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Preparing long-range entangled states poses significant challenges for near-term quantum devices.
It is known that measurement and feedback (MF) can aid this task by allowing the preparation of
certain paradigmatic long-range entangled states with only constant circuit depth. Here we system-
atically explore the structure of states that can be prepared using constant-depth local circuits and
a single MF round. Using the framework of tensor networks, the preparability under MF trans-
lates to tensor symmetries. We detail the structure of matrix-product states (MPS) and projected
entangled-pair states (PEPS) that can be prepared using MF, revealing the coexistence of Clifford-
like properties and magic. In one dimension, we show that states with abelian symmetry protected
topological order are a restricted class of MF-preparable states. In two dimensions, we parameterize
a subset of states with abelian topological order that are MF-preparable. Finally, we discuss the
analogous implementation of operators via MF, providing a structural theorem that connects to the

well-known Clifford teleportation.

I. INTRODUCTION

The recent advancement in building large-scale quan-
tum computers and simulators opens up new possibil-
ities in studying strongly-correlated many-body quan-
tum states in the engineered quantum platforms. As
the number of available qubits continues to scale, an im-
portant challenge is to prepare such many-body quan-
tum states from a native initial configuration, such as
the product state. This becomes increasingly challeng-
ing for larger system sizes because physically interesting,
strongly-correlated states often require high-depth cir-
cuits. Realizing the latter can be prohibitive in the ab-
sence of fault tolerance, since the accumulation of errors
scales unfavorably with the circuit depth [1]. Moreover,
locality of the accessible interactions constrains even fur-
ther the states that can be prepared with shallow circuits
because long-range correlated states, even with a small
amount of entanglement, require depth at least linear
in the system size [2]. Some examples include states in
the symmetry-broken phase exhibiting long-range corre-
lations [3] (e.g., the GHZ state [4]), and error-correcting
code states with topological order [2, 5, 6].

One shortcut to avoid the high circuit depth is via uti-
lizing measurement and feedback (MF). By performing
projective measurements and applying error correction
(unitary) operators depending on the measurement out-
come, one can deterministically prepare states in a con-
stant circuit depth that would otherwise requires a deep
circuit using local unitary interactions. One way to un-
derstand the power of MF is via locality. In a constant-
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depth local unitary circuit, correlations cannot propagate
beyond the light cone of the quantum circuit [2]. On the
other hand, in MF the (classical) measurement outcome
is shared non-locally to determine the error correction
operators, so one can spread correlations outside the cir-
cuit light cone. In other words, the MF paradigm can
be considered as a many-body, multi-party version of lo-
cal operation and classical communication (LOCC) [7],
which is enhanced by allowing shallow circuits.

Several recent works have discussed preparing many-
body states using MF, both in theory [8-19] and in ex-
periments [20-23]. However, in the particularly relevant
case of constant-depth MF, most of the studies so far
focus on specific examples, and a systematic understand-
ing of states preparable using MF is still lacking. Here
we address the following question: What is the structure
of states preparable from product states using constant-
depth circuits and a single round of ME? We refer to such
states as MF states and we will primarily discuss them
in 1D and 2D. Specifically, we focus on the following two
aspects to address their generality.

First, an obvious class of MF states is the stabilizer
states with small, local stabilizer generators. For exam-
ple, the well-understood toric code belongs to this cate-
gory [24, 25]. Nevertheless, we also know states prepara-
ble using MF that are not stabilizer states such as the
AKLT state [14] and the double-semion order [9, 11].
These states exhibit Clifford-like properties akin to the
stabilizer states, so one would wonder if there are any
connections. We show that there is indeed always a
Clifford-like structure underlying MF states, and more-
over provide a way to understand where the magic (non-
stabilizerness) originates from and why it does not inter-
fere with the Clifford-like properties. To give a taste
of the Clifford+magic structure, under certain condi-
tions specified later, if a matrix-product state (MPS) is
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preparable with MF, then its tensors admit the following
decomposition:
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Here Ug is a Clifford unitary, |¢) is some (possibly magic)
initial state, and V is an inverse isometry to account
for local rotations and potential non-injectivity. Similar
structure exists in two dimensions as well.

Second, we provide analytic solutions to the states
preparable using MF under some physically-motivated
symmetries. In 1D, we analytically solve MF states un-
der the symmetry resembling the symmetry protected
topological (SPT) order [26, 27], while in 2D, we ana-
lytically solve MF states under the symmetry resembling
the topological order and discuss their relevant proper-
ties. Importantly, the analytic solution parameterizes a
continuous family of states, again highlighting the fact
that MF states can possess magic.

The major tool we employ is the language of tensor
networks [28]. In this language, the MF property trans-
lates to the symmetries of the MPS tensor in 1D and the
symmetries of the projected entangled pair state (PEPS)
tensor in 2D. We characterize these tensors (MF MPS
and MF PEPS for short) by providing a structural theo-
rem for each. Then, we write down the analytic solutions
for MF MPS and MF PEPS when the symmetry resem-
bles the SPT order in 1D and the topological order in
2D. In addition, the language of tensor network enables
us the extend the discussion to not only preparing states
but also applying unitary operators using MF.

This manuscript is organized as follows. In Section IT
we discuss MF MPS. We begin by introducing the set-
ting and protocol. We then prove the structural the-
orem to characterize MF MPS and to understand the
source of magic. Finally, we provide an analytic solu-
tion of the MF MPS under the SPT-type symmetry. In
Section IIT we extend the discussion to MF PEPS where
we prove a similar structural theorem and provide the
analytic solution under the symmetry resembling topo-
logical order. To probe the topological order, we further
develop statements regarding the spectrum of the trans-
fer matrix where its degeneracy constitutes a signature
of the topological order. Lastly, we discuss how to im-
plement a class of unitaries using MF in Section IV and
provide a characterization.

II. MPS
A. Overview of the Protocol

We begin by analyzing a protocol for deterministically
preparing MPS using MF. Similar protocols have been
proposed in Refs. [14, 16], and more recently in [29-32].
The protocol begins by preparing unentangled tripartite
states, each in CP @ C?® CP, corresponding to the MPS
tensors:

e

Here d denotes the physical and D the virtual dimen-
sion. Note that the virtual space is thus here treated
as a physical degree of freedom. To “glue” together the
individual tensors to the desired MPS, we perform a bi-
partite projective measurement over the adjacent virtual
qubits:

However, in general, this results to unwanted operators
P (representing the measurement outcome) intertwined
within the target MPS. In certain cases, if the MPS ten-
sors and the measurement satisfies certain compatibil-
ity conditions, the target MPS can be deterministically
obtained by the action of local unitaries over the MPS
physical space.

