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ABSTRACT. We use algorithmic methods from online learning to explore some
important objects at the intersection of model theory and combinatorics, and
find natural ways that algorithmic methods can detect and explain (and im-
prove our understanding of) stable structure in the sense of model theory. The
main theorem deals with existence of e-excellent sets (which are key to the Sta-
ble Regularity Lemma, a theorem characterizing the appearance of irregular
pairs in Szemerédi’s celebrated Regularity Lemma). We prove that e-excellent
sets exist for any € < % in k-edge stable graphs in the sense of model the-

2
ory (equivalently, Littlestone classes); earlier proofs had given this only for

e<1/ 22" or so. We give two proofs: the first uses regret bounds from online
learning, the second uses Boolean closure properties of Littlestone classes and
sampling. We also give a version of the dynamic Sauer-Shelah-Perles lemma
appropriate to this setting, related to definability of types. We conclude by
characterizing stable/Littlestone classes as those supporting a certain abstract
notion of majority: the proof shows that the two distinct, natural notions of
majority, arising from measure and from dimension, densely often coincide.

In the recent papers [4], [7], ideas from model theory played a role in the con-
jecture, and then the proof, that Littlestone classes (which model theorists would
call stable) are precisely those which can be PAC learned in a differentially private
way. We direct the reader to those papers for precise statements and further lit-
erature review. The present work may be seen as complementary to that work in
that it shows, perhaps even more surprisingly, that ideas and techniques can travel
profitably in the other direction.

In the introduction below, we briefly present three points of view (combinatorics,
online learning, model theory) which inform this work. The aim is to allow the
paper to be readable by people in all three communities. Before this, we explain
the results, deferring some definitions to the introduction below.

The technical contributions of the paper are as follows:
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2 M. MALLIARIS AND S. MORAN

(1) The main theorem: Theorem 3.1, page 9 below. Informally, stable classes
= Littlestone classes have large e-excellent sets for any € < % (and this is
a characterization).

The technical significance of this result is that it extends a useful proof
from [24] which required € < 2% to essentially any e for which “e-excellent”
is well defined. It is nice to have this answer, but the longer-term effect
of this result, in the opinion of the authors, may come instead from the
methods of proofs. In fact, we give two distinct proofs. The first proof,
in §3, uses no-regret and multiplicative-weights algorithms from machine
learning. These methods have a long history in computer science. We
found it surprising that these applied rather naturally to extract model
theoretic information and we wonder what else may be done with this. The
second proof, in §4, uses the VC theorem and closure properties of Little-
stone (stable) classes under Boolean operations. There are some interesting
quantitative questions here.

(2) Theorem 6.11, page 20 below. Informally, this gives a new characterization
of stable/Littlestone classes as those admitting a certain axiomatic notion
of majority.

This theorem (or perhaps its definition) resolves an apparent discrepancy
between two notions of majority arising in this world: the dimensional
majority used in rank or Littlestone dimension, and the counting majority
used in goodness and excellence. It shows that the two can always be made
to coincide in a precise way. Earlier analogues of this discrepancy could
be seen, for instance, in proofs of stable regularity which tended to choose
either one or the other (cf. [24], [25] on the one hand and [23] on the other)
according to whether the focus was on bounds or definability.

(3) Theorem 5.1, page 15 below. Informally, we can detect whether or not a
class is stable (Littlestone) by counting the number of algorithms needed
to simulate it on an unknown tree of fixed height.

The statement is a mild extension of a known result in machine learn-
ing for Littlestone classes (removing the assumption of “oblivious,” i.e.
replacing sequences with trees). The known result is what explains the
contribution of finite Littlestone dimension in §3, so some exposition of
this was necessary in order to make that proof clear to the model-theoretic
reader; we took the occasion to prove the extension and to make clear the
connection with definability of types.

Although it is technically the simplest contribution, we feel that the
discovery of a context in which the correct analogue of types is algorithms
is significant.

We thank the anonymous referee for many thoughtful and helpful suggestions.

1. INTRODUCTION

In this section we give a high-level overview from three different, though inter-
connected, points of view, and informally describe the work. We defer some formal
definitions to later sections.
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1.1. Context from combinatorics. Szemerédi’s celebrated Regularity Lemma
for finite graphs says essentially that any huge finite graph G can be well approxi-
mated by a much smaller random graph. The lemma gives a partition of any such
G into pieces of essentially equal size so that edges are distributed uniformly be-
tween most pairs of pieces (that is, most pairs are e-regular for some ¢ > 0 given
in advance!). Szemerédi’s original proof allowed for some pairs to be irregular, and
he asked if this was necessary [33]. As described in [17, §1.8], it was observed by
several researchers including Alon, Duke, Leffman, R6dl and Yuster [3] and Lovész,
Seymour, Trotter that irregular pairs are unavoidable due to the counterexample
of half-graphs. A k-half graph has distinct vertices a1, ..., ak, b1,...,b; such that
there is an edge between (a;,b;) if and only if ¢ < j.

Malliaris and Shelah showed that half-graphs characterize the existence of irreg-
ular pairs in Szemerédi’s lemma, by proving a stronger regularity lemma for k-edge
stable graphs called the Stable Regularity Lemma [24]. (A graph is called k-edge
stable if it contains no k-half graph. This should remind a model theoretic reader of
the negation of the order property. The Stable Regularity Lemma says that a finite
k-edge stable graph can be equipartitioned into < m pieces (where m is polynomial
in %) such that all pairs of pieces are regular, with densities close to 0 or 1. Two
of these conditions, the improved size of the partition and the densities of regular
pairs being near 0 or 1, are already expected from finite VC dimension, see [3], [22],
though here by a different proof. (See also section 1.3 for more on VC dimension,
which has also a venerable history in model theory. After stable regularity, there
began an active line of work looking via model theory at these questions; the intro-
duction to [35] surveys this literature.) For an exposition of stable regularity, and
the model theoretic ideas behind it, see [25].

A central idea in the stable regularity lemma was that k-edge stability for small
k means it is possible to find large “indivisible” sets, so-called e-excellent sets.

To informally recall the definition (formal definitions will be given in 2.2 below),
let 0 <€ < % Let G = (V, E) be a finite graph. Following [24], say B C V is e-good
if for any a € V', one of {b € B : (a,b) € E}, {b € B: (a,b) ¢ E} has size < €|B|.
If the first [most b € B connect to al, write t(a, B) = 1, and if the second [most
b € B do not connect to a] write t(a, B) = 0. Say that A C V is e-excellent if for
any B C V which is e-good, one of {a € A : t(a,B) = 1}, {a € A : t(a,B) = 0}
has size < €| A|. Informally, any a € A has a majority opinion about any e-good B
by definition of good, and excellence says that additionally, a majority of elements
of A have the same majority opinion. Observe that if A is e-excellent it is e-good,
because any set of size one is e-good.

A partition into excellent sets is quickly seen to have no irregular pairs (for a
related ¢).

Notice that while, e.g., %—good implies %—good, the same is a priori not true for
e-excellent, because the definition of e-excellence quantifies over e-good sets. See
Example 2.6 below. For the stable regularity lemma, it was sufficient to show that
large e-excellent sets exist in k-edge stable graphs for e < 2% or so. In this language,
one contribution of the present paper is a new proof for existence of e-excellent sets

When A, B are finite sets of vertices, let e(A, B) denote the number of edges between A and
B, and let d(A, B) = e(A, B)/|A||B| denote the density. Recall that (A, B) is called e-regular if
for all A’ C A with |A’| > ¢|A|, and all B’ C B with |B’| > ¢|B|, we have |[d(A, B)—d(A’, B")| < e.
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in k-edge stable graphs, which works for any € < %, i.e. any e for which excellence
is well defined.

