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Quantum walk (QW) utilizes its internal quantum states to decide the displacement, thereby
introducing single-particle entanglement between the internal and positional degrees of freedom.
By simulating three variants of QW with the conventional, symmetric, and split-step translation
operators with or without classical randomness in the coin operator, we show the entanglement
is robust against both time- and spatially- dependent randomness, which can cause localization
transitions of QW. We propose a classical quantity call overlap, which literally measures the overlap
between the probability distributions of the internal states, as a proxy of entanglement. The overlap
is associated with the off-diagonal terms of the reduced density matrix in the internal space, which
then reflects its purity. Therefore, the overlap captures the inverse behavior of the entanglement
entropy in most cases. We test the limitation of the classical proxy by constructing a special case with
high population imbalance between the internal states to blind the overlap. Possible implications

and experimental measurements are also discussed.

I. INTRODUCTION

Quantum walk (QW) extends the classical random walk
by incorporating internal degrees of freedom into the
walker that determines the spreading of the wave func-
tion in real space [1-6]. The dynamics is governed by
two quantum operators, the coin and translation opera-
tors, and exhibits a characteristic, two-peak probability
distribution in contrast to the Gaussian form of classi-
cal random walk. Previous works have proposed various
uses of the quantum walk, such as providing fine mea-
surements of external magnetic fields [7], as an avenue
for investigations into topological materials and trans-
port phenomena [8], using ballistic spreading speed of
QW in quantum algorithms [9, 10], and possible applica-
tions in finance [11, 12] .

Meanwhile, entanglement is a genuine quantum phe-
nomenon without a faithful classical counterpart. While
textbook examples of entanglement usually involve two
objects with quantum correlations [13, 14], a more gen-
eral kind of single-particle entanglement (SPE) concerns
the entanglement between different degrees of freedom of
the same object [15-17]. Moreover, SPE has been shown
both through experimental [18] and theoretical studies
[19, 20] to be a promising resource for use within quantum
information. Since QW integrates the internal and po-
sitional degrees of freedom, previous works [21, 22] have
found entanglement between those degrees of freedom of
the walker.

An interesting path of study in quantum walks is to in-
vestigate the influence of classical randomness introduced
by imperfections of the apparatus or deliberate controls
of the parameters. It has been shown [23-27] that when
the classical randomness exceeds a critical value, the QW
can exhibit a localization transition characterized by a
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change of the structures in the probability distributions.
When the classical randomness is spatially dependent,
the transition is analogous to the Anderson localization
in condensed matter systems [28]. There have been works
investigating if classical randomness affects the entangle-
ment between the internal and positional degrees of free-
dom of QW [21, 26]. Ref. [21] studied 1D QW with
time-dependent randomness, finding that the dynamic
randomness pushes the entanglement entropy [14], a typi-
cal measure of entanglement, to its maximum faster. The
result implies the robustness of quantum entanglement
against this type of randomness. In this work, we will sys-
tematically investigate the influence of time-dependent
and spatially-dependent randomness on various types of
QW and show that the robustness is quite common.

Direct measurements of entanglement of quantum sys-
tems experimentally, however, have proven to be a dif-
ficult task. Some forms of proxy quantities have been
used to infer the entanglement, such as statistical meth-
ods involving charge fluctuation measurements of non-
interacting fermions [29], using many-body interference
of quantum twins [30, 31], measuring the Renyi entropy
[32, 33], extracting the eigen-spectrum of the correla-
tion matrix [34], and a potential method using machine
learning to identify entanglement within quantum states
[35]. These methods typically only work for many-body
quantum systems and are not well suited or easily ap-
plied to systems with SPE. Moreover, they can be ex-
perimentally difficult to implement or computationally
expensive for larger systems. Recently, there has been
progress in transmitting entangled states through quan-
tum walks with non-Hermitian or topological properties
[36—38]. These results show further applications of quan-
tum walks.

Here, we introduce a classical quantity called overlap,
which is literally the overlap between the equal-time
probability distributions of the internal states of the
walker. We will show that the overlap takes on an inverse
relationship with the entanglement entropy of the walker,
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thereby serving as a classical proxy of the entanglement.
We use an explicit construction of the total and reduced
density matrices to show that the off-diagonal terms are
associated with the overlap, which in turn increases with
the purity of the reduced density matrix and determines
the entanglement of the total wavefunction. Moreover,
we also present an analogy to a composite system of two
spin-1/2 particles to further explain where and how the
entanglement reaches maximum or minimum and why
the overlap catches the features. Importantly, the classi-
cal nature of the overlap makes it a more experimentally
accessible quantity that can be used to investigate the
entanglement present in QW. We also present a system-
atic study of the steady-state entanglement entropy and
overlap for a variety of QWs with or without classical
randomness of the time- or spatially- dependent type.
While the overlap works well for most cases, we deliber-
ately study a special case with high population imbalance
of the internal states to show when the overlap may not
faithfully track the entanglement.

