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Abstract—Owing to their unique advantage of high torque
capability at low-speed operation, vernier permanent magnet
(VPM) motors are gaining increasing attention for direct-drive
robotic actuation applications. However, prior research and
design efforts primarily focus on large-size VPM motors, while
typical robot actuators are small in size and are typically in the
fractional horsepower range. It is natural to wonder: are small-
size VPM motors offering the same improvement compared to
regular machines in torque density and specific torque? Aiming
to answer this question, this paper provides a scalability study on
the high-torque advantage of VPM motors. We developed both
analytical and numerical models of a VPM motor, and designed
and built a small-size, toroidal-winding VPM motor prototype
to validate the models. Next, the model-predicted performances
of a VPM motor and a baseline permanent magnet synchronous
motor (PMSM) with varying overall sizes are presented. The
scalability study shows that the benefit of VPM motors compared
with PMSM is not as significant in small machines compared
with larger machines, which reveals key challenges in the design
and optimization of small-size VPM motors for high-performance
servo applications.

Index Terms—Vernier permanent magnet motor, direct-drive
motor, scalability

I. INTRODUCTION

Driven by the advances of robotics and recent labor short-
ages, new installations of robots in worldwide factories and
warehouses are increasing exponentially. A significant portion
of this growth is in collaborative robots, or cobots, since
they provide excellent safety and responsiveness needed for
modern factory automation [1]. To achieve the required su-
perior interaction capability, cobot actuators must not include
transmissions with a high gear ratio. Therefore, the electric
machine for cobot actuation must offer excellent torque density
and specific torque to reach the desired strength while main-
taining interaction capabilities. Similar actuation requirements
exist in a wide range of robotic applications such as actuators
for robotic hands [2] and exoskeletons [3], which calls for
innovations in electric machine technology.

Among various electric machine concepts, vernier perma-
nent magnet (VPM) machines are known for high-torque
and low-ripple operation [4], [5], making them attractive for
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high-torque, direct-drive applications. VPM machines have
drawn significant research interest in the past decades and
have been investigated for various applications requiring high
torque capability, including wind turbines [6]–[8], in-wheel
drive for electric vehicles [9]–[14], and electric ships [15],
[16]. In recent years, driven by the increasing need for robotic
actuation, the high-torque benefit of VPM motors has also
inspired researchers and designers to explore their applications
as robotic actuators. However, to our knowledge, prior designs
of VPM motors primarily focus on large-size machines. While
several recent studies investigated the miniaturization of VPM
motors for robotic actuators [17]–[19], to our knowledge, the
scalability of the torque generation advantage of VPM motors
has not been fully investigated. It is natural to wonder: can
small-size VPM motors offer the same improvement compared
to their PMSM counterparts in torque density and specific
torque?

Aiming to provide a systematic answer to the question
above, this work investigates the scalability of the torque
output of VPM machines compared to a typical PMSM.
Analytical and finite element (FE) models of VPM motors
are developed and validated using the experimental test results
of a small-size VPM motor. Next, the model-predicted motor
performance of both the VPM motor and a baseline PMSM
with varying overall sizes are presented. The scalability study
shows that the constant airgap shear stress assumption that
is often used in electric machine sizing is no longer suitable
when the flux modulation effect exists in the machine, and
the benefit of VPM motors is more significant at larger motor
dimensions. This observation reveals key challenges in the
design and optimization of small-size VPM motors for high-
performance servo applications.

The rest of this paper is organized as follows. Section II
presents the operating principle and an analytical model for
VPM motors. Section III shows the validation of the VPM
motor model using finite element (FE) simulations and exper-
iments. Section IV presents a scalability study for the torque
generation capability of VPM motors based on its analytical
and FE models. Conclusions and future work are summarized
in Section V.



II. VPM MOTOR OPERATING PRINCIPLE AND
ANALYTICAL MODELING

This section presents the operating principle and an analyti-
cal model of the VPM motor to make the paper self-contained.
The model in this section is largely based on reference [4]. The
assumptions of the model include: (a) The magnetic reluctance
and saturation effects of backiron are neglected. (b) The airgap
length is small compared with the motor’s radius. Therefore,
the flux density, magnetomotive force (MMF), and airgap
permeance vary only in the circumference direction, and are
uniform in the radial direction. (c) Only the fundamental har-
monic of magnet MMF and air gap permeance are considered,
and all higher-order harmonics are ignored.