1.2. Context from online learning. Online learning is a well-studied model for
algorithms making real-time predictions on sequentially arriving data. In the basic
version of online learning, a game between a learner and an adversary is played
sequentially for T' rounds as follows. At each stage t = 1,...,T the adversary
presents the learner with a point x; € X of the adversary’s choosing and asks the
learner to predict the label y; € {0,1}. Then, the learner makes a prediction gy
after which the correct label y; is revealed to the learner.? The learner receives a
penalty of 1 for a mistake. The adversary’s goal is to play so as to maximize the
number of mistakes, and the learner’s goal is to minimize them. The performance
of the learner is measured in terms of its regret:

T T
Z 1ge # ye] — hmel?r-tlz 1[h(z¢) # il
t=1 t=1
that is, the excess number of mistakes the learner makes compared to the best
function h € H. Say H is (agnostic) online learnable if the learner has an algorithm
whose regret against any adversary is sublinear in 7. An important special case is
online learning in the realizable case, in which the adversary is restricted to produce
sequences {(z,y;)}1_, that are realizable by (or consistent with) the class H: that
is, for which there exists h € H such that h(x;) =y, forallt = 1,...,T. Notice that
in the realizable case, the regret of the learner specializes to the absolute number
of mistakes the learner made on the input sequence.

The online learning setting shifts the basic context from graphs to hypothesis
classes, i.e. pairs (X,H) where X is a finite or infinite set and H C P(X) is a
set of subsets of X, called hypotheses or predictors. We will identify elements
h € H with their characteristic functions, and write “h(z) = 17 for “xz € h”
and h(z) = 0 otherwise. Any such hypothesis class can be naturally viewed as
a bipartite graph on the disjoint sets of vertices X and H with an edge between
x € X and h € H if and only if A(x) = 1. However, something which may
be lost in this translation is a powerful understanding in the computer science
community of the role of dynamic/adaptive/predictive arguments. This perspective
is an important contribution to the proofs below, and seems to highlight some
understanding currently missing in the other contexts.

Consider the idea of a mistake tree: we have a full binary tree whose internal
nodes are labeled by elements of X, and which is realized by H in the following
sense. We can think of the process of traversing a root-to-leaf path, that is, a branch,
in a tree of height d as being described by a sequence of pairs (x;,y;) € X x {0,1},
for 1 <14 < d, recording that at step ¢ the node we are at is labeled by z; and we
then travel right (if y; = 1) or left (if y; = 0) to a node labeled by x;41, and so
on. Say that h € H realizes a given branch (1,41), ... (24, ya) if h(x;) = y; for all
1 < i < d, and say that a given tree is shattered by H if each branch is realized

2Note that ¢ = G¢(z1,...,2¢) may depend on everything that happened up to round ¢t. When
the learner uses randomness to make predictions, the adversary isn’t able to see the model’s
internal randomness. Thus, the learner shares only the probability p; that the predicted outcome
g+ will be 1. The actual prediction g; is made randomly, based on this probability, and only after
the adversary has chosen y;.
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by some h € H. Call such a tree a mistake tree of height d for H. (For a more
extensive discussion see [32] §18.1-18.2.)

The Littlestone dimension d of H, denoted Ldim(#), is the depth of the largest
mistake tree, i.e., the largest complete [binary] tree that is shattered by H, or oo
if no such bound exists. Notice that existence of such a tree helps the adversary
force at least d mistakes in the realizable case. H is called a Littlestone class if it
has finite Littlestone dimension; for reasons explained in the next subsection, we
may prefer to say that (X, #) is a Littlestone pair. Littlestone [19] and Ben-David,
P4l, and Shalev-Shwartz [5] proved that Ldim characterizes online learnability of
the class. Quantitatively, the optimal regret is equal to ©(v/Ldim - T) ([5, 1]) and
in the realizable case the optimal mistake bound is Ldim [19].3

1.3. Context from model theory. Consider again the case of a finite bipartite
graph G with vertex set X UY and edge relation R (abstracting the study of a
formula ¢(Z,7)). Following logical notation we write R(a,b) or =R(a,b) to denote
an edge or a non-edge. Define a [full] special tree of height n to have internal nodes
{a, : m € "2} from X and indexed by binary sequences of length < n and leaves
{b, : p € "2} from Y and indexed by binary sequences of length exactly n, which
satisfy the following.* For any a, and b,, if n is an initial segment of p (notation:
n < p), then R(ay,,b,) if n~(1) < p and —R(ay,b,) if n7(0) < p. A key ingredient in
the proof of the Stable Regularity Lemma was the following special case of Shelah’s
Unstable Formula Theorem [31, 11.2.2]. For a bipartite graph G as above, if G has
a full special tree of height n, then it has a half-graph of size about logn, with the
a’s chosen from X and the b’s chosen from Y (i.e., it is not k-edge stable in the
sense above). Moreover, if G has a half-graph of size k, it has a full special tree of
height about log k. (These bounds are due to Hodges, see [15] or [14] Lemma 6.7.9,
and see §7 # 2 below.)

It was noticed by Chase and Freitag [8] that the condition of model-theoretic
stability (Shelah’s 2-rank; e.g., in this language, no full special tree of height n for
some finite n) corresponds to finite Littlestone dimension, and they used this to
give natural examples of Littlestone classes using stable theories. An analogous
connection between so-called NIP theories and VC dimension had also been previ-
ously observed by Laskowski [18] and led to results in learning theory, particularly
in the context of compression schemes, see for instance Livni and Simon [21], and on
related definability questions, see for instance Eshel and Kaplan [10], but also some
of the first polynomial bounds for VC dimension for sigmoidal neural networks, see
Karpinski and Macintyre [16].

The following discussion reflects an understanding developed in the online learn-
ing papers Alon-Livni-Malliaris-Moran [4], Bun-Livni-Moran [7], where model the-
oretic ideas had played a role in the proof that the Littlestone classes are precisely
those which can be PAC-learned in a differentially private way. One contribution
of the model theoretic point of view for online learning in general, and for our
present argument in particular, is that a condition in online learning which ap-
pears inherently asymmetric, namely the Littlestone dimension (it treats elements
and hypotheses as different kinds of objects; they play fairly different roles in the

3More precisely, Ldim is the optimal bound achievable in the realizable setting by deterministic
learners. The optimal bound achievable by randomized learner is characterized by the randomized
Littlestone dimension [11].

40n this notation, see Convention 2.13.



6 M. MALLIARIS AND S. MORAN

partitioning) is equivalent to a condition which is extremely symmetric, namely
existence of half-graphs (when switching the roles of X and Y in a half-graph, it
suffices to rotate the picture). Thus if H is a Littlestone class, the “dual” class ob-
tained by setting X' = H and H' = {{h € H : h(z) =1} : x € X} is also. In online
learning, k-edge stability also has a natural meaning: Threshold dimension k, that
is, there do not exist elements aq, ..., a; from X and hypotheses hq,...h from H
such that hj;(a;) = 1 if and only if i < j. In what follows, we sometimes refer to
(X, H) as a Littlestone pair, rather than simply saying that H is a Littlestone class,
to emphasize this line of thought.

2. PRIOR RESULTS AND A CHARACTERIZATION

Convention 2.1. Following convention, we say “(X,H) is a hypothesis class” to
mean that X is a set and H is a set of subsets of X (sometimes identified with their
characteristic functions).

In the language of online learning, (X,H) is a Littlestone class if it has finite
Littlestone dimension (Ldim) in the sense of [32] Chapter 21. A combinatorial
or model theoretic reader may take the Littlestone dimension simply to be the
maximal height of a special tree (§1.3 above), an instance of Shelah’s 2-rank, see
[8] or [26].

The original facts about good and excellent sets in [24] were proved for k-edge
stable graphs (§1.1 above); the translation to Littlestone classes is immediate, but
we record this here for completeness.

Definition 2.2. Let 0 < € < § and let (X,H) be a hypothesis class.

(1) Say B C X is e-good if for any h € H, one of {b € B : h(b) = 1},
{b € B: h(z) = 0} has size < €¢|B|. Write t(h,B) = 1 in the first case,
t(h, B) = 0 in the second.