The rest of the paper is organized as follows. Sec. II
summarizes three variants (conventional, symmetric, and
split-step) of QW and their typical behavior. Sec. III
introduces time-dependent and spatially-dependent clas-
sical randomness into QW and demonstrates the local-
ization transitions induced by the randomness. Sec. IV
quantifies the entanglement between the internal and po-
sitional degrees of freedom by the entanglement entropy
and its classical proxy called overlap. Sec. V shows the
entanglement entropy and overlap of the variants of QW
with or without classical randomness. We explain the re-
sults by analyzing the total wavefunction of the walker.
Sec. VI examines the influence of population imbalance,
which may blind the overlap in a special case. Possible
implications of experimental realizations and measure-
ments are also discussed. Finally, Sec. VII concludes our
work.

II. DISCRETE TIME QUANTUM WALK AND
ITS VARIANTS

Following Ref. [1], the discrete time quantum walk is gov-

erned by two unitary operators, the coin operator C as

a rotation operator of the internal states and the trans-

lation operator T of the walker. The rotation opera-
1

tor acts to mediate the internal states |+) = <0> and

|-) = (?) at each lattice site. The matrix form is
. 5 cos(f et sin(6
given by C(av ¢17 ¢2) = <€i¢2 Sl(nze) _ei(¢1+¢2)(CO)S(9)> .
As will be shown shortly, different translation opera-
tors give rise to different variants of QW. We will con-
sider a 1D lattice which has 2N total sites ranging from
r=-N,-N+1,...,-2,-1,1,2,...,N — 1, N. Open
boundary condition of the lattice will be used through-

out the paper, and we restrict the time steps so the walker
will not exceed the boundary. The choice is different from
the odd-number lattices with a center at x = 0 used in
previous works [39-41]. The reason for choosing lattices
with even numbers of sites is because we will introduce
two variants of QW whose translation operators are only
unitary if the lattice does not have a central site at x = 0
between the left and right halves.

The wavefunction of the walker is given by |¢(t)) =
Zz,a Cpo|lz,0) with 0 = £ and the probability am-
plitude c;,. The initial walker state is a symmetric
superposition of the |+) states at « = £1. Explic-
itly, [to) = > it omn 3@, o). We will begin with
¢1 = § = ¢2, which results in equal populations of the
two states during the quantum walk, and in a later dis-
cussion we will analyze some cases with other values of
¢1,2. The probability distributions at time ¢ for the |+)
states can calculated by P(x), = |[{o|(t))|?, 0 = +. The
total probability distribution can be found by summing
these two distributions, P(xz) = P(z)4 + P(x)_, which
should be conserved because only unitary operators are
involved.

In the following, we describe three variants of QW that
we will investigate in this work.

A. Conventional quantum walk

The conventional form as laid out in most discussions of
quantum walks has the translation operator

%ZZU%H,HW%H+|¢x—1,—><%,—|)~ (1)

This translation operator introduces an asymmetry in
how the |[+) and |—) states are treated as each state is
only ever moved in one direction over the course of the
walk. The time evolution of the walker follows repeated
applications of the translation and rotation operators, so
[(t + 1)) = TCl(t)). The time-evolved wavefunction
of the walker is then given by [¢(t)) = TCTC---TClw).
For the conventional quantum walk, we only run the walk
up to N — 1 total steps to ensure that the boundary of
the lattice will not be traversed.

Three selected probability distributions from the conven-
tional quantum walk for different values of # are shown
in Fig. 1. The distribution in panel (a) shows one of two
extreme cases where the walk takes on maximal spread-
ing for § = nmw, where n = 0,1,2,.... Panel (c) shows
the other extreme case where the walk achieves minimal
spreading for § = n3, where n =1,2,3,.... In between,
the typical behavior of the conventional QW is shown in
panel (b) for intermediate values of § where the distribu-
tion takes on the signature two-peak structure that has
been found and studied before [9, 10, 42].
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FIG. 1. Probability distributions P+ of the conventional QW
with N = 1000 and 6 = 0 (a) , § (b), and § (c). The
black and red spikes coincide in (¢). Each spike in (a) and (c)
consists of two adjacent peaks.

B. Symmetric walk

Next, we considered a translation operator that does not
have any asymmetry in translation imposed by the inter-
nal degrees of freedom. We first introduce

'i;:Z|£L’+1,0><.’E,U|+Z|x_170—><x70—|7 (2)
z>0 z<0

where 0 = £. The symmetric translation operator can
then be defined as

=317 3)

We caution that if the symmetric QW is placed on an
odd-number lattice with a center at x = 0, the translation
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FIG. 2. Probability distributions Pt of the symmetric QW
with N = 1000 and 0 = %
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operator is no longer unitary.

Similar to the conventional walk, the time-evolved wave-
function of the walker is |9 (¢)) = TCTC---TClyo). We
run the walk on a lattice of 2NV sites and up to N —1 steps
to ensure the boundaries are not traversed. Because of
the mirror symmetry of the walk on the lattice, one may
simulate only one side of the lattice (z > 1 or z < 1) and
then duplicate the results to the other side. This trick
does not apply to the conventional walk as there is an
asymmetry in the distributions (P4, P_) on the lattice,
as seen in Fig. 1.

