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Stars are slowly developing objects; the lifetimes of the di↵erent burning phases are de-
termined by the strength of nuclear reactions, which in turn are defined by the quantum
structure of the associated nuclei at the threshold and the respective reaction mecha-
nisms. Stars, from the nuclear physics perspective, are cold environments where only a
very few of the key nuclear reactions have been measured at the actual stellar plasma
temperatures. This is also the case for more dynamic astrophysical phenomena from
Big Bang to stellar explosions. Most of the nuclear reaction rates are therefore based on
theoretical extrapolations. A number of discrepancies between these predictions and the
associated stellar signatures have been observed and many may be due to low-energy
or near-threshold quantum e↵ects. These e↵ects need to be understood in order to reli-
ably model nuclear reaction processes, not only for stars, but also for low-temperature
plasma environments such as controlled magnetic or inertial confinement fusion sys-
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tems, which operate in similar temperature regimes. This article will summarize the
various theoretical techniques presently used for deriving reaction rates and will discuss
possible quantum e↵ects that may impact the reaction cross-section near the reaction
threshold. These resemble enhanced single-particle and cluster structures in the vicinity
of threshold and associated interference e↵ects. New experimental techniques such as
deep underground accelerators or the study of transfer reactions to mimic the quan-
tum mechanical transition strength, the so-called Trojan horse method, provide ways
to directly or indirectly probe the reaction features that determine the reaction rates
at stellar energies. This will be demonstrated on a number of key nuclear reactions for
di↵erent nucleosynthesis environments. Finally, current inconsistencies between experi-
mental prediction and observation will be discussed.
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I. INTRODUCTION

Nuclear Astrophysics emerged as a field with a short
but impactful paper by the young Russian physicist
George Gamow doing research in Göttingen. The paper,
entitled “Zur Quantentheorie des Atomkerns” (On the
quantum theory of the atomic nucleus) (Gamow, 1928)
was primarily concerned with the tunneling probability
of charged particles through the Coulomb barrier of the
nucleus. While the paper was primarily concerned with
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the theoretical description of the ↵ decay, it became im-
mediately obvious that the formalism could also be ap-
plied to capture reactions involving charged particles.
This enabled estimating nuclear reaction cross sections
and reaction rates that determine the energy generation
in stars during the various evolutionary stages from hy-
drogen burning in our Sun to the final burning stage of
massive stars. It became clear that these microscopic re-
action processes, which depend on the nuclear structure
of the reaction components and the quantum mechani-
cal transition probability, are key elements for providing
reliable stellar models. The network of nuclear reactions
feeding the di↵erent stellar burning phases can be sum-
marized in the spirit of George Gamow’s paper as the
quantum physics of stars. But stars are cold, and the typ-
ical energy range for nuclear fusion processes corresponds
to a narrow energy window near the particle threshold,
the Gamow window. Because of the Coulomb barrier,
this energy range has been inaccessible experimentally,
and the presence of unbound quantum states has made
reliable calculations di�cult. The aim of this review is
to provide a deeper understanding of the quantum e↵ects
that govern nuclear reactions at near-threshold energies.

Thresholds correspond to boundaries between di↵erent
phases of a collective system composed of multiple sta-
tistical entities. Threshold e↵ects are features that have
been observed in a wide range of such systems undergo-
ing a sudden transition, a sudden change in the physical
properties of the system, often expressed as a function
of energy. It is a well-known phenomenon that indicates
that something di↵erent, or new, has occurred, which
prompts a rapid change in a system’s collective behavior.
Threshold e↵ects occur in all sorts of collective systems
(Kalai and Safra, 2005; Rothman, 2017; Washington-
Allen and Salo, 2007) ranging from plant genetics (Rey-
ment, 1982), to the so-called ‘phenotypic threshold ef-
fect’ (Rossignol et al., 2003) where changes in a specific
genetic mutation rate can suddenly lead to dramatic ge-
netic change. These e↵ects involve questions of ecological
balance and their role in land management and restora-
tion e↵orts (Bestelmeyer, 2006), to thermo-regulation of
biological systems, where physiological mechanisms in
producing or dissipating heat are initiated when certain
external temperature limits are reached (Taylor et al.,
2019). Another example is the threshold fragmenta-
tion instability of large clusters in open aggregating sys-
tems that do not conserve mass (Berrones-Santos et al.,
2022). Such situations may happen in various socio-
economic systems, the self-organized criticality models of
1/f noise (Bak et al., 1987; Marković and Gros, 2014) and
earth-quake fractures (Lomnitz-Adler, 1993). Threshold
e↵ects are also a well-known phenomenon in medicine,
where a critical limit in the quiet development of a dis-
ease is being crossed, resulting in a rapid change in
health (Keim-Malpass et al., 2020). Threshold e↵ects
even dictate the rules of financial systems when, after a

long period of confidence in an apparently safe develop-
ment or investment (bubble), consumer confidence disap-
pears over-night and a financial crash occurs as modeled
by Minea and Villieu (2009). The investigation of such
threshold e↵ects is therefore of great interest for the pre-
dictability of dynamic behavior patterns into the range
of the unknown.

Threshold e↵ects occur in collective quantum systems:
in atoms, nuclei, and for elementary-particle collisions.
Threshold e↵ects in such systems reflect the change that
manifests itself in the appearance of a new channel when
a critical energy is reached that corresponds to the possi-
bility a previously unrealizable final state is produced in
a reaction process. In atomic physics, this is called the
ionization process: above a certain energy an electron or
electrons are released from their Coulomb binding to the
nucleus. In nuclear physics, the analog of the ionization
process is the breakup process of weakly bound nuclei,
where the reaction pattern changes from elastic scatter-
ing to the emergence of new inelastic reaction channels
(Wigner, 1948). In particle physics, new elementary par-
ticles that were not present in the initial state can be
produced above a certain critical energy corresponding to
the di↵erence in rest masses of the newly accessible final
state and the initial state (Fonda and Ghirardi, 1964).

Threshold e↵ects are often a direct result of conser-
vation of flux since they appear at a branching point
of the reaction flux. With the sudden opening of a
new channel, a redistribution of the flux in other open
channels appears, causing a modification or cusp in the
reaction cross-sections for the other reaction channels.
The shape of the cusp strongly depends on the orbital
angular-momentum transfer in the reaction process. The
investigation of the onset and the impact of threshold ef-
fects has, therefore, always been a long standing goal in
the study of reaction processes between particle systems
to explore the regulatory pattern of the reaction system.

This question has been of particular interest for nuclear
astrophysics, a field which is concerned with the synthesis
of new elements in very low-energy stellar plasma envi-
ronments, since stellar temperatures correspond to ener-
gies very close to reaction thresholds. Nuclear thresh-
olds associated with the binding energy of the compound
nucleus, or the Q-value of the reaction, determine the
opening of new reaction channels and threshold e↵ects
influence the strength or the probability for a reaction to
occur. A detailed investigation of these threshold e↵ects
through experimental and theoretical means is critical
for the understanding of the nuclear reaction patterns
at stellar energies in order to be able to make reliable
predictions regarding the associated synthesis of the el-
ements. This interest is not limited to stars but also
to the understanding of reaction or fusion processes in
anthropogenic plasmas, which reach near stellar energies
and o↵er a new pathway to study directly stellar reaction
processes (Gatu Johnson et al., 2017).
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Charged particle nuclear reactions at very low ener-
gies are primarily defined by the Coulomb barrier, where
George Gamow was the first to calculate the quantum
mechanical tunneling probability (Gamow, 1928) (see
also Gurney and Condon (1928)). This e↵ort led to a first
estimate of reaction rates based on assumptions regard-
ing the level structure in the associated nuclei (Gamow
and Teller, 1938). In the following decades, the inclusion
of orbital angular-momentum considerations and the im-
proved mathematical treatment that introduced the so-
called Coulomb functions – the scattering solutions of
the Schrödinger equation in the presence of the Coulomb
potential – represented a very first important step. The
regular and irregular Coulomb functions (Bloch et al.,
1951) F`(⇢, ⌘) and G`(⇢, ⌘) enable calculation of the
energy-dependent probability for charged particle nuclear
reactions to tunnel through the Coulomb and orbital-
momentum barrier between two interacting charged par-
ticles. This Coulomb penetrability is expressed in terms
of the Coulomb functions by (Lane and Thomas, 1958)

P` =
⇢

F 2
` (⇢, ⌘) + G2

`(⇢, ⌘)
. (1)

The two parameters are ⇢ = kr, the dimension-
less radius, and the Sommerfeld parameter, ⌘ =
(Z1Z2e2µ)/(~2k), with k as the wave number, r = r0 ·
(A1/3

1 + A1/3
2 ) as the interaction radius with r0 ranging

between 1.2 and 1.4 fm, with: A1 and A2 the mass num-
bers of the two interacting nuclei, Z1 and Z2 the electrical
charge numbers of the interacting particles and e the ele-
mentary charge. The parameter µ represents the reduced
mass of the reaction system, which is typically calculated
using the atomic masses of the interacting nuclei.

Besides the Coulomb barrier, the nuclear reaction
cross-section is determined by the quantum mechanical
probability for converting the initial system of two in-
dependent particles into a final nucleus through a direct
reaction mechanism, or into a final system of two parti-
cles or a photon and a recoil particle through a compound
reaction mechanism. The compound state is an interme-
diary, highly excited, quantum configuration above the
particle threshold, which can either break up into di↵er-
ent reaction channels or decay by �-ray emission to the
ground-state as visualized in Fig. 1.

The probability for the formation of such a compound
state corresponds to its nuclear structure configuration
as a single-particle or cluster state and can be observed
as a single resonance in a nuclear reaction experiment.
The center-of-mass energy E = Ex � Q, where Ex is
the excitation energy of the unbound state in the com-
pound system and Q is the Q-value corresponding to
the energy release in the reaction. The wave functions
of the ground and excited states of the compound nu-
cleus are characterized by di↵erent quantum configura-
tions, which can be described, for example, in terms of
the shell model or cluster model theory; single-particle

FIG. 1: Schematic drawing of the compound concept.
In a first step the compound resonance (or resonances)
is populated by capturing a particle with a center of

mass energy Ecm on the initial nucleus (blue). It then
decays either back to the ground state as elastic

scattering or to an excited state of the initial nucleus as
inelastic scattering or it decays into a di↵erent

energetically open particle channel populating the
ground state or excited states of a final nucleus (green).
The third decay option is by �-ray emission directly or
by �-ray cascades to the ground state of the compound

nucleus (red).

configurations resemble a single-particle wave function
coupled to a core nucleus while an ↵-cluster configura-
tion can be described in similar terms. Usually all of
these components are present but in varying strengths,
which can be expressed in terms of spectroscopic factors
(SF) or Asymptotic Normalization Coe�cients (ANC) as
a signature for the level configuration (Mukhamedzhanov
et al., 2001; Tribble et al., 2014). These quantities corre-
spond to the transition strength with which these states
can be populated as discussed in Secs. II.D.5 and II.D.6;
they can be determined experimentally through the study
of transfer or also radiative capture reactions as will be
discussed in terms of an R-matrix analysis in Sec. III.

Bound states can be populated by direct reaction
mechanisms, depending on the transition probability,
while unbound states appear as resonances in a nuclear
reaction, whose strengths are proportional to the tran-
sition strengths in the entrance and the exit channel of
the compound system. Low-energy fusion reactions be-
tween very light systems (A  4) are typically domi-
nated by nonresonant direct reaction mechanisms, while
reactions between light nuclei (6  A  24) are charac-
terized by single resonances and additional non-resonant
components. The non-resonant transitions are tradition-
ally described in terms of potential models as summa-
rized by Bethe (1937), while resonances are expressed in
terms of Breit-Wigner peaks (Breit and Wigner, 1936),
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which developed into a more general R-matrix theory de-
scribing the interplay of resonant and non-resonant com-
ponents, which are crucial for an extrapolation to the
threshold (Lane and Thomas, 1958). At higher exci-
tation energies or also for higher mass nuclei, multiple
quantum configurations in the compound nucleus trans-
late into a high-level density with a multitude of overlap-
ping resonances contributing to the reaction rate (Hauser
and Feshbach, 1952). The cross-section is typically cal-
culated in the framework of a statistical model relying on
averaged parameters for the associated transition prob-
abilities or strength functions. The basis for all of these
model approaches was developed for the analysis of neu-
tron capture reactions in the 1930s and 1940s, but quickly
expanded into the realm of charged particle interactions
as described very vividly in an essay by Wigner (1995).
These theories still provide the theoretical foundation for
reaction theory and for the treatment of nuclear reac-
tions in stars (Bertulani and Danielewicz, 2021; Thomp-
son and Nunes, 2009). However, inherent to these theo-
ries are assumptions about the nature of the wave func-
tions and the reaction mechanisms, which may a↵ect the
traditional technique of extrapolating from experimental
data to stellar reaction rates.

These questions are important for low-energy nuclear
reactions involving nuclei near stability and become even
more so when one moves toward the regimes of open-
quantum-systems of very neutron-rich or proton-rich nu-
clei. In the latter case ↵-clusterization plays an impor-
tant role for capture rates in the ↵p-process and in the
endpoint of the rp-process (Wiescher and Ahn, 2017).

Nuclear states in the vicinity of drip lines or above
the lowest particle-emission threshold in stable nuclei
cannot be described in a closed quantum-system frame-
work, such as the nuclear shell model. Their properties
are profoundly a↵ected by the “environment”, i.e., the
many-body continuum representing scattering and decay
channels. The states of open-quantum-systems belong
to a multidimensional network of states in neighboring
nuclei, which are connected by virtual excitations, par-
ticle decays and/or captures. Interaction via the contin-
uum may lead to the formation of a near-threshold collec-
tive eigenstate of an open-quantum-system that couples
strongly to the nearby decay channels and carries many of
its characteristics. This eigenstate, having a pronounced
single-particle or cluster structure, is responsible for the
increased probability of single-particle or cluster capture
or emission close to the decay threshold in many light nu-
clei. Famous examples are the ↵-clustering in the Hoyle
state of 12C (Freer and Fynbo, 2014; Otsuka et al., 2022);
3He clustering in the 7/2�1 excited state of 7Be (Vorabbi
et al., 2019); the interference of multiple ↵ cluster states
at the ↵ threshold in 16O that determine the low-energy
cross-section of the 12C(↵, �)16O reaction (deBoer et al.,
2017); the 1n- and 2n-halo configurations in the ground
states of 11Be and 11Li, respectively (Varga et al., 2002);

2n-radioactivity in 26O (Kohley et al., 2013); the 5/2+

resonance in the vicinity of the [10B+n] threshold that is
key for the absorption of thermal neutrons as discussed
in section II.E.4, and the experimental confirmation of
three-triton structure in 9Li (Ma et al., 2021). This list
can be extended to many similar examples for capture
and reaction processes involving light nuclei (Freer et al.,
2018) and may even play a significant role in the on-set
of a light r-process (Bartlett et al., 2006; Görres et al.,
1995).

The appearance of correlated (cluster) states close to
open channels is a generic emergent phenomenon in open-
quantum-systems, fairly independent of the details of the
interaction, which is related to the collective rearrange-
ment of shell-model wave functions due to the coupling
via the continuum. The richness of nuclear forces and the
existence of nucleons in four distinct states: proton/neu-
tron, spin-up/spin-down, make studies of the atomic nu-
cleus in the low-energy continuum fascinating. Near-
threshold states and their properties are still terra incog-
nita for nuclear physics. The resonances in the low-
energy continuum, which carry an imprint of a nearby
decay channel, play a crucial role not only in rare nuclear
decays and exotic nuclear states but also for the question
of the origin of the elements in our Universe produced
in quiescent or explosive nucleosynthesis environments.
Their importance can be direct, as this knowledge is nec-
essary for the extrapolation of the reaction cross-section,
but also indirect, because they provide evidence of the
phenomenon of threshold states emerging from the cou-
pling to the continuum.

