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We investigate the formation of helical multifilament bundles and the torque required to achieve
them as a function of applied twist. Hyperelastic filaments with circular cross sections are mounted
parallel in a uniform circle onto end-clamps that can move along the twist axis depending on the
applied axial load. With increasing twist, the filaments describe a hyperbolic hyperboloid surface
before coming into contact in a circle, and then packing in a tight helical bundle in the center
with increasing twist. While the bundle appears ordered for sufficiently small number of filaments,
they are disordered for large enough number of filaments and applied twist. We reveal with x-ray
tomography, that the packing of the filaments becomes disordered following a radial-instability which
leads to a decrease in bundle radius, and migration of filaments relative to each other in the bundle.
Nonetheless, the helical angle of the filaments in the bundle are found to be essentially constant,
resulting in inclination angles which increase with distance from axis of rotation. We develop energy
minimization analysis to capture the observed variations in bundle length and torque as a function of
number of filaments considering the neo-Hookean nature of the filaments. We show that the bundle
geometry and the applied load can be used to describe the non-linear torque profile measured as a
function of twist angle.

I. INTRODUCTION

Twisted filaments can be found widely in organic and
synthetic matter going back to antiquity [1]. They are
an important element in fabricating metamaterials such
as artificial spider silk with exceptional tensile strength,
flexibility, and toughness [2, 3]. Slender fibers are spun
together to not only gather them, but also increase
their collective strength in making yarns as twisting in-
creases the friction and mechanical interlocking between
fibers [4–6]. However, making optimal yarns requires
a deep understanding of their kinetics as it has been
shown that yarn strength increases and then decreases
with twist as competing factors cohesion and fiber incli-
nation angle become dominant in the low and high twist
regimes, respectively [7]. In the biological realm, col-
lagen fibrils which bind muscle with bones through ten-
dons and provide structural and mechanical support have
been shown to have rope-like structure [8], and bundling
and unbundling of flagellar filaments is important for
the locomotion of Peritrichous bacteria [9]. Helical twist
plays a role in stabilizing sickle cell disease causing sickle-
hemoglobin macrofibers by determining their structural
arrangement and energy landscape [10, 11]. Thus, func-
tionalities of twisted filaments in biological systems [12],
besides emerging applications such as in twistron energy
harvesters [13], high efficiency twistocaloric coolers [14],
and actuators in soft robotics [15–21], make them an im-
portant system to study.

While linear filaments with uniform circular cross sec-
tions can bundle tightly with hexagonal order when
stacked together, it has long been realized that the pack-
ing grows disordered when they are twisted collectively
since the filaments assume a helical shape with increas-
ing curvatures as the filaments push out against each
other [22]. The filament transects orthogonal to the axis

of rotation become non-circular with increasing distance
from axis of rotation and they can no longer close pack
with the same hexagonal symmetry. Thus, the twisted
packing structure of ropes and cables that optimize their
strength and volume have been a subject of patents for
well over a century. A mapping of the bundle cross sec-
tion to a packing of disks on a non-Euclidean surface was
introduced to describe the overall structure of the bun-
dle with twist [23], and was tested with bendable but
otherwise inextensible filaments [24].

However, elasticity plays a crucial role in the behav-
ior of twisted filament bundles [25], affecting their or-
der persistence [26] and promoting bundling through
configurational instabilities and hydrodynamic interac-
tions [27]. The effect of elasticity was recently inves-
tigated by measuring the torque required to twist hy-
perelastic filament pairs and comparing it with energy-
based models [28]. Building on this research, we examine
the packing, torque, and stored energy in multifilament
bundles created by twisting initially parallel filaments
that are initially held apart under constant tension. In
contrast with previous studies [24, 26], we measure the
torque required for bundle formation and present a com-
bined geometric and energy-based model to describe bun-
dle length and torque as a function of applied twist en-
abled by x-ray measurements of their internal structure.

The paper is organized as follows. We first discuss the
experimental apparatus used to twist the filaments and
measure its response using optical imaging and a torque
sensor. Then, we discuss x-ray scanning to obtain and
characterize the internal structure of the bundle. Based
on these observations, we analyze the trends in the ob-
served torque as a function twist angle and the evolving
geometric parameters important to determining its mag-
nitude. Then, we develop an elastogeometric model to
explain overall growth of bundle length, energy stored,
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higher in the examples shown. Further, incipient longitu-
dinal buckling can be noted in the image corresponding
to n = 16 at θ = 1800◦ as the bundle ends approaches the
clamped ends. We confine our discussion to the bundling
regime before the development of longitudinal buckling
in this study.

