Bundling architecture in elastic filaments with applied twist
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We investigate the formation of helical multifilament bundles and the torque required to achieve
them as a function of applied twist. Hyperelastic filaments with circular cross sections are mounted
parallel in a uniform circle onto end-clamps that can move along the twist axis depending on the
applied axial load. With increasing twist, the filaments describe a hyperbolic hyperboloid surface
before coming into contact in a circle, and then packing in a tight helical bundle in the center
with increasing twist. While the bundle appears ordered for sufficiently small number of filaments,
they are disordered for large enough number of filaments and applied twist. We reveal with x-ray
tomography, that the packing of the filaments becomes disordered following a radial-instability which
leads to a decrease in bundle radius, and migration of filaments relative to each other in the bundle.
Nonetheless, the helical angle of the filaments in the bundle are found to be essentially constant,
resulting in inclination angles which increase with distance from axis of rotation. We develop energy
minimization analysis to capture the observed variations in bundle length and torque as a function of
number of filaments considering the neo-Hookean nature of the filaments. We show that the bundle
geometry and the applied load can be used to describe the non-linear torque profile measured as a

function of twist angle.

I. INTRODUCTION

Twisted filaments can be found widely in organic and
synthetic matter going back to antiquity [1]. They are
an important element in fabricating metamaterials such
as artificial spider silk with exceptional tensile strength,
flexibility, and toughness [2, 3]. Slender fibers are spun
together to not only gather them, but also increase
their collective strength in making yarns as twisting in-
creases the friction and mechanical interlocking between
fibers [4-6]. However, making optimal yarns requires
a deep understanding of their kinetics as it has been
shown that yarn strength increases and then decreases
with twist as competing factors cohesion and fiber incli-
nation angle become dominant in the low and high twist
regimes, respectively [7]. In the biological realm, col-
lagen fibrils which bind muscle with bones through ten-
dons and provide structural and mechanical support have
been shown to have rope-like structure [8], and bundling
and unbundling of flagellar filaments is important for
the locomotion of Peritrichous bacteria [9]. Helical twist
plays a role in stabilizing sickle cell disease causing sickle-
hemoglobin macrofibers by determining their structural
arrangement and energy landscape [10, 11]. Thus, func-
tionalities of twisted filaments in biological systems [12],
besides emerging applications such as in twistron energy
harvesters [13], high efficiency twistocaloric coolers [14],
and actuators in soft robotics [15-21], make them an im-
portant system to study.

While linear filaments with uniform circular cross sec-
tions can bundle tightly with hexagonal order when
stacked together, it has long been realized that the pack-
ing grows disordered when they are twisted collectively
since the filaments assume a helical shape with increas-
ing curvatures as the filaments push out against each
other [22]. The filament transects orthogonal to the axis

of rotation become non-circular with increasing distance
from axis of rotation and they can no longer close pack
with the same hexagonal symmetry. Thus, the twisted
packing structure of ropes and cables that optimize their
strength and volume have been a subject of patents for
well over a century. A mapping of the bundle cross sec-
tion to a packing of disks on a non-Euclidean surface was
introduced to describe the overall structure of the bun-
dle with twist [23], and was tested with bendable but
otherwise inextensible filaments [24].

However, elasticity plays a crucial role in the behav-
ior of twisted filament bundles [25], affecting their or-
der persistence [26] and promoting bundling through
configurational instabilities and hydrodynamic interac-
tions [27]. The effect of elasticity was recently inves-
tigated by measuring the torque required to twist hy-
perelastic filament pairs and comparing it with energy-
based models [28]. Building on this research, we examine
the packing, torque, and stored energy in multifilament
bundles created by twisting initially parallel filaments
that are initially held apart under constant tension. In
contrast with previous studies [24, 26], we measure the
torque required for bundle formation and present a com-
bined geometric and energy-based model to describe bun-
dle length and torque as a function of applied twist en-
abled by x-ray measurements of their internal structure.

The paper is organized as follows. We first discuss the
experimental apparatus used to twist the filaments and
measure its response using optical imaging and a torque
sensor. Then, we discuss x-ray scanning to obtain and
characterize the internal structure of the bundle. Based
on these observations, we analyze the trends in the ob-
served torque as a function twist angle and the evolving
geometric parameters important to determining its mag-
nitude. Then, we develop an elastogeometric model to
explain overall growth of bundle length, energy stored,



FIG. 1. (a)Formation of filament bundle with increasing ap-
plied twist angle 8 (Lo = 162mm; n = 16). Before filaments
come in contact and form a bundle, they extend essentially
linearly between their clamped ends. (b) The bundles ob-
served with increasing number of filaments (Lo = 162 mm;
6 = 1800°). The clamp to clamp distance L, bundle length
Lp and radius Rp used to characterize the evolving geometry
of the system are indicated.

and torque with applied twist.