In addition to these quantum e↵ects on the nuclear po-
tential level, the interaction of very low-energy charged
particles with the electrons usually occurs in the astro-
physical environment or in the target/projectile combi-
nation in accelerator-based laboratory experiments needs
to be considered. These interactions lead to screening ef-
fects in charged-particle fusion reactions, making them
especially significant for nuclear astrophysics. They are
threshold e↵ects in the sense that they lower the reac-
tion thresholds, and in particular cases can shift nuclear
resonances e↵ectively across the particle threshold trans-
forming them into bound states. As the atomic environ-
ments in stellar plasmas and laboratories di↵er markedly,
the associated screening mechanisms require distinct ap-
proaches. In a few cases the screening e↵ect has been
assessed in accelerator experiments, but is found to de-
viate noticeably from theoretical expectations (Aliotta
and Langanke, 2022). This deviation has to be resolved
if the data are to be used in astrophysical applications.
This is particularly relevant for solar models, where ex-
perimenters have succeeded in measuring some relevant
cross-sections at the energies corresponding to solar nu-
cleosynthesis temperatures, such as for pp-chain reac-
tions (Adelberger et al., 2011), requiring the separation of
screening enhancement from the data necessary in order
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to make them useful for reliable astrophysical applica-
tions. Unfortunately, screening in plasmas within stars
is not yet within experimental reach in nuclear labora-
tories, which require advanced theoretical investigations,
nearly independent of experimental validation, although
some e↵orts to reproduce plasma conditions in the labo-
ratory to study the screening e↵ect have been undertaken
(Gatu Johnson et al., 2023). Evidently, more systematic
and coordinated experimental e↵orts are necessary. Some
theoretical explanations have attributed large screening
potentials to clusterization e↵ects in nuclear reactions,
particularly involving light nuclei (Spitaleri et al., 2016).

In the framework of these considerations we want to
present the quantum physics phenomena that may cause
e↵ects within the energy range near the threshold, such
as the emergence of broad single-particle or cluster struc-
tures near the particle threshold as well as the associated
interference patterns with direct capture, the tails of sub-
threshold states or higher energy broad resonances.

In the following section, Sec. II, we will first provide an
overview of the di↵erent reaction models presently being
used in low-energy nuclear physics. For modeling nonres-
onant processes between light nuclei we will focus first in
Sec. II.A on ab-initio reaction theory followed in Sec. II.B
by applications of e↵ective field theory. In the follow-
ing section, Sec. II.C, we will first introduce the concept
of open quantum systems that emerge at the threshold,
introducing unbound states as quantum configurations.
This will be followed, in Sec. II.D, by a discussion of how
the configuration of these unbound states is influenced by
the coupling of wave functions to the continuum leading
to the formation of pronounced cusps or near threshold
compound states, which will be modeled in terms of the
shell model embedded in the continuum (SMEC). This
section will also discuss a number of theoretical features
that characterize these levels in appearance and strength
through traditional parameters such as the SFs or ANCs.
The following section, Sec. II.E, serves to demonstrate
the SMEC approach in predicting the emergence of near
threshold resonance features on a number of recently an-
alyzed light ion reaction samples near and beyond the
line of stability.

The following section, Sec. III, focuses on R-matrix
theory, a more phenomenological reaction model, which
however in recent years was expanded into a multi-
channel formalism, which considerably enhanced the pre-
dictive power of the approach. This approach has also re-
cently benefited from new Bayesian uncertainty analysis
methods that can be used to better characterize the un-
certainty in cross-section extrapolations as described in
Sec. III.A. The R-matrix theory will be used to demon-
strate and visualize the aforementioned threshold fea-
tures, it will be used for extrapolating directly obtained
cross-section data, but also data obtained by the Tro-
jan Horse Method (THM), which represents an indirect
approach to explore the resonance structure near the

threshold in a complimentary manner. The R-matrix
section will therefore be followed by Sec. III.B in which
the idea and procedure of the THM approach as well as
the conversion of the transfer data into direct reaction
data via R-matrix will be presented.

These sections, reviewing the di↵erent aspects of nu-
clear reaction theory, will be followed by Sec. IV where we
introduce the methods of converting experimentally ob-
tained and extrapolated reaction cross-sections into reso-
nant and nonresonant reaction rate contributions. These
methods and their specific nomenclature were developed
in the 1930s and 40s and have been enshrined in multiple
tabulations of thousands of reaction rates over the follow-
ing decades. Modern calculations need to be adapted to
ensure the continuance of the field and the accumulated
data. As part of this section we will therefore summarize
the methods and parameters traditionally used for deter-
mining the critical reaction components and energy re-
gions for di↵erent stellar and anthropogenic plasma burn-
ing environments.

Section V shows specific examples of nuclear reactions
in anthropogenic plasma burning as well as in stellar hy-
drogen, helium, and carbon burning environments. All
of these represent complex reaction sequences; many of
the associated reactions have been experimentally stud-
ied at higher laboratory energies, with the reaction rates
relying on the application of theory for extrapolating the
data towards the stellar energy range. For light ion fu-
sion processes, these calculations are based on EFT and
ab-initio techniques, while for reactions involving higher
mass compound nuclei exhibiting resonance features the
calculations are based on the aforementioned multi-level
multi channel R-matrix techniques. The chapter will not
only present the low-energy features that have been ob-
served but will also discuss the uncertainties in the in-
terpretation. For each of the di↵erent burning environ-
ments, a number of examples will be presented that ex-
hibit pronounced single-particle as well as cluster config-
uration features that can be considered as near threshold
quantum wave coupling e↵ects.

This will be followed by Sec. VI on electron screening.
Electron screening is due to the change of the deflective
Coulomb barrier between two positively charged particles
due to the influence of the atomic electron shell or the
surrounding electron cloud. This is a low-energy e↵ect,
which seemingly causes an enhancement of the experi-
mental cross-section data. Despite several reviews and
discussion of the phenomenon, no satisfying theoretical
treatment has been developed and the screening correc-
tions largely rely on reaction dependent phenomenologi-
cal considerations. Since screening can mimic threshold
e↵ects, it is important to discuss their impact in this con-
text.

In the final section, Sec. VII, before the final conclu-
sions, Sec. VIII, we will present some observational ev-
idence for deviations between the accelerator based res-
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onance studies and reaction rates derived from observed
abundance features. There are only a few examples, suf-
fering from uncertainties in the stellar modeling tech-
niques, but they give some evidence that a closer look at
these features is justified.

II. LOW-ENERGY REACTION MODELS

In the following sections we want to provide an
overview on developments in nuclear reaction theory that
have been used to determine low-energy cross-sections
for bare nuclei and the corresponding nuclear reaction
rates. The low-energy cross-section data have to be mod-
ified by the screening corrections associated with the
specific stellar or experimental environment as will be
discussed in Sec. VI. Traditionally, experimental cross-
section data used for nuclear astrophysics modeling have
been described by phenomenological techniques that ac-
count for resonance contributions using single-level Breit-
Wigner functions plus possible non-resonant reaction
components such as direct capture and high energy reso-
nance tail components as more or less independent terms,
while ignoring possible interference e↵ects. Extrapola-
tion into the low-energy range primarily relied on fit-
ting the low-energy slope of the S-factor derived from
data with linear or polynomial functions (Fowler et al.,
1967, 1975). For nuclear reactions with heavier nuclei,
the statistical Hauser-Feshbach model was typically uti-
lized, with the prediction depending on the assumptions
of high-level density as well as particle and �-ray strength
functions, which were derived by matching the predicted
cross-sections to the experimental data at higher ener-
gies (Beard et al., 2014; Holmes et al., 1976; Koning and
Rochman, 2012; Rauscher, 2011; Rauscher and Thiele-
mann, 2000; Thielemann et al., 1986a,b). Many of the
reaction rates obtained in this way are still used in mod-
ern rate libraries (Cyburt et al., 2010). Several attempts
have been made to use statistical assumptions to reach
more reliable predictions at low energies (Sallaska et al.,
2013). However, reactions between light nuclei – as we
consider them in this paper – are characterized by spe-
cific enhanced single-particle or cluster structure config-
urations, which cannot be described in the framework of
generalized statistical models.

Alternative methods have been developed based on
the observation that for astrophysically important reac-
tions the relevant bound and scattering states can be de-
scribed by a common fragmentation into cluster states.
In di↵erent degrees of sophistication, the models have
in common that they attempt to describe nuclear bound
states, scattering states and resonances within the same
unified framework. However, for astrophysical applica-
tions, some fine tuning is needed in order to guaran-
tee the reproduction of the energies of relevant states
and thresholds. In the simplest realization, the nuclear

states are approximated by two structureless fragments
with the dynamics stemming from a potential describing
the relative motion. Such potential models have been
applied to reactions that are important for solar burn-
ing (Bertulani, 1996; Christy and Duck, 1961; Tombrello
and Parker, 1963). These models were then extended
to describe the nuclear bound and scattering states us-
ing antisymmetrized many-body wave functions, where
the internal structure of the states was approximated
by cluster structures. These microscopic cluster mod-
els exist in di↵erent realizations such as the resonating
group method (Descouvemont and Baye, 2010; Lashko
et al., 2024; Tang et al., 1978), the generator coordinate
method (Langanke and Friedrich, 1986), the microscopic
potential model (Langanke, 1994), the time-dependent
cluster theory (Bauho↵ et al., 1985; Caurier et al., 1982;
Drożdż et al., 1982) and the fermionic molecular dynam-
ics model (Feldmeier, 1990; Kanada-En’yo et al., 2012).
Usually the models incorporate some empirical nucleon-
nucleon (NN) interactions, while fermionic molecular dy-
namics attempt to use realistic NN interactions (Kanada-
En’yo et al., 2012; Ne↵ and Feldmeier, 2003). The mi-
croscopic cluster models were often successfully applied
to nuclear structure problems, with the Hoyle state be-
ing the most prominent example (Chernykh et al., 2007;
Kanada-En’yo, 2007; Ne↵ and Feldmeier, 2009; Suzuki
et al., 2008; Tohsaki et al., 2001). (For ab-initio stud-
ies see (Epelbaum et al., 2011; Lovato et al., 2016; Shen
et al., 2023a).)

Astrophysical applications span over many light par-
ticle reactions with particular attention paid to the
3He(↵, �)7Be (Altmeyer et al., 1988; Csótó and Lan-
ganke, 2000; Kajino and Arima, 1984; Kievsky et al.,
2008; Langanke, 1986; Liu et al., 1981; Ne↵, 2011;
Wachter et al., 1988) and 7Be(p,�)8B (Csótó and Lan-
ganke, 1998; Csótó et al., 1995; Descouvemont, 2004; De-
scouvemont and Baye, 1988; Fossez et al., 2015; Johnson
et al., 1992; Kolbe et al., 1988) reactions, which are both
crucial for the production of high-energy solar neutrinos,
and to the 12C(↵, �)16O reaction (Angulo and Descouve-
mont, 2000; deBoer et al., 2017; Descouvemont and Baye,
1987; Descouvemont et al., 1984; Dufour and Descouve-
mont, 2008; Funck et al., 1985; Katsuma, 2008; Langanke
and Koonin, 1985; Suzuki, 2021, 2023) with its impor-
tance for stellar helium burning. Also, early attempts
were made to study transfer reactions of medium-mass
nuclei within the microscopic cluster model (Langanke
et al., 1983) and more recently in the framework of the
Gamow shell model (Mercenne et al., 2023).

With the following sections we will review the im-
portant theoretical developments that focus on the cal-
culation of non-resonant and resonant features in low-
energy reaction cross-sections, in particular the emer-
gence of near threshold resonance phenomena. Ab-initio
methods, i.e., systematically improvable many-body ap-
proaches based on inter-nucleon interactions and nucle-
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onic degrees of freedom (Ekström et al., 2023; Hergert,
2020), have seen dramatic progress over the past decade.
They can now reach heavy nuclei (Hu et al., 2022) and nu-
clear reactions (Navrátil and Quaglioni, 2020). Sec. II.A
reviews the progress of ab-initio nuclear reaction calcu-
lations in the context of astrophysical application. The
EFT formulation of nuclear interactions is an alterna-
tive approach for nuclear cross-section calculations (Be-
daque and van Kolck, 2002; Bertulani et al., 2002; Epel-
baum et al., 2009). Outlined in Sec. II.B, it o↵ers a
model-independent framework to extrapolate the reac-
tions between light nuclei into the lower energy range.
Resonances and cross-sections can be described quanti-
tatively using a real- and complex-energy shell model, a
configuration-interaction approach (see Sec. II.C). This
approach provides a straightforward explanation for the
appearance of threshold states. In its most advanced
no-core coupled-channel applications (Fernandez et al.,
2023; Michel et al., 2023), this method is capable of de-
scribing unbound configurations involving reaction chan-
nels with di↵erent mass/charge partitions.

Considerable improvement has also been made in de-
veloping new phenomenological as well as microscopic
techniques in the calculation of nuclear cross-sections for
light particles. For phenomenological techniques, the
wider usage of the multi-channel, multi-level R-matrix
approach (Azuma et al., 2010) expanded the range of
data that could be utilized to produce a more reliable
cross-section calculation by parallel fitting the data of
numerous reaction and decay channels. In the following
sections, we will provide a short summary of all these
model techniques and the way they can be utilized to-
ward a reliable treatment of the reaction mechanism at
very low energies inaccessible to experiment.

A. Ab-initio reaction theory - progress and status

Understanding the structure and the dynamics of
atomic nuclei as systems of protons and neutrons in-
teracting through the strong, electromagnetic and weak
forces is one of the major goals of nuclear physics. The
reason why this goal has yet to be accomplished lies in
the complex nature of the strong nuclear force, emerg-
ing from the underlying theory of Quantum Chromody-
namics (QCD), and in the challenging character of the
quantum many-body problem for nucleons interacting by
this force. At low energies relevant for nuclear physics,
QCD is non-perturbative and very di�cult to solve. The
relevant degrees of freedom for nuclei are nucleons, i.e.,
protons and neutrons, that are not fundamental parti-
cles but rather complex aggregations made up of quarks
and gluons. The strong interactions among nucleons
can be viewed as “e↵ective” interactions emerging non-
perturbatively from QCD. At present, our knowledge of
the NN interactions is limited to models. The most ad-

vanced and most fundamental of these models rely on a
low-energy EFT of QCD, chiral EFT (Weinberg, 1991).
This theory is built on the symmetries of QCD, includ-
ing the (approximate) chiral symmetry. Chiral EFT in-
volves unknown parameters, low-energy constants that
in principle can be calculated within QCD, but currently
are fitted to experimental data. Chiral EFT naturally
predicts higher-body forces, in particular a three-nucleon
(3N) interaction that is known to play an important role
in nuclear structure and dynamics.

Ab-initio calculations in nuclear physics (Ekström
et al., 2023; Hergert, 2020) use nucleons as the relevant
degrees of freedom and also realistic inter-nucleon forces.
These forces are often the chiral EFT interactions that
accurately describe the two-nucleon system and three-
nucleon bound states. The forces are also calibrated to
selected proton-deuteron scattering data and aim to pre-
dict the properties of atomic nuclei. Solving the ab-initio
nuclear many-body problem is a challenging task. The
high-level strategy is to solve the non-relativistic many-
nucleon Schrödinger equation with inter-nucleon interac-
tions as the only input. This approach is more straight-
forward for well-bound nuclear states where one can ap-
ply numerous bound-state techniques. A realistic de-
scription of weakly-bound and unbound states requires
a proper treatment of continuum e↵ects. For example,
light nuclei are characterized by clustering and low-lying
breakup thresholds; hence, applications of methods in-
cluding the continuum are essential.