III. GEOMETRIC ANALYSIS

A. Schematic of filaments with twist

A schematic representation of the progression of the
overall geometry of a typical filament i before and af-
ter contact at angle θc is shown in Fig. 2. We repre-
sent the filament as being essentially straight and in-
clined with respect to the axis of twist by an angle αi

while θ ≤ θc. We define the mean inclination angle
αf = ⟨αi⟩, where ⟨..⟩ represents averaging over the var-
ious filaments. Because of their symmetry, αi and their
closest distance of approach to the axis of twist ri can
be expected to be the same across the various filaments
before contact, i.e., αi = αf . Then examining Fig. 2,

we have αf = αi = sin−1(D0

L
sin( θ2 )). When θ ≈ 180◦,

we have αf = sin−1(D0

L
) ≈ 17.3◦. The corresponding

tension Ti = F1/ cosαf , results in an increase in length,

∆L = 2F1L0

πµ(1+ν)d2

0
cosαf

≈ 5.76mm, which is similar to the

change in filament length estimated at θ = 0◦. There-
fore, we assume for now that the filament length remains
unchanged after the axial load is applied and before con-
tact, i.e., L ≃ Ls for 0 ≤ θ ≤ θc. Then,

αf = sin−1

(

D0

Ls

sin

(

θ

2

))

for θ ≤ θc . (1)

Above θ > θc, the filament is represented with linear
segments inclined by αi with respect to the axis of twist
in the fanout regions between the clamps and where it
comes in contact with the other filaments. In the bun-
dle, the filament is represented as being helical while it is
in contact with other filaments. The inclination angle of
the filament in the bundle ϕi can be noted to be different
from αi in the fanout region because they can depend on
ri as we will reveal further using x-ray scanning. Exam-
ining Fig. 2, the filament inclination angle αi for θ > θc
can be related to L, LB , and ri as,

αi = tan−1
(

√

D2
0 − 4r2i

L− LB

)

. (2)

While L and LB vary with θ, it is not possible to simplify
and rewrite in terms of θ without further knowledge of
the bundle structure.

B. Hyperboloid structure

If the filaments are straight while θ < θc and have the
same inclination angle, they can be expected to fall on

a ruled surface which is a hyperbolic hyperboloid of one
sheet [30]. An example, and the corresponding hyper-
boloid surface along with the cartesian coordinate sys-
tem with z-axis aligned with axis of rotation is shown in
Fig. 3(a). The projected boundary of the filaments when
viewed perpendicular to the axis of twist should be a hy-
perbola. Fig. 3(b) shows comparisons of the projected
edges of the filaments in the x − z plane obtained by
image processing for four different θ < θc. Good agree-
ment can be observed confirming that the filaments fall
on a hyperbolic hyperboloid surface and supporting the
assumption that the filaments extend linearly from clamp
to clamp while θ < θc.

C. Twist angle at contact

We can estimate θc which separates the observed
hyperboloid and bundle regimes by noting that the
filaments also extend essentially linearly between the
clamped ends just as they come in contact. In the case
of n = 2, the distance between filament centers is sim-
ply the filament diameter [28]. Because of the Pois-
son effect, the diameter after stretching d is somewhat
lower than d0, and given by d0/

√
λ for neo-Hookean fil-

aments. Over the range 0 ≤ θ ≤ θc, L ≃ Ls, and thus
λ ≃ Ls

L0

. Denoting diameter over this range as ds, we

have ds = d0/
√
λ ≃ 2.5mm. For larger n, the filaments

come in contact in a circle with a radius Rc as shown in
the inset to Fig. 3(c). Because the filaments are inclined,
they touch along the long axis of their elliptical cross sec-
tions in the plane perpendicular to the twist axis. Then,
the distance between contacts with neighbors is given ap-
proximately by ds/ cosαf , and we have,

2πRc =
nds

cosαf

.

From the projected geometry of the filaments, we have
cos( θc2 ) = 2Rc

D0

, and thus cos( θc2 ) = nds

πD0 cosαf
. Then,

using Eq. (1), we have:

cos

(

θc
2

)

=
nds

πD0

√

1−
(

D0

Ls
sin

(

θc
2

)

)2
for n > 2.

The resulting equation has to be solved numerically. We
obtained θc by performing numerical integration and plot
them (solid line) in Fig. 3(c).
Further, for θc → 180◦, sin( θc2 ) ≈ 1, and sinαf ≈

D0/Ls. In this case we have,

cos

(

θc
2

)

≈ ds
D0

, for n = 2, and

cos

(

θc
2

)

≈ nds

πD0

√

1−
(

D0

Ls

)2
for n > 2.

(3)
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observed to be symmetric, i.e αi = αf . Although αi in
principle are not all the same for n = 8 and 16 after the
radial instability because of variations in ri, we find that
in practice αi is fairly narrowly distributed around their
mean value αf = ⟨αi⟩ because ri ≪ D0 in Eq. (2).