II. EXPERIMENTAL SYSTEM

The experiments are performed with silicone filaments
obtained from MSC Industrial Supply that have been
shown to be hyperelastic and can be modeled using a
neo-Hookean constitutive law [28, 29]. They have circu-
lar cross sections with diameter dg = 2.60 mm, Poisson’s
ratio v ~ 0.5, and shear modulus p = 1.43+0.1 MPa [28].
Their bundling mechanics is observed while varying the
number of filament n between 2 and 16. The filaments
are mounted symmetrically and in parallel onto two cir-
cular clamps with a diameter of Dy = 50mm. These
clamps are separated such that the relaxed length of the
filaments between their clamped ends is Ly = 162 mm,
with the filaments equally spaced by an angle of 360° /n.
The filaments are twisted by rotating one of the clamped
ends with a Parker Motion Control system stepper mo-
tor through prescribed angle # about the axis joining the
centers of the two circular ends. The other clamped end
is allowed to move along the twist axis with linear guides
so that the distance between the clamps L can vary in re-
sponse to the applied load F' and the applied twist angle
0. The filaments consequently stretch and the result-
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FIG. 2. A schematic representation of the geometry cor-
responding to a filament ¢ before and after contact. The
clamp to clamp distance is L and the curvilinear length of
the stretched filament is £. The angles the filaments subtend
with the axis of twist while straight and in the helical bundle
region are denoted by «; and ¢;, respectively.

ing curvilinear length of a filament is represented by L.
The stretch factor X is then given by, A = LAO, and the
resulting diameter of the filament due to the resulting
thinning of the filament due to volume conservation is
given by d = do/V/\.

A load proportional to the number of filaments is ap-
plied at the moving end to taut the filaments, result-
ing in a total force F' = nFy, where F; = 0.735N. In
practice we find that an additional frictional force F,
associated with the linear guides can contribute to the
axial load as we will discuss further while comparing
our measurement with calculations. The applied load
along the symmetry axis results in £ = Ly + AL, where
AL = %ﬁy‘;% ~ 55mm. We denote the resulting
L = 167.5 mm before application of twist as Ls because
it is a convenient reference while discussing the further
effect of applying twist.

Side view images obtained with a Pixelink camera are
shown at various 6§ between 90° and 1080° for n = 16
in Fig. 1(a), and for § = 1800° as n is increased from
2 to 16 in Fig. 1(b). We observe that the filaments tilt
with respect to the axis of rotation, move inwards until
they come in contact before # reaches 180° at an angle
0., and then wrap around each other in the center as 6
is increased further. Because of the applied load per fila-
ment is held constant, L decreases with increasing twist
and number of filaments. After contact, the filaments
form a bundle region at the center of length Lp, which
grows towards the clamped ends with increasing twist.
The bundles appear ordered in the case of n = 2 and 4,
but disordered when n = 8 and n = 16 when 6 = 360° or



higher in the examples shown. Further, incipient longitu-
dinal buckling can be noted in the image corresponding
ton = 16 at § = 1800° as the bundle ends approaches the
clamped ends. We confine our discussion to the bundling
regime before the development of longitudinal buckling
in this study.

III. GEOMETRIC ANALYSIS

A. Schematic of filaments with twist

A schematic representation of the progression of the
overall geometry of a typical filament ¢ before and af-
ter contact at angle 6. is shown in Fig. 2. We repre-
sent the filament as being essentially straight and in-
clined with respect to the axis of twist by an angle «;
while § < 6.. We define the mean inclination angle
ay = (o), where (..) represents averaging over the var-
ious filaments. Because of their symmetry, «; and their
closest distance of approach to the axis of twist r; can
be expected to be the same across the various filaments

before contact, i.e., a; = ay. Then examining Fig. 2,
we have ay = o; = sin™' (22 sin(4)). When 6 ~ 180°,

we have oy = sinfl(%) ~ 17.3°. The corresponding

tension T; = Fi/ cosay, results in an increase in length,

AL = e ~ 5.76 mm, which is similar to the

change in filament length estimated at 6 = 0°. There-
fore, we assume for now that the filament length remains
unchanged after the axial load is applied and before con-
tact, i.e., L~ Lg for 0 < 6 < 6.. Then,

D
ap=sin"! (LO sin (g)) forf < 6,. (1)

Above 6 > 0., the filament is represented with linear
segments inclined by «a; with respect to the axis of twist
in the fanout regions between the clamps and where it
comes in contact with the other filaments. In the bun-
dle, the filament is represented as being helical while it is
in contact with other filaments. The inclination angle of
the filament in the bundle ¢; can be noted to be different
from ¢; in the fanout region because they can depend on
r; as we will reveal further using x-ray scanning. Exam-
ining Fig. 2, the filament inclination angle «; for 6 > 6.
can be related to L, Lg, and r; as,

Dg — 47"1‘2
IoLp ) @

While L and Lg vary with 6, it is not possible to simplify
and rewrite in terms of 6 without further knowledge of
the bundle structure.

o = tan~! (

B. Hyperboloid structure

If the filaments are straight while # < 0. and have the
same inclination angle, they can be expected to fall on

a ruled surface which is a hyperbolic hyperboloid of one
sheet [30]. An example, and the corresponding hyper-
boloid surface along with the cartesian coordinate sys-
tem with z-axis aligned with axis of rotation is shown in
Fig. 3(a). The projected boundary of the filaments when
viewed perpendicular to the axis of twist should be a hy-
perbola. Fig. 3(b) shows comparisons of the projected
edges of the filaments in the z — z plane obtained by
image processing for four different 6 < 6.. Good agree-
ment can be observed confirming that the filaments fall
on a hyperbolic hyperboloid surface and supporting the
assumption that the filaments extend linearly from clamp
to clamp while 6 < 6..