A simple example with d = D = 2 is given by choosing
the MPS tensors to be 3-qubit stabilizer states. Then
performing Bell measurements results in a MPS inter-
twined with Pauli operators, in a pattern that depends
on the measurement outcomes. Nevertheless, due to the
underlying Clifford property, the MPS is then equivalent
to the target one up to local Pauli corrections.

However, recently several examples were constructed
that the underlying tensors seemingly do not satisfy a
(suitably generalized) Clifford property, but the MF pro-
tocol still succeeds. This notably includes the AKLT
state. In the following we systematically study the
structure of the MF protocol. We show that, un-
der mild assumptions, the underlying quantum gate-
teleportation [33, 34] mechanism always relies on a Clif-
ford property, which is possibly hidden by a part that
possesses magic.

B. Setting

We consider protocols where the gluing measurement
is projective and consists of rank-1 orthogonal projectors.



In other words, the corresponding basis is a collection of

states
|P) =P = ) (P)ala)|b) (4)

where B = {P;} is a collection of matrices. We refer to B
as the MF basis. Different elements satisfy orthogonality

Te(P]P)) = i (5)
and completeness
&
> = Ip2. (6)
% B

Both of these can be conveniently captured in the state-
ment that the map |i) — |F;) is unitary. The Bell basis
is the special case of qubits where (up to a constant)
B={I,X,Y,Z}. When generalized to qudits, the possi-
ble basis includes setting B to the Weyl-Heisenberg group
which is generated by

D—1 D—1
X=Y lat+1)al, 2= e>Playal . (7)
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We will also invoke the notion of qudit Clifford unitaries
and qudit stabilizers later on so we define it here. Simi-
lar to the qubit case, a qudit Clifford unitary is defined
as a unitary operator that maps all tensor product of
Weyl-Heisenberg operators to tensor product of Weyl-
Heisenberg operators. A qudit stabilizer state is the si-
multaneous eigenstate of a (sufficiently large) subgroup
of the tensor product of Weyl-Heisenberg group. See
Ref. [35] for a discussion on MF bases and Appendix B
for more examples of MF bases.

We impose an additional constraint: B forms a unitary
projective representation of a group. In other words, { P;}
are unitaries and are closed under multiplication up to
a phase. The group property imposes a non-trivial con-
straint because there exist constructions where {P;} do
not form a group [35]. See Appendix B for further dis-
cussion. On the other hand, unitarity constitutes a triv-
ial constraint because any representation of a group can
be turned into a unitary representation via a similarity
transform G [36]. For example, the similarity transform
in the virtual bond shows up as the following:

B @

Meanwhile, the similarity transform corresponds to a
gauge transformation of the MPS tensors so they do not
modify the resulting state. An important observation

which we later use extensively is that the unitary rep-
resentation {P;} is necessarily irreducible. This follows
from the completeness of the measurement.

Returning to Eq. (3), to remove the operator P, we
demand the MPS tensors to have the following symmetry
for all P € B, which we call MF symmetry:

This requirement allows to apply a local unitary Up on
the physical space (which depends on P) to move P to
the right and become P’ € B. P’ does not have to be
equal to P, nor does this map from left to right need
to be bijective. This symmetry allows us to move the
operator in the middle of the chain to the edge where it
can be corrected:

(13)

Note that different MPS tensors need not be the same,
nor do they need to have the same symmetry. As long as
they have the symmetry that allows the transport of the
operators in the virtual space, they can be glued together
using MF. We refer to such states as MF MPS.

Additionally, this protocol works deterministically if
the MPS has boundary conditions as above, i.e., where
the virtual space on the edges is treated as physical. In
the case of periodic boundary condition, one can only
move all the operators onto one virtual leg, and they
will all annihilate with a finite but still O(1) probability.
This will be different from, say, measurement and post-
selection which succeeds only with exponentially small
probability.

We emphasize that preparing the product of the tri-
partite states and performing measurement in the MF
basis only require a constant circuit depth, independent
of the number of sites, signifying the advantage of MF
over unitary circuits on current experimental platforms.
Also, the concept of “gluing” product resource states
to perform certain tasks also appears in other quantum



computing literature such as the teleportation quantum
computation [33, 34] and fusion-based quantum compu-
tation [37].

C. Examples of MPS with MF Symmetry

We present two examples of MPS tensors satisfying the
MF symmetry. Both examples have a virtual dimension
D = 2 and physical d = 2. In the first example, we
impose the following symmetry constraint:

- 1
- 1

These are linear equation with respect to A so one can
solve it directly. The result is, up to normalization,

:_l_+a _oh (16)

where the first term is the copy tensor. Importantly, this
is a continuous family satisfying the MF symmetry and
includes non-stabilizer states.

We provide another example to demonstrate that the
map from P to P’ in Eq. (9) need not be either identity or
bijective. We demand the following symmetry constrains:

- w
- a

This set of constrains admits the following family of so-

lutions:
= _l_E_—FOz _J g)l : (19)

Crucially, in both examples, the symmetry constraints
admit a continuous family of solution parametrized by
«. Given that stabilzer states are a discrete set of
states, most of the MF MPS cannot be stabilizer states.
Therefore, we would like to understand why MF MPS
can be continuously parametrized (signaling the non-
stabilizerness) even though they possess symmetries sim-
ilar to the stabilizer states.

D. Structure of MPS with MF symmetry

We give a structural theorem of all MPS preparable us-
ing MF. In particular, this reveals an underlying Clifford-
like structure as well as the source of non-stabilizerness.
We start by showing that MF MPS are automatically in
the MPS canonical form. The arrows throughout indi-
cate how a tensor should be interpreted as an operator.

Lemma 1. If A satisfies the MF symmetry [Eq. (9)],
then

(20)

i.e., A is proportional to an isometry V : CP — C?P

£ = I ey

Proof. The MF symmetry Eq. (
unitarity of P and Up,

9) directly implies, by the

(22)

where P is any element of the MF group. The result
follows using Schur’s lemma (since B is irreducible) by
interpreting the above equation as the adjoint action

P (Z A%”) Pt = (Z A%”) . (23)

O

We now prove our main theorems which characterize
the structure of the MF MPS tensors. There are two
parts of of the theorem. The first part allows us to per-
form a local isometry and replace Up, with (P; ® PT).
The second part states that after the local isometry the
MPS possesses a Clifford-like structure and characterizes
the magic.

1. Local Isometry

We begin by performing a polar decomposition to the
MPS. This reveals the local isometry that could allow us

to replace Up, with (P;f ® PT).