The symmetric QW creates probability distributions that
resemble two delta functions moving out evenly, as can
be seen in Fig. 2. This two-peak structure is ubiqui-
tous over different 6 if the initial condition is symmetric

about the |4) states. This is because C(6) ( 1?@)

o ((1/V2 _ _
e (1/\/5 when ¢1 = 7/2 = ¢, therefore the two

internal states keep the same probabilities as the trans-
lation operator shifts their peak locations equally in each
step, regardless of the value of . The lack of width and
asymmetry of the probability distributions is a signature
of the symmetric QW, which will result in low entangle-
ment in our later discussion.

C. Split-Step Walk

The symmetric QW does not have a broadened prob-
ability distribution. To modify the behavior, we con-
sider another variant with a split-step translation oper-
ator, which has been explored in some previous works
[27, 43, 44]. The split-step translation operator can be

defined as
R T, iftis odd,
T() = { . (4)

T_,, iftiseven.

Here 7, with 0 = & in Eq. (2) have been used. Different
from the conventional and symmetric QWs, each step



of the split-step walk now involves translating all of the
|+) states, applying the coin operator, translating the
|—) states, and applying the coin operator once again;
[ih(t + 1)) = CT_CT,|¥(t)). One may swap the order of
+ in each time step, and the result is the same as the
one without the swap by renaming + as F. Similar to
the symmetric QW, the translation operator of the split-
step QW is only unitary if placed on an even-number
lattice without a center at x = 0. When compared to
the conventional or symmetric translation operators, the
split-step walk shifts the walker by two lattice positions
for each step. Therefore, for the split-step quantum walk,
we only run the walk up to % — 1 steps to ensure that
we remain inside the boundaries of the lattice.

The probability distributions of the split-step walk are
shown in Fig. 3 for selected values of #. Similar to the
conventional walk, the split-step walk shows (a) minimal
spreading, (b) the traditional two-peak quantum walk
structure, and (¢) maximal spreading as the value of 6
changes. When compared to the conventional QW, how-
ever, we note that the maximal and minimal spreading
cases occur at shifted values of 8, with the conventional
walk occurring at § = 0 and § = 7 for the maximal
and minimal cases respectively, and at = 3 and 6 =0
for the split-step walk. Furthermore, the split-step walk
exhibits double-peak structures on each site of the prob-
ability distributions when 0 < 6 < 7/2 due to its more

complicated operations.

III. CLASSICAL RANDOMNESS IN QW

After introducing the three variants of QW, we will add
two types of classical randomness to the QWs in order to
study their effects on the dynamics and entanglement.

A. Time-dependent random coins

The first type is a time-dependent random operation on
the coin operator by using two rotation operators C; =
C(61),Co = C(A2) with rotation angles 6; = 0y + Af, 05 =
0y — AB, respectively. A classical fair coin is flipped at
each step in the walk to decide which rotation operator
is applied to the entire lattice at that step in time. Ex-
plicitly, this means P(C;) = P(C;) = § for every step.
In several previous works [45-47], it has been shown that
the two-peak probability distribution of the conventional
quantum walk changes to a single-peak distribution when
A6 exceeds a critical value depending on 6y and number
of steps.

The localization of the conventional QW with time-
dependent randomness can be seen in Fig. 4 (a), where
the probability distributions take the form of Gaussian
wave packets when A6 exceeds the critical value. The
distributions of the two internal states, however, do not
fully overlap due to the asymmetric translation opera-
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FIG. 3. Probability distributions Pi of the split-step QW
with N = 1000 and # = 0 (a), & (b), and % (c). The central
spike in (c¢) contains two distinct, equal and adjacent peaks
at x = £1.

tors. Meanwhile, the split-step QW in general shows sim-
ilar behavior as the conventional QW, but the symmetric
QW does not localize and maintains the double delta-
peak distributions in the presence of time-dependent ran-
domness. As explained in the case without classicial ran-
domness, the symmetry QW does not break the sym-
metry between the |+) states if the initial condition is
symmetric about the internal states because the coin op-
erator evenly distributes the internal states for any value
of # while the translation operator shifts their wavefunc-
tions equally.
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FIG. 4. Probability distributions P+ of the conventional QW
with (a) time-dependent, and (b) spatially-dependent ran-
domness in the coin operator. The two internal states still

avoid each other in real space despite the localization. Here
N =1000, 6o = %, A0 = 0.25 in (a), and Af = 0.3 in (b).

B. Spatially dependent random coins

The second kind of classical randomness that we consider
is that of a spatially dependent randomness. In this form,
two distinct rotation operators just as those for the time-
dependent randomness are used. However, here the coin
operator at each site is determined by a fair classical coin
to choose from the two rotation angles 6, (z),02(x) and
remain time-independent throughout the walk. In other
words, the rotation operator C(z) is drawn randomly at
each site only once in the beginning and used throughout
the walk. Previous works [26, 41] have shown that a
localization transition occurs when A# exceeds a critical
value.