The high-torque operation of the VPM motor depends on
the flux modulation effect enabled by the interaction between
the stator teeth and the permanent magnet (PM) generated flux
in the airgap. The fundamental-harmonic MMF generated by
the PMs is calculated as

Fpm(θs) ≈
4

π

Brhm

µ0
cos(Zrθs − Zrωrt), (1)

where Br is the remanence of the PMs, hm is the magnet
thickness, µ0 is the permeability of free space, Zr is the num-
ber of pole-pairs in the rotor magnet array, θs is the angular
coordinate in the stator-fixed frame, and ωr is the angular
velocity of the rotor. The airgap permeance, considering its
average value and the first harmonic, can be calculated using
a conformal mapping method as [4], [20]

Pg(θs) ≈ P0 + P1 cos(Zsθs), (2)
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, (5)

where Zs is the number of stator teeth, g′ is the magnetic
airgap length, b0 is the width of the slot opening, and t is the
slot pitch. With (1)–(5), the airgap flux density distribution
generated by the magnets is

Bpm(θs) =Fpm(θs)Pg(θs)

≈Bpm0 cos(Zr(θs − θm))

+Bpm1 cos((Zr ± Zs)θs − Zrθm)),

(6)

where θm is the rotor’s angular position, Bpm0 = Fpm1P0,
Bpm1 =

Fpm1P1

2 , and Fpm1 = 4
π

Brhm

µ0
. Note that there are

two terms in the air gap flux distribution (6): The Bpm0 term
represents the fundamental harmonic of the PM flux, and the
Bpm1 term presents the PM flux component modulated by the
stator teeth.

Considering only the fundamental and slot harmonics, the
winding function for one phase of the stator winding can be
written as

Ns(θs) ≈
4

π
kw(N cos(pθs) +Nh1 cos((Zs − p)θs)

−Nh2 cos((Zs + p)θs)), (7)

where N is the number of stator winding turns per phase
per pole, kw is the winding factor, and p is the number of
stator pole pairs. For full-pitch concentrated windings, we have
Nh1 = N/(Zs/p − 1) and Nh2 = N/(Zs/p + 1). The flux
linkage in one phase of winding due to the PM-generated flux
is

λs(θs) =lR

∫ 2π

0

Ns(θs)Bpm(θs)dθs, (8)

where l is the length of the stator stack, and Rg is the radius
through the center of the air gap. For VPM motors we have
Zr = Zs ± p [21]. Assuming Zr = Zs − p to enable useful
torque generation from the slot harmonics, (8) can be written
as

λs(θs) = 4Rglkw(NBpm1 +Nh1Bpm0) cos(Zrθm). (9)

Excited with symmetrical three-phase currents in the stator
windings, the torque generated on the rotor can then be
calculated as

T = 6lRgNkwZrIs

(
Bpm0

Zr/p
+Bpm1

)
, (10)

where Is is the amplitude of the stator currents.

III. FE MODELING AND MODEL VALIDATIONS

While the analytical VPM motor model presented in Sec-
tion II is valuable for understanding the motor’s general design
principles and first-order behaviors, it cannot capture nonlinear
effects in the motor such as magnetic saturation, eddy currents
and hysteresis, and leakage effects. In order to investigate
the VPM motor’s scaling related to these behaviors and to
validate the analytical model, we constructed two FE models
for VPM motors, including one magnetostatic FE model and
one transient FE model. The magnetostatic FE model uses the
open-source software package FEMM [22], [23], which can
capture saturation and leakage effects and allows for rapid
simulation of a large number of geometries. The transient FE
model, created in JMAG-Designer 22.2, is used to incorporate
iron losses into the study. Figure 1 shows good agreement
between the models for a range of motor sizes.

To provide experimental validation of the VPM motor
models, a small-size VPM motor prototype was designed and
constructed. The motor’s key design parameters (defined in
Fig. 2) are optimized through the FE simulations, and the
results are shown in Figure 3. For the magnet dimensions
and slot angle torque ripple in general increases with maxi-
mum torque. Torque output was prioritized for this prototype.
Backiron thickness, slot length, and gap length were chosen
to maximize torque while managing saturation. A fairly large
airgap for this size motor was chosen for this prototype to
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Fig. 1: Results from all three considered models, magnetostatic
FE (FEMM), transient FE (JMAG), and analytical, for a range
of motor sizes. Models are in good agreement.
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Fig. 2: Schematic for VPM motor showing parameter defini-
tions.

ease the manufacturing process. Figure 4 shows the CAD
model and photographs for the small-size VPM motor that we
have constructed using the selected parameters, which features
22 PM pole pairs in the rotor and uses a toroidal winding
pattern to achieve a 4-pole full-pitch winding. The prototype
motor has an outer diameter of 66 mm and a 20 mm overall
stack length. Preliminary testing of the machine was conducted
using the setup shown in Figure 4d, where a Teknic 2310P is
used as the load machine. Figure 5 shows the experimentally
measured and simulated static torque-to-current relationship
of the prototype motor. Good agreement validates the torque
prediction accuracy of the analytical and FE models.