C. Twist angle at contact

We can estimate 6. which separates the observed
hyperboloid and bundle regimes by noting that the
filaments also extend essentially linearly between the
clamped ends just as they come in contact. In the case
of n = 2, the distance between filament centers is sim-
ply the filament diameter [28]. Because of the Pois-
son effect, the diameter after stretching d is somewhat
lower than dy, and given by dy/v/) for neo-Hookean fil-
aments. Over the range 0 < 0 < 0., L ~ Lg, and thus
A~ fg Denoting diameter over this range as ds, we

have dy = do/V/A ~ 2.5mm. For larger n, the filaments
come in contact in a circle with a radius R, as shown in
the inset to Fig. 3(c). Because the filaments are inclined,
they touch along the long axis of their elliptical cross sec-
tions in the plane perpendicular to the twist axis. Then,
the distance between contacts with neighbors is given ap-
proximately by ds/ cos ay, and we have,

nd,
cosay

2tR. =

From the projected geometry of the filaments, we have

0.y _ 2R. 0.y — _ nds
cos(F) = 5=, and thus cos(%) = Do cosar” Then,

using Eq. (1), we have:

< 0. > nds

cos | — | =
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The resulting equation has to be solved numerically. We

obtained 6, by performing numerical integration and plot

them (solid line) in Fig. 3(c).
Further, for 6, — 180°, sin(%

%) ~ 1, and sinay =
Dy/Lg. In this case we have,

0. d
cos (2> ~ D—‘Z , forn =2, and
0
cos (c) =~ nds for n > 2. (3)
2 2
Dg
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FIG. 3. (a) An image of the filaments with a representative filament denoted with a blue (gray) line (n = 16 and # = 90°). The
bundle edge is also highlighted with a red (light gray) curve which corresponds to a hyperbola. The hyperbolic hyperboloid
surface is mapped by rotating the curve about the z-axis. (b) The distance x from the tracked bundle edge to the twist axis is
plotted as a function of the position along the z-axis at various 6. Each curve is described by a hyperbolic function. (c) The
estimated and measured 6. as a function of n which separates the hyperboloid and bundling regime (Lo = 162mm). Inset: A
schematic of the filaments geometry at central cross section as viewed along the twist axis for # = 6. when filaments just come
into contact. The filament cross sections are elliptical because of their inclination relative to the twist axis.
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FIG. 4. (a) The clamp end to end distance L scaled by the pre-twist length L, as a function of 6 (Ls = 167.5mm). The rate
of decrease of L is observed to change as the filaments come into contact around 6. which is indicated by a vertical line. (b)
The bundle length Lp increases after filaments come in contact and approaches L with increasing 6. (c) The bundle radius Rp
scaled by filament diameter dp is essentially constant with increasing 6.

These approximate calculated values are plotted with
dashed line in Fig. 3(c) and are consistent with the de-
creasing trend obtained numerically and by eye. We dis-
cuss the comparison of . with those observed in the ex-
periments obtained using torque measurements in Sec-
tion VI.

IV. FILAMENT ASSEMBLY

We quantify the overall evolution of the filament as-
sembly in terms of the end to end distance between the
clamps L, the bundle length Lp and the bundle radius
Rp. We obtain L by identifying the clamp edges from the
images and plot it scaled by L in Fig. 4(a) as a function
of @ for various n. The range of . according to Eq. (3)
are indicated for reference. Before contact, L/Ls can be
observed to overlap and decrease with 6. Whereas, L/ Ly

can be observed to decrease at different rates depending
on the number of filaments after contact. Although not
quite as fast as before contact, the overall decrease can
be observed to be faster for increasing n when 6 > 6.
For inextensible filaments, the decrease in distance is a
consequence of the evolving geometry alone. However
in the case of elastic filaments, a detailed calculation is
necessary which we present in Section VII A.

While the bundle may be considered to form, start-
ing from when the filaments first come in contact at
0 = 6., the bundle length itself is difficult to measure
from the side view images. Therefore, we plot Lg in
Fig. 4(b) for # > 360° when we can determine the length
clearly by processing the images. Because of the uncer-
tainty in accessing when filaments come in contact based
on side-view images, the error in determining Lp is ap-
proximately +4mm, £6 mm, +8 mm and +10mm for
n = 2,4,8 and 16, respectively. These errors nonetheless
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FIG. 5. (a) Radiograms of the bundle with increasing 6. (b)
The correspondlng central cross-sections obtained with Com—
puted Tomography. The filaments start to come into contact
in a ring at approximately 6. = 140°, and filaments undergo
radial instability at 6 ~ 200°. The filaments form a tight dis-
ordered bundle which grows in length with increasing twist
(Ls = 110 mm; Do = 40 mm).

are much smaller compared to the change in Lp with n
and €. We observe that Lp increases rapidly after the
filaments come in contact but slows down as it increases
towards L. The bundle lengths for the same 6 are system-
atically higher for greater n showing that the filaments
not only wrap around each other but also push laterally
against each other leading to a relatively greater Lp.
Complementarily, the bundle radius Rp can be also
measured from the projection of the bundle cross sec-
tion on the image plane after the filaments have wrapped
around at least once. We obtain Rp by identifying the
bundle edge from the images and subtracting filament ra-
dius to obtain the distance of the outmost filament from
the axis of twist. Fig. 4(c) shows that Rp increases sys-
tematically with n. It can be also noted that Rp re-
mains more or less constant, if not decreases slightly, for
6 > 360°, when it can be cleanly identified. Because fil-
aments in the bundles incline with increasing twist, one
may expect the radius to increase [23]. However, the fila-
ments can stretch as the tension in the filaments increase
with twist, which can lead the radius of individual fila-
ments to decrease. The observation that the bundle ra-
dius remains essentially constant suggests that these two
opposing effect appear to cancel each other in filament
bundles formed under constant applied load conditions.

V. BUNDLE STRUCTURE
A. X-ray tomography

We perform x-ray scans to further reveal the internal
structure of the filaments, and their arrangements at dif-
ferent cross-sections as they twist around each other and
form the bundle. To fit the apparatus in the Varian BIR
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FIG. 6. The filament bundles (n = 2,4,8,16) tracked in a
central section of the bundle at # = 180°, 360°, and 720° with
inclination angle ¢ denoted according to the color map. The
filaments initially come in contact in a ring because they are
mounted symmetrically at their ends on circular clamps and
then make tight bundle after radial instability with further
twist. The filaments have the same diameters but shown with
decreasing magnification with n.

