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1. Introduction

1.1. The main result

A circle domain is an open connected set in the Riemann sphere C whose boundary
components are either circles or points. In 1908, P. Koebe [21] made the circle domain
conjecture that any domain (i.e., open connected set) in the plane is conformally diffeo-
morphic to a circle domain. The classical Weyl problem concerns isometric embeddings
of positively curved 2-spheres into 3-space. The Weyl problem in the hyperbolic space
asks for isometric embeddings of genus-zero surfaces with complete metrics of curvature
at least —1 into hyperbolic 3-space H3. This paper shows that the Koebe conjecture is
equivalent to a special form of the Weyl problem in H3.

Let S2 be the unit 2-sphere, C be identified with S2 by the stereographic projection,
(H3,d") or H} be the Poincaré ball model of the hyperbolic 3-space whose boundary
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is 82, and Cp(Y) be the convex hull of a closed set Y in H? U S? in hyperbolic 3-space.
A circle type closed set Y C S? or Y C Cisa compact set whose complement is a
circle domain, i.e., each connected component of Y is either a round disk or a point. It
is well known by the work of W. Thurston (see page 185 in [35] or Theorem 1.12.1 in
[13]) that if Y is a closed set in S? containing more than two points, then the boundary
of the convex hull 9Cp(Y) C H3, in the intrinsic path metric, is a genus-zero complete
hyperbolic surface. The special form of the Weyl problem, which is an inverse version of
Thurston’s theorem, is:

Conjecture 1. ([23], see also [24]) Every genus zero complete hyperbolic surface is iso-
metric to OCp(Y) for a circle type closed set Y in S?.

We remark that in the case that the convex hull Cp(Y') is 2-dimensional, as a con-
vention in this paper, we use Cp(Y') to denote the metric double of Cp(Y') across its
boundary, i.e., 0Cp(Y) := Cp(Y) Usa, Cp(Y).

Since the circle domain conjecture can be proved easily for domains whose comple-
ments in C contain at most two points, we will consider in the rest of the paper only
those domains U whose boundaries QU contain more than two points. For each such
domain U, by the uniformization theorem, there exists a unique complete conformal hy-
perbolic metric dV of the form A(2)|dz| on U. The metric dV will be called the Poincaré
metric of the domain U. Using Koebe’s theorem that any genus-zero Riemann surface is
conformally diffeomorphic to a domain in the Riemann sphere, we see that every genus-
zero complete hyperbolic surface is isometric to a Poincaré metric (U, d") where U C S?2
with |[0U| > 3. In particular, the circle domain conjecture is equivalent to the statement
that every genus-zero complete hyperbolic surface is isometric to (U, dY) for some circle
domain U.

The main result of the paper shows that the circle domain conjecture of Koebe is
equivalent to Conjecture 1. More, precisely, we prove:

Theorem 1.1. (a) For any circle domain U C C whose boundary contains at least three
points, there exists a circle type closed set Y C S? such that the Poincaré metric (U,dY)
is isometric to OCp(Y').

(b) For any circle type closed set Y C S? with |Y| > 3, there exists a circle domain
U c C such that dCp(Y) is isometric to the Poincaré metric (U,dV).

Using He-Schramm'’s theorem [18] that the Koebe conjecture holds for domains with
countably many boundary components, we obtain:

Corollary 1.2. Every genus zero complete hyperbolic surface with countably many topo-
logical ends is isometric to OCp(Y) for a circle type closed set Y in S?.

The relationship between the Koebe conjecture and Conjecture 1 was discovered dur-
ing our investigation of the discrete uniformization conjecture for polyhedral surfaces.
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Indeed, Conjecture 1 can be considered a generalized version of the existence part of the
discrete uniformization conjecture. The above corollary implies that every non-compact
simply connected polyhedral surface is discrete conformal to the complex plane C or the
unit disk D). For more details, see §10 and also [16], [17], [23] and [24].

The main tool we use to show Theorem 1.1 is Schramm’s transboundary extremal
lengths.

1.2. History and a generalized Weyl problem in H?

The Koebe conjecture is known to be true for connected open sets U C C which
have finitely many boundary components ([21]). The best work done to date is by He-
Schramm [18], where they proved the conjecture for U having countably many boundary
components. Conjecture 1 is known to be true for finite area hyperbolic surfaces and
hyperbolic surfaces of finite topological types whose ends are funnels by the works of
Rivin [30] and Schlenker [31], respectively. F. Fillastre [14] proved that Conjecture 1
holds for many symmetric domains with countably many boundary components.

Conjecture 1 is a Weyl-type problem for convex surfaces. It is well known that a
smooth convex surface in the Euclidean space (respectively the hyperbolic space) has
Gaussian curvature at least zero (respectively —1). Weyl’s problem asks the converse.
Namely, whether any Riemannian metric of positive curvature on the 2-sphere is isomet-
ric to the boundary of a convex body in 3-space. The problem was solved affirmatively
by Levy, Nirenberg and Alexandrov. The natural generalization of Weyl’s problem to hy-
perbolic 3-space states that every complete Riemannian metric of curvature at least —1
on a genus zero surface is isometric to the boundary of a closed convex set in hyperbolic
3-space. This was established by Alexandrov in [3].

Take a simply connected domain U C C with U # C and let Y = C — U be its com-
plement. Then, in the upper-half space model of the hyperbolic 3-space, the boundary
surface 9Cp(Y") is homeomorphic to U and hence is simply connected (see Corollary 2.2).
Thurston’s theorem says that there exists an isometry ® from 9Cp(Y') to 9Cp(D¢) = H?,
where D is the unit disk. On the other hand, the Riemann mapping theorem says that
there exists a conformal diffeomorphism ¢ from U to D. Thus Thurston’s isometry ®
can be considered as a geometric realization of the Riemann mapping ¢. The Koebe con-
jecture and Conjecture 1 are the corresponding Riemann mapping-Thurston’s isometry
picture for non-simply connected domains.

The uniqueness aspect of Conjecture 1 is the following statement.

Conjecture 2. ([23]) Suppose X and Y are two circle type closed sets in S? such that
0Cp(X) is isometric to OCp(Y). Then X and Y differ by a Mdbius transformation.

Though it is known that the uniqueness part of the Koebe circle domain conjecture
is false, it is possible that Conjecture 2 may still be true in view of Pogorelov’s rigidity
theorem [26] (see also Theorem 1 in [10]). Since the uniqueness part of the Koebe con-
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jecture holds for domains with countably many ends by [18], we believe Conjecture 2
holds for X with countably many connected components.
The strongest version of the Weyl problem in hyperbolic 3-space is the following.

Conjecture 3. Suppose (S, d) is a planar surface with a complete path metric whose cur-
vature s at least —1. Then there exists a complete convex surface Y in H> isometric to
(S,d) such that each end of Y is either a circle or a point in the sphere at infinity of
H?3. Furthermore, the convex surface Y is unique up to isometry of H>.

1.8. Organization of the paper and acknowledgment

The paper is organized as follows. Preliminaries and an outline of the proof of the main
theorem are in §2. In §3, we give a proof of the main theorem for a special case which
has to be dealt with separately. In §4, we prove an area estimate theorem for convex
surfaces in hyperbolic 3-space and a few results on the shortest distance projection maps.
In §5, we establish some results relating to Hausdorff convergence and the convergence
of the Poincaré metrics. In §6, we recall Schramm’s transboundary extremal length
and establish a duality theorem. Part (a) of Theorem 1.1 is proved in §7. Part (b) of
Theorem 1.1 is proved in §8, assuming the key equicontinuity result, which is proved in
§9. In §10, we briefly discuss the relationship between the Weyl problem, the discrete
conformal geometry of polyhedral surfaces, and the discrete uniformization problem.
In the Appendix, we recall the work of Reshetnyak [29] on the complex structure of
non-smooth convex surfaces, which is used in the paper.

We thank Michael Freedman and Francis Bonahon for stimulating discussions. Part
of the work was carried out while the first author was visiting CMSA at Harvard. We
thank S.T. Yau for the invitation. We greatly appreciate the referee’s meticulous reading
of the paper and his/her detailed comments and suggestions which helped us to improve
considerably the manuscript. The work is supported in part by NSF 1760527, NSF
1737876, NSF 1811878, NSF 1405106, NSF 1760471 and NSF 2220271.

2. Notations, preliminaries, and outline of the proof of Theorem 1.1

In this section, we recall some of the basic facts on convex surfaces, surfaces of bounded
curvature, and their conformal structures. We will outline the main steps in the proof of
Theorem 1.1.

The strategy of proving Theorem 1.1 is to approximate an arbitrary circle domain
by circle domains of finite topology. The key result that enables us to show that the
limiting domain is still a circle domain is the equicontinuity of the family of approxi-
mation conformal maps, i.e., Theorems 7.2 and 8.3. To prove the equicontinuity, we use
Schramm’s transboundary extremal length [33] and the duality Theorem 6.4 of trans-
boundary extremal lengths on annuli. The main result for estimating extremal lengths
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is Theorem 4.1 which states that the Euclidean area of any convex hyperbolic surface in
the Poincaré model of the hyperbolic space H% is at most 167.

2.1. Notations and preliminaries

We use S%, C, D, H, = (H?,d?) and H3, = (H?,d¥) to denote the standard 2-sphere,
the complex plane, the open unit disk, the Poincaré model of the hyperbolic 3-space,
and the Klein model of the hyperbolic 3-space respectively. We use H? to denote the
Poincaré disk model and consider H? C H? as a totally geodesic plane. The closure of a
set X C R? is denoted by X. The boundary of a 3-dimensional convex set X in H? or R?
is denoted by dX. The spherical metric on S? or C is denoted by dS, and the Euclidean
metric on R? is denoted by d¥. The Poincaré metric on a domain U c C with [9U| > 3
is denoted by dV. The interior of a manifold or convex set M is denoted by int(M). The
open ball of radius r centered at p in a metric space (Z,d) is B,(p,d), and the diameter
of X C Z is diamg4(X).

A metric space (X, d) is called a path metric space if the distance between two points
p and q is the infimum of the lengths of paths between p and q. We call d a path metric.
For instance, each Riemannian manifold is a path metric space. Suppose (X, d) is a path
connected metric space such that every pair of points in X can be joined by a rectifiable
path, we can define the induced path metric d* on X to be the infimum of the lengths of
paths between two points, i.e., d*(p, q) = inf{l4(y) : 7 is a rectifiable path from p to ¢}.
If X is a rectifiably path connected subset of a metric space (Z, d?), we use d4 to denote
the induced path metric on X. We remark that, in general, the induced path metrics
d)Z( and d* are only pseudo metrics. However, in the cases we encounter in this paper,
the induced path metrics are true metrics. See [11] chapter 2 for more details on path
metrics.

We will use d = Y7, gi;dz;dz; and sometimes a(z)|dz| for a Riemannian metric on
a manifold M. The Riemannian distance dj; on M is defined by the infimum of the
lengths of smooth paths between two points. It is known (Proposition 2.4.1, [11]) that if
X is a connected smooth submanifold of a Riemannian manifold (M, d) with associated
Riemannian distance djs, then the induced path metric on X from dj; is the same as
the Riemannian distance metric on X where the Riemannian metric on X is obtained
by restricting the Riemannian metric d to the tangent spaces of X. To avoid excessive
use of notations and if no confusion arises, we will use d to denote both the Riemannian
metric on M and the associated Riemannian distance d,;.

2.2. Basic facts about convex surfaces and shortest distance projections

In this subsection, we collect some of the known results on convex sets and surfaces.
For a convex set X in R? or H?, the dimension of X is the dimension of the smallest
totally geodesic submanifold P which contains X. In particular, a convex set X has a
non-empty interior in the submanifold P. We will mainly deal with 3-dimensional convex
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sets. A convex surface S is a topological surface such that S = 90X for some 3-dimensional
convex set in R? or H3. Note that we do not require X to be closed.

The topology of convex sets and convex surfaces in hyperbolic 3-space can be under-
stood using the Klein model. Recall that geodesics and totally geodesic planes in the
Klein model H3. are exactly the intersections of Euclidean lines and Euclidean planes
with the open unit ball B3. Therefore, convex surfaces, and convex sets in H3. are the
same (as point sets) as convex surfaces, and convex sets in the open unit ball B in
Euclidean geometry. This shows that all topological properties of hyperbolic convex sets
and convex surfaces are the same as those of Euclidean convex sets and convex surfaces
in B3.

The fundamental topological properties of a compact 3-dimensional convex set X
in R3 are that X is homeomorphic to the closed unit 3-ball and its boundary 90X is
homeomorphic to the unit sphere S2. Indeed, take a point p in the interior of X. Then the
restriction of the radial projection map (x —p)/|z —p| (from the point p) to the boundary
of X is a homeomorphism % from 9X to S?. It follows that the map F(x) = |z|v = (z/|z])
from the closed unit ball {x € R3||z| < 1} to X is a homeomorphism. Therefore, each
convex surface in R3 or H? is homeomorphic to an open subset of S? and hence has genus
zero. Furthermore, if W is a compact subset of S? which does not lie in a Euclidean plane,
then the hyperbolic convex hull (union with W) Ck (W) UW is a topological closed ball
since, as point set, Cx (W)U W is the Euclidean convex hull of V.

The radial projection map constructed above implies the following stronger result.

Lemma 2.1. Suppose X and Y are n-dimensional compact convex sets such that X C Y.
Then the radial projection from an interior point of X induces a homeomorphism h from
0X to OY. Furthermore, h is the identity map when restricted to 0X NAY and sends
0X — 3Y homeomorphically to 0Y — 0X.

Corollary 2.2. (Theorem II1.1.4.3 (5) in [13]) If A is a compact subset of the unit sphere
S? such that its convex hull X in R3 is 3-dimensional, then 0X — A is homeomorphic
to 82 — A by the radial projection from an interior point of X.

One of the important tools in convex geometry is the shortest distance projection
(see page 9 of [32]). The shortest distance projection map 7 from a Euclidean space to
a closed convex subset X sends each point p € R™ to the unique point 7(p) € X which
is the point in X closest to p, i.e., |[p — w(p)| = min{|p — z||z € X}. Geometrically, the
projection point 7(p) is the intersection of X with the largest closed ball centered at p
whose interior is disjoint from X.

Lemma 2.3. (pages 9-10 in [32], or page 201 in [7]) Suppose X is a closed convex subset
of R™ and 7 : R™ — X is the shortest distance projection. Then the following statements
hold.

(a) 7 is distance decreasing, i.e., |7(p) —7(q)| < |p —q|.
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(b) If p¢ X and q € X, then the angle Zpm(p)q at w(p) is at least w/2.
(c) If X is an n-dimensional compact convex set and Y is a compact convex set
containing X, then the restriction map 7|sy : OY — 0X is onto.

Similar properties for the shortest distance projection in hyperbolic spaces hold. These
will be discussed in detail in §4.2.

2.3. Basic facts about area and conformal structures on surfaces of bounded curvature

This paper deals with the geometry of the boundary of the convex hulls, i.e., convex
surfaces, in hyperbolic spaces. The study is complicated by the fact that most of the
convex surfaces we use are not smooth. However, these surfaces have been extensively
investigated in Alexandrov geometry. A convex surface S in H% or H3; carries two nat-
ural structures: an induced path metric and a conformal structure. The metric structure
on S is the induced path metric dISD (or d? ) on S derived from the hyperbolic metric
d? (or d¥). Unlike the restriction metric d”’|s which is extrinsic, the path metric df
defines the intrinsic geometry of S. One of the basic properties of the path metric d¥ is
that it defines the same topology as d¥ does. In fact, a stronger result holds. Namely,
the restriction metric d”’|s is locally bi-Lipschitz with respect to the path metric dg
(see Lemma II 1.5.7 in [13]). We will also consider the induced path metric d§ on S
from the Euclidean metric d¥. This new metric d& has not been studied extensively in
the literature. The conformal structure on S comes from the induced path metric df.
In general, a surface with a path metric is not known to define a complex structure.
The work of Reshetnyak [29], [36] shows that if a surface with a path metric (S, d) is
of bounded curvature, then the path metric d defines a complex structure. There are
several equivalent definitions of surfaces of bounded curvature. See, for instance, page 12
of [36] or page 6 of [4]. Basically, each surface of bounded curvature can be approximated
locally uniformly by a sequence of polyhedral surfaces with bounded curvature. Equiv-
alently (see Theorems 2.4 and 2.6 in [36]), a path metric surface (S,d) is of bounded
curvature if and only if there exists a sequence of Riemannian surfaces (S, d;) such that
(1) d; converges to d uniformly on compact subsets and (2) for any compact subsurface
X of S, the integrals of the absolute values of the Gaussian curvature of d; over X are
uniformly bounded. For instance all convex surfaces in R? and H? are of bounded curva-
ture (Theorem 2.7 in [36]). Another fact that we use is that if (S, dL) is a convex surface
in H, then (S, d%) is a surface of bounded curvature. This can be seen as follows. Take
a sequence of smooth convex surfaces (S, dgj) in H?, approximating (S, dg ) uniformly
on compact subsets. Then (S’i,dg ) converges to (S, dE) uniformly on compact subsets
such that the integrals of the absolute values of the Gaussian curvature of (.S;, dg@) over
compact sets are bounded. It is known that the 2-dimensional Hausdorff measure on a
bounded curvature surface (S, d) is equal to the area element which was constructed syn-
thetically using geodesic triangles on (S, d) by Alexandrov (page 262 [4] and proposition
1.3 of [12]). The work of Reshetnyak puts surfaces of bounded curvature in the setting
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of Riemannian metrics by relaxing the regularity condition on Riemannian metrics. One
of the main results of Reshetnyak (Theorem 7.1.2 in [29], or Theorem 2.23 in [306]) says
that if (S,d) is a surface of bounded curvature, then at each point one can find a local
coordinate chart (U, z) and a function A(z) which is the difference of two subharmonic
functions such that the path metric d restricted to U coincides with the Riemannian
distance associated to the Riemannian metric e*(*)|dz|. Note that the Riemannian met-
ric e**)|dz| may not be continuous. These charts (U, z) produce the complex structure
on (S,d). In our case, we need to use the complex structure to compute the extremal
lengths of families of curves on bounded curvature surfaces. It requires the notations of
the length of curves and area of subsets, which were constructed by Alexandrov. What
Reshetnyak’s theorem tells us is that these notions are the same as the ones used in
the complex analysis for computing extremal lengths on surfaces of bounded curvature.
The last fact we use is that for a hyperbolic convex surface S, the conformal structures
associated with the path metrics df and d£ are the same. This is due to (1) df and d”
are conformal metrics on H? and (2) a theorem of Reshetnyak (Theorem 7.3.1 in [29])
on isothermal coordinates. The details are in the Appendix of this paper.

