

View

Online


Export
Citation

RESEARCH ARTICLE |  DECEMBER 06 2024

Effect of shear-thinning rheology on the dynamics and
pressure distribution of a single rigid ellipsoidal particle in
viscous fluid flow 
Special Collection: John Michael Dealy (1937-2024): Celebrating His Life

A. Awenlimobor  ; D. E. Smith  

Physics of Fluids 36, 123113 (2024)
https://doi.org/10.1063/5.0242953

 CHORUS

Articles You May Be Interested In

Jeffery orbits in shear-thinning fluids

Physics of Fluids (October 2019)

Numerical evaluation of a single ellipsoid motion in Newtonian and power-law fluids

AIP Conf. Proc. (May 2018)

Capsule dynamics and rheology in shear flow: Particle pressure and normal stress

Physics of Fluids (December 2010)

 20 June 2025 21:04:24

https://pubs.aip.org/aip/pof/article/36/12/123113/3324189/Effect-of-shear-thinning-rheology-on-the-dynamics
https://pubs.aip.org/aip/pof/article/36/12/123113/3324189/Effect-of-shear-thinning-rheology-on-the-dynamics?pdfCoverIconEvent=cite
https://pubs.aip.org/pof/collection/420936/John-Michael-Dealy-1937-2024-Celebrating-His-Life
javascript:;
https://orcid.org/0009-0000-7880-2992
javascript:;
https://orcid.org/0000-0001-8036-0345
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0242953&domain=pdf&date_stamp=2024-12-06
https://doi.org/10.1063/5.0242953
https://pubs.aip.org/aip/pof/article-pdf/doi/10.1063/5.0242953/20286127/123113_1_5.0242953.am.pdf
https://pubs.aip.org/aip/pof/article/31/10/103106/1075964/Jeffery-orbits-in-shear-thinning-fluids
https://pubs.aip.org/aip/acp/article/1960/1/020006/887522/Numerical-evaluation-of-a-single-ellipsoid-motion
https://pubs.aip.org/aip/pof/article/22/12/123302/256911/Capsule-dynamics-and-rheology-in-shear-flow
https://e-11492.adzerk.net/r?e=_dXRtX3NvdXJjZT1wZGYtZG93bmxvYWRzJnV0bV9tZWRpdW09YmFubmVyJnV0bV9jYW1wYWlnbj1IQV9QT0ZfU1QrT3Blbitmb3IrU3Vic19QREZfMjAyNCJ9&s=EzGqjifhpTX4TsxHf2FhB4HEoho


Effect of shear-thinning rheology on the dynamics
and pressure distribution of a single rigid
ellipsoidal particle in viscous fluid flow

Cite as: Phys. Fluids 36, 123113 (2024); doi: 10.1063/5.0242953
Submitted: 8 October 2024 . Accepted: 9 November 2024 .
Published Online: 6 December 2024

A. Awenlimobor and D. E. Smitha)

AFFILIATIONS

Department of Mechanical Engineering, School of Engineering and Computer Science, Baylor University, Waco, Texas 76798, USA

Note: This paper is part of the special topic, John Michael Dealy (1937-2024): Celebrating His Life.
a)Author to whom correspondence should be addressed: douglas_e_smith@baylor.edu

ABSTRACT

This paper evaluates the behavior of a single rigid ellipsoidal particle suspended in homogeneous viscous flow with a power-law generalized
Newtonian fluid rheology using a custom-built finite element analysis (FEA) simulation. The combined effects of the shear-thinning fluid
rheology, the particle aspect ratio, the initial particle orientation, and the shear-extensional rate factor in various homogeneous flow regimes
on the particles dynamics and surface pressure evolution are investigated. The shear-thinning fluid behavior was found to modify the par-
ticle’s trajectory and alter the particle’s kinematic response. Moreover, the pressure distribution over the particle’s surface is significantly
reduced by the shear-thinning fluid rheology. The FEA model is validated by comparing results of the Newtonian case with results obtained
from the well-known Jeffery’s analytical model. Furthermore, Jeffery’s model is extended to define the particle’s trajectory in a special class of
homogeneous Newtonian flows with combined extension and shear rate components typically found in axisymmetric nozzle flow contrac-
tions. The findings provide an improved understanding of key transport phenomenon related to physical processes involving fluid–structure
interaction such as that which occurs within the flow field developed during material extrusion–deposition additive manufacturing of fiber-
reinforced polymeric composites. These results provide insight into important microstructural formations within the print beads.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0242953

INTRODUCTION

Theoretical analysis of particle behavior in a viscous homogeneous
suspension is a well-known fluid–structure interaction (FSI) problem,
which has a variety of applications in key transport phenomena
observed in physical rheological systems such as the movement of cells
and platelets in blood plasma,1 the motion of reinforcing particles in
fiber-filled polymer melt suspensions during polymer composite proc-
essing,2 proppant transport in fracturing fluids,3 and migration of gas-
eous bubbles in quiescent viscous flows.4 The rheology of particle
suspensions is inherently complex due to a host of factors, including the
presence of inter- and intraparticle forces arising from hydrodynamic
interaction, contact collision between particles, confinement effect and
particle deformability, Brownian disturbance, non-Newtonian viscoelas-
tic fluid rheology, anisotropic particle geometry and concentration, and
existence of various flow regimes within the system, etc.5–7 The study of
particle suspension dynamics often starts with the evaluation of single
rigid spherical particle suspension under Newtonian simple shear flow,
which also provides insight into the rheology of dilute suspensions.8,9 As

an example, the dynamics of a single rigid ellipsoidal axisymmetric parti-
cle has been used extensively to investigate particle dynamics and flow-
field structure of polymer composite melt flows during processing to
assess their microstructure.7,10,11

Theoretical studies on particle migration in homogeneous viscous
flow are commonly based on the assumptions of negligible inertia
effects, Newtonian fluid rheology, and non-deformable particle shape,
conventionally referred to as “standard conditions.”12 Pioneering
works of Oberbeck,13 Edwardes,14 and Jeffery15 evaluated the orbit of
an ellipsoidal rigid particle suspended in a homogeneous shear viscous
flow, where particle motion was determined to be a function of initial
condition, which has been validated experimentally.16 In other work,
Bretherton showed that lateral positioning of spherical isotropic par-
ticles remains unchanged relative to their initial position in quiescent
sedimentation or unidirectional shear viscous flow.17 Additionally,
Cox found that the orientation of transversely isotropic rigid particles
in unconfined quiescent sedimentation would remain fixed at its initial
value throughout its motion.18 These studies showed that under
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“standard conditions,” the motion and trajectory of a body of revolu-
tion depend on its initial conditions. For instance, the so-called
“degeneracy” of Jeffery’s orbits is used to describe the indeterminacy of
particle’s motion in sheared viscous suspension whereby an axisym-
metric particle may assume any of the infinitely possible metastable
periodic orbits depending on its initial position. Experimental observa-
tions have revealed a tendency for suspended particles to eventually
acquiesce to an equilibrium configuration within a finite timescale or
equilibrium rate of approach irrespective of its initial configuration
contrary to theoretical predictions based on “standard conditions.”12

Jeffery15 first suggested the possibility that spheroidal particles in a
sheared viscous suspension with a theoretically indeterminate nature
based on first-order approximations may eventually assume special
configurations, which are the path of least energy dissipation. Taylor19

was one of the earlier researchers to provide experimental basis for
Jeffery’s hypothesis and proposed that the higher-order terms
neglected in Jeffery’s approximate equations were responsible for the
observed departure in the actual particle’s behavior from theoretical
predictions. In a separate experimental study, Saffmann20 showed that
suspended particles do not always settle in preferred configuration
states; however, when they do, the contributions of the non-
Newtonian fluid viscosity neglected in Jeffery’s approximate equations
accounted mainly for the observed discrepancy between theoretical
predictions and actual particle’s behavior. Other non-linear effects
such as fluid and particle inertia, confinement, and end effect were
found to be infinitesimal as to significantly alter the particle’s motion
within a finite timescale. Jeffery’s equations are generally found to be
sufficient in predicting particle’s kinematics in a dilute and semi-dilute
viscous shear-thinning particle suspension yielding only minor devia-
tions from experimentally observed response.21,22 However, in the con-
centrated regime, Jeffery’s model are no longer valid in predicting
particle’s motion as the departures of theoretical prediction from
experimental observations becomes significant due to the combined
effect of short-range fiber interactions and shear-thinning fluid rheol-
ogy neglected in Jeffery’s model assumptions.21 The effect of other rhe-
ological properties on the dynamics of a suspended particle such as
higher-order viscoelasticity fluid behavior that may be found in actual
FSI physical systems has also been investigated by several researchers.
An increase in the fluid elasticity results in a slow drift of prolate sphe-
roids in sheared viscous suspension across spectrum of degenerate
Jeffery orbits from a tumbling orbit to a log-rolling state and at drift
rates proportional to the shear rate.23,24 Moreover, an excessive shear
rate was found to result in particle realignment with the prevailing
flow direction and the critical shear rate for flow realignment
depended on the particles aspect ratio and Ericksen’s number.

Computational models that account for particle inertia, non-
Newtonian fluid rheology, and/or shape deformability have more
recently emerged. These more advanced models are often used to
assess the departure of each from related theoretical predictions of
fiber kinematics based on standard conditions. These advanced models
are either developed from analytically formulations based on varia-
tional principles or asymptotic series expansion about the limits of
standard theoretical model assumptions12 or developed from
numerical-based simulations.25 Analytical models are relatively faster
and computationally more efficient compared to numerical models;
however, these models are non-flexible, often restricted to predicting
unique quantities and are less accurate due to oversimplification.26

Methods based on variational principle are used to define limit bounds
on the hydrodynamic drag coefficient of a spherical particle in GNF
fluid subject to creeping flow.25 The method has been successfully
applied to obtain limit bounds solutions on the drag for spheres in
GNF fluids for different viscosity models including the Newtonian
model,27 the power-law model,28 the Carreau model,29 and the Ellis
model.30 The approach is more accurate for predicting hydrodynamic
bounds in just Newtonian and power-law fluid models, and the limit
bounds diverges with increasing shear-thinning.25 Perturbation-based
methods are generally used to compute solutions of fluid flow at rela-
tively low Weissenberg number.31 For instance, asymptotic perturba-
tion about the leading-order Newtonian fluid model has been used to
evaluate the motion of transversely isotropic rigid particles in second-
order viscoelastic fluid suspension.31,32 Consistent with experimental
observations, at low shear rates, the viscoelastic fluids cause the sus-
pended particle to slowly drift through various Jeffery’s orbit until the
attainment of an equilibrium orientation state in the flow vorticity
direction. At higher shear rates, particles re-orient with the flow direc-
tion and its rotation suppressed. Extension of the theory to particle
shapes revealed that while prolate spheroids tend toward a log-rolling
position in the vorticity direction, oblate spheroids had an affinity for
tumbling in the flow plane.33 On the contrary, application of the per-
turbation technique to investigate the effect of weakly shear-thinning
fluid rheology on particles motion in unconfined sheared viscous sus-
pension revealed that the degeneracy of Jeffery’s orbit where unaffected
by the non-Newtonian fluid rheology.34 However, Jeffery’s orbit and
period were found to be instantaneously modified by the shear-
thinning fluid behavior, and the quantitative modifications depended
on the particle’s initial conditions.

Prior research that utilized numerical simulation techniques is
summarized in various kinds of review literature.6,35–37 The method is
tenable to increased model complexity and improved idealization of
actual physical systems with increased accuracy. However, the method
is computationally intensive and suffers from high computational cost.
Numerical-based models are classified into mesh-free or particle-based
methods (PBM) and the traditional gridded continuum or element-
based method (EBM).35,36 To avoid detraction from the primary focus
of this paper, the reader is referred to existing review literature for
more details.35,36 PBM is a meshless, fully Lagrangian-based highly
adaptive technique that allows for instantaneous tracking of individual
particle response within a heterogenous multiphase system and capa-
ble of modeling flow fronts, free surfaces, and accurately solving large
deformation problems.38–42 Examples of PBM include the explicit
smoothed particle hydrodynamic (SPH), the moving particle semi-
implicit (MPS) method, and the discrete element method (DEM).
Although PBM has been applied to evaluate the development of com-
plex single-phase flows with non-linear fluid rheology,43–46 the behav-
ior of suspended particles in non-linear suspension flow is seldom
evaluated with this method. Typical DEM solution techniques include
the dynamic numerical simulation (DNS), lattice Boltzmann method
(LBM), and particle finite element analysis (pFEA). Applications of
DEM to FSI problems are summarized in various kinds of the litera-
ture.6,37 DEM has been extensively used to study the behavior of single
particles in Newtonian viscous suspension47–51 and also in non-linear
viscous suspensions.52,53

EBM types include the finite element method (FEM), the finite
difference method (FDM), the finite volume method (FVM), and the
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b o u n d ar y ele m e nt  m et h o d ( B E M). 3 5, 3 7 I n E B M, i n di vi d u al d o m ai n
u nits ar e i nt erc o n ne cte d vi a t o p ol o gi c al  m a ps. E B M i n v ol v es tr a nsf or-
m ati o n of a c o m pl e x p arti al diff er e nti al e q u ati o n ( P D E) i nt o a s yst e m
of r e p etiti v e b ut si m plifi e d al g e br ai c e q u ati o ns  wit h s ol uti o ns c o m-
p ut e d at t h e u nit n o d es, c ells, or ele me nts l e vel a n d c oll at e d t o yi el d a n
a p pr o xi m at e g e ner al s ol uti o n. E B M is a  w ell- est a blis h e d a n d hi g hl y
e v ol v e d n u m eri c al t e c h ni q u e e xt e nsi v el y utili z e d i n s ol vi n g c o m p ut a-
ti o n al fl ui d d y n a mi cs ( C F D) a n d F SI tr a ns p ort pr o bl e ms. F or si n gl e-
p arti cle s us p e nsi o n, a n e xtr a p h ysi c al  m o d eli n g t h at i n v ol ves b al a n ci n g
t h e n et h y dr o d y n a mi c f or c es a n d c o u pl es o n t he s urf a c e of t h e p arti cl e
is r e q uir e d t o c o m p ut e t h e p articl e  m oti o n. F D M a n d F V M h a v e b e e n
us e d t o c o m p ut e fl o w fi el d a n d fi b er ori e nt ati o n d y n a mi cs i n  m ol d fill-
i n g pr o c ess.5 4 – 5 6 B E M h as b e e n s u c c essf ull y i m pl e m e nt e d t o st u d y
fl o w-fi el d d e v el o p m e nt of p arti c ul at e s us p e nsi o n i n vis c o us s h e ar
fl o w,5 7 – 5 9 a n d F E M h as b e e n us e d t o st u d y si n gl e- p article b e h a vi or i n
li n e ar vis c o us s h e ar fl o w.6 0 – 6 3 R el e v a nt t o t his st u d y ar e t h e a p pli c a-
ti o ns of E B M i n n o n-li n e ar si n gl e- p articl e s us p e nsi o n. F or i nst a n c e,
2 D F E M h as b e e n us e d t o si m ul at e si n gl e ri gi d s p h er oi d al p arti cle
b e h a vi or i n dil ut e n o n-li n e ar vis c o us s h e ar fl o w. 2 5, 6 2, 6 4 T h e fi n di n gs
r e ve al e d t h at s h e ar-t hi n ni n g eff e ct o nl y sli g htl y aff e cte d t he p articl e ’s
ki n e m atic, a n d t his i m p a ct di mi nis h es  wit h i n cre asi n g fi b er sl e n d er-
n ess.  M or e o v er, i n cr e as e d s h e ar-t hi n ni n g  w as f o u n d t o si g nifi c a ntl y
r e d u c e d t h e  m a g nit u d e of t h e pr ess ur e distri b uti o n s urr o u n di n g t h e
p arti cle s urf a c e alt h o u g h h a d n e gli gi bl e eff e ct o n t h e s h a p e pr ess ur e
pr ofil e itself. 2 5, 6 4

B y r e d u cti o n fr o m 3 D t o 2 D s p a c e, n u m eric al t e c h ni q u es h a v e
als o b e e n us e d t o st u d y t h e eff e ct of di m e nsi o n al s p a c e o n fl o w-fi el d
r es p o ns e s urr o u n di n g a p arti cle b as e d o n J eff er y’s m o d el.6 3 W hil e t h e
p arti cle ’s  m oti o n  w as o bs er ve d t o b e u n aff e cte d b y t h e di m e nsi o n al
s p a c e, t he pr ess ur e distri b uti o n  w as f o u n d t o diff er si g nifi c a ntl y.
Alt h o u g h a 2 D a n al ysis  m a y s uffi c e t o st u d y p arti cle ’s  m oti o n i n vis-
c o us s us p e nsi o n, a 3 D a n al ysis is n e cess ar y t o a c c ur at el y pr e di ct t h e
p arti cle ’s s urf a c e pr ess ur e distri b uti o n. It is e vi d e nt t h at t he e xt e nsi v e
lit er at ur e o n t h e b e h a vi or of a xis y m m etri c p arti cles i n vis c o us s us p e n-
si o n e xists; h o w e v er, pr e vi o us st u di es h a v e f o c us e d o n t he e v ol uti o n of
p arti cles d y n a mi cs a n d ar e  m ostl y b as e d o n li n e ar s h e ar fl o w.  T h e l o c al
fl o w-fi el d str u ct ur e s urr o u n di n g t he p arti cl e i n cl u di n g t h e v el o cit y a n d
pr ess ur e distri b uti o n is s el d o m i n v esti g at e d,  w hi c h ar e p arti c ul arl y r el-
e v a nt i n u n d erst a n di n g c o m pl e x pr o c ess es i n v ol v e d i n p h ysi c al r h e o-
l o gi c al s yst e ms.  M or e o v er, e xisti n g st u di es t h at als o i n v esti g at e d
d e v el o p m e nt of t h e pr ess ur e fi el d s urr o u n di n g a p arti cle ar e b as e d o n
fl o w a n al ysis ar o u n d fi x e d p articl e i n s p a c e2 5, 5 3, 6 5 t h at d o n ot c o nsi d er
t h e i nfl u e n ce of t h e p arti cle’s d y n a mi cs o n t h e pr ess ur e distri b uti o n.

T h e pr ese nt st u d y utili z es 3 D F E M- b as e d si m ul ati o n t o i n v esti-
g at e t h e eff e ct of n o nst a n d ar d J eff er y ’s c o n diti o n i n cl u di n g t he eff e ct of
g e n er aliz e d  N e wt o ni a n fl ui d ( G N F) r h e ol o g y o n t he d y n a mics a n d s ur-
f a c e pr ess ur e distri b uti o n of a si n gl e p arti cl e s us p e n d e d i n vis c o us
h o m o g e ne o us fl o ws. First,  w e e x pl or e t he eff e ct of v ari o us f a ct ors s u c h
as t he fi b er g e o m etri c as p e ct r ati o a n d i niti al fi b er a n gl e o n t he si n gl e-
p arti cle  m oti o n a n d s urf a c e pr ess ur e distri b uti o n f or a si n gle p arti cle
s us p e n d e d i n  N e wt o ni a n h o m o g e ne o us fl o w fi el d usi n g J eff er y’s e q u a-
ti o n.  T y pi c al si z e of p arti cles e n c o u nt ere d d uri n g e xtr usi o n– d e p ositi o n
a d diti v e  m a n uf a ct uri n g ( E D A M) p ol y m er c o m p osit e pr oc essi n g ar e
o n a v er a g e h u n dr e ds of  mi cr o m et ers i n  m a g nit u d e d e p e n di n g o n t h e
p arti cles c o n c e ntr ati o n a n d s yst e m ’s s c al e, us u all y ar o u n d 5 0– 1 0 0 l m
f or s m all-s c al e E D A M s yste ms a n d 3 0 0 l m f or l ar ge-s c al e E D A M
s yste ms.6 6 T h e r ot ar y P eclet n u m b er t h at c h ar a ct eriz es t hese p ol y m eri c

m elt fl o w t hr o u g h a n E D A M n oz zl e ar e or d ers of  m a g nit u d e hi g h (i. e.,
Pe r 1 Þ.  Br o w ni a n eff e cts arisi n g fr o m p arti cle i nter a cti o n  wit h t he
s urr o u n di n g fl ui d  m ol e c ul es ar e t h us i nsi g nifi c a nt a n d h a v e b e e n
i g n or e d i n t h e c urr e nt i n v esti g ati o n si n ce t h e h y dr o d y n a mi c f or c es ar e
e x p e cte d t o d o mi n at e t he p article ’s  m oti o n. J eff er y’s e q u ati o ns ar e a
g o o d st arti n g p oi nt f or st u d yi n g p arti cles b e h a vi or i n t h es e  N e wt o ni a n
fl o ws.  M or e ri g or o us st oc h asti c st atisti c al a n al ysis a c c o u nti n g f or
Br o w ni a n dist ur b a n c e s u c h as t h at c o n d u ct e d b y L e al a n d  Hi n c h 6 7 a n d
Z h a n g a n d S mit h 6 8 is a r ele v a nt st u d y f or f ut ur e c o nsi d er ati o n.  T h e
g e ner ali z e d  N e wt o ni a n F E A si n gl e-fi b er  m oti o n  m o d el d e vel o p m e nt is
a n o n-li n e ar e xt e nsi o n t o t h e  N e wt o ni a n f or m ul ati o ns of  Z h a n g
et al. 6 1, 6 8, 6 9 a n d  A w e nli m o b or et al. 6 3, 6 4 ass u mi n g a p o w er-l a w n o n-
N e wt o ni a n fl ui d b e h a vi or f or fi b er s us p e nsi o n r h e ol o g y.  A t w o-st a g e
N e wt o n – R a p hs o n n u m eri c al al g orit h m is us e d i n o ur si m ul ati o n, first
t o s ol v e f or t h e ste a d y-st at e fl o w-fi el d v el o citi es a n d pr ess ur e distri b u-
ti o n  wit hi n t he fl o w d o m ai n a n d s ec o n d t o c o m p ut e t h e r es ulti n g
tr a nsl ati o n al a n d r ot ati o n al v el o citi es of t he ri gi d s p h er oi d al p article
d uri n g its  m oti o n i n v ari o us h o m o g e ne o us fl o w fi el ds b y e q uili br ati n g
t he n et f or c e a n d c o u pl e a cti n g o n t he p arti cl es s urf a c e a n d t h e fi b er’s
i nst a nt a n e o us p ositi o ns a n d ori e nt ati o ns ar e u p d at e d usi n g a n u m eri-
c al or di n ar y diff er e nti al e q u ati o n ( O D E) s ol uti o n t e c h ni q u e. F E A
m o d el v ali d ati o n is a c hi e v e d b y c o m p ari n g st e a d y-st at e r es p o ns es at a
si n gl e ti m e st e p of t h e q u asi-tr a nsi e nt a n al ysis of a si n gl e- p articl e
m oti o n al o n g J eff er y ’s or bit o bt ai n e d fr o m a c ust o m- b uilt F E A si m ul a-
ti o n  wit h r es ults o bt ai n e d J eff er y’s e q u ati o ns. Li k e wis e, t he b e h a vi or of
t he p articl e ( ki n e m ati cs a n d s urf a c e pr ess ur e r es p o ns e) i n v ari o us
N e wt o ni a n h o m o g e n e o us fl o w fi el ds is b e n c h m ar ke d f or b ot h J eff er y ’s
m o d el a n d F E A si m ul ati o n. Fi n all y,  w e i n v esti g at e t h e r es ulti n g eff e ct
of p arti cle s h a p e a n d t h e s he ar-t hi n ni n g fl ui d r he ol o g y o n t h e p arti cle ’s
d y n a mics a n d e v ol uti o n of t h e pr ess ur e distri b uti o n r es p o nse o n t he
fi b ers’ s urf a c e i n t h e v ari o us h o m o g e n e o us fl o w fi el ds usi n g o ur v ali-
d at e d F E A  m o d el.  T h ese fi n di n gs ar e p arti c ul arl y us ef ul i n c o ntr olli n g
pr oc ess p ar a m et ers t o o pti mi z e t h e  mi cr ostr u ct ur e of p arti c ul at e p ol y-
m er c o m p osit es t o i m pr o v e pri nt pr o p erties.