(2) Say that H C H is e-excellent if for any B C X which is e-good, one of
{h € H:t(h,B) =1}, {h € H : t(h,B) = 0} has size < €|H|. Write
t(H,B) =1 ort(H,B) =0 to record this.

(3) Define “H is an e-good subset of H” and “A is an e-excellent subset of X7
in the parallel way switching the roles of X and H.

Remark 2.3. The definition of e-good is monotonic in e: it becomes weaker as €
increases (below %). This is a priori not the case for excellence: as € increases, the
e-good sets B quantified over may increase, as the following illustrates.

Example 2.4. We first give an example of a set which is e-good but not e-excellent.
Let A = {a1,a2,a3,a4,a5} and B = {by,ba,b3,bs,b5} and consider the bipartite
graph with vertex set A, B. Let € be slightly larger than 1/5, say, ¢ = 13/60.
Suppose the edges are given as follows:

® 7 Nbl, and ay ’//bg,bg,bzl,b& S0 t(al,B):O.
e ay ~ by, and ag # by, bs, by, bs, so t(az, B) = 0.
o a374b3, and a3~b1,b2,b4,b5, S0 t(ag,B):l.
L a476b4, and CL4Nb1,b2,b3,b5, S0 t(a4,B):1.
e as # bs, and as ~ by, by, b3, by, so t(as, B) = 1.

Then A and B are both e-good but since (1 —€)|A| > |[{a € A:t(a,B) =1}| > €|A|,
i.e. 1 —€>2/5>¢, Ais note-excellent (nor is B for the parallel reason).
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Example 2.5. Let €1 be slightly above 1/5, say e; = 13/60, and let €3 be slightly
above 1/3, say 21/60. Next we give an example of a set B which (%) is ea-good, but
no B’ C B with |B'| > 1 is e1-good.
Let B have vertices by, by, ba, b3, by, bs. Suppose that:
e cuvery vertex in the graph either connects to at most two vertices of B, or
connects to all but at most two vertices of B.
o for every two distinct vertices of B there is an element of the graph which
connects only to them.

To verify (x) note that if B’ C B has size 2 or 4 it can be split in half, if it has size
3 or 6 it can be split 1/3, 2/3, and if it has size 5 it can be split 2/5, 8/5. So B’
is mot €1-good unless it is a singleton. On the other hand, B is clearly es-good.

Example 2.6. To find an example where excellence changes with €, we combine
the two previous examples.

Let A ={ay,a,a3,a4,a5} and let B = {bg, b1, ba, b3, by, bs}. Consider the bipar-
tite graph with vertex set AU C on one side and B on the other, with edges given
according to the following pattern:

® 1 ~ b(),bl, and aq 7(/ bg,b3,b4,b5.
g ~ bQ, and as 74 bo,bl,b3,b4,b5.
as 7(‘ b3, and asg ~ bo,b1,b2,b4,b5.
a4 7(/ b4, and aq ~ bo,bl,bg,bg,b5.
as 7 bs, and as ~ bo, by, bz, b3, by.
For every pair of distinct elements of B, there is an element of C which
connects to them and to no other elements of B.

e There are no other edges.
Let e; = 13/60 and ea = 21/60. A is e;-good and thus es-good. Also, A is €-
excellent because the only €1-good subsets of B are the singletons. However B is
€2-good, and so witnesses that A is not ex-excellent.

Below we use the possible “gaps” in excellence arising from nonmonotonicity as
a motivation to give new proofs and new theorems.’

The key point about excellent sets that they exist characteristically in stable
(Littlestone) classes:

Fact 2.7 ([24] Claim 5.4 or [25] Claim 1.8, in our language). Let (X,H) be a
Littlestone class, Ldim(H) = d and 0 < € < 57. For any finite H C H there is
A C H, |A| > €l|H| such that A is e-excellent.

The proof of Fact 2.7 proceeds by noting that if H = Hy is not e-excellent, then
there is some e-good A = Ay which witnesses this failure, splitting Hy naturally
into Hpy and Hy according to t. If either of these is excellent, we stop; if not,
continue inductively to label the internal nodes and leaves of a full binary tree with
A’s and H'’s respectively. Suppose we arrive to height d. To extract a Littlestone
tree, or equivalently a full special tree (p. 5 above), choose a h, from each H, and
then show it is possible to choose a suitable a,, from each A, by using ¢ < 274 the

51t also may be interesting to investigate the limits of these gaps. Added in revision: note
that in the course of significant recent work on hypergraphs, [35, Corollary 5.10] Terry and Wolf
consider the relation of goodness and regularity, showing that a pair of e-good sets is essentially
v/é-regular, which Malliaris and Shelah [24, Claim 5.17] show for e-excellent sets.
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definition of good (really, of t) and the union bound: that is, for each given 7, each
h, with p extending 7 rules out at most an e-fraction of elements of A4,. So by the
choice of ¢, there is a remaining element in A, acceptable to all such hp.G

Since finding such a Littlestone tree contradicts Ldim(#H) = d, it must be that
for some p of length < d, H, is excellent.

Note moreover that the same proof works to show existence of e-good sets, simply
by taking the sets A to be singletons (note that any singleton is trivially e-good).
In this case, the union bound is not needed and the proof works for any ¢ < %

Fact 2.8 ([24], see above). Let (X,H) be a Littlestone class, Ldim(H) = d, 0 <
€ < 1. For every finite A C M there is B C A, |B| > €?|A| such that B is e-good.

Definition 2.9. Let (X, H) be a hypothesis class. Define the dual hypothesis class
to be (X', H') where X' =H and H' = {{h e H : h(z) =1} :2 € X}.

Definition 2.9 is perhaps most natural in the language of graphs:

Definition 2.10. A hypothesis class (X, H) gives rise to a bipartite graph Bip(X, H)
with an edge between x and h if and only if h(x) = 1.

Likewise any bipartite graph gives rise to a hypothesis class after we specify
which side is the domain and which side is the hypotheses. The dual class (X', H’)
arises from the same bipartite graph Bip(X, ) but with the opposite specification.

We conclude this section by observing in Claim 2.11 that existence of large good
sets (both in X and in H) is characteristic of Littlestone classes. At this point, a
similar result for excellence could also be stated, for all sufficiently small e.

Claim 2.11. The following are equivalent for any hypothesis class (X, H).

(1) For every e < i there is a constant ¢ = c(€) > 0 such that for every finite
A C H there exists B C A, |B| > c|A] such that B is e-good.

(2) For some e < % and some constant ¢ > 0, for every finite A C H there
exists B C A, |B| > ¢|A| such that B is e-good.

(3) H is a Littlestone class.

(4) For some finite k, Bip(X,H) does not contain any k-half graph as an in-
duced subgraph.”

(5) For some finite £, Bip(X',H') does not contain any £-half graph as an
induced subgraph.

(6) The dual class (X', H') (in the sense of 2.9) is a Littlestone class.

(7) For every e < i there is a constant ¢ = c(€) > 0 such that for every finite
A C X there exists B C A, |B| > c|A| such that B is e-good.

(8) For some e < % and some constant ¢ > 0, for every finite A C X there
exists B C A, |B| > ¢|A| such that B is e-good.

Proof. (1) implies (2) is immediate, and (3) implies (1) is Fact 2.8.

To show (2) implies (3), suppose we are given € and ¢ from (2). Since any finite
hypothesis class is necessarily Littlestone, we may assume X is infinite. Choose n
large enough so that [e[cn]] > 1 and so that for any k > [en], we have min{| %] —
1,552} > ek. If H is not a Littlestone class, then we know it has infinite (i.e. not
finite) Threshold dimension and so for our chosen n, there are elements {z; : i < n}
from X and H := {h; : j < n} from H such that z; € h; if and only if i < j.

60bserve that this appeal to the union bound won’t work for Example 2.6 above.
"Such graphs are called k-stable graphs.
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But for any H' C H of size k > cn, we can pick out all the cuts of H’ using the
x;’s. In particular, if H = {h;, : £ < k}, let m = [ek] (by choice of n, this is
not larger than whichever of k/2 or (k — 1)/2 is an integer). Then z,, partitions
H' into {h;, : 0 < ¢ < m} and {h;, : m < £ < k}, both of which have size > ¢k,
contradicting its being e-good.