For the description of dynamics with the contin-
uum, there are several successful exact methods for
few-body systems with A4, e.g., the Faddeev (Wita la
et al., 2001), Faddeev-Yakubovsky (Lazauskas and Car-
bonell, 2004), Alt-Grassberger and Sandhas (Deltuva and
Fonseca, 2007), and hyperspherical harmonics (Kievsky
et al., 2008) methods. For A> 4 nuclei, the description
of nuclear resonance properties, scattering and reactions,
involves new approaches. Quantum Monte Carlo (Lynn
et al., 2016; Nollett et al., 2007) and the Faddeev-
Yakubovsky methods (Lazauskas, 2018) are applied to
calculate n�4He scattering; nuclear lattice EFT calcu-
lations are applied to the 4He-4He scattering (Elhatis-
ari et al., 2015); and the description of p�40Ca scatter-
ing can be done within the coupled cluster method in
the Berggren basis (Hagen and Michel, 2012). Powerful
methods based on the no-core shell model (NCSM) (Bar-
rett et al., 2013; Navrátil et al., 2000a,b), the no-
core shell model with resonating-group method (NC-
SM/RGM) (Quaglioni and Navrátil, 2009), and the no-
core shell model with continuum (NCSMC) (Baroni
et al., 2013a,b; Navrátil et al., 2016) exist; these are dis-
cussed in more detail below. Let us also note that another
NCSM-based method, the symmetry-adapted NCSM ap-
proach (Dytrych et al., 2020), has been applied to study
↵-clustering and can extend to a description of scatter-
ing (Launey et al., 2021). Finally, the ab-initio Gamow
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NCSM (Fernandez et al., 2023; Fossez et al., 2017; Li
et al., 2021; Michel et al., 2023; Papadimitriou et al.,
2013), with the capability of describing nuclear reso-
nances and near-threshold features, is also highlighted
in this review.

The NCSMC is a unified framework for the treatment
of both bound and unbound states in light nuclei. Us-
ing chiral NN and 3N interactions as the only input, the
method is capable of predicting the structure and dy-
namics of light nuclei and, by comparing to experimental
data, test the quality of chiral nuclear forces. Describ-
ing a reaction (e.g., the scattering of protons from 7Be)
requires addressing both the correlated short-range be-
havior occurring when the reactants (proton and 7Be)
are close together, forming a composite nucleus (8B), and
the clustered long-range behavior occurring when the re-
actants are far apart. The NCSMC accomplishes this
by adopting a generalized cluster expansion for the wave
function of the reacting system, which, in the 8B exam-
ple, is given by

| J⇡

8Bi =
X

�

cJ
⇡

� |8B�J⇡i

+
X

⌫

Z
drr2

�J⇡

⌫ (r)

r
Â⌫ |�J⇡

⌫r i . (2)

In the first term, consisting of an expansion over (square-
integrable) eigenstates of the composite system (8B) ob-
tained within the NCSM many-body harmonic oscillator
basis with index �, all A nucleons are treated on the
same footing. In the second term, corresponding to a
resonating-group method (Tang et al., 1978) expansion
over (continuous) antisymmetrized channels, the wave
function is factorized into products of cluster compo-
nents (7Be and p) and their relative motion, with proper
bound-state or scattering boundary conditions:
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where |7Be↵I⇡ti and |p 1
2

+i are the eigenstates of the tar-
get (7Be) and the projectile (proton), respectively. The
vector r7,1 is the separation between the centers-of-mass
of 7Be and p, and the index ⌫ labels the remaining quan-
tum numbers. The discreet expansion coe�cients cJ

⇡

�
and the continuous relative-motion amplitudes �J⇡

⌫ (r)
are obtained as a solution to the generalized eigenvalue
problem derived by representing the Schrödinger equa-
tion in the model space of Eq. (2). The cluster eigen-
states (e.g., 7Be and p) are obtained within the NCSM
with the same Hamiltonian used to describe the whole
system. In general, the sum over ⌫ also includes excited
states of clusters, as well as di↵erent cluster partitions.

The NCSMC approach has been applied to cross-
sections and rate calculations of several nuclear reac-
tions relevant for astrophysics (Navratil et al., 2006;
Navrátil and Quaglioni, 2020). The 3H(d, n)4He and
3He(d, p)4He reactions are leading processes in the pri-
mordial formation of the very light elements (mass num-
ber, A  7), a↵ecting the predictions of Big Bang Nu-
cleosynthesis (BBN) for light-nucleus abundances (Ser-
pico et al., 2004). With its low activation energy and
high yield, 3H(d, n)4He is also the easiest reaction to
achieve on Earth, and is pursued by research facili-
ties directed toward developing fusion power (Chadwick
et al., 2023b). An advanced NCSMC investigation of the
deuteron-triton (dt) fusion was presented in Hupin et al.
(2019). These calculations include both the 4He+n and
the 3H+d (or 3He+d) mass partitions in the cluster part
of the NCSMC trial wave function given in Eqs. (2) and
(3). While the main focus was on the calculation of ob-
servables for the polarized d and t nuclei that have not
yet been measured, phase shifts, cross-sections, as well
as results for the mirror 3He(d, p)4He system, were pre-
sented. Further details on these calculations are given in
Sec. V.A.1.

An important input in modeling the solar-neutrino flux
are the rates of the 3He(↵, �)7Be and the 7Be(p, �)8B
radiative capture reactions (Adelberger et al., 2011;
Navratil et al., 2006). The 7Be(p, �)8B reaction consti-
tutes the final step of the nucleosynthetic chain leading
to 8B. Ab-initio calculations of the 7Be(p, �)8B reaction
have been performed within the NCSMC formalism using
a set of chiral NN and 3N interactions (Kravvaris et al.,
2023). The calculated S-factor obtained with the most
advanced interaction matches well with the direct mea-
surement data (Junghans et al., 2003) starting at the
1+ resonance at ⇡0.6 MeV in the energy range up to
2.5 MeV. At low energies, below the 1+ resonance, the
predictions are slightly below experiment. Overall, the
NCSMC calculations (Kravvaris et al., 2023) are consis-
tent with the latest recommended S-factor value at zero
energy. Moreover, the theoretical uncertainty is reduced
by more than a factor of five. More detailed description
of these calculations is presented in Sec. V.A.4.

The 3He(↵, �)7Be radiative capture plays an impor-
tant role for both BBN and the solar pp-chain (Adel-
berger et al., 2011; Bertulani and Kajino, 2016; Trib-
ble et al., 2014). NCSMC calculations of 3He-4He and
3H-3He scattering are carried out starting from an NN,
and, more recently, also 3N, interaction. The properties
of the low-lying resonances as well as those of the two
bound states of 7Be and 7Li are reproduced rather well.
With the scattering and bound-state wave functions ob-
tained, the astrophysical S-factor for the 3He(↵, �)7Be
solar fusion cross-section has been computed as well as
that of its mirror reaction 3H(↵, �)7Li (Atkinson et al.,
2025; Dohet-Eraly et al., 2016). At very low energies,
the 3He(↵, �)7Be S-factor is in a good agreement with
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the measurements taken at the underground LUNA fa-
cility. This reaction is discussed further in Sec. V.A.3.

The production of 6Li in BBN is dominated by
4He(d, �) 6Li radiative capture. The cross-section at the
relevant energies from 30 to 400 keV is poorly known
as direct measurements are hindered by the Coulomb re-
pulsion between the 4He and d nuclei. Moreover, indirect
estimates relating the capture rate with the disintegra-
tion of 6Li in the Coulomb field of a heavy target are
hampered by the limited ability to cleanly separate the
nuclear and electromagnetic contributions to the breakup
cross-section. Accurate theoretical predictions are there-
fore needed to guide the extrapolation of the existing di-
rect measurements to the whole BBN range of energies.
Ab-initio NCSMC calculations have been performed for
the 4He(d, �)6Li reaction (Hebborn et al., 2022). Con-
trary to previous studies, the E1 transitions are found to
be negligible, and an enhancement of the capture below
100 keV comes from the previously neglected M1 tran-
sitions. The uncertainty in the predicted thermonuclear
reaction rates is reduced by a factor of ⇡7 compared to
previous evaluations (Xu et al., 2013). Further details
can be found in Sec. V.A.2.

B. Ideas from E↵ective Field Theory

EFT is based on the factorization of short-distance
and long-distance physics. EFT methods were first intro-
duced into nuclear physics by Weinberg (Weinberg, 1990,
1991, 1992). EFTs are formulated in terms of e�cient
degrees of freedom for the problem and so as to respect
relevant symmetries. In this regard, they are no di↵er-
ent from any other quantum-mechanical model. Their
point of di↵erence lies in their inclusion of all relevant
operators that could both govern the interaction and are
consistent with the symmetries. This would produce an
intractable problem, save that in an EFT one also iden-
tifies a set of short-distance/high-momentum scales and
a set of long-distance/low-momentum scales. The oper-
ators are then organized in powers of the dimensionless
ratio of these scales, and thus operators that carry higher
powers of this ratio are less important. This, in turn,
leads to expressions for the quantum-mechanical scat-
tering amplitude – and ultimately for observables – in
which less important e↵ects occur at higher orders of the
EFT expansion: a so-called “power counting” in which
quantum-mechanical mechanisms are classified according
to their impact on the amplitude.

EFTs are well-suited for describing threshold physics.
The reactions discussed in this review can be treated us-
ing e↵ective two-body models, where the degrees of free-
dom are the particles in the entrance and exit channels.
The EFT expansion systematizes these models. If clus-
terization within the participating nuclei is significant,
the EFT can be formulated in terms of the degrees of

freedom representing those clusters, thereby transform-
ing the threshold dynamics description into a few-body
problem.

The intellectual precursor of EFT relevant to the
threshold physics discussed in this article is the few-body
cluster-model calculations popular in the 1970s. How-
ever, this EFT, referred to as “Halo EFT” or “Cluster
EFT,” organizes and updates those models. It organizes
them by arranging mechanisms into a hierarchy based
on power counting and updates them by ensuring that
all mechanisms occurring at a given power-counting or-
der are considered in the EFT calculation. Threshold
physics calculations using Halo/Cluster EFT incorporate
three-body forces and two-body currents that were rarely
taken into account in cluster models.

An example of the early application of EFT to strong
interactions at threshold is the case of the s-wave scat-
tering of two particles, without Coulomb interactions, in
the situation where there was a (real or virtual) bound
state near the scattering threshold. The low-momentum
scales in this problem are k and the characteristic mo-
mentum of the bound state 1/a0. The high-momentum
scale is set by the range of the interaction, which is of
the order of the e↵ective range r0. The EFT is thus a
dual expansion in the small parameters r0

a0
and r0k. If we

define Q = r0k then (Birse, 1999; Kaplan et al., 1998a,b;
van Kolck, 1999; Weinberg, 1991) showed that the s-wave
scattering amplitude in this EFT takes the form:

fEFT(k) / 1
1
a0

+ ik

⇥
1 + c1(ka0)Q + c2(ka0)Q

2 + . . .
⇤
.

(4)

The functions cn have non-analytic dependence on the
ratio of the light scales ka0, but remain O(1) provided
kr0 ⌧ 1. While we have written out Eq. (4) for the case
of the s-wave scattering amplitude, an analogous formula
applies for all low-energy processes involving s-wave in-
teractions in the two-body system. The bound-state form
factor, the radiative capture amplitude, Compton scat-
tering from the bound state, etc., all have an expansion
of the form of Eq. (4), as demonstrated for the NN sys-
tem in Chen et al. (1999). In that context, the EFT is
called “pionless EFT”.

Bertulani et al. (2002) and Hammer and Phillips
(2011) successfully applied the same methodology to,
respectively, 4He-neutron scattering and the low-energy
properties of 11Be, thus extending “pionless EFT” to
“Halo EFT” (Bertulani et al., 2002). Readers desiring
a thorough review of Halo EFT are referred to Hammer
et al. (2017).

The fact that the expansion of Eq. (4) has an identified
small parameter makes it possible to assess the impact
of the terms omitted from the description of observables.
Being able to compute beyond the leading order is thus a
crucial piece of the EFT’s phenomenological applicabil-
ity. The NLO piece of this expansion (the piece / c1Q)
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is due to the e↵ective range, r0, which is introduced into
the amplitude at NLO. At N3LO [O(Q3)] the shape pa-
rameter P0 (which is assumed to scale ⇡ r30) appears in
the EFT expansion.

Recently, the Coulomb-free 1S0 p� p scattering length
has been determined by analyzing the cross-section of the
quasi-free p + d ! p + p + n reaction at center-of-mass
energies below 1 MeV. Without Coulomb interaction, a
model based on an EFT description in the universal win-
dow was developed to interpret the results (Tumino et al.,
2023).

The impact of p-waves on the scattering amplitude is
also N3LO unless there is a low-lying resonance or bound
state in the p-waves. The power counting for p-waves in
the presence of an additional low-energy scale associated
with p-wave physics was worked out in Bertulani et al.
(2002) and Bedaque et al. (2003). As with the s-waves,
the result can be understood in terms of an assignment of
sizes to di↵erent p-wave e↵ective-range parameters. The
p-wave e↵ective-range expansion is then systematically
improved by the inclusion of additional orders in the EFT
expansion parameter Q. This approach describes well,
for example, the low-energy ↵-neutron (Bedaque et al.,
2003), 10Be-neutron (Hammer and Phillips, 2011) and
7Li-neutron (Rupak and Higa, 2011) phase shifts.

Charged-particle scattering in EFT has been imple-
mented for proton-proton (Kong and Ravndal, 2000),
↵-↵ (Higa et al., 2008) and ↵-3He (Higa et al., 2018;
Poudel and Phillips, 2022) scattering. For such prob-
lems, the EFT reproduces the modified e↵ective-range
expansion of Bethe (1949), with a power counting that
corresponds, once again, to particular choices for the size
of the di↵erent e↵ective-range parameters. The organi-
zation of the scattering amplitude in powers of a small
expansion parameter is complicated in this case by the
presence of an additional low-momentum scale associ-
ated with the Coulomb potential: k/⌘ ⌘ kC , where ⌘
is the Sommerfeld parameter. The non-analytic depen-
dence of the inverse scattering amplitude on energy is
then markedly more complicated than in the chargeless
case, which means more thought must be put into the
organization of the EFT for situations where ⌘ ⇡ 1.
Nevertheless, Higa et al. (2008) and Poudel and Phillips
(2022) both achieved systematic improvement in their
description of charged-particle scattering data order-by-
order in the EFT, because they organized the modified
e↵ective-range expansion in s- and p-waves according to
the size of the di↵erent e↵ective-range parameters that
occur. EFT applied to these problems can be thought of
as reorganized e↵ective-range theory, or e↵ective-range
theory with built-in uncertainty quantification.

Because the EFT by its construction reproduces the
asymptotic behavior of scattering amplitudes and wave
functions, calculating the external capture contribution
to capture reactions is straightforward. The EFT then
corrects this contribution through short-distance opera-

tors, which represent, for example, the contribution to
the low-energy 7Li(n, �) capture amplitude from inter-
particle distances smaller than the range of the neutron-
7Li force. This is how the EFT incorporates “interior”
contributions in its description of capture reactions. For
weakly-bound systems, this contribution is parametri-
cally small. Because it occurs at short distances it also
cannot generate rapid energy dependence and so an ex-
pansion in powers of the photon energy is an expan-
sion in !r0, i.e., it is organized similarly to the mul-
tipole expansion. This approach has been successfully
applied to Coulomb dissociation on 11Be (Capel et al.,
2018; Hammer and Phillips, 2011), 15C (Moschini et al.,
2019; Rupak et al., 2012), and 19C (Acharya and Phillips,
2013; Capel et al., 2023), as well as the radiative cap-
ture reactions 7Li(n, �), 7Be(p, �) mentioned above and
3He(↵, �) (Higa et al., 2018; Zhang et al., 2020).

As the collision energy is lowered toward the thresh-
old for elastic scattering and capture reactions, the elec-
tromagnetic interaction plays a larger and larger role in
the dynamics of charged-particle collisions. Incorporat-
ing the Coulomb interaction between the charged parti-
cles in the EFT is straightforward, as explained above.
Corrections to the electromagnetic force that go beyond
the point-like Coulomb are a natural candidate for EFT
calculations, since the EFT expansion is akin to the mul-
tipole expansion. EFT can therefore easily incorporate
the e↵ect of the finite size of nuclei on the electromagnetic
potential. The nuclear electric radius determines the co-
e�cient of a higher-order operator governing the coupling
of Coulomb photons to the nucleus (Chen et al., 1999;
Hammer and Phillips, 2011). A similar higher-order op-
erator incorporates the finite polarizability of nuclei into
the inter-nuclear electromagnetic potential (Chen et al.,
1998).