M E T H O D O L O G Y

T his s e cti o n pr o vi d es i n d et ail t he  m et h o ds us e d f or pr e di cti n g
t he b e h a vi or of a si n gl e t hr e e- di m e nsi o n al ( 3 D) ri gi d elli ps oi d al p arti-
cle s us p e n d e d i n  N e wt o ni a n a n d n o n- N e wt o ni a n vis c o us h o m o g e-
n e o us s h e ar- e xt e nsi o n fl o ws.  T h e first s ecti o n pr es e nts J eff er y ’s
f or m ul ati o n f or t h e fl o w-fi el d d e vel o p m e nt ar o u n d a n elli ps oi d a n d
e x pli cit d eri v ati o ns f or t he p arti cle  m oti o n ( a n g ul ar v el o citi es a n d ori-
e nt ati o n a n gl es) i n a s p e ci al cl ass of li n e ar h o m o g e ne o us fl o w  wit h
c o m bi n e d e xt e nsi o n a n d s h e ar r at e v el ocit y gr a di e nt c o m p o n e nts t h at
i d e aliz es t y pi c al fl o w c o n diti o ns f o u n d i n v ari o us s e cti o ns of a n E D A M
e xtr u d er n o z zle.  T h e s e c o n d s e cti o n d et ails t h e F E A  m o d el d e v el o p-
m e nt f or o bt ai ni n g p arti cle a n g ul ar v el ociti es, ori e nt ati o n a n gl es a n d
fi el d v el o cities, a n d pr ess ur e distri b uti o n s urr o u n di n g a p arti cle s us-
p e n d e d i n n o n-li n e ar cr ee pi n g s he ar fl o w  wit h a p o w er-l a w fl ui d d efi-
niti o n. S u bs e q u e nt s ecti o n pr es e nts r es ults of t he  m o d el v ali d ati o n b y
c o m p ari n g t h e e v ol uti o n of t he p arti cl e ’s a n g ul ar v el o citi es a n d s urf a c e
pr ess ur e distri b uti o n o bt ai n e d fr o m b ot h J eff er y ’s a n al ytic al e q u ati o ns
a n d F E A n u m eri c al  m o d el f or diff ere nt  N e wt o ni a n fl o w c as es a n d p ar-
ticle as p e ct r ati o. E x c e pt st at e d ot her wis e,  w e c o nsi d er a g e o m etri c
as p e ct r ati o of re ¼ 6 f or t h e pr ol at e s p h er oi d, a c o nsist e nc y i n d e x of
m ¼ 1 P a s n f or t h e p o w er-l a w fl ui d or a vis c osit y of l 1 ¼ 1 P a s f or
N e wt o ni a n fl ui d, a n d s he ar r at e of _c ¼ 1 s 1 f or t h e v ari o us fl o w c as es.

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 3

P u bli s h e d u n d er a n e x cl u si v e li c e n s e b y AI P P u bli s hi n g

 
2
0 J

u
n
e 

2
0
2
5 

2
1:

0
4:

2
4

pubs.aip.org/aip/phf


S t a n d a r d J eff e r y a n al y ti c al  m o d el

J eff er y1 5 d eri v e d a n al yti c al e q u ati o ns f or t h e  m oti o n of a si n gle
3 D elli ps oi d al p articl e s us p e n d e d i n a  N e wt o ni a n h o m o g e n e o us vis-
c o us cre e pi n g fl o w b y li n e ari z ati o n of t h e  N a vier – St o k es e q u ati o ns
ass u mi n g a z er o  R e y n ol ds n u m b er.  T h e f oll o wi n g i n cl u d es a s u m m ar y
of J eff er y ’s p arti cle– fl ui d i nt er a cti o n d y n a mi cs  m o d el  w h er e h e
o bt ai n e d e x pr essi o ns f or t he v el o cit y a n d pr ess ur e fi el d  wit hi n t he fl ui d
s urr o u n di n g t he p articl e.  T h e e q u ati o ns f or t h e pr ess ur e a n d v el ocit y
wit hi n a  N e wt o ni a n fl ui d h a vi n g vis c osit y l 1 ar e, r es p e cti v el y, gi v e n as

p ¼ p 0 þ 2 l 1 K
III
ij r ir jX ( 1)

a n d

_X i ¼ _X
1

i þ r iK
I
j v j þ ij kr jK

II
k m X m þ K III

j k X k r ir jX K III
ij r jX ;

( 2)

w h ere t h e p ositi o n v e ct or X , gr a di e nt o p er at or r , a n d i nt e gr al f u n c-
ti o n v ar e gi v e n, r es p e cti v el y, as

X ¼ X 1 X 2 X 3
T
; r ¼

@

@ X 1

@

@ X 2

@

@ X 3

T

;

v ¼ v 1 v 2 v 3
T
:

( 3)

I n t h e a b o v e, t he L a pl a c e f u n cti o n X is d efi n e d i n t er ms of t h e i n d e-
p e n d e nt p ositi o n v e ct or v ari a bl es X a n d k as

X ¼ X X ; kð Þ ¼

ð1

k

1

D

X 2
1

a 2 þ k
þ

X 2
2

b 2 þ k
þ

X 2
3

c 2 þ k
1 d k ;

D ¼ a 2 þ kð Þ b 2 þ kð Þ c 2 þ kð Þ
1 = 2

;

( 4)

w h ere k is a n ar bitr ar y offs et dist a n ce fr o m t h e p arti cl e’s s urf a c e
o bt ai n e d fr o m t h e p ositi v e r e al r o ots of

X 2
1

a 2 þ k
þ

X 2
2

b 2 þ k
þ

X 2
3

c 2 þ k
¼ 1 ; k 0 : ( 5)

T h e u n dist ur b e d fl ui d v el ocit y _X
1

i i n E q. ( 2) a b o v e is gi v e n as

_X
1

i ¼ L ij X j ; ( 6)

w h ere L ij is t h e v el ocit y gr a di e nt t e ns or.  T h e c o nst a nt c o effi ci e nt
t e ns ors K I

i ; K
II
ij , a n d K III

ij t h at a p p e ar i n E qs. ( 1) a n d ( 2) a b o v e ar e gi v e n
as

K I ¼

R

S

T

2

6
4

3

7
5 ; K II ¼

U

V

W

2

6
4

3

7
5 ; K III ¼

A H G 0

H 0 B F

G F 0 C

2

6
4

3

7
5 ;

( 7)

w h ere e x pr essi o ns f or t h e c o m p o n e nts s h o w n h er e ar e gi v e n i n
A p p e n di x  A . T h e t er ms i n K III

ij ar e si m pl y t h e str essl et a n d t or q u e a ct-
i n g o n t he ri gi d elli ps oi d s us p e n d e d i n li n e ar a m bi e nt fl o w fi el d.7 0 T h e
t e ns ors K I

i ; K
II
ij , a n d K III

ij ar e f u n cti o ns of t h e s y m m etri c r at e of d ef or-
m ati o n t e ns or C ij a n d t h e a ntis y m m etri c v orti cit y t e ns or N ij

¼ i m nN m d nj o bt ai n e d b y d e c o m p osi n g t h e v el o cit y gr a di e nt t e ns or L ij

a c c or di n g t o

L ij ¼ r j
_X i ¼ C ij þ N ij; ( 8)

w h er e C ij ¼ 1
2 L ij þ L ji½ ; N ij ¼ 1

2 L ij L ji½ .  T h e v el o cit y gr a di e nt L ij is
gi v e n  wit h r es p e ct t o t h e p articl e ’s l o c al c o or di n at e a xis a n d is t h us a
f u n cti o n of t h e i n d e pe n d e nt p arti cle orie nt ati o n a n gl e v e ct or H
¼ / h w

T
o bt ai n e d b y a tr a nsf or m ati o n o p er ati o n a c c or di n g t o

L ij ¼ Z X mi L m n Z X nj ; ( 9)

w h er e L ij is t he v el o cit y gr a di e nt i n t h e gl o b al r efere nc e fr a m e a xis.
T h e tr a nsf or m ati o n t e ns or Z h ij is gi v e n i n t er ms of t h e E ul er a n gles as

Z X ij ¼ P 1ð Þ
mi P 2ð Þ

n m P
3ð Þ

j n ; ( 1 0)

w h er e

P kð Þ
ij ¼ d i nd j n þ 1 d i nð Þ 1 d j n d ijc os H k þ j ið Þsi n H k ;

n ¼ 2 þ 1 k : ( 1 1)

At t he p articl e ’s s urf a c e, t he fi el d v el ocit y is gi v e n b y

_X
p

i ¼ _X i jk ¼ 0 ¼ ij k
_W jX k : ( 1 2)

T h e p arti cl e ’s a n g ul ar v el o cit y _W i i n t he l o c al r ef ere n ce fr a m e is gi v e n
b y t he e x pr essi o n

_W i ¼ N i þ M ijD j; ( 1 3)

w h er e N i is t h e v orti cit y v e ct or a n d D i c o nt ai ns n o n- di a g o n al t er ms of
t he s y m m etri c r at e of d ef or m ati o n t e ns or C ij, i. e.,

D k ¼ C ij; k ¼ 6 i j j i 6 ¼j;

a n d t h e c o nst a nt c o effi ci e nt  m atri x M ij is d efi n e d as

M ij ¼ M id ij; M 1 ¼
b 2 c 2

b 2 þ c2
; M 2 ¼

c2 a 2

c 2 þ a 2
; M 3 ¼

a 2 b 2

a 2 þ b 2
:

( 1 4)

T h e a n g ul ar v el o cities i n t he gl o b al r ef er e nc e c o or di n at e a xis _H b as e d
o n E ul er ’s d efi niti o n ar e o bt ai n e d b y t he tr a nsf or m ati o n o p er ati o n

Z H ij
_H j ¼ _W i; ( 1 5)

w h er e t he tr a nsf or m ati o n o p er at or Z
H

is gi v e n as [ cf. Fi g. 1( a) ] f or t he
E ul er d efi niti o n of orie nt ati o n a n gl es

Z
H

¼

c os h 0 1

si n h c os w si n w 0

si n h si n w c os w 0

2

6
6
6
4

3

7
7
7
5

: ( 1 6)

Fi g ur e 1( a) ill ustr at es t h e elli ps oi d al p arti cl e of i nt er est s us p e n d e d i n
si m pl e s h e ar fl o w as s h o w n.  T h e n or m al a n d s h e ar stress c o m p o n e nts
at a n y p oi nt i n t he fl o w fi el d  m a y b e e v al u at e d f or i n c o m pr essi bl e fl ui d
as

r ij ¼ p d ij þ l 1 r i
_X j þ r j

_X i

h i
: ( 1 7)

O n t he p arti cle ’s s urf a c e, t h e str ess r e d u c es t o r ij ¼ p d ij, i m pl yi n g
t h at t h e o nl y a cti v e str esses o n t h e p arti cle’s s urf a c e ar e t h e h y dr ost ati c
pr ess ur e a cti n g n or m al t o t he s urf a c e.
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O ur  m ai n i nterest h er e is t o e v al u at e t h e  m oti o n, a n d s urf a c e
pr ess ur e a n d v el o cit y of t h e elli ps oi d al i n cl usi o n usi n g J eff er y ’s e q u a-
ti o ns gi v e n a b o v e.  T o c o m p ut e s urf a c e pr ess ur e a n d v el o cit y distri b u-
ti o n o n t he p arti cl e s urf a c e, t h e elli ps oi d al s urf a c e is dis cr eti z e d usi n g
M A T L A B ’s i n b uilt P D E  m o d el er ( M at h W or ks,  N atic k,  M A,  U S A),
w h ere v erti c es  w ere i m p os e d at e n ds of t h e elli ps oi d t o e n a bl e t h e c al-
c ul ati o n of p arti cle ti p pr ess ur e [ cf. Fi g. 1( b) ].  At t h e  m es h p oi nts, t h e
fl o w-fi el d pr ess ur e a n d v el ociti es ar e e v al u at e d usi n g E qs. ( 1) a n d ( 2),
r es p e cti v el y.  T h e d e gr e e of  m es h r efi n e m e nt is critic al t o o bt ai ni n g
a c c ur at e pr ess ur e e xtr e miti es a n d l oc ati o ns o n t h e p articl e s urf a c e.  A
f o urt h- or d er e x plicit  R u n g e– K utt a or di n ar y diff er e nti al e q u ati o n
( O D E) t e c h ni q u e is us e d t o n u m eri c all y i nt e gr at e t h e p article’s a n g ul ar
v el ociti es [ cf. E q. ( 1 3)]  wit h ti m e t o o bt ai n s ol uti o ns of t h e p articl e ori-
e nt ati o n a n gl es, a n d t h e ass o ci at e d fi el d st at e ( pr ess ur e a n d v el o citi es
o n e a c h n o d e of t h e p articl e s urf a c e) b as e d o n J eff er y ’s m o d el
e q u ati o ns.

H o m o g e n e o u s fl o w c o n si d e r a ti o n s

V ari o us h o m o g e ne o us fl o ws si mil ar t o t h os e us e d i n s h ort fi b er
c o m p osit e fi b er ori e nt ati o n si m ul ati o ns 7 1 ar e c o nsi d er e d h ere  w hi c h
s er v e as i n p ut f or o ur p arti cle  m oti o n st u di es.  T h ese h o m o g e n e o us
fl o ws als o s er v e as a b asis f or u n d erst a n di n g t he fl o w-fi el d d e v el o p-
m e nt i n c o m m o n e xtr usi o n – d e p ositi o n a d diti v e  m a n uf a ct uri n g
( E D A M) p ol y m er c o m p osit e pr o c essi n g t h at i n v ol v es a c o m bi n ati o n
of s h e ari n g a n d e xt e nsi o n al c o m p o n e nts  wit hi n t he fl o w ( cf. A p p e n di x
B ).  T h e f oll o wi n g fl o ws ar e c o nsi d er e d i n t his st u d y:

(i) Si m pl e s h e ar fl o w ( S S), i. e., L 2 3 ¼ _c
(ii)  T w o str et c hi n g/s h e ari n g fl o ws ( S U A), i n cl u di n g si m pl e s h e ar

i n X 2 X 3 pl a n e s u p eri m p os e d  wit h u ni a xi al el o n g ati o n i n t h e
X 3 dir e cti o n, i. e., L 1 1 ¼ L 2 2 ¼ _e ; L 3 3 ¼ 2 _e ; L 2 3 ¼ _c .  T w o
c as es ar e c o nsi d er e d, b al a n c e d s h e ar/str et c h, _c = _e ¼ 1 0, a n d
d o mi n a nt str et c h, _c = _e ¼ 1

(iii)  U ni a xi al el o n g ati o n fl o w ( U A) i n t h e X 3 dir e cti o n, i. e.,
L 1 1 ¼ L 2 2 ¼ _e ; L 3 3 ¼ 2 _e

(i v)  Bi a xi al el o n g ati o n ( B A) fl o w i n t h e X 2 X 3 pl a n e, i. e.,
L 1 1 ¼ 2 _e ; L 2 2 ¼ L 3 3 ¼ _e

( v)  T w o s h e ar/ pl a n ar el o n g ati o n fl o ws ( P S T), i n cl u di n g si m pl e
s h e ar i n X 2 X 3 pl a n e s u p eri m p os e d o n pl a n ar el o n g ati o n i n
X 1 X 3 pl a n e, i. e., L 1 1 ¼ _e ; L 3 3 ¼ _e ; L 2 3 ¼ _c .  T w o c as es
ar e c o nsi d er e d i n cl u di n g b al a n c e d s h e ar pl a n ar el o n g ati o n
wit h _c = _e ¼ 1 0, a n d d o mi n a nt pl a n ar el o n g ati o n  wit h
_c = _e ¼ 1.

( vi) B al a n c e d s h e ar/ bi a xi al el o n g ati o n fl o w ( S B A), si m pl e s h e ar i n
t h e X 2 X 3 pl a n e s u p eri m p os e d o n bi a xi al el o n g ati o n, i. e.,
L 3 3 ¼ _e ; L 2 2 ¼ _e ; L 2 3 ¼ _c ; L 1 1 ¼ 2 _e .  T w o c as es ar e c o nsi d-
er e d  w hi c h i n cl u d e _c = _e ¼ 1 a n d _c = _e ¼ 1 0

( vii)  Tri a xi al el o n g ati o n fl o w ( T A), i. e., L 1 1 ¼ L 2 2 ¼ L 3 3 ¼ _e
( viii)  B al a n c e d s h e ar/tri a xi al el o n g ati o n fl o w ( S T A), i n cl u di n g si m-

pl e s h e ar i n t h e X 2 X 3 pl a n e s u p eri m p os e d o n bi a xi al el o n-
g ati o n, i. e., L 1 1 ¼ L 2 2 ¼ L 3 3 ¼ _e ; L 2 3 ¼ _c .  T w o c as es ar e
c o nsi d er e d, i. e., _c = _e ¼ 1, a n d _c = _e ¼ 1 0 :

Cl assifi c ati o n of t he v ari o us c o m bi n e d h o m o g e ne o us fl o w
r e gi m es b as e d o n t h e fl o w p ar a m eter ( cf. A p p e n di x B ) is gi v e n i n
T a bl e I .

F or vis u ali z ati o n p ur p os es a n d t o b ett er i nt er pr et t h e r es ults t h at
f oll o ws i n l at er s e cti o n, t y pi c al fl o w str e a mli n es ar o u n d a p arti cle s us-
p e n d e d i n t h e  mi x e d- m o d e fl o w c o n diti o ns ar e pr ese nte d i n Fi g. 2 . I n
all fl o w t y p es, si m pl e s h e ar is a p pli e d i n t h e X 2 X 3 pl a n e a n d t h e
p articl e is i niti all y ori e nt e d i n t h e X 2 dir e cti o n.  T h e S U A fl o w [ cf.
Fi g. 2( a) ] t e n ds t o ori e nt t he p article s u c h t h at its  m aj or a xis ali g ns
wit h t he X 3 dir e cti o n of stretc hi n g, t h us  miti g ati n g t h e t u m bli n g
m oti o n i n t he X 2 X 3 s h e ar pl a n e t h at o c c urs u n d er si m pl e s h e ar
fl o w al o n e.  T h e i n w ar d fl o w i n t h e y dir e cti o n i niti all y a c celer at es t h e
p articl e, ai di n g t he t u m bli n g  m oti o n i nt o t h e dir e cti o n of a p pli e d
e xt e nsi o n.  Hi g h s he ar-t o- e xt e nsi o n r at e d o mi n a n ce is t h us r e q uir e d t o

FI G. 1. ( a) Fi b er ori e nt ati o n a n gl e s d efi ni-
ti o n a n d ( b)  m e s h r efi n e m e nt o n t h e fi b er
s urf a c e.

T A B L E I. Fl o w p ar a m et er v al u e s f or t h e c o m bi n e d h o m o g e n e o u s fl o w t y p e s

_c = _e S U A  P S T  S B A  S T A

1  0 . 5 6 5 7  0 . 3 8 2 0  0 . 5 6 5 7  0 . 4 5 1 4

1 0  0 . 0 2 8 3  0 . 0 0 9 8  0 . 0 2 8 3  0 . 0 1 4 6
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pre ve nt t he p article fr o m st alli n g i n t he X 3 dire cti o n. I n t he P S T fl o w
t y pe s h o w n i n Fi g. 2( b) , t he X 1 directi o n i n w ar d fl o w te n ds t o c o nstr ai n
p article t u m bli n g  m oti o n i n t he X 2 X 3 s he ar pl a ne a n d pr o m ot es pref-
ere nti al ali g n me nt of t he p article i n t he z directi o n a n d t here is n o fl o w i n
t he y directi o n t h at i nfl ue nce t he p articles i niti al  m oti o n.  U nli ke t he S U A
fl o w c o n diti o n, i n t he S B A fl o w re gi me [cf. Fi g. 2(c) ], t he X 1 directi o n
i n w ar d fl o w li mits p article t u m bli n g  m oti o n i n t he X 2 X 3 s he ar pl a ne
wit h o ut pr o m oti n g directi o n al prefere nc e f or t he p article ali g n me nt i n
t he s he ar pl a ne.  He nce, t here is n o t e n de nc y f or p article st all t o occ ur
irres pecti ve of t he s he ar-e xte nsi o n r ate d o mi n a nce. Si nce t he S T A fl o w
t y pe h as e q u al a p plie d e xte nsi o n i n all pri nci p al dire cti o ns, t he de vi at or
of t he vel ocit y gr a die nt h as n o pri nci p al c o m p o ne nt, a n d t he p article ’s
be h a vi or u n der t his fl o w t y pe is si mil ar t o t h at u n der si m ple s he ar fl o w.

F or t he c as e of a n a xis y m m etri c elli ps oi d al p articl e s us p e n d e d i n
u n c o nfi n e d si m pl e s h e ar fl o w [s ee t y p e (i) fl o w a b o v e]  wit h v el ocit y
gr a di e nt L 2 3 ¼ _c , J eff er y1 5 d eri v e d a n al ytic al e x pr essi o ns f or t h e p ar-
ti cle’s a n g ul ar v el o citi es gi v e n as

_/ tð Þ ¼
_c

2
j c os 2 / þ 1½ ;

_h tð Þ ¼
_c

2

j si n 2/ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j c os 2 / þ 1ð Þ1 2 1 þ jð Þ

p

j c os 2 / þ 1ð Þ þ 1 2 1 þ jð Þ
;

_w tð Þ ¼
_c

2
j c os 2 /ð Þc os h ;

( 1 8)

w h ere t h e pr ec essi o n _/ is o bs er v e d t o b e i n d e p e n d e nt of h a n d 1 is t h e
or bit c o nst a nt. B y i nt e gr ati n g t h e a n g ul ar v el ociti es, J eff er y f urt her
o bt ai n e d e x pr essi o ns f or t h e c orres p o n di n g p articl e ori e nt ati o n a n gl es,
w hi c h  m a y b e  writte n as

/ tð Þ ¼ t a n 1

ffiffiffiffiffiffiffiffiffiffiffi
1 þ j

1 j

r

t a n
_c

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 j 2

p
t

( )

;

h tð Þ ¼ t a n 1 1

ffiffiffiffiffiffiffiffiffiffiffi
1 þ j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j c os 2 / þ 1

p

( )

;

w tð Þ ¼

ðt

0

_c

2
_/ c os h dt ;

( 1 9)

w her e _c is t h e s h e ar r at e a n d j is a s h a p e f a ct or gi v e n as
j ¼ re

2 1ð Þ= re
2 þ 1ð Þ: T h e or bit c o nst a nt of i nt e gr ati o n 1 c a n be

s h o w n t o be c o m e 1 ¼ t a n h 0 w h e n / 0 ¼ 0 a n d h 0 h
t a n 1 re 1f g :1 5 F or i n- pl a n e p articl e r ot ati o n, 1 ¼ þ 1 s u c h t h at

h ¼ p = 2 ; w ¼ 0 ; a n d _w ¼ _h ¼ 0 : T he c orr es p o n di n g peri o d f or t he
i n- pl a n e p arti cl e t u m bli n g  m oti o n i n si m pl e s he ar fl o w a b o ut t he elli p-
s oi d’s p ol ar a xis is

s 1 ¼
4 p

_c
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 j 2

p : ( 2 0)

As t h e elli ps oi d r ot at es i n t h e X 2 X 3 pl a n e of s h e ar fl o w, _/ r e a c h es
a  m a xi m u m v al u e  w h e n t h e p arti cl e is ori e nt e d n or m al t o t h e pri n ci-
p al dir e cti o n of t h e fl ui d  m oti o n, i. e., at / ¼ n p ; nj j 0 [ cf.
Fi g. 1( a) ], a n d att ai ns a  mi ni m u m v al u e  w h e n it ali g ns i n t h e fl o w
dir e cti o n, i. e., at / ¼ n p = 2 ; nj j 1 :7 5 T h e li mit of t h e pr e c essi o n is
t h us 0 _/ _c f or elli ps oi d al p arti cl es a n d _/ ¼ _c = 2 f or s p h eri c al
p arti cl es.  T h e e xtr e m u m of t h e n ut ati o n _h o c c urs  w h e n
/ ¼ R e :5 c os 1 q ,  w h er e q is t h e s ol uti o n t o t h e c u bi c e q u ati o n
d efi n e d as

q : j 2 q 3 þ 3 j B þ 1ð Þq 2 þ j 2 þ 2 B þ 2ð Þq þ j 1 Bð Þ ¼ 0 ;

B ¼ 1 2 1 þ jð Þ:
( 2 1)

T h e n ut ati o n r a n g es b et w e e n _c = 4 _h _c = 4 f or s p h er oi d al p ar-

ticles, a n d it is critic al f or r o d-li k e p arti cles  w h e n 1 ¼ 1 =
ffiffiffi
2

p
, a n d f or

dis k-li k e p arti cles  w h e n 1 ¼ þ 1 . It att ai ns a v al u e of _h ¼ 0 f or s p h er-

i c al p articl es. Li k e wis e, t he p articl e s pi n r at e, _w , r e a c hes a  mi ni m u m at

/ ¼ n p ; n 0, a n d a  m a xi m u m v al u e at / ¼ :5 c os 1 3 B þ 4ð Þ½

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B 9 B þ 8ð Þ

p
= 4 j g .  T h e s pi n r at e r a n g es b et we e n _c = 2 _w

_c = 2, a n d it is criti c al f or r o d-li k e p articles  w h e n 1 ¼ 0 a n d f or dis k-
s h a p e d p arti cle  w h e n 1 ¼ þ 1 .