IV. MODEL-BASED SCALABILITY STUDY AND
DISCUSSIONS

A. Shear-stress-based Scalability Discussions

This section presents a brief discussion of the sizing of
electric machines based on shear stress analysis. Using the
method introduced in [24, Ch. 6], the average shear stress in
the airgap of an electric machine can be calculated as

σavg =
B̂δÂavg

2
, (11)

Fig. 3: FE-simulated small-size VPM motor torque and torque
ripple under varied slot angle, magnet ratio, magnet thickness,
and gap length. Selected parameters for the small-size VPM
motor prototype are indicated by red points.

(a) (b)

(c) (d)
Fig. 4: (a) CAD model of small-size VPM actuator. (b) Photo
of prototype stator. (c) Photo of prototype rotor. (d) VPM
motor test using a load machine (Teknic 2310P).

where B̂δ is the magnetic loading (or average airgap flux
density), Â is the electric loading (or peak current density).
Equation (11) shows that the average shear stress is inde-
pendent of the machine dimensions and geometric parameters
for generating the electric and magnetic loadings in a general
electric machine. Consider PMSM as an example, where the
magnetic loading represents the average airgap flux density
generated by the rotor magnet arrays. On the first order, B̂δ is
only related to the magnet thickness and airgap length, and is
not related to the machine’s overall dimensions. This allows
the shear stress (11) to be used for quantifying and comparing
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Fig. 5: Comparison between experimentally measured torque
of the VPM motor prototype and simulated torque using
the analytical model, magnetostatic FE model (FEMM), and
transient FE model (JMAG) under varying stator currents.

the torque capability of general electric machines including
PMSM.

While (11) is not dimension-relevant for most electric
machines, this property does not hold for flux-modulated
motors such as the VPM motors. From (3)–(5), it can be
observed that the geometric parameters such as slot opening
and slot pitch, and their ratio with the airgap length, can
affect the magnitude of the airgap permeance, which affects
the airgap flux density distribution (6), i.e., the magnetic
loading. Figure 6 shows the analytically simulated air gap
permeance, predicted torque, and average airgap shear stress
of a VPM motor with varying rotor outer diameter 50 mm
to 300 mm. Here, a stator current density of 5 A/mm2 is
assumed, and machine geometric parameters, including air gap
length, magnetic thickness, slot length, slot opening angle, and
number of pole pairs, were selected to be the same with the
small-size VPM motor prototype (as shown in Fig. 3) and were
held constant. It can be seen from Fig. 6 that the magnitude of
both airgap permeance terms P0 and P1 vary with the motor’s
overall dimension, with P0 decreasing with the rotor diameter,
and P1 increasing with the rotor diameter. Intuitively, as the
diameter of the machine increases, so does the width of the slot
openings b0, which allows more air gap magnetic flux to get
into the stator slots, thereby the slot harmonic of the airgap
flux increases. This trend can be explained via (3) and (4):
Assuming a constant magnetic air gap length, as b0 increases
β will increase. The ratio between slot opening and slot
pitch b0/t remains constant with motor size, so in general P1

increases with outer diameter while P0 decreases. In this way,
the average airgap shear stress generated by the slot harmonics
(σ1 in Fig. 6) increases more than the fundamental torque (σ0

in Fig. 6) as the machine diameter grows. This is because their
corresponding airgap flux magnitude terms scale differently
as the motor size varies, and the same trend is observed
in their corresponding torque generation. Consequently, the
total shear stress (σtotal) and total motor torque generation

(Ttotal) increases with the motor size. Two conclusions can
be drawn from this discussion: (1) The commonly used shear-
stress-based sizing analysis for electric machines based on
the constant airgap shear stress assumption is not suitable
for VPM motors since their magnetic loading varies with the
motor’s overall dimension. (2) The total average airgap shear
stress (σtotal) of the VPM motor increases with the motor
diameter, while that of the PMSM largely holds constant as
the motor size changes. Consequently, the VPM motor’s torque
benefit compared with regular PMSM grows as the motor size
increases.

B. FE-model-based VPM Motor Scalability Study

This section presents a model-based scalability study of
the VPM motor in terms of torque generation compared with
regular PM motors to validate the discussions presented in the
section above. In this study, the detailed design parameters
selected for our prototype (Fig. 4) are selected for the VPM
machine being considered, and an eight-pole PMSM with the
same diameter and same basic stator topology is used as a
baseline. Figure 7 shows the diagrams of the motors being used
in this study, and the parameters used are defined in Fig. 2.
Suitable geometrical parameters were chosen to maximize
torque output while minimizing torque ripple.