In the near-threshold regime, other corrections to the
inter-nuclear electromagnetic potential may also be im-
portant. Higher-order quantum electrodynamics e↵ects
are suppressed by a factor ↵em ⇡1/137 compared to the
Coulomb potential. But, given the exponential sensi-
tivity of the reaction cross-section to the height of the
Coulomb barrier, they may need to be considered in cer-
tain contexts. Kamionkowski and Bahcall (1994) evalu-
ated the vacuum-polarization corrections to capture re-
action rates in the pp-chain and the CNO cycle semi-
classically. In particular, their calculation suggests that
the reaction rate for 3He(↵, �)7Be at solar energies falls
by 1.6% once the vacuum polarization is considered. This
argument was re-examined in the context of BBN by
Pitrou and Pospelov (2020); the data and calculations
of this reaction in the solar-fusion regime are now of suf-
ficient precision for solar fusion such that the vacuum-
polarization e↵ect should now also be assessed there.

Vacuum polarization is a long-studied and measurable
e↵ect for proton-proton scattering. Bergervoet et al.
(1988) performed a phase-shift analysis of pp scattering
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data below 30 MeV (lab) with and without vacuum polar-
ization. They found that the total �2 decreased by ⇡100
when vacuum polarization was included in the model, an
e↵ect of 10 standard deviations for the data available at
that time. Magnetic-moment interactions can also play a
role at low energies - especially at forward angles, where
they produce zero crossings in spin observables (Hogan
and Seyler, 1970; Stoks and de Swart, 1990).

C. Continuum space in open-quantum-system approaches

Resonances and scattering features are genuine proper-
ties of quantum systems, describing preferential decays of
unbound states. Experimentally, the resonances are seen
in cross sections as sharp peaks, exhibiting a nearly expo-
nential decay pattern as a function of time. The standard
quantum mechanics in Hilbert space does not allow for
the description of state vectors with exponential growth
and an exponential decay (Baz’ et al., 1969). Such states
are simply discarded as unphysical. The usual procedure
to deal with resonance states is either to extract their
lineshapes from the real-energy continuum level density
or by joining the bound state solution in the interior re-
gion with an asymptotic solution at large distances.

The aforementioned di�culties have been resolved by
extending Hilbert space to the so-called rigged Hilbert
space (Antoine, 2021; Bohm, 1978; Bohm et al., 1989; de
la Madrid, 2005, 2012; Gel’fand and Vilenkin, 1964; Lud-
wig, 1983a,b; Maurin, 1968). The rigged Hilbert space
is the Hilbert space equipped with distribution theory.
In that sense, the rigged Hilbert space is not the re-
placement but the enlargement of the Hilbert space. In
this formulation, the resonant wave functions are given
by Gamow states, i.e., the eigenvectors of a Hamilto-
nian with complex eigenvalues.Gamow states can de-
scribe both sharp peaks in the cross section and decays
of metastable states. Moreover, the shell model for open
quantum systems, as described in the following, can be
conveniently formulated in the rigged Hilbert space.

Open-quantum-systems are studied in di↵erent
branches of physics, including nuclear physics, atomic
physics, nanoscience, quantum optics, etc. In spite of
their specific features, these di↵erent open-quantum-
systems exhibit common generic properties. What is
identified as a quantum environment of the system
depends on the physics context. The environments
in quantum cosmology (Halliwell, 1991), quantum
biology (Brookes, 2017), or in quantum information
science (Bennett and Shor, 1998) not only di↵er from
one another but also di↵er from the environment of
scattering states relevant to nuclear physics reaction
problems (Oko lowicz et al., 2013, 2012b, 2003). In
the standard approach, the dynamics of the system
is considered explicitly, whereas the dynamics of the
environment is treated implicitly. In this case, evolution

of the system is described in terms of the reduced
density obtained by taking partial trace over the exact
density of a combined system-plus-environment. Hence,
the evolution of the combined system-plus-environment
is unitary. The main interest in studies using reduced
density matrices is the energy transfer to environment
(the quantum dissipation), and/or the loss of coherence
of considered state(s) (the quantum decoherence).

In nuclear physics, one deals with well-defined indi-
vidual quantum states whose wave functions and pref-
erential decay modes are studied experimentally. Con-
sequently, quantum dissipation or quantum decoherence
are not subjects of principal interest. The emphasis in
the nuclear case is on the conservation of unitarity at the
transition from well-bound states (the closed quantum
systems) to weakly-bound or unbound states (the open
quantum systems) while approaching the limit of nuclear
stability with respect to the particle emission. This tran-
sient regime is of special interest for nuclear astrophysics,
in particular for understanding the nucleosynthesis of el-
ements.

The key features of an open-quantum-system are the
interference processes between the states of a system and
its environment. These aspects can be traced back to two
basic processes: level repulsion and level clustering (Ma-
gunov et al., 1999; Oko lowicz et al., 2003). In closed
quantum systems, the interaction between discrete levels
is real; therefore, discrete levels with the same quantum
numbers repel each other. However, in open-quantum-
systems, the level interaction may be complex, so that the
resonance states can either repel or attract each other.

When the energy distance between resonances becomes
smaller than their width, then a peculiar collectiviza-
tion phenomenon takes place, namely the total coupling
strength becomes concentrated in a few states while the
remaining majority of states decouple from the contin-
uum of the decay channels. This phenomenon, referred to
as resonance trapping (Auerbach and Zelevinsky, 2011;
Drożdż et al., 2000; Kleinwachter and Rotter, 1985; Pers-
son et al., 1996; Rotter, 1991; Sokolov and Zelevinsky,
1988; Stöckmann et al., 2002), is related to the level
crossings in the complex-energy plane. By increasing the
strength of the coupling between discrete states and the
environment of decay channels, the widths of most of
the states decrease, while a few states become broad and
dissolve into the continuum.

In the proximity of the particle emission thresh-
old, another collective rearrangement phenomenon takes
place in which the essential role is played by a single
“aligned”eigenstate of the open-quantum-system Hamil-
tonian, which carries many characteristics of the nearby
decay channel (Oko lowicz et al., 2013, 2012b). This state
is a superposition of shell-model eigenstates having the
same quantum numbers. The aligned eigenstate captures
most of the continuum-coupling strength, and, above the
decay threshold, exhausts most of the decay width.
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The standard shell model describes a nucleus as a
closed quantum system with nucleons occupying bound
localized levels isolated from scattering states and de-
cay channels. This picture is physically correct for low-
lying states of well bound nuclei. However, in the vicin-
ity of the lowest particle-emission threshold, continuum
coupling becomes more and more important. Moreover,
near the threshold, the configuration mixing involving
continuum states can no longer be treated as a small
perturbation (Dobaczewski et al., 2007). In fact, in the
particle-unbound regime, nuclear states in neighboring
nuclei form a network of interconnected states, with the
clusters of correlated states in di↵erent domains of exci-
tation energy, angular-momentum, and nucleon number.

The incompleteness of a shell model description of the
atomic nucleus was realized very early on. For instance,
the inadequacy of perturbation theory for describing res-
onances was pointed out by Fano (Fano, 1961), while
the relative displacement of states in mirror nuclei was
explained by the change of boundary conditions due to
Coulomb wave function distortion in the external re-
gion (Ehrman, 1951; Thomas, 1952). Therefore, it was
obvious that a radical conceptual change was required to
resolve numerous drawbacks and inconsistencies present
in the traditional nuclear shell model.

1. Real-energy frameworks

First attempts to reconcile the shell model with reac-
tion theory were made by replacing the paradigm of the
closed quantum system with the paradigm of a system
interacting with its environment of scattering states and
decay channels. Using the projection operator technique,
the collision matrix of the optical model was expressed
in terms of the matrix elements of the nuclear Hamilto-
nian (Feshbach, 1958, 1962). This motivated the adap-
tation of the shell model approach toward the treatment
of nuclear reactions (Brenig, 1959; Fano, 1961; MacDon-
ald, 1964; Macdonald, 1964; Rodberg, 1961) and, on the
other side, led to various formulations of the continuum
shell model in Hilbert space (Mahaux and Weidenmüller,
1969; Oko lowicz et al., 2003; Philpott, 1977; Rotter et al.,
1978; Volya and Zelevinsky, 2006). A version of the con-
tinuum shell model, the shell model embedded in the
continuum (SMEC) (Bennaceur et al., 1999, 2000; Ro-
tureau et al., 2006), provides a unified description of the
nuclear structure and of reactions with up to two nucle-
ons in the scattering continuum using the Hamiltionian
for a closed quantum system shell-model. The proper
framework for this formulation of continuum shell model
is the non-Hermitian quantum mechanics, which is an im-
portant alternative to the standard Hermitian quantum
mechanics (Moiseyev, 2011; Oko lowicz et al., 2003).

In the SMEC approach, one divides the Fock space of
an A�particle system into two subspaces: the subspace

of a bound nucleus, which consists of square-integrable
functions of the standard shell model, and the subspace of
the scattering environment embedding the system, which
consists of scattering states and decay channels. The
combined system - consisting of a bound nucleus and
the environment - remains closed and is described by the
Hermitian Hamiltonian. The dynamics in the nucleus
are given by the energy-dependent e↵ective Hamiltonian,
which includes couplings to the subspace of the environ-
ment. The SMEC e↵ective Hamiltonian is Hermitian be-
low the lowest reaction threshold, whereas above the first
threshold, the non-Hermitian part describes irreversible
decay from the system to the environment. The SMEC
eigenstates are the linear combinations of closed quantum
system eigenstates, i.e., the shell-model eigenstates. The
continuum-induced mixing of shell-model eigenstates is
particularly strong if many avoided crossings of SMEC
eigenstates appear (Oko lowicz et al., 2013, 2012b, 2003).
These crossings can be studied by calculating either en-
ergy trajectories of the double poles of the scattering ma-
trix, for the complex-extended SMEC Hamiltonian, or
the continuum-coupling correlation energy. The latter is
the expectation value in a given SMEC eigenstate of the
continuum-coupling term, i.e., a di↵erence of the SMEC
e↵ective Hamiltonian and the shell model Hamiltonian.

2. Complex-energy frameworks

Di�culties with the treatment of resonances in the
Hilbert space formulation of quantum mechanics could be
overcome in a rigged Hilbert space. Mathematical formu-
lation of the rigged Hilbert space (Gel’fand and Vilenkin,
1964) (see also, e.g., Refs. (Antoine, 2021; Bohm, 1978; de
la Madrid, 2005)) was motivated by the necessity to ac-
commodate the Dirac formalism of bras and kets in quan-
tum mechanics (Ludwig, 1983a,b). The rigged Hilbert
space is a natural setting for Gamow states (Gamow,
1928; Siegert, 1939), and therefore provides a rigorous
mathematical framework for extending the domain of
quantum mechanics into time-asymmetric processes like
decays or captures. An important change with respect to
the standard Hilbert space formulation of quantum me-
chanics is that one can accommodate a more general com-
pleteness relation, the so-called the Berggren complete-
ness relation (Berggren, 1968, 1978, 1996; Berggren and
Lind, 1993; Lind, 1993; Maurin, 1968), where the contri-
bution of real-energy scattering states is substituted for
by the resonant contribution and the background con-
tribution of complex-energy scattering states. In this
way, the resonant spectrum of Gamow states is treated in
the same way as the bound state spectrum. In this ap-
proach, the only di↵erence between narrow resonances
and bound states is purely quantitative, namely reso-
nances have non-zero decay widths whereas the bound
states have no decay width.
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The configuration-interaction approach based on
Gamow states, the so-called Gamow shell model (Id Be-
tan et al., 2002; Michel et al., 2002, 2003, 2009; Michel
and P loszajczak, 2021; Papadimitriou et al., 2013), is
a complex-energy generalization of the standard shell
model in which the harmonic oscillator basis is replaced
by the Berggren basis that includes bound states, reso-
nant states, and complex-energy scattering states. The
shell model in this formulation respects unitarity in all
regimes of the binding energy and provides a compre-
hensive description of both the configuration interaction
and the shell structure, while removing inconsistencies
and limitations present in the standard shell model. One
should emphasize that, as in the standard shell model,
and contrary to the SMEC, the Gamow shell model de-
scribes nucleus-plus-scattering space as an isolated quan-
tum system. Hence, no interaction with the environment
is necessary to describe the system decay. Also, as in the
standard shell model and in contrast to a real-energy con-
tinuum shell model like SMEC, the Gamow-shell-model
Hamiltonian is Hermitian even though the Gamow-shell-
model Hamiltonian matrix is complex-symmetric as in
the SMEC. As demonstrated in (Kruppa et al., 2014; Ma-
sui et al., 2014), the Gamow shell model can be related
to a complex scaling method (Myo and Katō, 2020).

To describe nuclear reactions, one has to express the
Gamow shell model in the coupled-channel representa-
tion (GSM-CC) (Fernandez et al., 2023; Fossez et al.,
2015; Jaganathen et al., 2014; Mercenne et al., 2023,
2019; Michel and P loszajczak, 2021). In this represen-
tation, the Gamow-shell-model unifies nuclear structure
and nuclear reactions because the same Hamiltonian and
the same many-body approach describes both the dis-
crete part of the energy spectrum and the reaction cross-
sections at low excitation energies. Di↵erent formulations
of the Gamow shell model, interchangeably using either
Slater determinant or coupled-channel representations,
and formulated either in Jacobi coordinates or in cluster
orbital shell-model variables (Suzuki and Ikeda, 1988),
allow for study of the consequences of flux conservation
(unitarity) at and around reaction thresholds.

D. Coupling to the continuum and the emergence of
threshold states

As the incident energy increases and a new reaction
channel opens, the reaction threshold becomes a bifur-
cation point for the particle flux. The reaction cross-
sections around the threshold energy exhibit resonance-
like structures, which arise due to the unitarity of the
scattering matrix and the resulting flux conservation.
The energy profile of these structures, or cusps, which
should not be associated with actual nuclear states,
markedly di↵er from the usual Breit-Wigner shapes char-
acteristic of nuclear resonances. Together with reso-

nances, these near-threshold irregularities can impact the
astrophysical S-factor.

In 1948, based on general principles (specifically: the
asymptotic behavior of the scattering wave function),
Wigner formulated the threshold law (Wigner, 1948) for
the elastic and total cross-sections, which explains the
appearance and properties of near-threshold cusps. A
more quantitative explanation of this phenomenon was
given later in terms of R-matrix theory (Baz, 1957; Baz’
et al., 1969; Breit, 1957; Fonda, 1961; Lane, 1970; Meyer-
hof, 1963; Newton, 1958) as discussed in Sec. III. In the
case of reactions with neutral particles, e.g., neutrons, the
low-energy behavior of the partial cross-section �(i ! j)
leading from channel i to channel j takes a particularly
simple form. For an endoergic reaction with the produc-
tion of slow neutral particles

�(i ! j) ⇡ k
2`j+1
j ⇡ E

`j+ 1
2

j , (5)

while for an exoergic reaction (e.g., the absorption of slow
neutrons by nuclei),

�(i ! j) ⇡ k2`i�1
i ⇡ E

`i� 1
2

i . (6)

The best known example for the relation of Eq. (6) is
the 1/v law for the absorption of slow neutrons. As one
can see from Eqs. (5,6) the energy/momentum derivative
of the cross-section exhibits a discontinuity when passing
the reaction threshold, which results in a cusp. This
e↵ect is particularly pronounced for the low partial waves
` = 0 and 1.