Theorem 2. Let A be a MPS tensor satisfying VP; € B
the MF symmetry




Performing a polar decomposition A =V Q we can write

p
- &

where @Q : CcP’ 5CP isa positive semi-definite Hermi-
tian matrix, satisfying:

(i) Q has the same null-space as V, i.e.,

SEye

and V : CP* = C4 is an isometry when restricted
to the range of Q.

(i) [Q, P; ® P/*] =0, i.e., Q has the symmetry

Proof. The proof is constructive. We apply the polar
decomposition to A, interpreted as an operator according
to the arrows:

p
- @9

Here @) is a positive semidefinite Hermitian matrix, and
V' is an isometry when restricted to the image of Q). Now
we evaluate the transfer matrix under the polar decom-

@ ) TE
@[] Lak

(29)

In the third equality we use the fact that Q and V share
the same null space to cancel out VVT; in the fourth
equality we use the Hermitian property @ = Q. We now
apply the symmetry constraint to the transfer matrix:

In other words, Q@ commutes with P; ® P/*. This implies
that there exist a basis such that Q% and P; @ P/* are si-
multaneously diagonalizable, and by definition this basis
is one possible eigenbasis of 2. Importantly, because @
is positive semidefinite, @ and Q2 share the same eigen-
structures, that means for each eigenvalue, the associated
(possibly degenerate) eigen-subspaces are identical. As a
result, the basis we have chosen to simultaneously diago-
nalize Q2 and P; ® P/* can also diagonalize @, so ) and
P; ® P* commute as well. O

The above theorem constructs a new MPS tensor @) by
applying an isometry VT to the original MPS tensor such
that @ has MF symmetry but with P; ® P!T as the error-
correcting operators. A natural question then is how the
original error-correcting operators Up, are related to P; ®
P!T. We show that they agree in the range of Q.

Corollary 3. Let R = V1V be the projector onto the
domain of V' (equivalently the range of Q). Then

(Pl o PR (31)

ViUpV =

Pictorially,

Proof. We write the MPS tensor in the form of Eq. (25)
and then apply the symmetry

We will read the above equation from bottom to top so
that

VQ=UpVQ(P; ® P") (34)

We now apply the pseudo-inverse of @ from the right

VQQ T =UpVQ(P, @ P)Q™! (35)
VQQ ' =UpVQQ (P ® P/*) (36)
VR =UpVR(P; @ P/*) (37)

Where in the second line, we use the fact that ¢ and
(P; ® P/*) commute; in the third line we realize that
QQ~ ! is the orthogonal projector to the domain of @



which by definition is R. Lastly, we multiply VT from
the left and (P @ P/T) from the right.

VIVR(P! @ PTy = VUL VR (38)
(Pl @ PTYR = ViUV (39)

Where in the second line, VIV = R since V and @ share
the same null space, and VR = VVIV = V. Finally, R
and (PiT ® P/T) commute so we can swap their order. O

In the case where the tensor A is injective, the projec-
tor R is trivial, and thus one can immediately conclude
that Up, and (P ® PT) are isometrically equivalent to
each other. On the other hand, the non-injective case
is richer, since the VIUp,V and (P! @ PT) only need to
agree on the range of R. As an example, we apply Corol-
lary 3 to the AKLT state where D = 2 and d = 3, hence
the tensor is non-injective. The correction operators Up,
are:

Uy = [+1) (=1 = 10) (0] + [ 1) (+1] (40)
Ux = |+1) {(=1] +10) (O] + |=1) {+1 (41)
Uz = [+1) (+1] = |0) (O] + |-1) (1] (42)

= [+1) (+1] +10) (0] + [-1) (-1 (43)

The AKLT state can also be represented as triplet pro-
jectors acting on the maximally entangled state [38], so
V has the following form:

V= [+1) (11] +[0) (T| + [-1) (00| (44)

where we denote the triplet state |T') =

and the singlet state |S) =
write down

2(01) +[10))

75 (101) —[10)). We explicitly

ViU,V = |00) (00| + |11) (11| — |T) (T| (45)
Z ® Z =00) (00| + [11) (11 — [T) (T'| — |S) (S| (46)
VIUxV = [00) (11| + |11) (00| + |T) (T (47)
X ® X = [00) (11| + [11) (00| + |T) (T| — |S) (S| (48)

from which it becomes clear that ViU,V and Z ® Z,
ViUxV and X ® X indeed agree in the domain of V,

e., Span{|00),|T),|11)}, but disagree on |S). Lastly,
we note that similar results are reported in Ref. [29].

2. Clifford Structure

We now show that when the MF group is the Weyl-
Heisenberg group, then @ possesses a Clifford-like struc-
ture. We begin with the following lemma.

Lemma 4. Suppose an isometry V : CP — C"P has
the following symmetry which maps the D-dimensional
Weyl-Heisenberg operators P; to a multiqudit Weyl-
Heisenberg operator (P @ Pia ® ... ® Pyy,):

V=PV(P1®P2®..®Py), VP. (49)

Then there exist a Clifford unitary U : C"P — C"P that

We defer the proof to Appendix A. The above lemma
states that for any isometry with Clifford-like symme-
tries, one can always find a Clifford unitary with the
same symmetries. With that, we are ready to unveil the
Clifford structure of the MF MPS.

Theorem 5. In the setting of Theorem 2, when {P;}
is the D-dimensional Weyl-Heisenberg group, Q can be
written in the following Clifford form when interpreted
sideways:

Here Uc - cP’ 5P’ isa Clifford unitary satisfying the
same symmetry constrains as Q in Eq. (27) and |¢) is a
(possibly magic) pure state.

Proof. We begin with showing that @ is also in the MPS
canonical form

We have again used the fact that @ and V' share the same
null space and the last equality follows from Theorem 1.
As a result, @ is also an isometry when interpreted side-

=

Because of Eqs. (27), Vo has symmetries mapping P; to
(Pl o PT o P).

Note that the Weyl-Heisenberg group is closed under
taking transpose or complex conjugation. Now we use
Lemma 4 to find a Clifford unitary Ugs that also maps



under adjoint action I ® I ® P; to P! @ P/T @ P'f. Con-

tracting Uc with V.

Vo I U]L (54)

We can again apply the symmetries of Vi and Uc to
show that any P; can be pushed through the virtual leg:

Then by Schur’s lemma, we can conclude that the con-
traction results in an identify on the virtual leg.

The final equation is equivalent to Eq. ( O

This result has several interesting consequences. First,
it shows that, when B the Weyl-Heisenberg group, the
mechanism that allows gluing together the different ten-
sors is a Clifford property. In that sense, all MF proto-
cols closely resemble the parallelization of stabilizer state
preparation via gate teleportation [34]. Nevertheless, as
we have seen the resulting MF MPS are not necessarily
stabilizer states. According to Theorem 2 and Theorem 5
this can happen due to (a) [¢) being nonstabilizer, and
(b) VT not having the Clifford symmetry.