The equivalence of (3) and (4) is by Shelah’s unstable formula theorem, as ex-
plained in §1.3 above.

The equivalence of (4) and (5) is simply because a bipartite graph (A, B) contains
an induced k-half graph if and only if the bipartite graph (B, A) does.®

The remainder of the proof then goes by a parallel argument. (I

Remark 2.12. Attentive readers may wonder about in the bounds in 2.11 relating
mistake trees and half-graphs. The known finite bounds, tracing back to Hodges [15],
can be stated in combinatorial language as: from a tree of height d one obtains a
half-graph of size about logd, and from a half-graph of length k one obtains a tree
of height about log k. This is the subject of open problem 2 in §7 below.

Convention 2.13. We clarify some notational points which hopefully will not cause
confusion if explicitly pointed out. The word “label” in online learning, and in this
paper, usually refers to a value such as 0 or 1 attached to an element of X (say,
the value of some partial characteristic function). Nonetheless, we write “X -labeled
tree” to mean a tree in which we associate to each node an element of X. In set
theoretic notation, for each integer n, n = {0,...,n — 1}. Also, ®y denotes the
set of functions from x to y, as distinguished from y* which is the size of the set
of functions from x to y. For logicians, a tree of height T has levels 0 to T — 1,
whereas in online learning the same tree would have levels 1 to T'.

3. EXISTENCE VIA REGRET BOUNDS

The aim of this section is to prove the following theorem, using regret bounds
in online learning. (As noted, this improves [24], Claim 5.4 by allowing for ¢ < 1
rather than e < %, however, when € < 2% that proof obtains € as the constant c,

which is not obtained by the methods here.)

Theorem 3.1. For every e < % and positive integer d there is a constant ¢ = ¢(d, €)
such that if Ldim(H) = d and H C H is finite, then there is A C H, |A| > ¢°|H|

such that A is e-excellent. Moreover c is upper bounded by d. from 3.8 below.

The key ingredient in the proof is Theorem 3.7. To begin we re-present the
definitions of good and excellent in the language of probability.

Discussion 3.2. Although to our knowledge new, 3.3 is a natural opening move in
our context. For instance, it allows for an extension of the existing model theoretic
definitions into the randomized online learning setting where learner and adversary
are possibly playing distributions, as explained §1.2 above.

In order to reason about distributions we need to define an appropriate probability
space. For the sake of simplicity in the present paper we focus on the case when both

8Thus to repeat the point made in §1.3, in connecting the property of Littlestone, which is
not obviously self-dual, with half-graphs which are, the Unstable Formula Theorem allows us to
immediately conclude H is Littlestone if and only if its dual is, though of course with possibly
different Littlestone dimensions.
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X and H are finite or countable. This allows us to use the trivial sigma algebra
which consists of the entire power set, and hence avoid stating (standard) mea-
sure theoretic assumptions. When applying these results in the uncountable setting
the reader is cautioned to also verify the (standard) measure theoretic assumptions
inherited from the quoted results on bounds.

Definition 3.3 (e-Good and e-Excellent Distributions). Let H C {0, 1}¥.
(1) We say a distribution P over X is e-good w.r.t H if

(Vh e H): PI;D[h(x) =1]€[0,e]Ul —¢,1].
(2) Similarly, a distribution Q over H is e-good if
(Vx e X): hPrQ[h(x) =1 €[0,e] Ul —¢1].

(3) Next, a distribution P over X is e-excellent if

(V e-good Q) : thg,ng[h(x) =1]€[0,e]U[l —¢,1].

(4) Finally, a distribution Q over H is e-excellent if
(V e-good P): Pr [h(z)=1]€[0,]U[l —¢1].

h~P,x~Q
Distributions which trivially satisfy 3.3(1),(2) by concentrating on a single point
exist in any hypothesis class. In Littlestone classes, one source of nontrivial exam-
ples comes from choosing some finite e-good set A and taking a distribution which
assigns measure 0 to the complement of A and is uniform on A. So indeed 3.3
naturally extends the usual notion of excellent and good:

Convention 3.4. We say that a subset of H or of X is e-good (e-excellent) if the
uniform distribution on it is e-good (e-excellent).

Convention 3.5. In the process of extracting large e-excellent subsets of H we use
full binary trees whose nodes are labelled by e-good distributions; let us refer here
to such trees as e-good trees.

Definition 3.6. Observe that each hypothesis h € H naturally realizes a branch in
an e-good tree T. An e-good tree T is said to be shattered by H if every branch is
realized by some h € H.

We now state the key technical result of the section.

Theorem 3.7. Let ‘H be a hypothesis class, let T be an e-good complete binary
tree that is shattered by H, and let T denote the depth of T. Then, for every
online learning algorithm A, the tree T witnesses a lower bound on the regret of A
(relative to the set of experts H) in the following sense. There exist distributions
D1,...,Dr over X x {0,1} such that an independent sequence of random examples
(ze,yt) ~ Dy, t = 1,...,T salisfies the following:
e The expected number of mistakes A makes on the random sequence is at
least %
e Jh € H whose expected number of mistakes on the random sequence is at
most € - T'.

Thus, the expected regret of A w.r.t H on the random sequence is at least (% —e)-T.
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Before we prove this theorem, let us demonstrate how one can use it to bound
the maximum depth of an e-good tree which is shattered by a Littlestone class H.
A central line of work in the subject has established that that every class H and for
every T € N there exists an algorithm A whose expected” regret w.r.t any sequence
of examples (1,y1),...,(xT,yr) is

(3.1) o(Vd-T),

where d is the Littlestone dimension of H, and the big oh notation conceals a
fixed numerical constant.!’ Thus, by Theorem 3.7, it follows that if there exists a
(complete) e-good tree that is shattered by H of depth T' then T must satisfy the
following inequality:

(39 r=o(vi).

Indeed, the LHS in the above inequality is a lower bound on the expected regret of
A, where as the RHS is an upper bound on it. A simple arithmetic manipulation
yields that T'= O(d/(1/2 — €)?). Thus, we get the following corollary:

Corollary 3.8. Let H be a class with Littlestone dimension d < co and let € €
[O, %] Denote by d. the mazimum possible depth of a complete e-good tree which
is shattered by H. (Note that dg = d.) Then,

_of—%
=)

Proof of Theorem 3.7. Let T be a tree and A be an online algorithm as in the
premise of the theorem. We begin with defining the distributions D;. We first
note that the label in each distribution D; is deterministic; that is, there exist
a distribution D; over X and a label y, € {0,1} such that a random example
(z,y) ~ D, satisfies that y = y, always (with probability = 1) and x; ~ D;. The
distributions D; and labels y; correspond to a branch of 7 as follows:

e Initialize ¢t = 1, set the “current” node v; to be the root of the tree.

e Fort=1,...,T
(1) Let D; denote the e-good distribution D,, which is associated with v;.
(2) Define the label y; to be 1 if and only if

(fin:l’\‘];lilr';:l DA |:-A(It7 (‘Tt—h yt—1)7 (AR (:Ela yl)) = 1i| < 1/23
where A is the given online algorithm. (Note that the above probabil-
ity is taken w.r.t the sampling of the x;’s, as well as the randomness of
A in case it is a randomized algorithm.) L.e. the adversary forces that
the algorithm errs with probability at least 1/2 on z; when given an
input sequence (z1,%1), ..., (Ti—1,Yt), Tt, where the z;’s are sampled
from the D;’s.

(3) Set viy1 to be the root of the subtree corresponding to the label y;.

e Output the sequence (D1,41),- .., (Dr,yr).