W e n o w c o nsi d er a  m or e c o m pli c at e d fl o w c o n diti o n a n d
d eri v e e x pr essi o ns f or t h e c as e of a n a xis y m m etri c p arti cl e s us-
p e n d e d i n c o m bi n e d el o n g ati o n a n d s h e ar fl o w, i. e., fl o w t y p es (ii, v,
vi, a n d viii) gi v e n a b o v e f oll o wi n g si mil ar pr o c e d ur es a d o pt e d b y
J eff er y1 5 f or t h e c as e of si m pl e s h e ar fl o w.  C o nsi d er a fl o w  wit h
v el o cit y gr a di e nt of t h e f or m

FI G. 2. Vi s u ali z ati o n of t h e s u s p e n d e d p arti cl e i n t h e c o m bi n e d s h e ari n g i n X 2 X 3 pl a n e a n d ( a) u ni a xi al el o n g ati o n ( S U A), ( b) pl a n ar str et c hi n g ( P S T), a n d ( c) bi a xi al el o n g a-
ti o n ( S B A) fl o w c o n diti o n s.
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L ¼

_e 1 0 0

0 _e 2 0

0 _c _e 3

2

6
4

3

7
5 ; ( 2 2)

w h ere t h e tr ace L ¼ 0, i. e., _e 1 þ _e 2 þ _e 3 ¼ 0. It c a n b e s h o w n t h at
t h e a n g ul ar v el o cities of a p arti cle f or t his L m a y b e  writte n as

_/
_h
_w

2

6
6
4

3

7
7
5 ¼

_c

2
þ

j

2
_c c os 2 / _e 2 _e 3½ si n 2/

j

4
_c si n 2/ þ _e 2 _e 3½ c os 2 / 2 _e 1 _e 2 _e 3½ si n 2h

j

2
_c c os 2 / _e 2 _e 3½ si n 2/ c os h

2

6
6
6
6
6
4

3

7
7
7
7
7
5

;

( 2 3)

w h ere t h e i n- pl a n e a n g ul ar v el o cit y r e d u c es t o

_/ ¼
d /

dt
¼

1

2
_c 1 þ j c os 2 /ð Þ _e 2 _e 3½ j si n 2/ : ( 2 4)

B y i nt e gr ati n g _/ i n E q. ( 2 4),  w e o bt ai n a n e x pr essi o n f or t h e i n- pl a n e
ori e nt ati o n a n gl e / i n t hese fl o w t y p es  wit h c h ar a cteristi cs v el o cit y gr a-
di e nt L gi v e n as

t a n / ¼
k j

j 1
t a n t a n 1 1

k

_e 2 _e 3

_c
þ

j 1

j
t a n / 0

1

2
k j _c t

j

j 1

_e 2 _e 3

_c
; ( 2 5)

w h ere

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

j 2

_e 2 _e 3

_c

2

1

s

: ( 2 6)

If t he i niti al orie nt ati o n / 0 ¼ 0, t he n E q. ( 2 5) r e d u c es t o

t a n / ¼
j

j 1

k 2 þ
_e 2 _e 3

_c

2

k c ot :5 k j _c t½ þ
_e 2 _e 3

_c

2

6
6
6
4

3

7
7
7
5

: ( 2 7)

B y i nt e gr ati n g _h i n E q. ( 2 3),  w e c a n dir e ctl y o bt ai n a n e x pr essi o n f or h
as

t a n h ¼

1

j
þ c os 2 / 0

_e 2 _e 3½

_c
si n 2/ 0

1

j
þ c os 2 /

_e 2 _e 3½

_c
si n 2/

2

6
6
6
4

3

7
7
7
5

1 = 2

t a n h 0 e
j
2 2 _e 1 _e 2 _e 3½ t :

( 2 8)

It c a n b e s h o w n t h at f or t h e s p e ci al c as e of i niti al p ol ar ori e nt ati o n
a n gl e / 0 ¼ 0, t he n E q. ( 2 8) r e d u c es t o

t a n h ¼

1

j
þ 1

1

j
þ c os 2 /

_e 2 _e 3½

_c
si n 2/

2

6
6
4

3

7
7
5

1
2

t a n h 0 e
j
2 2 _e 1 _e 2 _e 3½ t : ( 2 9)

F urt her m or e, t h e s pi n w tð Þ f or t h es e fl o w c o n diti o ns  m a y b e  writt e n i n
i nt e gr al f or m as

w tð Þ ¼

ðt

0

_c

2
_/ c os h dt : ( 3 0)

T h e q u art er- p eri o d of r ot ati o n  m a y b e d eri v e d fr o m E q. ( 2 7) b y fi n d-
i n g t h e p ol e of t he a b o v e e x pr essi o n of t a n / as

s 0 :2 5
1 ¼

2

k j _c
p t a n 1 k _c

_e 2 _e 3
: ( 3 1)

T h e p eri o d f or a c o m pl et e t u m bli n g  m oti o n i n t his fl o w t y p e is o bt ai n e d
b y fi n di n g t h e z er o of t a n / i n E q. ( 2 7) a b o v e  w hi c h is gi v e n as

s 1 ¼
4 p

k j _c
: ( 3 2)

W h e n _e 2 _e 3ð Þ= _c ¼ 0, t he fl o w is ess e nti all y si m pl e s he ar, a n d t he
p eri o d is as gi v e n i n E q. ( 2 0) a b o v e.  T h e p arti cl e st alls  w h e n k 2 0,
i. e.,  w h e n

_e 2 _e 3

_c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 j 2

p

j
; ( 3 3)

a n d t h e st all a n gle / s is d eri v e d b y e q u ati n g _/ ¼ 0 [ cf. E q. ( 2 4)] t o
o bt ai n

t a n 2/ s ¼
_e 2 _e 3

_c
6 i

k

j

_e 2 _e 3

_c

2 1

j 2

" #

;

/ s ¼
/ s þ p = 2 ; / s < 0

/ s ; / s 0 :

( ( 3 4)

C orres p o n di n gl y, gi v e n a st all a n gl e t ol er a n c e / t ol , t h e ti m e f or p articl e
st all is o bt ai n e d b y e q u ati n g E qs. ( 2 7) a n d ( 3 4), i. e., ts : / tsð Þ
¼ / s / t ol. W h e n E q. ( 3 4) is s atisfi e d k ¼ 0ð Þ, t h e st all a n gl e  m a y b e
s h o w n t o b e

/ o ns et ¼ t a n 1 re : ( 3 5)

T h e p article orie nt ati o n at st all f or t he s p e ci al cl ass of h o m o g e ne o us
fl o ws ( d es cri b e d as ii, v, vi, a n d viii a b o v e) c a n b e o bt ai n e d b y usi n g
N e wt o n – R a p hs o n n u m eri c al it er ati v e pr oc ess t o z er o t h e a n g ul ar
v el o citi es, t h us

H q þ
s ¼ H q

s JH 1

1 _H
q
; ( 3 6)

w h er e H q
s ¼ / s h s

T
, _H

q
¼ _/ _h

h i T
, a n d t h e J a c o bi a n JH is

gi v e n as

JH 1
¼

4 _h c os e c 2 h j 2 _e 1 _e 2 _e 3½ 0

_/
_c

2
si n 2h 2 _h c ot 2 h

2

6
4

3

7
5 : ( 3 7)

F or p articl e  m oti o n i n  m or e g e ner al cl ass of  N e wt o ni a n h o m o g e ne o us
fl o ws  wit h v el o cit y gr a di e nt L , t h e st all a n gl e c a n b e o bt ai n e d usi n g t h e
N e wt o n – R a p hs o n pr o c e d ur e i n A p p e n di x  C .

J eff er y’s  m o d el d eri v ati o ns ar e li mit e d t o t he st a n d ar d ass u m pti o n
of si n gl e ri gi d elli ps oi d al s h a p e d p articl e s us p e n d e d i n  N e wt o ni a n vis-
c o us li n e ar h o m o g e ne o us fl o ws. Pr a ctic all y s p e a ki n g, t h e pr ess ur e-
dri v e n fl o w of p ol y m er  m elt t hr o u g h E D A M n oz zl e c o ntr acti o n d uri n g
m at eri al pr o c essi n g is  m or e a c c ur at el y c h ar a ct eri z e d b y a q u a dr ati c
a m bi e nt fl o w fi el d s u c h as gi v e n i n L u b a ns k y et al. 7 4 As s u c h, d e v el o p-
m e nt of a  m or e r e alistic s ol uti o n  w o ul d i n v ol v e a v el o cit y gr a di e nt

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of
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wit h hi g h er- or d er p ol y n o mi al t er ms,  w hi c h is a r ele v a nt dir ecti o n f or
f ut ur e st u di es. F or  m or e g e n er al c o n diti o ns, it is c o m m o n t o e m pl o y
t h e fi nit e ele me nt a n al ysis ( F E A),  w hi c h ar e n ot b o u n d b y t h e li mit a-
ti o ns of t h e J eff er y’s  m o d el a n d c a n i n cl u d e i nt er a n d i ntr a fi b er f or ces,
n o n- elli ps oi d al fi b er s h a p e, n o n- N e wt o ni a n vis c o- el astic fl ui d r he ol-
o g y, c o nfi n e me nt fl o ws, a n d ot her d e vi ati o ns fr o m st a n d ar d c o n di-
ti o ns.  M o vi n g b e y o n d J eff er y’s  m o d el ass u m pti o ns  m a y r es ult i n a
pr eferr e d p articl e c o nfi g ur ati o n t h at is i n d e pe n d e nt of its i niti al ori e n-
t ati o n a n d  m a y c a us e t he p articl e t o ali g n  wit h t he fl o w or v orticit y
dir e cti o n. 1 9 – 2 1 I n t he f oll o wi n g s e cti o ns,  w e d escri b e a n F E A  m o d eli n g
a p pr o a c h t h at  m a y b e us e d t o i n v esti g at e t he eff e ct of g e n er ali z e d
N e wt o ni a n fl ui d ( G N F) r he ol o g y o n t h e p arti cle d y n a mi cs a n d s urf a c e
pr ess ur e r es p o ns e.

F E A si n gl e- p a r ti cl e  m o d el  wi t h  G N F r h e ol o g y

I n t h e F E A  m o d el a n al ysis pr ese nt h ere,  w e si m ul at e t h e  m oti o n
of a si n gl e ri gi d s p h er oi d al p arti cle s us p e n d e d i n h o m o g e ne o us vis c o us
fl o w  wit h  G N F r h e ol o g y.  T h e fl o w d o m ai n # f or t h e si n gl e- p arti cl e
mi cr o m o d el a n al ysis is s h o w n i n Fi g. 3( a) .  T h e  m o d el e xt e n ds t h e
N e wt o ni a n fl ui d si n gle-fi b er  m o d el d e v el o p e d b y Z h a n g et al.6 1, 6 8, 6 9

a n d i m pl e me nt e d b y  A w e nli m o b or et al.,6 3, 6 4 t o si m ul at e  G N F fl o w. I n
t his a p pr o a c h, t he g o v er ni n g e q u ati o ns ar e b as e d o n t h e St o k es
ass u m pti o n of cre e pi n g, i n c o m pr essi bl e, is ot her m al, st e a d y-st at e, l o w-
R e y n ol ds- n u m b er vis c o us fl o w  w h er e t he  m ass a n d  m o m e nt u m c o n-
s er v ati o n e q u ati o ns  m a y b e  writt e n as

r i
_X i ¼ 0 ; ( 3 8)

r ir ij þ fj ¼ 0 : ( 3 9)

I n t h e a b o v e, r i is t he gr a di e nt o p er at or, _X i is t h e fl o w v el o cit y v e ct or,
fj is t he b o d y f or ce v e ct or, a n d r ij is t h e  C a u c h y str ess t e ns or gi v e n as

r ij ¼ T ij p d ij: ( 4 0)

I n E q. ( 4 0), p is t h e h y dr ost atic fl ui d pr ess ur e, d ij is t h e kr o n e c k er d elt a,
a n d  T ij is t h e d e vi at ori c str ess t e ns or d efi n e d i n t er ms of t he str ai n r at e
t e ns or _c ij b y t he c o nstit uti v e r el ati o n

T ij ¼ 2 l _cð Þ _c ij; ( 4 1)

w h er e t he vis c osit y l is c o nsi d er e d t o b e a f u n cti o n of t he str ai n r at e
m a g nit u d e _c ¼

ffiffiffiffiffiffiffiffiffiffiffi
2 _c ij _c ji

p
.  T h e si m ul ati o ns pr es e nt e d b el o w s ol v e E qs.

( 3 8)– ( 4 1) f or q u asi-st e a d y v el o cit y a n d pr ess ur e  wit hi n t h e fl ui d
d o m ai n s urr o u n di n g t he elli ps oi d al i n cl usi o n usi n g o ur c ust o m fi nit e
ele m e nt a n al ysis ( F E A) pr o gr a m d e vel o p e d i n  M A T L A B.  W e ass u m e
a n o n- p or o us p article s urf a c e  wit h z er o sli p all o w a n c e a n d v el o cit y
b o u n d ar y c o n diti o ns ar e pr escri b e d  wit h r es p e ct t o t he p article ’s l o c al
c o or di n at e r ef ere n ce a x es.

Si mil ar t o pr e vi o us si n gl e- p articl e  N e wt o ni a n fl ui d a n al ys es, 6 3 t h e
v el o citi es a n d v el o cit y gr a di e nts of t he pr e v aili n g fl o w ar e us e d t o c o m-
p ut e t he f ar-fi el d v el ociti es o n t h e fl ui d d o m ai n b o u n d ar y _X

B C 1

i [ cf.
Fi g. 3( b) ] of t h e mi cr o m o d el as

_X
B C 1

i ¼ _X
1

i ¼ Z X ji
_X w

j þ Z X mi L m n Z X nj D X B C 1
j ; ( 4 2)

w h er e Z X ji is t he l o c al t o gl o b al tr a nsf or m ati o n t e ns or, _X w
j is t he fl o w-

fi el d v el ocit y v e ct or, L m n is t h e v el o cit y gr a di e nt t e ns or i n gl o b al r efer-
e nc e fr a m e, a n d D X j is t h e p ositi o n v e ct or  wit h r es p e ct t o t he p arti cl e’s
c e nter.  A g ai n, r ef erri n g t o Fi g. 3( b) , t h e v el o cit y o n t h e p articl e’s s ur-
f a c e _X

B C 3

i is c o m p ut e d fr o m t he p arti cle’s c e nt er tr a nsl ati o n al a n d r ot a-
ti o n al v el o citi es ass u mi n g ri gi d b o d y  m oti o n,  w hi c h is  writte n  wit h
r es p e ct t o t h e p arti cl e’s l o c al r ef ere n ce a xis as

_X
B C 3

i ¼ _X
p

i ¼ Z X ji
_X c

j þ ij kZ H j n
_H n D X B C 3

k ; ( 4 3)

w h er e _X c
i is t h e p arti cl e’s c e nt er tr a nsl ati o n al v el ocit y v e ct or a n d _H i is

t he p arti cl e’s a n g ul ar v el o cit y v e ct or.  A pr ess ur e p oi nt c o nstr ai nt p B C 2

is i m p os e d at a n o d e o n t h e f ar-fi el d fl ui d d o m ai n [s e e, e. g., B C 2 i n
Fi g. 3( b) ]  wit h a  m a g nit u d e e q u al t o t he pr escri b e d st ati c fl ui d pr ess ur e
p 0 , i. e.,

p B C 2 ¼ p 0 : ( 4 4)

W e d efi n e a fl ui d d o m ai n si z e f a ct or M ¼ d f = 2 c6 3 ( w h ere d f is t h e
di a m et er of t h e fl o w d o m ai n a n d c is t h e  m aj or a xis l e n gt h of t he p arti-
cle).  T h e fl o w d o m ai n si z e t h us i n cre as es li n e arl y  wit h t h e si z e of t h e
p articl e. I n o ur a n al ysis,  w e utili z e a f a ct or of M ¼ 1 0,  w hi c h is d eter-
mi n e d t o b e s uffi cie ntl y l ar g e t o yi el d a c c ur at e r es ults.  T h e fl ui d

FI G. 3. F E A  m o d el s h o wi n g ( a) fl o w
d o m ai n a n d ( b) pr e s cri b e d b o u n d ar y
c o n diti o n s.
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d o m ai n dis cr etiz ati o n f or t he b as e c as e h a vi n g a p arti cl e g e o m etri c
as p e ct r ati o re ¼ 6 a p p e ars i n Fi gs. 4( a) a n d 4( b) w h ere a n i n cr e asi n g
m es h d e nsit y is us e d n e ar t h e p arti cle a n d p arti cl es ti p.  All F E A si m u-
l ati o ns ar e p erf or m e d  wit h a 1 0- n o d e q u a dr atic, is o- p ar a m etri c t etr a-
h e dr al s er e n di pit y el e m e nt as s h o w n i n Fi g. 4(c) .

T h e  w e a k f or m of t h e n o n-li n e ar fi nit e el e me nt e q u ati o ns  m a y b e
tr a nsf or me d i n t h e us u al  m a n n er t o a s yste m of al ge br ai c e q u ati o ns
writt e n i n t er ms of t he s ol uti o n v ari a bl e v e ct or u a n d t he gl o b al s yst e m
r esi d u al v e ct or R as

R ¼ K uð Þu f ; ( 4 5)

w h ere K is t h e gl o b al s yst e m “stiff n ess” m atri x, u ¼ v p
h i T

is t h e

pri m ar y s ol uti o n v e ct or c o nt ai ni n g n o d al v el o citi es v a n d pr ess ur es p ;

a n d f is t he s e c o n d ar y v ari a bl e v e ct or c o nt ai ni n g t h e ass oci at e d n o d al

r e acti o n f or c es a n d fl o w r at es.  T o si m plif y t h e s ol uti o n pr oc e d ur e, t h e
gl o b al s yste m  m atri x is p artiti o n e d i nt o ess e nti al “ e ” ( k n o w n) a n d fr e e
“f ” ( u n k n o w n) d e gr e es of fr e e d o m ( d ofs) as

R ¼
R f

R e
¼

K ff K fe

K ef K ee

u f

u e

ff
fe þ g e

( )

; ( 4 6)

w h ere u f a n d ge ar e t h e u n k n o w n q u a ntities t o b e c o m p ut e d i n t h e
fi nit e ele m e nt a n al ysis.  T h e u n k n o w n fr e e v el o cit y a n d pr ess ur e d ofs i n

u f ar e c o m p ut e d vi a a  N e wt o n – R a p hs o n it er ati v e al g orit h m b y z er oi n g
t he fr e e r esi d u al v e ct or R f . T h at is, u f is it er ati v el y u p d at e d u ntil it
a p pr o a c h es t he a ct u al s ol uti o n a c c or di n g t o

u f
þ ¼ u f J ff

1 R f : ( 4 7)

I n t h e a b o v e, t h e  T a n g e nt Stiff n ess  M atri x ( T S M) or J a c o bi a n J ff is

o bt ai n e d b y diff er e nti ati n g t he fr e e r esi d u al v e ct or R f d efi n e d i n E q.

( 4 6) wit h r es p e ct t o t h e fr ee d e gre es of fr e e d o m u f t o o bt ai n

J ff ¼
@ R f

@ u f

¼
@ K ff

@ u f

u f þ
@ K fe

@ u f

u e þ K ff

@ f f

@ u f

: ( 4 8)

T h e u n k n o w n r e a cti o n f or ces a n d fl o w r at es at t h e esse nti al d ofs i n g
e

ar e c o m p ut e d b y s etti n g t h e ess e nti al r esi d u al v e ct or R e ¼ 0 [ cf. E q.
( 4 6)] t o o bt ai n as

g e ¼ K ef u f þ K ee u e fe : ( 4 9)

T h e gl o b al r esi d u al v ect or a n d J a c o bi a n ar e ass e m bl e d fr o m i n di vi d u al
ele m e nt r esi d u al R e a n d ele me nt t a n ge nt stiff n ess  m atri c es J e i n t h e
us u al  m a n n er.  T h e ele m e nt r esi d u al v e ct or R e is  writt e n i n t er ms of
t he F E A i nte gr al e q u ati o ns as

R e ¼
R e

1

R e
2

( )

¼

ð

# e

x 1 r vð Þd #

ð

# e

r s x 2
T l _cð ÞC o r s v d #

ð

# e

p r x 2ð Þd #

ð

# e

ϼ x T
2 f d #

ð

S e
T

x T
2 t d S

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

; ( 5 0)

w h er e R e
1 a n d R e

2 ar e el e m e nt r esi d u al v e ct ors d eri v e d fr o m  m ass a n d
m o m e nt u m c o ns er v ati o n, r es p e cti v el y; x 1 a n d x 2 ar e t h e ar bitr ar y
F E A  w ei g hti n g f u n cti o ns o n t h e c o nti n uit y a n d  m o m e nt u m e q u a-
ti o n, r es p e cti v el y; r a n d r s ar e t h e gr a di e nt v e ct or a n d s y m m etri c

gr a di e nt  m atri x o p er at or, r es p e cti v el y, d efi n e d i n  R ef. 7 6 ; p a n d v ar e

t h e pr ess ur e a n d v el o cit y fi el d v ari a bl es; ϼ is t h e fl ui d d e nsit y; l _cð Þ is
t h e n o n- N e wt o ni a n fl ui d vis c osit y; C

o
is a c o nst a nt c o effi ci e nt

m atri x; t a n d f ar e t h e s urf a c e tr a cti o n a n d t h e b o d y f or c e v e ct ors;

FI G. 4. Si n gl e s u s p e n d e d p arti cl e fi nit e el e m e nt  m o d el. ( a) Fl ui d d o m ai n di s cr eti z ati o n, ( b)  m a g nifi e d vi e w of t h e d o m ai n  m e s h o n t h e s urf a c e of t h e ri gi d p arti cl e, ( c) el e m e nt
s el e cti o n wit h a cti v e d e gr e e s of fr e e d o m.

