dispersive System

The inclusion of the dispersive terms does not change the domain-of-dependence of the exact
solution. Thus, excluding the dissipative terms, we believe that the previous analysis could
be repeated via the definition of the complex exponentials of the operators appearing in the
updated formulas. However, we can no longer expect to evolve the cell polynomials exactly
and so need to take account of additional sources of error. Therefore, we will follow the
standard analysis of stability for leap-frog schemes as presented in Joly [11]. Again ignoring
the dissipative term and using the fact that Z,, is a projection we can write the discrete
evolution equations (14) and (18), in the form:
VX, th+1) = VX, ty) = Ly BL, W (X, tn+]/2)»
W(x, tn+1/2) - W(x, ln—l/2) = —InB* LT,V (X, 1),

where

(A[/Z)ZZ l
BI,W = Z (%_1)' (52)

with V¢ defined by (12)—(13). Now consider the scahng of termsin (12)—(13). When restricted
to the polynomial space the derivative operators a— X Axy . ! Therefore, for fixed CFL
numbers, Ay = cAt/Axy, we have

ImBIm = Im (BO + AItE’)l)Ima (53)

where By is independent of At and B is bounded. In particular By is the evolution operator
for the dielectric case combined with some additional zero blocks.
We then have Theorem 4 and the conditional stability follows.

Theorem 4 For the conservative system I'y = Iy = 0, the following quantities are con-
stant:

1 2 1 2
V)l + 1 (W tag12) + W 12|, — 1 |ZuB*V (1), (54)

2 1 1 2
WCtily + V) + VG = 7 TnB*WE i), - 59)

Corollary 1 For the conservative system I'y = Ty = 0, we have the stability in the HB
semi-norm if

I1Bllm <4, B [lm < 4. (56)

Remark 1 Condition (56) plays the role of a CFL condition. Invoking (53) and Theorem 2
and taking ¢ = 3m + 2, we expect the stability for At small enough under the domain-of-
dependence CFL condition (42). In our experiments, we find that the method is stable in both
the dielectric and dispersive cases with large CFL numbers and smaller values of ¢.

Proof Combining two steps in (18), we have the formula
WX, tag3/2) — WX, ty—1/2) = =ZpB* Ly (V (X, thy1) + V (X, 1)) .

Taking the HB inner product of this equation with W (x, #,,43,2) and the HB inner product of
(14) with V(x, t,41) + V(x, t,), we obtain

(W, tng32), WCE tnr172))m = (WCE tag172)s W ti—172))m

@ Springer



1162 Communications on Applied Mathematics and Computation (2025) 7:1146-1173

—(W(, tn+1/2)s ImB*Im VCitat) +VE )i,
VG tas D2, = IV C )12+ TBZa W tat12), Vs tag1) + V)

Adding these expressions and noting that the terms involving B and B* cancel, we deduce
that the quantity

IV G t)2 4+ (WC tg12)s W tam172))m

is constant. We rewrite the second term by noting that

1 2 1 2
1 |W(-, tay12) + W, tn71/2)|m ~7 |W(-, tay12) — W(, tn71/2)|m
= (W(C, tnr172), W tn—172))m-

Replacing the difference term with (18) yields (54). Equation (55) is derived by the analogous
procedure.

Given the stability theorem, error estimates in the HB semi-norm can also be obtained by
standard means. We will not present them here but instead focus on observing stability bounds
and convergence rates in L2 in numerical experiments. One can attempt a standard analysis of
convergence by studying the local truncation error method and the associated stability of the
scheme. The approximation of derivatives by the Hermite interpolant of a smooth function at
the cell centers will have errors which scale with | Ax |2”+2=/ for derivatives of the even order
and | Ax|>"+3=J for derivatives of the odd order. Therefore, if we consider the evolution of the
scaled discrete data (9)—(10) and take ¢ > m, we derive estimates of the local truncation error
of order Ar|Ax|2"*2 for even derivatives and Ar|Ax|?"+! for odd derivatives. However,
translating stability from the HB semi-norm to L? is not straightforward, and, as discussed
in [20], one can at best expect the convergence at order 2m. Moreover, the energy and L?
error bounds derived in [20] degrade in time by factors of 2 and 13, respectively; we have
never observed this growth in numerical experiments. However, it is observed in [20] that
for m, even the conservative approximation to the acoustic system leads to convergence at
order 2m + 2 and an argument is presented in one-space dimension to explain it. The focus
here is on methods with m > 3 and our experiments do not unambiguously determine if this
phenomenon occurs though least squares fit to the convergence rate for m = 4 do generally
exceed 10. One experiment with m = 2 does very clearly exhibit the convergence at order
6, and so we conjecture that the convergence rate is in fact 2m + 2 for m even.