Wigner cusp appears also in SFs when the energy of
a many-body state crosses particle emission threshold.
One-neutron SFs in the ground state of 6He, 7He are
shown in Fig. 2. The Hamiltonian parameters are var-
ied in such a way that the ground states of the 5He nu-
cleus (upper panel), and 6He nucleus (lower panel) vary
from bound to unbound continuously, simulating forma-
tion of a composite system at di↵erent excitation ener-
gies. The Wigner cusp originates uniquely from coupling
to the non-resonant continuum, as it disappears in stan-
dard shell model calculations utilizing a basis of harmonic
oscillator states (see Fig. 2). One should note that in the
complex-energy framework of GSM, all quantities for res-
onances are normalized using the external complex scal-
ing method and become complex. The real part, as ex-
plained in Refs. (Berggren, 1968; Michel and P loszajczak,
2021; Myo and Katō, 2020), is the average value while the
imaginary part can be related to the dispersion rate over
time in the measurement, and hence represents its sta-
tistical uncertainty. Figure 2 shows the real part of the
calculated spectroscopic factors.

Wigner cusp may appear in di↵erent reaction chan-
nels due to the channel coupling phenomenon related
to a flux redistribution. Indeed, due to the flux con-
servation, the threshold anomaly present in an opening



16

FIG. 2: Real part of the SF as a function of the
(negative) one-neutron separation energy S1n. Top:

h6He(g.s.)|[5He(g.s.) ⌦ p3/2]
0+i

2
; Bottom:

h7He(g.s.)|[6He(g.s.) ⌦ p3/2]
0+i

2
. The solid line

represents Gamow shell model results while the dotted
line marks standard shell model approximation

(HO-SM). The neutron emission threshold in 5He (top)
and 6He (bottom) are indicated by arrows. (Adopted

from Michel et al. (2007)).

reaction channel can trigger the appearance of anoma-
lies in other open channels with lower reaction thresh-
olds. Ample experimental evidence exists for Wigner-
type anomalies and channel-coupling e↵ects in nuclear
reactions (Abramovich, 2015; Abramovich et al., 1992;
Adair, 1958; Hategan, 1973; Hodgson, 1976; Moore et al.,
1966; NA48/2 Collaboration et al., 2006; Starostin et al.,
2005; Switkowski et al., 1978; Wells et al., 1963) and
atomic processes (Bilodeau et al., 2009; Caradonna et al.,
2012; Sadeghpour et al., 2000; Wang et al., 1994), as well
as in condensed matter physics (Ishigami et al., 2018).

The appearance of near-threshold resonances can be
explained in terms of the increased density of levels that
have large reduced widths (Barker, 1964; Inglis, 1962;
Lane, 1970). For neutron channels, this enhancement
is largest for low-barrier potentials, i.e., for low partial
waves (Barker, 1964; Oko lowicz et al., 2013, 2012b). The
enhancement of the level density depends weakly on the
nuclear mass and, hence, near-threshold e↵ects for neu-
tron channels can be observed both in light and heavy
nuclei.

For charged particle channels, the enhancement of
the level density depends both on the strength of the
Coulomb interaction and on the angular momentum in-
volved. The maximum of the enhancement factor is
shifted above the threshold and decreases with increas-
ing strength of the Coulomb interaction (Oko lowicz et al.,
2013, 2012b). Hence, the e↵ect is strongest in the p- and
sd-shell nuclei.

The continuum-level density g`(E) is proportional to
the energy derivative of the scattering phase shift �`(E)
(Beth and Uhlenbeck, 1937; Kruppa and Arai, 1999):

g`(E) =
2` + 1

⇡

d�`(E)

dE
. (7)

This relation naturally connects the Wigner cusp phe-
nomenon with the appearance of threshold resonances
and anti-bound (or virtual) states (Ohanian and Gins-
burg, 1974).

The threshold e↵ects in nuclear reactions, such as the
Wigner cusp, are manifestations of the quantum open-
ness of the nuclear many-body system. In the follow-
ing sections, threshold physics is discussed within open
quantum-system frameworks, which allow for the coher-
ent incorporation of the particle continuum into a many-
body description.

1. Resonant states in the complex-momentum plane

The classification of resonant states (poles of the S-
matrix) in the complex-k plane is shown in Fig. 3. This
classification applies to a general many-body case (Hum-
blet and Rosenfeld, 1961) and not only to the single-
particle situation often discussed in the context of the
Berggren ensemble.

The bound states lie on the positive imaginary-k axis.
The decaying poles in the fourth quadrant, which lie close
to the real k-axis and have a real energy Re(E) > 0 and
width � = �2 Im(E) > 0, can be interpreted as narrow
resonances seen experimentally as narrow peaks in cross-
sections. The poles with Re(E) < 0 and � > 0, located
below the �45� line, can be associated with sub-threshold
resonant states (Mukhamedzhanov et al., 2010); an ex-
ample of such a state is the diproton (Kok, 1980). The
antibound (or virtual) states with Re(E) < 0 and � = 0
lie on the negative imaginary-k axis, or on the second
Riemann energy sheet (Ohanian and Ginsburg, 1974); a
dineutron (Babenko and Petrov, 2013) is believed to be
such an antibound state. In this case, the attractive inter-
action between the two neutrons is insu�cient to produce
a bound state, but the nearly-bound nature is manifested
by enhanced n + n scattering just above threshold. The
broad resonant states are located above the �45� line
and their widths are comparable with Re(E).
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FIG. 3: Resonant states in the complex-k plane. The
momentum is expressed in arbitrary units (a.u.).

Bound, antibound, decaying, and capturing resonant
states are marked, as well as narrow resonances (nr),
broad resonances (br) and sub-threshold resonances

(sr). The distribution of poles is symmetric with respect
to the imaginary k-axis because of time reversal

symmetry; thus, capturing states are presented as the
time-reversed decaying states. The dashed �45� line
separates decaying resonant states from sub-threshold

poles.

2. Bound-to-unbound transition

As the parameters of the Hamiltonian vary, resonant
poles move in the complex-k plane. With the decreasing
strength of the binding potential, the originally bound
pole crosses the separation-energy threshold. What hap-
pens next depends on whether one is dealing with neutral
or charged particles, and also on the associated orbital
angular-momentum (Domcke, 1981; Lovas et al., 2002;
Mao et al., 2018; Wang et al., 2019).

After crossing the threshold, the s-wave-dominated
bound state becomes an antibound pole (no Coulomb
interaction) or a so-called sub-threshold pole (Coulomb
interaction present for which imaginary part of energy is
larger than the real part (Kok, 1980; Mukhamedzhanov
et al., 2010; Wang et al., 2019). To illustrate this, Fig. 4
shows the trajectory of the antibound state of 10Li in the
complex-k plane by gradually increasing the Coulomb in-
teraction by way of changing the core charge �Zce from
zero (n+9Li) to the full p+9C value at Zc = 6; (see
Ref. (Wang et al., 2019) for details). At Zc = 0, the

antibound state of 10Li is predicted. With increasing Zc,
this pole goes through the region of sub-threshold reso-
nances and eventually becomes a threshold resonant state
in 10N at Zc = 6.

0.0 0.1 0.2 0.3
−0.3

−0.2

−0.1

0.0

0.25−0.21i−0.22i

Re(k) (fm-1)
Im

(k
) (

fm
-1
)

FIG. 4: The trajectories of the two threshold poles in
the ` = 0 channel of the Woods-Saxon+Coulomb

potential in the complex-momentum plane as a function
of the core charge �Zce. The trajectory begins at

Zc = 0 (black dot; n+9Li) and ends at Zc = 6 (open
circle; p+9C). (Adopted from Wang et al. (2019).)

For states with ` 6= 0, the trajectory follows the generic
pattern discussed in (Domcke, 1981; Mao et al., 2018) and
illustrated in Fig. 5. As the binding decreases, the bound
state with ` 6= 0 and the shadow antibound pole meet at
the threshold and produce an exceptional point. (Close
to the threshold, the bound state and the shadow anti-
bound state are located symmetrically to the origin.) As
the binding interaction decreases further, two resonant
poles - one decaying and one capturing (symmetric with
respect to the Im(k) axis) - appear and move into the
complex-k plane.

3. Existence of a nuclear state

Moving away from particle thresholds, either in isospin
or excitation energy, the decay widths of nuclear states
increase, eventually melting into the particle continuum
as their lifetimes become comparable with the reaction
and single-particle timescales below 10�22 s. Here, the
very notion of the nuclear state becomes questionable as
the timescales are too short to generate the nuclear mean
field (Thoennessen, 2004). In this regime, the broad
bumps in cross-sections should be understood in terms
of scattering features rather than well-defined resonances.
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FIG. 5: The trajectory of the ` 6= 0 resonant state in
the complex-k plane as a function of the binding

potential depth. The potential strength decreases along
the direction indicated by the arrow. The positions of

the bound and antibound states are marked. The
momentum is in arbitrary units (arb. units).

For A ⇡ 8, the decay width at the boundary of the
single-particle timescale is of order � = 3.5 MeV (Wang
et al., 2019). It is interesting to note that the level den-
sity/spectral function of Eq. (7) of scattering features is
expected to deviate strongly from the Breit-Wigner shape
that is characteristic of resonances. Such deviations, if
present, imply a non-exponential character of quantum
decay (Ramı́rez Jiménez and Kelkar, 2018; Volya and
Zelevinsky, 2024; Wang et al., 2023).

There are numerous examples of scattering features.
They include the dineutron (an antibound state man-
ifested by enhanced n+n scattering cross-section just
above threshold); the diproton (a sub-threshold reso-
nance); and a tetraneutron (Duer et al., 2022), which is
a final-state e↵ect (Deltuva, 2018; Higgins et al., 2020)).
The first excited state of 8C and the ground states of
9N and 9He can also be understood as scattering fea-
tures (Charity et al., 2023). The low-energy bumps in
cross-sections, that are due to scattering features can
significantly impact astrophysical S-factors; hence, their
recognition and identification are important.

4. Mirror nuclei

Threshold e↵ects are particularly visible in pairs of
mirror nuclei whose structure should be identical within
the limit of isospin symmetry. In reality, di↵erences be-
tween mirror partners are always present due to elec-
tromagnetic e↵ects. In particular, the Coulomb force re-
sults in asymmetries between proton and neutron thresh-
olds and the di↵erent asymptotic behavior of proton and
neutron wave functions, both of which are manifested
through the Thomas-Ehrman e↵ect (Auerbach and Vinh
Mau, 2000; Ehrman, 1951; Grigorenko et al., 2002; Michel

et al., 2010; Thomas, 1951a, 1952). A good illustration of
the Thomas-Ehrman e↵ect, shown in Fig. 4, is the di↵er-
ence between the ground-state poles of the mirror nuclei
10Li and 10N (Wang et al., 2019) – quite analogous to
the situation seen in the mirror pair of di-neutron and
di-proton. The Thomas-Ehrman phenomenon is thus ex-
pected to impact the low-energy cross-sections, SFs, and
ANCs (Michel et al., 2010; Oko lowicz et al., 2012a). In
particular, single-particle ANCs exhibit generic behavior
that is di↵erent for charged and neutral particles (Brune,
2020; Oko lowicz et al., 2012a; Timofeyuk and Descou-
vemont, 2005; Timofeyuk et al., 2006). In the follow-
ing we will summarize the concepts of both the SFs and
the ANCs as presently used in reaction cross-section es-
timates..

5. Spectroscopic factors

The reaction cross-sections are often approximated by
the product of the single-particle cross-section derived
from a one-body potential scattering model and the
spectroscopic factor. For example, in terms of asymp-
totic normalization coe�cients the spectroscopic factor
Ss` is (Macfarlane and French, 1960; Mukhamedzhanov
et al., 2001)

Ss` =
C2

s`

b2s`
, (8)

where Cs` is the experimentally measured ANC and bs`
is the single-particle ANC calculated from a model. Usu-
ally, spectroscopic factors are calculated in the closed
quantum system shell model. Consequently, the cross-
section anomalies due to the proximity of decay thresh-
olds are absent. Moreover, shell-model spectroscopic fac-
tors are often calculated in a restricted model space and,
hence, they contain a spurious basis dependence.

The near-threshold behavior of spectroscopic factors
depends on the interference between resonant states and
the non-resonant continuum. This behavior is therefore a
direct consequence of unitarity in the vicinity of the par-
ticle emission threshold. As spectroscopic factors moni-
tor the occupancy of single-particle shells, their variation
also reveals the modification of the NN interaction and
NN correlations.

The Gamow-shell-model calculation of spectroscopic
factors using a complete Berggren basis have demon-
strated identical cusps to those known in the reaction
cross-sections (Michel et al., 2007). They are particularly
visible for neutron ` = 0, 1 waves, while their manifesta-
tion is less apparent in neutron waves with ` � 2.

Variations of spectroscopic factors in the neighborhood
of charged-particle decay thresholds are di↵erent from
those in the vicinity of neutral-particle thresholds (Michel
et al., 2007). This di↵erence has important consequences
for the microscopic properties of nuclear states at the



19

opposite extremes of nuclear stability: at the neutron
and proton driplines.

Calculation of spectroscopic factors in open-quantum-
system frameworks of the Gamow-shell-model and SMEC
allows for the investigation of their dependence on the
separation energy. By comparing the calculated spectro-
scopic factors with those obtained in the closed quan-
tum system shell model, the continuum e↵ects on spec-
troscopic factors can be quantified. It was found that
the value of the one-nucleon spectroscopic factor in
well-bound states obtained in the open-quantum-system
frameworks is significantly reduced compared to the tra-
ditional shell-model value (Wylie et al., 2021). This sur-
prising behavior can be explained by the coupling to the
non-resonant continuum space. If a well bound minor-
ity species nucleon is removed from a well bound orbit,
then the daughter nucleus moves in the direction of the
dripline. This leads to a significant change in configura-
tions of majority species nucleons (weakly-bound nucle-
ons) that are impacted by continuum e↵ects; thus, the
spectroscopic factor is reduced. Hence, in the vicinity
of the neutron (proton) dripline, protons (neutrons) are
more strongly correlated. This e↵ect has also been no-
ticed in dispersive optical-model studies (Dickho↵, 2010).

While conceptually the same, the use of spectroscopic
factors has been largely replaced by the ANC, due to
its reduced model dependence (Mukhamedzhanov and
Blokhintsev, 2022). The goal is to find a way to char-
acterize the strengths of bound states in an analogous
way to the partial width for an unbound state. In this
way the ANC provides a more accurate way of commu-
nicating the strength of a bound state across di↵erent
theories, in particular between the potential models de-
scribed above and R-matrix theory as discussed later.

6. Asymptotic Normalization Coe�cients

As discussed in the previous section, spectroscopic
factors characterize the single-particle or cluster struc-
ture of bound states. However, the main drawback of
this method is that the spectroscopic factor is a heavily
model-dependant quantity. This makes it challenging to
compare spectroscopic factors that are derived using dif-
ferent model assumptions. The ANC is the bound-state
analog to a partial width and is a model-independent
quantity (see Mukhamedzhanov and Blokhintsev (2022)
for a recent review). As described in Mukhamedzhanov
and Tribble (1999), for example, the spectroscopic fac-
tor is related to the square of the ANC divided by the
square of a single-particle ANC. The ANC is a model-
independent quantity that can, in principle, be experi-
mentally determined, while the single-particle ANC must
calculated from a specific model. In practice, the exper-
imental determination of ANCs typically involves some
model dependence, but it is reduced compared to the

spectroscopic factor.
ANC can be derived through the analysis of direct re-

action data, where they are correlated to the cross-section
of direct capture transitions or directly to the strength
of near threshold resonances. They also play also an im-
portant role in the analysis of single-particle or cluster
transfer reactions and the associated analysis of Trojan
Horse data. It should be noted that both methods su↵er
from significant systematic uncertainties. Transfer reac-
tion studies contain uncertainties not only from experi-
mental measurements of the transfer cross-sections, but
also uncertainties pertaining to the distorted-wave-Born-
approximation (DWBA) or coupled-channel models used.
For example, many ↵-particle transfer studies employ the
(6Li, d) reaction and hence the resulting ANC depends on
the ANC of 6Li. While this ANC was believed to be well
established, recent ab-initio calculations suggest that it
should be 30% larger than the accepted value (Hebborn
et al., 2022), thus decreasing all ANCs that were deter-
mined relative to it by a similar amount. A di↵erence
of 30% is quite significant compared to the uncertain-
ties of many ANCs, where some give uncertainties below
20% (Avila et al., 2015a; Brune et al., 1999). The uncer-
tainties in the potential model parameters are often the
limiting factor for the precision obtained. However, in
cases where the kinematics are favorable, sub-Coulomb
transfer reactions are possible (Brune et al., 1999), sig-
nificantly alleviating this dependence.