Importantly, (a) and (b) are, in general, separate
sources of magic. To see that, consider applying a ro-
tation U to [¢) in Eq. (50). We push U through Uc.
For a generic rotation, this results in a global unitary U’
supported on both the physical legs (top two legs) and
the virtual leg.

On the other hand, a local rotation results in a unitary
only on the physical legs, so the magic originating from
|t)) cannot be represented as a local rotation.

We provide an example to illustrate the magic gen-
erated by (a). We consider the case where (P, P') €
{(X,X),(Z,Z)}. In this case, Vo [Eq. (52)] maps via
adjoint action X +— X®3 and Z — Z%3, so we can take

the following Ug:

=)

(77
€28

(58)

D
Ny

d{H-b—
One can verify that the above Clifford circuit indeed

maps X and Z as stated before, regardless of [¢)). When
[y = |4) |+), it generates the cluster state (up to a local
+) o—4

unitary).
= (59)
L
[+)0 O—{H}-b—

On the other hand, one can choose an arbitrary |¢)
and the resulting MPS still preserves the MF symme-
try. For example, for AKLT state, |¢) is the following
non-stabilizer state.

()77
U

"

1
[v) = 4—\/5(3|+> [4+) = [=) ) = [+ =) = =) =)
(60)
L (01) + [10) + [11)) (61)
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This example illustrates how the tensor ) can contain
magic even though it possesses a Clifford-like symmetry.

In addition, we point out a property of the MF MPS
regarding the calculation of expectation values. After
applying the local isometry VT, the evaluation of the
Weyl-Heisenberg observable is simple even though the
state could possess high magic. More precisely, consider
the MPS after applying VT to each tensor; recall that
VTA = @, and the resulting state can be sequentially
generated using Clifford unitaries and product of magic
initial states [39].

i
T
=
&

QHQH

. w»UCﬂ Ucﬂ Ucﬂ 0

C

After removing the inverse isometry, the sequential
structure renders the computation of Weyl-Heisenberg
expectation values efficient despite the fact that the re-
sulting state potentially has high magic. This is because



one can push Pauli strings through the sequential Clifford
unitaries as shown below.

(67)

In the second line above we push the operators from
the physical legs to the virtual legs and the purification
legs; in the third line we push the operators on the virtual
legs to the left. After pushing back, the operator expec-
tation values factorizes into terms supported on product
initial states, rendering the computation to be efficient
even though the state may have high magic. While we
are evaluating the Pauli observables on a possibly ex-
panded space after the isometries, they can be related to
the observables on the physical leg. In the case of in-
jective MPS, the Pauli operators simply relates to some
operators on the physical leg via a rotation V'; in the case
of non-injective MPS, one can still relate U, to some Pauli
operators via Corollary 3.

We note that computing the expectation value of any
product of local observable is computationally efficient
with MPS, so the sequential generation structure does
not bring computational advantage in one dimension.
Nevertheless, we will see later that MF PEPS has the
similar sequential generation structure which allows for
efficient computation of the Weyl-Heisenberg observable.
This property does bring a computational advantage in
two dimensions.

Lastly, one would still expect a similar structure when
the MF group is not Weyl-Heisenberg, but it is not clear
what is the analog of Clifford operators there. Specifi-
cally, one would need to find a set of unitaries that do
not generate operator entanglement in a generic MF ba-
sis (one can always find a channel that does that, but it
is not clear if such a channel is a unitary). We leave this
question to future work.

E. Connection to SPT

The MF symmetry of MPS resembles the symmetry of
the SPT order [40], but there are subtle differences. In

SPT the fractionalized operators can always be chosen to
be identical P/ = P;, whereas the symmetry of the MF
MPS need not be. In fact, we have seen that the map
M : B — B mapping P; — P/ in Eq. (9) need not be
bijective as well.

As an example, we discuss the MF MPS with the fol-
lowing symmetry constraints:

(68)

(69)

This corresponds to the case where M neither keeps P;
unchanged nor is bijective. To compare it with SPT, we
block the site twice which results in the following sym-
metry:

- )

We see that only Y of the virtual space can be pushed
through, and all other Pauli operators result in identity.
Therefore, the corresponding symmetry is not the Pauli
group Zsg X Zo but only Zs. Because Zs only has triv-
ial second group cohomology, the resulting state has the
trivial type of SPT order.

When M is bijective, one can reproduce the SPT-type
symmetry (where P/ = P;) by blocking adjacent sites.

Observation 6. If the map M : B — B mapping
P, — P! as defined by the MF symmetry [Eq. (9)] is
bijective, then after blocking a finite (i.e., system-size in-
dependent) number of times, the resulting supersite pos-
sesses the SPT-type symmetry:

& - B

The above observation is simply proven by the fact that
a bijective M defines a permutation in the MF basis, and
any permutation always has a finite order. Hence, the
specific map M does not matter critically, but the bijec-
tiveness does matter in terms of connecting to the SPT




order. For instance, consider the following symmetries:

(72)

(73)

The symmetries define a map X — Y, Y — Z, Z —
X which is is equivalent to M being the identity after
blocking three sites.

F. Characterization of MF MPS with SPT-type
symmetry

We now focus on the case where the map M : B — B is
identity, in other words, when the MPS tensors have the
SPT-type symmetry discussed previously. Such symme-

wherew(j, k) is defined as the phase after commuting P;
and P, due to the projective representation: PpP;, =
w(j, k)Pj Py. In the last equality, we commute Py, through

P/ and P; and include the phase w(i, k) 'w(j, k). The
above equation has to be satisfied term-by-term, imply-
ing that, if a;; # 0, then w(i, k)w(j, k)~ = 1,Vk. This
restricts the non-zero terms to be those with i = j,
because otherwise Pl-P;1 commutes with all P.. But
since Py forms a complete operator basis, it implies that

Pin_l o I, so P; and P; are the same up to a phase. O

As an example, the AKLT tensor can also be written
in the following way:

(76

In fact, one can recognize this as local-unitary equivalent
to the triplet projector which is known to generate the

tries admit the following solution when we require the MF
basis to form a projective representation of an Abelian
group. For example, the Weyl-Heisenberg group is a pro-
jective representation of Zp X Zp. We note that all the
known constructions from Ref. [35] are Abelian. Under
the Abelian condition, we provide the following analyti-
cal solution to Eq. (71).