4 Numerical Experiments

Here we present some illustrations of the performance of the proposed methods for the
transverse magnetic reduction of Maxwell’s equations in two-space dimensions. In all our
examples, we simply impose the periodicity in space. We note that for these simple domains,
it is also straightforward to implement perfect electric conductor boundary conditions by
imposing appropriate even and odd extensions of the electric fields at the boundary. This
would be a primitive version of the compatibility boundary condition method mentioned
above.
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4.1 Dielectric Medium

We evolve solutions of the form

Ex

k
—— sin (kx) cos (ky) cos (wt),
€w

k
E, = — cos (kx) sin (ky) cos (wt),
’ €w
H;

sin (kx) sin (ky) sin (wt)

with (x, y) € (—m, 1'[)2, € = %, n= %’ and @ = +/2k. We present two sets of experiments.
The first is simply to examine the convergence rates for various values of m. The second is to
compare the efficiency in terms of the total degrees-of-freedom required as well as the CPU
time for problems of varying difficulty and error tolerances.

Convergence

We fix k = 40 and solve to T = 100. Since the wave speed is 1 and the wavelength is 27t /40,
a wave can travel approximately 636.6 wavelengths during the simulation and in time, there
are 900.3 periods. Here we vary m from 3 to 6 and sample with mesh sizes in convenient
increments starting with meshes which produce errors roughly from 1% to 10%. Precisely
for m = 3, we take Ax = Ay = 27/Ng with Ng = 125:25:275. For m = 4, we take
Ng = 100:25:250, for m = 5, Ng = 50:25:200, and for m = 6, Ng = 40:20:160. In
our comparisons, we will always consider the degrees-of-freedom per wavelength for each
coordinate direction. As the number of the degrees-of-freedom is m + 1, the ranges here
begin with 12.5 form = 3,4, and 7.5 form = 5, and 7.0 for m = 6. In all cases, we choose
At

CFL = — =0.9,
Ax

and use a temporal order ¢ = m + 2. Recall that our stability proofs assume a much larger
temporal order, ¢ = 3m + 2, but our experiments show that ¢ = m + 2 is sufficient for
m = 3,---,6 and that increasing ¢ does not improve the accuracy. In some experiments
below, we use even higher values of m where we found that ¢ needed to be m + 3 for the
stability with CFL = 0.9.

We approximate the L2 error every time step by evaluating the Hermlte solution onto a
2m x 2m mesh in each cell and summing the results. For each cell (j j], ]2) set X

Xj +Ax(ki —1)/2m —1),y: , =yj, + Ay(kp —1)/(2m — 1) and compute

Jisk

Jaka T
Ax
Hz,fl,fz.,kl,kz( ) =In H &k Vot 1)
Then we define the relative error by
Ny 1/2
1 Ax Ay 2
Em, Ax) = = Z Gm . 2 (BH @) | - 6D
Jtsdaki ko
where
A ) — HAx
8HZ»./'I,J'z,kl,kz(tf) - H7 gk, kz( ) — H, (x“ k> Yo ).

Here N7 is the number of steps. We are using T as the relative scale since it is the maximum
L*-norm of H, and thus normalizing the errors by |,/ ZI,VZTI 72, The results, shown in Fig. 1,
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Fig. 1 Convergence form = 3,---,6, k = 40, T = 100 in a dielectric medium. Errors are computed by

comparing the Hermite interpolant of the numerical solution to the exact solution for each time step

Table 1 Observed convergence

form =3, .-+ ,6with k = 40 n DOF e
and T = 100 for the dielectric 3 12.5-27.5 8.5
medium

4 12.5-31.2 10.8

5 7.5-30 10.8

6 7-28 12.3

Here DOF/A denotes the number of the degrees-of-freedom per wave-
length in each coordinate direction, Ng(m + 1)/k where the mesh is
NG x Ng. Thatis Ax = Ay = 2n/Ng. The error is computed by (57)

are sometimes choppy from mesh to mesh. We display a linear least squares fit to the log of
the error as a function of the log of DOF/A. This produces convergence rate estimates shown
in Table 1. In all cases, these meet or exceed the theoretical rate of 2m. For the cases m = 3
and m = 4, they are in fact consistent with 2m + 2, but we do not claim that these methods
have a theoretical convergence rate greater than 2m.