9The algorithm A is randomized.
10The derivation of the (optimal) bound of O(v/d-T) is somewhat involved [1], however a
slightly weaker bound of O(y/d - TlogT) can be proven using elementary arguments [5].
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Let (1})2;1 ~ H?:l Dt and fix ¢ S T. Let @t = A(fl)t, ($t—1,yt—1), ey (Il,yl))
be the prediction of A on z;. Thus, by construction g; # ¥, with probability at
least 1/2, and therefore, by linearity of expectation:

T

E {Z Ly # ﬂf]} >

T
(ﬁt)?:lNHtT:1 Dy, A t=1 2

It remains to show that there exists h € ‘H whose expected number of mistakes
is at most €-T'. This follows by considering an hypothesis h € H which realizes the
branch corresponding to (Dy,y:)7_;. Indeed, for each fixed distribution D; on the
branch B, the probability that h errs on z; ~ Dy is at most €. Thus, by linearity of
expectation, the expected number of mistakes is at most € - T', and so there exists
h as stated. (]

First proof of Theorem 3.1. This is immediate from Theorem 3.7, that is, just as
in the earlier proof of excellence, such a bound means that the set of elements in
least one leaf cannot be split in a balanced way by any e-good set, so must be
e-excellent. ! O

Discussion 3.9. To summarize and explain the use of Littlestone dimension hid-
den in this argument we emphasize that the above proof relies on deep ideas from
online learning which are worth highlighting. We also emphasize that this discussion
surveys much prior work and not only what we do here.

There are two background ideas: the first one has to do with no-regret algorithms
(such as the multiplicative-weights algorithm, see e.g. [20]). Consider a set of m <
oo experts (say weather forecasters), and every evening each of them tells us whether
they think it will rain tomorrow or not. Then, we use this list of predictions to make
a prediction of our own. Can we come up with a strategy that will guarantee that
over T days our prediction will not be much worse than that of the best expert in
hindsight? No-regret algorithms address this problem and provide regret bounds of
roughly /T - logm, i.e. such algorithms make at most roughly /I - logm mistakes
more than the best of the m experts in hindsight. We stress that the m experts can
be arbitrary algorithms; in particular their prediction at day t may be based on all
information up to that point (i.e. prefiz-dependence).

The second background idea, which is how the Littlestone dimension arises in
the derivation of equation (3.1), is that any (possibly infinite) Littlestone class H
can be covered by a finite set of experts: that is, for every T < oo there is a set of
T choose < Ldim(H) dynamic sets which simulate all hypotheses on H with respect
to sequences'? of length T. Thus, by applying no-regret algorithms on the (finite!)
set of experts we may ensure our regret is small relative to the best h € H.

Together these explain existence of no-regret algorithms for any Littlestone class.
Our bound on d., the height of an e-good complete shattered tree, exploits these
connections in the new setting of e-good trees.

Hy fact, since our quantification is over e-good distributions and not just e-good sets, it is
excellent in an a priori stronger sense than in the earlier proof. We have not yet investigated how
much stronger; as noted in 3.2, the move to distributions has other conceptual advantages.

12Belovv, we extend this to trees of height T'.
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4. EXISTENCE VIA CLOSURE PROPERTIES

In this section we give a second, quite different proof of Theorem 3.1. The
resulting bound is significantly weaker than the one stated in Corollary 3.8, but
the reasoning may perhaps be more intuitive. In particular, it does not rely on the
notion of regret from online learning. The key ideas are the VC theorem and that
classes remain Littlestone even after augmenting by fixed Boolean functions.

Remark 4.1. Continuing Discussion 3.2, note that these results can continue to
make sense in the case where X, H are uncountable but in that case inheriting the
assumptions required to apply the VC' theorem.

Remark 4.2. The reader may choose to read this section either before or after §5.
In the present order, Fact 4.5 may be taken as a black box on a first reading, since
the new proof of that fact we give below uses the results of §5. Still, the existence of
a combinatorial companion proof of Theorem 3.1 may be best appreciated in parallel
to the proof just given, and the use of §5 in Fact 4.5 may be a good motivation for
those results for readers not familiar with definability of types.

Convention 4.3. In the rest of this section, let € < % be arbitrary but fized.

Definition 4.4. Suppose we are given k € N and some Boolean function B :
{0,1}% — {0,1}. Given (X,H), let (X, HB)) denote the class

WD) = {B(hh...,hk) hi € 7-[}

where B(hy, ..., hi) denotes the function which takes x € X to B(hy(x), ... hi(x)) €
{0,1}.

Informally, we enrich ‘H by adding some additional hypotheses which come from
applying our fixed B to k-tuples of elements of H. (For example, we could start
with H which is a set of subsets of X, and move to consider the hypothesis class
whose elements are intersections of pairs of elements of H; since we can recover
any element of H as its intersection with itself, this is a kind of enrichment of #.)
Observe that if the Boolean function sends the constant-1 sequence to 1 and the
constant-0 sequence to 0, then HB) D H.

We stress that although B can be arbitrary, it is fixed for any instance of this
construction.

We will need the following fact. It was proven by [12] (improving upon a previous
bound by [2]), but we sketch below a new proof using our techniques.

Fact 4.5 ([12], Proposition 3). If H is a Littlestone class (i.e. Ldim(X,H) < o0)
then also HB) is a Littlestone class, and

Ldim (X, HP)) = O(Ldim(X,H) k-log k)
where the big oh notation conceals a universal numerical constant.

Model theorists may check their intuition against the assertion that if ¢ is stable
and 1 is a fixed finite Boolean combination of instances of o, then 1) is also stable.

Proof Sketch. Let us sketch a proof of Fact 4.5 using the language of §5 below (a
derivation using dynamic sets has not appeared in the literature, and is intuitive
and analogous to the corresponding fact for VC classes). If Ldim(X,H) = d then
for any integer 1" we have a set Ep of ( <T d) dynamic sets which simulate H on any
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X-labeled binary tree of height 7. To see that H(P) is also a Littlestone class
it would suffice to show that the same is true for some d’ replacing d. For each
T, and for each k-tuple of dynamic sets Ei,..., Ey from Er, let B(Ey,...,Ey)
denote the dynamic set which operates by applying B to the outputs of E1, ..., E.
Let &r(B) = {B(E1,...,Ey) : Fy,...,E; € Er}. Observe that this collection of
dynamic sets simulates H(®) on any X-labeled binary tree of height 7" and its size
will remain polynomial in 7' (at most roughly 79%). On the other hand, had H(B)
not been Littlestone then one would need 27 >> T% dynamic sets to cover it. [J

With Fact 4.5 in hand, there is one more step: note we may also apply B dually
to X rather than H. To make sense of this, consider (X,H) as a bipartite graph
with an edge between z € X and h € H if h(z) = 1. In this picture, H )
added some new points to the side of H and defined a rule for putting an edge
between any such new point and any given element of X. To apply B dually, we
carry out the parallel operation for X instead. That is, let (X(B) ) be the class
where X is enriched by new elements as follows: for any x1,...,x; € X define an
element B(x1,...,x;) and for any h € H, define h(B(zx1,...,z;)) = 1 if and only
if B(h(z1),...,h(zg)) = 1.

Recalling 2.11, the dual of a Littlestone class is a Littlestone class, so (X®), H)
is Littlestone, though the Ldim may be quite a bit larger.'3

Conclusion 4.6. For any k € N and any function B : {0,1}F — {0,1}, if (X, H)
is a Littlestone class, then (XP),H) is a Littlestone class too.

Second proof of Theorem 3.1. Suppose we are given an e-good tree 7 which is shat-
tered by H. Choose k large enough: k = O(VCdim(X,H)/(3 — €)?) will suffice. Let
B :{0,1}* — {0,1} be the majority vote operation given by (z1,...,z}) = 0 if
{1<i<k:a;, =0} > %k: and (x1,...,x%) — 1 otherwise. Suppose we indepen-
dently sample k elements x1,...,x; from one of the e-good distributions labeling
our given tree. Then by our choice of k, the VC theorem tells us that, with positive
probability, the trace of each h € H on this sample is close enough to its true pro-
portion. Here “close enough” means that the error is less than % — €. In particular,
with positive probability, for every h € H the majority vote B(h(x1),...,h(zk))
on this sample agrees with the opinion of the e-good distribution on h. We can
therefore sample k elements from each of the distributions labeling the nodes of the
tree and with positive probability, all samples will be correct in this way.