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of
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a n d S e
T a n d # e ar e t h e el e m e nt s urf a c e a n d i nt eri or d o m ai ns of i nt e-

gr ati o n, r es p e cti v el y.
T h e ele m e nt  T S M J e is o bt ai n e d b y diff er e nti ati n g t h e el e me nt

r esi d u al v e ct or R e wit h r es p e ct t o t h e el e m e nt s ol uti o n v ari a bl es u e

w hi c h c o nt ai ns p e a n d v e , i. e., u e ¼ ½ v e p e T a n d

J e ¼
@ R e

@ u e
¼

@

@ u e

R e
1

R e
2

( )

; J e T ¼
@

@ v e

@

@ p e

" # T R e
1

R e
2

8
<

:

9
=

;

T

: ( 5 1)

First- or d er F a ç a d e d eri v ati v es ar e us e d t o a p pr o xi m at e t h e t a n g e nt
stiff n ess  m atri x a c c or di n g t o

@ R

@ u
D u ¼ R u þ D uð Þ R uð Þ; R ¼ R uð Þ; ( 5 2)

w hi c h  w e a p pl y t o t he c o nti n uit y r esi d u al t er m R e
1 t o o bt ai n d eri v ati v es

wit h r es p e ct t o t h e v el o cit y a n d pr ess ur e as

d R e
1

d v
D v ¼

ð

# e

x 1 r D vð Þd #;
d R e

1

d p
D p ¼ 0 : ( 5 3)

Si mil arl y, d eri v ati v es of t he  m o m e nt u m c o ns er v ati o n t er m  wit h
r es p e ct t o t h e s ol uti o n v ari a bl es aft er al g e br ai c  m a ni p ul ati o ns ar e,
r es p e cti v el y, gi v e n as

d R e
2

d v
D v ¼

ð

# e

r sx 2
T l C o r sD v d # þ

ð

# e

1

l 2

1

_c

@ l

@ _c
r sx 2

T l C o r sv
h i

r sv
T l C o r sD v

h i
d #; ( 5 4)

d R e
2

d p
D p ¼

ð

# e

r x 2ð ÞD p d #: ( 5 5)

It f oll o ws t h at t he  G al er ki n f or m ul ati o n  writt e n as t h e ele m e nt r esi d u al v e ct or R e a n d t a n g e nt stiff n ess  m atri x J e i n t e ns ori al r e pr es e nt ati o n ar e
gi v e n, r es p e cti v el y, as

R e ¼

ð

# e

B s
e T l _cð ÞC o B s

e d #

ð

# e

B e T U e d #

ð

# e

U e T B e d # 0

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

v e

p e

( )
ð

# e

ϼ N e T f d# þ

ð

S e
T

N e T t d S

0

8
>>><

>>>:

9
>>>=

>>>;

( 5 6)

a n d

J e ¼
d R e

d u e
¼

ð

# e

B s
e T l C o B s

e d # þ

ð

# e

1

l 2

1

_c

@ l

@ _c
B s

e T l C o B s
e v e v e T B s

e T l _cð ÞC o
T B s

e d #

ð

# e

B e T U e d #

ð

# e

U e T B e d # 0

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

; ( 5 7)

w h ere

U e a n d N e ar e t h e pr ess ur e a n d v el o cit y i nt er p ol ati o n f u n cti o ns,
r es p e cti v el y; B e a n d B e

s ar e “str ai n” dis pl a c e m e nt  m atri c es; v e a n d p e

ar e, r es p e cti v el y, t h e v el ocit y a n d pr ess ur e d e gr e es of fr e e d o m ( d of) at
t h e r es p e cti v e el e m e nt n o d es; a n d S e a n d # e ar e t h e el e m e nt b o u n d-
ar y s urf a c es a n d d o m ai n of i nt e gr ati o n, r es p e cti v el y.

I n E q. ( 5 7), _c is t h e s c al ar  m a g nit u d e of t he str ai n r at e t e ns or _c ;
w hi c h  m a y b e  writte n i n t er ms of F E A q u a ntities as

_c ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1

2
_c : _c

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

s
v T C

o
r

s
v

q
;

_c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v e T B s

e T l _cð ÞC o B s
e v e

q
:

( 5 8)

I n t his  w or k,  w e c o nsi d er t h e n o n- N e wt o ni a n vis c osit y l _cð Þ as t h at of
a p o w er-l a w s he ar-t hi n ni n g fl ui d gi v e n as

l ¼ m _c n 1 ; ( 5 9)

w h er e m is t he fl o w c o nsist e nc y c oeffi cie nt i n P a sn a n d n is t h e
p o w er-l a w i n d e x, a n d _c is t h e s c al ar  m a g nit u d e of t he d ef or m ati o n t e n-
s or _c ij. I n t h e s ec o n d i nte gr al of t h e  m o m e nt u m e q u ati o n J a c o bi a n i n
E q. ( 5 7) a b o v e, it is c o n v e ni e nt t o i ntr o d u c e a v ari a bl e a
¼ 1 = l 2 _cð Þ @ l = @ _cð Þ t o si m plif y t h e e x pr essi o n a n d  m a k e it g e n er all y
a p pli c a bl e t o ot h er  G N F fl ui ds. It f oll o ws t h at a c a n b e  writt e n f or t h e
p o w er-l a w fl ui d as

a ¼
1

l 2

1

_c

@ l

@ _c
¼

1

l _c 2 n 1ð Þ: ( 6 0)

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of
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Alt er n ati v el y, f or a  C arre a u – Y as u d a fl ui d, t h e e x pr essi o n f or l a n d a
is, r es p e cti v el y,

l l 1

l 0 l 1

¼ 1 þ k _cð Þ a n 1ð Þ= a

a n d

a ¼
1

l 2

1

_c

@ l

@ _c
¼

1

_c 2

l l 1

l 2

n 1

1 þ k _cð Þ a ; ( 6 1)

w h ere l 0 is t h e z er o-s h e ar vis c osit y, l 1 is a n i nfi nit e-s h e ar vis c osit y, k
is a ti m e c o nst a nt, a n d a is a fitti n g p ar a m et er.

Si n gl e- p a r ti cl e  m o ti o n  wi t h  G N F r h e ol o g y

I n o ur n u m eri c al a p pr o a c h, t h e p arti cl e’s  m oti o n is c o m p ut e d
b as e d o n a n a p pr o pri at e e x pli cit n u m eri c al or di n ar y diff ere nti al e q u a-
ti o n s ol uti o n t e c h ni q u e b y c al c ul ati n g its li n e ar a n d r ot ati o n al v el o ci-
ti es t h at r es ults i n a z er o n et h y dr o d y n a mi c f or ce a n d t or q ue a cti n g o n
t h e p articl e’s s urf a c e.  A g ai n,  w e a d o pt t h e  N e wt o n– R a p hs o n ’s it er ati v e
m et h o d t o d eter mi n e t h e n o n-li n e ar s ol uti o n of p arti cle ’s tr a nsl ati o n al
a n d r ot ati o n al v el o citi es as

_Y þ ¼ _Y J H
1 R H ; ( 6 2)

w h ere _Y c o nt ai ns t h e p articl e ’s li n e ar v el o citi es _X c a n d r ot ati o n al

v el ocit y _W , i. e., _Y ¼ _X
c _W

h i T
, a n d R H is t he p article h y dr o d y-

n a mi c r esi d u al v e ct or  w hi c h is c o m p os e d of t h e p arti cl e ’s h y dr o d y-

n a mi c f or c es f H a n d c o u pl e Q
H

; i. e., R H ¼ F H Q H
T

as a

f u n cti o n of t he p arti cle’s v el o cit y, i. e., R H ¼ R H
_Y . Si n c e c al c ul a-

ti o ns ar e p erf or me d  wit h r es p e ct t o t he p arti cle’s l o c al r ef er e n ce fr a m e,
t h e p arti cl e’s v el o cit y v ect or is tr a nsf or m e d t o gl o b al c o or di n at e s yst e m
a c c or di n g t o t h e f oll o wi n g e q u ati o n:

_Y ¼ Z _Y
_Y ; ( 6 3)

w here v ari a bles o n t he gl o b al refere nc e fr a me are acce nte d b y a stri ke-
t hr o u g h a n d t he p article’s vel ocit y tr a nsf or m ati o n te ns or Z

_Y
is gi ve n b y

Z _Y
¼

Z X 0

0 T Z 1
H

" #

: ( 6 4)

W e c al c ul at e t h e n et h y dr o d y n a mi c f or c e v e ct or f H a n d c o u pl e Q
H

o n
t he p arti cle b y v e ct or s u m m ati o n of t he n o d al r e acti o ns f or c es a n d t or-
q ues o n t h e p arti cle s urf a c e as

f H ¼
X n k

k

g kð Þ
e ; Q

H
¼

X n k

k

D X kð Þ
g kð Þ

e ; ( 6 5)

w h er e D X kð Þ
a n d g

ðk Þ
e ar e t he p ositi o n v e ct or a n d t h e n o d al r e acti o n

f or c e v e ct or at t h e k t h n o d e o n t h e p arti cl e s urf a c e ðB C 3 Þ, r es p e cti v el y,
a n d n k is t he t ot al n u m b er of n o d es o n B C 3.  T h e p article h y dr o d y-
n a mi c J a c o bi a n J H i n E q. ( 6 2) a b o v e is o bt ai n e d b y diff ere nti ati n g t h e

c o m p o n e nts of t h e p arti cl e h y dr o d y n a mi c r esi d u al v e ct or R H wit h

r es p e ct t o c o m p o n e nts of t h e p arti cl e’s v el ocit y v ect or _Y as

J H ¼
@ R H

@ _Y
¼

@

@ _Y
F H Q H

T

¼
X n k

k

@ g kð Þ

e

@ _Y

X n k

k

D X kð Þ
@ g kð Þ

e

@ _Y

2

4

3

5

T

: ( 6 6)

Diff ere nti ati n g t h e gl o b al s yst e m F E A r esi d u al v ect or R i n E q. ( 4 6)
wit h r es p e ct t o t h e p articl e v el ocit y v e ct or _Y ; w e o bt ai n t h e d eri v ati v e
of t h e n o d al r e a cti o n f or ce v e ct or d g

e
= d _Y i n E q. ( 6 6) as

d g
e

d _Y
¼

@ K ef

@ u e

u f þ
@ K ee

@ u e

u e þ 2 K ee

d f e

d u e

( )
d u e

d _Y

þ
@ K ef

@ uf
u f þ

@ K ee

@ uf
u e þ 2 K ef

d f e

d u f

( )
d u f

d _Y
; ( 6 7)

w h er e t he d eri v ati v e d u f = d _Y is  writt e n i n t er ms of t he d eri v ati v e
d u e = d _Y as

d u f

d _Y
¼

@ K ff

@ uf
u f þ

@ K fe

@ uf
u e þ 2 K ff

d f f

d u f

( ) 1
@ K ff

@ u e

u f þ
@ K fe

@ u e

u e þ 2 K fe

d f f

d u e

( )
d u e

d _Y
: ( 6 8)

T o o bt ai n t h e F E A  m o d el d eri v ati v es i n t he a b o v e,  w e diff ere nti at e t h e gl o b al F E A s yst e m r esi d u al R i n E q. ( 4 7) wit h r es p e ct t o t he s ol uti o n v ari a bl e
u t o o bt ai n t h e gl o b al F E A s yst e m J a c o bi a n J as

J ¼
d R

d u
¼

J ff J fe

J ef J ee

( )

¼

@ K ff

@ u f

u f þ
@ K fe

@ u f

u e þ K ff

@ f f

@ u f

( )
@ K ff

@ u e

u f þ
@ K fe

@ u e

u e þ K fe

@ f f

@ u e

( )

@ K ef

@ u f

u f þ
@ K ee

@ u f

u e þ K ef

@ f e

@ u f

( )
@ K ef

@ u e

u f þ
@ K ee

@ u e

u e þ K ee

@ f e

@ u e

( )

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

; ( 6 9)

w h ere E q. ( 4 8) h as b e e n e x p a n d e d t o i n cl u d e all fr e e a n d ess e nti al

d e gr ees of fr e e d o m i n u ¼ u f u e
T
. I n a d diti o n, t h e n o d al r e a c-

ti o n f or c e v e ct or d eri v ati v e d g e = d _Y i n E q. ( 6 7) is  writte n i n t er ms of

t h e s u b m atri c es of t h e gl o b al F E A s yste m J a c o bi a n J as

d g
e

d _Y
¼ K ee þ J ee

n o d u e

d _X
þ K ef þ J ef

n o d u f

d _Y
: ( 7 0)

Li k e wis e, t h e d eri v ati v e d u f = d _Y i n E q. ( 6 8) is als o  writte n i n t er ms of
t he s u b m atri c es of t h e gl o b al s yste m J a c o bi a n J as
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d u f

d _Y
¼ K ff þ J ff

n o 1
K fe þ J fe d

u e

d _Y
: ( 7 1)

Gi v e n t he i niti al c o n diti o n of t h e p articl e, Y j 1 at a n y i nst a nt  wit h a n
ass o ci at e d v el o cit y _Y j 1 at e a c h jt h ti m e ste p,  w e u p d at e p articl e’s
p ositi o n a n d ori e nt ati o n Y j usi n g o n a n e x pli cit f o urt h- or d er  R u n g e –
K utt a  m et h o d. i. e.,

Y j ¼ Y j 1 þ
D t

6
K

j 1
1 þ 2 K

j 1
2 þ 2 K

j 1
3 þ K

j 1
4

h i
; ( 7 2)

w h ere

K
j 1
1 ¼ fY tj 1 ; Y j 1 ¼ _Y j 1

K
j 1
2 ¼ fY tj 1 þ

D t

2
; Y j 1 þ

D t

2
K

j 1
1 ;

K
j 1
3 ¼ fY tj 1 þ

D t

2
; Y j 1 þ

D t

2
K

j 1
2

K
j 1
4 ¼ fY tj 1 þ D t; Y j 1 þ D t K

j 1
3 ;

( 7 3)

a n d t h e f u n cti o n fY is us e d t o e v al u at e t h e p articl es v el ociti es _Y at ti m e
t a n d p ositi o n Y :

C o m p a ri s o n  of J eff e r y ’s  a n d  F E A  m o d el

T o v ali d at e o ur F E A  m o d el- b as e d p arti cle  m oti o n si m ul ati o ns t o
c al c ul ati o ns p erf or me d  wit h J eff er y ’s e q u ati o ns,  w e first d efi n e t h e p ar-
ti cle s urf a c e pr ess ur e p i n di m e nsi o nl ess f or m as

p ¼
p p 0

l 1 _c c

; ( 7 4)

w h ere _c c is a c h ar a ct eristi c str ai n r at e of t h e fl o w fi el d. F or a gi v e n l 1

a n d _c c , p is e v al u at e d fr o m E q. ( 7 4), w h ere p is c o m p ut e d fr o m
J eff er y’s  m o d el [ cf. E q. ( 1)] a n d si mil arl y fr o m t h e n o d al pr ess ur e s ol u-
ti o n of t he F E A  m o d el d escri b e d a b o v e. Li k e wis e, t h e fl o w-fi el d v el o c-
it y  m a g nit u d e is n or m aliz e d  wit h r es p e ct t o t h e t a n ge nti al v el o cit y at
t h e p arti cle’s ti p is gi v e n as

v ¼ _X = _X t ; _X
t
¼ H X t ; ( 7 5)

w h ere X t is t he p ositi o n v ect or at p arti cle’s ti p d efi n e d b y t he m aj or
a xis l e n gt h.  T o e ns ur e c o nsist e n c y b et we e n t he J eff er y ’s  m o d el e q u a-
ti o ns a n d fi nit e el e me nt a n al ysis ( F E A) si m ul ati o n r es ults,  w e c o nsi d er
t h e p arti cl e’s  m oti o n a n d s urf a c e pr ess ur e distri b uti o n f or t h e c as e of a
si n gl e ri gi d elli ps oi d al p article s us p e n d e d i n vis c o us h o m o g e n e o us
N e wt o ni a n (i. e., p o w er-l a w i n d e x n ¼ 1) fl o w.  T h e F E A  m o d el is
s h o w n t o e x a ctl y  m at c h J eff er y’s r es ults f or a r a n ge of p arti cl e as p e ct
r ati os i n cl u di n g re ¼ 1 ; 2 ; 3 ; 6 ; a n d 1 0 [ cf. Fi g. 5( a) f or _/ a n d
Fi g. 5( b) f or P . P is t h e di m e nsi o nl ess pr ess ur e at t he p arti cl e’s ti p.
A d diti o n all y, J eff er y ’s or bit e x a ctl y  m at c h o ur F E A r es ults f or t h e v ari-
o us fl o w c o n diti o ns d es cri b e d a b o v e as s h o w n i n Fi gs. 5( c) a n d 5( d)
w hi c h s h o w c o m p o n e nts of t he p arti cle u nit v e ct or q i, a n d  m a xi m u m
a n d  mi ni m u m n or m ali z e d s urf a c e pr ess ur e ~p .  R es ults i n Fi gs. 5( a) a n d
5( b) ar e f or o n e p eri o d of J eff er y ’s or bit; h o w e v er, gi v e n t h at v al u es at
t h e e n d p oi nt e x a ctl y  m at c h  wit hi n 0. 2 5 %,  w e e x p e ct t h e a c c ur a c y of
o ur n u m eri c al a p pr o a c h t o r e m ai n as p articl e r ot ati o ns c o nti n u e.

R E S U L T S  A N D  DI S C U S SI O N

T he  Res ults a n d  Disc ussi o n secti o n is di vi de d i nt o t w o s u b-secti o ns.
T he first s u b-se cti o n prese nts p articles be h a vi or ( orie nt ati o n d y n a mics

a n d s urf ac e press ure distri b uti o n) i n a  Ne wt o ni a n fl ui d, c o nsi deri n g t he
v ari o us h o m o ge ne o us fl o ws des cri be d a b o ve a n d t he effe ct of ge o metric
as pect r ati o a n d p article i niti al orie nt ati o n o n t he p article  m oti o n a n d
e v ol uti o n of t he s urf ace press ure.  T he s u bse q ue nt s u b-secti o n prese nts i n
det ail t he effect of s he ar-t hi n ni n g p o wer-l a w fl ui d r he ol o g y o n t he p ar-
ticles be h a vi or i n t he v ari o us c o m bi ne d h o m o ge ne o us fl o ws a n d f or dif-
fere nt s he ar-t o-e xte nsi o n r ate r ati os (_c = _e ¼ 1 a n d 1 0 Þ. T he se cti o n als o
prese nts t he r es ults of se nsiti vit y st u dies o n t he i nfl ue nce of t he elli ps oi d al
as pect r ati o a n d i niti al p article orie nt ati o n o n t he p articles be h a vi or i n
n o n- Ne wt o ni a n si m ple s he ar fl o w.

P a r ti cl e  b e h a vi o r i n  N e w t o ni a n  h o m o g e n e o u s fl o w s

F or t he i n v esti g ati o n of t he be h a vi or of si n gl e ri gi d s p her oi d al p ar-
ticl e s us p e n d e d i n  N e wt o ni a n h o m o ge n e o us fl o ws, Jeffer y’s e q u ati o ns
ar e s uffi cie nt a n d c o m p ut ati o n all y  m or e effici e nt t h a n o ur n u meric al
s ol uti o ns.  T he b asi c h o m o ge n e o us fl o ws dis c uss e d i n t he  m et h o d ol o g y
s e cti o n a b o ve t h at c o nsi der v ari o us c o m bi n ati o ns of str et c hi n g a n d
s he ari n g r at e ar e e x pe ct e d i n p ol y mer c o m p osit e  melt fl o w a p plic ati o ns
s uc h as  m at eri al e xtr usi o n/ de p ositi o n a d diti ve  m a n uf act uri n g (s e e, e. g.,
A we nli m o b or et al.6 3 ). I n all  N e wt o ni a n fl o w a n al ys es c o nsi der e d here,
we e m pl o y a n as p e ct r ati o of re ¼ 6, a vis c osit y of l 1 ¼ 1 P a s; a n d a
s h e ar r ate of _c ¼ 1 s 1 w h ere a p plic a bl e.  T he p articl e is i niti all y orie nte d
i n t he X 2 dir e cti o n (i. e., / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0) a n d r ot at es i n
t he X 2 X 3 s h e ar pl a ne.

Fi g ur e 6 s h o ws t h e c al c ul at e d p article i n- pl a n e a n g ul ar v el o cit y
(/ ) a n d p arti cle ti p pr ess ur e (P Þ i n t h e v ari o us h o m o g e n e o us fl o ws f or
t w o c as es of s h e ar-t o- e xt e nsi o n r at e r ati o ( _c = _e Þ w h ere a p pli c a bl e.
H ere,  w e us e t h e o v er b ar t o i n di c at e a di m e nsi o nless pr ess ur e as i n
E qs. ( 7 5) a n d ( 7 6). I n t he pl a n ar e xt e nsi o n al fl o ws (i. e.,  U A, B A, a n d
T A fl o ws),  w e o bs er ve a n a bs e nc e of p arti cle  m oti o n; h o w e v er, t h e p ar-
ticle b e gi ns t o r ot at e  wit h t h e i ntr o d u cti o n of a n o n- z er o-s h e ar v el o cit y
gr a di e nt c o m p o n e nt [ cf. Fi g. 6( a) ]. I n t h e e xt e nsi o n-s h e ar S U A fl o w
(i. e., _c = _e ¼ 1 Þ, t h e p article is i niti all y a c c el er at e d b y t he c o m bi n e d
a cti o n of t h e i n w ar d fl o w i n t h e X 2 dir e cti o n a n d t h e s h e ar fl o w i n t h e
X 2 X 3 pl a n e.  T h e p arti cl e e ve nt u all y st alls at / s ¼ 1 :5 8 r a d as it
ali g ns  wit h t he X 3 dir e cti o n d u e t o t h e a p plie d str etc hi n g a n d r el ati v el y
l o w s h e ar r at e. I n t h e P S T fl o w c as e, t h er e is n o fl o w i n t he X 2 dir e c-
ti o n t h at i nfl u e nc es t he i niti al p articl e  m oti o n; h o w e ver, t he i nfl o w i n
t he X 1 dir e cti o n k e e ps t h e p arti cl e m oti o n i n t h e X 2 X 3 s h e ar pl a n e.
Li k e t h e S U A fl o w c as e, t h e a p pli e d stret c hi n g a n d r el ati v el y hi g h
e xt e nsi o n al d o mi n a n c e c a us es t he p articl e t o st all at / s ¼ 1 :6 0 r a d as it
t ur ns t o ali g n i n t h e X 3 dir ecti o n.  T h e S U A a n d P S T  mi x e d- m o d e fl o w
t y p es ar e as y m m etric i n t h e X 2 X 3 pl a n e. I n t he S B A fl o w r e gi m e,
t he i n w ar d fl o w i n t he X 1 dir ecti o n pr e ve nts o ut- of- pl a n e  m oti o n of
t he p article, a n d t her e is n o pr o visi o n f or pr efer e nti al orie nt ati o n i n t he
X 2 X 3 pl a ne d u e t o u nif or m stret c hi n g i n t he X 2 X 3 s h e ar pl a n e.
As a r es ult, t he p arti cl e t u m bl es c o nti n u o usl y.  T he S T A a n d S S fl o w
t y pes are ess e nti all y si mil ar i n t er ms of t heir i nfl ue n c e o n t he p articl e’s
be h a vi or.  T he o nl y differ e n c e o bs er v e d bet we e n t hese fl o w t y pes is i n
t he c al c ul at e d p arti cle ti p pr ess ure.  At t h e o ns et of p arti cle  m oti o n at
/ 0 ¼ 0, t h e n et pr ess ur e at t he p articl e ti p is zer o ( P ¼ 0 Þ f or c as es  wit h
n o n et fl o w i n t he X 2 dir e cti o n.  H o we v er, t he p articl e ti p h as a net p osi-
ti v e press ur e (P ¼ þ 3 1 :4 Þ f or t he  U A/ S U A fl o ws d u e t o t he i nfl o w i n
t he X 2 dir e cti o n, a n d t he o utfl o w i n t he X 2 dir e cti o n cr e at es a n et ne g a-
ti v e pr ess ur e o n t he p arti cl es ti p (P ¼ 3 1 :4 Þ f or t he B A/ S B A c as es.  As
t he s he ar fl o w i n d uc es p articl e r ot ati o n, t he ti p pr ess ure dr o ps gr a d u all y
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u ntil it r e ac hes a  mi ni m u m, at  w hic h p oi nt t he p articl es orie nt ati o n
c oi n ci des  wit h a pri n ci p al fl o w dir e cti o n [ cf. Fi g. 6( b) ].