150/130 Desktop CT system machine, we constructed a
scaled down version of the apparatus with Dy = 40 mm
and Ly = 110mm to apply twist while using the same
silicone filaments. Fig. 5 shows a set of radiograms and
central bundle cross sections in the case of n = 16 as
the bundles begin to form, after they buckle, and as the
bundle grows and fills the entire length L with twist. We
observe that the filaments are arranged symmetrically at
0 = 180° well after coming in contact at 6. ~ 140°. As 6
is increased further to 200°, the filaments are no longer
arranged symmetrically.

Fig. 6 shows the rendering of an approximately 5 mm
mid-section of the bundle for the different n with increas-
ing 6. A similar order to disorder progression is observed
for n = 8. However, the filaments remain ordered as
they twist around each other in case of n = 2 and n = 4,
and no rearrangements are observed over the range of
twist angles investigated. Thus, while 6. estimated us-
ing Eq. (3) are systematically lower for these bundles
formed with Dy = 40 mm versus the ones formed with
Dy = 50mm, the overall development of the bundles are
observed to be similar in scaled down version.

We locate the centers of each of the filaments in the
central cross section, and obtain the radius of gyration
=/ 1 >oi, 72, the distance to the closest filament

Rmm, and the farthest filament R,,,, from the bundle
center. These are scaled by dg, and plotted for n = 2,4, 8,
and 16 in Fig. 7. In the case of n = 2, Ryin, Rmaz, and
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FIG. 7. Ry, Rmin and Rpqs obtained from the filament
positions tracked with x-ray tomography are normalized by
do and plotted as a function of applied twist (Do = 40 mm;
L, = 110mm) for n = 2,4, 8, and 16.

R, are the same by definition. Further, they are also
the same within filament mounting errors in the case of
n = 4. This shows that they remain packed at the cor-
ners of a square, and do not undergo radial instability
over the range of 0 studied. However, R4, Ry and
Rpaz differ after the radial instability occurs and some
of the filaments move towards the center in the case of
n = 8 and 16. Just as we observed with optical imag-
ing, we find that R,,,, remain essentially constant as the
bundle length grows. Here, we further observe that and
R, remains essentially constant as well with increasing
twist.

If the filaments were arranged in an ordered hexagonal
lattice, the number of contacts n. between filaments in
a bundle cross section can be estimated to be 5, 14 and
33, for n = 4,8 and 16, respectively. However, because a
hexagonal packing cannot persist for large twist in tightly
packed filaments with twist [23, 26], and the number of
contacts decreases. Indeed, identifying contacts when the
normal distance between neighboring filament centers is
less than their diameter, n. is typically found to be 4, 11,
and 25 for n = 4,8, and 16, respectively. Thus, the fila-
ments move away from each other with increasing twist
even as their diameter decreases as they are increasingly
stretched. These two effects apparently offset each other
leading the bundles to maintain their cross sectional ra-
dius with twist.

B. Bundle helicity

Figure 8(a) shows a cross section of the filaments in
the fanout region between the bundle and clamped ends.

FIG. 8. (a) A cross section of the filaments in the fanout
region between the clamped ends and the bundle (n = 16).
The filament cross sections appear oblate because of their in-
clination. The projected position of the three representative
filaments are also traced as viewed along the twist axis. The
positions are obtained between the top (T) and the bottom
(B) of the bundle shown in Fig. 5. (b) The tracked rendering
of the three filaments. A short section of the other filaments
are also rendered to indicate their initial position. The fila-
ments can be noted to form helicoidal wrappings, but their
distance from the center is observed to vary indicating that
filaments migrate in the bundle as they wrap around the twist
axis.

While the filaments have circular cross sections, the cross
sections in the slice perpendicular to the axis of rotation
appear oblate because of their inclination relative to the
twist axis. While all the filaments are clamped at their
ends at a distance Dy /2 from the axis around which twist
is applied, they enter the bundle at different distances
from the twist axis after the development of radial insta-
bility. Thus, their inclination angle with respect to the
axis of twist vary, and the ones which enters closer to the
axis of twist appearing more oblate. The tracked centroid
of the representative filaments are marked, and their pro-
jected positions as they twist around in the bundle and
fanout at the other end are shown as continuous lines.
A three-dimensional rendering of the tracked filaments
is shown in Fig. 8(b), and an animated tracking of the
filaments can be found in the supplementary documenta-
tion [31]. It can be seen from these tracked positions that
the filaments do not maintain a constant helical radius
along the entire length of the bundle. Thus, while the
filaments appear to have an overall helical shape, they in
fact migrate slowly in and out relative to each other from
one end of the bundle to the other.

The migration in the filaments is observed in the bun-
dles with n = 8 as well after a radial instability oc-
curs. Thus, migration occurs when the filaments are
brought together from some distance apart and then
twisted around each other following a radial instabil-
ity which leads to disordered packing. The relative mi-
gration of filaments has been noted in production of
yarns [32-34], but was not observed in previous stud-
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FIG. 9. (a) The angle of inclination of filaments ¢; as a func-
tion of distance from the axis of rotation r for n = 16 and
6 = 180°,360° and 720°. Curves corresponding to Eq. (4)
are also plotted and observed to be in good agreement with
the data. (b) The measured and calculated ¢; using Eq. (4)
for various 6 and n are also in agreement as they fall close to
the dashed line with unit slope. Filament migration leads to
small deviations from the overall trends.

ies when the filaments were hexagonally packed initially,
and then twisted [24, 26]. The migration of the filaments
may mitigate the dispersion in their extension of the fila-
ments. This can lead the tension in the various filaments
to equilibrate, rather than grow with filament distance
from center of the bundle. Thus, the method by which
the bundles are prepared have a significant effect on the
bundle structure and the development of disorder.