The localization of the conventional QW with spatially-
dependent randomness can be seen in Fig. 4 (b), where
the probability distributions take the form of localized
exponential wave packets when A6 exceeds the critical
value. Again, the distributions of the two internal states
do not fully overlap due to the asymmetric translation
operators. The split-step QW in general shows similar
behavior as the conventional QW. In contrast, the sym-
metric QW still exhibits its double delta-peak distribu-
tions in the presence of spatially dependent randomness
and does not localize. This again is because the coin
operator does not break the symmetry between the |+)

states regardless of @ if the initial condition is symmetric
about the internal states, and the translation operator
shifts the wavefunctions equally for both internal states.

In the following discussions which involve classical ran-
domness, we will focus on the conventional and split-step
QWs that are well localized in their probability distribu-
tions in order to contrast the results with those without
the randomness. Importantly, the introduction of clas-
sical randomness into quantum walks allows us to test
the robustness of the entanglement between the internal
and external degrees of freedom of the walker. For ex-
ample, Ref. [21] shows the entanglement can survive and
reach a maximal value in the presence of time-dependent
randomness. We also mention that inhomogeneous coin
operators with temporal or spatial patterns but no ran-
domness have been studied in winning strategies of quan-
tum games [48].

IV. ENTANGLEMENT ENTROPY AND ITS
CLASSICAL PROXY

The entanglement entropy (ES) between the internal
(coin) and external (position) degrees of freedom of the
walker can be evaluated as follows. From the total
wave function for each step in time written in the form

_ ()«
|¢tot(x7t)> - <¢(t)
Prot(t) = |Prot(t)) (Yrot(t)]. The reduced density matrix
of the internal space is found by tracing over the posi-
tion degree of freedom: ps(t) = Try(prot(t)). Finally, we
calculate the entanglement entropy of the walker by us-
ing the definition [14]. Explicitly, we evaluate the von
Neumann entropy of the reduced density matrix ps.

), we construct the density matrix

ES(t) = =Trs(psn ps)

AL H) - A OImO_@), )

where Ay (t) are the eigenvalues of the reduced density
matrix ps for a given step in time. We remark that we
follow a logarithm of base e, which differ by a factor
of ~ 0.69 in the values when compared to other works
[22, 47, 49] in base 2. The typical time evolution of the
entanglement entropy of QW can be seen in the upper in-
set of Fig. 5, where the values increases initially but sat-
urates into a steady state. We then evaluate the steady-
state value (ES) by averaging the long-time behavior to
ensure the result is free from transient effects.

We remark that in the literature, there have been studies
of entanglement by dissecting the lattice into two parts
and analyzing the entanglement between the two disjoint
parts in real space [30, 31, 49, 50]. In contrast, here we
focus on single-particle entanglement between the inter-
nal and positional degrees of freedom in QW without
dissecting the lattice in real space when evaluating the
entanglement entropy.



A. Overlap as classical proxy of entanglement

While the entanglement entropy is a well defined indi-
cator that allows us to investigate and quantify the en-
tanglement present in a given walk, it can be difficult to
directly measure experimentally. Here we propose and in-
vestigate a classical quantity called overlap that serves as
a proxy to the entanglement entropy, allowing for easier
experimental verification and measurement of entangle-
ment.

The overlap is defined as

N

O(t)= > Py(w,t)P_(x,1). (6)

r=—N

In other words, the above expression measures the over-
lap of the probability distributions of the two inter-
nal states. The reason the overlap reflects the entan-
glement is as follows. The time-evolved wavefunction
of the walker has the form [¥(t)) = |v4(x,t))|+) +
|th_(x,t))|—), where |11 (x,t)) represent the wave pack-
ets of the + components. The total density matrix is then
prot = |0 ()){(¥(t)]. If we use a real-space orthonormal
basis {|z)}, the reduced density matrix in the internal
space is ps = Trz(piot) = Y., (2|ptot|x). By using the
resolution of the identity, I = ) |z)(z|, the reduced
density matrix becomes

ps = (W) [H)(+] + Q- [ )| =) (+] +
(W) )=+ - [-) =) (=] (7)

If |¢(¢)) is entangled (separable), p, is a mixed (pure)
state with purity Tr(p?) < 1 (Tr(p?) = 1) [14]. The
entanglement entropy (5) checks the purity of ps via the
von-Neumann entropy formula and reflects the entangle-
ment of p;,;. However, a direct calculation shows that
the purity of p, is Tr(p3) = [(¢+ 1) > + [(V-|v-)* +
2|(14 1Y%, which increases with the overlap O(t) ~
|(14|¥-)|?. In this perspective, the physical meaning of
the overlap (6) is associated with the magnitude of the
off-diagonal terms of p,, which reflects the purity of ps
in a similar fashion as the entanglement entropy.

Therefore, the maximal (minimal) overlap implies high
(low) purity of ps, which in turn indicates low (high) en-
tanglement in |1 (x,t)). For partial overlaps between the
two internal states in real space, there is finite entan-
glement since pg is not completely pure in general. The
above argument explains why the overlap serves as a clas-
sical proxy to reflect the inverse behavior of the entangle-
ment. Our simulations of several variants of QW with or
without classical randomness will confirm the usefulness
of the overlap as a classical proxy for the entanglement
entropy in the steady state. As will be shown shortly,
the corresponding entanglement entropy is high. How-
ever, we caution that the overlap (6) only involves the
measurable densities of the internal states, so there exist
situations where it may not faithfully reflect the change

in entanglement. We will present a specially designed
case to illustrate this subtlety later.