Theorem 7. Let {P;} be a pmjective representation of
an Abelian MF group, then under Eq. (

e W@ o

Proof. We expand @) in the basis of the MF group (recall
that the MF group forms a complete operator basis)

- -

Per Theorem 2, we apply the symmetry PZ-Jf ® P; to the
tensor in the expanded basis (note that the orientation
of the right leg is reversed):

AKLT state. Lastly, we note that similar results were re-
cently obtained in [30] in a different but equivalent basis.

However, even under the same SPT-like symmetry, not
all MF MPS states are in the same SPT phase. For
example, a D-level GHZ state can be written as (up to
an isometry and normalization):

b c

b c

(77)

Here Z is the phase operator in the Weyl-Heisenberg
group. One can verify that the above tensor is equal
t0 04,50b,c0c,4, SO the physical leg only has an rank of
D, and the tensor is exactly the GHZ tensor after elim-
inating the null space in the physical space. By setting
D = 2, we obtain a qubit GHZ state which is in a differ-
ent phase then the AKLT state. Hence, having the same
MF symmetry does not imply that the states are in the
same phase. However, when we demand the MF MPS to
be injective, then different MF MPS satisfying the same



SPT-like symmetry are indeed in the same phase [26, 27].

III. PEPS
A. Overview of the Protocol

We now extend the discussion to the 2D square lattice
and consider a similar protocol shown in Eq. (78). We
start by preparing five-party states in C¢ @ (CP)®4 that
correspond to the PEPS tensor. We then measure the
adjacent virtual leg qubits in the MF basis. Finally, we
apply local operations to push the operator P; to the
boundary.

= (78)

However, the symmetry constraints to push the oper-
ator throught is more subtle in the case of PEPS than in
the case of MPS because there are multiple virtual legs,
so one can push the operator to multiple legs. Due to
this, not all the possible types of symmetries allow to de-
terministically correct the measurement operators. For
instance, observe the following symmetry condition:

This symmetry constraint does not allow pushing the op-
erator to the boundary. This is demonstrated in the fol-
lowing example:

edit

Here, attempting to push the purple operator to the
boundary creates two more purple operators. This is in
fact inevitable because of a topological constraint. The
operator can be considered as a line connecting two pla-
quettes. The symmetry constraint only deform the string
but it always ends at the same plaquettes. This is analo-
gous to the Wilson line operator connecting two fluxes in
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the toric code. Since the plaquettes are in the bulk, any
deformation will necessarily contain part of the string in
the bulk, rendering the error non-correctable.

If we do not impose additional symmetry constraints
to avoid the above situation, then the minimal symme-
try constraint to enable correcting all operators is the
following where we push the operators to the upper-right
corner:

(81a)

(81b)

We refer to tensors with such a symmetry as MF PEPS.

B. Structural Theorem of MF PEPS

We now derive the structural theorem for MF PEPS,
analogous to the case of MF MPS. To begin with, the
symmetry constraints Eqs. (81) result in the PEPS being
an isometric tensor network (isoTNS) [41].

Lemma 8. Under the symmetry constraints Eqs. (81),

(82)

Proof. The proof is analogous to the case of MPS. First
we apply the symmetry constraint to show that VP4, Pg,

Then Schur’s lemma directly implies the isometry prop-
erty. O

Note that, although every MPS can be expressed with-
out loss of generality in terms of isometric tensors, the



same is not true for a general PEPS. That is, isometric
PEPS (of a fixed virtual dimension D), as the ones ap-
pearing in the Lemma above, form a strict subclass of
PEPS with the same D.

Similar to the case of MPS, MF PEPS also admit a con-
venient Clifford-like structure after performing the polar
decomposition.

Theorem 9. Under the conditions (81), the polar de-
composition of the PEPS tensor reads

- (84)

Q

where @ : cP' 5P isa positive-semidefinite matriz
and V : CP* — €4 is an isometry in the range of @,
satisfying:

(i) V' has the same null space as Q, i.c.,

where the corresponding legs are labelled for clarity.

(ii) Pa®I® Pl @ PL, and I® Ps® PL, @ PL, commute
with Q, VP, Pg.

(ii) When {Pa},{Pg} are the D-dimensional Weyl-

Heisenberg group, Q@ can be written in the following

Clifford form:
Jw
Ju
‘{/ .Pajpvk;ﬂvlp
i iy k] . = iy ke . (86)
£
Q L

Here we group the iy, jp, kp, 1, legs into a single leg.
Uc: CcP® 5P isa Clifford unitary satisfying the
same symmetry constrains as in (ii), and |Y) is a
(possibly magic) pure state.
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The proof is entirely analogous to the case of MPS,
and Corollary 3 carries to PEPS as well. Importantly,
MF PEPS also exhibit the Clifford sequential generation
structure as demonstrated in Egs. (65,66,67), and which
allows for the efficient evaluation of the Weyl-Heisenberg
observable. Since the evaluation of observables with large
support in PEPS is computationally inefficient even with
isoTNS [42], the Clifford sequential generation structure
provides a significant computational simplification in two
dimensions.

Lastly, the orthogonality center which can be consid-
ered as the “starting point” of pushing operators need not
be at the lower-left corner but can be located in the bulk.
For example, we can glue PEPS with isometry direction
pointing at all four corners as shown below. The green
lines partition the PEPS into regions with the intersec-
tion being the orthogonality center. A defect operator
can be pushed to any one of the four corners, depending
on which region it belongs to.

C. Topological Order

An important class of MF PEPS are those with topo-
logical order. This is one instance where MF has a
unique advantage because it is known that topological
order cannot be prepared by a constant-depth unitary
circuits [2, 5, 6], but can be using constant-depth MF.
Therefore, in this section we begin by imposing an MF
symmetry that resemble the topological order. This
symmetry is insufficient to necessarily imply topological
states, so we then impose an additional symmetry which
further constrains the state but allows to connect with
topological order. We probe the latter via the spectrum
of the transfer matrix and provide analytical solutions to
understand its degeneracy.

1. Symmetry constraints

Our first step is to impose the following stronger sym-
metry constraint where we have a single MF basis B =
{P;} and we allow the defect operators to move in any



direction:

(88a)

(88b)

Here we again label the virtual legs with arrows to specify
the order of matrix multiplication. However, the above
symmetry is insufficient to necessarily imply topological
order. We discuss why this is the case in Appendix C.
Following Ref. [43], we consider a subgroup {M} of the
MF group and impose the following constraint.

Here ¢ is some phase. Note that there is no error correc-
tion operator acting on the physical leg so it is stricter
than MF symmetry. Also the above symmetry is satisfied
by @ as well because VIA = Q.

El)
@

= 2_ oy {Po-ED-ER

ijkl

g

Again we the equation has to be satisfied term-by-term, so w(i, m)~w(j,

wkz Z
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Similar to the case of MPS with the SPT-type sym-
metry [Eq. (71)], we provide an analytical solution to the

states satisfying the above symmetry when the MF group
is Abelian.