2.4. Outline of the proof of Theorem 1.1 (a)

Suppose U = C — X is a circle domain in C such that X contains at least three points.
Let dV be the Poincaré metric on U. The goal is to find a circle type closed set Y C S?
such that (U, dY) is isometric to dCk (Y) C (H?, d¥).

Produce a sequence of circle domains U, = C — X™ with oU, consisting of finitely
many circles such that {X (")} converges to X in Hausdorff distance. More precisely, using
a Mobius transformation, we may assume X C {z € C|2 < |z| < 3}. Let Wy,...,W;, ... be
a sequence of distinct connected components of X such that U2, W; is dense in X. Since
X is a circle type closed set, each disk connected component of X is in the sequence. Let
XM =ur W™, where W™ = W if W; is a disk, and W™ = {z € C|dB(z, W;) < I,,}
if W, consists of a single point. We make [, small such that [, decreases to 0 and
Wi(n) N W;n) = () for i # j. This construction ensures that X (") is a circle type closed set
having finitely many connected components and X (™ converges to X in the Hausdorff
distance in C.

For each X(™) by Schlenker’s work [31] (see also Theorem 7.1), we construct a cir-
cle type closed set Y™ < 82 such that there exists an isometry ¢, : (Uy,,d"") —
OCk (Y (™). Using a Mébius transformation, we may assume that dCk (Y (™)) contains
the origin (0,0,0) and ¢,,(0) = (0,0,0) € dCk (Y ™). By taking a subsequence if neces-
sary, we may assume that Y (") converges in Hausdorff distance to a closed set Y C 82.
We will show:

(1) The sequence {¢,} contains a subsequence converging uniformly on compact sub-
sets to a continuous map ¢ : U — OCk (V). This is achieved by showing {¢,, : (U,,dS) —
(0Ck (Y ™), dF)} is an equicontinuous family. The latter is proved in §7 using trans-
boundary extremal lengths. In computing the extremal length, we use the fact that the
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path metric induced by d¥ on a possibly non-smooth hyperbolic convex surface in H%
is conformal to its intrinsic path metric induced from df.

(2) The limit map ¢ : (U,dY) — 0Ck(Y) is an isometry. This follows from Alexan-
drov’s convergence Theorem 5.1 and convergence of Poincaré metrics (Theorem 5.2) in
§5;

(3) The compact set Y is of circle type. Since the Hausdorff limit of a sequence of
round disks is a round disk or a point, we will prove in §7 that each component of Y
is the Hausdorff limit of a sequence of components of Y(")’s. This is proved using the
equicontinuity property established in step (1).

2.5. Outline of the proof of Theorem 1.1 (b)

Part (b) of Theorem 1.1 states that for any circle type closed set Y C S? with |Y| > 3,
there exists a circle domain U = C — X with Poincaré metric dV such that ¥ := dCp(Y)
is isometric to (U,dY). The strategy of the proof is the same as that for part (a) of
Theorem 1.1. The only technical complication is due to the estimation of modules of
rings in non-smooth convex surfaces (e.g., 9Cp(Y)).

By Theorem 3.1, we may assume that the set Y is not contained in any circle, i.e.,
Cp(Y) is 3-dimensional. By composing with a Mdbius transformation, we may assume
that (0,0,0) € X. Since Y is a circle type closed set, there exists a sequence {Y,,} of
components of ¥ such that U2, Y; is dense in Y and (0,0,0) € Cp(Y; U...UY}). Denote
Y™ = Ur,Y; and %, = 9Cp(Y ™). By construction (0,0,0) € ¥, for n > 4, and the
sequence {Y (™} converges in Hausdorff distance to Y in S2.

Now each 3, is a genus zero Riemann surface of finite type. Koebe proved that any
genus zero Riemann surface is conformally equivalent to an open domain in C (see [21])
and any finitely connected domain is conformally equivalent to a circle domain (see [22]
or page 234 Theorem 1 in [15]). So there exists a circle domain U,, = C —X™ and a
conformal diffeomorphism ¢,, : ¥, — U,. Using Mobius transformations, we normalize
U, such that 0 € U,, ¢,(0,0,0) = 0 and the closed unit disk D is contained in U,,.
By taking a subsequence if necessary, we may assume that X () converges in Hausdorff
distance to a compact set X in the spherical metric d5. We will show:

(1) The sequence {¢,} contains a subsequence converging uniformly on compact
subsets to a continuous map ¢ : ¥ — U := C — X. This is achieved by showing
{n : (Zn,dP) — (Un,dS)} is equicontinuous. The latter is proved in §9 using trans-
boundary extremal lengths;

(2) The limit map ¢ : ¥ — (U,dY) is an isometry. This is a consequence of Alexan-
drov’s convergence theorem and the convergence of Poincaré metrics theorem in §5;

(3) The compact set X is of circle type. We will prove in §8 that each component of
X is the Hausdorff limit of a sequence of components of X (™). This is proved using the
results obtained in step (1).
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3. A proof of a special case of Theorem 1.1

Theorem 1.1 for the case that the hyperbolic convex hull Cp(Y) is two-dimensional has
to be dealt with separately and will be proved in this section. It is an easy consequence of
the Riemann mapping theorem and Carathéodory’s extension theorem of the Riemann

mapping.

Theorem 3.1. Suppose X is a compact subset of the circle S* C C such that each con-
nected component of X is a single point and |X| > 3. Then there exist two closed sets
Y1,Y; C St whose connected components are points such that

(a) C — X is conformal to dCp(Y1), and

(b) OCp(X) is conformal to C — Ys.

Recall that since Cp(Y;) is 2-dimensional, by our convention, 0Cp(Y;) is the metric
double of Cp(Y;) along its boundary.

Proof. To see (a), let dV be the Poincaré metric on U = C — X. Since U is invariant
under the orientation reversing conformal involution 7(z) = %, by the uniqueness of the
Poincaré metric, we see that 7 is an isometric involution of (U, dY). Since the fixed point
set of an isometric involution of a Riemannian manifold is totally geodesic (page 59,
Theorem 5.1 in [20]), we see that the fixed point set S' N U of 7 is a union of geodesics
in the dV metric. This implies that Uy = {|z| < 1} — X is a simply connected hyperbolic
surface with a geodesic boundary in the metric dV. By the monodromy theorem, there
exists an isometric immersion ¢ from (Up,dY|y,) into the hyperbolic plane H2. Since
(Up,dY|y,) is convex with boundary consisting of geodesics, v is an embedding. Let D
be the image of ¢, which is a closed convex domain in H? bounded by geodesics. We
claim that D is the convex hull Cp(Y7) of a closed set Y7 C S!. To see this, let Y7 be
the intersection of the closure of D with the circle S*. By convexity, we see that Cp(Y7)
is contained in D. To see that D C Cp(Y7), take a point p in H2 — Cp(Y7). We will
show that p ¢ D. Suppose otherwise that p € D. By the separation theorem for convex
sets, there exists a closed half-space P of H% such that P contains p and is disjoint
from Cp(Y;7). Find a geodesic v in P containing p. Then p € v and v N Cp(Yy) = 0.
Since the boundary of D consists of geodesics and p € v N D, v must either intersect
some boundary geodesic 8 of D or v C D. If y N 3 # (), then using 8 C Cp(Y7), we
see that v N Cp(Y1) # 0. This contradicts the construction of . If v C D, then the
endpoints of v are in Y; by construction. Therefore v C Cp(Y7). This again contradicts
that v N Cp(Y1) = 0. Therefore p is not in D, i.e., D C Cp(Y1). Now both int(Up)
and int(D) are Jordan domains, and v is a conformal map between them. Therefore,
by Carathéodory’s extension theorem, 1 extends to be a homeomorphism & between
their closures which are Uy U S! and D UY;. This homeomorphism ® sends X to Y;. In
particular, each component of Y7 is a point. By the Schwarz reflection principle, ® can
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be naturally extended to a conformal homeomorphism between (U,dV) and the metric
double of Cp (Y1) along its boundary. The metric double, as our convention, is 9Cp(Y7).

To see part (b), since X C S!, the hyperbolic convex hull Cp(X) C H? is a topolog-
ical disk contained in the hyperbolic plane H2 C H3. Then by the Riemann mapping
theorem, there exists a conformal diffeomorphism ¢ from int(Cp(X)) to the unit disk
D = {z € C||z| < 1}. By Carathéodory’s extension theorem, ¢ extends to a home-
omorphism @ from the closure Cp(X) in R? to the closed disk D. Let Yo = ®(X)
whose components are all points. By the Schwarz reflection principle, ® can be naturally

extended to a conformal homeomorphism between 0Cp(X) and C - Y. q.e.d.
4. Shortest distance projections and area estimates on convex surfaces

We prove several estimates on the shortest distance projections, which will enable us
to give an area estimate of the transboundary extremal lengths on dCp(Y") in Section 6.4.
The following is the main theorem of this section.

Theorem 4.1. Suppose X is a convex set of dimensional at least 2 in the Poincaré model
H?2, of the hyperbolic 3-space. Then the Euclidean area of the convex surface X is at
most 167.

Here the Euclidean area is the 2-dim Hausdorff measure associated to the induced path
metric on 0X from the Euclidean metric d¥ in R3. The above theorem holds trivially
if X is 2-dimensional. Since, in this case, X lies in a sphere S perpendicular to the unit
2-sphere S? such that X is inside the unit ball. One sees that the Euclidean area of X
is at most 27 since, by our convention, d.X is the metric double of X. For the proof, we
will assume that X is 3-dimensional. We believe the constant 167 can be improved to
87 which can be shown to be optimal.

4.1. The Poincaré and Klein models of hyperbolic 3-space
Let
B? = {(z1,22,73) € R3|y/2? + 23 + 2% < 1}

be the open unit ball in 3-space. The Poincaré model (H3,d") or simply H3 of the
hyperbolic space is B3 equipped with the hyperbolic metric

3
dP 22 — 4 i dxiz.
(1 —[x])?

It is a complete metric of constant sectional curvature —1 and is conformal to the Eu-
clidean metric 37, da?. By definition, d¥z? > 457 | da?. Let d¥ (x,y) and d” (z,y) =
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| — y| be the distances associated with the Poincaré and the Euclidean metrics, respec-
tively. Then

d"(2,y) > 2[z - yl. (1)

The Klein model of the hyperbolic 3-space (H?,d®) or simply H is the unit ball B3
equipped with the Riemannian metric

dK 22 — >y da? n (0 widz;)?
1—[af? (1= [af?)?

Since d¥x? > d¥x?, we have
d™(z,y) > o —y|. (2)

It is known, from Equations (4.5.2) and (6.1.2) in [27], or Formula 19.6.9 in [6], that the
map

2z . ]B?) N BS

is an isometry from the Poincaré model H%, onto the Klein model H% . Furthermore, we
have the following estimate.

Proposition 4.2. For all z,y € R3,
|W(z) — ¥(y)| <2lz—yl

Proof. We have

[W(z) - W(y)| = (1 + [yl — (1 + |=*)y]

2
(L4 [z[2) (1 + |y[?)
< 2|z — y n 2
T+ P)A 4y A+ )+ Jy[?

jelyl* — ylal?.
)
Now using |z|y|? — y|z|?|? = |2*|y|?|z — y|?, we see that

2z —y| 2|z — yll=ly|
A+ lzP)A+[y?) - A+ [=*) A+ yl*)
_ 2z —yl(L+ |=llyl)
I+ |2+ [y?)
_ 20— yl(1 + Jally)
T 1 2z|lyl
<2z —y|. qed.

[W(z) - W(y)| <
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4.2. Shortest distance projections and area of hyperbolic convez surfaces

The main tool we use to prove Theorem 4.1 is the shortest distance projection in
hyperbolic space. The shortest distance projection to a closed convex subset in a hyper-
bolic space is defined in the same way and enjoys similar properties as its counterpart in
Euclidean geometry. An excellent reference of the topic is [13]. We will briefly recall the
relevant properties and refer to the details of the proofs to [13], pages 121-127. Recall that
A denotes the closure of a set A in the Euclidean space R”™. Given a non-empty closed
convex set X in the n-dimensional hyperbolic space H'5, considered as the Poincaré ball
model, the hyperbolic shortest distance projection (or the nearest point retraction in [13])
is amap 7 = 7 : H} — X defined as follows. If p € H", then 7(p) = BN X where
B is the largest ball centered at p such that int(B) N X = 0, i.e., 7(p) € X is the point
in X closest to p. If p € 9H" — X, then m(p) = X N L where L is the largest horoball
whose interior is disjoint from X and p € L. (Sometimes p is called the center of the
horoball L. See page 122 of [13]). The convexity of X implies that L N X consists of a
single point. Note that if p € X, then w(p) = p.

The basic properties of the shortest distance projection 7 are in the following lemma.

Lemma 4.3. Suppose w : H_}E — X is the shortest distance projection.

(a) If p ¢ X, then the hyperbolic codimension-1 plane W, through 7(p) perpendicular
to the geodesic from p to w(p) is a supporting plane for the convex set X. Furthermore,
dP (w(z),7(y)) < df (z,y) for all z,y € H".

(b) If p ¢ X and x € X, then the angle Zpn(p)z at n(p) is at least 7 /2.

(¢c) If X is a geodesic in the Poincaré model of the hyperbolic plane H% and A is a
connected component of 9H% — 0X, then the shortest distance projection |4 coincides
with the inversion about the circle C' which contains 0X and bisects the angles formed
by X and A.

Proof. The proof of part (a) is in Lemma I1.1.3.2 and Lemma I1.1.3.4 in [13].

Part (b) follows from part (a) since the set of all points ¢ in H™ such that the angle
Zpr(p)q = /2 is the codimension-1 plane W,,. The condition that x and p lie in different
sides of W, implies Zpm(p)z > /2.

To see part (c), we use the upper-half-plane model {z € Cl|im(z) > 0} of H? and
take X = {iyly € Ryo} and A = {z|r € Rso}. The shortest distance projection onto
X when restricted to A is w(x) = iz which is the same as the reflection about the
line C' = {ze™/*|x € R} on A. Clearly the line C bisects the angle formed by A and
X. q.ed.

The following lemma gives an estimate of the distortion of the shortest distance pro-
jection that appeared in Lemma 4.3 (c).

Lemma 4.4. Suppose f(z) is the inversion about a circle C C C.
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Fig. 1. Lipschitz property of inversion.

(a) If C N C is a straight line, then |f/(z)| =1.

(b) If C is a circle in C and z € C is outside of C, then |f/(z)| <1.

(c) If C is a circle in C and B is a circle in C intersecting C with an angle of 7,
then, |f (2)] <2 for all z € B.

Proof. Part (a) is trivial. Now we assume that C is a circle of radius r and centered at
p. Then for any z € C, f(z) = Z’fp +p and |7/(z)| = ﬁ. So part (b) holds.
To see part (c), by composing with a rotation and a translation, we may assume that

B is a circle centered at the origin 0. See Fig. 1. Let s be the point in B closest to p. By

the assumption, the angle Z0gp is ??Tﬂ and the angle § = Zsqp is in the interval [7, 3QT”]
If z € B, then |7/(z)\ < (|Sip‘)2 = (;EEZ?)Q < sin%(e) < 2 where we have used the Sine
law for the triangle Apgs, ¢ = Zgsp and 6 € [T, 3], q.e.d.

To prove Theorem 4.1, we may assume the hyperbolic convex set X is closed in H%.
The result is obvious if X is a 2-dimensional convex set. Indeed, in this case, X is
contained in a (Euclidean) sphere of radius at most one. Therefore its Euclidean area is
at most 4. Let us assume X contains an interior points. Using the fact that the area
of the 2-sphere is 47, we see that Theorem 4.1 is a consequence of the following two
properties of the shortest distance projection 7.