The convergence arising from the various choices for m is directly compared in Fig.2.
The results in general show that for any particular error level, the larger values of m are more
efficient in terms of the degrees-of-freedom required. We will further examine the efficiency
question in detail for more challenging problems below.
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Fig. 2 Comparison of accuracy form = 3,---,6, k = 40, T = 100 in the dielectric medium. Errors are

computed by comparing the Hermite interpolant of the numerical solution to the exact solution for each time
step

Efficiency

Here we consider larger values of k, k = 50, 100, 200, still evolving to T = 100. Varying
Ax = Ay = 1%,—2 by sampling N¢ in increments of 5 we determine the coarsest mesh for

which the maximum recorded error relative to the maximum of the L2-norm of H; (m) is
below the tolerances T = 1% and v = 0.1%. Note that for these more challenging experi-
ments, waves propagate for approximately 796, 1 592, and 3 183 wavelengths, respectively,
corresponding to approximately 1 125, 2 251, and 4 502 temporal periods. As the prob-
lem difficulty increased, we also increased the values of m tested tom = 7 and m = 8 as
the lower-order schemes became clearly less competitive. For these cases, we needed to set
g = m + 3 to maintain the stability at CFL = 0.9. For comparison, we also tabulate the
CPU times in seconds, which are obviously dependent on the implementation and hardware, !
and varies somewhat with repeated runs. Nonetheless, we think the comparisons are still of
interest. We remark that for the larger values of m, the cell widths themselves were larger
than the wavelength.

The results, shown in Table 2, clearly illustrate the effectiveness of the high-order methods
and the small computational overhead for Hermite methods as m is increased. In all cases,
we achieve the desired tolerances with around 8-9 degrees-of-freedom per wavelength if
we choose m large enough. Moreover, due to the fact that we can choose the CFL number
independent of m, the large m runs were often faster. Although we are cognizant of the pitfalls
in the interpretation of the timing data, we still believe that it is worth noting that in all but
one case m = 6 achieved the tolerances in the least measured CPU time, and the increase
in the number of the degrees-of-freedom per wavelength is quite mild; for example, for the
0.1% tolerance, m = 6 runs required 9.1, 9.1, and 9.3 as k was increased from 50 to 200.

I we implemented the method in Fortran 90, compiling with gfortran and an optimization -O4. The hardware
is a single Intel i9-13900 H core with 64 GiB memory.
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Table 2 Values of Ng required m X

for various values of m to achieve ’ Ne DOF/2 Time Emax

tolerances of 1% and 0.1% at 3 50 1E(—2) 200 16.0 7.2(2) 8.1(=3)

T = 100 for various values of k
4 50 1E(-2) 140 14.0 5.5(2) 8.5(—3)
5 50 1E(-2) 70 8.4 1.3(2) 6.0(-3)
6 50 1E(-2) 55 7.7 8.8(1) 2.5(=3)
3 50 1E(-3) 250 20.0 2.9(3) 7.3(—4)
4 50 1E(-3) 185 18.5 1.1(3) 6.8(—4)
5 50 1E(-3) 85 10.2 2.1(2) 3.0(—4)
6 50 1E(-3) 65 9.1 1.5(2) 3.8(—4)
5 100 1E(-2) 160 9.6 1.4(3) 1.5(=2)
6 100 1E(-2) 120 8.4 9.3(2) 9.7(=3)
7 100 1E(-2) 100 8.0 9.5(2) 3.9(-3)
5 100 1E(-3) 170 10.2 1.7(3) 6.6(—4)
6 100 1E(-3) 130 9.1 1.2(3) 7.9(—4)
7 100 1E(=3) 115 9.2 1.2(3) 3.8(—4)
6 200 1E(-2) 250 8.8 9.0(3) 6.2(-3)
7 200 1E(-2) 200 7.9 8.4(3) 7.9(-3)
8 200 1E(-2) 180 8.1 1.7(4) 5.5(=3)
6 200 1E(-3) 265 9.3 9.5(3) 2.8(—4)
7 200 1E(-3) 230 9.2 1.2(4) 7.5(—4)
8 200 1E(-3) 195 8.8 1.8(4) 5.3(—4)