Theorem 10. Let {P;} be a projective representation of
an Abelian MF group, then under Egs. (88),

B S ) M, N

pf

K2

In addition, under Eqs. (89), ap, = e®ayp, in Eq. (90)
for any M in the subgroup and n¢ =0 mod 27 where n
is the order of M.

Proof. The proof is entirely analogous to the case of MPS.
We expand @ in the MF basis:

0= S - o

ijkl
P/

We now apply the symmetry constraint on legs labeled
by i and j.

El)
%

@
&)

m) = 1,V¥m, leaving the only choice to be

i = j. One can repeat the same calculation for legs i and k to get ¢ = k. Finally, we repeat the same calculation for



legs ¢ and [.

—.’-

Again,  satisfying the equation requires that
w(i,m) tw(l,m) = 1,¥Ym, leaving the only choice
to be i = m. Hence, the only non-trivial terms are those
withi=j=k=1. O

We discuss some examples. Consider the tensor

corresponding to a Zp quantum double model, up to an
isometry in the physical space. As a modification, one
can introduce a phase to each term in the summation,

where wy, = e2¥7/D | —=0,1,...,D—1. This corresponds
to a Zp quantum double model with an electric charge
k. To see that, we glue two tensors with charge k& and
—k and apply a local unitary Z¥ @ Z~* to annihilate the
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[,
B Z w : :; aijkl (93)

D
i, =
Z wkw—k_’._

&

Y o

1,j=0

BE8E

-*B—

]

Z-*I—

1,j=0

-*B—

In the second line &_Lbove we commute ZF and Z 7k
through X" and X* to cancel out the phase, and in
the third line we annihilate Z* and Z~—* on the virtual

legs.

The two above examples also satisfy the symmetry (89)
with M = Z. In the charge-free case, ¢ = 0, while in the
case with charge k, ¢ = 2wk/D. This is the symmetry
that allows the Wilson line to fluctuate freely. As another
example, if we take {M} to be the entire MF group and



set @ = 0, then the resulting state becomes

(99)

In other words, we have created a tensor which takes the
equal sum of all the terms in Eq. (90).

2. Spectrum of transfer matriz

We now try to probe the possible topological order
under the symmetries Eqgs. (88,89). Unfortunately, cur-
rently there does not exist a universal method to deter-
mine the topological order in PEPS [44]. Therefore, we
seek for signatures of the topological order instead. One
way to probe the topological order of PEPS is to cal-
culate the spectrum of its transfer matrix [44, 45]. We
define E = AT A, or pictorially

(100)

The transfer matrix T is defined as a chain of E con-
tracted sideways. We take the periodic boundary condi-
tion and take the large system limit.

(101)

It is shown in Ref. [44] that the degeneracy in the largest
eigenvalue of T constitutes a signature that the PEPS is
in a non-trivial phase (symmetry-broken or topological).
Using Theorem 10, we can easily evaluate the transfer
matrix.

Theorem 11. Under the symmetry constraints
Eqs. (88), the transfer matriz T can be written as

(102)

(103)

where L is the length of the transfer matriz.
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Proof. To begin with, we use Theorem 9 to find

E=ATA=QVvQ =0Q'Q (104)
where we use the fact that V and @ share the same null
space to have VIV Q = Q. By using the analytic solution
(90) of @, we can explicitly calculate E.

(105)

(e - zep@

*
ep, = E ap.
- J P;Pj
J

We now multiply two E sideways.

Here, the loop is non-zero only when ¢ = j by the orthog-
onality of the MF basis, so the only nontrivial terms are
those with i = j with coefficients ep, = (22 ap, aPTP )2,

(106)

(107)

Similarly, we can keep multiplying F from the rlght and
only the on-diagonal terms will survive with coefficients
eILJ Lastly, taking the periodic boundary condition an-
nihilates the two operators at the left and right. O

With the analytic expression of the transfer matrix,
we now include the additional symmetry constraint (89)
which directly implies degeneracy in the largest eigen-
value, when we choose some appropriate L to annihilate
the phase ¢.

Corollary 12. In addition to Eqs. (88), under Egs. (89)
with a subgroup {M}, the transfer matriz T with length
L being an integer multiple of m = [{M}| has at least an
m-fold degeneracy in the largest eigenvalue.

Proof. Eq. (89) implies that

en = lap [, VM (108)
J
Now we rewrite Eq. (102) in the following way.
Plea e |d) (al O (109)

T= ZeILDi[(Pi)ab(

In this way, it becomes appearant that T is already di-

agonalized, so elLDi are the non-trivial eigenvalues. By



choosing L to be integer multiples of m (in other word
we annihilate the charges associated with the tensor),

ek = (Z lap,[*)F, VM (110)
J

Since there are m elements in total, the eigenvalues ejs
is m-fold degenerate, so it remains to show that eps is
the biggest eigenvalue. This is shown via the Cauchy-
Schwartz inequality.

ep, = Zapja;;jpj (111)
J '
1 1
< (Z |O‘Pj|2)2(2|apjpj|2)2 (112)
J J
=Z|Oépj|2 = €M (113)
J
O

As an example, we consider the qubit Pauli group as
the MF basis and observe the following state.

—&=h-
—&)-

o=~ -8

-5
-

Y Z

—=h-
—&-

(- 8-~ @)

Y Z

(114)

The above state can be interpreted as an interpolation
between the toric code state (94) when o = 0 and the
equal sum state (99) when o = 1. The entire family of
states possesses the symmetry of type (89) with M = X,
so one would expect a two-fold degeneracy in the largest
eigenvalue. Indeed, we have e; = ex = 2 + 2o and
ey = ez = 4a. When a = 1, we have an additional sym-
metry of the type (89) with M = Z, and the degeneracy
is promoted to four-fold. In summary, this is a simple ex-
ample of a continuous family of states, with signatures of
topological order, preparable with MF in constant depth.

The above discussion characterizes the degeneracy in
the spectrum of the transfer matrix when the MF PEPS
satisfies the topological-type symmetries Eqs. (88) and
(89). Degeneracy in the spectrum does not directly im-
ply topological order, since a symmetry-broken phase can
also possess such degeneracy. Nevertheless, our results
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provide a systematic characterization of MF PEPS with
topological-type symmetries and supports the existence
of the topological order.

IV. IMPLEMENTING UNITARIES WITH MF

Here we extend the idea of MF from state preparations
to applying matrix-product operators (MPO) which are
unitary or, more generally, isometries. Many, but not
all, of the existing constructions are based on Clifford
teleportation [8, 13, 15, 34, 46-49] which has a discrete
structure. Here we will show that the considered proto-
col, although not much stronger than Clifford teleporta-
tion, allows for continuous families.