I n t h e e v e nt  w h er e t h e p arti cl e d o es n ot st all, t h e pr ess ur e o n
t h e p arti cl e ti p fl u ct u at es b et w e e n its  mi ni m u m a n d  m a xi m u m li m-
its at l o c ati o ns  w h er e its ori e nt ati o ns c oi n ci d es  wit h t h e pri n ci p al
fl o w dir e cti o ns. F or t h e a xis y m m etri c fl o ws, t h e p arti cl e ti p pr ess ur e
e xtr e m es o c c ur at / ¼ 6 p = 4,  w hil e f or t h e S U A as y m m etri c fl o w
(i. e., _c = _e ¼ 1), t his o c c urs at / ¼ þ 1 :4 1 r a d.  Alt er n ati v el y, f or t h e
P S T as y m m etri c fl o w, t h e pr ess ur e e xtr e m e o c c urs at
/ ¼ þ 1 :1 8 r a d.  C ess ati o n of t h e p arti cl es  m oti o n u n d er t h e c o m-
bi n e d S U A a n d P S T fl o w c o n diti o ns is lift e d o n c e t h e c o n diti o ns of
E q. ( 3 3) ar e vi ol at e d, i. e.,  w h e n _c = _e 3 j =

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 j 2

p
f or t h e S U A fl o w

c o n diti o n a n d _c = _e j =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 j 2

p
f or t h e P S T fl o w c o n diti o ns. I n t h e

c urr e nt st u d y,  w h er e  w e ass u m e d j ¼ :9 4 5 9, t h e p arti cl e d o es n ot
st all  w h e n _c = _e 8 :7 5 f or S U A fl o w c o n diti o n a n d  w h e n _c = _e 2 :9 2
f or t h e P S T fl o w c o n diti o n.  Wit h i n cr e as e d s h e ar str ai n r at e (i. e., f or
_c = _e ¼ 1 0 Þ, t h e p arti cl e r ot at es p eri o di c all y f or all c o m bi n e d fl o w
c o n diti o ns [ cf. Fi g. 6( c) ]. Si n c e _e 2 ¼ _e 3 ¼ _e , f or t h e a xis y m m etri c
c o m bi n e d fl o w c as es, t h e p arti cl e d o es n ot st all r e g ar dl ess of t h e
m a g nit u d e of _c = _e .  O n e e x c e pti o n is s e e n f or elli ps oi d al p arti cl es
wit h s m all b ut fi nit e t hi c k n ess s u c h as i n t h e c as e of a t hi n r o d  w h e n
j ! 1 or i n t h e c as e of a cir c ul ar dis k  w h e n j ! 0, b ot h of  w hi c h
ar e d e g e n er at e c as es as d es cri b e d b y J eff er y. 1 5 As t h e s h e ar r at e
i n cr e as es, t h e as y m m etri c fl o ws b e c o m es  m or e s y m m etri c al a n d t h e
p arti cl e ’s s urf a c e pr ess ur e  m a g nit u d es ar e i n cr e as e d [ cf. Fi g. 6( d) ].
A d diti o n all y, i n cr e as e d s h e ar r at e als o  m o v es t h e ori e nt ati o n  w h er e

FI G. 5. F E A ( c ol or e d li n e s) a n d J eff er y ’s r e s ult s ( bl a c k  m ar k er s) of t h e e v ol uti o n of t h e p arti cl e ’s ( a) a n g ul ar v el o cit y, a n d ( b) ti p pr e s s ur e, i n si m pl e s h e ar fl o w f or p arti cl e t u m-
bli n g i n t h e s h e ar pl a n e wit h diff er e nt a s p e ct r ati o s 1 re 1 0; ( c) ori e nt ati o n c o m p o n e nt s, a n d ( d)  mi ni m u m ( d a s h e d) a n d  m a xi m u m ( c o nti n u o u s) s urf a c e pr e s s ur e f or p arti-
cl e wit h i niti al ori e nt ati o n, / 0 ¼ p = 3 ; h 0 ¼ 1 1 p = 2 4 ; w 0 ¼ 0 s u s p e n d e d i n diff er e nt c o m bi n e d fl o w t y p e s — S U A (r e d), P S T ( pi n k) a n d S B A ( c y a n)  wit h
_c = _e ¼ 1 ðR e s ult s of t h e t hir d c o m p o n e nt of t h e p arti cl e ’s ori e nt ati o n v e ct or ði:e :; q 3 Þ i s i m pli cit gi v e n t h e n or m ali z ati o n c o n diti o nq iq i ¼ 1 : Þ:
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ti p pr ess ur e e xtr e m es o c c urs (i. e., at t h e p oi nt  w h er e its c oi n ci d es
wit h t h e pri n ci p al fl o w dir e cti o ns). F or e x a m pl e, i n t h e S U A fl o w
c as e, t h e ori e nt ati o n  w h er e pr ess ur e e xtr e m es o c c urs ar e at
/ ¼ 0 :6 4 0 ; þ 0 :9 3 1 r a d,  w hil e t h e s a m e o c c urs at / ¼ 0 :7 3 6 ;
þ 0 :8 3 5 r a d f or t h e P S T fl o w c as e :

P arti cle  m oti o n a n al ys es s h o w t h at c ess ati o n of t h e r ot ati o n
d e p e n ds o n t he v al u e of _c = _e , i. e., f or t h e S U A a n d P S T fl o ws as s h o w n

i n Fi g. 7 .  T h e t u m bli n g p eri o d is s e e n t o as y m pt ot e fr o m eit her dir ec-
ti o n t o t h e ori e nt ati o n  w h er e c o n diti o ns f or t h e o ns et of p arti cle st all is
s atisfi e d,  w hi c h is s ee n t o o c c ur at a li mit st all a n gl e of a p pr o xi m at el y
/ p ¼ 1 :7 2 r a d.  T o t he l eft of t he r e d- d as h e d v ertic al li mit li n es i n
Fi g. 7( a) , or b e ne at h t he r e d- d as h e d h ori z o nt al li n e i n Fi g. 7( b) , d efi n-
i n g t he as y m pt ot e e v e nts, t h e p arti cle  w o ul d st all; h o w e ver, t h e r e verse
sit u ati o n is e x p e cte d b e y o n d t h es e li mits.

FI G. 6. P ol ar pl ot of t h e e v ol uti o n of t h e p arti cl e ’s ( a) pr e c e s si o n _c = _e ¼ 1( w h er e a p pli c a bl e), ( b) ti p pr e s s ur e _c = _e ¼ 1 ; cð Þ pr e c e s si o n _c = _e ¼ 1 0 ; dð Þ ti p pr e s s ur e _c = _e ¼ 1 0
f or p arti cl e i n t h e v ari o u s h o m o g e n e o u s fl o w t y p e s. I n all c a s e s, _c ¼ 1 s 1 , l 1 ¼ 1 P a s.
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Eff e c t  of  g e o m e t ri c a s p e c t r a ti o a n d s h e a r r a t e

I n a 2 D  N e wt o ni a n st u d y b y  A we nli m o b or et al.,6 3 v ari o us f a ct ors
w er e s h o w n t o i nfl u e nc e t he p e a k pr ess ur e e xtre me o n t h e s urf a c e of a
p arti cle s us p e n d e d i n  N e wt o ni a n p ur el y vis c o us si m pl e s h e ar fl o w
i n cl u di n g t he fl ui d vis c osit y l 1 , t h e  m a g nit u d e of t he s h e ar r at e _c , a n d
t h e p article as p e ct r ati o re .  T h e c urr e nt i n vesti g ati o n e x pl or es t h e 3 D
p arti cle b e h a vi or i n  N e wt o ni a n p ur el y vis c o us fl o w usi n g J eff er y ’s
e q u ati o ns. F or a gi v e n as p e ct r ati o, t he n et pr ess ur e p p 0 , c o m p ut e d
fr o m E q. ( 1) is s e e n t o h a v e a li n e ar d e pe n d e nc e o n t h e  N e wt o ni a n vis-
c osit y l 1 a n d s h e ar r at e _c ; i. e., p p 0ð Þ= l 1 _c is c o nst a nt.  H o w e v er, as
re i n cr e as es, s o d o es t he e xtr e me ti p pr ess ur e. Fi g ur e 5( b) s h o ws t h at
t h e p article’s ti p pr ess ur e  m a g nit u d e is pr o p orti o n al t o t h e re of t he
elli ps oi d al p articl e,  w hi c h is li k el y d u e t o t he i n cre as e d p article l e n gt h,
t h e r e d u c e d p arti cle ti p c ur v at ur e,  w hi c h o c c urs as re ; is i n cre as e d, or
b ot h. Fr o m E qs. ( 1 8) a n d ( 1 9), it c a n b e s h o w n t h at t h e p article’s ti p
pr ess ur e e xtr e m es o c c ur at a n ori e nt ati o n a n gl e of / ¼ 6 p = 4 w h e n
t h e a n g ul ar v el o cit y _/ ¼ _c = 2,  w hi c h als o c orres p o n ds t o t h e pri n ci p al
fl o w dir e cti o ns f or si m pl e s he ar fl o w. F urt her m or e, at t h e p ositi o n
w h ere t h e p arti cl e ’s pr e cessi o n a p pr o a c h es e xtre m u m at
/ ¼ n p = 2 ; nj j 0, t he p arti cl e ti p pr ess ur e g oes t o z er o irr es p e cti v e of
t h e g e o m etri c as p e ct r ati o. Fi g ur e 8 s h o ws t h e pr ess ur e distri b uti o n o n
t h e s urf a c e of ri gi ds s p h er oi d al p arti cles at t h e l o c ati o n of or bit al  mi ni-
m u m s urf a c e pr ess ur e e xtr e me f or diff ere nt as p e ct r ati os a n d f or

p articl e  m oti o n i n t he pl a n e of s h e ar fl o w. It is e vi d e nt t h at t h e  mi ni-
m u m pr ess ur e o n t h e p article s urf a c e o c c urs at t he p arti cle ti ps a n d t h e
pr ess ur e p e a k  m a g nit u d es i n cre as es  wit h t h e g e o m etri c as p e ct r ati o.

Wit h i n cre as e d elli ps oi d al as p e ct r ati o, t h e c ur v at ur e r a di us at t he
p articl e ’s ti p r e d u c es. It is i m p ort a nt t o u n d erst a n d t h e r el ati o n of t h e
ti p pr ess ur e  m a g nit u d e  wit h t h e ti p g e o m etr y (i. e., t he c ur v at ur e r a di us,
rj ¼ 1 = re ) a n d  wit h t he r el ati v e p ositi o ni n g of t he ti p i n t h e c o nst a nt
v el o cit y gr a di e nt fl o w fi el d ( d efi n e d b y t he p articl es g e o m etri c p ar a m e-
t er, j ). Fi g ur e 9( a) s h o ws t h e r el ati o ns hi p b et we e n t he s p h er oi d al
or bit al  mi ni m u m ti p pr ess ur e, P mi n ;j n or m ali z e d  wit h r es p e ct t o t h e
s p h eri c al r ef er e nc e v al u es, P mi n ;0 (i. e., j ¼ 0), a n d t he c ur v at ur e r a di us
f or a pr ol at e s p h er oi d  wit h u nit y  mi n or a xis l e n gt h.  T his r el ati o ns hi p
o bt ai n e d t hr o u g h a t y pi c al c ur v e fitti n g pr o c e d ur e c a n b e r e pr ese nte d
b y E q. ( 7 6).  T h e  N e wt o ni a n or bit al  mi ni m u m ti p pr ess ur e r ati o is s e e n
t o d e cre as e e x p o n e nti all y  wit h i n cre asi n g ti p c ur v at ur e r a di us as

P mi n ;j = P mi n ;0 ¼ 0 :6 3 þ 0 :3 9 r 1 :5 3
j 4 :8 1 e x p 1 4 :4 7 rjð Þ: ( 7 6)

Alt er n ati v el y, t h e  N e wt o ni a n or bit al  mi ni m u m ti p pr ess ur e r ati o c a n
b e r e pr es e nt e d i n t er ms of t he g e o m etri c p ar a m et er j as s h o w n i n
Fi g. 9( b) a n d c a n b e  writt e n as

P mi n ;j = P mi n ;0 ¼ 1 :8 7 j þ 1 0 :7 4 j 1 9 :5 6 þ 0 :8 2 e x p 4 :5 4 j 5 6 :6 2ð Þ : ( 7 7)

Fi g ur e 9( b) s h o ws t h at as j t e n ds t o u nit y a p pr o a c hi n g a sl e n d er r o d,
t he p arti cle ti p or bit al  mi ni m u m pr ess ur e g o es t o i nfi nit y.  N ot e t h at

FI G. 7. P arti cl e  m oti o n a n al y si s. ( a) p arti cl e t u m bli n g p eri o d ( or st all ti m e w h er e a p pli c a bl e) a n d ( b) c orr e s p o n di n g p arti cl e r ot ati o n a n gl e, f or diff er e nt s h e ar d o mi n a n c e f a ct or
_c = _e a n d f or t h e f or t h e c o m bi n e d h o m o g e n e o u s fl o w c o n diti o n s.

FI G. 8. Pr e s s ur e di stri b uti o n ar o u n d t h e
p arti cl e s urf a c e at t h e p oi nt of  mi ni m u m
p e a k pr e s s ur e o c c urr e n c e ( / ¼ p = 4 ) f or
diff er e nt a s p e ct r ati o ( a) re ¼ 1 ( b) re ¼ 6
( c) re ¼ 1 5.
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t h e  m e a n as p e ct r ati o of s h ort fi b er fill ers e x p eri m e nt all y  m e as ur e d i n
1 3 %  C F/ A B S l ar ge-s c al e E D A M pri nt e d b e a d  w ere f o u n d t o b e a b o ut
re ¼ 4 5 ; j ¼ 0 :9 9 9 ;7 7, 7 8 t h at  w o ul d t h e or eti c all y yi el d hi g h pr ess ur e
s pi k es at t he p arti cle ti ps i n t h e p ol y m er s us p e nsi o n d uri n g p ol y m er
c o m p osit e pr o c essi n g b as e d o n J eff er y ’s  m o d el ass u m pti o n,  w hi c h
h a v e b e e n s u g g est e d b y  A we nli m o b or et al. 6 3 t o b e p ot e nti all y r es p o n-
si bl e f or  mi cr o- v oi d n u cle ati o n at t he fi b er ti ps.

Eff e c t  of i ni ti al  p a r ti cl e  o ri e n t a ti o n

I n Fi g. 1 0( a) ,  we prese nt t he p articl e’s m oti o n i n si m ple s he ar fl o w
f or v ari o us i niti al p article azi m ut h a n gl e h 0 ¼ 2 p = 2 4 h

1 1 p = 2 4 ( / 0 ¼ 0 Þ b as e d o n Jeffer y ’s s ol uti o n gi ve n a b o ve.  As
e x pecte d, t he p article ’s  m oti o n is peri o dic, a n d t he peri o d is s a me f or all
or bits.  T he or bit be c o mes n arr o wer as  we i n cre as e t he i niti al o ut- of- pl a ne
orie nt ati o n a n gle  w hic h re d uces t he effecti ve as pect r ati o (s ee n as t h at
pr ojecte d t o t he s he ar pl a ne), res ulti n g i n l o wer pe a k press ure e xtr e mes.
Fi g ure 1 0( b) s h o ws t h at t he a n gle at w hic h t he p article press ure e xtre me
occ urs s hifts as t he p articl e is orie nte d f urt her o ut of t he s he ar pl a ne.
E ve nt u all y, setti n g t he i niti al o ut- of- pl a ne orie nt ati o n t o z er o  w o ul d le a d
t o t he p article s pi n ni n g a b o ut its a xis i n a l o g-r olli n g p ositi o n  wit h ne ar-
zer o s urf ace pr ess ure d ue t o ne gli gi ble dist ur b a nc e vel ocit y.  T he p h ase
di a gr a ms [cf. Fi gs. 1 0(c) a n d 1 0( d) ] re ve al a s y m metric be h a vi or i n p arti-
cle d y n a mics. As t he p article m o ves f urt her o ut of pl a ne (i.e., 1 ! 0 Þ, t he
l oc ati o n of t he ti p press ur e e xtre mes c o n ver ges t o w ar d t he l oc ati o n of
mi ni m u m prec essi o n at / ¼ 6 p = 2, b ut as t he p article  m o ves t o w ar d
t he s he ar pl a n e, t he press ure e xtr e me l oc ati o ns c oi nci de wit h t he direc-
ti o n of t he pri nci p al a xis of t he fl o w (/ ¼ 6 p = 4). Fi g ure 1 1 s h o ws t he
p article ’s c o nfi g ur ati o n at t he l oc ati o n of  mi ni m u m p article ti p press ure
al o n g s ele ct Jeffer y ’s or bits  wit h v ari o us i niti al azi m ut h a n gle h 0 . F or t h e
p article t u m bli n g i n t he s he ar pl a ne of t he fl o w ( h 0 ¼ p = 2 Þ; we se e
t h at t he p article’s orie nt ati o n c oi nci des  wit h t he pri nci p al dire cti o n of t he
fl o w (/ ¼ p = 4) b ut as it  m o ves f urt her o ut of pl a n e, t he pe a k pr ess ur e
l oc ati o n  m o ves cl os er t o w ar d t he u p per li mit of azi m ut h al i ncli n ati o n f or
e ac h or bit (i.e., / ! p = 2 Þ.

Fi g ur e 1 2( a) s h o ws a n e arl y li n e ar r el ati o ns hi p b et w e e n t he p ar-
ti cle’s or bit al  mi ni m u m ti p pr ess ur e a n d t h e p ol ar a n gl e l o c ati o n al o n g
t h e c orres p o n di n g J eff er y’s or bits.  As n ot e d a b o v e,  w h e n t he p arti cle is

t u m bli n g i n s h e ar pl a n e (i. e., 1 ¼  þ 1Þ ; t h e l o c ati o n of t he p arti cle’s
s urf a c e e xtr e m e pr ess ur e c oi n ci d es  wit h t h e elli ps oi d al ti p l o c ati o n.
H o w e v er, as t h e p arti cle b e c o m es ori e nt e d  m or e o ut- of- pl a n e (i. e.,
1 ! 0 Þ, t he l o c ati o n of  mi ni m u m pr ess ur e o n t he p arti cle s urf a c e at
t he ori e nt ati o n of p e a k pr ess ur e o c c urre n ce is sli g htl y s hift e d a w a y
fr o m t h e ti p d o w n t h e l e e w ar d si d e tr aili n g t h e fl o w. Fi g ur e 1 2( b)
s h o ws t h e diff ere n ce b et w e e n t h e  mi ni m u m pr ess ur e o n t h e fi b er s ur-
f a c e a n d ti p pr ess ur e d Pð Þ at t h e i nst a nt  w h e n t h e p e a k o c c urs al o n g
J eff er y’s or bit.  T h e r es ult s h o ws t h at a hi g h er i niti al o ut- of- pl a n e ori e n-
t ati o n l e a ds t o gr e at er d e vi ati o n of t he fi b er ti p pr ess ur e fr o m its s ur-
f a c e pr ess ur e e xtr e m e  m a g nit u d e.

T h e p arti cle or bit al  m a xi m u m n ut ati o n _h its elf p e a ks at a J eff er y’s
or bit t h at p ass es t hr o u g h ( / ; h ¼ 6 p = 4) irr es p e cti v e of t he as p e ct
r ati o. I n Fi g. 1 3( a) , t he c o nti n u o us li n es tr a c e t he p at hs of or bit al  m a xi-
m u m n ut ati o n a cr oss t he d e g e ner at e s p e ctr u m of J eff er y ’s or bit f or dif-
f ere nt as p e ct r ati os, a n d t he d as h e d li n es ar e t h e J eff er y’s or bit t h at c uts
a cr oss t h e l o c ati o n of p e a k n ut ati o n f or diff ere nt elli ps oi d al as p e ct
r ati os. Fr o m Fi g. 1 3( b) , t h e p e a k n ut ati o n a cr oss t h e s p e ctr u m of
J eff er y’s or bit is o bs er ve d t o i n cr e as e  wit h t h e as p e ct r ati o a n d
a p pr o a c h es t he criti c al v al u e at _h ¼ _c = 4.

P a r ti cl e  m o ti o n i n  N o n- N e w t o ni a n  h o m o g e n e o u s fl o w s

T he res ults prese nte d a b o ve f oc use d o n a si n gle ri gi d elli ps oi d al p ar-
ticle i n v ari o us c o m bi ne d e xte nsi o n al a n d s he ar  Ne wt o ni a n h o m o ge ne o us
fl o ws t h at are c o nsi dere d t y pic al of t h ose i n a n E D A M n ozzle d uri n g p ol y-
mer c o m p osite pr ocessi n g. It is  well u n derst o o d, h o we ver, t h at t her m o-
pl astic p ol y mer  m ateri als are i n here ntl y n o n- Ne wt o ni a n.  M ore o ver, t he
a d diti o n of filler rei nf orce me nts t o p ol y mers are k n o w n t o i ncre ase t he
melt visc osit y a n d t he s he ar-t hi n ni n g fl ui d be h a vi or i n t he n ozzle.
A d diti o n all y, hi g h s he ar re gi o ns of c o m ple x fl o ws s uc h as t he l u bric ati o n
z o ne ne ar t he scre w e d ge or re gi o ns of fl o w acceler ati o n ne ar t he n ozzle
are k n o w n t o res ult i n fl o w se gre g ati o n of hi g hl y s he ar-t hi n ni n g p ol y mer
melt s us pe nsi o n i nt o resi n le a n hi g hl y visc o us d o m ai ns a n d resi n ric h
l o w- visc osit y d o m ai ns.  As s uc h u n derst a n di n g t he p article be h a vi or i n
s he ar-t hi n ni n g fl ui d  wit hi n v ari o us fl o w re gi mes is i m p ort a nt i n u n der-
st a n di n g  micr ostr uct ur al de vel o p me nt  wit hi n p ol y mer c o m p osite be a ds.
T he secti o ns t o f oll o w prese nt res ults o bt ai ne d  wit h t he n o n-li ne ar F E A

FI G. 9. R el ati o n s hi p b et w e e n t h e p arti cl e ’s or bit al  mi ni m u m pr e s s ur e n or m ali z e d wit h r e s p e ct t o t h e  mi ni m u m s urf a c e pr e s s ur e o n a s p h er e i n N e wt o ni a n fl ui d fl o w a s a f u n cti o n
of ( a) r a di u s of c ur v at ur e ( rj ), a n d ( b) g e o m etri c p ar a m et er j . R e s ult s ar e s h o w n f or p arti cl e t u m bli n g i n si m pl e s h e ar fl o w wit h l 1 ¼ 1 P a s a n d _c ¼ 1 s 1 .
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m o deli n g a p pr o ac h prese nte d a b o ve  w hic h c o nsi ders a n o n- Ne wt o ni a n
s he ar-t hi n ni n g p o wer-l a w fl ui d r he ol o g y.