C. Bundle region filament inclinations

We measure the angle of inclination of the filaments
in the bundle ¢; relative to the axis of rotation from
the tracked position of the filaments at the central cross
section shown in Fig. 6. From the color bar it is clear that
¢; increase with increasing distance from the twist axis.
We plot ¢; corresponding each filament ¢ in Fig. 9(a) for
three different 8 in the 16-filament bundle. We observe
that ¢; are clustered together when # = 180° because
the filaments are in a tight circle with a small dispersion
in distance from the bundle center r. With increasing 6,
a wider range of ¢; can be observed as some filaments
approach the axis of twist after the development of the
radial instability.

If a filament has a helical shape, then the filament
tilt angle w.r.t. axis of rotation ¢; is given by ¢; =
tan—! (Q B 7'1), where Qp is its helical angle [26] and r;
is the distance to the i'" filament from axis in the helical
bundle. We estimate 2 by measuring the twist angle
of the filament in the bundle A@ = 6 — 0. and Lp, i.e.
Op = (0 —0.)/Lp. Substituting, we get

(6 - 90)
t g = ——— 1. 4
angy = L= (4)
The inclination angle ¢; obtained from Eq. (4) are
shown in Fig. 9(a) as dotted lines for the three different
twist angles after contact. The error in determining Lg
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FIG. 10. (a-d) The average angle of inclination of the fil-

aments in the fanout region ay and in the bundle region ¢y
obtained from x-ray CT measurements. The range of mea-
sured o; and ¢; used to obtain oy and ¢y are indicated by
the shaded regions around the line joining points and can be
observed to very narrow except in the case of inclinations an-
gle in the bundle for n = 8 and 16.

leads to some dispersion in estimating ¢;, but these are
found to be less than the marker size. A comparison of
measured and estimated ¢; for each filament with Eq. (4)
are shown in Fig. 9(b) corresponding to various combi-
nations of n and #. Good overall agreement is observed
which tells us that the inclination angle of the filaments
in the bundle are mostly determined by their distance
from the axis of the bundle and the overall twist applied
to the bundle.

As we noted in the discussion of Fig. 8, the filaments
migrate as they move from one end of the bundle to the
other and the helices they form do not have a constant
radii. This fact leads to some dispersion, but apparently
the effect is small according to our measurements com-
pared with the overall increase in ¢; with distance from
the central twist axis.

D. Fanout region filament inclinations

We examine the inclination angles of the filaments in
the fanout region and their relation to the inclination
angles of the filaments in the bundle. Figure 10(a-d)
shows a plot of measured angles oy with markers and
range of observed «; with a shaded area for n = 2,4, 8 and
16, respectively. oy can be observed to increase similarly
for the various n while § < .. After contact, oy increase
slowly compared with before contact in all cases. Further,
ay is observed to increase comparatively more rapidly
with n. In the case of n = 2 and 4, r; and «;, are all
the same for all the filaments because of their packing is



observed to be symmetric, i.e a; = ay. Although o; in
principle are not all the same for n = 8 and 16 after the
radial instability because of variations in r;, we find that
in practice « is fairly narrowly distributed around their
mean value oy = (a;) because r; < Dy in Eq. (2).

Figure 10(a-d) also shows the average inclination an-
gle of the filaments in the bundle defined as ¢; = (¢;),
where (..) indicates averaging over filaments in the bun-
dle. Considering that the bundles are ordered and r; are
the same in the case of n = 2 and 4, ¢y = ¢;. However,
¢; are widely dispersed in the case of n = 8 and 16 as
was shown in Fig. 9. Accordingly, we denote the range
of ¢; which is bounded above corresponding to the out-
ermost layer, i.e., 7; = Rp42, and below by a filament
which corresponds to r; = R, in the case of n = 8 and
16. We observe that while ¢y and oy are similar when
0 ~ 0. in the case of all n, ¢ grows relatively slowly with
increasing ¢ in comparison with aj.

Such a divergence in the growth and dispersion of the
angles can be understood from the fact that as Lg grows
to approach L, then ayf will approach 90°. Whereas, ¢;
cannot exceed an angle given by tan—1(Qr;) because of
normal contact forces between filaments. For example,
in the ordered case of n = 2, if r; = ds/2, then the
maximum ¢y — 57.5°. The system can accommodate
higher ¢; by pushing the filaments outward leading to
changes in the packing structure and disorder, but this
appears to occur beyond the range of 6 investigated in
our study.

VI. APPLIED AXIAL TORQUE

We now examine the consequences of the formation
and evolution of the bundle on the torque needed as a
function of applied twist. Figure 11(a) shows the applied
torque M measured as a function of 6 with a Mark-10
digital torque gauge. A rapid increase to a peak Mpeqk
and then decrease is observed before the filaments come
in contact. Such a peak has been noted previously in
twisted filament pairs [28], where it was explained as aris-
ing as a consequence of the tension along the filaments
pointing increasingly towards the axis of rotation as 6
increases from 90° to 6.. Then, M continues to rise in an
increasingly non-linear fashion with 6 for various n after
contact.

The first minima in M encountered after Mpg,, can
be used to identify contact more clearly than in the plot
of L versus 0, where a continuous change in its slope is
observed. We plot 6. obtained with this clear measure-
ment in Fig. 3(c), and note that it is well described by the
estimate given by numerical calculations and by Eq. (3).