Theorem 4.5. Let X be a closed convex set in the Poincaré model HY, and m be the
hyperbolic shortest distance projection from S? to X. Then for all p,q € S?,

I7(p) — (q)| < 2d%(p, q). (3)

We remark that the above theorem also holds for high dimensional hyperbolic spaces
H".

Proof. If w(p) = w(q), then the result holds trivially. So now we assume 7(p) # 7(q). If
p € X and g € X, then easily we have that

Im(p) — ()] = |p— q| < d°(p,q).
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Fig. 2. Lipschitz property of nearest point projection.

In the following argument we will assume p ¢ X and q ¢ X, and the case p € X or
q € X could be proved in a similar and simpler way.

Let Y be the hyperbolic geodesic joining m(p) to m(q) and W, and W, be the
codimension-1 hyperbolic planes perpendicular to Y at 7(p) and 7(q) respectively. Note
that W, N W, = 0 since 7(p) # m(¢q) and both are perpendicular to Y. Let H, and
H, be the two disjoint half spaces in H?® bounded by W, and W, respectively. By
Lemma 4.3 (b), both angles Zpm(p)w(q) and Zgn(q)7(p) are at least /2, it follows that
p€eU,:=H,NS?and q € U, :== H,NS% Since H, N H, = ), we have that U, NU, = 0.
(See Fig. 2.)

Let O, and O, be the centers of spherical disks U, and U, respectively, and v be a
shortest geodesic from O, to O, on S? such that v intersects U, and oU, at p’ and ¢’
respectively. Then

dS(U,,Uy) = d(p',q') < d5(p, q). (4)

Therefore it suffices to show that |7(p) — 7(q)| < 2d5(p’,¢’). To this end, let P be a
Euclidean plane passing through (0,0,0) and containing ¥ and v and consider the unit
disk D = P NB3. The inequality |7(p) — 7(q)| < 2d3(p’, ¢’) follows from |7 (p) — m(q)| <
dE,(p',q') since d5(p', ¢') = d5,(p', ¢') where d5}, is the induced Euclidean path metric
on the unit circle 9D.

Let M be the component of 9D — Y which contains {p’,q’}; C be the circle or the
straight line in the plane P passing through Y N M and bisecting the angles between Y
and M; and f be the inversion about C' in P. Then the angle between C' and 9D could
be either 7/4 or 37 /4. In the case of 37/4, M lies outside of the circle C'. In either case,
by Lemma 4.4, |f/(z)| < 2 for any z € M. So we only need to prove f(p’) = w(p) and
f(q") = 7(q) in order to obtain |7(p) — 7(q)| < 2d5(p’,¢').

To see f(p') = m(p), note that n(p) is the intersection point of ¥ with W, N P.
Since the circle C' bisects Y and M, f(Y) C 9dD. Furthermore, since C' contains the
two endpoints of Y, C' is perpendicular to the circle Z containing Wp N P. This shows
f(Z) = Z. Tt follows that f sends Y NZ to M N Z, ie., f(n(p)) =p or f(p') = 7(p).
The same argument shows f(¢') = 7(q)). q.e.d.

Theorem 4.5 implies the hyperbolic shortest distance projection 7 is continuous on
S2. The following lemma shows it is an onto map.
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Fig. 3. Eestimate for shortest distance nearest projection.

Lemma 4.6. Suppose X is a closed 3-dimensional convex set in H3 with non-empty
interior, then the shortest distance projection 7 from S? to 0X U (X NS?2) is surjective.

Proof. Take a point p € X U (X NS2). If p € X N'S?%, then 7(p) = p. If p € 0X, let
W, be a supporting plane for X at p and 7 be the geodesic ray perpendicular to W), at
p such that v intersects X only at p. The endpoint of the ray « is a point ¢ € S%. By
definition, 7(¢) = p. q.e.d.

4.3. Another estimate for the hyperbolic shortest distance projection

Proposition 4.7. Assume X is a hyperbolic closed convex set of dimension at least 2 in
H% containing origin O and q € X NS? (See Fig. 3). Let w be the shortest distance
projection from S% to X U (X N S?).

(a) For any x € S?,

$03(2,0) < (@) — o] < 205(n(2), ).

(b) Let Dg be the closed ball of radius R in (S%,dS) centered at q, and Br(q) be the
closed ball of radius R in (0X U (X NS?),d¥) centered at q. Then for any R > 0

7(Dgr) N 71'(S2 — Dgsr) =0
and

Brys(q) C m(Dr) C Bsr(q)-

Proof. For part (a), |r(x)—q| < 2d5(z, q) is a consequence of Theorem 4.5 using 7(q) = q.
It remains to prove the lower bound of |w(x) — ¢| for x # ¢. For simplicity we denote
dS(x,q) = 0 € (0,7]. Assume L is the largest horoball such that int(L) N X = () and
x € L. Let r and p be the Euclidean radius and Euclidean center of the horoball L. Since
X contains (0,0,0) and the interior of L is disjoint from X, the Euclidean radius r of L
is at most 1/2, i.e,, r <1/2. If > 7/2, then
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0
= 7@)| 2 lg -zl ~le—n(@) =lg—a|-2r>V2-2-5 >0 > ¢

™
] =

| =

and we are done.

If § < /2, then the Euclidean distance from p to the line through ¢, O is at least r,
i.e.,

T
sinf > .
1—1r

(5)
Since w(x) € 0X, we have,
lg=m(@)| = g =pl = [p—7(z)| = [p— gl =7

To estimate the right-hand side of the above inequality, by the Cosine Law on the triangle
AqOp, we have,

lp—ql=+v1+(1—7)2—2(1—r)cosf.

Denote f(t) = \/1+ (1 —¢)2 —2(1 —t) cos for t € [0, 1]. Then we have | f(t)| > | cos 6 —
(1 —1t)| and

cosf — (1 —1t)
ey =277 o).
=== e o
This shows that f(t) — ¢ is a decreasing function of ¢. Note that |p — ¢| = f(r). Now for
0 < /2, by (5), we have r < sinf/(1 + sin ) and

sin 6 ) sin 6
(1+sind) (1+sin@)

/(1 +sin6)2 +1—2(1 +siné) cosd — sin
1+4sind

lp—aql—r=f(r)—r=f(

(\/(1 + sin @ — cos )2 + sin? § — sin 0)

Now we prove part (b). If 21 € Dg and 23 € S? — Dgsg, then by part (a)

1 65 R
|T(22) —q| > gds(«z%(ﬁ > = 2d5(z1,q) > |m(21) — ql.
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So m(z1) # 7(z2).
Then by part (a) and the surjectivity of = (Proposition 4.6 (b)),

Brys(q) € 7(S*) — n(S* — Dg) C 7(Dg) C Bsr(q). q.ed.

Remark 4.8. We thank the referee who pointed out that the inequality |7(z) — ¢ <
2d5(n(x), q) follows from Theorem 4.5 and improved our original estimate.

5. Hausdorff convergence and the Poincaré metrics

Let us begin by briefly recalling the Hausdorff distance. Suppose A is a subset of
a metric space (Z,d) and r > 0. The r-neighborhood of A, denoted by N, (A,d), is
the open set {z € Z|d(z,A) < r}. If A, B are two closed subsets of (Z,d), then their
Hausdorff distance dy(A, B) is inf{r|A C N,(B,d) and B C N,(A,d)}. A sequence of
closed subsets {X,,} in (Z, d) is said to converge in Hausdorff distance to a closed set X
if lim,, dj,(X,,, X) = 0. For a compact metric space (Z,d), the set of all closed subsets in
the Hausdorfl distance is compact. See [11].

Alexandrov convergence is used extensively on the convergence of convex surfaces in
the hyperbolic and Euclidean spaces. A sequence {X,} of closed subsets in a metric
space (Z,d) is Alezandrov convergent to a closed subset X if (i) for any p € X, there
exists a sequence {p,} with p, € X,, such that lim, p, = p and (ii) for any convergent
sequence {p,, } with p,, € X, and lim; p,, = p, we have p € X. Alexandrov convergence
is independent of the choice of the distance d. Clearly if {X,,} converges to X in the
Hausdorff distance, then {X,,} Alexandrov converges to X. In general, the converse is not
true. But if the space (Z, d) is compact, then Alexandrov convergence is equivalent to the
Hausdorff convergence. In particular, for a compact metric space (Z,d), the Hausdorff
convergence of compact subsets is independent of the choice of metrics. See [11] and [3]
for details.

5.1. Alexandrov’s work on convex surfaces

By a complete convex surface S in R?® or H® we mean the boundary of a closed
convex set of dimension at least 2. Here, the dimension of a convex set in R? or H? is
defined to be the dimension of the smallest totally geodesic submanifold that contains
the convex set. The convergence theorem of Alexandrov, which will be used extensively,
is the following.

Theorem 5.1 (Alezandrov). Suppose {Sn} is a sequence of complete connected convex
surfaces in the Euclidean or hyperbolic 3-space Alexandrov converging to a complete
connected convex surface S. If x,y € S and x,,y, € Sp such that lim, x, = = and
lim, y, = vy, then

1171111 dSn (f]fn, yn) = ds(xa y)7
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where dg is the induced path metric on the convex surface S.

The proof of this theorem for the Euclidean case is on pages 91-95 of [3]. The hyper-
bolic case was stated in section 3 of Chapter 12 of [3].

5.2. The Poincaré metrics and their convergence

If X is a closed set in the Riemann sphere C which contains at least three points,
then none of the connected components of C — X is conformal to the complex plane C or
the punctured plane C — {0}. Therefore, by the uniformization theorem, each connected
component of C — X carries the Poincaré metric. The Poincaré metric on C — X is
defined to be the Riemannian metric whose restriction to each connected component is
the Poincaré metric.

The main result in this section is the following.

Theorem 5.2. Suppose {X,,} is a sequence of compact sets in the Riemann sphere con-
verging to a compact set X in the Hausdorff distance such that X contains at least three
points and X # C. Let d, = an(2)|dz| and dV = a(z)|dz| be the Poincaré metrics on
Up=C—-X, andU=C—-X respectively. Then a,(z) converges uniformly on compact
subsets of U to a(z). Furthermore, if p,q are two points in a connected component of
U and p,, q, are two points in a connected component of U, such that lim, p, = p and
lim,, ¢, = q, then

lim dy (P, gn) = d”(p, ). (6)

Note that by Hausdorff convergence, for any compact set K C U, K C U, for n large.
Therefore a,, is defined on K for large n. Also, by our convention, the distance d,, in (6)
denotes the Riemannian distance associated with the Poincaré metric d,, = a,,(z)|dz|.

Proof. To begin, let us recall a known theorem from Riemannian geometry about the
convergence of Riemannian distance functions when the Riemannian metrics converge.
See for instance Proposition 11.3.2 in [25]. We provide a short proof for completeness.

Lemma 5.3. Assume U, and U are the same as in Theorem 5.2. Suppose d,, = a,(z)|dz| is
a complete Riemannian metric on Uy, such that {a,(2)} converges uniformly on compact
subsets of U to a positive function b(z) defined on U. Let doy, = b(2)|dz| be the limiting
Riemannian metric and let p and q be two points in a connected component of U. Then,

limsup dy (p, q) < doo(p, 9), (7)
n
and if furthermore do, is a complete Riemannian metric,

lim dy (p, ¢) = doo (p, 9)- (8)
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Proof. To prove (7), take any € > 0 and a smooth path v : [0,1] — (U, doo) from p = (0)
to ¢ = (1) such that doo(p, q) > loo(y) — €. Since {a,(z)} converges uniformly on the
image of 7, we have lim, [,,(7) = loo(y) where I,,(v) and I () are the lengths of the
curve v in the Riemannian metrics d,, and do, respectively. By definition I,,(y) > d,(p, q),
we have,

doo (P, q) 2 loo(y) — € =lim i, (y) — € > limsupd,(p, q) — e.

Therefore (7) holds.
To prove (8), by (7), it suffices to show

deo(p,q) < liminfd,(p,q).

By (7), we choose R > 0 large such that d,(p,q) < R for all n. Consider the set
W = Byr(p,ds) = {2 € Uldeo(z,p) < 4R}. Since do is complete, W is compact.
Therefore, W C U, for n large. Since {a,(z)} converges uniformly to b(z) on W, so for
sufficiently large n, a,(z) > b(z)/2 for all z € W. As a consequence

dpn(p, OW) > doo (p, OW) /2 = 2R.

This shows, using d,(p,q) < R and d,, is complete, that the shortest geodesic 7, in
(Un,dy,) joining p to ¢ is contained in the compact set W. Since {a,(z)} converges to
b(z) uniformly on W, there exists a sequence of positive numbers ¢, converging to 0,
such that

an(2) = (1 €)b(2)
for all z € W. Then

lim inf d,, (p, ¢) = lim inf I, (7,) > liminf(1 — €)oo (7n)

> limninf(l —€n)doo(P,q) = doo(p,q). q.e.d.

It suffices to prove the theorem for the case that all X,, contain a fixed set of three
points. Indeed, let {u,v,w} C X with u,v,w pairwise distinct and consider sequences
Uy, U, Wy € X, such that lim, u,, = u,lim, v, = v and lim, w, = w. There exists a
Mobius transformation v, sending w,,, vy, w, to u, v, w respectively. By the construction,
1, converges uniformly to the identity map in the spherical metric d° on C. This implies
that ,,(X,,) converges in Hausdorff distance to X and {u, v, w} C ¥, (X,). Now suppose
the theorem has been proved for the sequence 1, (X,,). Using the fact that v,, induces
an isometry between Poincaré metrics on the open sets C—X,, and C — U (X,), we see
Theorem 5.2 holds for the general case.
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Now using a Mobius transformation, we may assume that X,, contains {0, 1,00} and
converges to X in Hausdorff distance.

The strategy of the proof is as follows. First, we show that for any compact set K
in U, the family of functions {a,|x} contains a uniformly convergent subsequence. By
the Cantor diagonal process, we see that there is a subsequence of {a,} which converges
uniformly on compact subsets to a limit function b(z) on U. The limiting metric b(z)|dz|
can be shown easily to have constant curvature —1. Finally, we show that the hyperbolic
metric b(z)|dz| is complete. Therefore, by the uniqueness of the Poincaré metric, b(z)|dz|
is the Poincaré metric dV = a(z)|dz|. Since all limits of convergent subsequences are the
same, it follows that the sequence {a,(2)} converges to a(z).

To show that {a,|x} contains a convergent subsequence in the L*-norm, write the
open set U as a union of open Euclidean round disks B; such that the Euclidean closure
B; is still in U. Then each compact set K in U is contained in a finite union of these
closed disks E By using the Cantor diagonal process, it suffices to prove the statement
for K to be a compact ball {z||z — p| < r} in U. We will use the following well-known
consequence of the Schwarz-Pick lemma (see Theorem 10.5 in [5] for proof).

Lemma 5.4. (Schwarz-Pick) Suppose A and B are two open sets in C - {q1, 92,93} such
that A C B and d* = a4(z)|dz| and d® = bp(2)|dz| are the Poincaré metrics on A and
B respectively. Then d* > d®, i.e., aa(z) > bg(z) for all z € A.

Let do,1,00 be the Poincaré metric on ¢ - {0,1,00}. Since U,, C ¢ - {0,1, 00}, by
Lemma 5.4,

dn Z dO,Loo- (9)

Lemma 5.5. If K = {z||z — p| < r} is in U, for all n large, then the sequence {a,|k}
contains a convergent subsequence in the L°°-norm. Furthermore, any limiting function
b(z) produces a hyperbolic metric b(z)|dz| on int(K).

Proof. Let D be an open disk centered at p containing K such that D C U, for n
large. Consider the incomplete simply connected hyperbolic surface (D, d,|p). Since D
is simply connected, by the monodromy theorem, there exists an orientation preserving
isometric immersion f,, : (D,d,|p) — (D,dp) such that f,(p) = 0. The map f, is also
a branch of an inverse of the universal covering map. In particular, f, : D — D are
holomorphic maps bounded by 1. Therefore {f,,} forms a normal family and contains a
subsequence that converges uniformly on compact sets to an analytic function A in D.
For simplicity, we assume that the subsequence is { f,,}. We claim that | f},(p)| is bounded
away from 0. Indeed, consider the standard tangent vector v = % at p. By (9), the length
of v in d,, is at least the length § of v in dy 1. It follows that the length of f} (p) in the
Poincaré metric on D is at least 6. This shows that h'(p) # 0 and, therefore, h is not a
constant. Since h(p) = 0, h'(p) # 0 and |h(z)| < 1, we see that |h(z)| < 1. Furthermore,
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the same argument shows h/(z) # 0 for all z € D. Since the Poincaré metric on D is
2|dw|
w2’

it follows that a,(z) = 211{}‘% By the uniform convergence of the analytic

functions f,,, we conclude that a,, converges uniformly to b(z) = 2% on K. Since
h is analytic and h'(z) # 0, hence b(z)|dz| is a hyperbolic metric. q.e.d.

The next lemma shows the limiting metric b(z)|dz| is complete.

Lemma 5.6. If a,,(z) converge to b(z) uniformly on any compact subset of U, then d, =
b(z)|dz| is a complete Riemannian metric on each component of U. In particular, b(z)|dz|
is the Poincaré metric dV = a(z)|dz| on U.