Pri or r es e ar c h o n t he r es p o nse of a si n gl e p articl e s us p e n d e d i n a
2 D vis c o us fl o w p erf or me d b y  A we nli m o b or et al.6 4 s h o w e d t h at
alt h o u g h t h e s h e ar-t hi n ni n g r h e ol o g y h as n o i m p a ct o n t h e p arti cl es
m oti o n, t h e p articl e s urf a c e pr ess ur e e xtr e mes ar e r e d u c e d  wit h
d e cre asi n g p o w er-l a w i n d e x.  H er e,  w e c o nsi d er t h e r es p o ns e of a si n gl e

3 D elli ps oi d al p article i n si m pl e h o m o g e n e o us p o w er-l a w fl ui d fl o ws
c o m p ut e d usi n g t h e F E A  m et h o d d escri b e d a b o v e.  T h e r es ults pr e-
s e nt e d i n Fi g. 1 4 ar e f or a n elli ps oi d  wit h g e o m etri c r ati o re ¼ 6 r ot at-
i n g i n a p o w er-l a w fl ui d  wit h a fl o w s he ar r at e of _c ¼ 1 s 1 a n d
p o w er-l a w i n di c es r a n gi n g fr o m 0. 2 t o 1. 0.

Fi g ur e 1 4( a) s h o ws t h at t he s h e ar-t hi n ni n g b e h a vi or h as a sli g ht
i nfl u e nc e o n t h e p arti cle’s d y n a mi c  m oti o n as r e d u cti o n i n t h e

FI G. 1 0. R e s ult s f or diff er e nt i niti al p arti cl e ori e nt ati o n s s h o wi n g ( a) J eff er y ’s or bit s, ( b) p arti cl e ti p pr e s s ur e e v ol uti o n w h er e t h e a st eri s k ( ) i n di c at e s l o c ati o n of t h e ti p pr e s s ur e
e xtr e m e, ( c) p h a s e di a gr a m of a zi m ut h a n gl e h v s n ut ati o n _h , ( d) p ol ar pl ot of t h e pr e c e s si o n _/ v s p ol ar a n gl e / . R e s ult s ar e s h o w n f or 2 p = 2 4 h 0 1 2 p = 2 4 a n d f or
si m pl e s h e ar fl o w wit h l 1 ¼ 1 P a s a n d _c ¼ 1 s 1 ; re ¼ 6 ( T h e r e s ult s pr e s e nt e d i n Fi g s. 1 0( a) – 1 0( d) ar e al s o v ali d at e d wit h b ot h F E A a n d J eff er y ’s a n al yti c al c al c ul ati o n.
T h e bl a c k d a s h e d li n e s ar e r e s ult s o bt ai n e d fr o m J eff er y ’s e q u ati o n a n d t h e c o nti n u o u s c ol or e d li n e s ar e r e s ult s fr o m F E A c o m p ut ati o n s).
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p o w er-l a w i n d e x sl o ws d o w n t h e p arti cle.  T h e li mits of t he p article ’s
i n- pl a n e a n g ul ar v el o cit y ar e o bs er v e d t o i n cr e as e  wit h i n cr e asi n g
p o w er-l a w i n d e x. F urt her m or e, Fi g. 1 4( b) s h o ws t h at t h e p arti cle s ur-
f a c e pr ess ur e e xtr e m es i n cre as e  wit h d e cre as e d s he ar-t hi n ni n g.
A d diti o n all y, it is i nter esti n g t o n ot e t h at e ve n t h o u g h t he or bit f or me d
fr o m p arti cle t u m bli n g i n t h e s he ar pl a n e a p p e ars t o e x hi bit little
n oti c e a bl e diff ere nc e d u e t o s h e ar-t hi n ni n g, Fi g. 1 5( a) s h o ws t h at t h e
t u m bli n g p eri o d si g nifi c a ntl y i n cre as es  wit h i n cr e asi n g s h e ar-t hi n ni n g.

T h e r el ati o ns hi p b et w e e n t he p article t u m bli n g p eri o d s n a n d t h e
p o w er-l a w i n d e x n u n d er si m pl e s h e ar fl o w c o n diti o ns  w as d eter mi n e d
t hr o u g h a t y pi c al c ur v e fitti n g pr o c e d ur e t o f oll o w:

s n ¼ s 1 0 :9 1 3 5 þ 1 :4 7 2 4 e 2 :7 6 4 5 nð Þ ; ( 7 8)

w h ere s n is t h e t u m bli n g p eri o d i n a s h e ar-t hi n ni n g fl ui d  wit h p o w er-
l a w i n d e x n a n d s 1 is t he p arti cle t u m bli n g p eri o d f or t he  N e wt o ni a n
c as e, i. e.,  w h e n n ¼ 1. Fi g ur e 1 5( b) s h o ws t h at t he or bit al  mi ni m u m
p arti cle ti p pr ess ur e h as a q u a dr ati c v ari ati o n  wit h t he fl o w b e h a vi or
i n d e x as d escri b e d as

P mi n ;n ¼ P mi n ;1 0 :2 8 þ 0 :4 2 n þ 0 :3 0 n 2ð Þ; ( 7 9)

w hi c h i m plies t h at t h e s h e ar-t hi n ni n g eff e ct o n p arti cl e pr ess ur e distri-
b uti o n c a n b e i nt er pr et e d as h a vi n g t he s a m e eff e ct as w o ul d a m o difi-
c ati o n of t h e  N e wt o ni a n vis c osit y, a gr eei n g  wit h t he fi n di n gs of Ji
et al.5 3 a n d  A w e nli m o b or et al. 6 4

Fi g ur e 1 6 s h o ws t he pr ess ur e fi el d ar o u n d t he elli ps oi d al p arti cl e at
v ari o us i nst a nts d uri n g t h e p articl e t u m bli n g  m oti o n i n t he pl a n e of t he
s h e ar fl o w.  T h e c o nt o urs s h o w a n i nt e nsifi c ati o n of t he pr ess ur e o n t he
p articl e s urf a c e as t h e p o w er-l a w i n d e x i n cr e as es fr o m n ¼ 0 :2 t o
n ¼ 1 :0.  T h e pr ess ur e i nt e nsific ati o n is o bs er v e d t o b e hi g her at orie nt a-
ti o ns of p e a k or bit al pr ess ur e e xtr e me  m a g nit u d es (i. e., at / ¼ 6 p = 4 Þ.
T hes e o bs er v ati o ns c a n be e x pl ai n e d fr o m t he pl ot of t he dist ur b a n c e i n
t h e v el ocit y _X

d

i
3 4 ar o u n d t h e s urf ac e of t h e p arti cl e d u e t o t he p arti cl es

m oti o n d efi n e d as t h e diff er e n c e bet w e e n t he fl o w-fi el d vel ocit y a n d fr e e
str e a m vel ocit y, i. e., _X

d

i ¼ _X i
_X

1

i ( cf. Fi g. 1 7 ).  We o bs er v e a hi g her
m a g nit u d e of t he v el o cit y dist ur b a n c e ar o u n d s a m e l oc ati o n o n t h e p ar-
ti cl es s urf ac e  w h er e pr ess ur e e xtr e mes ar e o bs er v e d t o oc c ur (i. e., at t he
p articl e ti ps). Li k e wis e, t h e i nt e nsit y of t he dist ur b a n c e is s e e n t o
i n cr e as e  wit h i n cr e asi n g p o wer-l a w i n de x a n d t h e  m a g nifi c ati o n is
hi g her at critic al ori e nt ati o n a n gl es  w h er e t h e or bit al p e a k pr ess ur e
e xtr e m es o c c ur d uri n g ali g n m e nt  wit h t h e pri n ci p al fl o w dir e cti o ns (i. e.,
at / ¼ 6 p = 4 Þ.  T he l o wer pr ess ur e i nt e nsities ar e t h us a r es ult of l o wer

FI G. 1 1. S p ati al c o nfi g ur ati o n of t h e p arti cl e at t h e p oi nt of  mi ni m u m pr e s s ur e o c c urr e n c e a n d f or v ari o u s i niti al a zi m ut h al a n gl e h 0 of ( a) h 0 ¼ 2 p = 2 4, ( a) h 0 ¼ 8 p = 2 4,
( a) h 0 ¼ 1 2 p = 2 4.  R e s ult s ar e s h o w n f or l 1 ¼ 1 P a s a n d _c ¼ 1 s 1 ; re ¼ 6.

FI G. 1 2. Ti p pr e s s ur e r e s ult s ( a)  Or bit al  mi ni m u m p arti cl e ti p pr e s s ur e v s p ol ar a n gl e, a n d ( b) diff er e n c e i n t h e i n st a nt a n e o u s p arti cl e ti p pr e s s ur e a n d a ct u al s urf a c e pr e s s ur e
e xtr e m u m, f or diff er e nt J eff er y ’s or bit a n d f or l 1 ¼ 1 P a s a n d _c ¼ 1 s 1 ; re ¼ 6.
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dist ur b a n c e i n t he vel ocit y fi el d ar o u n d t he p arti cl e c a us e d b y t he d e c el-
er ati o n of t he p arti cl es m oti o n i n t h e s h e ar-t hi n ni n g fl ui d.

Fi g ur es 1 8( a) – 1 8( d) s h o w t he c o m p ut e d r es ults of t he si n gl e ri gi d
elli ps oi d al p articl e i n c o m bi n e d s h e ar a n d u ni a xi al e xt e nsi o n ( S U A)
fl o w t y p e  wit h a p o w er-l a w i n d e x n r a n gi n g fr o m 0. 2 t o 1  w hil e c o nsi d-
eri n g t w o s h e ar-e xt e nsi o n r at e r ati os (i. e., _c = _e ¼ 1 a n d 1 0 Þ. Fi g ur e
1 8( a) a n d T a bl e II s h o w t h at t h e p arti cle st alls i n t h e S U A fl o w
wit h _c = _e ¼ 1 Þ a n d t h e s he ar-t hi n ni n g fl ui d b e h a vi or sli g htl y i n cre as es
p arti cle r ot ati o n s p e e d a n d s h ort e ns t he tr aj e ct or y,  w hi c h is e vi d e nt
fr o m t h e sli g ht r e d u cti o n i n t he ti m e t o p articl e st all a n d t he st all a n gl e
wit h d e cre asi n g p o w er-l a w i n d e x. Fi g ur e 1 8( b) s h o ws t h at t h e

s he ar-t hi n ni n g fl ui d r e d u c es t h e  m a g nit u d e of t h e p arti cle s urf a c e pr es-
s ur e e xtr e m es i n t h e S U A fl o w; h o w e v er, t h e s he ar-t hi n ni n g r he ol o g y
d o es n ot aff e ct t h e or bit al a n gl e l o c ati o n  w h ere t h e  mi ni m u m p e a k
m a g nit u d e pr ess ur e o c c urs (i. e., at / ¼ þ 1 :4 1 r a d).

I n t he s h e ar- d o mi n a nt fl o w c o n diti o n  w h e n _c = _e ¼ 1 0 ; t he p arti-
cle t u m bl es p eri o di c all y u n d er sli g htl y n o n- N e wt o ni a n r he ol o gi c al
fl ui d b e h a vi or (n 0 :8 Þ; h o w e ver, f urt h er r e d u cti o n i n t he p o w er-l a w
i n d e x n < 0 :8ð Þ c a us es t h e p arti cle t o e ve nt u all y st all i n a pr ef err e d
ori e nt ati o n al o n g t h e dir e cti o n of stret c hi n g [ cf. Fi g. 1 8(c) ].  T his
i m pli es t h at t h e c o n diti o ns f or p arti cl e st all i n a s h e ar-t hi n ni n g fl ui d
ar e d e pe n d e nt o n t h e c o m p eti n g i nfl ue nc e of t he s h e ar-e xt e nsi o n al

FI G. 1 3. O ut- of- pl a n e J eff er y or bit s ( a) t h e p at h of or bit al  m a xi m u m n ut ati o n a cr o s s d e g e n er at e s p e ctr u m of J eff er y ’s or bit f or a s p e ct r ati o s of 1, 2, 3, 6, a n d 1 0 ( c o nti n u o u s
li n e s) a n d criti c al J eff er y’s or bit at w hi c h t h e or bit al  m a xi m u m n ut ati o n att ai n s p e a k  m a g nit u d e f or t h e s a m e a s p e ct r ati o s ( d a s h e d li n e s). ( b) P h a s e pl ot of t h e or bit al  m a xi m u m
n ut ati o n a cr o s s d e g e n er at e s p e ctr u m of J eff er y ’s or bit f or diff er e nt a s p e ct r ati o s.

FI G. 1 4. F E A c o m p ut e d s h e ar-t hi n ni n g r e s p o n s e of ( a) p arti cl e p ol ar a n gl e / v s pr e c e s si o n _/ a n d ( b) s urf a c e pr e s s ur e e xtr e m e s f or p arti cl e  m oti o n i n si m pl e s h e ar fl o w.
R e s ult s ar e s h o w n, f or re ¼ 6, 0 :2 n 0 :8, m ¼ 1 P a s n , _c ¼ 1 s 1 a n d / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of
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r at e f act or a n d t he i nte nsit y of t he s he ar-t hi n ni n g fl ui d be h a vi or. T a bl e
III s h o ws t h at t he p arti cle st all ti m e (s sÞ a n d st all a n gle ( / sÞ w he n
n < 0 :8, a n d h alf- peri o d ( s 0 :5

n Þ f or t h e c as es  w her e t he p articl e t u m bl es
peri o dic all y (i. e.,  w he n n 0 :8 Þ: As e x p e ct e d, at t he l oc ati o n of t he
or bit al e xtre m e pr ess ur e  m a g nit u d e  w here t he p articl e orie nt ati o n c oi n-
ci des  wit h t he pri n ci p al fl o w dire cti o n ( at / ¼ þ 0 :9 3 1 ; þ 2 :5 0 2 r a d Þ,
t he s urf a c e e xtr e me pr ess ure  m a g nit u des are o bs er v e d t o de cr e as e  wit h
t he i nt e nsit y of t he s he ar-t hi n ni n g fl ui d r he ol o g y [cf. Fi g. 1 8( d) ].  T he
pr ess ure fl uct u ati o ns o n t he p articl e ’s ti p as it t u m bl es c o nti n u o usl y i n
t he s he ar- d o mi n a nt fl o w or t he l o c al pr ess ure t h at s u bsist at p articl e’s ti p

as it st alls i n t he e xt e nsi o n- d o mi n a nt fl o w c o n diti o n ar e i m p ort a nt i n
u n d erst a n di n g t he fi n al  micr ostr uct ur al f or m ati o ns  wit hi n pri nt e d p ol y-
m er c o m p osit e be a ds. 6 3

I n t h e c o m bi n e d s h e ari n g/ pl a n ar str etc hi n g ( P S T) fl o w, t h e
s he ar-t hi n ni n g fl ui d r h e ol o g y d o es n ot d et er t h e p articl e ’s a c q ui esc e nc e
i nt o pr eferr e d ori e nt ati o n st at e u n d er t h e e xt e nsi o n r at e- d o mi n a nt
fl o w c o n diti o n (i. e., _c = _e ¼ 1).  H o w e ver, t h e s h e ar-t hi n ni n g is o bs er v e d
t o d e c el er at e t h e p articles  m oti o n, pr ol o n g t he st all e v e nt a n d e xt e n d
t he p articl es tr aj e ct or y t o st all c o ntr ar y t o  w h at  w as o bs er v e d i n t h e
S U A fl o w. Fi g ur e 1 9( a) r e v e als a sli g ht r e d u cti o n i n t h e p e a k i n- pl a n e

FI G. 1 5. N o n- N e wt o ni a n t o N e wt o ni a n r ati o of t h e ( a) p arti cl e ’s i n- pl a n e t u m bli n g p eri o d, ( b) or bit al  mi ni m u m p arti cl e ti p pr e s s ur e. R e s ult s ar e s h o w n f or re ¼ 6,
0 :2 n 0 :8, m ¼ 1 P a s n , _c ¼ 1 s 1 a n d / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

FI G. 1 6. Mi d- s e cti o n al pl ot of t h e pr e s s ur e
di stri b uti o n ar o u n d t h e elli p s oi d al p arti cl e
f or at diff er e nt i n st a nt s d uri n g t h e p arti cl e’s
i n- pl a n e t u m bli n g  m oti o n (/ ¼ 0 ; p = 4 ;
p = 4 ; p = 4 Þ a n d f or diff er e nt p o w er-l a w
i n di c e s ( 0:2 n 0 :8). R e s ult s ar e
s h o w n f or re ¼ 6, m ¼ 1 P a s n , _c ¼ 1 s 1

a n d / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of
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a n g ul ar v el o cit y  wit h d e cr e asi n g p o w er-l a w i n d e x a n d T a bl e I V s h o ws
t h at t h e st all ti m e a n d st all a n gl e b ot h of  w hi c h i n cr e as e  wit h i n cre as e d
s h e ar-t hi n ni n g.  T h e p arti cle ti p pr ess ur e  m a g nit u d es ar e n o n et h el ess
o bs er v e d t o d e cr e as e  wit h i n cre as e d s h e ar-t hi n ni n g as e x p e ct e d [ cf.
Fi g. 1 9( b) ].  T h e p articl e i n- pl a n e ori e nt ati o n at t he l o c ati o n of or bit al
mi ni m u m s urf a c e pr ess ur e (i. e., at / ¼ þ 1 :1 8) is u n alt ere d b y t h e
s h e ar-t hi n ni n g eff e ct.

T he s h e ar-t hi n ni n g effe ct d o es n ot st all t he p articl e u n d er t he s he ar
r at e- d o mi n a nt c o n diti o n (i. e.,  w h e n _c = _e ¼ 1 0 Þ i n t he P S T fl o w c o ntr ar y
t o  w h at  w as o bs er ve d i n t he S U A fl o w.  H o we ver, at t he l oc al  mi ni m a of
t he p arti cle’s a n g ul ar vel ocit y e v ol uti o n c ur v e  w he n its de c el er ati o n
a p pr o ac hes z er o [cf. Fi g. 1 9( c) ], t he i ncr e as e d s he ar-t hi n ni n g effe ct is
o bs er v e d t o f urt her d e c el er at e p article  m oti o n a n d bri n g it cl os er t o st all
c o n diti o n. T a bl e  V s h o ws t h at t he p articl es t u m bli n g peri o d i ncr e as es
wit h de cr e asi n g p o wer-l a w i n d e x i n dic ati n g t he d e c el er ati o n of t he p arti-
cle r ot ati o n  wit h i n cre ase d s h e ar-t hi n ni n g.  T he s ust ai ne d p articl e
m oti o n all o ws f or c o nti n u o us fl uct u ati o ns b et we e n p arti cle s urf a c e pr es-
s ur e e xtr e mes at t he p articl e ti p.  As  w o ul d be e x pe ct e d, t h e press ur e
m a g nit u d es ar e o bs er ve d t o d e cre as e  wit h i n cr e as e d s he ar-t hi n ni n g [ cf.
Fi g. 1 9( d) ]. F urt her m or e, t he i n- pl a n e orie nt ati o n at t he or bit al l oc ati o n
of p articl e s urf ac e ti p pr ess ur e e xtr e m u m (i. e., at / ¼ þ 0 :8 3 5 ;
þ 2 :4 0 6 r a d) is u n alter e d b y t he s he ar-t hi n ni n g effe ct.  T h e p article ’s
t u m bli n g peri o d is li k e wis e o bser ve d t o i n cre as e  wit h de cr e asi n g p o wer-
l a w i n de x d u e t o i n cre ase d p articl e de c el er ati o n i n d uc e d b y t he s he ar-
t hi n ni n g fl ui d r he ol o g y ( cf. T a bl e I V ).

U n der t he b al a nce d s he ar a n d bi a xi al el o n g ati o n ( S B A) fl o w c o n di-
ti o n, i n w ar d fl o w n or m al t o t he s he ar pl a ne c o u ple d  wit h u nif or m
stretc hi n g al o n g t he s he ar pl a ne pr o m otes p article i n- pl a ne t u m bli n g
m oti o n.  U n der t his fl o w c o n diti o n, t he p article d oes n ot st all irres pecti ve
of t he  m a g nit u de of t he e xte nsi o n r ate.  H o we ver,  w hile t he i ncre ase d
s he ar-t hi n ni n g is o bser ve d t o acc eler ate t he p articles  m oti o n  w he n

_c = _e ¼ 1 ; it is s h o w n t o sli g htl y deceler ate t he p articles  m oti o n u n der a
hi g her s he ar r ate, i.e., _c = _e ¼ 1 0 [cf. Fi gs. 2 0( a) a n d 2 0(c) ].  W he n _c = _e
¼ 1 ; t he li mits of p article i n- pl a ne a n g ul ar vel ocit y are o bser ve d t o
decre ase  wit h i ncre ase d s he ar-t hi n ni n g a n d vice vers a  w he n _c = _e ¼ 1 0 .
T he s he ar-t hi n ni n g effect decre ases t he p article t u m bli n g peri o d  w he n
_c = _e ¼ 1 a n d i ncre ases t he peri o d  w he n _c = _e ¼ 1 0 (cf. T a ble  VI ).  U n der
a l o wer s he ar r ate ( _c = _e ¼ 1), t here are n o n otice a ble pe a ks i n t he e v ol u-
ti o n of t he p article  m a xi m u m s urf ace press ure, c o ntr ar y t o  w h at is
o bser ve d  w he n _c = _e ¼ 1 0.  As  w o ul d be e x pecte d, t he p article s urf ace
press ure e xtre mes are o bser ve d t o decre ase  wit h i ncre ase d s he ar-t hi n ni n g
a n d t he l oc ati o n of or bit al  mi ni m u m s urf ace press ure at / ¼ 6 p = 4 is
u n affecte d b y t he s he ar-t hi n ni n g r he ol o g y [cf. Fi gs. 2 0( b) a n d 2 0( d) ].

O bs er v ati o n of p arti cle b e h a vi or i n t h e fl o w t y p es c o nsi d ere d
h er e as a p plie d t o p ol y m er  m elt fl o w c o n diti o ns d uri n g E D A M pr oc-
essi n g s u g g ests t h at t h e s he ar-t hi n ni n g eff e ct i n cre as es t he p arti cl e st all
t e n d e nc y cl os er t o t h e E D A M n o z zle c e nt er  w h er e a hi g h er e xt e nsi o n
r at e d o mi n a n ce is s e e n. S h e ar-t hi n ni n g is s ee n h ere t o h a v e a si mil ar
eff e ct as d e cr e asi n g t he s h e ar-t o- e xt e nsi o n r at e ( _c = _e Þ, t h us s hifti n g t he
b o u n d ari es of t h e e xt e nsi o n- d o mi n a nt r e gi o n o ut w ar d ( cf. A p p e n di x
B , Fi g. 2 4 ). Irr es p e cti v e of t he fl o w r e gi m e, t h e s h e ar-t hi n ni n g r h e ol o g y
r e d u c es t he pr ess ur e  m a g nit u d e  w hi c h h as a si mil ar eff e ct t o r e d u ci n g
t he vis c osit y  m a g nit u d e i n a  N e wt o ni a n fl ui d.  A d diti o n all y, i n hi g h
s he ar- d o mi n a nt fl o w r e gi o ns of t h e E D A M n o z zl e, t he s h e ar-t hi n ni n g
eff e ct is g e n er all y e x p e ct e d t o sl o w d o w n t h e p arti cles  m oti o n,  w hil e
cl os e t o t he n o z zle c e nt er, d o mi n at e d b y hi g h e xt e nsi o n r at e, t he p ar-
ticle’s st all e v e nt is e x p e cte d t o b e pr o m ot e d b y s h e ar-t hi n ni n g eff e cts.