In a later section we will discuss the use of the ANC
in the framework of the THM approach and in R-matrix
simulations in more detail.

7. Chameleon nature of near-threshold states

Observation of near-threshold irregularities in spectro-
scopic factors raise the question: how does the proximity
of the particle-emission threshold change the structure
of nuclear states? In this context, coupling to the non-
resonant scattering continuum is essential for describing
the energy-dependence of reaction channel probabilities,
overlap functions, and spectroscopic factors, i.e., is cru-
cial to preserve the unitarity.

Figure 6 illustrates the salient dependence of spec-
troscopic factors and channel probabilities in the 5/2�2
resonance in 7Li on the energy di↵erence with respect
to the lowest one-neutron decay threshold [6Li(1+1 ) ⌦
n(`j)]J

⇡

(Fernandez et al., 2023). Only the largest neu-
tron and tritium spectroscopic factors and channel prob-
abilities are shown. The quantum numbers of a many-
body projectile are customarily denoted by 2Jint+1(L)JP ,
where Jint, L, JP are the intrinsic spin of the projec-
tile, its center-of-mass angular-momentum, and the total
angular-momentum, respectively. These angular quan-
tum numbers are also denoted by `j when dealing with
one-nucleon projectiles. In the case of the reaction chan-
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FIG. 6: Spectroscopic factors and reaction channel
probabilities in the 5/2�2 state of 7Li are calculated in
GSM-CC as a function of the distance with respect to

the neutron emission threshold [6Li(1+1 ) ⌦ n(`j)]J
⇡

. The
upper part of the figure shows the real part of the

spectroscopic factors Re(S), and the lower part exhibits
the real part of the channel weights Re(b2c). The vertical
dotted line shows the experimental position of the 5/2�2

state. (Adopted from Fernandez et al. (2023).)

nel involving tritium, Jint = 1/2, L = 3, and JP = 5/2.
In Fig. 6, we show only the real parts of the spectroscopic
factors and the reaction channel probabilities.

The energy di↵erence between the 5/2�2 state and the
neutron-threshold is varied by changing the depth of the
4He core potential (Fernandez et al., 2023). One may no-
tice a Wigner cusp both in the probability of the reaction
channel [6Li(1+1 ) ⌦ n(`j)]5/2

�
and in the real part of the

spectroscopic factor. At higher energies, below the open-
ing of the next neutron channel [6Li(3+1 ) ⌦ n(`j)]J

⇡

, the
probability of this reaction channel starts to dominate
the 5/2�2 wave function.

This example demonstrates that the many-body state
of the open-quantum-system (see Sec. I) mimics certain
features of its environment regarding scattering states
and reaction channels, i.e. the microscopic structure of
the open-quantum-system eigenstate is not immutable.
In this sense, the alignment of a many-body state at
the threshold of a decay channel (Oko lowicz et al., 2013,
2018, 2012b, 2020) is only a specific manifestation of the
generic chameleon nature of the nuclear open quantum-
system states.

8. Near-threshold clustering

What can be said about the properties of many-body
states around the reaction threshold? Are they universal,

independent of any particular realization of the Hamil-
tonian? The configuration mixing that involves discrete
resonant states and a continuum of non-resonant scat-
tering states is a source of numerous collective phenom-
ena, such as resonance trapping (Drożdż et al., 2000;
Kleinwachter and Rotter, 1985; Persson et al., 1996;
Rotter, 1991; Sokolov and Zelevinsky, 1988; Stöckmann
et al., 2002), the super-radiance e↵ect (Auerbach and
Zelevinsky, 2011; Dicke, 1954), near-threshold clustering
and correlations (Fernandez et al., 2023; Oko lowicz et al.,
2013, 2018, 2012b), multichannel coupling e↵ects in reac-
tion cross-sections (Baz, 1957; Hategan, 1973, 1978; New-
ton, 1959) and shell occupancies (Michel et al., 2007), the
modification of spectral fluctuations (Fyodorov and Kho-
ruzhenko, 1999), and deviations from Porter-Thomas res-
onance widths distribution (Celardo et al., 2011; Drożdż
et al., 2000; Koehler et al., 2010).

The phenomenon of clustering near cluster emission
thresholds does not find a coherent explanation within
the standard shell-model framework which neglects the
continuum coupling e↵ects. As discussed above, R-
matrix theory predicts an increased density of levels with
large reduced widths near-thresholds (Barker, 1964).
Ikeda et al. (1968) noticed that ↵-cluster states can be
found in the proximity of ↵-particle decay thresholds.
The proposed scheme (known as the Ikeda diagram),
shown in Fig. 7, was later extended into various nu-
clear molecular configurations in neutron-rich nuclei (von
Oertzen et al., 2006; von Oertzen and Milin, 2014).

Extensive SMEC studies (Oko lowicz et al., 2013,
2012b) demonstrated that the low-energy coexistence of
the cluster-like and shell-model-like configurations ex-
plained the origin of the Ikeda diagram and formulated its
generalization: the coupling to a nearby particle emission
channel induces the correlations in the shell model wave
functions that are the imprint of this channel. The spe-
cific aspects of this generic phenomenon depend on both
the energy and kind of various particle emission thresh-
olds, and on the stability of correlated multi-particle sys-
tems in the final state after the decay.

Microscopic description of states close to the particle
emission threshold requires the unitary formulation of the
transition across the reaction threshold in-between the
two continuous phases of the scattering process. Proxim-
ity of the particle emission threshold which is the branch-
ing point of the particle flux, induces the collective mix-
ing of shell-model states, in which an essential role is
played by a single eigenstate of the open-quantum-system
Hamiltonian, the so-called aligned eigenstate. The pres-
ence of cluster states near their corresponding cluster
emission thresholds is a signature of a profound change
in the near-threshold shell-model wave function and the
direct manifestation of the continuum-coupling induced
correlations.

The domain of aligned states is not restricted to the
large-density resonance region at high excitation ener-
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gies, but can also correspond to a bound state at energies
below the lowest decay threshold. For example, neutral-
cluster configurations are expected to appear primarily
below the threshold due to the rapid growth of the de-
cay width with energy. Spectacular examples of neutral
clustering are one- and two-neutron halos in light nuclei.

E. Threshold-aligned resonant states

As discussed in the previous section, near threshold or
threshold-aligned levels can be considered the rule rather
than the exception in light ion systems as can be demon-
strated on multiple examples as cluster configurations a
phenomenon that was visualized by the Ikeda diagram
(Ikeda et al., 1968) shown in Fig. 7.

It should be noted that a similar diagram can be gen-
erated to visualize other even-even nuclear systems such
as a di-proton or a di-neutron coupled to the shown
self-conjugate nuclei. Such configurations are of great
importance for interpreting the underlying nuclear res-
onance structure of the ↵p-process or the the structure
of ↵-induced neutron sources, respectively (Wiescher and
Ahn, 2017). Near threshold cluster configurations could
play an important role, as will be shown later in one of
the examples (Wiescher et al., 2023).

Figure 8 shows examples of threshold-aligned states
near the proton and neutron thresholds in nuclei in the
vicinity of self-conjugate systems. The numbers mark the
respective neutron and proton separation energies in the
compound system and identify the range in which reso-
nance or sub-threshold structures with enhanced proton
or neutron strength is expected to emerge.

As such, they are important phenomena in low-
energy reaction physics, in particular in nuclear astro-
physics. Depending on their respective contributions, the
near-threshold resonant states may substantially change
the low-energy cross-sections and reactions rates. The
generic behavior of reaction cross-sections for neutral
and charged particles is given by the Wigner threshold
law (Wigner, 1948). In this context, it is important to
consider the energy of the threshold-aligned state where
the tail of the weakly-bound state may change signifi-
cantly the reaction rate.

The impact of such levels as resonances but also as sub-
threshold configurations may be very significant since the
reaction rate would be exponentially enhanced depending
on the specific level parameters. In the following we will
discuss some examples of threshold-aligned states.

In the following, we discuss a few selected examples of
narrow resonances near the particle threshold that have a
large impact at certain nucleosynthesis sites. The impor-
tance of such “fortuitously” placed resonances in nucle-
osynthesis is well known (deBoer et al., 2020; Wiescher
and Ahn, 2017; Wiescher et al., 2021). The eminent ex-
ample is the Hoyle state (Fick, 1978; Hoyle, 1954), the

second 0+ state in the vicinity of the 8Be+↵ threshold,
which �-decays into the ground state of 12C and allows
for the synthesis of 16O through subsequent ↵-particle
capture. However, studies of resonances and scattering
features in exotic nuclei, e.g., 9N (Charity et al., 2023),
13F (Charity et al., 2021), 15F (de Grancey et al., 2016),
14O (Charity et al., 2019), 11Li (Oko lowicz et al., 2012b),
11B (Ayyad et al., 2022, 2019; Kolk et al., 2022; Lopez-
Saavedra et al., 2022; Oko lowicz et al., 2020, 2022),
12Be (Chen et al., 2021a), 26O (Kondo et al., 2016),
28O (Kondo et al., 2023), have generated considerable in-
sight into the formation mechanism of threshold-aligned
states and may play a role in explosive nucleosynthe-
sis processes, such as the hot pp-chains (Wiescher et al.,
2021, 1989), the rp-process Lau et al. (2018); Schatz et al.
(1998), the ⌫p-process (Fröhlich et al., 2006; Pruet et al.,
2006) on the neutron deficient side and the on-set of the
r-process (Bartlett et al., 2006; Otsuki et al., 2006; Tera-
sawa et al., 2001) on the neutron rich side of the line
of stability. Below, we discuss several cases where the
near-threshold emergence of single-particle states could
impact the reaction cross-section analysis at low ener-
gies.

1. J⇡ = 2�1 resonance in 6Be

An interesting case is the A = 6 system; a J⇡ = 2�

unbound state has been identified at 14.6 MeV in the
6He nucleus and at 17.98 MeV in the 6Li system (Blatt
et al., 1968) but the mirror state has so far been elu-
sive in the 6Be system. Coulomb- and Thomas-Ehrman
shift evaluations suggest that this state is close to the
3He+3He threshold at 11.488 MeV. Despite several ef-
forts, e.g. (Fetisov and Kopysov, 1975) and (Bonetti
et al., 1999), this level has not been found, possibly due
to a large proton partial width. Being near the threshold,
this level may have a significant impact on the 3He+3He
fusion cross-section, a↵ecting the relative strength of the
pp-I chain with respect to the pp-II chain in the hydro-
gen burning of our Sun (Fowler, 1972), which would also
impact solar neutrino production. Direct measurements,
at very low energies, in underground accelerator stud-
ies (Junker et al., 1998) did not show any direct evidence
for a resonance. The cross-section data exhibit an in-
crease towards lower energies. This may suggest an un-
derlying broad resonance contribution, but it has been
explained as a consequence of electron screening, as dis-
cussed in more detail in Sec. VI.B). The large uncertain-
ties in the data impede a reliable analysis (Adelberger
et al., 2011). Also, indirect studies with transfer reactions
have failed to provide information on such a state (Chae
et al., 2012). In addition, no indications have been pro-
vided by plasma fusion experiments probing 3H+3He
(Zylstra et al., 2016) or 3He+3He near the threshold re-
gions in 6Li and 6Be (Zylstra et al., 2017). These mea-
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FIG. 7: The figure shows the well known Ikeda diagram visualizing 4He and 12C cluster configurations in
self-conjugate nuclei. The configurations are labeled by their excitation energies for the specific configurations on

display.

surements are, however, inconclusive in terms of possible
low-energy contributions due to plasma screening e↵ects
as discussed in Sec. VI.A.2. However, the agreement be-
tween the neutrino observations from the pp-chains and
the predictions based on neutrino oscillations suggest
that the influence of such a resonance might be negli-
gible on the low-energy cross-section.

2. J⇡ = 5/2�1 resonance in 9Li

The case of threshold-aligned resonance levels is also
valid for neutron capture reactions (Fossez et al., 2015).
Cases like that have been identified in 7Li(n, �) (Heil
et al., 1998), 17C(n,↵) (Oliva and Guardo, 2024; Schatz
et al., 1993) and other light ion cases (Herndl et al., 1999).
We will discuss two examples involving neutron rich com-
pound systems such as 9Li and 14C.

The measurement of 8Li(n, �)9Li reaction cross-section
is extremely challenging. Due to the short half-life of
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FIG. 8: Near-threshold states in nuclei in the vicinity of self-conjugate systems. The numbers mark the neutron and
proton separation energies in the compound system and identify the range in which the large proton and neutron

capture strength is expected to appear.

8Li, the experimental e↵orts to determine the neutron
capture cross-section have concentrated on indirect mea-
surements. These included: (i) the Coulomb-dissociation
of the 9Li beam passing through the virtual photon field
of a high-Z nucleus (Kobayashi et al., 2003; Zecher et al.,
1998), (ii) the transfer reaction to obtain experimental
spectroscopic factors which then have been used to cal-
culate the neutron capture cross-section in the potential
model (Guimarães et al., 2007; Li et al., 2005), or (iii)
the study of radiative capture cross-sections in the mir-
ror reaction: 8B(p, �)9C (Mohr, 2003). Moreover, the
experimental analysis should be able to investigate the
role of low-energy resonance J⇡ = 5/2�1 , only 234 keV
above the neutron threshold.

Theoretical analysis included the microscopic clus-
ter model (Descouvemont, 1993b), the modified po-
tential cluster model (Dubovichenko and Dzhazairov-
Kakhramanov, 2016), or the potential model (Banerjee
et al., 2008; Bertulani, 1999). Recently, the investigation
of 8Li(n, �)9Li reaction was reported in the NCSMC (Mc-
Cracken et al., 2021) and in the GSM-CC (Dong et al.,

2022, 2023b).

In the GSM-CC studies, the near-threshold 5/2�1 reso-
nance, which contributes significantly to the E1 neutron
capture cross-section, is obtained 112 keV above the cal-
culated threshold and its width �th = 112 keV is close to
the experimental value �exp = 106 keV. The calculated
neutron spectroscopic factor h9Li(5/2�1 |[8Lig.s.(2

+
1 )⌦⌫`j ]i

of the J⇡
1 = 5/2� equals 0.8, in agreement with the

experimental value 0.93(20) obtained in the (d,p) reac-
tion (Wuosmaa et al., 2005). The large value of the spec-
troscopic factor underlines an important role of this reso-
nance in the synthesis of 9Li. Fig. 9 compares direct and
total neutron radiative capture cross-sections calculated
in GSM-CC. In the total neutron capture cross-section,
all relevant E1, M1 and E2 transitions in the capture
to the J⇡ = 3/2�1 , 1/2

�
1 , 5/2

�
1 final states are added up.

The experimental upper limits (Zecher et al., 1998) are
also listed in the figure. It is seen that the GSM-CC re-
sults are consistent with these upper limits and calculated
rates of neutron capture reaction 8Li(n, �)9Li indicate the
destruction of 8Li in the early universe, and a reduction
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FIG. 9: Experimental (Zecher et al., 1998) and
GSM-CC (Dong et al., 2022, 2023b) neutron radiative
capture cross-section of the reaction 8Li(n, �)9Li are

plotted as a function of the neutron projectile energy in
the n + 8Li center of mass frame. The solid line shows

the direct GSM-CC capture to the ground state
J⇡ = 3/2�1 of 9Li and the red dashed line exhibits the
GSM-CC total neutron radiative capture cross-section
which is a sum of contributions from the capture to

J⇡ = 3/2�1 , 1/2
�
1 and 5/2�1 final states. The red points

and black squares are the upper limits obtained in the
Coulomb-dissociation experiment with Pb and U

targets, respectively (Zecher et al., 1998). The magenta
stars depict the GSM-CC results. Experimental and
GSM-CC cross-sections at Ẽn = 0.25 MeV and 0.75
MeV correspond to average cross-sections in the two

decay energy bins: En 2 [0.0, 0.5] MeV and
En 2 [0.5, 1.0] MeV. (Adapted from Ref. Dong et al.