The crucial point is now that any full binary e-good tree T which is shattered by
H can be transformed to a (standard) full binary tree 7' of the same height which is
shattered by the class (X (#), ). That is, there exists a choice of k elements for each
node in T such that the corresponding tree 7’ whose nodes are labelled by the k-wise
majority votes of these elements (i.e. by the appropriate B(x1, ..., xy)) is shattered
by (X®),H). (To emphasize, in our Boolean-augmented class, these majority votes
are represented by actual elements, and that is how the tree becomes a standard
tree.) This shows that the length of 77 (and also of T') is bounded by Ldim(X (), #)
which is finite by Conclusion 4.6. (Note that this argument implicitly gives an
inequality between the approximate and virtual Littlestone dimension, which are
defined elsewhere.) O

oldim(H,X)

131t is known that Ldim(X,H) <2 by applying Hodges’ bound twice, see §7 # 2.
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This argument is closer in spirit to similar arguments in VC theory concern-
ing the variability of the VC dimension under natural operations. The obtained
bounds however are much weaker than those of the previous section (at least double-
exponentially weaker than the bound in Corollary 3.8).

5. DYNAMIC SAUER-SHELAH-PERLES LEMMAS FOR LITTLESTONE CLASSES

This section states and proves a mild variant of the celebrated Sauer-Shelah-
Perles (SSP) lemma [30] replacing “sequences of length 77 by “trees of height 77
(informally, the adversary can change the elements we are given in response to our
past choices). This should also allow the model-theoretic reader to understand the
key use of Littlestone dimension in §3, where the case of sequences was already
sufficient.

Let H be a class with Littlestone dimension d < oco. Two results which could
be considered variants of the SSP lemma are known for Littlestone classes: the
first one, observed by Bhaskar [6] provides an upper bound of T choose < d on
the number of leaves in a binary-tree of height 7" with X-labeled nodes that are
reachable by H. The second, dynamic version is due to Ben-David, Pal, and Shalev-
Shwartz [5]. This lemma is a key ingredient in the characterization of (agnostic)
online-learnability by Littlestone dimension; it asserts the existence of T choose
< d online algorithms (or experts or dynamic-sets) such that for every sequence
x1,...,zp and for every h € H there exists an algorithm among the (<Td) algorithms
which produces the labels h(z1), ..., h(xr) when given the sequence z1, ...,z as
input. Again, the version we shall prove is a mild extension of the Ben-David, Pal,
Shalev-Shwartz lemma to the case of trees rather than sequences. We shall give the
statement, then present the key terms, then give the proof.

Theorem 5.1. Let (X,H) be a Littlestone class of dimension d. For every T € N
there exists a collection A of (<Td) algorithms (dynamic sets) such that for every
binary tree T of height T with X -labeled internal nodes, every branch in T which
is realized by some h € H is also realized by some algorithm from A.

Remark 5.2. For simplicity, we define dynamic sets to be deterministic, but it
is also reasonable for them to be random. In general, a randomized algorithm is
simply a distribution over deterministic algorithms. When a randomized algorithm
is a distribution over prefix-dependent deterministic algorithms, see below, then we
may say it is prefiz-dependent.

Definition 5.3 (In the language of online learning). Fiz T € N and a set X. A
dynamic set (or adaptive expert) A is a function which assigns to each internal node
in each X-labeled binary tree of height < T a value in {0,1} in a prefiz-dependent
way.

To explain, notice that A naturally defines a walk in any such tree: it starts at
the root which is labeled by some ag =: ag, it outputs A({ag)) =: to, then travels left
(if its output was 0) or right (if its output was 1) to a node labeled by a,) =: a1,
where it outputs A({ag,a1)) =: t; and so on. Prefix-dependence means that for
any ¢ < T, if in two different trees the sequences of values ay, ..., ay produced in
this way are the same, then also the output ¢, of A in both cases is the same.

It should now be clear what it means for an algorithm A to realize a branch in a
tree (the directions it gives instruct us to walk along this root-to-leaf path). Note



16 M. MALLIARIS AND S. MORAN

that we can think of each h € H as a very simple dynamic set in its guise as a
characteristic function.

Remark 5.4. In online learning one distinguishes between adaptive and oblivious
experts (or between experts with and without memory): an oblivious expert is simply
an X — {0,1} function, whereas an adaptive expert has memory and can change its
prediction based on previous observations. The above definition captures adaptive
experts. The above definition slightly deviates from the standard definition of adap-
tive experts. In the standard definition, one usually only considers sequences (or
oblivious trees), rather than general trees. Notice that the distinction between obliv-
ious and general trees can be expressed analogously with respect to the adversary:
the adversary, who presents the examples to the online learner, can be oblivious — in
which case it decided on the sequence of examples in advance, or it can be adaptive —
in which case it decides which example to present at time t based on the predictions
the online learning algorithm made up to time t. In this language, our version of
the dynamic SSP applies also to adaptive adversaries, whereas the previous version
was restricted to oblivious adversaries.

Definition 5.5 (In more set-theoretic language). Let T € N, and x = |X|T.
Consider the set £ = (e; : i < k) of all T-element sequences of elements of X.
A dynamic set assigns to each enumeration e; a function f; : T — {0,1}, and the
assignment must be coherent in the sense that ife; | B =e; | B then f; | B=f; | B.

Example 5.6. Let X = N. Let A be the algorithm which receives a; at time t and
outputs 1 if a; is the largest prime it has seen so far and 0 otherwise.

Definition 5.7. Given a possibly partial characteristic function g with dom(g) C X
and range(g) C {0, 1}, define the “version space” Hy ={h € H : g C h}.

Remark 5.8. Observe that if H is a Littlestone class, H C H and f is a possibly
partial, possibly empty characteristic function with dom(f) C X and a € X, then

(%) min{Ldim(Hfu{(ayo)}), Ldim(HfU{(a’l)})} < Ldim(Hf)

i.e., on one side of any partition by a half-space the dimension must drop, since
Ldim(Hy) < Ldim(H) = d is defined and finite. (This property is what enables the
notion of Littlestone magjority vote.)

Proof of Theorem 5.1. To define our algorithms some notation will be useful. By
“tree” in this proof we always mean an X-labeled binary tree of height T. Given
an algorithm A and a tree 7, let ¢ = o(A,T) = {(a; : 1 < T) and let 7 =
T(A,T) = (t; : i < T) denote the sequence of elements of X associated to the
nodes traversed, and the corresponding outputs of A, respectively. Again, given
Aand T, let v =v(A,T) = {g; : © < T) be the sequence of partial characteristic
functions given by g; = {(a;,t;) : j < i}.

We define the ( <T d) algorithms as follows. Each algorithm A is parametrized by
aset AC{0,...,T — 1} of size < d (and there is an algorithm for each such set).
Given any tree T, the algorithm proceeds as follows. Upon reaching a node at level
i labeled by a;, it computes the values Ldim(Hg,u1(q,,0)3) and Ldim(Hg, {(a,,1)})-
Informally, it asks how the Littlestone dimension of the set H,, will change accord-
ing to the decision on a;. It then makes its decision by cases. If i € A, then the
algorithm chooses the value of ¢; which will make Ldim(Hg,g(a,,t,)}) smaller, and
in case of ties chooses 0. If ¢ ¢ A, then the algorithm chooses the value of ¢; which
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will make Ldim(H g, q(a,.t,)}) larger, and in case of ties chooses 1. This finishes the
definition of our class A. Clearly the algorithms involved are all prefix dependent.