Here Emax is the maximum relative error over all time steps j as com-
puted by the formula used in (57)

4.2 Dispersive Medium

As an example, we consider a single-term Lorentz model for the permittivity and approximate

solutions of the form considered in [5]. Specifically, we take

e=pu=1, Q=1 we =+105271~1818, y, =00107,

which can be obtained by scaling the model for the cubic silicon carbide listed in [15]. We
will also carry out experiments for the Sellmeier model obtained by setting y,,1 = 0.
Assuming 2m-periodicity, we again take k = 40 and 7 = 100 and approximate solutions

of the form:

E, = —zl—k sin (kx) cos (ky) (e cos (wt) — 0 sin (wt)) e™*

E, = i cos (kx) sin (ky) (w cos (wt) — 6 sin (wt)) e ?

2k
H. = sin (kx) sin (ky) sin (wt)e™?",

t

)

t

’

1
Ky =—— sin (kx) cos (ky) (—2a)9 cos (wt) + (Zk2 +6% — a)z) sin (a)t)) e 0t
Zka)e,1
1
Ky = ~opoT o (kx) sin (ky) (=28 cos (1) + (2k* + 67 — a)z) sin (wt)) e,
we.l
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1
Ly = —=————sin (kx) cos (k
! 2ka)i1 (02 + @?) (kx) cos (k)
X ((92 +w? — 2k2) wcos (wt) — (2k2 +6%+ wz) 6 sin (w1)) e 0,
1
Ly, = ———————cos(kx)sin (k
AT B ) R
x ((62 + w?® — 2k*) wcos (ot) — (2k* + 67 + w?) O sin (w1)) e,
where z = —6 + iw is a root of the quartic equation

2t vend + 2+ 0f ) + Q1) 2+ 2P vz + 2°Q7, = 0.

For our choice of parameters, we compute the roots (labeled r for resonant and 4 for high
frequency):

0, = 0.005 344 476 784 229, w, = 0.999 469 550 181 686, (58)
0, = 0.000 005 523 215 771, wp, = 56.597 756 028 029 032. (59)

Setting y,.1 = 0, we have 6 = 0 and

w’ =0.999 483 839 356 918, w; = 56.597 756 029 072 784. (60)

For the Lorentz model I'y = 0, we need only evolve Dy satisfying

3BW K
—_— = ). 61
a Ve, 1 (K;) 61)

The implicit Nordsieck method we use to evolve (61) employs polynomials of degree 6 which
limits the formal method order to 6 in time. Nonetheless, we will use values of m ranging
from 2 to 6 to understand how the discretization of the dissipative term affects the accuracy.

Obviously, the high-frequency solutions, H, of the Sellmeier model and the Lorentz
model will be approximately equal up to 7 = 100; their maximum relative difference is
approximately 5 x 10~*. However, we will see that our method performs differently in these
two cases.

4.3 Resonant Case

As in the dielectric case, we test for convergence with m varying from 3 to 6. We fixed
CFL = 0.9, which led to stable results for the meshes tested. The meshes were chosen to
have errors around 1% for the coarsest mesh and the mesh sizes changed by a convenient
factor. Precisely for m = 3, we use Ng = 100:25:250, for m = 4, Ng = 50:25:200, for
m =15, Ng = 50:25:200, and for m = 6, Ng = 30:20:150.

The results, shown in Fig. 3, are again choppy from mesh to mesh. We display a linear least
squares fit to the log of the error as a function of the log of DOF /. This produces convergence
rate estimates shown in Table 3. Perhaps surprisingly, in almost all cases, these meet or
exceed the theoretical rate of 2m for a dielectric medium or Sellmeier model, exceeding the
theoretical rate of 6 of the approximation to the dissipative term in the Lorentz model. We
suspect this is due to the contrast between the spatial and temporal frequencies; even with
CFL = 0.9, we are somewhat over resolved in time.

The convergence arising from the various choices for m is directly compared in Fig.4.
Again the results show that for any particular error level, the larger values of m are generally
more efficient in terms of the degrees-of-freedom required.
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Fig. 3 Convergence form = 3,---,6, k = 40, T = 100 for the near-resonant mode in a Lorentz medium.