A small but rapid decrease in M is also observed after
contact at an angle 6, before it increases non-linearly.
Observing the bundle structure, we found a rearrange-
ment of the filaments relative to each other after coming
in contact in a uniform circle at 6.. Consequently, we
understand that the second decrease in M occurs due

to a radial instability analogous to a buckling instability
observed in twisted ribbons [35], where the ribbons were
observed to fold along their length leading to a decrease
in bundle radius and torque. In the case of n = 16, this
angle 6, = 194°. (A small decrease for the same reason
should also occur in the case of n = 8, but it is apparently
small compared to experimental noise.)

Alternatively, the torque evolution with # can be ob-
tained from the geometry of the filament structure and
the applied axial force. We note that each filament de-
noted with index ¢ applies a torque which depends on its
tension T;, the angle it makes with axis of rotation «;,
and the distance of closest approach r; to the axis around
which twist is applied. Accordingly, the analysis can be
conducted when the filaments are straight till they just
come in contact, and when the filaments form a bundle
after contact. From the schematic shown in Fig. 2(a) for
0 <0, r; =20 cos(%). Thus,

1
M(0) = 3 ZDoTi cos(g)sinai. (5)
=1

Combining the fact that for § < 0., a; = ayf, T; =
Fy/cosay, F =nFy, and Eq. (1), we have

1 FD3sin6

!
\/(LSQ — D2 sinQ(g))

After the formation of the bundle, i.e. 8 > 6.,

M(0) ford < 6.. (6)

M(9) = Z r; Ty sin (7)
i=1

where r; is the radial distance from the twist axis where
the filament ¢ enters the bundle with angle given by
Eq. (2).

Depending on the degree of stretching of each filament
i, force balance along the twist axis gives us

F= ZTi Cos o , (8)
i=1

where T; depends on the degree of stretching of the indi-
vidual filament which can depend on their location rela-
tive to the twist axis. Because we observe significant mi-
gration of the filaments which leads to an averaging effect
on stretching, we assume that the stretching is roughly

the same, and the tension in the filaments, T; = ncfm,
Thus, ’
M) = £ )
=— r; tan ;.
i

Substituting Eq. (2), we get

F 1<
- - = . 2 _ 2
M(9) = I—Iun ;:1 riy/ DE — 4r2. (10)
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FIG. 11. (a) The axial torque measured with a torque sensor for various n. The peak torque Mpeqr before contact is denoted.
(b) The torque obtained using Eq. (6), and Eq. (12) corresponding to 6 < 0. and 6 > 0., respectively (8 = 1). The shaded
regions represent the uncertainty in the estimated torque due to the uncertainty in the measurment of L. Inset: Mpeqr versus
n measured and estimated using the geometric model and the neo-Hookean model are in good agreement after accounting
for the sliding friction of the linear guides (F,, = 1N). (c) The torque obtained with the elastogeometric model for various n
captures the overall trends. The markers represent the estimate with R. corresponding to the measured Rp, and the shaded
regions represent the estimated range while using Re = Ry and Re = Rmaxz.

Now, for the tight bundle where (r;/Dg)? < 1,

FDy 1 &

i=1

(11)

If we assume that the average is proportional to the bun-
dle radius, i.e., £ 3" 7, = BRp, where 0 < 3 < 1

depends on the ﬁ?ament packing, we have
FDyR
M) = PEDRE 499, (12)
L—Lp

Using Eq. (6) and Eq. (12) with measured values of L,
Lp, and Rp, we can obtain M using this geometric model
plotted in Fig. 11(b). In the case of n =2 and n = 4,
B =1 because the packing is symmetric and all filaments
are at the same distance from axis of twist. In the case
of n = 8 and 16, it is difficult to calculate the packing be-
cause of its disordered nature, and we plot the estimate
with 8 = 1 corresponding to the upper bound to avoid
introducing fitting parameters. The measured values of
B = 0.76, and 0.63 for n = 8 and 16, respectively, from
the x-ray scanning which gives a systematically lower es-
timate. The difference may be due to the assumption
that the tension is the same, or the simplified geometry
considered in the model. Nonetheless, similar overall
features and relative increase in M with n are observed,
illustrating the importance of the evolving bundle geom-
etry and the axial load in determining the main trends
in torque.

As noted in the discussion of the experimental appa-
ratus, friction in the sliders on which the end clamps are
mounted are found to increase F, i.e. F' = nkFy + F),.
Assuming a small offset value F}, = 1N, we find quanti-
tative agreement between the increasing Mp.qi obtained
using these two approaches to determining torque with
experimental measurements (see Inset to Fig. 11(b)).
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FIG. 12. (a) A schematic of the filament model where the
shape of an effective twisted filament is projected onto a plane.
The inclination angle of the filament in the bundle and fanout
regions are different and depends on their distance from the
twist axis. A complementary sketch of the model filament
where the angle of inclination in the bundle and the fanout
regions are approximated to be the same to simplify the anal-
ysis.  (b) The projected view of the model filament in the
zy-plane showing the fanout regions as straight segments and
the helical bundle region as circles.