Figure 10(a-d) also shows the average inclination an-
gle of the filaments in the bundle defined as ϕf = ⟨ϕi⟩,
where ⟨..⟩ indicates averaging over filaments in the bun-
dle. Considering that the bundles are ordered and ri are
the same in the case of n = 2 and 4, ϕf = ϕi. However,
ϕi are widely dispersed in the case of n = 8 and 16 as
was shown in Fig. 9. Accordingly, we denote the range
of ϕi which is bounded above corresponding to the out-
ermost layer, i.e., ri = Rmax, and below by a filament
which corresponds to ri = Rmin in the case of n = 8 and
16. We observe that while ϕf and αf are similar when
θ ≈ θc in the case of all n, ϕf grows relatively slowly with
increasing θ in comparison with αf .

Such a divergence in the growth and dispersion of the
angles can be understood from the fact that as LB grows
to approach L, then αf will approach 90◦. Whereas, ϕi

cannot exceed an angle given by tan−1(Ωri) because of
normal contact forces between filaments. For example,
in the ordered case of n = 2, if ri ≈ ds/2, then the
maximum ϕf → 57.5◦. The system can accommodate
higher ϕi by pushing the filaments outward leading to
changes in the packing structure and disorder, but this
appears to occur beyond the range of θ investigated in
our study.

VI. APPLIED AXIAL TORQUE

We now examine the consequences of the formation
and evolution of the bundle on the torque needed as a
function of applied twist. Figure 11(a) shows the applied
torque M measured as a function of θ with a Mark-10
digital torque gauge. A rapid increase to a peak Mpeak

and then decrease is observed before the filaments come
in contact. Such a peak has been noted previously in
twisted filament pairs [28], where it was explained as aris-
ing as a consequence of the tension along the filaments
pointing increasingly towards the axis of rotation as θ
increases from 90◦ to θc. Then, M continues to rise in an
increasingly non-linear fashion with θ for various n after
contact.
The first minima in M encountered after MPeak can

be used to identify contact more clearly than in the plot
of L versus θ, where a continuous change in its slope is
observed. We plot θc obtained with this clear measure-
ment in Fig. 3(c), and note that it is well described by the
estimate given by numerical calculations and by Eq. (3).

A small but rapid decrease in M is also observed after
contact at an angle θr before it increases non-linearly.
Observing the bundle structure, we found a rearrange-
ment of the filaments relative to each other after coming
in contact in a uniform circle at θc. Consequently, we
understand that the second decrease in M occurs due

to a radial instability analogous to a buckling instability
observed in twisted ribbons [35], where the ribbons were
observed to fold along their length leading to a decrease
in bundle radius and torque. In the case of n = 16, this
angle θr = 194◦. (A small decrease for the same reason
should also occur in the case of n = 8, but it is apparently
small compared to experimental noise.)
Alternatively, the torque evolution with θ can be ob-

tained from the geometry of the filament structure and
the applied axial force. We note that each filament de-
noted with index i applies a torque which depends on its
tension Ti, the angle it makes with axis of rotation αi,
and the distance of closest approach ri to the axis around
which twist is applied. Accordingly, the analysis can be
conducted when the filaments are straight till they just
come in contact, and when the filaments form a bundle
after contact. From the schematic shown in Fig. 2(a) for
θ ≤ θc, ri =

D0

2 cos ( θ2 ). Thus,

M(θ) =
1

2

n
∑

i=1

D0Ti cos (
θ

2
) sinαi. (5)

Combining the fact that for θ ≤ θc, αi = αf , Ti =
F1/ cosαf , F = nF1, and Eq. (1), we have

M(θ) =
1

4

FD2
0 sin θ

√

(

Ls
2 −D2

0 sin
2( θ2 )

)

for θ ≤ θc. (6)

After the formation of the bundle, i.e. θ > θc,

M(θ) =

n
∑

i=1

riTi sinαi, (7)

where ri is the radial distance from the twist axis where
the filament i enters the bundle with angle given by
Eq. (2).
Depending on the degree of stretching of each filament

i, force balance along the twist axis gives us

F =

n
∑

i=1

Ti cosαi , (8)

where Ti depends on the degree of stretching of the indi-
vidual filament which can depend on their location rela-
tive to the twist axis. Because we observe significant mi-
gration of the filaments which leads to an averaging effect
on stretching, we assume that the stretching is roughly
the same, and the tension in the filaments, Ti =

F
n cosαi

.
Thus,

M(θ) =
F

n

n
∑

i=1

ri tanαi. (9)