One may also understand the relation between the
overlap and entanglement by the resemblance between
the state [1:(t) = | (2, 0)|+) + - (,1)|-) and a
composite state of two spin-1/2 systems of the form
%(\sah |sp)2—+sc)1]84)2). Here the two spins are labeled
as 1,2 and s; = £1/2 for j = a,b,c,d. The entangle-
ment entropy of the two-spin state will reach maximum
for the Bell states and minimum for product states [14].
From the analogy between the QW state and two-spin
state, the entanglement of QW will be minimum if the
two wave packets |4 (x,t)) have maximal overlap in real
space (|1+) = 1)) because the total wavefunction will
have the product-state form [1)(|+)+|—)). In contrast, if
the wave packets of the internal states are well separated
in real space with minimal overlap, we may treat |¢)1) as
|”4+7) and |¢p_) as |” =7) in real space, so the total wave
function has the Bell-state form (|” +7)|+) + " —")|=))
with maximal entanglement. Therefore, the overlap in-
deed serves as an inverse indicator of the entanglement
of QW. Our numerical results will confirm the validity of
the relation except in some special cases.

The typical time evolution of the overlap of QW is shown
in the lower inset of Fig. 5. We note that while the
overlap does provide an accessible experimental proxy to
indicate when a given quantum walk has finite entangle-
ment entropy, it could require a longer time before the
overlap settles into a steady state. Moreover, the overlap
may have some large spikes within the first few steps of
the walk but eventually decays into its steady-state value
at longer times. We will show the steady-state value of
the overlap (O) by taking the average at long times to
ensure the result is not influenced by transient values.

V. RESULTS
We begin with ¢1 = ¢o = 7, which guarantees Py =
P_ during the walk with our initial condition for all the
cases discussed so far except some QWs with spatially
dependent randomness. This can also be seen in Figures
1,2, 3, and 4(a). In the following, we present the results
of entanglement entropy and overlap of those cases.

A. QW without classical randomness

We first investigated the overlap and entanglement en-
tropy for the three QWs without classical randomness.
Fig. 5 shows the steady-state values of the entangle-
ment entropy and overlap as functions of the parame-
ter 6 of the coin operator. Starting with the symmet-
ric QW, we find that it has vanishing entanglement en-
tropy over all values of 6. Meanwhile, the the overlap
quantity is a finite-valued constant, thereby showing an



inverse relation to the entanglement entropy. The re-
sult can be understood as follows. For the symmetric
walk, the spatial (wave packet) part of the wave func-
tion is symmetric with respect to the internal states and
takes the form |y (x,t)) = |¢Y_(z,t)) = |Ps(2,t)). As
a consequence, the total wave function has the form
[¥(t)) = |s(x, t))(]+) + |—)), which is a product state.
Therefore, the entanglement entropy vanishes while the
overlap between the probability distributions of the two
internal states reaches maximum.

Next we analyze the conventional QW. We find that the
steady-state value of the entanglement entropy (over-
lap) is maximized (minimized) at § = 0,7 and mini-
mized (maximized) at @ = 7. This can be understood
by consulting with the probability distributions shown
in Fig. 1. When 8 = 0, the two components are well
separated as shown in Fig. 1(a). The wave function
has the form [¢(t)) = [¢4. (2, 1)) |[+) + [ (2, 1))|—) with
the two wave packets highly concentrated on the oppo-
site ends of the lattice. The wave function thus resem-
bles the Bell state of two entangled spin 1/2 systems,
|T) = (1/v2)(| 11| D)2+] $)1] L)2) if we think of the left
(right) wave packet as distinct states like | 1)1 (] )1).
Therefore, the conventional walk with 6 = 0 has maxi-
mal entanglement but minimal overlap of the probability
distributions of the two internal states due to its resem-
blance of the Bell state. Ref. [22] investigated the entan-
glement entropy of a 1D QW and found analytical results
in the limit of ¢ — co, which show that the entanglement
achieve maximal, steady state values for similar rotation
operators to those investigated here.

When 6 = 7/2, the conventional walk does not spread
out, as shown in Fig. 1(c). The wave packets are then
[4) = |v_) = |1bg), where |1)g) is the wave packet in the
middle of the lattice. The wave function is then |¢(t)) =
[¥0)(|4+) + |—)), which is of the form of a product state.
Therefore, the entanglement entropy vanishes but due
to the concentrated wave packets, the overlap reaches
maximum in this case. When 0 < 0 < 7/2, we see from
Fig. 1 (b) that the wave packets of the two internal states
spread in opposite directions. As a consequence, the total
wavefunction is neither a product state nor a Bell state,
so there are both finite entanglement entropy and finite
overlap of the probability distributions. Therefore, the
behavior of entanglement entropy and overlap shown in
Fig. 5 can be explained by the analogy to the addition of
two spin 1/2 systems.

From our discussion of the conventional quantum walk,
we note that these maxima and minima of entanglement
in the steady state correlate with the separation of the
probability distributions of the internal states. As a con-
sequence, the overlap correlates inversely with the en-
tanglement entropy and can be used as a classical proxy
for entanglement of QW. Furthermore, the overlap also
provides a simpler and more experimentally accessible
measurement of the elusive entanglement entropy.