VII. ELASTOGEOMETRIC MODEL

A. Energy Analysis

We next use an energy minimization approach con-
sidering the elasticity of the filaments and the energy
stored as a function of applied twist and load to describe



the main features of the bundle. = We assume uniform
stretching of the filaments, and thus uniform A, along
their length and among each other to simplify the cal-
culation. The assumption is well justified in the case of
n = 2 and 4, because of symmetry and previous observa-
tions with twisted pairs [28], and to some extent in n = 8
and 16 case as well based on the observation of filament
migration which redistributes the tension and attenuates
its systematic increase in the outer layers relative to the
inner layers. In general, the total elastic energy F,; of
the bundle is given by

E,=E,+FE;+E,+ E,, (13)

where Fj is the stretching energy, E; the twisting energy,
E} the bending energy, and F,. the contact energy. The
total axial force and the torque can be obtained from the
total elastic energy by taking appropriate derivative with
respect to L and 6, respectively:

O0FE
F = 14
3L o (14)
and
8lael
M= (15)

A representative single filament is used to capture the
overall shape of the filaments before and after contact,
and a mean-field approach is used to consider a simplified
picture of the contact interactions between filaments. A
projected view of the filament is shown in Fig. 12(a). Be-
fore contact, the filaments are essentially straight and fall
on the hyperboloid surface as discussed in Section III B.
After contact, the geometry of the filaments is modeled
in the bundle as a helix of effective radius R, and curvi-
linear length L£p and in the fanout regions as straight
lines of length L7 with £ = Lp + Lp. Accordingly, the
filament will have inclination in the straight and helical
regions angles a, and ¢, respectively. In the case of or-
dered bundle as in n = 2 and 4, a., and ¢, correspond
to {a;), and (¢;) because the inclination angles in sym-
metric bundles are the same. However, in the cases of
disordered bundles, i.e. n = 8 and 16, this is not the
case.

In Section VI, we assumed the filament curvilinear
length £ remained unchanged while the filaments were
twisted up to 6. to estimate torque. Here, we calculate it
using the elastic energy minimization approach not only
for § < 6., but also as 6 is increased above 6. using the
neo-Hookean constitutive model [36]. The stretching en-
ergy for uniaxially stretched filaments is given by [28]:

_n 2, 2
ES_QNV<>\ +3 3) (16)

where V = 17d3Lo is the unstressed volume of a fila-
ment.

As illustrated in Fig. 12(b), the projected length of the
total curvilinear length of the filament on to the z — y
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plane in the bundle and the fanout regions are denoted by
Wg and Wr, respectively. Then, according to Fig. 12(a),

Lg=+/L%+W%and L1 = \/(L— Lg)? + Wz, and we

have

Wg = Re(6 — 6,), (17)

Wr = /D2 — AR2. (18)

Thus, the total projected length W = Wpg + Wy reads,

W =R.(0—0.)+ /D3 —4R2, forf > 6.. (19)

As modeled, the bundle length Lg is a parameter that
can be set by imposing a stationary condition on the total

and

energy with respect to L for a given L, i.e. 2E L= 0.

dLp
OB, _ 9Ee OX - 1

Then, 57 = %5t 57, = 0. Because A = £-(Lp + L),

ox _ 1 (Lp _ Lr i — Lr

we have 35 = Io (EB ﬁT)' Noting cosae = 7%,
and cos ¢, = Z—g, we have,

0 =T (cosae — cos ), (20)

where T = A 282 ig the tension along the filament.

Lo Ox
Thus, a, = ¢, and Eq. (20) can be interpreted as a
force balance along the filament.
The bending energy is given by [37]:

By = - plr*== (21)

where I = Zdj is the second moment of inertia, and  is
the curvature of the filament. Because filaments are as-
sumed to be straight in the pre-contact regime, Ej = 0.
After contact, the filament curvature x = 0 in the fanout
region, and the bending energy in that region is there-
fore zero. Whereas_in the bundle where the filament is

helical, k = %ﬁ% [28]. Then, using trigonometric
identities, we have
1 (Wp\?
= (25 . 22
= () (22)
From Fig. 12, one can note that
Lp= E%, for 0 > 6.. (23)
Substituting Eq. (23) into Eq.(22), we have
1 2
k= & (1/;) for 6 > 0., (24)

and Egs. (17), (23), and (24) into Eq. 21, we have for
0>0.,

£, — 3nW< do >2 (W)3 Re(0—0c) 1 (25)

T8 2R, Lo Lo M\



Assuming that the twist is homogeneously distributed
along the filament, the twisting energy is given by [36],

n doe 2 1

Calculating the contact energy E. stored in the bundle
is difficult because of the complex geometry of contact in
a twisted bundle. Building on the Hertz contact energy
of two parallel cylinders in contact [38], an estimate of
the contact energy for two filaments that are uniformly
twisted around each other was obtained by balancing the
inward force with bending [28]. If we consider all the
contacts n. between filaments in a bundle cross section
are similar, then an estimate of the total contact energy
stored in the bundle can be obtained by multiplying the
estimate obtained previously for a single line contact by
ne. Thus,

1 » 1\* [ d\* Lp

which after substituting Eq. (23), Eq. (17) and d =
do/V/'\ give us,

1 (0 — 6, 1\?
E. = = neuVr2dy? w ()\3/2 — —) . (28)

8 2\3/2

The total energy E.; is obtained by adding each contri-
bution according to Eqgs. (16), (25), (26), and (28) over
the entire range of 8, while noting that £, = F. = 0 for
0 < 0.. Because W given by Eq. (19) is a function of 6
and R, F.; is a function of A, #, and R..