We consider the following protocol to implement a
MPO via MF and derive a structural theorem. A MPO
can be represented as the following operator

where the boundary conditions will be specified later. In
general, MPO can create correlations at arbitrary dis-
tances, so they cannot be implemented with constant-
depth unitaries. This justifies the use of MF to imple-
ment the MPO. The protocol begins with the application
of individual MPO tensors to the (arbitrary) input state.

[ 9) |

For this to be a physical process without post-selection,
we require each MPO tensor O; to be proportional to an
isometry from bottom to top

(115)

(116)

(117)

where D is the virtual bond dimension; the reason for
this choice will become clear later. Next, we glue the
adjacent virtual legs using MF:

(118)

After that, one would like to push the defect operators
through by applying local error corrections Up, and anni-
hilate them at the open boundary. Alternatively, one can
impose a periodic boundary condition and try to push all



the defect operators to the same site. This results in a
probabilistic protocol but still with an O(1) success rate.
MF imposes the following symmetry to the MPO tensor.

-BE e

a

(119)

The MPO can be understood as a collection of MPS la-
belled by a satisfying the same symmetry, connecting to
our previous results on MF MPS. We now show that this
results to certain orthogonality conditions.

Lemma 13. Under Eqgs. (117,119),

{(5 B 7 va
a

where V, are isometries possessing the MF symmetries,

(120)

In addition, different V,, satisfy the following orthogonal-
ity relation.

(122)

Proof. The statement that V, are isometries possessing
the Clifford-like symmetries follows trivially from the
MPS result Lemma 1. To show the orthogonality re-
lation and to fix the constant multiplier, we apply the
MF symmetries to the left hand side of Eq. (122).

Therefore, by Schur’s lemma, Va‘/}j = kqpl where kyyp is a
constant multiplier depending on a and b. Additionally,
the orthogonality requirement (117) demands that

= — = 1
i3 dap  (124)

The above equation restricts kqp = dap, and Egs. (122)
naturally follow. O

With the above lemma decomposing the MPO into or-
thogonal isometries, we are now ready to state our struc-
tural theorem of MPO which connects it to the Clifford-
like teleportation.
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Theorem 14. Under Eqs. (117,119),

(125)

where U is a unitary satisfying the MF symmetry con-
straints

(126)

and U is a unitary determined by O. Moreover, one can
choose a fived U satisfying Fqs. (126) and represent all
the possible O under the same MF symmetry by varying
U.

Proof. We will construct U and U explicitly. We take
any O satisfying the MF symmetry Eq. (119). We then

define U as
a
U — Va =
a

Where we introduce a basis labeled by a in the top-left
leg, and V, are the isometries as defined in Lemma 13.
Naturally U satisfies Egs. (126) because all V,, satisfy the
same symmetry. Hence, it remains to show that U is a
unitary, which is true since

(127)

(128)

Now we show that any other MPO O’ satisfying the same
MEFE symmetry can be written as a combination of U and
U. Given any other O’ satisfying the same MF symmetry,
we carry out the same procedure and construct another
unitary U’. In other words,

a

Because O’ satisfies the same MF symmetry, U’ satisfies
Egs. (126) as well. Now we contract U'UT and apply the
MF symmetry.

(129)




Therefore, by Schur’s lemma,
U I ut| =

Where the constant multiplier has to be 1 to agree with
the unitarity of U'UT. As a result, O’ takes the following
form (125). O

(131)

The above theorem implies that the MF symmetry de-
termines a class of U possessing the Clifford-like sym-
metry (126). Moreover, while there exists a continuous
family of MF' MPOs, they are related by a local unitary
U. Hence, the MPO can be written as one layer of arbi-
trary local rotation and Clifford-like teleportation.

)
U, Us Us
= J J J (133)
i) U Us

The above structure also implies that the MPO has to
be an isometry under the open-boundary condition. If
the leftmost virtual legs at the boundary is considered as
input and the rightmost as output, the resulting MPO
is a unitary staircase. In the case of periodic boundary
conditions, one have to perform post-selection, and hence
the MPO need not be unitary.

Lastly, we note that the above discussion can be ex-
tended to 2D as well. Rather than having an MPO, in
2D we can implement projected entangled pair operators
(PEPOs) using MF. By the same analogy, the PEPOs
are equivalent to one layer of local unitaries and then a
layer of Clifford-like teleportation on a 2D grid.

V. DISCUSSION

In this work, we systematically investigate the proper-
ties of states preparable using MF. In the language of ten-
sor networks, preparability under MF translates to sym-
metry constraints of the MPS tensor in one dimension
and PEPS tensor in two dimensions. We characterize the
universal structures of such tensors and present the un-
derlying Clifford-like structure and the source of magic.
In addition, we provide analytic solutions to states with
physically-motivated MF symmetries and discuss their
connection to SPT order in one dimension and topolog-
ical order in two dimensions. Lastly, we extend the for-
malism to implementing operators using MF and provide
a similar structural theorem to analyze the Clifford-like
structure and the magic.
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This work opens up new windows to investigate the
power of MF. First, we have provided analytic solutions
to some MF states with physically-motivated symmetries
which form continuous families, so it would be interest-
ing to investigate these families further. Some questions
include what phases can the family belong to, and if one
can find a phase transition in the MF family. Second,
it is known that performing multiple rounds of MF can
prepare additional states such as the nonabelian topo-
logical order characterized by solvable groups [13, 18].
One would thus wonder if there are other type of states
preparable using multiple rounds of MF, and if so what
are their properties. From the perspective of symmetries
of the tensor network, preparing a state using multiple
rounds of MF amounts to including additional symmetry
constraints, so we expect similar technique to be appli-
cable even in the case of performing multiple rounds of
MF.

Note added—During the completion of this
manuscript, four related works appeared [29-32]
which discuss state preparations using MF from various
perspectives. Our results agree with them where they
overlap.
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Appendix A: Existence of Clifford Purification

In this section we prove Lemma 4, in other words dis-
cuss why any Clifford-like isometry in Theorem 5 ad-
mits a Clifford unitary purification. We borrow the tech-
niques from [50]. Consider a system with n number of
d-dimensional qudits and define the following notations.

(A1)
(A2)

a = (V1,02 oy Up, W1, Way ooy W) € ZZ"
XZ(a) = X 2" @ X2 ZY @ ... @ X ZWn

Where X, and Zj are the Weyl-Heisenberg shift and
clock operators of qudit a. In this way, the vector a
uniquely labels an element up to a phase.