Substituting Eq. (2), we get

M(θ) =
F

L− LB

1

n

n
∑

i=1

ri

√

D2
0 − 4r2i . (10)
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the main features of the bundle. We assume uniform
stretching of the filaments, and thus uniform λ, along
their length and among each other to simplify the cal-
culation. The assumption is well justified in the case of
n = 2 and 4, because of symmetry and previous observa-
tions with twisted pairs [28], and to some extent in n = 8
and 16 case as well based on the observation of filament
migration which redistributes the tension and attenuates
its systematic increase in the outer layers relative to the
inner layers. In general, the total elastic energy Eel of
the bundle is given by

Eel = Es + Et + Eb + Ec, (13)

where Es is the stretching energy, Et the twisting energy,
Eb the bending energy, and Ec the contact energy. The
total axial force and the torque can be obtained from the
total elastic energy by taking appropriate derivative with
respect to L and θ, respectively:

F =
∂Eel

∂L

∣

∣

∣

θ
, (14)

and

M =
∂Eel

∂θ

∣

∣

∣

L
. (15)

A representative single filament is used to capture the
overall shape of the filaments before and after contact,
and a mean-field approach is used to consider a simplified
picture of the contact interactions between filaments. A
projected view of the filament is shown in Fig. 12(a). Be-
fore contact, the filaments are essentially straight and fall
on the hyperboloid surface as discussed in Section III B.
After contact, the geometry of the filaments is modeled
in the bundle as a helix of effective radius Re and curvi-
linear length LB and in the fanout regions as straight
lines of length LT with L = LB + LT . Accordingly, the
filament will have inclination in the straight and helical
regions angles αe and ϕe, respectively. In the case of or-
dered bundle as in n = 2 and 4, αe, and ϕe correspond
to ⟨αi⟩, and ⟨ϕi⟩ because the inclination angles in sym-
metric bundles are the same. However, in the cases of
disordered bundles, i.e. n = 8 and 16, this is not the
case.
In Section VI, we assumed the filament curvilinear

length L remained unchanged while the filaments were
twisted up to θc to estimate torque. Here, we calculate it
using the elastic energy minimization approach not only
for θ < θc, but also as θ is increased above θc using the
neo-Hookean constitutive model [36]. The stretching en-
ergy for uniaxially stretched filaments is given by [28]:

Es =
n

2
µV

(

λ2 +
2

λ
− 3

)

, (16)

where V = 1
4πd

2
0L0 is the unstressed volume of a fila-

ment.
As illustrated in Fig. 12(b), the projected length of the

total curvilinear length of the filament on to the x − y

plane in the bundle and the fanout regions are denoted by
WB and WT , respectively. Then, according to Fig. 12(a),

LB =
√

L2
B +W2

B and LT =
√

(L− LB)2 +W2
T , and we

have

WB = Re(θ − θc), (17)

and

WT =
√

D2
0 − 4R2

e. (18)

Thus, the total projected length W = WB +WT reads,

W = Re(θ − θc) +
√

D2
0 − 4R2

e, for θ > θc. (19)

As modeled, the bundle length LB is a parameter that
can be set by imposing a stationary condition on the total

energy with respect to LB for a given L, i.e. ∂Eel

∂LB

∣

∣

∣

L
= 0.

Then, ∂Eel

∂LB
= ∂Eel

∂λ
∂λ
∂LB

= 0. Because λ = 1
L0

(LB + LT ),

we have ∂λ
∂LB

= 1
L0

(

LB

LB
− LT

LT

)

. Noting cosαe = LT

LT
,

and cosϕe =
LB

LB
, we have,

0 = T (cosαe − cosϕe) , (20)

where T = 1
L0

∂Eel

∂λ
is the tension along the filament.

Thus, αe = ϕe, and Eq. (20) can be interpreted as a
force balance along the filament.
The bending energy is given by [37]:

Eb =
3n

2
µIκ2LB

λ
, (21)

where I = π
64d

4
0 is the second moment of inertia, and κ is

the curvature of the filament. Because filaments are as-
sumed to be straight in the pre-contact regime, Eb = 0.
After contact, the filament curvature κ = 0 in the fanout
region, and the bending energy in that region is there-
fore zero. Whereas in the bundle where the filament is
helical, κ = 1

Re

tan2 ϕe

1+tan2 ϕe
[28]. Then, using trigonometric

identities, we have

κ =
1

Re

(WB

LB

)2

. (22)

From Fig. 12, one can note that

LB = LWB

W , for θ > θc. (23)

Substituting Eq. (23) into Eq.(22), we have

κ =
1

Re

(W
L

)2

for θ > θc, (24)

and Eqs. (17), (23), and (24) into Eq. 21, we have for
θ > θc,

Eb =
3n

8
µV

(

d0
2Re

)2 (W
L0

)3
Re(θ − θc)

L0

1

λ4
. (25)
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