To investigate the scalability of the torque benefit of VPM
motors compared with PMSM motors, both machines with
diameters ranging from 50 mm to 300 mm were simulated
using the FE models. The motor’s slot length, slot opening
angle, and number of pole pairs were held constant. Backiron
thicknesses of both machines were chosen to keep saturation
minimal in the 5 A/mm2 case. Two excitation conditions were
considered: assuming air-cooled machines (a typical cooling
condition in cobots and robotic grippers), a 5 A/mm2 current
density approximates continuous operation conditions, and
10 A/mm2 was used to simulate operation closer to peak
torque.

Figure 8 illustrates the FE-simulated motor performances in
torque (first column), specific torque (second column), torque
density (third column), and average airgap shear stress (last
column) under varying motor sizes. Here, the first-row data
(Fig. 8a-d) shows the result with both the airgap length g
and the PM thickness tPM held constant while the motor
size varies, the second-row data (Fig. 8e-h) presents the case
where airgap length is held constant while PM thickness is
increased linearly with motor size, and the third-row data
(Fig. 8i-l) shows the situation that both airgap length and
PM thickness scale proportionally with the motor’s overall
diameter. It can be observed from Fig. 8l that only in the last
scaling case do the airgap shear stress and the torque density
remain largely constant while the motor size varies. However,
it is worth pointing out that this situation is not realistic in
electric machine design and construction, as the airgap length
does not generally scale linearly with motor size.

More realistic machine designs under varying sizes are pre-
sented Fig. 8a-d and Fig. 8e-h. Across the range of simulated
sizes, the VPM motor demonstrates higher specific torque and
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Fig. 6: Analytical model predicted airgap permeance (left), torque generation (middle), and average airgap shear stress (right)
of VPM motors under varying rotor outer diameter. Here subscript “0” indicates values of the fundamental component, and
subscript “1” indicates values of modulated values. The simulation is under 5 A/mm2 stator current density and with constant
airgap length and PM thickness.

VPM Motor PMSM
Fig. 7: Schematics for VPM motor (left) and PMSM (right)
being used for FE-model-based scalability study.

torque density as predicted. However, as is shown in Fig. 8d,
the airgap shear stress in a regular PMSM machine is largely
constant while holding airgap size, magnet thickness, and
current density constant, but there is a significant variation
in airgap shear stress in VPM motors. For example, as is
shown in Fig. 8d, in a PMSM motor, the average shear stress
in a PMSM motor is approximately 8.5 kN/m2 for motors
with diameters ranging from 100 to 300 mm. However, in a
VPM motor with 300 mm overall diameter, the airgap stress
is about 46.7 kN/m2 under 10 A/mm2 excitation, while in
a 50 mm diameter VPM motor it is only 19.6 kN/m2. This
observation is confirming our analytical-model-based discus-
sions presented in Section IV-A, where the torque generation
contribution of the modulated flux component scales with the
motor size, and the torque generation due to the fundamental
flux component remains largely constant as the motor size
varies. This observation confirms that the commonly used
constant shear stress assumption in machine scalability studies
cannot be readily applied to flux-modulated machines such as
VPM motors, and the scaling of stator teeth as modulators
must be considered when investigating VPM motors over
varying sizes.

Comparing the orange curves (PMSM data) and blue curves
(VPM motor data) between the first two rows in Fig. 8,

it can be observed that when PM thickness increases with
motor size, the VPM specific density is about 2.5× that of
the PMSM for a 50 mm diameter, and increases up to a
5× improvement for the 300 mm motors. The VPM motor
does reach a higher total output torque and specific torque
when the PM thickness is allowed to increase, but significant
performance improvements over the PMSM can be achieved
even if the PM thickness is kept small. This is because VPM
motors rely on the flux modulation effect from the stator
teeth, and increasing the magnet thickness can increase the
motor’s effective air gap size, reducing the magnitude of the
modulated flux. This discussion reveals another benefit of the
VPM motors in reducing the need for rare-earth permanent
magnet materials compared with PMSM machines.

V. CONCLUSIONS AND FUTURE WORK

In this paper, a model-based scalability study for VPM
motor’s torque generation advantage is presented. This study
reveals that the commonly used shear-stress-based electric
machine sizing analysis is not suitable for VPM motors
since the modulated airgap flux increases with the motor
dimension. Since the airgap shear stress of VPM motors is
reduced in small-size machines, their torque enhancement
relative to PMSM is attenuated compared with their larger-
size counterparts. This observation, together with additional
challenges in cooling and manufacturing processes, makes the
miniaturization of VPM motors for high-performance servo
drives more challenging than simply scaling a large-size,
high-performance VPM machine design. Future studies in
innovative machine topology are suggested to overcome these
obstacles to unlock the wide application of VPM motors in
high-strength and interactive robotic applications.
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