Let us verify that for any tree 7 and any h € H there is an algorithm in A
realizing the same branch as h. Let (bg, o), ..., (bt—1,8t—1) denote the root-to-
leaf path traversed by h. For each i < T, let f; = {(b;,s;) : j < i} denote the
partial characteristic function in play as we arrive to b;. (Notice that necessarily
each f; C h.) Let us consider how we may use A to signal what to do. Let
d" = Ldim(Hy,), let dj = Ldim(H,{(a;,0)} and let di = Ldim(H,q(a;,1)}- There
are several cases. If we know that at stage i the Ldim does not drop then by
5.8 the choice is determined. If we know that the Ldim drops and df # d} then
the choice is determined by knowing whether we chose the larger or smaller. If
we know that Ldim drops and df = d} then the choice is determined by knowing
whether or not we went left. With this in mind, define B C {0,...,T — 1} to
be B = {Z <T: ( Ldim(Hfi) > Ldim(HfiU{(aj71—S7j)}) > Ldim(Hfiu{(ai,si)}) ) or
(Ldim(HfiU{((lj7(9i)}) = Ldim((Hfiu{(a,;,l—sj)}) = Ldim(Hfi) — 1 and S; = 1)} In
English, B is the set of all i < T at which either there was only one way to make
the dimension drop as much as possible, or both ways the dimension dropped by
the same amount and we went left. Since at every i € B the Littlestone dimension
drops, necessarily |B| < d.

Consider the algorithm A € A parameterized by B. We argue by induction on
i < T that g; = f;, that is, a; = b; and t; = s;. To start, ag = by is the label
of the root. If ¢ ¢ B, then at this stage along the path traversed by h, either the
Littlestone dimension did not drop as much as possible or s; = 1. In the first case,
there is only one value of ¢; which will keep the dimension larger, and that is t; = s;.
If the dimension went down equally for both successors, A will choose t; =1 = s;.
If i € B, then here the Littlestone dimension must drop as much as possible, so
either there is only one way to achieve this and so t; = s;, or both successors drop
equally and t; = 0 = s;. This completes the proof. (|

Remark 5.9. A model theoretic reader will see definability of p-types for stable .
We now verify that this is a characterization.

Lemma 5.10. Suppose Ldim(X,H) is not finite. Then for every d € N, for all
sufficiently large T € N and every collection A of (<Td) dynamic sets, there is some
binary tree T of height T with X -labeled internal nodes and some h € H which
realizes a branch in T not realized by any algorithm from A.

Proof. Choose T so that 27 > T, Since Ldim is not finite, we may construct a full
binary tree of height T" whose nodes are labeled by X and such that every branch is
realized by some h € H. Every algorithm A € A realizes one and only one branch
in T, so there are not enough of them to cover all branches. (Il

To conclude, observe A simulates H in an even stronger way: its algorithms
can continue to simulate the realization of branches by H even when we weaken
the notion of realization to allow a certain number of mistakes. (This also gives a
simple derivation of the “oblivious” SSP lemma from our “tree” version here.)

Corollary 5.11. Suppose Ldim(H) =d € N, let T € N, and let A be the family
of (<Td) algorithms constructed for H in Theorem 5.1. Let T be any binary tree of
height T with X -labeled internal nodes. Given any branch (ag,to), ..., (ar—_1,tr_1)
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and any h € H, let S = {i < T : h(a;) # t;} be the set of “mistakes” made by h for
this branch. Then there is A € A which makes the same set of mistakes for this
branch.

Proof. Consider a new tree 7T, where all the nodes at level i have the same label
a; (the tree is “oblivious”). So branches through 7, amount to choosing subsets of
{a; : i < T}. This particular tree also falls under the jurisdiction of Theorem 5.1,
and so gives our corollary. |

6. MAJORITIES IN LITTLESTONE CLASSES

So far we have been guided by the thesis that Littlestone classes are characterized
by frequent, large sets with well-defined notions of majority. However, there are
at least two candidate notions of majority which are quite distinct: the majority
arising from the counting measure, which we have been exploring via e-excellent
and e-good, and the notion of majority arising from Littlestone rank.

In this section we prove that these two notions of majority “densely often agree”
in Littlestone classes and indeed this is true of any simple axiomatic notion of
majority, as defined below.

Definition 6.1. Say that H C ‘H is Littlestone-opinionated if for any a € X, one
and only one of

Ldim({h € H : h(a) = 0}),Ldim({h € H : h(a) = 1})
is strictly smaller than Ldim(H).

As a warm-up, we prove several claims. As above, a partition of H by a half-
space means that for some element a € X we separate H into {h € H : h(a) = 0}
and {h € H : h(a) = 1}.) So in this language, H is Littlestone-opinionated if in
any partition by a half-space, exactly one of the two pieces retains the Ldim.

Claim 6.2. Suppose Ldim(H) =d and 0 < e < % Then for any finite H C H there
is A C H of size > ed\H| such that A is both e-good and Littlestone-opinionated
and these two notions of magjority agree, i.e. for any a € X

Ldim({h € A: h(a) = t}) = Ldim(A) iff |[{h € A: h(a) = t}| > (1 — €)|A].

Proof. Tt suffices to observe that given any finite H C H which (a) is not e-good, (b)
is e-good but is not Littlestone-opinionated, or (c) is both e-good and Littlestone-
opinionated but the two notions of majority do not always agree, we can find
G C H (arising from by a partition of H by a half-space) with |G| > ¢|H| and
Ldim(G) < Ldim(H), because this initiates a recursion which cannot continue more
than Ldim(H) < Ldim(H) = d steps.

Why? In case (a), there is a partition into two pieces of size > €| H|; choose the
one of smaller Ldim. In case (b), there is a partition into two pieces each of Ldim
strictly smaller than Ldim(H); choose the one of larger counting measure. In case
(c), there is a partition where the majorities disagree, and we can choose the piece
of larger counting measure and thus smaller Ldim. This completes the proof. O

Definition 6.3. Call P a good property (or: e-good property) for H if it is a
property of finite subsets of H which implies e-good and which satisfies: for some
constant ¢ = ¢(P) > 0, for any finite H C H there is B C H of size > €°|H| with
property P.
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Corollary 6.4. By 3.1 above, if H is Littlestone and € < % then “c-excellent” is
an e-good property for H.

Lemma 6.5. Let H be a Littlestone class of dimension d and 0 < € < % Let
P be a good property for H and ¢ = c¢(P). Then for any finite H C H there is
A C H of size > ™V H| such that A has property P (so is also e-good) and is
Littlestone-opinionated, and for any a € X,

Ldim({h € A: h(a) =t}) = Ldim(H) iff [{h € A: h(a) =1t} > (1 —€)|A4]
i.e. the e-good magority and the Littlestone majority agree.

Proof. Modify the recursion in the previous proof as follows. At a given step, if
H does not have property P, replace it by a subset C' of size > €°|H| which does.
Since P implies e-good, if we are not finished, then we are necessarily in case (b)
or (¢) and at the cost of an additional factor of ¢ we can find B C C where the
Ldim drops. In each such round, we replace H by B C H with |B| > ¢“T|H| and
Ldim(B) < Ldim(H). O

Discussion 6.6. Note that this majority agreement deals with half-spaces, which
is arguably the interesting case for “Littlestone-opinionated” as it relates to the
SOA. In 6.5, it is a priori not asserted that every subset of A which is large in the
sense of counting measure (but does not arise from a half-space) has large Ldim.

Definition 6.7 (Axiomatic largeness). Define M to be an axiomatic notion of
relative largeness for the class H if it satisfies the following properties.'*
(1) M is a subset of P ={(B,A): BC ACH}.
(2) Define Praif == {(B,A) € P : B arises as the intersection of A with a
half-space }.
(3) If (B,A) € M, say “B is a large subset of A.” We may write B Cq A.
(4) The rules are:
(a) (monotonicity in the set) if C C B C A and C Crq A then B Cpq A.
(b) (monotonicity in the superset) if C C B C A and C Cpq A then
C Cm B.
(¢) (identity) (A, A) € M.
(d) (non-contradiction) If (B, A) € Praiy and C = A\ B [so also (C,A) €
Phraif] then at most one of (B, A) and (C, A) belongs to M.
(e) (chain condition) There is n = n(M) < w such that if (A; : i < m)
is a set of subsets of H and (Aij41,A;) € M for all i < m — 2 then
m < n. In other words, the length of a descending chain

Appq Covvnns C A
of non-large subsets is upper bounded by n.
Example 6.8. Suppose H is a Littlestone class. Then
M ={(B,A) € S:Ldim(A) = Ldim(B)}
satisfies Definition 6.7.