Errors are computed by comparing the Hermite interpolant of the numerical solution to the exact solution for

each time step

Table 3 Observed convergence

form=3,---,6withk =40 DOF/ Fit rate
and T = 100 in the Lorentz 3 10-25 73
model for the near-resonant mode

4 6.25-25 11.0

5 7.5-30 12.4

6 5.25-26.25 10.5

4.4 High-Frequency Case

Here DOF/A denotes the number of degrees-of-freedom per wavelength
in each coordinate direction, N (m + 1) /k where the meshis NG x Ng.
Thatis Ax = Ay = 2n/Ng. The error is computed by (57)

We now consider the high-frequency solution of the Lorentz model with £k = 40. Recall that
the dissipation is nearly negligible in this case; the solution of the Sellmeier model obtained
by setting y.,1 = 0 agrees with the solution of the Lorentz model to more than three digits
of accuracy, and so adding the dissipative term only improves the accuracy if we solve with
a tolerance below 10™*. Nonetheless, we find that the proposed method is limited by the
sixth-order time-stepping scheme used in the treatment of the dissipative terms, and that
nothing is gained by increasing m beyond 3. In addition, comparing the results with m = 3
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Fig. 4 Comparison of accuracy form = 3,---,6, k = 40, T = 100 in the Lorentz medium for the near-

resonant mode. Errors are computed by comparing the Hermite interpolant of the numerical solution to the
exact solution for each time step

for the Lorentz model to those shown below for the Sellmeier model we see that the mesh
must be refined by more than 50% to achieve comparable accuracies.

In Fig.5, we examine the convergence for m = 2 and m = 3. For m = 2, we vary
Ng from 200 to 800 and clearly observe the sixth-order convergence; the least squares fit
produces an estimated rate of 6.2. For m = 3, we vary Ng from 150 to 450 but only observe
the convergence for Ng > 300. The least squares fit to the last three data points yields an
estimated convergence rate of 7.5.

The convergence arising for m = 2, 3, 4 is directly compared in Fig. 6. We observe that
of the three choices m = 4 is the least efficient in terms of the degrees-of-freedom required
for a given tolerance though there is some advantage to choosing m = 3.

4.5 Sellmeier Model

Lastly, we solve the Sellmeier model for the high-frequency mode. Here again we compare
results for m = 3, ---, 6. The mesh sequences tested were Ng = 150:25:300 for m = 3,
100:25:250 for m = 4, 50:25:200 for m = 5, and 40:20:160 for m = 6.

The results, shown in Fig. 7, are very similar to the dielectric and resonant cases. The least
squares fit convergence rates produce convergence rate estimates shown in Table 4. In all
cases, these are at least 2m.

The convergence arising from the various choices for m is directly compared in Fig. 8.
Again the results show that for any particular error level, the larger values of m are generally
more efficient in terms of the degrees-of-freedom required.

5 Conclusions and Open Issues

In conclusion, we have proposed arbitrary-order energy-conserving Hermite discretizations
of Maxwell’s equations for both dielectric and dissipation-free dispersive media. For these
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Table 4 Observed convergence -
form=3.-- 6withk =40 DOF2 Fit rate
and T = 100 for the Sellmeier 3 15-30 6.3
model
4 12.5-31.25 10.8
5 7.5-30 10.6
6 7-28 12.4

Here DOF/A denotes the number of the degrees-of-freedom per wave-
length in each coordinate direction, Ng(m + 1)/k where the mesh is
NG x Ng. Thatis Ax = Ay = 2n/Ng. The error is computed by (57)

cases and with time-stepping of a sufficiently high order, we prove the stability for c% <1
independent of order. Numerical experiments show that the high-order schemes are capable
of accurately propagating waves over thousands of wavelengths with 9 or fewer degrees-
of-freedom per wavelength. We also show how to include the dissipation in the dispersive
models though this limits the formal order of the accuracy and, in some cases, significantly
degrades efficiency.

From a practical perspective, the future work will focus on implementations in more com-
plex geometry incorporating boundary and interface conditions and on exploiting the locality
of the evolution formulas for the efficient implementation on current computer architectures.
We will also consider if the possibility of using the high-order dissipative Hermite methods
[7] is worthwhile for Lorentz models.
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computed by comparing the Hermite interpolant of the numerical solution to the exact solution for each time
step

In terms of the theory, the fundamental open issues are a complete analysis of the conver-
gence in L? and of the stability of the boundary and interface approximations.
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