Proof. Take a connected component U’ of U and a Cauchy sequence x,, in (U’, dso|v).
By the Schwarz-Pick lemma applied to U’ ¢ C — {0,1, 00}, do1,00(2,y) < doo(z,y) for
all z,y € U’ and hence {x,} is a Cauchy sequence in C - {0,1, 00} in the do 1,00 metric.
In particular, there is a point p € C — {0,1,00} so that lim, z, = p. We claim that
peU.

Assuming the claim and using the fact that the topology determined by d., and the
Euclidean metric d¥ on U are the same, we see that p is in U’ and z,, converges to p in
the do, metric.

To see the claim, suppose otherwise that p € X. Then U c C — {0,1,p}. By the
definition of Hausdorff convergence, there exists a sequence p,, € X,, such that lim,, p,, =
p and p, # 0,1,00. Let d], be the Poincaré metric on C - {0,1,p,}. By Lemma 5.4
and C — X,, c C — {0,1,p,}, we have d, < d,. Let do1, be the Poincaré metric
on C — {0,1,p} and p, be the Mobius transformation sending the triple (0,1,p,) to
(0,1,p). Then p, converges to the identity map uniformly on (@,ds ) and p, is an
isometry from (@ —{0,1,p,},d}) to (@ —{0,1,p},do,1,p)- In particular, do 1 ,(z,y) =
lim,, do.1,p(pn(x), pr(y)). For all z,y € U’, by (7) in Lemma (5.3), we have

do1,p(2,y) = limdo,1(pn (@), pn(y)) = lim d;, (z,y) < limsup dn (2, y)
< do (2, y).

Hence {z,} is a Cauchy sequence in the dg 1, metric on C - {0,1,p}. Since, do,1, is a
omplete metric, it follows that there is ¢ # p in C - {0,1, 00} such that lim, 2, = ¢ in
C. This contradicts the assumption that lim, x, = p in C. q.e.d.

Finally, let us prove (6). Note that

|dn(Prs @) — A¥ (D, @)| < di (P, D) + di(@ns @) + |dn(p, @) — d¥ (p, q)]. (10)

By Lemmas 5.3 and 5.6, we have |d,,(p, q) — dY (p,q)| — 0. It remains to show that both
dpn(pn,p) and dy(qn,q) converge to zero. To see this, since in a small neighborhood of
P, |an(2)] is uniformly bounded and the Euclidean distance |p, — p| goes to 0, we see
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that d, (pn,p) is bounded by C|p,, — p| for some constant C' independent of n. Therefore,
lim,, d,,(pn, p) = 0 and similarly, lim,, d,,(¢n,¢) =0. q.e.d.

Remark 5.7. We thank the referee for suggesting Lemma 5.3 and the estimate (10) which
drastically simplifies our original proof.

5.8. A generalized form of Arzela-Ascoli theorem

For our proof, we need a slightly more general form of the Arzela-Ascoli theorem.
Recall that a family of maps f,, : (Xn,d,) = (Ya,d],) between metrics spaces is called
equicontinuous if for any e > 0, there exists 6 > 0 such that for all n and z,,y, € X,
with dp, (25, yn) < 0 we have that d,(fn(zn), fn(yn)) < €.

Theorem 5.8. Suppose (Z,d) and (Y,d') are compact metric spaces and {f, : X, = Y}
is an equicontinuous family where X, C Z are compact. Let X C Z be a compact subset
such that for any x € X there exists a sequence xz,, € X,, converging to x. Then there
exists a subsequence { f,.} converging uniformly to some continuous function f : X =Y,
i.e., for any € > 0 there exist § > 0 and N > 0 such that for any i > N, z,, € X,,, and
x € X with d(zy,;,x) < 0, we have d'(fp,;(xn,), f(z)) <.

Proof. Since X is compact, we can find a countable subset A C X such that its closure
A = X. Then for any € > 0 there exists a finite subset A, C A such that

X C U(LEAE Be(a/, d)

For any a € A, by the assumption, there are a,, € X,, such that lim, a,, = a. By the
standard diagonal method, we find a subsequence of {f,,} which, for simplicity, we may
assume is {f,,} itself, such that {f,(a,)} converges for all a € A. Define

fla) = nh_}n;o fulay).
We first claim that f: A — Y is uniformly continuous. Indeed, for any € > 0 there exists
d > 0 such that if z,y € X,, with d(z,y) < J, then d'(f,(z), fn(y)) < e. Now if a,a’ € A
with d(a,a’) < §/2, then d(an,al,) < § for n sufficiently large, and

&'(f(a). f(a)) = T d'(fa(an). fu(ay) < .
Since f is uniformly continuous on A, we can extend f to a uniformly continuous function,
still denoted by f, to X. Now to see the uniform convergence of f,, to f, take any € > 0.
There exists 6 > 0 such that
(1) for any n and z,y € X,, with d(x,y) <9, d'(fn(2), fn(y)) < €/3; and
(2) for any z,y € X with d(z,y) <4, d'(f(x), f(y)) < €/3.
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Find N = N(e) such that for any n > N and any a € As/3, there exists a, € X, such
that d(an,a) < 0/3 and d'(fn(an), f(a)) < €/3. This is possible since A;,3 is a finite set.
Then for any z € X, find an a € As/3 such that d(z,a) < §/3. If n > N and z,, € X,
with d(x,x,) < /3, then

d(xpn,an) < d(xp,x) +d(z,a) + d(a,a,) <6/3+5/34+6/3=0

and

d'(fn(zn), f(2)) <d'(fn(2n), fran)) + d'(fnlan), f(a)) + d'(f(a), f(x))
<e/3+¢/3+€/3=€ q.ed.

6. Transboundary extremal lengths and a duality theorem

The transboundary extremal length introduced by O. Schramm ([33]) is a powerful
conformal invariant and has been used in many works (see [8], [9] and others).

Suppose ¥ is a Riemann surface homeomorphic to an annulus and F and F* are two
families of curves in X such that F consists of closed curves separating two ends of 3 and
F* consisting of paths joining different ends of 3. Then a well-known duality theorem
states that the extremal lengths satisfy EL(F)EL(F*) = 1. The goal of this section is to
show that the duality theorem still holds for transboundary extremal lengths. The latter
result (Theorem 6.4) is the key tool for estimating the modules of rings on non-smooth
convex surfaces.

6.1. Transboundary extremal lengths

Suppose ¥ is a Riemann surface and F is a set of ends of ¥ (E may not be the set
of all ends). Note that ¥ U E is naturally a topological space with the end topology.
Schramm’s transboundary extremal length for any family of curves in ¥ U E is defined
as follows. Take a conformal Riemannian metric g on . An extended metric m on XU E
is a pair (pg, ) such that p : ¥ — R is a Borel measurable function and p : E — Rxq.
The area of the extended metric m is defined to be

Am) = [ Pty + Y plar,

o) acl

where dA, is the area form of the Riemannian metric g. By a curve in ¥ U E we mean
a continuous map 7y from an interval to X U E. The length of v in the extended metric
m is defined to be

Im(7) = /pd8+ > wa),

Sy acENy
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where ds is the length element in the metric g. If T' is a family of curves in ¥ U FE, its
length in the extended metric m is defined to be

I (T) = inf{l,,(y) : vy €T}
Schramm’s transboundary extremal length [33] of T is

I (T)?
A(m)

EL(T) = sup (11)
m
where the supremum is over all finite positive area extended metrics m.
We will drop the adjective “transboundary” when we refer to extremal lengths below.
Some of the basic properties of extremal lengths follow from the definition (see [1] for a
proof).

Lemma 6.1. (a) Suppose I'1 and 'y are two families of curves in XU E such that for any
v1 € Ty, there exists o € Ty satisfying 2 C v1. Then EL(T'y) > EL(Ts). In particular,
if Ty C Ty, then EL(T'y) > EL(Ty).

(b) Suppose T'y and Ty are two families of curves in YUE such that they are supported
in two disjoint Borel measurable subsets Ay, As of XU E, i.e., for any vy € 'y, v C Ay
and for any v € T'a, v C As. Then

EL(T,UTy)"' > EL(Ty) "' + EL(Ty) "t
Another property of extremal lengths is the following conformal invariance.

Lemma 6.2 (Schramm [33] Lemma 1.1). Suppose ¢ : & — ¥/ is a conformal diffeomor-
phism sending E onto E'. Then for any curve family T in XU E,

EL(T) = EL($(I')),

where $(T) = {6(7) : 7 € T}.

We will apply transboundary extremal lengths in the following special situation in
this paper. Take a topological surface S and a compact set X C S such that ¥ =5 — X
is connected and is equipped with a complex structure. Then each component X; of X
corresponds to an end, denoted by [X;] of 3. Define [X] to be the set of ends of the form
[X;] for components X; of X. We will apply transboundary extremal lengths to curves
in the space ¥ U [X] which will be denoted by SX.

6.2. A duality theorem

A flat cylinder is a Riemannian surface isometric to S = S! x (0, h) equipped with
the product metric ¢ = dz? + dy? where (e\/__l””,y) are points in S. A square in S is
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a compact subset of the form I; x I where I; and I> are two closed intervals of the
same length. We consider a point in S as a (degenerated) square. The following lemma
is known to Schramm [34].

Lemma 6.3. Suppose X is a finite disjoint union of squares in a flat cylinder S. Let I'*
be the family of curves in SX joining the two boundary components of S and T' be the
family of all simple loops in SX separating the two boundary components of S. Then

EL(D)EL(T*) = 1.

Proof. We will show that EL(I') = 2 and EL(I'*) = Zt. Since the computations are
similar, we only compute EL(I'*). Let the components of X be Xj,..., X, of edge lengths
hi,...,h, with h; > 0. Let the coordinate in S be (e\/__lx,y). Construct an extended
metric m = (p(dz?+dy?), ) on S¥ such that p = 1 on S—X and u([X;]) = h;. Then the
area A(m) of m is 2mh. For any curve v € I'*| we have [,,,(7) > h by definition. Therefore,
Ly (T*) > h. This shows, EL(T*) > 1,,(T'*)?/A(m) > 2. To see that EL(I'*) < J-, take
any extended metric m = (p(dz? + dy?), 1) and for each eV~ € S, let y, be the line
segment {eY~1} x (0,h) in S.

Then
In(T*) < () = / peV M y)dy+ > by
(S—X)Ne 7 X5ler
This shows,
27
27l (T) g/lm(%)dt: / p(e‘/jlt,y)dydt—i—Zh?.
0 sZx J

By Cauchy inequality we have

4ﬂ21m(r*)2g(/ p2(e‘/__1t7y)dydt+2h?)(/ dydt + 3" h3).
J -X j

S—X S J

= A(m)(27h).
This shows £, (I'*)/A(m) < 2+ and the result follows. q.e.d.

The main tool that enables us to estimate the module of rings in convex surfaces
OC (W) is the following theorem. A version of it for quadrilaterals was proved by Schramm
[34] (Theorem 10.1). Recall that a doubly connected Riemann surface is a topological
ring with a complex structure.
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Theorem 6.4. Suppose R is doubly connected Riemann surface without boundary, and
X is a compact subset with finitely many components such that R\X is connected. Let
I be the family of curves in RX connecting the two topological ends of R and T be
the family of all simple loops in RX separating the two topological ends of R. Then the
transboundary extremal lengths satisfy

EL(T)EL(T*) = 1. (12)

Proof. By Lemmas 6.2 and 6.3, it suffices to prove that there exists a finite collection of
disjoint squares X’ in a flat cylinder R’ such that (1) R’ — X’ is conformal to R— X by a
conformal map ¢ and (2) ¢ : [X'] — [X] is a bijection. The latter result was established
by Jenkins (the corollary of Theorem 2 in [19]). q.e.d.

6.3. Extremal length estimate on planar regions

The following is a quantified version of a result of Schramm on transboundary extremal
length of curves in cofat domains.

Proposition 6.5. Let S be a topological annulus in C — {0}, W C S be a finite disjoint
union of round closed disks and points and T' be the family of all simple loops in SV
separating the two ends of S. If S contains N disjoint rings R; = {r; < |z| < 2r;} for
i=1,2,...,N such that

(a) each ring R; separates the two ends of S and

(b) no component in W intersects two R; and R;,

then

216w
ELT) < —.
WEE
Proof. We begin with the case of N = 1.

Lemma 6.6. Assume that S, W and T are as in Proposition 6.5. If S contains one annulus
O, :={r < |z| < 2r} separating two ends of S, then

EL(T) < 72r. (14)

Proof. Let I'* be the family of all simple paths in S" joining two boundary components
of S. Then by Theorem 6.4, we have EL(I')~! = EL(I'*). Thus it suffices to show
EL(T*) > #

Suppose {W7, ..., W, } is the set of all components of W. Consider the extended metric
m = (p|dz|,\) on SV where \([W;]) = diam(W; N ;) is the diameter in the Euclidean
metric and p : S — W — R is the function which is 1 on €, — W and zero otherwise.
Let Bs, and Bg, be the Euclidean balls of radii 2r and 67 centered at 0 and g be the

Lebesgue measure on C. We have
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diam(W; N Q)% < 2u(W; N B,.). (15)

Clearly diam(W; N Q,.) < diam(W; N Ba,.). If W; N By, = () or W; C Bg,, then either
diam(W;N Bg,.)? = 0 or diam(W;N Ba,.)? < diam(W;)? < 2u(W;) = 2u(W;N Bg,.). Hence
the result follows. If W; is not inside Bg, and W; intersects Bs,., then the diameter of
W; is at least 4r and W; N Bg, contains a disk of radius 2r. Then diam(W; N Bay,)? <
diam(Ba,)? = 16r? < 2u(W; N Be,) and (15) holds again.

By (15), the area satisfies

n

Am) = [ dedy+ Y WD) < lBor = W)+ S (AW

QoW i=1

< 2u(Bg — W) +2> (Wi N Bey) < 2u(Be,).-

i=1

This shows
A(m) < 72702

For each path v in I'* joining two boundary components of S, we claim that [,,(y) =
f,y_W ds + Z[Wi]@ A([W;]) = r. To see this, let W' be the set of all components W;
of W which intersect €. Construct a path 5 in SV~ by gluing to v N (S — W') a
line segment of length at most A\([W;]) inside W; for which [W;] € v N [W']. By the
construction, the length of ~ is at least the length of 5. Since 7 is a path S ="' joining
two ends of S, it contains an arc o C €2, joining {|z| = r} to {|z| = 2r}. In particular,
the Euclidean length of « is at least r. This shows the length of 7 is at least r. Therefore
Im(7y) > r and ,,(I") > r. This shows

*\2
L (I™") > L
- 27

EL(T") > q.e.d.

Now back to the proof of (13). By Lemma 6.6, we may assume that N > 4. Without
loss of generality, we may assume that 2r; < r;_; for j =2,...,N. For j =2,3,...,N -1,
let A; be the annulus in S defined by {2711 < [2| < 7j_1} — Uper, Wi where the index
set I; is {k|Wi N ({|z| = rjo1} U{|z| = 2rj41}) # 0}. Note that A; is topologically
an annulus since each component of W is a disk or a point and no component of W
intersects two rings R; and R;. Furthermore, by construction Z; := W N A; C A,
is the union of all components of W which lie in A;. See Fig. 4. Let I'; be the set
of simple loops in AJZ" separating the two ends of A;. By construction, Aij c sv
and I'; is a subset of I'. Furthermore, since no component of W intersect two rings
R; and Ry, we see that A; N Aj o = 0. Then I'y, Ty, Ts,..., Typn/9) are in T' and lie
in disjoint annuli AQZQ7 Af“, AGZﬁ7 ,Afﬁ{;}g? respectively. By Lemma 6.6 for § = Ay
and W = Zy;, EL(T'y;) < 72m, ie., EL(Ty;)"! > # By Lemma 6.1 and N > 4,
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Fig. 4. The rings A;’s.

EL(T)™ > EL(T2UT4U...UTyy 9) " > SV BL(Dg;) 1 > B2 > N Combining

these, we see inequality (13) follows. q.e.d.
6.4. Extremal length estimate on convex surfaces OC(Z) in the Poincaré model H3

The counterpart of Proposition 6.5 for non-smooth convex surfaces will be estab-
lished in this section. Given a compact set Z C OH3, by the work of Thurston, the
surface 0C'p(Z) is hyperbolic and therefore naturally a Riemann surface whose confor-
mal structure is induced by the path metric dg .

Let W be a finite disjoint union of round disks and points in S? such that (0,0,0) €
OCp(W) and Cp(W) has a non-empty interior. We also fix a point ¢ € W. The goal is to
estimate the modules of rings separating ¢ and (0,0, 0) in the convex surface 0Cp(W) U
W. Let D, = {z € S2|d5(z,q) < r} be the ball of radius r at ¢ and E, = {z €
S2|dS(z,q) > r} be the complement of int(D,). The disk D, is convex if r < 7/2. The

module of the ring {z € S?|a < d5(z,q) < b} is 5=1In (:Z;‘((Zﬁg) To see this, we may

assume that z is the south pole of S? and then the stereographic projection conformally

maps the ring to a Euclidean ring {z € C : tan § < |z| < tan %} whose module is well-

E:;‘ézg%) (see page 53 in [2]). So for small r > 0, the module of the

ring Q, := {z € 8?|r < d5(z,q) < 651} is

known to be % In (

1 tan(65r/2)\  In(65) 9
%ln( tan(r/2) )’“ o 7O

which is uniformly bounded away from 0 and infinity. The goal is to show that the image
of 2, under the shortest distance projection is a ring whose module is uniformly bounded
away from zero.