Eff e c t  of i ni ti al  p a r ti cl e  o ri e n t a ti o n

I n e arli er s e cti o ns,  w e s h o w e d t h at t he pr ess ur e  m a g nit u d es o n
t he s urf a c e of a p article s us p e n d e d i n a  N e wt o ni a n si m pl e s h e ar fl o w

FI G. 1 7. Mi d-s e cti o n al pl ot of t h e di st ur-
b a nc e v el ocity ar o u n d t h e elli ps oi d al p articl e
f or at diff er e nt i nst a nts d uri n g t h e p articl e’s
i n- pl a n e t u m bli n g  m oti o n (/ ¼ 0 ; p = 4 ;
p = 4 ; p = 4 Þ a n d f or diff er e nt p o w er-l a w i n di-
c es ( 0 :2 n 0 :8). R e s ults ar e s h o w n
f or re ¼ 6, m ¼ 1 P a s n , _c ¼ 1 s 1 a n d
/ 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 2 1
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r e d u c es as t h e or bit c o nst a nt 1 [ cf. E qs. ( 1 9) a n d ( 2 0)] g o es fr o m
1 ¼ þ 1 ,  w h ere t h e p article is t u m bli n g i n t h e s h e ar pl a n e t o 1 ¼ 0,
w h ere t h e p arti cl e is s pi n ni n g a b o ut its a xis p er p e n di c ul ar t o t h e s h e ar
pl a n e. It  w as als o s h o w n t h at t h e t u m bli n g p eri o d  w as u n aff e cte d b y
J eff er y’s or bit.  T h e eff e ct of s h e ar-t hi n ni n g r h e ol o g y o n t he p arti cl e
m oti o n f or v ari o us J eff er y or bits ar e pr es e nt e d i n t his s e cti o n.  W e c o n-
si d er p arti cle  m oti o n i n si m pl e s he ar fl o w  wit h s he ar r at e of _c ¼ 1 s 1

a n d f or a  G N F p o w er-l a w fl ui d r he ol o g y  wit h a p o w er-l a w i n d e x of

n ¼ 0 :5 a n d a c o nsiste n c y i n d e x of m ¼ 1 P a sn : T h e s a m e g e o m etri c
as p e ct r ati o of re ¼ 6 as  w as pr e vi o usl y us e d is c o nsi d er e d h er e.

Fi g ur e 2 1( a) s h o ws t h at J eff er y’s or bits ar e alt ere d sli g htl y b y t h e
s he ar-t hi n ni n g fl ui d,  w hi c h o c c urs t o a gr e at er e xt e nt as t he fi b er is ori-
e nt e d f urt h er o ut of t h e s he ar pl a n e (i. e., as 1 ¼ þ 1 is  m o v e d t o
1 ¼ 0).  T h e i niti al p articl e p ol ar a n gl e o n a p arti c ul ar  N e wt o ni a n
J eff er y’s or bit is o bs er v e d t o als o  m o dif y t h e p articl e tr aj e ct or y. Fi g ur es
2 1( a) a n d 2 1( b) als o s h o w t h at tr aj e ct or y of t h e p arti cle  m oti o n i n a n

FI G. 1 8. P h a s e di a gr a m of t h e p arti cl e s p ol ar a n gl e / v s ( a) pr e c e s si o n _/ — _c = _e ¼ 1, ( b) s urf a c e pr e s s ur e  m a xi m u m ( d a s h e d) a n d  mi ni m u m ( c o nti n u o u s) — _c = _e ¼ 1, ( c) pr e-
c e s si o n _/ — _c = _e ¼ 1 0, a n d ( d) s urf a c e pr e s s ur e  m a xi m u m ( d a s h e d) a n d  mi ni m u m ( c o nti n u o u s) — _c = _e ¼ 1 0, f or p arti cl e  m oti o n i n c o m bi n e d s h e ar a n d u ni a xi al e xt e n si o n
( S U A) fl o w. R e s ult s ar e s h o w n, f or 0:2 n 0 :8, m ¼ 1 P a s n , _c ¼ 1 s 1 a n d / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

T A B L E II. P arti cl e st all ti m e s s a n d p arti cl e st all a n gl e / s f or si n gl e elli p s oi d al p arti-
cl e  m oti o n i n S U A s h e ar-t hi n ni n g fl o w f or diff er e nt fl o w b e h a vi or i n d e x 0 :2 n

1 :0 wit h m ¼ 1 P a s n , _c ¼ 1 s 1 a n d _c = _e ¼ 1.

n 0 :2 0 :4 0 :6 0 :8 1 :0

s s 3 :9 2 2 3 :9 8 2 4 :0 1 2 4 :0 3 2 4 :0 3 2

/ s 1 :5 7 4 1 :5 7 7 1 :5 7 9 1 :5 8 0 1 :5 8 0

T A B L E III. H alf- p eri o d/ st all ti m e ( w h er e a p pli c a bl e) s s a n d st all a n gl e / s ( w h er e
a p pli c a bl e) f or si n gl e elli p s oi d al p arti cl e  m oti o n i n S U A s h e ar-t hi n ni n g fl o w f or diff er-
e nt fl o w b e h a vi or i n d e x 0 :2 n 1 :0 wit h m ¼ 1 P a s n , _c ¼ 1 s 1 a n d _c = _e ¼ 1 0.

n 0 :2 0 :4 0 :6 0 :8 1 :0

s 0 :5
n ( or s s) 3 1:9 3 0 3 9 :7 7 7 6 5 :1 4 6 5 9 :0 7 0 4 0 :1 5 6

/ s 1 :6 0 7 1 :6 4 4 1 :6 8 9

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 2 2
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or bit  wit h i niti al a zi m ut h a n gl e of h 0 ¼ 2 p = 2 4  wit h t w o i niti al st arti n g
p ositi o ns at t he v ertic es of t h e  N e wt o ni a n c o ni c al or bit.  Wit h a n i niti al
st arti n g p ositi o n at t he v ert e x of t h e dir e ctri x of t he  N e wt o ni a n c o ni c al
or bit o n t he m aj or a xis ( at / 0 ¼ p = 2 Þ, t h e p articl e p at h is s e e n t o dil at e
o ut w ar dl y d efi n e d b y t he o ut er c ur ve ( d as he d c y a n li n e) fr o m t h e
N e wt o ni a n or bit ( c o nti n u o us bl ac k li n e).  H o w e v er, st arti n g t h e p article
fr o m t h e c o- v erte x of t h e dir e ctri x of t h e  N e wt o ni a n or bit o n t h e
mi n or a xis (i. e., / 0 ¼ 0), t h e or bit c o nstri cts i n w ar dl y d efi n e d b y t h e

i n n er c ur v e ( c o nti n u o us c y a n li n e). B ot h c ur ves cle arl y ill ustr at e t he
e xt e nt of d e vi ati o n i n t he p arti cle p at h fr o m t h e  N e wt o ni a n or bit a n d
t h at f or a gi v e n p o w er-l a w i n d e x a n d s et of fl o w p ar a m eters.  T h e fl ui d
s he ar-t hi n ni n g is s e e n t o i nfl u e nc e t h e p arti cl es  m oti o n si mil ar t o el o n-
g ati n g or s h ort e ni n g t h e p article, d e pe n di n g o n t h e i niti al p ositi o n o n
t he or bit.  T his o bs er v e d b e h a vi or is c o nsist e nt  wit h c o n cl usi o ns b y
A bt a hi a n d Elfri n g. 3 4

T h e fl ui d s h e ar-t hi n ni n g is s ee n t o h a v e a  m or e pr of o u n d eff e ct
o n t h e s urf a c e pr ess ur e of p arti cles o n J eff er y or bit cl os er t o t h e s h e ar

FI G. 1 9. P h a s e di a gr a m of t h e p arti cl e s p ol ar a n gl e / v s ( a) pr e c e s si o n _/ — _c = _e ¼ 1, ( b) s urf a c e pr e s s ur e  m a xi m u m ( d a s h e d) a n d  mi ni m u m ( c o nti n u o u s) — _c = _e ¼ 1, ( c) pr e-
c e s si o n _/ — _c = _e ¼ 1 0, ( d) s urf a c e pr e s s ur e  m a xi m u m ( d a s h e d) a n d  mi ni m u m ( c o nti n u o u s) — _c = _e ¼ 1 0, f or p arti cl e  m oti o n i n c o m bi n e d s h e ar a n d pl a n ar str et c hi n g ( P S T)
fl o w. R e s ult s ar e s h o w n, f or 0:2 n 0 :8, m ¼ 1 P a s n , _c ¼ 1 s 1 a n d / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

T A B L E I V. P arti cl e st all ti m e s s a n d p arti cl e st all a n gl e / s f or si n gl e elli p s oi d al p arti-
cl e  m oti o n i n P S T s h e ar-t hi n ni n g fl o w f or diff er e nt fl o w b e h a vi or i n d e x 0 :2 n 1 :0
wit h m ¼ 1 P a s n , _c ¼ 1 s 1 , a n d _c = _e ¼ 1.

n 0 :2 0 :4 0 :6 0 :8 1 :0

s s 1 3 :3 3 7 1 1 :7 9 6 1 1 :0 2 6 1 0 :5 1 5 1 0. 1 3 5

/ s 1 :6 7 6 1 :6 4 4 1 :6 2 5 1 :6 1 1 1. 6 0 0

T A B L E V. H alf- p eri o d f or si n gl e elli p s oi d al p arti cl e  m oti o n i n P S T s h e ar-t hi n ni n g fl o w
f or diff er e nt fl o w b e h a vi or i n d e x 0:2 n 1 :0 wit h m ¼ 1 P a s n , _c ¼ 1 s 1 , a n d
_c = _e ¼ 1 0.

n 0 :2 0 :4 0 :6 0 :8 1 :0

s 0 :5
n 3 6 :1 8 1 2 8 :0 4 5 2 4 :1 6 9 2 1 :8 3 9 2 0. 2 8 0

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 2 3
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pl a n e ( 1 ! þ 1 ) as c o m p ar e d t o or bits f art h er o ut of pl a n e (i. e., cl os e
t o 1 ! 0 Þ.  T h e n et pr ess ur e dr o p (d P Þ d u e t o t h e s h e ar-t hi n ni n g eff e ct
is s e e n t o b e pr o p orti o n al t o t h e  m a g nit u d e of t h e p arti cle s urf a c e pr es-
s ur e as s h o w n i n Fi g. 2 1( c) . Li k e wis e, t h e n et pr ess ur e dr o p of p arti cl e
ti p pr ess ur e is s ee n t o d e pe n d o n its i niti al st arti n g p ositi o n as is e vi-
d e nt fr o m t h e n et pr ess ur e c ur v es s h o w n f or e a c h i niti al p ol ar a n gl e o n
t h e or bit f art h est fr o m t he s he ar pl a n e (h 0 ¼ 2 p = 2 4), i. e., d as h e d c y a n
li n e f or / 0 ¼ 0 a n d c o nti n u o us c y a n li n e f or / 0 ¼ p = 2.

As e x pe ct e d, t he p articl e d y n a mics are als o affe ct e d b y t he s he ar-
t hi n ni n g r he ol o g y.  T he e n vel o pe of t he p h as e di a gr a m of t he p articl e’s
n ut ati o n [cf. Fi g. 2 1( d) ] c o ntr act i n w ar dl y fr o m t he  Ne wt o ni a n e n vel o pe
d ue t o t he s he ar-t hi n ni n g effe ct irr es p e cti ve of t he i niti al p ositi o n o n t he
or bit.  T he s he ar-t hi n ni n g r he ol o g y a p pe ars t o h a ve less effe ct o n t he p ar-
ticl e’s pre c essi o n as t he Jeffer y’s or bit is orie nt e d f urt her o ut of pl a n e, i. e.,
w he n 1 ! 0 [cf. Fi g. 2 1(e) ], h o we v er, t his effe ct o n t he p articl e’s n ut a-
ti o n is  m or e pr of o u n d as 1 ! 0.  Alt h o u g h t h e p articl e ’s p eri o d of t u m-
bli n g is i n d e p e n de nt of t he Jeff er y ’s or bit i n  Ne wt o ni a n fl o w, t he
t u m bli n g p eri o d is o bs er v e d t o be i nfl ue n c e d b y t he J effer y’s or bit u n der
s he ar-t hi n ni n g fl o w c o n diti o ns. Fi g ur e 2 2( a) s h o ws t he r el ati o ns hi p
bet we e n t he t u m bli n g peri o d s 0 :5 a n d t h e i niti al azi m ut h a n gle, h 0 f or
t h e p articl e  m oti o n i n n o n- Ne wt o ni a n p o wer-l a w fl ui d,  wit h fl o w b e h a v-
i or i n de x of n ¼ 0 :5.  T he r el ati o ns hi p i n Fi g. 2 2( a) c a n be d es cri be d as

s 0 :5 ¼ s 1 1 :2 9 7 6 0 :7 3 5 8 e 3 :8 4 9 5 h oð Þ ; ( 8 0)

w hi c h h as b e e n o bt ai n e d usi n g a t y pi c al c ur v e fitti n g pr o c e d ur e.
O ver all, t h e s h e ar-t hi n ni n g fl ui d r h e ol o g y sl o ws d o w n a p arti cle ’s
m oti o n,  w hi c h o c c urs t o a gr e at er d e gr ee as t h e t u m bli n g or bit

FI G. 2 0. P h a s e pl ot s of t h e p arti cl e s p ol ar a n gl e / v s ( a) pr e c e s si o n _/ — _c = _e ¼ 1, ( b) s urf a c e pr e s s ur e  m a xi m u m ( d a s h e d) a n d  mi ni m u m ( c o nti n u o u s) — _c = _e ¼ 1, ( c) pr e c e s-
si o n _/ — _c = _e ¼ 1 0, a n d ( d) s urf a c e pr e s s ur e  m a xi m u m ( d a s h e d) a n d  mi ni m u m ( c o nti n u o u s) — _c = _e ¼ 1 0, f or p arti cl e  m oti o n i n c o m bi n e d s h e ar a n d bi a xi al e xt e n si o n ( S B A)
fl o w. R e s ult s ar e s h o w n, f or 0:2 n 0 :8, m ¼ 1 P a s n , _c ¼ 1 s 1 a n d / 0 ¼ 0 ; h 0 ¼ p = 2 ; w 0 ¼ 0.

T A B L E VI. H alf t u m bli n g p eri o d s 0 :5
n f or si n gl e elli p s oi d al p arti cl e  m oti o n i n S B A

s h e ar-t hi n ni n g fl o w f or diff er e nt fl o w b e h a vi or i n d e x 0 :2 n 1 :0 a n d diff er e nt
s h e ar-t o- e xt e n si o n r at e r ati o s ( _c = _e Þ wit h m ¼ 1 P a s n , _c ¼ 1 s 1 .

s 0 :5
n

n

0 :2 0 :4 0 :6 0 :8 1 :0

_c = _e
1 9 :5 5 8 1 1 :2 7 3 1 3 :2 6 6 1 5 :7 9 9 1 9. 4 5 3

1 0 2 5 :2 6 5 2 2 :6 5 0 2 1 :1 5 5 2 0 :1 3 8 1 9. 4 2 3

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 2 4
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a p pr o a c h es t h e s h e ar pl a n e (i. e., 1 ! þ 1 ).  A d diti o n all y, t he r e d u c-
ti o n i n t h e  mi ni m u m s urf a c e pr ess ur e  m a g nit u d es d u e t o s h e ar-
t hi n ni n g b e c o m es  m or e si g nifi c a nt as 1 ! þ 1 a n d vi c e v ers a.  T h e
r el ati o ns hi p b et w e e n t h e p articles or bit al  mi ni m u m ti p pr ess ur e P mi n

a n d t he i niti al p arti cles o ut- of- pl a n e ori e nt ati o n h 0 a p p e ari n g i n
Fi g. 2 2( b) cle arl y s h o ws a gr a d u al  wi d e ni n g of t h e g a p b et we e n t h e
N e wt o ni a n a n d n o n- N e wt o ni a n pr ess ur e pr ofil es.

Eff e c t  of  g e o m e t ri c a s p e c t r a ti o

S e nsiti vit y st u d y o n t h e i nfl u e n c e of t h e p articl e g e o m etri c as p e ct
r ati o o n its fi el d st at e s h o w e d t h at t h e as p e ct r ati o si g nifi c a ntl y

i nfl u e nc es t he o bs er v e d p arti cle ki n e m ati c b e h a vi or a n d t h e s urf a c e
pr ess ur e distri b uti o n i n  N e wt o ni a n s he ar fl o w. F or c o m pl et e n ess,  w e
n o w c o nsi d er t he eff e ct of t h e g e o m etric as p e ct r ati o o n p articl e b e h a v-
i or i n s h e ar-t hi n ni n g si m pl e s h e ar fl o w  m a ki n g c o m p aris o ns t o t h e
b e h a vi or i n a  N e wt o ni a n fl ui d. Pre vi o us st u di es s h o w e d t h at t h e s he ar-
t hi n ni n g eff e ct o n t h e p articl e’s or bit ar e  m a g nifi e d  wit h i n cre asi n g i ni-
ti al o ut- of- pl a n e ori e nt ati o n h 0 :3 4 As s u c h,  w e c o nsi d er J eff er y ’s or bit
wit h i niti al p arti cle ori e nt ati o n of / 0 ¼ 0 ; h 0 ¼ 2 p = 2 4 ; a n d w 0 ¼ 0.
Fi g ur e 2 3 s h o ws t he d e vi ati o n i n p arti cl e tr aj e ct ori es, pr ess ur e, a n d
d y n a mic r es p o ns es b et we e n t h e s h e ar-t hi n ni n g a n d  N e wt o ni a n fl ui d
f or v ari o us p arti cl e as p e ct r ati os. F or s p h eri c al-s h a p e d p articl es, s h e ar-
t hi n ni n g h as n o si g nifi c a nt eff e ct o n t h e p articl es or bit, or t h e e v ol uti o n

FI G. 2 1. Eff e ct of fl ui d s h e ar-t hi n ni n g o n J eff er y ’s or bit: ( a) p arti cl e ’s or bit s i n si m pl e s h e ar fl o w, ( b) dil at e d or bit ( d a s h e d c y a n li n e / 0 ¼ p = 2 Þ, c o n stri ct e d or bit ( c o nti n u o u s
c y a n li n e, / 0 ¼ 0 Þ a n d  N e wt o ni a n or bit ( bl a c k li n e) f or h 0 ¼ 2 p = 2 4 ; ( c) diff er e n c e i n p arti cl e ti p pr e s s ur e b et w e e n N T a n d  G N F fl ui d, ( d) p h a s e di a gr a m of a zi m ut h a n gl e h v s
n ut ati o n _h , ( e) p ol ar pl ot of pr e c e s si o n _/ v s p ol ar a n gl e / , f or diff er e nt i niti al p arti cl e ori e nt ati o n b et w e e n 2 p = 2 4 h 0 1 2 p = 2 4 ; / 0 ¼ 0 ; w 0 ¼ 0 a n d f or  N T fl ui d
( d a s h e d) a n d  G N F p o w er-l a w fl ui d s ( c o nti n u o u s) wit h m ¼ 1 P a s n ; n ¼ 0 :5.

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 2 5
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of the particle’s surface pressure and dynamic responses. However, as
the particle aspect ratio increases up to re ¼ 6, we observe considerable
deviation in the particle trajectory [cf. Fig. 23(a)] consistent with the
findings of Abtahi and Elfring.34 Similar to results that appear above,
the particle trajectory is elongated or constricted depending on the ini-
tial starting position on a particular Newtonian Jeffery’s orbit. With a
further increase in the particle’s slenderness, i.e., as j ! 1, modifica-
tion of the particle’s trajectory due to shear-thinning becomes negligi-
ble as was also observed by Ferec et al.62

The shear-thinning effect on the pressure response however con-
tinues to increase with the particle length [cf. Fig. 23(b)], which can be
attributed to the hydrostatic stress intensification at the particle’s tip
arising from the increased particle length and/or the related decrease
in the tip curvature. Likewise, the impact of shear-thinning on particle
angular velocities is initially observed to increase with increasing aspect
ratio [cf. Figs. 23(c) and 23(d)]. The non-linear effects, however, grad-
ually declines with further increase in ellipsoid’s slenderness. The
shear-thinning behavior is observed to slightly decrease the particles
orbit period with slight increase in the aspect ratio. Furthermore,
increases in the particle’s slenderness, however, result in the shear-
thinning behavior prolonging the tumbling period. At lower aspect
ratios, the pressure drag that does not depend on the local viscosity
dominates the hydrodynamic resistance; however, with longer par-
ticles, the skin friction drag becomes significant due to the increased
surface area and change in apparent viscosity.25 Since a decrease in the
apparent viscosity is known to slow down particle motion, we experi-
ence longer tumbling periods with considerable increase in the particle
aspect ratio (cf. Table VII).

Since typical EDAM printed fiber-filled polymer composites are
known to have very high aspect ratios re > 45;77,78 the shear-thinning
rheology is expected to have negligible effects on particle angular veloc-
ity and trajectory. However, we expect the non-Newtonian fluid slows
down the particles kinematics and reduces the surface pressure
distribution.

CONCLUSION

In conclusion, a non-linear 3D-FEM numerical approach has
been implemented to investigate the effects of shear-thinning fluid rhe-
ology in combination with other factors including the particles aspect
ratio and initial particle orientation on the dynamics and surface pres-
sure distribution on a particle suspended in viscous homogeneous
flow. The particle behavior in a special class of homogeneous flows
that typifies conditions found in melt flow regions of the of an extru-
sion nozzle during polymer composite additive manufacturing proc-
essing is also studied.

In the Newtonian flow, the ellipsoidal particle stalls in extension-
dominant asymmetric flow regimes but tumbles periodically in axi-
symmetric flows irrespective of the magnitude of the extension rate.
The stall event in asymmetric flows is dictated by the shear-to-exten-
sion rate ratio. Increased shear dominance increases flow symmetry
and tendency for continuous and periodic particle tumbling. The tum-
bling period in the asymmetric flows is expectedly dependent on the
shear-to-extension rate ratio. The tumbling period increases asymptot-
ically with increasing extension dominance until the conditions for
stall based on Jeffery’s equation are satisfied. On the other hand, the
evolution time to particle stall is shown to increase asymptotically with
increased shear dominance until the conditions for stall are violated.
With sustained particle motion, the particle tip pressure fluctuates
between extremums at the instants where its orientation aligns with
the principal flow directions. An increase in the ellipsoidal particle
aspect ratio was shown to affect the particles dynamics and increase
the tumbling period. It also was shown to exacerbate the pressure
extremes at the particle tip, which could be caused by the increased
aspect ratio alone, or the related reduction in tip curvature, or both.
With a narrowing of Jeffery’s orbit as the particle tumbles further out
of plane, the particle surface pressure extremes are observed to
decrease and the surface location of the pressure extreme further devi-
ates from the particle’s tip location. The orbital peak particle tip

FIG. 22. Effect of shear-thinning comparing (a) the non-Newtonian to Newtonian tumbling period s0:5=s1, and (b) the non-Newtonian (red line) and Newtonian (black line) par-
ticles orbital minimum tip pressure Pmin, vs the initial azimuth angle h0, considering GNF power-law fluid, with m ¼ 1 Pa sn; n ¼ 0:5 and initial orbit position /0 ¼ 0:
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pr ess ur e  m a g nit u d e f oll o ws a s o m e w h at li n e ar r el ati o ns hi p  wit h t h e
p ol ar l o c ati o n o n t h e or bit a cr oss s p e ctr u m of d e ge n er at e J eff er y ’s
or bit.