Proof. Conditions (3)(a),(b),(c) are immediate; (d) follows by the definition of Ldim.
Condition (e) is clear because if (A;, A;11) ¢ M then Ldim(A;+1) < Ldim(4;) so
n(M) <d. O

MThis captures relative majority or largeness since “being large in” is a two-place relation.
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Example 6.9. For model theoretic readers, note that for suitable hypotheses classes
the Shelah R(x = x,A,X) ranks, when defined and restricted to multiplicity one,
can illustrate 6.7 for other values of A, A.

In 6.10 we don’t need to assume a priori that A is Littlestone, though the proof
will show that it is.

Lemma 6.10. Suppose H admits a notion of relative largeness M. Let 0 < € < %
and let P be an e-good property for H. Let ¢ = ¢(P) and n = n(M). Then for any
nonempty finite H C H there is A C H of size > e(c+1)"|H| such that:
(1) A has property P, and thus is e-good, so for any partition of A by a half-
space into BU C, at least one (so exactly one) of B,C has size < €|A|.
(2) For any partition of A by a half-space into BU C, at least one (so exactly
one) of (B, A), (C, A) belongs to M.
(3) The two notions agree, i.e. (B, A) € M if and only if |B] > (1 — ¢€)|A4].

Proof. Let n = n(M) and set Ag = H. By induction on ¢ > 0 we shall prove
that if A; does not satisfy contitions 1, 2, and 3 then either it contains a subset of
size > €| A;| which does, or there is A;; 1 C Ay such that |A;y 1| > €T As| and
(Aty1,As) ¢ M. Our chain condition 6.7(4)(e) will then ensure ¢ < n.

For each ¢t > 0 proceed as follows. If A; has property P, define A} = A;. If
not, replace A; by a subset of size > €°|A;| which does, and set this to be A;. A
priori, we have no information on whether (A}, A;) € M. Since A} has property P,
if A} does not already satisfy 1, 2, and 3, then condition 2 or 3 must fail; in either
case, there must be some half-space which partitions A} into two non-trivial sets at
least one of which, call it B, has size at least €| A}| and satisfies (B, A}) ¢ M. Set
A¢y1 = B. Then |B| > ¢“*1|4;| and by condition 6.7(4)(b), (A1, At) ¢ M. This
completes the inductive step and the proof. ([l

Theorem 6.11. The following are equivalent for (X, H).

(1) H admits a notion of relative largeness M.
(2) H is a Littlestone class.
(3) For every M and 0 < e < L there is n = n(e, M) such that every finite
nonempty H C H has a subset A which satisfies:
(a) |A] > e"|H], and
(b) A is e-good, and
(c) for every partition of A by a half-space into BUC, (B, A) € M if and
only if |B| > €|A| if and only if |B] > (1 — €)|A|.
i.e. the counting majority and the M-magjority are well defined and agree.
(4) In item (3) we may replace (b) by “A has property P” when P is an e-good
property for H, at the cost of changing the exponent n in (a) to (c+ 1)n
forc=c(P).)

Proof. (2) implies (1) is Example 6.8. (1) implies (3) [or (4)] is Lemma 6.10.
Clearly (4) implies (3). For (3) implies (2), note that (3) tells us a fortiori that we
can always find large e-good subsets, so H must be a Littlestone class by 2.11. [

Remark 6.12. Although we have formulated these largeness properties for subsets
of H, the symmetric results whould hold for subsets of X.

Discussion 6.13. A key point in the proof of the stable regularity lemma (in our
language) is that because finite Littlestone dimension implies finite VC dimension, if
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we randomly partition e-excellent sets then the pieces are likely to remain excellent
(for a related €). This is what allowed for an equitable partition into excellent
sets. There is a priori no reason the analogous fact should be true for Littlestone-
opinionated sets. However, this section finds (densely often) sets where the counting
majority and the Littlestone majority agree. Randomly partitioning these, we
retain goodness, so necessarily also retain the ability to correctly predict Littlestone
majority in accordance with the original set, despite perhaps not being Littlestone-
opinionated.

Discussion 6.14. It is interesting to inspect relative largeness from the perspective
of online learning. Indeed, note that any such notion gives rise to an online learning
strategy with a bounded mistake bound: the online learner maintains a version
space ‘H; C H, starting with Hy = H. For each input example x; received, the
learner predicts ¢; such that

({h e H;: h(:z:l) = Qi},’Hi) eM

and note that there can be at most such ¢;, if no such ¢; exists then the learner
predicts g; = 0. Then, upon receiving the true label y;, if y; = ¢; then the learner
sets H;+1 = H; and else, when y; # ;, the learner sets H; 11 = {h € H; : h(x;) =
yi . Observe that given any sequence (z1,y1),..., (z7,yr), this learner makes at
most n(M) mistakes: indeed, if the learner makes a mistake on x; then (H;11,H;) ¢
M, and H;41 is obtained by intersecting H with a halfspace.

This point of view offers an alternative explanation for the fact that only Lit-
tlestone classes admit notions of relative largeness. Moreover, it implies that for
every notion of relative largeness M, we have that n(M) is at least the Little-
stone dimension. This follows because the Littestone dimension is equal to the
optimal mistake-bound. Thus, the notion of relative largeness which arises from
the Littlestone dimension is optimal in the sense that it minimizes n(M).

7. SOME OPEN PROBLEMS

To conclude the paper we mention several natural open problems and directions
for further work; some appear challenging, some more accessible.

(1) For VC classes, recall that we have the usual Sauer-Shelah-Perles lemma,
and Haussler’s covering lemma which says that every VC class of VC-
dimension d can be e-covered by roughly eid hypotheses [13].1° (The SSP
lemma can be thought of as the special case of Haussler’s covering lemma
where the domain has size n and when d = +.) This is clearly useful for
learning. It is natural to ask whether there is a dynamic version of this cov-
ering lemma for Littlestone classes. That is, is there a function f = f(e, d)
such that for any Littlestone class H of Ldim d we can always find < f(e, d)
dynamic sets which approximately cover the whole class H, meaning that
for every sequence x1,...,x, from X and every h € H there is a dynamic
set in our list which is e-close to it. This is also related to [1].

(2) In the classical case, there is a fundamental relationship between the Little-
stone dimension and the half-graph/Threshold dimension, as explained by

15Informally, there is a list of approximately %d hypotheses such that every other hypothesis

in our class is e-close to one of the hypotheses in our list.
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Shelah’s unstable formula theorem: both are finite together, and bounds
are known [31], [14]. However, the question of determining tight quan-
titative bounds in the finite remains open. The known bounds given by
Hodges [15] say roughly that from a half-graph of length & there is a tree
of height about log k, and that from a tree of height n there is a half-graph
of length about logn. Determining whether these bounds are tight may be
challenging, and seems worth emphasizing here. To reiterate what we said
in section one, a useful aspect of this relationship is connecting a symmetric
or self-dual quantity with Littlestone dimension (see 1.3 above).

(3) As mentioned in the text, applying the Hodges bounds twice tells us that
if Ldim(#) = d, the dual class has Littlestone dimension bounded by about
22", Can this be improved?

(4) Tt seems worth while to explore further the significance of dynamic Sauer-
Shelah-Perles lemmas for model theory. As a soft question, are there useful
model theoretic explanations for the existing regret bounds for multiplicative-
weights algorithms mentioned in §37

(5) We have not sorted out the extent of the nonmonotonicity of excellence as €
varies; this could give another approach to existence of excellent sets. Nor
have we tried to optimize the constants in either of the two existence proofs
in the present paper.

(6) Is there a helpful “outside” characterization of the good properties in the
sense of 6.37
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