Let 7 : S — 9Cp(W) U W be the shortest distance projection onto the convex
hull. Note that 7|y = i¢d and 7 is in general not injective. We claim that for the ring
Q, = Dgs, — E, in S2, there is a well-defined ring in 0Cp(W) U W corresponding to
it under the projection 7. Indeed, by Propositions 4.6 and 4.7, we see that m(D,.) and
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Fig. 5. The annulus surface S in 8Cp (W)U W.

m(Egsr) are disjoint connected compact sets in the topological 2-sphere 0Cp(W)UW. By
a well-known fact from surface topology, there exists a unique component of dCp (W)U
W — 7(D,) U m(Egs,) which is a topological annulus separating m(D,) and m(Egs,.).
(All other components, if they exist, are simply connected). We will denote this ring
component by #(€2,.). Since the projection 7 is onto, we see that m(€2,.) contains # ().

(See Fig. 5.)

Proposition 6.7. Let W be a finite disjoint union of round disks and points in S? such
that (0,0,0) € 9Cp(W) and Cp(W) has a non-empty interior. Fiz a point ¢ € W.
Suppose W' is a finite union of connected components of W and S is an annulus in
OCp(W)UW —{q} such that S contains W'. Let T be the set of all simple loops in S™'
separating the two ends of S. If S contains N pairwise disjoint rings #(S,.,) = #({z €
S2|r; < dS(z,q) < 65r;}) fori=1,2,....N such that

(a) each 7(Qy,) separates the two ends of S,

(b) no component of W intersects two m(Q,,) and 7(§2y,

(c) 65r; < /2 for alli=1,2,...,N,
then

), and

108
ELT) <3—.
()_3N

The key step in the proof is to establish the counterpart of Lemma 6.6. The rest will
be the same as the argument used in the proof of Proposition 6.5.

Proof. We begin with the case of N = 1.

Lemma 6.8. Assume that W, W', S and T are as in Proposition 0.7. If S contains a ring
#(Q) separating two ends of S, then

EL(T) < 108,

Proof. Let I'* be the family of paths in Sw’ joining two boundary components of S.
By Theorem 6.4, we have EL(I')~! = EL(I'*). Hence it suffices to prove EL(I'*) >
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1
T
fl(;)r z € m(Dgsr) NS — W' and is zero otherwise, and for each component W; of W',
A([W;]) = diam(W; N Dgs,.) is the spherical diameter of W; N Dgs, in (S2,dS). Recall
that 1(S) denotes the Euclidean area, or the 2-dim Hausdorff measure, of a set S in R3.
We claim that

To this end, consider the extended metric m = (pd%,\) on SV where p(z) = 1

)\([Wl])Q = dzam(Wl n D657-)2 S 47T/L(Wi N D1957»). (16)

To see this, we will use the well-known fact that for a spherical ball B; of radius t < 7,
diam(B;)? < 4ru(B;) and u(B;) = 4wsin?(t/2) < 7t2. Now if W; N Dgs. = O or
W; C Digs,, then either diam(W; N Dgs,) = 0 or diam(W; N Des,.)? < diam(W;)? <
4w p(W;) = 4w pu(W;N D1gs,). Thus (16) holds. If W; is not inside D195, and W; intersects
Dgs,., then W;N D195, contains a spherical ball of radius 65r. Hence diam(W; OD65T)2 <
diam(Degs,)? < 4mpu(Degs,) < 4mu(W; N Digs,) and (16) holds again.

The area A(m) = fﬂ(DSST)n(s_W/) dp + 35 (M(WA)? < u(m(Desr) — W) +
S (A((W4]))%. By (3) that 7 is 2-Lipschitz, m(Dgs,) — W' = m(Dgs — W’) and (16),
we have

A(m) < 4M(D657" - Wl) + 47TZM(WZ N D1957")

i=1

§ 471'/1(D195r — W/) + 47TZLL(W1 N D195r)

=1
< dmp(Digsy) < 4 - 195272,

For each path v in I'* joining the two boundary components of SV, let 5 be the path
on S obtained by gluing to v N (S — W’) the shortest geodesic path in each component
W; of W' such that [W;] € v N [W’] and W; N Dgs, # 0. By the separation assumption,
the path 4 contains an arc joining a point p; = 7(p}) with p} € D, to another point
p2 = w(ph) with py € Fgs,. By Proposition 4.7,

lg — p1| < 8d%(q,p}) < 8r

and

d5(q, ph) -, 857

— >
|q p2| = 3 3

In particular, [p1 —p2| > |[¢—p2| —|g—p1| > §. Now by construction, l,,,(y) = f&7W’ ds+
2 wininDese 20 AUWi]) = 1 (7). The later is at least [py — po| > g since it contains py
and po. Therefore, we have [,,,(y) > g for all v € I'* and hence [,,,(I'"*) > g. This implies

(D) r2/8? 1

EL(T*) > —.
(") z A(m) ~ 4w - 719522 ~ 108

q.e.d.
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The rest of the proof of Proposition 6.7 is the same as that of Proposition 6.5. Note
that the counterpart of the annulus A; is the annulus component of the S — 7 (D, +1) U
7(Ey,_,) UUrer, Wy, where the index set I; is {k|Wj N (7(Dy,11) Un(E,,_,)) # 0}. The
verification that A; and A, - are disjoint and there are no components of W intersecting
both A; and A;4o follows from the assumption on W. We omit the details. q.e.d.

7. Proof of part (a) of Theorem 1.1

Suppose U = C — X is a circle domain such that |X| > 3 and dY is the Poincaré
metric on U. The goal is to find a circle type closed set Y C S? such that (U,dy) is
isometric to Ck(Y) C (H?,d¥) in the induced path metric from d¥. Here (H?,d¥)
is the Klein model of the hyperbolic space, and Ck(Y) is the convex hull in the Klein
model.

Using a Mobius transformation, we may assume that X C {z € C|2 < |z] < 3}. Let
Wi, ..., Wi, ... be a sequence of distinct connected components of X such that U2, W; is
dense in X. Each disk component of X is in the sequence. Let X (") = U?:1Wv(n) where

7

W — W; if W; is a disk and Wi(n) = {z € C|d¥(2,W;) < I,} if W; consists of a single

3

point. We make [,, small such that [,, decreases to 0 and Wi(”) N Wj(”) = () for i # j and

Wi(") C {z € C|2 < |2| < 3}. This shows that X(™) is a circle-type closed set having
finitely many connected components and X (™ converges to X in the Hausdorff distance
in C.

We will use the following theorem of Schlenker [31].

Theorem 7.1 (Schlenker). Suppose g is a complete hyperbolic metric on a genus zero
surface 3 of finite topological type such that each end of (X,g) is of funnel type. Then
there exists a closed set Y C S? such thatY is a disjoint union of finitely many round
disks and 0C (Y) with the induced path metric from d¥ is isometric to (3, g).

Let d,, be the Poincaré metric on U, = C — X ™), By the above theorem, there
exists a circle type closed set Y < 82 with (0,0,0) € dCk(Y(™) and an isometry
b+ (Un,dp) — 0Ckg(Y™) such that ¢,(0) = (0,0,0). By taking a subsequence if
necessary, we may assume that {Y ("} converges in Hausdorff distance to a compact set
Y.

A key step in the proof Theorem 1.1 is to show the following equicontinuity property.

Theorem 7.2. The sequence {¢n, : (Un,dS) — (OCk (Y ™M), d®)} is equicontinuous, i.e.,
for any e > 0, there exists a § > 0 such that for all n and all x,y € U,, with dS(x,y) < 6,
[On(2) — n(y) <e

This section is organized as follows. In §7.1, we prove that Y contains at least three
points and is not equal to S2. In §7.2, we prove Theorem 7.2. In §7.3, we show, using
Theorem 7.2, that ¢,,’s can be extended to continuous functions, still denoted by ¢,, from
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(C,dS) to (9CK (Y ™)UY ™ dF) and the extended family {¢, } remains equicontinuous.
Finally, in §7.4, we prove that each component of Y is the Hausdorff limit of components
of Y™ Therefore Y is a circle type closed set. On the other hand, using Theorems 5.1,
5.2 and 5.8, we know that ¢, converges uniformly on compact subsets to an isometry
from (U,dY) and Cp(Y'). This ends the proof Theorem 1.1(a).

7.1. The Hausdorff limit Y of the sequence {Y (™)}

Recall that the injectivity radius at a point p of a hyperbolic surface is the largest
positive number r such that the open ball B, (p) of radius r centered at p is isometric to
the standard hyperbolic ball of radius r. In particular, B,.(p) simply connected.

Lemma 7.3. (a) There exists a positive lower bound on the injectivity radii of (U,,dy) at
0.

(b) The closed set'Y contains at least three points and Y # S2.

(¢) There exists a positive lower bound on the Euclidean diameters of ¢n(D).

Proof. To see part (a), take three points {p1,p2,p3} in X for n large and let dV be
the Poincaré metric on W = C — {p1,p2,p3}. Since U,, C W, the Schwarz-Pick lemma
shows that d,, > d"V and B,(0,d,) C B,(0,dV) for any r > 0. Let ry > 0 be a small
positive number such that g is less than the injectivity radius of d" at 0 and B, (0,d")
is contained in U, for all n. Then B, (0, d,) is contained in the simply connected subset
B, (0,d%V) in U,,. Therefore, B, (0,d,) can be isometrically lifted to the universal cover
of (Uy,,dy). This implies B,,(0,d,) is isometric to the standard radius r¢ ball in the
hyperbolic plane. Therefore, rg is a lower bound for the injectivity radius of (U,,d,) at
0 for all n.

To see part (b), since Y™ converges to Y and (0,0,0) € dCk (Y (™), we see that
(0,0,0) € 9CK(Y) and hence Y contains at least two points and Y # S2. Now if YV
contains only two points, say Y = {p1,p2}, then there exists a sequence of positive
numbers 7, — 0 such that Y™ C B, (p1) U B,, (p2) in S? where B,(p) is the ball
of radius r centered at p in the spherical metric. Therefore, there exists a sequence
of homotopically non-trivial loops 7, C dCk (Y ™) through (0,0,0) whose hyperbolic
lengths tend to 0. The loops , can be constructed as follows. Let V,, be the hyperbolic
surface dCk (B, (p1) U By, (p2)), ¢n € Vi, be a point converging to (0,0, 0) such that the
shortest distance projection from V;, to dCk (Y™)) sends ¢, to (0,0, 0). Note that V,, is
topologically a ring and there is only one simple closed geodesic separating the two ends
of V,,. Let d,, be the simple geodesic loop in V;, based at g, such that (1) &, separates the
two ends of V,, and (2) away from the based point ¢,, § — {¢,} is a geodesic. Let ~,, be
the image of d,, under the shortest distance projection from V,, to 9Ck (Y(”)). Since r,
tends to zero, the length of the curve §,, tends to zero. On the other hand, the shortest
distance projection decreases the distances. Therefore the length of ~, tends to zero.
Finally, since d,, separates the two ends of V,,, we claim that =, is homotopically non-
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trivial, i.e., essential, in 9Ck (Y (™). To this end, let us assume without loss of generality
that Cx (Y (") is 3-dimensional. Let M = V,, U B,, (p1) U B, (p2) be the topological
2-sphere and pgn) be a point in B, (p;) N Y for i = 1,2. Take a point in the interior
of Cx(Y™) and let © : dCK(Y™)UY ™ — M be the radial projection map induced
from the point. Note that © is a homeomorphism map from a topological 2-sphere to
the topological 2-sphere M, is the identity map on Y, and @~ (Y (™)) = Y(*) We will

show that O(y,) is essential on M — {pg"), pg")} which implies that ~, is essential. Let

7 M — dCK(Y™)UY (™ be the shortest distance projection. Since §,, separates pgn)

from pé") in the topological 2-sphere M and ©® o : M — M is a degree one continuous

map (by Lemma 2.1) such that © o7 sends the annulus M — {pgn),pg")} to itself, we see
that ©(y,) = ©(7(d,)) separates p(ln) from p(Qn). Thus the claim follows.

Using the isometry ¢,,, we see that the homotopically non-trivial loops 7/, = ¢, ()
in (U,,d,) pass through 0 such that their lengths in the Poincaré metrics d,, tend to
zero, i.e., lg, (7)) — 0. But this contradicts part (a) that the injectivity radii of d,, at 0
are bounded away from 0.

To see part (c), choose the radius ro in the proof of part (a) to be small such
that B,,(0,d") c D. Then B,,(0,d,) C B (0,d") C D. Let Z, be the surface
¢n(Br,(0,dy)) which is contained in ¢, (D). Part (c) follows by showing that

lim inf diamgr (Z,) > 0.

We will prove a stronger result that 4wdiamges(Z,)? > Areage(Z,) and the Euclidean
area Areayr (Zy) of Z, is bounded away from 0. Note that Z, lies in a (Euclidean) convex
surface dCk (Y (™) and Z, is contained a Euclidean ball By of radius diamg=(Z,). It
is known that if a convex closed surface A (e.g., A = 0Bj;) contains a convex closed
surface A’ = 9(Cx (Y (™) N By), then Areage(A) > Areags(A’). Indeed, by Proposition
2.1.3 [7] and Lemma 1.2.3 in [32], the shortest distance projection map P : A — A’
is distance decreasing and is surjective. Therefore, P decreases the area. This shows
dndiamge (Z,)% > Areage(A’). But Areags(A') > Areags(Z,) due to Z, C A’. Thus
Andiamge (Z,)* > Areage(Z,) holds. To obtain the lower bound on Areay=(Z,), by
construction, Z, C dCk(Y(™) with the induced metric from d¥ is isometric to the
standard hyperbolic disk of radius r¢ in H2. In particular, the hyperbolic area of Z,, is
47 sinh?(ro/2). On the other hand, since ¢,, is an isometry, we see that Z,, C B, (0,d%)
in H3.. Hence, there is a compact set @ C H?, which contains all Z, for n large. On
the compact set Q, there exists a constant C; such that d¥ < d¥ < C;d¥. Therefore,
Areagr(Z,) > O % Areagx (Z,) = 4rCy % sinh®(ro/2) and the result follows. q.e.d.

7.2. Proof of Theorem 7.2
Let ¥, = dCk (Y ™) and %, be dCk (Y ™) U Y™ which is a topological 2-sphere.

By the work of Thurston, the surface 3, is naturally a Riemann surface. The conformal
map ¢, : U, — %, implies that CX ) and Zz(n) are conformally equivalent.
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We prove Theorem 7.2 by contradiction. Suppose otherwise that there exists ¢g > 0
:16§~C € Uy, such that d° (xkn,:r;c) — 0 and |¢g, (2, ) — Ok, (xjg) > €.
If the sequence {k,} is not bounded, we may assume without loss of generality (after

and sequences T,

n’

taking a subsequence), that k, = n. If the sequence {k,} is bounded, we may assume
after taking a subsequence that k,, is a constant. Below we will focus on the main case
that k,, = n. The same proof also works for the simpler case that k,, is a constant. We
omit the details.

Remark 7.4. The case k, being a constant is equivalent to the statement that each
bn : (Up,dS) — (2,,d?) is uniformly continuous. We can see uniform continuity by
using Carathéodory’s extension theorem. By compositing ¢, with the inverse of the
homeomorphism ¥(X) = 1_&—“;‘2 : H—?]’D — H—?(, it suffices to show that any conformal
map p : (Un,d,) — 0Cp(Y (™) can be extended continuously to their compact closures
in R3. Let us recall Carathéodory’s extension theorem. Suppose A; and Ay are two
Riemann surfaces and B; is a subsurface of A; bounded by finitely many disjoint Jordan
curves ¢; in A; for i = 1,2. Then Carathéodory’s extension theorem says that any
biholomorphism from B; to By extends continuously to By Uc; to B Ucs. The standard
form of Carathéodory’s theorem applies to Jordan domains B; and Bs. However, the
proof of this theorem is inherently local, relying on the standard length-area estimate,
which allows it to hold in the more general context described above. Now in our case, we

take 4; = C, By = U,, By = (GCP(Y(")),dgCP(Y(”))) and As to be the metric double
of the bounded curvature surface (9Cp(Y (™), dgcp(w"))) across its boundary. By the

gluing theorem of Alexandrov-Zalgaller (Theorem 8.3.1 in [29]), the metric double As
is again a surface of bounded curvature. Thus As is a Riemann surface containing Bs.
Since the conformal structures on dCp (Y (™) induced by d and d¥ are the same, we see
that Bs is conformally embedded in A; whose boundary consists of Jordan curves. By
the Carathéodory extension theorem, we see that p extends to a continuous map from
the compact closure U,, to 9Cp(Y ("). Therefore, p is uniformly continuous.

Going forward, we’ll assume that d5(z,,z),) — 0 and |¢,(z,) — ¢n(z))| > €. By
taking a subsequence if necessary, we may further assume that x,,z, — p € C. (See
Fig. 6.)

Lemma 7.5. The limit point p is in the set X.