(2023b).)

of the nucleosynthesis of heavier elements in the main
chain of reactions: 8Li(↵, n)11B(n, �)12B(�+)12C· · · .

The GSM-CC model has been also applied to ana-
lyze the mirror radiative capture reaction cross-section
8B(p, �)9C (Dong et al., 2023a,c). The calculated astro-
physical S factor at E = 0 calculated agrees with the
majority of experimental results with the exception of
those by Fukui et al. (2015) extracted from the transfer
reaction 8B(d, n)9C.

3. J⇡ = 1/2+3 resonance in 11B

There has been considerable interest in the ��-delayed
proton decay of the neutron-rich halo nucleus 11Be. Ex-
perimentally, the strength of this decay mode turned out
to be unexpectedly high and an explanation for this puz-
zling result has been proposed by (Riisager et al., 2014)
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FIG. 10: The real part of the continuum-coupling
correlation energy computed in the SMEC approach.
The calculations consider the coupling to both the
proton and neutron reaction channels. Zero energy

corresponds to the proton decay threshold. The neutron
decay threshold is marked by a thin vertical line.

(Adopted from Oko lowicz et al. (2020).)

as the possible presence of a narrow resonance in 11B,
slightly above the proton emission threshold in 11B. It
was suggested in Oko lowicz et al. (2020) that this reso-
nance corresponds to a 1/2+3 state in 11B, which carries
a large imprint of the proton decay channel.

The collectivization of the 1/2+3 state in 11B, as pre-
dicted by SMEC, is illustrated in Fig. 10, where it shows
the real part of the continuum-coupling correlation en-
ergy Ecorr as a function of the proton energy Ep. For
the 1/2+3 SMEC eigenstate, the four 1/2+ shell-model
eigenstates are coupled in the ` = 0 partial wave to the
one-proton decay channel. The strongest collectivization
is predicted at E⇤

p ⇡ 142 keV, close to the experimental
energy of the resonance.

The proton-emitting threshold state has been ob-
served in two independent experiments: in pro-
ton resonance scattering (Ayyad et al., 2022) and
in 10Be(d, n) !10Be + p (Lopez-Saavedra et al.,
2022) reactions, in full agreement with the SMEC re-
sults (Oko lowicz et al., 2020, 2022). It has been argued
in Oko lowicz et al. (2022) that the controversy about the
value of branching ratio for br(��p) decay cannot be re-
solved if the ��↵ decay branch is not considered as well.
It was shown that the br(��↵) branching ratio (Refs-
gaard et al., 2019) and the width of the proton reso-
nance �p(1/2

+
3 ) (Ayyad et al., 2022, 2019) can be consis-

tently described. However, the branching ratio br(��p)
calculated in SMEC disagrees with the reported exper-
imental value (Ayyad et al., 2019). The disagreement
with this experimental finding was reported by (Riisager
et al., 2020; Soko lowska et al., 2024).
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The astrophysical implications of such a threshold
state have not been considered yet in detail, but enhanced
proton capture on 10Be through this resonance may cause
an enhancement for the endothermic 10Be(p, n)10B reac-
tion serving as an additional internal neutron source in
the expanding neutrino driven supernova shockfront en-
vironment, while impacting the abundance distribution
during the reassembling of light nuclei (Terasawa et al.,
2001). This aspect would deserve some modeling consid-
eration with respect to the overall neutron budget in that
environment.

4. J⇡ = 5/2+6 resonance in 11B

10B is the most important neutron absorber used in
the control rods in nuclear reactors (Mughabghab et al.,
1982). The key role in the neutron absorption process
is played by the reaction 10B(n,↵)7Li where the near-
threshold resonance J⇡ = 5/2+ in 11B at an excitation
energy E = 11.600(20) MeV plays a major role. The res-
onance is situated ⇠150 keV above the 10B + n reaction
threshold. The reaction 10B(n, �)11B controlled by the
same J⇡ = 5/2+ resonance is also interesting because
11B is a part of the reaction chains of the inhomogeneous
big bang models.

The 5/2+ resonance is known to decay by ↵ and neu-
tron emission. The huge neutron capture cross-section
on the boron target at low bombarding energies sug-
gests that this resonance has a large imprint of the
[10B(3+1 )⌦n(s1/2)

5/2+ ] reaction channel on its wave func-
tion. The collectivization of the narrow near-threshold
resonance 5/2+ due to the coupling of all 5/2+ shell-
model eigenstates to the neutron decay threshold, has
been studied in SMEC (Oko lowicz et al., 2020). In this
calculation, state 5/2+6 is found in the vicinity of the neu-
tron decay threshold. It is coupled in ` = 2 partial wave
to the [10B(3+1 ) ⌦ n(s1/2)]

5/2+ ] decay channel.
Figure 11 shows the real part continuum-coupling cor-

relation energy as a function of the neutron energy En

for the 5/2+6 state. The coupling to the one-neutron de-

cay channel [10B(3+1 ) ⌦ n(s1/2)]
5/2+ ] is almost 10 times

stronger than found for the 1/2+3 eigenvalue (see Fig.
10). The minimum of the continuum-coupling correla-
tion energy is predicted at E⇤

n = 113 keV, close to the
experimental energy of the 5/2+ resonance.

5. J⇡ = 5/2+2 resonance in 11C

11C, the mirror nucleus of 11B, plays an important
role in boron-proton fusion reactor environments as a
catalyzer for the 10B(p,↵)7Be reaction. By producing
a long-lived isotope of 7Be, this reaction poisons the
aneutronic fusion process 11B(p, 2↵)4He (Q = 8.7 MeV)
(Magee et al., 2023; Wiescher et al., 2017), which by it-

FIG. 11: The real part of the continuum-coupling
correlation energy computed in the SMEC approach for
5/2+6 resonance is plotted as a function of the neutron
energy En in the continuum. Zero energy corresponds

to the neutron decay threshold. (Adopted
from Oko lowicz et al. (2020).)

self does not produce any long-lived radioactive prod-
ucts. The 10B(p,↵)7Be reaction may, however, also play
an important role in the hot pp-chains (Wiescher et al.,
1989) by back-processing material branching across the
mass A = 8 mass gap toward 7Be (Kolk et al., 2022),
while a weaker 10B(p, �)11C provides a link to the car-
bon nitrogen mass range (Wiescher et al., 1983). In that
role, the reaction is important in first star nucleosynthe-
sis patterns (Wiescher et al., 2021). There are poten-
tially two near-threshold resonances that could play an
important role in the two reaction branches, 10B(p,↵)7Be
and 10B(p, �)11C. One of the resonances corresponds to
a state of J⇡ = 5/2+2 , which is just 10 keV abov the
proton threshold (Angulo et al., 1993b; Wiescher et al.,
2017), and the second one to a level with spin par-
ity of J⇡ = 7/2+1 , which is bound by 35 keV with re-
spect to the proton-threshold. Both resonances are ↵-
emitters but the strong coupling to the one-proton chan-
nel [10B(3+) ⌦ p(`j)]J

+

changes their structure signifi-
cantly as found in the SMEC analysis (Oko lowicz et al.,
2023, 2024). The J⇡ = 7/2+1 state couples strongly to the
continuum in the d5/2 wave, whereas the major contin-
uum coupling of the J⇡ = 5/2+2 state is in the s1/2 wave.
Consequently, the spectroscopic factor Sd5/2 = 0.38 dom-
inates in the 7/2+ state, whereas the Ss1/2 = 0.33 spec-
troscopic factor is most important in the 5/2+2 state and
its value is close to the experimental spectroscopic fac-
tor reported in the direct capture reaction (Wiescher
et al., 1983). The theoretical SMEC analysis and re-
cent R-matrix calculations by Mukhamedzhanov (2023)
show that the J⇡ = 7/2+1 state does not have any sig-
nificant influence on the low-energy cross-section of the
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10B(p,↵0)7Be reaction.
The very low-energy cross-section of

�(10 keV) ⇡ 1.38⇥10�15 b (Mukhamedzhanov, 2023) of
the 10B(p,↵)7Be reaction cannot be measured directly
in accelerator based measurements, but, due to its
large enhancement in cross-section by the resonance
that corresponds to the J⇡ = 5/2+2 state, Angulo et al.
(1993a) was able to measure down to 17 keV. This
resonance might be accessible at energies achieved by
the National Ignition Facility (Hogan et al., 2001) or
OMEGA EP (Guardalben et al., 2020), laser-driven hot
plasma facilities. The cross-section for, and information
about, the near-threshold resonances in 11C are known
from indirect THM measurements (Cvetinović et al.,
2018; Lamia et al., 2007; Spitaleri et al., 2014, 2017)
or from the phenomenological R-matrix analysis of the
data obtained at higher energies (Kolk et al., 2022;
Wiescher et al., 2017). It has been argued that the THM
based analysis is inconsistent and requires improved
experimental data (Spitaleri et al., 2017; Wiescher et al.,
2017).

6. J⇡ = 2+2 resonance in 14C

An ideal case to experimentally test predictions con-
cerning the collectivization of a near-threshold state is of-
fered by 14C. Here, the near-threshold state is located at
Ex = 8318 keV, i.e., 142 keV above the neutron-emission
threshold, has J⇡ = 2+ (it is the second excited 2+ state
in 14C) and has a total width of 3.4 keV (von Oertzen
et al., 2004). This resonance may enhance the neutron
capture reaction 13C(n, �)14C as potential neutron poi-
son limiting the e�ciency of the 13C(↵, n)16O neutron
source in AGB star inter-shell burning (Bisterzo et al.,
2015).

Figure 12 shows the B(E2) reduced transition proba-
bility calculated in SMEC (P loszajczak and Oko lowicz,
2020) for the E2 transition from the first three 2+ ex-
citations to the ground 0+1 state, as a function of the
continuum coupling strength V0. For the transitions
2+n ! 0+gs (n = 2, 3), a real part of the reduced tran-
sition probability is shown. The dotted vertical line in
Fig. 12 shows the value of V0 for which the experimen-
tal B(E2) probability of the 2+1 ! 0+gs transition is re-
produced in SMEC with the WBP� interaction (Yuan,
2017). For this value of V0, the B(E2) probability for the
2+2 ! 0+gs is enhanced by a factor of ⇡340 with respect to
the SM value and is the largest one among the considered
2+n ! 0+gs (n = 1, 2, 3) transitions.

Previous studies of the 13C(n, �)14N reaction have pri-
marily focused on lower neutron energies (Shima et al.,
1997), but also extend to the range of the threshold res-
onance (Raman et al., 1990) in order to investigate the
role of this reaction as a neutron poison in s-process en-
vironments. It was, however, shown by accelerator mass
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FIG. 12: B(E2) probabilities in SMEC for the
2+n ! 0+gs (n = 1, 2, 3) transitions of 14C as a function

of the continuum-coupling constant. SM results
correspond to V0 = 0. The B(E2) reported in Raman
et al. (1990) is shown with a straight horizontal line
(Adopted from P loszajczak and Oko lowicz (2020).)

spectrometry studies (Wallner et al., 2016) that the low-
energy tail contribution of a d-wave resonance does not
significantly impact the neutron flux for the s-process
environment (Lugaro et al., 2023b).

However the 13C(n, �) reaction may play a role in
higher temperature environments such as those expected
in early carbon enhanced metal poor stars for the in-
termediate or i-process (Denissenkov et al., 2017), where
rapid convection is expected to transfer 13N or its daugh-
ter 13C rapidly into hot environments generating a higher
neutron flux (Clarkson et al., 2018). At these conditions
the 13C may be acting as a neutron poison. Earlier calcu-
lations by Herndl et al. (1999) suggest that the reaction
rate is essentially determined by the 143 keV resonance
at temperatures above T ⇡ 3 · 108K, where as the s-
and p-wave DC contributions dominate at lower temper-
atures.

The reported experimental value of the total radiation
width for this resonance is ��(2+2 ) = 0.215+0.084

�0.035 eV (Ra-
man et al., 1990). SMEC, using the WBP� interac-
tion and V0 adjusted to reproduce an experimental �-
emission lifetime of the particle-bound state 2+1 , yields
��(2+2 ) = 0.139+0.005

�0.011 eV. This width, measurable with
Gammasphere (Corbari et al., 2023), could provide a rig-
orous test of the dependence of the transition probability
B(E2; 2+2 ! 0+gs) on V0 and, hence, quantify the influence
of the coupling to the decay channel on the �-decay prob-
ability.
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7. J⇡ = 1/2�1 resonance in 15F

Spectacular illustration of the generic alignment mech-
anism in near-threshold resonances has been observed
in the narrow near-threshold resonance J⇡ = 1/2�1 in
15F. The ground state J⇡ = 1/2+1 of 15F is one-proton
unbound by ⇡ 1.3 MeV and has been observed as a
broad resonance with � ⇡ 376 keV. The first excited
state at ⇡ 2.8 MeV has � ⇡ 300 keV. The structure of
the ground (first excited) state has been interpreted as
mainly a proton orbiting with ` = 0 (` = 2) around a
14Ogs core (Fortune and Sherr, 2005). The second ex-
cited state J⇡ = 1/2�1 at ⇡ 4.8 MeV above the 14O+p
decay threshold, has been observed to be a narrow res-
onance with � ⇡ 36 keV (de Grancey et al., 2016) even
though it lies well above the Coulomb-plus-centrifugal
barrier, and above the two-proton decay threshold.

The proximity of the two-proton decay channel is one
reason for its narrow width. The coupling of the 1/2�

shell-model closed-quantum-system eigenstates to the 2p-
decay channel induces a collective rearrangement in the
wave function of the lowest eigenstate, which aligns with
the 13Ng.s. + 2p decay channel. The Gamow shell model
predicts that the wave function of the 1/2�1 resonance
is an almost pure wave function of two protons in s1/2
resonant and non-resonant shells with a very small spec-

troscopic factor S(1/2�)
SF = 0.0035 to the ground state of

14O (de Grancey et al., 2016). Hence, the one-proton
decay is disfavored, and the available energy for the
two-proton decay to the ground state of 13N is only
Q2p = 129 keV, leading to a width �2p ⇡ 4 ⇥ 10�11 eV
in the Wigner limit. Consequently, the proton decay of
this resonance is strongly suppressed.

Slightly above the 1/2�1 state, one finds two nar-
row resonances: a 5/2�1 at ⇡ 5.9 MeV (� = 3 keV)
and a 3/2�1 at ⇡6.3 MeV (� = 28 keV) (Girard-
Alcindor et al., 2022). Their structures di↵er from
the 1/2�1 state because of their proximity to the open

inelastic channels:
⇥
14O(1�1 ) ⌦ (0d5/2)

⇤3/2�,5/2�
and

closed inelastic channels:
⇥
14O(2+1 ) ⌦ (0p1/2)

⇤3/2�,5/2�
,

⇥
14O(3�1 ) ⌦ (1s1/2)

⇤5/2�1 and
⇥
14O(2�1 ) ⌦ (1s1/2)

⇤3/2�1 ,
which contribute significantly to the observed properties
of these excitations.