T h e b e h a vi or of t h e s us p e n d e d p article is s h o w n t o b e aff e cte d b y
t he s h e ar-t hi n ni n g fl ui d r h e ol o g y. I n t h e a xis y m m etri c fl o ws  w h er e t he
p articl e  m oti o n e ns u es p eri o di c all y, t h e s h e ar-t hi n ni n g fl ui d r he ol o g y
sl o ws d o w n t h e p arti cl es  m oti o n a n d i n cr e as es t he t u m bli n g p eri o d.

FI G. 2 3. ( a) P arti cl e’s or bit s i n si m pl e s h e ar fl o w, ( b) diff er e n c e i n p arti cl e ti p pr e s s ur e e v ol uti o n b et w e e n N T a n d  G N F fl ui d, ( c) p h a s e di a gr a m of a zi m ut h a n gl e h v s n ut ati o n
_h , ( d) p ol ar pl ot of t h e p ol ar a n gl e / v s pr e c e s si o n _/ , f or diff er e nt p arti cl e a s p e ct s re a n d f or  N T fl ui d ( d a s h e d) a n d  G N F p o w er-l a w fl ui d s ( c o nti n u o u s) wit h
m ¼ 1 P a s n ; n ¼ 0 :5. I niti al p arti cl e ori e nt ati o n i s / 0 ¼ 0 ; h 0 ¼ 2 p = 2 4 ; w 0 ¼ 0.

T A B L E VII. R ati o of t h e p arti cl e ’s t u m bli n g p eri o d i n s h e ar-t hi n ni n g si m pl e s h e ar fl o w
wit h n ¼ 0 :5 a n d m ¼ 1 P a s n , a n d _c ¼ 1 s 1 a n d  wit h t o t h e r ef er e n c e N e wt o ni a n
q u a ntit y, s 1 . I niti al p arti cl e ori e nt ati o n i s / 0 ¼ 0 ; h 0 ¼ 2 p = 2 4 ; w 0 ¼ 0.

re 1 2 3 6 1 0

s 0 :5 = s 1 1 :0 0 0 0 :9 6 6 0 :9 5 1 1 :0 2 7 1 :2 5 0

P h y si c s  of  Fl ui d s A R TI C L E p u b s. ai p. or g/ ai p/ p of

P h y s. Fl ui d s 3 6 , 1 2 3 1 1 3 ( 2 0 2 4); d oi: 1 0. 1 0 6 3/ 5. 0 2 4 2 9 5 3 3 6 , 1 2 3 1 1 3- 2 7
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C ess ati o n of p arti cle  m oti o n (i. e., a st all c o n diti o n) i n t h e as y m m etric
h o m o g e ne o us fl o ws is s h o w n t o b e di ct at e d b y a c o m p eti n g i nfl u e nc e
of t h e s he ar-t hi n ni n g i nt e nsit y a n d s h e ar-t o- e xt e nsi o n r at e d o mi n a n c e.
T h e s h e ar-t hi n ni n g  w as f o u n d t o h a v e si mil ar eff e ct h as d e cre asi n g t h e
s h e ar r at e d o mi n a n c e of t he pr e v aili n g fl o w o n t he p articles  m oti o n.
Irr es p e cti v e of t h e h o m o g e n e o us fl o w t y p e, t he  m a g nit u d e of t he p arti-
cl e s urf a c e pr ess ur e distri b uti o n  w as o bs er ve d t o si g nifi c a ntl y d e cre as e
wit h i n cr e as e d s h e ar-t hi n ni n g i nt e nsit y d u e t o a n a c c o m p a n yi n g
d e cre as e i n t he eff e cti v e vis c osit y of t h e fl ui d ar o u n d t h e p arti cl e s ur-
f a c e.  T h e or bit al l o c ati o n at  w hi c h t he pr ess ur e  m a g nit u d e e xtre mes o n
t h e p arti cles s urf a c e ar e, h o w e ver, u n aff e cte d b y t h e s h e ar-t hi n ni n g
r h e ol o g y.  O n t h e s h e ar pl a n e, s h e ar-t hi n ni n g r h e ol o g y h as n o n otic e-
a bl e eff e ct o n t he p arti cl es or bit, h o w e v er,  wit h a n arr o wi n g of t h e
J eff er y or bit as  w e  m o v e f urt h er o ut of pl a n e, t h e p arti cle’s tr aj e ct or y
d e vi at es f urt h er fr o m t h e  N e wt o ni a n r ef er e nc e p at h.  T h e s h e ar-
t hi n ni n g r h e ol o g y  m a y eit h er c o nstri ct or dil at e t he  N e wt o ni a n or bit
d e p e n di n g o n t h e i niti al st arti n g l o c ati o n of t h e p arti cl e o n t he or bit.
T h e el o n g ati o n of t he p articl e ’s  m oti o n a n d t h e l o w eri n g of t he pr es-
s ur e o n t h e s urf a c e of t h e p article b y t he s h e ar-t hi n ni n g eff e ct is a u g-
m e nte d  wit h  wi d e ni n g of J eff er y ’s or bit as t h e p articl e t u m bl es cl os er
t o t h e s h e ar pl a n e. F or s p h eri c al p arti cles, t he s h e ar-t hi n ni n g fl ui d h as
n o si g nifi c a nt eff e ct o n t h e d y n a mi cs or s urf a c e pr ess ur e distri b uti o n,
b ut  wit h i n cre as e d as p e ct r ati o,  m o difi c ati o n of t he p arti cle ’s tr aj e ct or y
a n d d y n a mi cs d u e t o t h e n o n-li n e ar eff e cts b e c o m es si g nifi c a nt u ntil a
critic al p oi nt,  w h ere t he n o n-li n e ar eff e cts ar e r e v ers e d.  Wit h e xc essi v e
p arti cle sl e n d er n ess, t h e i m p a ct of t h e s h e ar-t hi n ni n g fl ui d o n t h e p ar-
ti cle’s tr aj e ct or y a n d d y n a mi cs di mi nis h es.  O n t h e c o ntr ar y, t h e eff e cts
of t h e s he ar-t hi n ni n g o n l o w eri n g of t he p articl e ’s s urf a c e pr ess ur e
m a g nit u d e is pr o p orti o n all y ele v at e d  wit h i n cr e asi n g as p e ct r ati o.

T h e f or e g oi n g dis c ussi o n o n t h e st u d y of ri gi d s p h er oi d al p ar-
ti cle’s b e h a vi or i n vis c o us h o m o g e n e o us s us p e nsi o n is a p pli c a bl e i n
u n d erst a n di n g a n d c o ntr ol v ari o us k e y tr a ns p ort p h e n o m e n o n of t his
F SI pr o c ess. F or i nst a n ce, t h e fl u ct u ati o n of l o c al fi el d s urf a c e pr ess ur e
distri b uti o n of s us p e n d e d fi b ers i n p ol y m eri c pr o c ess es i d e ntifi e d b y
A w e nli m o b or et al.6 3 as a k e y  m e c h a nis m p ot e nti all y r es p o nsi bl e f or
p or ositi es  wit hi n t h e c o m p osit e b e a ds c o ul d b e c o ntr olle d b y s uit a bl e
r h e ol o gi c al a dj ust m e nt t o r e d u c e t h e l o c al pr ess ur e fl u ct u ati o ns.  O n
t h e o n e h a n d, i n cre asi n g t he s he ar-t hi n ni n g i nte nsit y  m a y h el p c o ntr ol
t h e v oi d f or m ati o ns; h o w e ver, i n cre as e d s h e ar-t hi n ni n g  m a y i n cre as e
t h e li k eli h o o d of  m ulti p h as e fl o w s e gr e g ati o n  wit hi n n o z zle a n d t h e
cr e at e  m or e a nis otr o p y i n t h e  mi cr ostr u ct ur e of t he pri nt e d c o m p osit e.
T h e pr ese nt st u d y c o ntri b ut es t o u n d erst a n di n g t h e c o m bi n e d eff e cts
of v ari o us fl o w p ar a m eters o n t h e fl o w-fi el d d e vel o p m e nt d uri n g p ol y-
m er c o m p osit e pr oc essi n g,  w hi c h is i nstr u m e nt al i n eff e cti v el y c o ntr ol-
li n g t h e e x p e ct e d  mi cr ostr u ct ur al b e h a vi or of pri nte d c o m p osit e b e a ds
a n d r es ulti n g pr o p erties.

A C K N O W L E D G M E N T S

T h e a ut h ors  wis h t o a c k n o wl e d g e t h e  N ati o n al S ci e n c e
F o u n d ati o n ( N S F) f or pr o vi di n g t h e n e c ess ar y gr a nts t h at  m a d e t his
p u bli c ati o n p ossi bl e ( Gr a nt  N o. 2 0 5 5 6 2 8).

A U T H O R  D E C L A R A TI O N S

C o nfli c t  of I n t e r e s t

T h e a ut h ors h a v e n o c o nfli cts t o dis cl os e.

A u t h o r  C o n t ri b u ti o n s

A.  A w e nli m o b or: C o n c e pt u ali z ati o n ( e q u al);  D at a c ur ati o n ( e q u al);
F or m al a n al ysis ( e q u al); I n vesti g ati o n ( e q u al);  M et h o d ol o g y ( e q u al);
V ali d ati o n ( e q u al);  Vis u ali z ati o n ( e q u al);  Writi n g – ori gi n al dr aft
( e q u al);  Writi n g – r e vi e w  & e diti n g ( e q u al). D. E. S mit h:
C o n ce pt u ali z ati o n ( e q u al); F u n di n g a c q uisiti o n ( e q u al);  M et h o d ol o g y
( e q u al); Pr oj e ct a d mi nistr ati o n ( e q u al);  R es o ur c es ( e q u al); S oft w ar e
( e q u al); S u p er visi o n ( e q u al);  V ali d ati o n ( e q u al);  Writi n g – r e vi e w  &
e diti n g ( e q u al).

D A T A  A V AI L A BI LI T Y

T h e d at a t h at s u p p ort t he fi n di n gs of t his st u d y ar e a v ail a bl e fr o m
t he c orres p o n di n g a ut h or u p o n r e as o n a bl e r e q u est.

A P P E N DI X  A:  D E FI NI TI O N  O F  C O N S T A N T S I N
J E F F E R Y ’S  E Q U A TI O N

T h e e x pr essi o ns of t h e c o m p o n e nts of t h e v ari a bl e v e ct or v
a n d c o effi ci e nt t e ns ors K I ; K II ; a n d K III t h at a p p e ar i n t h e d efi ni-
ti o n of t h e J eff er y’s v el o cit y a n d pr ess ur e ar e d efi n e d i n E qs.
( A 1)– ( A 6) b el o w. F or t h e v ari a bl e v e ct or v , t h e c o m p o n e nts ar e
gi v e n as

v 1 ¼ a 0X 2 X 3 ; v 2 ¼ b 0X 3 X 1 ; v 3 ¼ c 0X 1 X 2 : ( A 1)

T h e c o m p o n e nts i n K I v e ct or ar e li k e wis e gi v e n as

R ¼
~f

a 0
0

; S ¼
~g

b 0
0

; T ¼
~h

c 0
0

: ( A 2)

T h e c o m p o n e nts i n K II t e ns or ar e gi v e n as

U ¼ 2 b 2 B c2 C½ ; V ¼ 2 c2 C a 2 A½ ; W ¼ 2 a 2 A b 2 B½ ;

( A 3)

w h er e t h e c o effi ci e nts A ; B ; a n d C i n E q. ( A 3) a b o v e ar e als o c o m-
p o n e nts of t e ns or K III c o nt ai ni n g t h e str essl et a n d t or q u e a cti n g o n
t h e ri gi d elli ps oi d al p arti cl e s us p e n d e d i n li n e ar a m bi e nt fl o w fi el d7 0

gi v e n i n t h e f oll o wi n g e q u ati o n:

A ¼
1

6

2 a 00
0 ~a b 00

0
~b c 00

0 ~c

b 00
0 c 00

0 þ c 00
0 a 00

0 þ a 00
0 b 00

0

( )

; F ¼
b 0

~f c2 a 0
0 n _W 1

2 a 0
0 b 2 b 0 þ c2 c 0

;

F 0 ¼
c 0

~f þ b 2 a 0
0 n _W 1

2 a 0
0 b 2 b 0 þ c 2 c 0

; B ¼
1

6

2 b 00
0
~b c 00

0 ~c a 00
0 ~a

b 00
0 c 00

0 þ c 00
0 a 00

0 þ a 00
0 b 00

0

( )

;

G ¼
c 0 ~g a 2 b 0

0 g _W 2

2 b 0
0 c 2 c 0 þ a 2 a 0ð Þ

; G 0 ¼
a 0 ~g þ c 2 b 0

0 g _W 2

2 b 0
0 c 2 c 0 þ a 2 a 0ð Þ

;

C ¼
1

6

2 c 00
0 ~c a 00

0 ~a b 00
0
~b

b 00
0 c 00

0 þ c 00
0 a 00

0 þ a 00
0 b 00

0

( )

; H ¼
a 0

~h b 2 c 0
0 f _W 3

2 c 0
0 a 2 a 0 þ b 2 b 0

;

H 0 ¼
b 0

~h þ a 2 c 0
0 f _W 3

2 c 0
0 a 2 a 0 þ b 2 b 0

:

( A 4)

T h e  Gr e e k i nt e gr al c o nst a nts a ; b ; c a n d t h eir s y m m etri c f or ms
ar e d efi n e d as 1 5
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a ¼

ð1

k

1

D

d k

a 2 þ k
; a 0 ¼

ð1

k

1

D

d k

b 2 þ kð Þ c2 þ kð Þ
;

a 00 ¼

ð1

k

1

D

k d k

b 2 þ kð Þ c2 þ kð Þ
; b ¼

ð1

k

1

D

d k

b 2 þ k
;

b 0 ¼

ð1

k

1

D

d k

c 2 þ kð Þ a 2 þ kð Þ
; b 00 ¼

ð1

k

1

D

k d k

c 2 þ kð Þ a 2 þ kð Þ;

c ¼

ð1

k

1

D

d k

c 2 þ k
; c 0 ¼

ð1

k

1

D

d k

a 2 þ kð Þ b 2 þ kð Þ
;

c 00 ¼

ð1

k

1

D

k d k

a 2 þ kð Þ b 2 þ kð Þ:

( A 5)

A  Gr e e k c o nst a nt s u bs cri pt e d  wit h 0 i m pli es t h at t h e l o w er li mit of
i nt e gr ati o n k ¼ 0.  T h e v ari a bl es ~a ; ~b ; ~c ; ~f ; ~g ; ~h ar e c o m p o n e nts of
t h e r at e of d ef or m ati o n t e ns or C a n d n ; g ; f ar e c o m p o n e nts of t h e
v orti cit y t e ns or N ; i. e.,

C ¼

~a ~h ~g
~h ~b ~f

~g ~f ~c

2

6
6
4

3

7
7
5 ; N ¼ N I ¼

f þ g

þ f n

g þ n

2

6
4

3

7
5 ;

N ¼

n

g

f

2

6
4

3

7
5 :

( A 6)

A P P E N DI X  B: F L O W  R E GI M E S I N T Y PI C A L  E D A M
N O Z Z L E

P ol y m er c o m p osit e  m elt fl o w t hr o u g h t h e n o z zl e i n t y pi c al
E D A M p ol y m er c o m p osit e pr o c essi n g is c h ar a ct eri z e d b y c o m pl e x
c o m bi n ati o n of s h e ar a n d e xt e nsi o n al d ef or m ati o n r at e c o m p o n e nts
t h at ar e d e p e n d e nt o n t h e vis c o el asti c p ol y m er  m elt r h e ol o g y a n d
t h e g e o m etr y of t h e e xtr usi o n n o z zl e.  T h e fl o w c o n diti o n at t h e n o z-
zl e  w all is p ur e s h e ar a n d at t h e n o z zl e c e nt erli n e is p ur e u ni a xi al
el o n g ati o n ( cf. Fi g. 2 4 ).7 2, 7 3 A w a y fr o m t h e c o n v er g e nt z o n e i n t h e
l u bri c ati o n z o n e d efi n e d b y t h e cl e ar a n c e b et w e e n t h e s cr e w e d g e
a n d t h e n o z zl e  w alls, t h e fl o w is pr e d o mi n a ntl y s h e ar- d o mi n a nt
w hil e cl os e t o t h e c e nt erli n e a n d n e ar t h e e ntr a n c e of t h e n o z zl e
w h er e t h e fl o w u n d er g o es a c c el er ati o n d u e t o g e o m etri c c o nstri c-
ti o n, t h e fl o w is d o mi n at e d b y e xt e nsi o n al r at e, a n d at t h e v orti c es

cr e at e d n e ar t h e n ot c h e d g es  wit h s h ar p tr a nsiti o ns d u e t o el asti c
i nst a biliti es, t h e fl o w is  m ai nl y r ot ati o n al.7 2 T h e fl o w c o ntr a cti o n
r e gi o n c o nsists of a c o m pl e x c o m bi n ati o n of t h e v ari o us fl o w c at e-
g ori es  wit h v ar yi n g d o mi n a n c e.

A si m pl e  m etri c us e d t o cl assif y t h e fl o w r e gi m es is b as e d o n a
fl o w p ar a m et er gi v e n b y S c h ull er et al. 7 2

¼
_c c þ jx c

_c c jx c
; ( B 1)

w h er e _c c is t h e  m a g nit u d e of d ef or m ati o n r at e t e ns ors d efi n e d as
_c c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 C ijC ji

p
a n d x c is t h e  m a g nit u d e of t h e v orti cit y t e ns or gi v e n

as x c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 N ij N ji

p
.  T h e fl o w is p ur e s h e ar  w h e n ¼ 0, p ur e el o n g a-

ti o n al  w h e n ¼ 1, a n d p ur el y r ot ati o n al  w h e n ¼ 1.  T y pi c al
fl o w p att er ns  wit hi n t h e c o n v er g e nt z o n e r es ults i n l yi n g b et w e e n

1 1.

A P P E N DI X  C:  O B T AI NI N G  P A R TI C L E  S T A L L
O RI E N T A TI O N  A N G L E S I N  N E W T O NI A N
H O M O G E N E O U S F L O W S

T h e p arti cl e st all a n gl es u n d er f a v or a bl e c o n diti o ns i n g e n er al
cl ass of h o m o g e n e o us fl o ws c a n b e o bt ai n e d usi n g t h e t e ns ori al r e p-
r es e nt ati o n f or t h e p arti cl e ori e nt ati o n of a n a xis y m m etri c elli ps oi-
d al p arti cl e i n vis c o us s us p e nsi o n  wit h v el o cit y gr a di e nt L
d e v el o p e d b y  Di n h a n d  Ar mstr o n g 7 9 b as e d o n J eff er y ’s  m o d el
ass u m pti o ns a n d is gi v e n as

_q i ¼ N ijq j þ j C ijq j C kl q k q lq i ; ( C 1)

w h er e q is t h e p arti cl e ori e nt ati o n d efi n e d b y t h e v e ct or

q ¼ c os h si n h si n / si n h c os /
T
: ( C 2)

T h e E ul er a n gl es a n d a n g ul ar v el o citi es c a n b e b a c ktr a c k e d fr o m t h e
r at e of t h e ori e nt ati o n v e ct ors _q , t h us

/ ¼ t a n 1 q 2

q 3

; h ¼ c os 1 q 1 ;

_/ ¼
_q 3

q 3

_q 2

_q 3

q 2

q 3

1 þ
q 2

q 3

2 1

; _h ¼ _q 1 1 q 2
1

1
2 :

( C 3)

C o nsi deri n g t he n or m aliz ati o n c o n diti o n, t he i n d e pe n de nt c o m p o n e nts
of t he p arti cle ori e nt ati o n at st all c a n li k e wis e be o bt ai n e d vi a t he
N e wt o n – R a p hs o n n u meric al iter ati v e pr o c ess a c c or di n g t o E q. ( C 4)

q þ
s ¼ q s J H 2

1 _H
q
; ( C 4)

FI G. 2 4. S c h e m ati c s h o wi n g fl o w r e gi m e s
wit hi n a t y pi c al E D A M n o z zl e d uri n g p ol y-
m er pr o c e s si n g.
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w h er e q s ¼ q s
2 q s

3
T
; R 8 jq j ¼ 1, _H

q
¼ _/ _h

h i T
, a n d t h e c o m-

p o n e nts of t h e J a c o bi a n J H 2
ar e e x pli citl y d efi n e d i n t h e f oll o wi n g

e q u ati o ns:

J H 2 ;1 1 ¼
1

q 3

Jq ;2 1 Jq ;3 1

q 2

q 3

_q 3

q 3

1 þ 2
_q 2

_q 3

q 2

q 3

q 2

q 3

þ
q 3

q 2

1
" #( )

1 þ
q 2

q 3

2 1

; ( C 5)

J H 2 ;1 2 ¼
1

q 3

(

Jq ;2 2 Jq ;3 2

q 2

q 3

_q 3

q 3

_q 2

_q 3

þ 2
_q 3

q 3

q 2

q 3

1 þ
_q 2

_q 3

q 2

q 3

q 2

q 3

þ
q 3

q 2

1
" # )

1 þ
q 2

q 3

2 1

; ( C 6)

J H 2 ;2 1 ¼ Jq ;1 1 1 q 2
1 þ _q 1

h i
1 q 2

1

3
2 : ( C 7)

J H 2 ;2 2 ¼ Jq ;1 2 1 q 2
1 þ _q 1

h i
1 q 2

1

3
2 : ( C 8)

I n a d diti o n, t h e t e ns or J q is c o m p ut e d fr o m t h e f oll o wi n g
e q u ati o n:

Jq ¼ N \ þ j C q q T C þ C T q T C q I \ ;

\ T ¼
1 1 0

1 0 1

" #

:

( C 9)

A P P E N DI X  D:  P RI N CI P A L F L O W  DI R E C TI O N S

T h e pri n ci p al fl o w dir e cti o ns c a n b e o bt ai n e d b y s p e ctr al
d e c o m p ositi o n of t h e s y m m etri c p art of t h e v el o cit y gr a di e nt t e ns or
C .  T h e r es p e cti v e ei g e n v e ct ors U k ar e t h e pri n ci p al fl o w dir e cti o ns,
i. e.,

U j C m n ¼ U m k K kl U nl ; K kl ¼
k k k ¼ l
0 k 6 ¼l

; U jC ¼ U K U T :

( D 1)

C o nsi d eri n g t h e i n- pl a n e h o m o g e n e o us fl o w v el o cit y gr a di e nt of E q.
( 2 2), t h e pri n ci p al fl o w dir e cti o ns i n t h e s h e ar pl a n e irr es p e cti v e of
c o or di n at e r ef er e n c e fr a m e ar e o bt ai n e d as

t a n / p ¼
_e 2 _e 3

_c
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_e 2 _e 3

_c

2

þ 1

s

: ( D 2)

As  w o ul d b e s e e n fr o m t h e si m ul ati o n r es ults, f or a p arti cl e t u m-
bli n g i n t h e fl o w s h e ar pl a n e, t h e p arti cl e ori e nt ati o n at t h e l o c ati o n
of  mi ni m u m pr ess ur e e xtr e m e o n p arti cl e ’s s urf a c e c orr es p o n ds t o
p ositi o n of p arti cl e ali g n m e nt  wit h o n e of t h e pri n ci p al fl o w dir e c-
ti o ns i n t h e fl o w s h e ar pl a n e, i. e.,

q jp ¼ p m a x
¼ U k h ¼ 0 : ( D 3)

H e n c e, t h e p e a k pr ess ur e o c c urs at a n i nst a nt tp s u c h t h at
/ tpð Þ ¼ / p .
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