For the split-step quantum walk, the steady-state value of
the entanglement entropy reaches maximum (minimum)
when 0 = 7/2 (0 = 0), which is opposite to the conven-
tional quantum walk. Meanwhile, the overlap is minimal
(maximal) when the entanglement entropy is maximal
(minimal), which again confirms the inverse correlation
between the two quantities. Interestingly, the entangle-
ment entropy of the split-step QW shows a similar shape
as the conventional QW but shifted by 5 when plotted
as a function of 8. We can use the probability distribu-
tions shown in Fig. 3 to understand the behavior of the
entanglement entropy and overlap of the split-step QW.

When 6 = 0, the probability distributions shown in
Fig. 3(a) indicate the wave packets of the two inter-
nal states coincide with each other. Therefore, |¢y) =
[_) = |¢p2), where [|¢p3) is the wave packet show-
ing a two-peak structure. The wave function is then
[¥(t)) = |w)(|+) + |—)), which is a product state with
minimal entanglement entropy but maximal overlap of
the probability distributions. In contrast, Fig. 3(c) indi-
cates that when 8 = /2, |¢)4) has a two-peak struc-
ture while |¢_) is centered in the middle of the lat-
tice. The total wave function thus has the form |¢(t)) =
[ty (2, 0))|+)+|— (2, t))|—) of a Bell state due to the dis-
tinct real-space wave packets, thereby its entanglement
entropy is maximal but the overlap is minimal. In be-
tween 0 < 6 < m/2, there is a partial overlap between
the two wave packets of the internal states, so there are
finite values of the entanglement entropy and overlap.
Again, we see that the inverse relation between the en-
tanglement entropy and overlap allows the latter to serve
as a classical proxy of entanglement for QW.

B. Time-dependent random coins

We now introduce classical randomness via time-
dependent random rotation operators to the three types
of QW. In Figure 6, we plot the steady-state values of
the entanglement entropy (ES) and the overlap (O) as
functions of the rotation operator angle # with fixed A#.
For the QWs with classical randomness, however, we fo-
cus the systems in the localization regime by choosing a
relatively large Af. Given the rotation angles are ran-
domly chosen from 6 + A#, we only show the range from
0 = A6 to 8§ = m— A6. Further, because we are interested
in the entanglement when the walk is fully localized, we
discard the results from the split-step QW near 6 = 0
and 7 where the walk was not fully localized even with
the relative large value of Af.

For the symmetric QW, we find that both the overlap
and entanglement entropy are similar to the correspond-
ing case without classical randomness shown in Fig. 5.
A close examination shows that the time-dependent ran-
dom coins only modifies the spreading speed of the sym-
metric QW while the probability distributions of the in-
ternal states remain fully coincide. Therefore, the total
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wave function still has the form of a product state with
zero entanglement and maximal overlap.

In contrast, the conventional QW shows the influence
of classical randomness in the form of a relative flat-
ting of the entanglement entropy and the introduction
of an amount of fluctuations. Interestingly, the entangle-
ment entropy increases in the presence of time-dependent
classical randomness, which is consistent with the obser-
vation in Ref. [21]. Nevertheless, the entanglement en-
tropy shows a similar shape as that without classical ran-
domness and reaches maximal values near § = 0,7 and
minimal values around ¢ = 5. Meanwhile, the overlap
exhibits an inverse relationship with the entanglement
entropy, showing that even with time-dependent classi-
cal randomness and localization, the overlap remains a
proxy for the entanglement entropy in the steady state.
The reason for the entanglement entropy to survive the
time-dependent randomness can be inferred from Fig. 4
(a), which shows that even when the probability distri-
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FIG. 6. Steady-state entanglement entropy ES and overlap
O for the three QWs with time-dependent randomness. Here
N = 500 and Af = 0.3. The shaded regions truncate where
the split-step walk does not show localization. CW, SSW|
and SW refer to the conventional, split-step, and symmetric
walks, respectively.

butions become localized, the wave packets of the two
internal states still manage to avoid each other locally
and keep a minimal overlap. Therefore, the total wave
function still has a form similar to the Bell state despite
the localized wave packets of both internal states.

Finally, the split-step QW tells a similar story to that
of the conventional QW with the randomness appearing
to flatten the overall curves for both the entanglement
entropy and the overlap. The split-step QW produces fi-
nite entanglement entropy and minimal overlap because
its wave packets of the internal states also manage to
avoid each other, making its total wave function more
like a Bell state. This reasoning also explains why time-
dependent classical randomness does not disrupt the abil-
ity for the overlap to act as a classical proxy as it retains
the inverse relationship with the entanglement entropy.



C. Spatially dependent random coins

Next, we investigate the influence of classical, spatially-
dependent randomness on the entanglement entropy and
overlap of the three types of QW and show the steady-
state values of the entanglement entropy and overlap
as functions of # with fixed Af in Fig. 7. Once again,
the symmetric QW exhibits zero entanglement and finite
constant overlap, similar to those observed previously
in the no-randomness and time-dependent randomness
cases. This is because the probability distributions of
the symmetric QW still exhibit the double delta-peak
structure with fully overlapped probability distributions
of the internal states. Adding time or spatially depen-
dent randomness only changes the locations of the peaks
but does not split the distributions of the internal states
in real space, which results in the robustness of the sym-
metric QW against classical randomness.