B. Stored elastic energy

To examine trends in the stored energy with n and
0, we use the experimentally measured, nearly constant
values of Rp, shown in Fig. 4(c), in place of Re; i.e.
R./dy = 0.44, 0.72, 1.27, and 2.0 for n = 2, 4, 8, and
16, respectively. Then, X is obtained numerically using
the condition given by Eq. (14). The calculated A is then
used to evaluate Fy, Ey, Fy;, E., and E,; as a function
of 6. Examining the various components of the energy
that contribute to the total elastic energy in Fig. 13, we
observe that they change not only with 6, but also with
n. In the case of n = 2, we observe that the contribution
of stretching to the total energy does not change signif-
icantly with #. This trend is different compared to the
case examined in Ref. [28], where L was held constant,
which resulted in a rapidly increasing Fs compared with
other components. Here, we find that the contribution
of F; and then Ej increases relatively rapidly, while F,
is essentially negligible in the case of n = 2. While essen-
tially doubling, the overall trends remain similar in the
case of n = 4 with Ey increasing slowly, and F} and F;
increasing rapidly with twist. However, we observe that
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FIG. 13. (a-d) The elastic energy and the contributions due to
filament stretching, twisting, bending, and contact, according
to the elastogeometric model for n = 2 (a), n =4 (b), n =8
(¢), and n = 16 (d). To avoid introducing additional free
parameters, we use the measured values of n., and Rp for
R..

FE, and E,. increases rapidly with increasing n as the fila-
ments wrap around in a bundle. Consequently the total
energy increases rapidly with twist in the case of n = 8
and n = 16, with E; and E. contributing an increasing
fraction to the total energy.

C. Comparisons

In order to compare directly with measured quantities
in our experiments, we obtain M as a function of 6 using
Eq. (15). The calculated ranges of torque for different
n are plotted in Fig. 11(c) side by side with the mea-
sured values using the torque sensor in Fig. 11(a) and
those estimated using the geometric model in Fig. 11(b).
The curve shown with markers in Fig. 11(c) corresponds
to FEg calculated using measured values of R., and
ne = 1,4,11, and 25 for n = 2,4,8, and 16, respectively.
To test the importance of the choice of R, and avoid
using measured values, we further calculate M with R,
corresponding to R, and R,,., of an ordered hexago-
nal lattice. It can be noted that the overall trends are
consistent with each other while comparing each n, al-
though a somewhat faster rate of increase can be noted
beyond 6 = 1080° for n = 16, even after considering the
range observed by considering various R.. This may be
expected as the simplification made in the filament geom-
etry that the filaments in the fanout region are straight
are increasingly not met.

The evolution of the bundle geometry can be also eval-
uated according to the elastogeometric model and com-
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iments and calculated using the elastogeometric model. The
overall trends are captured by the model, but systematic de-
viations grow with increasing n and 6.

pared with experimental trends.
distance is given by

The clamp to clamp

L= \/£2 — D}sin? <g>, forf < 0. (29)
and

L=+/L2—W2, for 0> 4., (30)

We also compare the measured and the calculated L
scaled by L, side by side in Fig. 14(a) and Fig. 14(b),
respectively. Good description of the trends for n = 2
and 4 are observed. While the model captures the trends
at lower 6, deviations grow as € increases above 720° in
the case of n = 8 and 16.

Further, the bundle length Lp = \/£% — W3 is eval-
uated using Egs. (17) and (23). We plot the exper-
imentally measured and estimated Lp scaled by L in
Fig. 14(c) and Fig. 14(d), respectively. We note that
the energy analysis yields overall good description of the
trends. However, the elastogeometric model systemati-
cally underestimates Lp because of the geometric simpli-
fication needed to evaluate the model.

D. Discussion of discrepancy

The energy-based approach found that the filament in-
clination angles in twisted filament pairs have to be the
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same in the bundle and fanout regions to have equilib-
rium. In deriving this condition, we assumed that fila-
ments in the fanout regions are well approximated by lin-
ear segments. While bending is visible near the clamps,
we ignored this contribution as being small. Further it
was assumed the transition of bending from the fanout
region to the bundling region occurs abruptly. The fact
that a; increases more rapidly than ¢; indicates that this
approximation increasingly beings to fail as the bundle
length increases and the fanout region decreases.

Further, it is possible that inter-filament friction leads
to some increase in «; relative to ¢;. However, we added
a lubricant between the filaments and found that it does
not lead to a significant change in the bundle length.
Changing the order of applied strain by twisting two fila-
ments and then applying tension showed some hysteresis,
but even in this case the angles remained different. How-
ever, when we increased the applied axial force F' by an
order of magnitude which leads to significantly greater
filament stretching, we did find that «; and ¢; approach
each other. Since greater tension in the filaments leads
to higher normal forces between twisted filaments, one
may expect the effect of friction to persist if they are
important. Hence, these observations appear to rule out
friction as the explanation for the source of growing dis-
crepancy.

Finally, it is possible that excluded volume effects
which lead to additional contact forces between the fil-
aments, along not only the radial direction considered
here, but also along the axial direction, play an increas-
ing role in the growing divergence with twist. Further
analysis based on the direction in which inter filament
forces act is needed, but is beyond the scope of our study.

VIII. CONCLUSIONS

In conclusion, by performing complementary optical
and x-ray measurements we elucidated the formation of
multifilament bundles as individual filaments are bought
together and twisted. Guided by these observations we
analyzed the measured torque required to form them,
and developed an elastogeometric model to estimate the
energy stored in the system considering the hyperelas-
tic nature of the filaments. The overall trends in mea-
sured torque and contraction length with twist angle is
observed. Good quantitative agreement is observed for
sufficiently low twist angles, but systematic deviations
are found to grow because of the simplified geometry of
the bundle considered in calculating the energies. While
advancing the understanding of the system and providing
useful estimates of the energy stored and the mechanical
nature of the system, our study nonetheless illustrates the
complexity of filament bundling and the need for further
investigation in concert with detailed numerical simula-
tions of the bundle formation.
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