A multiqudit Clifford unitary is specified by its ac-
tion on the generator of the multiqudit Weyl-Heisenberg

group.
UoXyUL, = /24X 7(Cy)
U ZU}, = ™%X 7(C)
Not that the phase is the 2d-th root of unity in general.
We let C,C; be the column vectors of a matrix C' €

ZZ"XQ" and let hy, h; be the elements of a vector h € Z%g.
In C' and h completely specifies the action of a linear



map, but it does not necessarily have to be a unitary.
Crucially, Ref. [50] proves that C' and h unique specifies
a Clifford unitary if they satisfy certain conditions.

Theorem 15. (Reproduced from [50] section II, III) Let
the linear map defined by C' and h to be €. If it satis-
fies the following properties, then there exist a Clifford
unitary Uc such that U(EE(XZ(a))UC = XZ(a),Va.

1. £ preserves the commutation relation between
Weyl-Heisenberg group elements. Specifically,

E(Za)E(Z) = E(Z)E(Za), Yasb (A5)
E(Xa)E(Xp) = £(X3)E(Xa),Va, b (AG)
E(Za)E(Xp) = E(Z)E(Xa),Va # b (A7)
E(Za)E(Xa) = €™/ UE(Z0)E(Za), Ya  (A8)

2. £ preserves the order of elements. Specifically,

given that Z¢ = I, X3 = I, it suffices to have

E(Zy)* = I,Va (A9)

£(X,)'=1,Va (A10)

The proof is based on an explicit algorithm that se-
quentially applies single-qubit and two-qubit gates which
act as row operations on C' to diagonalize C'. Then, a fi-
nal layer of Weyl-Heisenberg unitaries is applied to set
h = 0. Reversing the unitaries generated by the algo-
rithm give rises to Uc.

Now, the isometry with Clifford-like symmetries in
Theorem 5 defines a map from P; to (P! @ P/T @ P/1).
This map can be considered as two columns of C' and
two elements of h which specifies the action of £(Z;) and
E(X71). Importantly, the above map satisfies the two con-
straints. To verify the first constraint, take P, and P, to
be X or Z. We apply the symmetry of P, first and then
apply the Py:

(A1)

we can also apply the symmetry of P, first and then apply
the P, and the results should be equal. Also

(A12)
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From there, one can immediately conclude that if P, P, =
wP,P,, and (P} @ P[T @ P") (Pl @ P." @ Pit) = w/(Pi ®
PT® P;T)(PJ S PgT), then V = ww'V, so w’ = w*
otherwise V is trivial. To verify the second constraint, we
take P, to be X or Z and apply the symmetry d times.

Since we take P, to be X or Z, P! = I. Because any
Pauli group elements has at most an order d, (Pl @ P/T @
P!T) = wI where w is some phase. From the above equa-
tion it follows that V' = wV, so w = 1 or V is zero.
Hence, the map from P; to (PiT ®PT® PZ-/T) satisfies the
two constraints.

Returning to the tableau formalism, we only have to
diagonalize two columns of C' and set two elements of h to
zero. This is strictly easier than the original problem so
the algorithm can always succeed. Hence, one can always
find a Ue that undoes the action of the isometry. In fact
Uc is non-unique because we only have to diagonalize
two columns of C' and set two elements of h to zero, and
the rest of C' and h can be arbitrarily specified.

Lastly, if the above theorem can be generalized to ar-
bitrary MF group, then one can prove the existence of
unitaries that do not generate operator entanglement in
the MF operator basis, analogous to the Clifford unitary.
We leave this to the future work.

Appendix B: Examples of MF bases

In this section, we discuss some examples of the MF
basis. We begin with discussing the case where the MF
basis forms a group. We have seen the case of Weyl-
Heisenberg group in d dimensions. When the dimen-
sion d is composite, for example d = dids, then the
MF basis can be chosen as the tensor product of two
Weyl-Heisenberg groups of dimension d; and ds, respec-
tively. Specifically, denote the generator of the two Weyl-

Heisenberg groups to be X4,, Z4,, Xd,, Za,- Then the
MF group is generated by
Xg, @1, Zg, 1,1 ® Xg,,I ® Zg, (Bl)

The above example can be considered as a tensor prod-
uct of a di- and ds-qudit, and “gluing” in the MF basis is
equivalent to “gluing” pairs of d;- and d-qudits individ-
ually. Nonetheless, this is not the only option. Another
option is the following set of the MF group generator.

X, @ LI ® Xq,, 1 ® Zy (B2)

where the X type generators are inherited from the d;-
and dy-qudit, but the Z type generator is the clock op-
eration Z,; of the d dimensional Weyl-Heisenberg group.



Lastly, we point out that the MF basis need not form
a group. Ref. [35] gives an explicit family of MF basis,
inspired by the clock and the shift operator. The MF
operator is written as U;; where 4 and j label the operator
takes values from 0 to d — 1. Uj;; is defined as
Uij k) = Hj, (G, k) - (B3)
Here, H7 are Hadamard matrices which means |H7,| =
1,Vi,j,k and H'H'T = dI,¥j. A(j,k) defines a Latin
square, namely the maps k — A(j,k) and k — A(k,j)
are injective for every k. When the MF basis forms a
group, the Latin square is exactly the Cayley table of the
shift-like operators, but in general the operations defined
in the Latin square are not closed under multiplication.
That means there exist MF basis that does not form a
group. We leave the investigation preparing MPS and
PEPS using non-group MF basis to the future work.

Appendix C: Insufficiency of MF symmetry to
generate topological order

In this section, we discuss why Eqgs. (88) alone does
not guarantee the topological order. As a simple coun-
terexample, consider the following state:

o= ~{i}-
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This tensor results in products of Bell pairs when con-
tracted into a two-dimensional array, which obviously
does not exhibit topological order. In fact, it is known
that an injective PEPS cannot support any topological
order [28, 43]. Without Egs. (89), the family of solution
in Theorem 10 is mostly injective except for a measure-
zero subset. Hence, one would need to impose additional
constraints to ensure non-injectivity. Indeed, imposing
Eqgs. (89) is sufficient to ensure non-injectivity.

Observation 16. Under Egs. (89), with a non-trivial
subgroup {M}, A cannot be injective.

Proof. We prove by contradiction. Suppose A is injective,
then there exists an inverse A~! (when read from the four
virtual legs to the physical leg). Eqgs. (89) can be written
as

A=e?AMe Mo M* @ M*) (C2)
We now apply A~! to the left to obtain
I=e(MeMeM* ® M) (C3)

That leaves the only choice to be M = I and ¢ = 0,
violating our assumption that {M} is non-trivial. O
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