Proof. Suppose otherwise that p ¢ X, i.e., p € U. Then by the Hausdorff convergence,
there exists an open connected neighborhood W of p such that W C U, for n large.
Let d" be the Poincareé metric on W. Then the Schwarz-Pick lemma shows d,,(z,y) <
dW (z,y) for all z,y € W. But we also have dV (x,,,z!,) — 0. Therefore d,,(z,,z},) — 0.
By (2) that d¥ (x,y) > d¥(x,y) for all z,y € H3,, we have

dn(Tn, x;z) = dgﬂ (n(zn), ¢n(x;z))
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Y . Cn)

Fig. 6. Equicontinuity and X", X, and Y,

szn ((bn(xn)v(bn(x:z))) > |pn(zn) — ¢n(37%)| > €.
This is contradictory to dy(zn,x]) — 0. q.e.d.

By Lemma 7.5 and z,, € U,, we see that p € X N OU. Let X, be the connected
component of X which contains p. Due to the normalization condition on U, the closed
unit disk D is contained in U and U,, for all n.

Recall that if Z is a compact subset of a surface S, we define SZ to be (S — Z) U [Z]
which is the surface S — Z by adding the ends of S — Z corresponding to connected
components of Z in the end topology. Construct two families of paths I',, and I', as
follows. If X, is a single point, the family I',, is defined to be the set of simple loops in
CX"™ geparating {zp,x!,} and D and T, is defined to be the set of simple loops in 5]2:(”)
separating {¢n (z,,), ¢n(z])} and ¢, (D). If X, is a round disk, then by the construction of
X X, is a connected component of X (™ for n sufficiently large. Therefore p € X (")
for n large. We define I',, as the union of two families: simple loops v; and simple arcs
~2. Here 77 are simple loops in ex™ {[X.]} such that v, separate {z,,x]} and D
in CX™ and 7, are simple arcs in CX™ — {[X.]} with end points in X, such that the
simple loops 72 U[X,] separate {z,, z], } and D in CX™ . We define I, to be the image of
T',, under ¢, in iz(n). More precisely, I'), consists of two families of simple loops ~{ and
simple arcs 4 such that +] are in f)}l/(n) —{[¢n(X.)]} and separate {¢,(xy), dn(x))} and
¢n (D) and +4 are simple arcs in i}:w —{[¢n(X.)]} with end points in V™) and separate
{On(xn), dn(z))} and ¢, (D) in Sg(n) . Here Y*(n) is the component of y(n) corresponding
to X, under ¢,,.

The conformal invariance of extremal length implies that EL(T,,) = EL(T},). We will
derive a contradiction by showing that liminf,, FL(T}) > 0 and lim EL(T',,) = 0.

7.2.1. Eztremal length estimate I: lim,, EL(T",,) =0
Recall that by the normalization condition X(™ C {z € C|2 < |z| < 3} and X, is the

component of X containing p = lim,, z,,.
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Lemma 7.6. For any r > 0, there exist v’ < r/2 and N such that for n > N, no
component of X — X, intersects both {z € C||z —x,| =7} and {z € C||z — z,| = 7'}.

Proof. Suppose otherwise, there exists a sequence of components Z, of X(*») — X such
that Z, intersects both {z € C||z — zy,| = r} and {z € C||z — x},| = 2 }. By taking a
subsequence if necessary, we may assume that Z, converges in Hausdorff distance to a
disk Z’ of positive diameter which intersects {z € C||z — x| = r} and contains p. Since
the sequence {X (”)} converges in Hausdorff distance to X, there exists a component X;
of X such that Z' C X,. Since p € Z’, we have p € X;. On the other hand, X, is the
component of X containing p. Therefore X; = X,. This shows that Z’ C X,. This is
impossible if X, is a one-point component of X. Hence X, is a disk component of X.
Since Z,, and X, are different components of X *») we see the distance from the center
of Z, to X, is bounded away from zero. This shows that the center of Z’ is outside of
X, and contradicts Z' C X,. q.e.d.

By Lemma 7.6 and ,, !, — p, we construct a sequence of positive numbers {r;} and
a sequence of integers {N;} increasing to infinity such that

(1) rip1 <7mi/2 and r < %,

(2) if n > N;, each connected component of X (n) — X, intersects at most one of annuli
{z€C|rj <|z—a,| <2r;}for j=1,2,..,1,

(3)if n > N;, |y — 2] <7;/2, and

(4) if n > N; and X, is a disk, then X, N{z € C|r; < |z — z,| < 2r;} # 0, for all
J=1,2, ..

For each n, construct an annulus .S, as follows. Since for any round disk B = {z €
C||z — a| < r}, the intersection B N (C — X (™) is path connected, we can join x,, to 2/,
by a path a,, in the ball {z € C||z — z,| < 2|z, — 2|} such that a,, N X ™ = . Let the
annulus S, be € — ({|z| < 1} Uay,).

For any large i, take n > N;. If X, consists of one point, the disjoint annuli {r; <
|z — x,| < 2r;} for j = 1,2,...,4 in S, satisfy conditions in Proposition 6.5 where
W = X NS, Therefore, by (13), EL(T'%) < 2187 where I, is the set of all simple
loops in SX ™ separating the two ends of S,,. On the other hand by construction, I,
consists of all simple loops in €X' separating {|z| < 1} from {z,,x]}. Therefore
I'¥ C T',,. By monotonicity of extremal lengths, we have EL(T',,) < EL(T}). It follows
that EL(T,) < @ as long as n > N,. Thus lim, FL(T,) = 0.

If X, is a disk, by construction, X, is a component of X (™ for n large. The disjoint
annuli {r; < |z —z,| < 2r;} for j =1,2,...,4 in S, satisfy conditions in Proposition 6.5
where W = X" N S, — X,. Therefore, by (13), EL(I';;) < 225 where T, is the set of
all simple loops « in SV separating the two ends of S,,. By definition, I',, consists of all
simple arcs (8 in €¢X"™ such that B or BU[X,] are simple loops separating {|z| < 1} from
{zn, 2z, }. By condition (4) of the choices of r;’s, we see that each simple loop « in T,
contains an arc 8 which is in T',. By Lemma 6.1(a) on the monotonicity of the extremal
lengths, we have EL(T',) < EL(T';) < 28T when n > N;. Therefore, lim,, EL(T',,) = 0.
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7.2.2. Extremal length estimate II: liminf,, EL(T) > 0

We use the work of Reshetnyak [29] on conformal geometry of surfaces of bounded
curvature to justify some of computations in this subsection. See Appendix §11 for
details. Suppose a convex surface S is OCp(Z) for a compact set Z C OH3. Then
Thurston’s theorem says (S, d§ ) is hyperbolic and therefore naturally a Riemann surface.
However, the surface S may not be smooth in H3. Now consider the two conformally
equivalent Riemannian metrics d¥ and d¥ on H3. If S is smooth, then clearly the induced
Riemannian metrics dg and dg are conformally equivalent on S. In our case, the surface
S may well be non-smooth and the induced path metric dg may not be Riemannian. But
(S, dE) is a surface of bounded curvature. Reshetnyak’s work implies that d% and df are
conformally equivalent in the sense of Ahlfors-Beurling definition in extremal lengths.
More precisely, the path metric dg can be written as )\dg for some non-negative Borel
measurable function A on S. In particular, for a convex surface ¥ = 0Ck(Z) in the
Klein model (H?,d¥), the induced path metrics d5 and d%, on ¥ are conformal where
d'(z,y) = [V~ Hz) — U= (y)| with ¥(z) = lfl—fEIQ By Proposition 4.2 and Theorem 4.1,
d'(x,y) > §|o — y| and the area of a convex surface ¥ in d’ metric is at most 167. Define
an extended metric m, on i}f(n) to be the pair (dy ,v,) where dy, is the induced
path metric from d on ¥,, and v, on a connected component of Y (") is the spherical
diameter of the component. Hence the area of m,, is uniformly bounded from above by
16m + 5 - 472 < 100 since the square of the diameter of a spherical disk is at most 7/2
times its area. Since EL(T'},) > Ly, (I,)?/A(my) > 1o50m., (T),)?, it suffices to show that
liminf,, {,,, (I',)) > 0. We prove lim inf,, l,,,, (I'},) > 0 by replacing the metric d’ in m,, by
the Euclidean metric d. Let m!, = (d¥|s, ,v,) be the extended metric on f),’;w. Then
due to d'(z,y) > |z — y|, liminf, Iy, (T,) > 3 liminf, Iy, (T

') and the result follows

by showing the following
lim inf [,/ (T},) > 0. (17)

Note that by assumption (0,0,0) € dCk (Y (™). It follows that each component Y’
of Y™ is a spherical ball of radius at most /2 and hence is convex on S2. We now
prove (17) by contradiction. Suppose otherwise that lim inf,, [,/ (I';,) = 0. After taking
a subsequence, we may assume that there exists a sequence of simple loops 7, € I',
such that I,/ (v,) — 0. For each +,, construct a new path %, obtained by gluing to
Yn — [Y(™)] the shortest spherical geodesic segment § in each component Yi(") of Y™ for
which [Yi(")] € v, N[Y™] such that the end points of § are the end points of ~y,, — Y™,
By the construction of m;,, we have I, (yn) > lg(7,) where [g(B) is the Euclidean
length of a path . It follows that lim,, {g(3,) = 0.

If X, is a single point, by construction, 7, is a simple loop in %, separating two com-
pact sets A, := ¢,(D) and B,, = {¢,(x,), ¢n(z),)}. By Lemma 7.3 and the assumption
on B, both Euclidean diameters of A, and B,, are bounded away from 0. After taking
a subsequence, we may assume that A, and B, converge in Hausdorff distances to two
compact sets A and B of positive Euclidean diameter and 4,, converges uniformly to 4
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in 0Ck(Y)UY as Lipschitz maps. Then v separates A, B in 0Ck(Y)UY and by the
well known fact on path metrics, [g(%) < liminf,, [5(%,). Therefore ig(5) = 0, i.e. 7 is
a single point. However, a single point cannot separate A, B in 0Ck (Y)UY, which is a
topological sphere since Y contains at least 3 points by Lemma 7.3.

If X, is a disk component of X, then by construction X, is a component of X for
n large. Let Y*(n) be the corresponding component of Y ("), If 5, is a simple arc ending
at [Y*(n)], construct a new loop 7, by gluing to 4, the shortest geodesic segment (3, in
S? such that 93,, = 9v,. Since Y*(n) is convex in S? 3, C Y*(n). If 4, is already a closed
loop, just let v be 4,. By the construction ~; separates A, from B, in ¥,. We claim
that lim (g () = 0 and therefore reduce this case to the case just proved above. To this
end, let 3/ be the Euclidean line segment having the same endpoints as 3,. Since S,
has length at most diamgs(Y\™) < m, we have lg(8,) > 21g(5,). On the other hand,
Ig(f],) <lg(3,) since they have the same end points. It follows that

~ m ~
le(,) =le(n) +1e(Bn) < (1+ §)ZE(’77L)-
Therefore lim,, Ig(v)) = 0.
7.3. Extension of ¢, to the Riemann sphere

Let X, = 0Ck(Y™). By Theorem 7.2, each map ¢,, is uniformly continuous and
hence can be extended continuously to a continuous map, still denoted by ¢,, from
(Un,dS) to (Z,,dF). Here Z is the closure of a set Z in R? or C. Furthermore, the
family of the extended maps {¢,, : (U,,d%) — (£,,d?)} is again equicontinuous.

Our next goal is to extend ¢,, continuously to a map from C = U,UuX™ to £, Uy ™

such that the extended family is still equicontinuous with respect to the spherical metric
2|dz|
1422
sphere C, all Euclidean disks and half spaces are spherical closed balls. We extend each

on C and the Euclidean metric. In the spherical metric d5 = on the Riemann

homeomorphism ¢,, to a continuous map from (@, dS) to ¥, U Y (") by coning from the
centers of disks. More precisely, let D, = {z € C||z|] < r} and S} = 9D, be the disk of
radius r and its boundary in C. Given any homeomorphism f : S} — S}, its Euclidean
central extension F : D, — Dpg is the homeomorphism defined by the formula

(o) = By

. m)~ (18)
For a round disk W = B,(p,d®) in the 2-sphere S? C R? of radius r < 7/2, let W be the
2-dimensional Euclidean disk W C R3 such that W = OW. The projection p : W — W
from —p sends each point 2 € W to the intersection of the ray from —p to = with S2. It
is a bi-Lipschitz homeomorphism whose bi-Lipschitz constant is at most 7. We extend a
homeomorphism f from the boundary of a spherical disk to the boundary of a spherical
disk by the formula f =proFop, ! where F is the central extension to the Euclidean
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disk and p; and py are bi-Lipschitz homeomorphisms produced above. For simplicity,
we still call f the central extension of f with respect to the spherical metrics. Take a
disk component Z of X, Then ¢,,(0Z) is the boundary of a disk component Z’ of
Y (). Both Z and Z’ have spherical radii at most /2 by the normalization condition
that X C {z € C|2 < |2| < 3} and (0,0,0) € ICk (Y ™). Extending ¢, to Z by the
spherical central extension produces a homeomorphism, still denote it by ¢, which is
now defined on C with image in ¥, UY ("), Proposition 7.11 below shows that the family
of extended continuous maps {¢, : (C,dS) — (2, UY ™ dF)} are equicontinuous. It
is proved in two steps. In the first step, we show that spherical central extensions of
functions in an equicontinuous family of maps between circles form an equicontinuous
family. Due to the bi-Lipschitz property of projections p’s, it suffices to show that the
FEuclidean central extensions of members of an equicontinuous family of maps between
circles are still equicontinuous. This is in Proposition 7.7. In the second step, we show
that the extended maps {¢,} on (C,dS) are equicontinuous.

Suppose g : (X,d) — (Y, d’) is a map between two non-empty metric spaces. Its mod-
ulus of continuity function is w(g, ) = sup{d'(g(x1), g(z2))|d(z1,x2) < §}. By definition,
d'(g(z),9(y)) <w(g,d(z,y)). If 1 > o, then w(g,d1) > w(g,d2). Also,if g: X - Y is a
surjective map from (X, d) to (Y,d’), then

w(g, diamg(X)) = diamg (Y) (19)

where diamg(A) is the diameter of a set A in a metric space (X, d). We consider the
standard 2-dim Euclidean metric in the following proposition.

Proposition 7.7. Suppose F : (D,,d¥) — (Dg,dF) is the central extension of a contin-
uous map f : (OD,,df, ) — (0Dg,d¥) given by (18). Here d¥ denotes the standard
2-dim FEuclidean metric and ngr denotes the natural length metric on 0D, induced by
d¥. Then

w(F,0) < dw(f,nd).
Proof. The proof is based on several lemmas.
Lemma 7.8. Given r1,75 > 0, |rieV =101 — pyeV=102| > %\eﬁal — V102,

Proof. We divide the proof into two cases. In the first case cos(fz — 61) < 0. Then
|rle‘/__1‘91 — Tge\/__102| =|r— 7“26\/__1(92_91)| > Re(r —7“26\/__1(92_91)) =17y —rgcos(fy —

01) > 11 > FleV 10 _ ev—1%2| Here Re(z) is the real part of a complex number 2. In

the second case cos(y — 1) > 0. Then |sin(fe — 01)] > %|e‘/__191 — eV~10| Therefore,
|rle‘/__1‘91—7‘ge\/__192| = |r16‘/__1(91_92)—7“2\ > Im(rle\/__l(el_e"’)—rg) = rqy|sin(6;—02)| >

Zlev—10 — eV=102| Here Im(2) is the imaginary part of a complex number z. q.e.d.

Lemma 7.9. If x € (0,1] is a real number, then zw(f,d) < 2w(f,zd).
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Proof. It follows from the definition and triangle inequality that if k € Z~¢ is a natural
number, then

1)
wlf, ) = Telf,0). (20)
Therefore, for z € (0,1],
W(f,28) > w(fs ) > o w(£.8) > w(f.8) = Lw(f.6). qed
TSR S e S e T AR

Now we prove Proposition 7.7. Assume that meV 11 reeV~=1% are two points in
D, such that |rjeV 1% — ryev=192| < §. This implies |r; — 75| < § since |r; — 73| <
|rieY =10 — ryeV=192| Also, by Lemma 7.8,

releY =10 — V=102 < 96,
Then by Lemmas 7.9, 7.8, (20) and (19), we have

|F(rle\/__191) - F(rge\/__192)|
<|F(rieV=1) — F(rieV™1)| + [F(reV=1%) — F(ryeV=1%)]

= T (e — preV T 4 T2 T

r

<y, (f, iz, (re\ﬁ—wl’re\/—wg)) n |ry — 7“2|R
r T r
< Ew (,ﬂ g|7ﬂe\/7101 o re\/716’2|> + |7'1 — Tle(f’ ’R’T)
T T

< 2 (£, SlmeY ™ — eV 7)) 4 2u(f, mlr - ra)
< 2w(f,md) + 2w(f, md)
<Adw(f,7d). qed.

As a consequence, we have

Corollary 7.10. (a) If {f, : S},n — S}%n :n € N} is an equicontinuous family of maps
between circles, then the central extensions {F,, : D, — Dpg _|n € Zso} are equicontin-
UOUs.

(b) If {fn : OW,, — OW* : n € N} is an equicontinuous family of maps between
boundaries of spherical balls W,, and W3, of radii at most w/2, then the central extensions

A

{fn : W, = W} are equicontinuous.
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Proposition 7.11. (a) The family of extended homeomorphisms {¢, : (C,dS) — (£, U
Y () dEY} is equicontinuous. In particular, there exists a subsequence of {¢,} converging
uniformly to a continuous function ¢ : (C,dS) — dCk(Y)UY.