For the conventional and split-step QWs with spatially
dependent randomness, we note that asymmetric pat-
terns with respect to § = 7/2 are more prominent, as
shown in Fig. 7. Nevertheless, we find that for both con-
ventional and split-step QWs, the overlap still remains a
good proxy for the entanglement entropy and even shows
a similar asymmetry that was found within the entangle-
ment entropy. Again the behavior of the entanglement
entropy and its negative correlation with the overlap can
be understood by writing the total wave function as a
sum of the products of the real-space wave packets exem-
plified in Fig. 4(b) and the internal states |+). A compar-
ison with the product states or Bell states of a compos-
ite system then explains where the entanglement entropy
(overlap) reaches maximum (minimum). Importantly,
the robustness of the entanglement entropy against both
time-dependent and spatially-dependent classical ran-
domness has been clearly demonstrated. Moreover, Fig. 4
already indicates low overlaps in the presence of both
types of randomness since the two internal states still
avoid each other in real space despite the localization.
As shown in Figs. 6 and 7, the low overlaps are because
the wavefunctions are entangled.

Fig. 8 shows the populations of the two internal states
for the three types of QW with spatially dependent ran-
domness. Interestingly, the spatially-dependent random-
ness may introduce population imbalance of the proba-
bility distributions of the internal |+) states. While the
symmetric QW keeps the populations balanced through-
out the walk, the conventional and split-step QWs ex-
hibit population imbalance as time evolves. Neverthe-
less, the presence of population imbalance does not hin-
der the overlap to indicate where the entanglement en-
tropy reaches maximum or minimum.

0.7 e

~ \
0.6 1 Set v \ P

0.5 ki

0.12
0.10
0.08 1
® 0.061
0.04 1 it

0.02 1 ,f [N a A

0.00 4 e e L LIRTTTLERELLLE L b N

FIG. 7. Steady-state entanglement entropy ES and overlap
O for the three QWs with spatially-dependent randomness.
Here N = 500 and Af = 0.3. CW, SSW, and SW refer to
the conventional walk, split-step walk, and symmetric walk,
respectively.

VI. DISCUSSION
A. DMore about population imbalance

The possibility of introducing population imbalance in
QW via spatially dependent randomness calls for more
investigations of this type of behavior. In the follow-
ing we show that in a special case with high population
imbalance, the overlap may fail to reflect the entangle-
ment entropy, thereby revealing possible limitations of
the classical proxy for entanglement. Without classical
randomness, the QW with ¢; = ¢2 = § and a sym-
metric initial condition keeps the populations balanced
during the walk. This can be seen in Figures 1, 2, and 3,
where the P, and P_ probability distributions are equal
to each other. This choice of ¢; = ¢ = 7 is a common
one that is found in other works because of the balanced
populations of the internal states [3, 51].

Interestingly, population imbalance of QW can be intro-
duced without classical randomness. For example, set-
ting ¢1 = ¢2 = 0 in the coin operator leads to the evo-
lution of P, and P_ shown in Fig. 9 for the three types
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symmetric QWs with spatially dependent randomness. Here

N =100, 0 = 5, and A0 = 0.3.

of QW. we immediately see that this choice introduces
population imbalance in all cases without any classical
randomness even when the initial condition is symmetric
in the two internal states. Importantly, the symmetric
QW no longer maintains population balance, in contrast
to the previous case shown in Fig. 8(c). We also remark
that for the split-step QW, the majority state depends on
the value of # and our conventional of which state moves
first. The choice of ¢1 2 with population imbalance has
been used in some works [52-54] as well.

The steady-state entanglement entropy and overlap of
the three QWs with population imbalance but no clas-
sical randomness are shown in Fig. 10. For the conven-
tional and split-step QWs, the results are nearly identical
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to those shown before, with the exception of some vari-
ation near 6 = 0, 7. The robustness of the entanglement
entropy against population imbalance is also evident in
the two types of QWs. Moreover, we find that the over-
lap remains a good proxy for the entanglement entropy,
in the sense that the overlap reaches maximum (mini-
mum) when the entanglement entropy reaches minimum
(maximum), even in the presence of population imbal-
ance in the conventional and split-step QWs.

The symmetric QW shown in Fig. 10, however, ex-
hibits interesting behavior. One can see that near 8 =
7w /4,3m /4, the overlap reaches minimum despite vanish-
ing entanglement entropy. Therefore, the overlap does
not reflect the lack of entanglement at those particular
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values of f. The reason for the failure of the overlap
to indicate the entanglement around those special values
can be understood by examining the probability distri-
butions shown in Fig. 9(c). Without the constraint of
population balance, the coin operator of the symmetric
walk no longer spreads the weights of the internal states
evenly when the initial condition is symmetric. Thus,
there can be time instances with extremely high popula-
tion imbalance for some values of 8, where one internal
state has nearly zero population. As a consequence, the
overlap decreases substantially according to Eq. (6) in
such a situation. Meanwhile, the wave packets of the
two internal states still coincide in real space due to the
equal shifts by the translation operator of the symmet-
ric walk even in the presence of population imbalance,
thereby making the total state more like a product state
with low entanglement.