(b) The limit function ¢ is a surjective map from C onto ICk(Y)UY such that
#(X) =Y and 9|y is an isometry from (U,dY) to OCk(Y). In particular, OCk(Y) is
connected.

Proof. To see (a), by the normalization conditions that (0,0,0) € dCxk (Y ™) and X
{z € C:1<|z| <2}, each component of Y™ and X(™ has radius at most 7/2 in dS.
Thus Corollary 7.10(b) applies. Take any ¢ > 0, by Theorem 7.2 and Corollary 7.10,
there exists & > 0 such that if d5(z,y) < 8 and either (i) z,y € C — X™ or (i) =,y
are both in a connected component of X (™ then |f,(z) — f.(y)| < e. It remains to
prove the cases where the pair x,y with d5(z,y) < § satisfy that (1) one of them is in
X and the other is in C — X or (2) z,y are in different connected components
of X" Consider a shortest geodesic 7 joining  to y in (C,dS). In the first case (1),
we may assume that z € X and y € C — X Let z be an intersection point of
7N 8X™ such that z and z are in the same component of X (. Then dS(z,z) < &
and ds(z,y) < 4. Therefore, |fu(z) — fa(y)] < [fa() — fu(2)| + [ fu(2) — fuly)] < 2e
In the second case (2) that x,y are in different components of X (™), then the geodesic
segment v contains a point z ¢ X with dS(z,2) < § and d5(z,y) < §. Then by
the case just proved, |fn(z) = fa(y)| < |fu(2) = fu(2)] + [fn(2) — fu(y)] < 4e. In all
cases, we have established the equicontinuity. Now by the Azela-Ascoli theorem applied
to {¢n : (C,dS) — (R3,dE)}, we see that it has a subsequence converging uniformly to
a continuous function ¢ : (C,ds) — (R3,dF). By the construction of ¢,, we see that
¢(C) c dCk(Y) UY. This proves part (a).
To see part (b), we begin with,

Lemma 7.12. Let X,, (resp. X ) be compact subsets of a metric space W (resp. W') such
that X, (resp. X|,) converges in Hausdorff distance to a compact subspace X (resp. X').
Suppose [, : X, — X! is a sequence of continuous functions converging uniformly to
f:X — X' If A, C X, is a sequence of compact sets converging in Hausdor[f metric
to a compact set A, then f,(A,) converges in Hausdorff metric to f(A). In particular,
if fn is onto for all n, f is onto.

Proof. Take any point f(a) in f(A) with a € A. By definition that A, converges in
Hausdorff distance to A, there exists p,, € A,, such that p,, — a. By uniform convergence,
f(a) = lim, f,(p,) where f,(pn) € fn(A,). Next, suppose fn,(pn,) is a converging
sequence whose limit is ¢q. By taking a subsequence if necessary, we may assume that
pn;, — a € A. Therefore, by uniform convergence, ¢ = lim; f,,,(pn,) = f(a) € f(A).
This shows that {f,(A4,)} Alexandrov converges to f(A). Since f,(A4,) and f(A) are
compact, we see f,(Ay) converges in Hausdorff distance to f(4). q.e.d.
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Lemma 7.12 implies that ¢(C) = OCk(Y)UY and ¢(X) =Y since ¢, and ¢y |y
are onto maps. By the work of Alexandrov and convergence of Poincaré metrics (Theo-
rems 5.1 and Theorem 5.2), we see that the restriction ¢y is an isometry from (U, dY)
into the component of OCk (Y') which contains (0, 0,0). Using ¢(UU X) = 0Ck(Y)UY,
$(X) =Y and ¢(U) C 0Ck(Y), we see that ¢(U) = 0Ck(Y). In particular, the map
@l is an isometry from (U, dY) onto OCk (Y). Since U is connected, we see dC (Y) is
connected. q.e.d.

7.4. Finishing the proof of part (a) of Theorem 1.1

Now take a connected component Yy, of Y. To show it is a round disk or a point, we
use Proposition 7.11 to find Y3, =¢(X}) for some connected component X of X. Indeed
since ¢ is onto, there exists a connected component, say X of X, which is mapped by
¢ into Yj. Since ¢|y is a homeomorphism from U to 0Ck(Y) and ¢|y induces bijection
on spaces of ends (see [28]), we have ¢(X) = Yj. Since X is a circle type closed set,
there exists a sequence X k: of components of X converging in Hausdorff distance
to Xj. By the uniform convergence of ¢,, to ¢ and Lemma 7.12, qbn(X,gz)) converges in

Hausdorff distance to ¢(Xj) = Yj. But each gzbn(X,g:)) is a component of Y(") which is
a round disk or a point. Therefore Y} is a round disk or a point.

8. Proof of part (b) of Theorem 1.1 assuming equicontinuity

Recall Theorem 1.1 (b) states that for any circle type close set Y C S? with |Y| > 3,
there exists a circle domain U = C — X with Poincaré metric dU such that the boundary
of the hyperbolic convex hull dCp(Y) is isometric to (U,dY). The basic strategy of the
proof is the same as that in Theorem 1.1 (a). In this section, we prove Theorem 1.1 (b)
using an equicontinuity property which will be established in §9.

We will use the Poincaré ball model (H?, d”) of the hyperbolic 3-space in the rest of
the section unless mentioned otherwise. By Theorem 3.1, we may assume that the set Y
is not contained in any circle, i.e., Cp(Y") is 3-dimensional. Composing with a Mdbius
transformation of OH®, we may assume that (0,0,0) € dCp(Y). By Carathéodory’s
theorem on convex hull (Proposition B.6 in [7]), there exist four components Y7, .., Y}
of Y such that (0,0,0) € Cp(U_,Y;). Since Y is a circle type closed set, there exists a
sequence {Y71,...,Y,, ...} of components of Y such that U2,Y; is dense in Y. Note that
the density implies each disk component of Y is in the sequence. Define Y(") = U, Y;
and X,, = 0Cp(Y ™). By construction (0,0,0) € dCp(Y ™) for n > 4 and the sequence
{Y (™} converges in Hausdorff distance to Y in H3.

Since ¥, is a genus zero Riemann surface of a finite topological type, by Koebe’s
circle domain theorem, there exists a circle domain U, = C — X™ and a conformal
diffeomorphism ¢,, : ¥, — U,. Using Mobius transformations, we normalize U,, such
that 0 € Uy, ¢,,(0,0,0) = 0 and the open unit disk D is a maximum disk contained in
Up,ie, X" c C—D and X" NoD # (). By taking a subsequence if necessary, we may
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assume that X (™ converges in Hausdorff distance to a compact set X in C such that
X cC—Dand X NID # 0. Our goal is to prove that U = C — X is a circle domain
and (U, dY) is isometric to Cp(Y)

Lemma 8.1. The hyperbolic injectivity radii of the surfaces (En,dgn) at (0,0,0) are
bounded away from zero.

Proof. Let S,, = OCk (Y ™) be the corresponding surface in the Klein model and dgn
be the induced path metric on S,,. The isometry ¥(z) = 1+2|—“;‘2 from d” to d¥ induces
an isometry from (¥,,dg ) to (Sp,d§ ). Since ¥(0) = 0, we will prove the result for
(Sh, dfg(n) at (0,0,0). In the Klein model, both C (Y(™) and S,, are a Euclidean convex
body and an Euclidean convex surface, respectively. By the assumption that Y is not
in a circle, the convex set Ck(Y') is 3-dimensional and contains an Euclidean ball. Tt
follows that there exists an Euclidean ball B which is contained in C(Y™) for all
large n. This implies that the Euclidean injectivity radii of S, = 0Ck(Y (™) in the
path metric dgn at (0,0,0) are bounded away from zero. Indeed, if otherwise, we find
a sequence of homotopically non-trivial loops d,, based at (0,0,0) in dC (Y ("*)) such
that the lengths of &, tend to zero. Then the 3-dimensional convex bodies Cx (Y ("+))
will converge in Hausdorff distance to a 1-dimensional convex set. This contradicts the
fact that Cx (Y ("#)) contains B for all k. Since d¥ > d” and B,.(p,d*) c B,(p,d?), the
injectivity radii of (S, d?ﬂ) are bounded away from 0. q.e.d.

Lemma 8.2. The closed set X contains at least three points, i.e., | X| > 3. Furthermore,
for any r > 0, there exists ' > 0 such that the spherical ball B,,(0,dS) is contained in
B, (0,dy) in U, for all n where d,, = a,(z)|dz| is the Poincaré metric on U,

Proof. If X contains at most 2 points, say X C {a,b} € C —D. Then for any e > 0,
X < B.(a,dS) U B.(b,dS) for sufficiently large n. We claim that

li?gnan(O) = 0. (21)

Assume f is the Mobius transformation on C such that f(a) = 0, f(b) = oo, f(0) = 1, and
b (2)|dz| is the Poincaré metric on f(U,) = C — f(X™). Then a,(0) = b, (1)|f'(0)]. We
will show that lim,, b, (1) = 0. Consider a sequence of rings Ar, = {2|R,;! < |z| < R,}
with lim,, R,, = oo such that Ag_N f(X () = (. Let the Poincaré metric on Ar = {z €
C||R~! < |2| < R} be cr(2)|dz|. Then by the Schwarz-Pick lemma cg, (2) > b,(2). It is
well known ([5], page 49) that

m
er(l) = 2log R’

It follows |b,,(1)| < 51557 and hence lim, a,(0) = lim, by, (1)[f(0)] = 0.
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On the other hand, since (X,,d£ ) and (Uy,d,) are isometric, by Lemma 8.1, there
exists a hyperbolic ball B,.(0,d,,) of radius r > 0 centered at 0 in U,, such that B, (0,d,)
is isometric to the standard ball B,.(0,d”) for all n. Let f, be an orientation preserving
isometry from the ball B,.(0,d") in the Poincaré disk to B,.(0,d,,) in (U,,d,). Since f,
is an isometry, we have {2y = an(fa(2))|f;(2)]. This shows |f;(0)| = 2/a,(0) and
by (21), |f/(0)| — oco. Recall Koebe’s quarter theorem says that if g : B,.(0,d¥) — C
is an injective analytic map, then its image g(B,(0,d¥)) contains the Euclidean ball of
radius W centered at g(0). Applying it to the injective analytic maps f, defined on
B,.(0,d?), we see that f,(B,(0,d")) contains the Euclidean disk of radius 2 centered at
0 for n large. This contradicts the assumption that 8D N AU, # @ and shows | X| > 3.

Finally to see the second part of the Lemma, by the Schwarz-Pick lemma applied to
D c U, we have 12_|C|lzz|‘2 > an(z)|dz| and in particular a,(0) < 2. Therefore, |f,(0)] > 1.
Then Koebe’s quarter Theorem implies that f,,(B,(0,d”)) contains B, (0,d”) for some
' independent of n. Since d¥ and d® are bi-Lipschitz equivalent when restricted to D,

the result follows. q.e.d.

Now we prove Theorem 1.1(b). The key result used in the proof is the following
equicontinuity theorem to be proved in §9.

Theorem 8.3. The sequence {¢,, : (0Cp(Y™),d”) — (U,,dS)} is equicontinuous.

Assuming the theorem, by equicontinuity, each map ¢, : ¥, — U, extends to a
continuous map, still denoted by ¢, : ¥, — U, between their closures in R? and C.
Furthermore, the extended family {¢, : (X,,d¥) — (U,,dS)} is still equicontinuous.
Now each boundary component of ¥, and U, is a round circle or a point. Use central
extension to extend ¢, to be a continuous map, still denoted by ¢,,, from ¥, UY (" to
U, UX™ = C. By the normalization condition that (0,0,0) € Cp(Y ™) and X c
@ —D, each component of Y™ and X (™ has spherical radius at most 7/2 for n > 4. Using
Corollary 7.10 and a similar argument for Proposition 7.11, the extended family {¢,, :
(2, UY ™ dFy - (C,dS)} is equicontinuous. Since Y ™) and Cp (Y (™) and converge to
Y and 9Cp(Y) in Hausdorff metrics respectively, it follows that their union dCp (Y (™)U
Y™ converges in Hausdorff metric to 0Cp(Y) UY. By the generalized Arzela-Ascoli
Theorem 5.8, we may assume, after taking a subsequence, that ¢, converges uniformly
to a continuous map ¢ : Cp(Y)UY — C. Since ¢, (Y ™) = X by Lemma 7.12,
#(Y) = X and ¢ is onto.

By Lemma 8.2, Alexandrov’s convergence Theorem 5.1 and convergence theorem of
Poincaré metrics (Theorem 5.2), we see that @|sc,(y) is an isometric embedding of
dCp(Y) into a component ' of C — X. In particular, ¢(dCp(Y)) € C — X. Together
with ¢(Y) = X and that ¢ is onto, we see that ¢(dCp(Y)) = C — X. Therefore, ¢ is
an isometry from 0Cp(Y) to C — X. Now we claim that X is a circle type closed set.
Indeed, by the same argument as in §7.4, each component Xy, of X is of the form ¢(Y})
for some component Yj of Y. By Lemma 7.12 and that Y is of circle type, each ¢(Y%)
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is the Hausdorff limit of a sequence of components ¢n(Y,€(:)) =X ,g:) of X Therefore
the result follows.

9. Proof of the equicontinuity Theorem 8.3
Recall Theorem 8.3 states,
Theorem. The family {¢, : (0Cp(Y ™), d¥) — (U,,dS)} is equicontinuous.

We prove the above theorem by deriving a contradiction. Suppose otherwise, there
exist € > 0 and two sequences yi,,y, € X, = ICp (Y *n)) such that |y, — Y | —0
and dS (¢, (Y, ), Pk, (yi,,)) > €. If the sequence {k,} is not bounded, we may assume,
after taking a subsequence, that k, = n. If the sequence {k, } is bounded, we may assume
after taking a subsequence that k,, is a constant. Below we will focus on the main case
that k,, = n. The same proof also works for the simpler case that k,, is a constant. We
omit the details. Since the case k,, is equivalent to the uniform continuity of ¢,,, we can
also prove the uniform continuity of ¢, by using Carathéodory’s extension theorem as
discussed in §7.2.

Moving forward, we assume that |y, —y,,| — 0,

A3 (60 (yn), on(¥h)) > € (22)

and {y,} converges to some point p € ICp(Y)UY. We claim that ¢ € Y. To see this,
we need the following lemma.

Lemma 9.1. Let d,, be the Poincaré metric on U,,. There exists a constant Cy > 0 inde-
pendent of n such that

dn(Dn(Yn), (bn(y%)) > COdS(¢n(y7l)7 ¢n(y;))

Proof. Since the sequence { X (™} Hausdorff converges to X and | X| > 3 (Lemma 8.2), we
can choose a 3-point set {wy, wy, w3} C X. Let W = C — {wy, wy, w} and dV = a(z)|dz|
be the Poincaré metric on W. Note that a(z) tends to infinity as z approaches OW since
each w; corresponds to a cusp end of W. Therefore, there exists a constant Cy > 0

such that d" > Cy/dS on C. Now take three points ugn) e XM 4§ =1,23, such that
(n)

lim,, u; ’ = w;. We claim that there exists a constant Cy > 0 independent of n such that

d¥ > CodS, (23)

where d¥» is the Poincaré metric on V,, = C — {uln),ugn),ugn)}. To see this, let M,
(n)

be the Moebius transformation sending u; ~ to w; for ¢ = 1,2,3. Then M, converges

uniformly to the identity map in (C,d%). Then there exists a positive Cy such that
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AV (z,w) = dV (M, (2), M, (w)) > CwdS (M, (2), My, (w)) > Cod® (2, w).
Using the Schwarz-Pick lemma that d,, > d¥», we see

dn (60 (yn), ¢n(y;)) 2 " (@0 (yn), (bn(y:z)) > COds(¢n<yn)a (bn(y;)) g.e.d.

Remark 9.2. We thank the referee for pointing out a gap in our original proof and for
providing a new argument in proving (23).

Now we prove that ¢ € Y by contradiction. If otherwise ¢ € 9Cp(Y"), then

dZPn (ynvy;z) = dn(¢n(yn)7 (rbn(y;L)) > COds((bn(yn)a ¢n(y'ln)) > Coe.

But lim,y, = lim,y, = ¢ € X, by Alexandrov’s convergence Theorem 5.1,
limy, df. (yn, ;) = d%(g,q) = 0. This contradicts that df, (yn,y,,) > Coe.

Let dp € (0,1) be a lower bound of the injectivity radii produced in Lemma 8.1 such
that B, = {z € ¥, : df (z,0) < do} is an embedded disk in X, for all large n. By
Lemma 8.2 the image ¢, (B,,) contains a spherical ball Bs(0,dS) for some radius § > 0
independent of n. Let Y, be the component of Y which contains ¢ and let 3, = £, UY (")
which is a topological 2-sphere. By the same argument as in §7, we see that ¢,, induces
a conformal equivalence between iz(n) and CX™ and a bijection between components
of X(™ and Y(™. Construct two families of paths I',, and T", as follows.

If Y, is a single point, then I'), is defined to be the set of simple loops in XNJ}L/(”)
separating {yn,y,,} and B,, and T", is defined to be the set of simple loops in cx™
separating {¢(yn), on(yy,)} and ¢, (By).

If Y, is a round disk, then by the construction of Y(")| Y, is a connected component
of Y™ for n sufficiently large. Therefore ¢ € Y™ for n large. We define T',, to be the
union of two family curves: simple loops 1 and simple arcs «,. Here 1 are simple loops
in ‘Z};(n) —{[Yx]} such that ~; separate {yn,y,,} and B, in 275;(”)7 and ~y, are simple arcs
in f]}l/(") — {[Y%]} with end points in Y, such that v U {[Y.]} is a simple loop separating
{Yn, vy, } and B, in i}f(n). We define I', to be the image of I',, under the conformal map
¢n. The conformal invariance of extremal length implies that EL(T',,) = EL(I",). We
will derive a contradiction by showing that liminf,, EL(I",) > 0 and lim EL(T,) = 0.

9.1. Extremal length estimate I: liminf,, EL(T),) > 0
Consider the extended metric m = (dS|y,,pu) on €¢X™ such that u([Xi(n)]) =

diamgs (XZ-(n)). Here XZ-(n) is a component of X ™).
By definition,

Now
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A(m) < Areags (Up) + Z diamgs (Xi(n))2

< Areags (Uy) + Z47rAreads (Xi(")) = 4 Areags (C?) = 1672

It remains to show I,,(T",) > 0.

For any ~ € I, construct the new loop v* C C obtained by gluing to v N (C —
X (™) a spherical geodesic segment of length at most /,L([Xi(n)]) inside the Xi(n) for each
intersection point [Xi(")] of [X(™] N ~. Then by the construction of extended metric m,
I (7) > lgs (7v*). Note that ¢, (B,,) contains a spherical ball Bs of radius ¢ and hence its
spherical diameter is bounded below by 24. Also, dS(¢,,(yn), #n(yl,)) > € by (22).

If Y, is a single point, then v* separates {¢y, (yn), @n(y,,)} from the ball ¢, (B,) in C.

Hence, there exists ¢’ > 0 independent of v and n such that
las (") = ", (24)

Indeed, consider the two Jordan domains Qi and Qs bounded by ~* in C. One
of them contains a spherical ball of radius J, and the other contains two points of
spherical distance e apart. Therefore, the spherical diameters of )1 and @, are at
least 0” > 0 for some §” independent of v and n. Now the length of +* is at least
min(diamgs (Q1), diamgs (Q2), 7/2). Therefore, inequality (24) follows.

If Y, is a round disk, then for n large, by the construction, Y; is a component of Y (™).
Let the corresponding component in X (™) be X,. Then the set v* U X, separates ¢n(Br)
and {én(Yn), dn(y,)} in C. If 4* is a simple loop, L, (v*) > ¢’ as above. If v* is a simple
arc with endpoints ¢/, ¢” in X,, let 8 be the shortest spherical geodesic from ¢’ to ¢”.
Since X, ND = (), X, is convex in (@,ds). We see that § is contained in X,. The loop
~* 3 formed by v* followed by 3 separates {¢n(Yn), én(y,)} and ¢, (B,) in C. Therefore,
L (v*B) > 0" as above. Since § is a shortest spherical geodesic, L, (v*) > 1, (). It follows
that

2

(1n(7") + In(5)) = 5bnr*6) 2

N | =
|

(V") 2
9.2. Extremal length estimate II: lim EL(T',) =0

The methods of proof are similar to those in §7.2.1. Recall that ¢ = lim,, y, € Yi, a
component of Y. Choose a point g,, in Y'") such that lim,, ¢, = ¢. Clearly, lim,, [y, —¢n| =
0. Denote D, = B,(q,d%), E, = S2— D,, D = B,(q,,d%), and E" = S? — D" as
subsets of S2. Since lim,, ¢, = ¢, D? and E" converge in Hausdorff distance to D,. and
E, respectively. The loops and arcs in T'), separate B, = {z € &, : dgn (2,0) < dp} from
{Yn,y.,} where §g € (0,1). The hyperbolic disk B, is contained in the Euclidean ball
{z € R3||z| < §0/2} since dE > d > 2d¥. Recall that 7 denotes the shortest distance
projection from 0H?® to %,,. By taking ro < 1/260 small and using Proposition 4.7, we
see that B, C m(Egs,,) for all n.
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Fig. 7. S,, in the case of Y, is a point or a disk.

Lemma 9.3. For any r > 0, there exists v’ < r/65 such that no component of Y — Y,
intersects both 0D, and 0D, .

Proof. By a simple spherical area estimate, we see that there exist only finitely many
components Z1, ..., Zp, of Y =Y, such that Z; intersects both D, and 0D, /65. Let r’ be a
positive number with 7 < /65 and r’ < mini<;<, dS (Y., Z;). The result follows. q.e.d.

By Lemma 9.3 and ¢ = lim,, y,, = lim,, g,,, we construct a sequence of positive numbers
{r;} and a sequence of integers {N;} increasing to infinity such that

(1) 7j41 < 1;/65 for all j,

(2) each component of Y — Y, intersects at most one of Dgs,, — D, for all j,

(3) if n > Ny, then {y,,y,} C ©(D}}).

Note that since Y™ ¢ Y, we see that each component of Y (™) _Y, intersects at most
one of m — D, for all j.

We now prove lim,, EL(T,,) = 0 by showing that EL(T,,) < 3-108/i for all n > N;. We
will use Proposition 6.7 by constructing a family of annuli S,, as follows. For simplicity,
we will use the following notation. If Z is a closed subset of S2, then Z* denotes the
union of Z and all components Y;, of Y — Y, which intersect Z, i.e.,

Z* = Z U (Uy,nz20,v,2v. Yk)-

Note that if Z is connected, then so is Z*. Now fix ¢ > 1 and n > N,. Then by Propo-
sition 4.7 and condition (2) above, 7(D*) N w(Egs, ) = 0. It follows that m(D*) and
n(Egs,,) are disjoint connected compact sets in 3,. Hence there is a unique compo-
nent of %, — (m(Dr*) Um(Egs,,)) which is an annulus. We denote this annulus by S,,.
By condition (3), the annulus S, separates {y,,y,} and B, in ¥,. See Fig. 7. Let
W =y®™ns, -Y,, Q. ={z € S2|r; < d5(z,qn) < 65r;} for j = 0,1,...,i — 1,
and T be the set of all simple loops in SV ' separating the two ends of S,,. Applying
Proposition 6.7 to S = S,,, W =Y ™ and Q,, for j =0,1,...,4, we obtain,

3
EL(T:) < =108,
(3
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The rest of the proof is similar to that of §7.2.1. If Y, is a one-point set, then by the
construction I'}, C I'),. Therefore, the monotonicity of the extremal length implies

3

EL(T,) < EL(T}) < ~10°8.
1

The same proof used in §7.2.1 shows that lim,, EL(T,,) = 0 if Y, is a disk.
10. Application to discrete conformal geometry of polyhedral surfaces

A polyhedral surface is a triple (S,V,d) where S is connected surface, V. C S is a
discrete subset, and d is a flat cone metric on S with cone points contained in V. We
call d a PL or polyhedral metric on (S, V). The discrete curvature K of the polyhedral
surface is a function defined on the vertices, and k(v) is 27 less the cone angle at v.
Usually, these metrics are obtained by isometric gluing of Euclidean triangles along
pairs of edges by isometries. Thus, a polyhedral surface (S,V,d) can be represented
by a triangulated PL surface (S,7,l) where T is a triangulation with vertex set V
and [ : E(T) — Ry is the edge length function, i.e., I(e) is the length of the edge
e. Here E(T) is the set of all edges in 7. One of the goals of the discrete conformal
geometry is to define discrete conformal equivalence among PL metrics on (S, V) and
establish the corresponding discrete uniformization theorem. In our recent work [16],
we are able to introduce a discrete conformality for polyhedral metrics and establish a
discrete uniformization theorem for compact surfaces. We will briefly recall the related
results and their relationship to the Weyl problem and discuss one application of the
main result in discrete conformal geometry.

A basic tool in computational geometry is the Delaunay triangulation. In the 2-
dimensional case, a triangulated PL surface (S, T,1) is called Delaunay if the circumdisk
of each triangle contains no vertices in its interior. This is equivalent to the condition
that if e is an edge adjacent to two triangles ¢ and #’, then the sum of the two angles
in ¢ and ¢’ which are opposite to e is at most 7. A fundamental theorem in computa-
tional geometry says that for any closed PL surface (S, V, d), there is always a Delaunay
triangulation T of (S, V,d) with vertex set equal to V. In general, Delaunay triangula-
tions of (S, V, d) may not be unique. Discrete conformal geometry tries to define discrete
conformal equivalence between to polyhedral surfaces (S,V,d) and (S,V,d’) such that
(i) discrete conformal equivalence is computable, (2) discrete conformal maps converge
to smooth conformal maps as meshes tend to zero, and (3) there exists a discrete uni-
formization theorem within each discrete conformal class.

Given a PL metric d on (S, V), construct a Delaunay triangulation 7 of (S,V,d). For
each Euclidean triangle 7 = AABC in T (considered as a triangle in C), replace 7 by
the ideal hyperbolic triangle 7* in the upper-half-space model C x R~ of the hyperbolic
3-space such that 7* and 7 have the same set of vertices {A, B,C} in C. If 7 and o are
two Euclidean triangles in T glued along a pair of edges by a Euclidean isometry f, then
one glues 7* and ¢* along their corresponding edges by the same isometry f, considered
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g
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Fig. 8. Discrete conformality in terms of hyperbolic geometry.

as a rigid motion of H®. In this way, one produces a complete finite area hyperbolic
metric d* on S — V. From the definition of Delaunay triangulation, one sees that d* is
independent of the choices of the Delaunay triangulation 7. (See Fig. 8.)

Definition 10.1. (Discrete conformality of PL metrics) [16] Two PL metrics d; and dz on a
marked surface (S, V') are discrete conformal if there exists an isometry ¢ : (S—V,d}) —
(S — V,d35) such that ¢ is homotopic to the identity map relative to V.

The main theorem proved in [16] is,

Theorem 10.2. Suppose (S, V) is a closed connected marked surface and d is a PL metric
on (S,V). Then for any K* : V — (—o0,2m) with ) .\, K*(v) = 27x(S), there exists
a PL metric d', unique up to scaling and isometry homotopic to the identity on (S,V),
such that d' is discrete conformal to d and the discrete curvature of d' is K*.

For the constant function K* = 27x(S)/|V] in Theorem 10.2, we obtain a constant
curvature PL metric d’, unique up to scaling, discrete conformal to d. This is a discrete
version of the uniformization theorem.

Theorem 10.2 takes care of compact polyhedral surfaces. For non-compact simply
connected polyhedral surface (S, V,d), the discrete uniformization problem asks if it is
discrete conformal to the following two types of surfaces: (C, V', ds) or (D, V', dst). Here
ds; is the standard Euclidean metric on C and V' is a discrete set in C or D. It is easy
to see that if V’ is the set of vertices of a Delaunay triangulation in C or D, then the
associated hyperbolic metric to (C, V', dg) and (D, V', ds) are exactly the boundary of
the convex hulls 9Cp(V’) and 0Cp (V' UD®). It is easy to see that the hyperbolic metric
associated with (S, V,d) is a complete hyperbolic metric with cusp ends at points in V.
Thus the discrete uniformization problem for non-compact surfaces proposed in [23] is
the following,

Conjecture 4. Suppose (X, d) is a complete hyperbolic surface with countably many ends,
and all but at most one are the cusp ends. Then there exists, unique up to Mdbius
transformations, a circle type closed set X such that (X,d) is isometric to 0Cp(X).
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This conjecture is our original motivation for Theorem 1.1. Furthermore, Theorem 1.2
implies the existence part of Conjecture 4 holds. The uniqueness part remains open.

Appendix A. Conformal structure on non-smooth surfaces of bounded curvature

In this appendix, using the work of Reshetnyak [29] and [36], we will justify the
computations of extremal lengths of curve families in conformal structures on non-smooth
surfaces like 0Cy (Y'). We begin with a brief recall of Alexandrov’s theory of surfaces of
bounded curvature and then discuss the associated conformal structure.

A.1. Surfaces of bounded curvature

Suppose (5, d) is a surface with a path metric d. This means that the distance d(z,y)
between two points is equal to the infimum of lengths of all paths from x to y measured
in d. Geodesics in (5, d) are locally distance minimizing curves. Suppose 8 and ~ are two
geodesics from a point O = 3(0) = (0) parameterized by arc lengths. Then the (upper)
angle o between them at O is defined to be

o = limsup arccoS(dm’ Ble)) + d0.1(6)” ~ d(B(s), (&)
540,60 2d(0, B(5))d(0,v(t))

).

For a geodesic triangle T, the (upper) excess of the T is 6(T) = 61 + 63 + 05 — 7
where 6; are the angles of the triangle T' at three vertices. The surface (S,d) is called
of bounded curvature if for every point p € S, there exists a neighborhood U of p and a
constant M (U) < oo such that for any collection of pairwise disjoint geodesic triangles
11,15, ...,T, in U, we have

n

> 8(Ty) < M(U).

i=1

All smooth Riemannian surfaces, polyhedral surfaces, convex surfaces in the Euclidean
and hyperbolic spaces are surfaces of bounded curvature. For a smooth Riemannian
surface (.5, g) with Gaussian curvature K, the area form dA,, the curvature form KdA,
and the total geodesic curvature of a smooth curve are well defined. In a surface of
bounded curvature, Alexandrov redefined these notations using the distance d and they
become the area measure, curvature measure w and total geodesic curvature. We say
a sequence of metrics d,, on a space X converges uniformly to a metric d on X if
dp(z,y) = d(z,y) uniformly on X x X. One of the key theorem on surfaces of bounded
curvature is the following approximation theorem. See Theorem 6.2.1 in [29)

Theorem A.1 (Alexandrov-Zalgaller). Suppose (S,d) is a surface of bounded curvature
and p € S. Then there exist a disk neighborhood U of p, a constant C(U) > 0 and a
sequence of polyhedral metrics d,, on U such that d,, converges uniformly to (U,d|y) and
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(U) + |kq,(0U) < C, (25)

n |

|wa

where wgq, s the curvature measure and Kq, is the total geodesic curvature of a path.
Conversely, if (S,d,) is a sequence of polyhedral surfaces converging uniformly to a path
metric (S,d) such that (25) holds on S for some constant C, then (S,d) is a surface of
bounded curvature.

A.2. Conformal structures on surfaces of bounded curvature

The construction of conformal charts for surfaces of bounded curvature by Reshetnyak
goes as follows. Suppose U is an open disk in the plane and w is a signed Borel measure
on U. Then the function InA(z) = 1 [, ‘ziqw(dg) + h(z) is the difference of two sub-
harmonic functions on U where h is a harmonic function. Since the Hausdorff dimension

of the set of points where In A(z2) = —oc is zero, for an arbitrary Euclidean rectifiable
path L in U, the integral [, \/A(z(s))ds is well defined (could be c0). One defines the
distance dyy on U between two points to be the infimum of the lengths of paths between
them in A(z)|dz|?. There may be some points whose d-distance to any other point is
infinite. These are called points at infinity and they form a discrete subset in U. Let U be
the complement of the set of points at infinity. It is proved by Reshetnyak that (f] ,dy)
is a surface of bounded curvature whose curvature measure is w. The main theorem of
Reshetnyak’s conformal geometry of surfaces of bounded curvature is Theorem 7.1.2 in
[29].

Theorem A.2 (Reshetnyak). Let (S,d) be a surface of bounded curvature. Then for any
point p € S, there exists a neighborhood U’ of p and an open disk U in the plane together
with a Borel measure w such that (U’,d|y) is isometric to (U, dy).

Let ¢ : (U',d|y") — (U,dy) be an orientation preserving isometry produced in the
above theorem. Then {(U’, ¢)} forms the analytic charts on the surface (S, d).

In conclusion, the metrics in surfaces with bounded curvature can be treated as
Riemannian distance derived from Riemannian metrics by relaxing the smoothness con-
dition.

Therefore, in a surface of bounded curvature (S, d) whose area measure is m and the
underlying conformal structure is C, we can use the path metric d and area measure m
to compute the extremal length of a curve family I'. In particular, we have the estimate

15(T)

EL(T,S,C) > ST

This estimate has been used extensively in previous sections on (0Cy(Y), dgCH(Y)).
Finally, for a compact set Y C S? and ¥ = 9Cy(Y), we claim that the two induced

path metrics dlg and dg on Y produce the same complex structure. In particular, this

shows for any curve family I' in %, EL(T,%,dE) = EL(T,%,dE). To see the claim,
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following Alexandrov [3], one constructs a sequence of convex hyperbolic polyhedral
surfaces converging uniformly on compact sets to (0Cy (Y),dgCH (Y)). The convexity
implies that (25) holds. Now on polyhedral surfaces, the conformal structures induced
from d” and d¥ are the same since these two metrics are conformal in H3. The work of
Reshetnyak ([29], Theorems 7.3.1, p112) shows that if a sequence of bounded curvature
surfaces converge uniformly to a bounded curvature surface such that (25) holds, then
the isothermal coordinates (with appropriate normalization) converge to the isothermal
coordinate of the limit surface. Therefore the conformal structures on 0Cp(Y') are the
same.
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