Therefore, we found a special case of the symmetric QW
around particular values of 6 with high population im-
balance due to the choice of ¢; 2, where the overlap no
longer serves as a faithful proxy of the entanglement en-
tropy. This observation demonstrates the limitation of
classical proxies, such as the overlap, of genuine quantum
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SSW, and SW refer to the conventional, split-step, and sym-
metric walks, respectively. Here N = 500 and A6 = 0.3.

objects like the entanglement entropy. Nevertheless, the
overlap has been shown to work in the other cases, so
one only needs to exercise caution when high population
imbalance of the internal states is encountered.

To complete the discussion on QW with population im-
balance between the internal states, we show the steady-
state entanglement entropy and overlap for the three vari-
ants of QW with ¢; = 0 = ¢ and time- or spatially- de-
pendent randomness in the coin operator. Figs. 11 and
12 show ES and O in the presence of time-and spatially-
dependent randomness with population imbalance, re-
spectively. For both the conventional and the split-step
walks, we see a behavior that resembles that which was
found in the equal-population cases in Figs. 5 and 7 ex-
cept the fluctuations due to randomness.

In contrast, while the entanglement entropy of the sym-
metric walk resembles that of the equal-population case
even in the presence of time- or spatially-dependent ran-
domness, the overlap exhibits fluctuations due to the
randomness. We caution that the two-peak probability
distribution of the symmetric walk still remains. How-
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ever, the weights of the two internal states are con-
stantly varying due to the random coin operator when
the equal-population condition no longer holds. On
the other hand, the noisy behavior renders the highly
population-imbalanced configurations negligible in the
symmetric walk with time- or spatially-dependent ran-
domness, thereby restoring the overlap as a classical
proxy for the entanglement entropy, as shown in Figs. 11
and 12, even in the presence of population imbalance be-
tween the internal states.

B. Implications

Our analysis of the three variants of QW has showed
interesting entanglement between the internal and posi-
tional degrees of freedom while the classical proxy by the
overlap captures the change of entanglement. Experi-
mental realizations of quantum walks have shown mea-
surements of the probability distributions Py. For ex-
ample, Ref. [55] implemented the discrete time quantum
walk in a photonic system where the horizontal and ver-
tical photon polarization (|H),|V)) corresponds to the
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internal |+), |—) states, respectively. The probability am-
plitudes of different polarization can be measured sepa-
rately, allowing for a reconstruction of the P. distribu-
tions. There have also been works investigating optical
techniques to preform state-dependent imaging of ultra-
cold atoms [56, 57] and map out the densities of indi-
vidual internal states. Once the probability distributions
P, of the internal states are obtained, the overlap can
be evaluated by Eq. (6). Moreover, experiments with
atomic Bose-Einstein condensates [58] have been used to
create both quantum walk and classical randomness in-
troduced through the phase factors of the rotation opera-
tor. Additionally, Ref. [59] studied QW using a photonic
setup where the rotation operator is applied using purely
passive linear optics while Ref. [60] constructed QW on
solid-state photonic devices.

In addition to simulations of QW by analogue systems
using photons and atoms mentioned above, there have
been recent attempts and proposals to simulate QW on
quantum computers [61-64]. Since currently available
quantum computers are mostly of noisy intermediate-
scale quantum (NISQ) hardware [65-67], it will be in-
teresting to test the robustness of the probability dis-
tributions and entanglement of QW in the presence of
randomness on available NISQ hardware.

We have also showed that the overlap is a convenient
measure to check single-particle entanglement in future
simulations of QW. We emphasize that entanglement is a
genuine quantum property [13, 14] and therefore cannot
be faithfully represented by a classical quantity like the
overlap under all circumstances. Nevertheless, our anal-
ysis of the entanglement entropy and overlap through the
total wavefunction from the wave packets in real space
and internal states of the walker shows that the classical
proxy in general reflects the entanglement of QW. Un-
less the system exhibits high population imbalance which
may blind the overlap due to its construction, the mea-
surement of entanglement of QW via the classical proxy
can be relatively straightforward when compared to other
fully quantum measures.

VII. CONCLUSION

The simulations of the three variants (conventional, sym-
metric, and split-step) of QW have demonstrated that
single-particle entanglement between the internal and po-
sitional degrees of freedom is robust against different
types of classical randomness in both delocalized and
localized regimes. The classical quantity called over-
lap acts as a proxy for the entanglement entropy of the
walker, allowing for additional experimentally accessi-
ble and achievable methods of quantifying entanglement.
Even though the overlap captures the behavior of entan-
glement in most situations, the genuine quantum nature
of the entanglement is reflected by a special case with
high population imbalance between the internal states



which blinds the overlap. We envision advancements in
characterization and manipulation of single-particle en-
tanglement utilizing QW will find more applications in
future quantum technologies.
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