III. CONSIDERATIONS FOR R-MATRIX APPLICATIONS

The impact of threshold resonance states as discussed
in the previous section can be described in the frame-
work of the phenomenological R-matrix theory. This is
an approach for describing reaction cross-sections that
is frequently being used for describing low-energy cap-
ture and fusion reactions for light nuclei (Azuma et al.,
2010; Barker and Kajino, 1991; Bloch, 1957; deBoer
et al., 2017; Descouvemont and Baye, 2010; Kajino et al.,

1989; Lane and Thomas, 1958; Vogt, 1962; Wigner, 1946;
Wigner and Eisenbud, 1947). This approach takes into
account interference e↵ects between resonances, barrier
penetration, and threshold e↵ects such as sub-threshold
resonances and the e↵ects of channel thresholds on cross-
sections. R-matrix theory also provides a natural expla-
nation for the enhanced probability of finding an energy
level near a channel threshold if the level couples strongly
to that channel (Barker, 1964) as discussed from the
open-quantum-systems perspective in Sec. II.D.8. The
usual implementation of R-matrix theory assumes that
there is only a Coulomb potential beyond the channel
radius, which lies near the nuclear surface. The wave
function inside the channel radius is not modeled di-
rectly. Only its projections onto channels at the chan-
nel radii, the reduced-width amplitudes, appear in the
calculations. For low-energy nuclear astrophysical reac-
tions R-matrix theory is used to extrapolate experimen-
tal data, obtained at higher energies, toward the Gamow
range of stellar reactions. The choice of channel radius
can have significant impacts on the quality of fits to both
the data and cross-sections, especially for fits to elastic
scattering data (deBoer et al., 2017).

In heavier nuclei, the density of levels is much higher
and it becomes intractable to characterize levels on an
individual basis. Instead, average cross-sections can be
modeled, an approach that is implemented in practice
using Hauser-Feshbach theory (Hauser and Feshbach,
1952). The critical quantities when calculating fusion or
capture cross-sections in this framework are the trans-
mission functions, which model the Coulomb and the
angular-momentum barrier penetration as well as the
coupling of particular channels to the compound nucleus.
In practice, the transmission functions for nucleonic (i.e.,
non-photon) channels are calculated from phenomeno-
logical Woods-Saxon optical potentials. Fusion cross-
sections far below the Coulomb barrier are very sensitive
to the imaginary part of the tail of this optical potential,
i.e., to its behavior at radii well outside the nucleus (Mohr
et al., 2020). Regardless of whether the Hauser-Feshbach
picture of low-energy fusion reactions is correct, it high-
lights the important role that details of the inter-particle
potential can play in these problems, and also casts some
doubt on the use of simple Coulomb functions to calcu-
late the penetration factor at the channel radius.

One way to assess the e↵ect of the tail of the nuclear
potential on barrier penetration would be to include this
tail in the calculation of the penetration factors and other
Coulomb quantities used in R-matrix calculations (John-
son, 1973; Koonin et al., 1974; Langanke and Koonin,
1983, 1985). One e↵ect of the tail of the nuclear poten-
tial is a renormalization of the reduced-width amplitudes
due to a decrease in the penetration factor. The energy
dependence of the barrier penetration factor is also modi-
fied, but the overall e↵ect on cross-section extrapolations
has never been quantified. In addition, the inclusion of
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the potential tail likely impacts the choice of channel ra-
dius. This approach is also unifying the phenomenologi-
cal treatment of nuclear states between R-matrix meth-
ods and single-particle plus spectroscopic factor descrip-
tions, such as used in transfer reactions (Brune, 2020).

In a situation that little is known about, we lastly point
out that the level structure near the reaction threshold
immediately leads to a large source of uncertainty in
any extrapolation. Unknown levels can lead to orders-
of-magnitude di↵erences in the cross-section. Some ex-
amples of analyses that face this type of challenge can
be found in (Gula et al., 2023; Zhang et al., 2022),
and(deBoer et al., 2021). Extreme cases are then used
to estimate the uncertainty, taking single-particle or full
clusterization limits for the strength of hypothetical lev-
els. In the R-matrix theory, a single-particle limit or
full-cluster configuration can be approximated by taking
the dimensionless reduced-width equal to one (Kanada-
En’yo et al., 2014)

✓2 = �2/�2
W ⇡ 1, (9)

where �2 is the reduced width and �2
W is the Wigner limit

given by

�2
W = 3~2/2µa2c , (10)

with µ being the reduced mass and ac the channel ra-
dius. The spectroscopic factor Ss` and the dimensionless
reduced-width ✓2 are often seen as identical, but care
must be taken so that a consistent choice of boundary
conditions and channel radius are used for all calcula-
tions (Cooper et al., 1974).

A. Input parameter and uncertainty analysis

A practical challenge in accurately quantifying the un-
certainty and extrapolation in R-matrix fits has always
been the propagation of all data uncertainties through
the model. For the most part, past analyses have been
mainly concerned with the experimental uncertainties in
the reaction data itself, because in many cases these un-
certainties dominate. However, as reaction data became
more precise, other sources of uncertainty became more
significant, e.g., uncertainties in experimental resolution
functions, masses, and bound state level parameters. In
most R-matrix fitting routines, the uncertainties of these
parameters are not included in the �2 function. Bayesian
parameter estimation (see Sec. III.A.2) has been shown
to be a more consistent and more flexible approach.

1. The role of ANCs in R-matrix calculations

In R-matrix theory, the reduced width amplitude of a
bound state is related to the ANC (C�c) via

C�c =
(2m↵ac)1/2

~Wc(ac)

⇥ ��c
h
1 +

P
c0 �

2
�c0

dSc0
dE (E�)

i1/2 ,
(11)

where Wc(ac) is the exponentially-decaying Whittaker
function evaluated at the channel radius while Sc is the
shift function, and E� is a level energy. This relation
was first given by Thomas (1951b) and is discussed ex-
tensively by Mukhamedzhanov and Tribble (1999).

The ANC-based methods are powerful tools for ex-
trapolating cross-sections down to near-threshold ener-
gies when either a sub-threshold state or radiative direct
capture (or both) are present. Table I shows the ANCs
obtained from several phenomenological R-matrix analy-
ses in order to gauge the consistency between ANCs de-
termined from transfer reaction data by way of nuclear
reaction models such as distorted wave Born approxima-
tion or coupled-channel, and those obtained from direct
data, often coupled with a phenomenological R-matrix
analysis.

The ANC values agree within 20% percent, which is the
typical uncertainty range associated with DWBA calcu-
lations due to model dependent parameters.

Extractions of ANCs from R-matrix-based cross-
section analyses of direct data have similar issues. Here,
the direct data are used to constrain the high-energy
tail contribution from sub-threshold states. Depending
on the sub-threshold state or radiative direct capture
strength, the experimental data may only be sensitive
to its contribution to the cross-section over a very lim-
ited energy range. This energy range may only be at the
lowest energy of the direct data, where uncertainties are
largest and poorly characterized. There are also signif-
icant model uncertainties. In the case of an R-matrix
model, the largest uncertainties often come from back-
ground contributions, which model the low-energy tail
contributions of higher energy resonances that are not
explicitly mapped by the experimental data or that of
a direct mechanism. Background contributions are of-
ten required to precisely reproduce o↵-resonance inter-
ference patterns, which usually corresponds to a specific
J⇡. However, in the case of extrapolation, especially
when the extrapolation falls into an o↵-resonance region,
background levels from additional J⇡ should be included.
With the advent of Bayesian sampling routines, this has
become more feasible. One way to lessen the uncertainty
due to background levels is to make measurements over
a wider energy range, but this comes at the cost of an
increase in the complexity in the R-matrix analysis.
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TABLE I: Comparison of an ANC selection determined by both transfer measurements and through R-matrix fits to
low-energy data. When multiple intrinsic spin / angular-momentum channels (s, `) are possible, they are indicated

in the level energy column.

System Ex (MeV) J⇡ Transfer Reaction: ANC (fm�1/2) R-matrix: ANC (fm�1/2)
7Be 0.0 3/2� (3He, d): 4.56(12) (Kiss et al., 2020) 3He(↵, �)7Be: 4.0(1) (Odell et al., 2022b)

0.43 1/2� (3He, d): 3.59(7) (Kiss et al., 2020) 3He(↵, �)7Be: 3.0(1) (Odell et al., 2022b)
(10B,9Be): 1.63(13) (Artemov et al., 2022)

15O 6.79 3/2+ (3He, d): 4.6(5) (Bertone et al., 2002) 14N(p, �)15O: 4.61-4.69 (Adelberger et al., 2011)
(3He, d): 5.2(6) (Mukhamedzhanov et al., 2003)

16O 0.0 0+ (6Li, d): 337(45) (Shen et al., 2020) 12C(↵, �)16O: 709 (Sayre et al., 2012)
58 (deBoer et al., 2017)

6.92 2+ (6Li, d): 1.02(13)⇥105 (Shen et al., 2019) 1.59⇥105 (Sayre et al., 2012)
1.55⇥105 (Shen et al., 2020)

17O 6.36 1/2+ (6Li, d): 1.90(18) (Avila et al., 2015b) 13C(↵, n)16O: 1.45(17) (Gao et al., 2022)
21Na 0.0 3/2+ (3He, d): 0.46(4) (Mukhamedzhanov et al., 2006) 20Ne(p, �)21Na: 0.44(6) (Lyons et al., 2018)

0.332 5/2+ 1.67(13) (Mukhamedzhanov et al., 2006) 1.6(3) (Lyons et al., 2018)
2.452 1/2+ 7.8(5)⇥1016 (Mukhamedzhanov et al., 2006) 2.80(14)⇥1017 (Lyons et al., 2018)

ANCs play a major role in the extrapolation of many
proton-induced reactions such as those of the pp-chains,
the CNO-, and NeNa-cycles. ANCs are also important
for ↵-particle induced reactions such as 12C(↵, �)16O,
13C(↵, n)16O, and 16O(↵, �)20Ne. As many of these re-
actions have now been studied using both transfer and
direct reactions to constrain the ANCs of threshold lev-
els, some measure of the consistency between the di↵er-
ent methods can be gauged, as summarized in Table I for
several reactions.

2. Data renormalization and Bayesian methods for R-matrix
fits

A parallel analysis of multiple reaction channels prob-
ing the same excitation range in the compound nucleus is
of considerable advantage for the R-matrix evaluations of
nuclear reactions with light nuclei (Brown et al., 2018).
Such a comparison is especially useful for checking exper-
imental energy calibration and resolution consistency.

Accurate extrapolation to very low energies requires
careful consideration of physical constants in the R-
matrix calculations. It is often the case that masses are
determined to a precision such that their uncertainties
are negligibly small, but this is not always the case, espe-
cially when dealing with radioactive nuclei and reactions
that populate excited states in the final nucleus. Further,
there is an ambiguity regarding which masses should be
used: atomic or nuclear. The di↵erences in these masses
can be significant. For example, the 16O(p, �)17F reac-
tion (Chow et al., 1975; Morlock et al., 1997; Rolfs, 1973),
depending on the mass used leads to as much as a ⇡3%
di↵erence in the extrapolated S-factor at zero energy.
This is significant, considering that a recent statistical
analysis by Iliadis et al. (2022) finds that the other pri-
mary uncertainties only lead to a ⇡4% uncertainty. This

may be a limiting factor for the uncertainty of several re-
actions that has not yet been addressed in the literature.

With phenomenological models, much of the accuracy
of the resulting extrapolation comes from an accurate
comparison of the model with the experimental data.
The complication arises because all experimental data
are somewhat distorted by experimental resolution. In
the best case scenarios, the cross-section changes slowly
with energy and these e↵ects are negligible compared to
other experimental uncertainties. This is the case for re-
actions like 3He(↵, �)7Be, where the cross-section is dom-
inated by non-resonant reaction mechanisms. However,
many reactions are dominated by resonances, where the
cross-section only varies slowly with energy in the tail’s
“o↵-resonance” regions, but these can vary rapidly over
the resonance peaks and in interference regions. If the
energy variation in the cross-section is large compared to
beam-energy loss through the experimental target, the
experimental yield will be significantly distorted. These
resolution e↵ects can either be folded into the model or
unfolded from the experimental data. Both methods have
their advantages and disadvantages and each carries as-
sociated uncertainties that typically has not propagated
into the final reported uncertainties.

Extrapolation of experimental data into the unknown
threshold regions not only requires the extraction of the
reaction contributions from the available data; it also
requires a reliable treatment of uncertainties, including
their propagation to predicted quantities. There has
been significant recent progress on this front thanks to
the use of Bayesian techniques for R-matrix analysis
and extrapolation of reaction cross-sections by Moscoso
et al. (2021), Odell et al. (2022b), and Odell et al.
(2022a). These analyses demonstrate several advantages
of a Bayesian approach to R-matrix parameter estima-
tion and extrapolation. In the context of this article
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they are particularly important, since they enable a crisp
answer to the question of whether certain threshold fea-
tures are consistent with (multi-channel) reaction data
at a given Bayesian credibility level.

Bayesian algorithms are not limited to assumptions
about the shape of posterior parameter distributions (e.g.
the assumption of a Gaussian posterior for covariance
matrix calculation). They therefore allow for a more de-
tailed understanding of the uncertainties on all quantities
in the fit. By using sampling to determine the posterior
for R-matrix parameters it is straightforward to observe
which parameters are well-determined and which are not,
and if there are multiple solutions for the fit of roughly
equal probability.

Let us denote the R-matrix parameters - together with
any parameters associated with our model of experimen-
tal details, e.g., normalizations, energy shifts, etc - col-
lectively as ✓ and the data sets under consideration as
D. Our goal is then to compute the posterior probability
distribution p(✓|D, I), where I denotes other information
about the R-matrix fit and the experiment, e.g., priors
on the possible normalization uncertainty, the resonance
content of the R-matrix model, the channel radius, etc.
Bayes’ theorem relates this posterior to the likelihood
⌘ p(D|✓, I) and the prior p(✓|I), according to:

p(✓|D, I) =
p(D|✓, I) p(✓|I)

p(D|I) / p(D|✓, I) p(✓|I) , (12)

where we have used the fact that p(D|I) is a constant
with respect to ✓ and so does not a↵ect parameter esti-
mation.

Most Bayesian R-matrix analyses have used a standard
likelihood:

p(D|✓, I) / exp(��2(✓)/2), (13)

where �2(✓) is the chi-squared-value of the R-matrix fit
at a particular parameter value ✓ to the data D. Typi-
cally the experimental errors that appear in the �2 are
assumed to be uncorrelated, but this assumption can be
lifted. Broad priors are then adopted for the R-matrix
parameters, although the Bayesian framework does make
it easy to, for example, include positivity requirements
on parameters, or to indicate a preference for reduced-
width-amplitudes that fall below the Wigner limit.

The posterior p(✓|D, I) is then straightforward to write
down, but in most cases it can only be evaluated by sam-
pling. Markov Chain Monte Carlo sampling is a standard
tool for this.

R-matrix extrapolation of data to threshold is then
straightforward, since the R-matrix model can be evalu-
ated on the set of parameter samples {✓i} produced by
the sampling. The results of this procedure yield not just
a mean value, but also a 1-sigma interval, and, if desired,
information on whether the tails of the distribution are
Gaussian or not.

Before closing this section, we point out that every-
thing said here regarding R-matrix extrapolation of data
down to threshold also applies to Halo EFT extrapola-
tions of reaction data to the threshold region. EFT ex-
pressions for cross-sections and S-factors as discussed in
Sec. II.B contain parameters that must be estimated from
data, and a Bayesian approach has been profitably ap-
plied in this context as well, as we will see in regard to
the reactions we are about to discuss.

B. Theory of the Trojan Horse Method

The Trojan Horse Method (THM) is an indirect
method whose theoretical background is rooted in the
study of direct processes, specifically in the investigation
of quasi-free reaction mechanisms (Tribble et al., 2014;
Typel and Baur, 2003). THM is a means of determin-
ing the cross-section of the binary process A(x, b)B at
astrophysical energies. This is achieved by measuring
the Trojan Horse reaction, which involves a two-body to
three-body process (2 → 3 particles), namely a + A → b
+ B + s, under quasi-free kinematics conditions. In this
scenario, the particle referred to as the ’Trojan Horse’,
denoted as a = (sx), possesses a dominant cluster struc-
ture. This process contributes to the cross-section in a
three-body phase space where the momentum transfer to
the spectator nucleus (s) is minimal and is known as the
quasi-free kinematics regime. The transferred nucleus (x)
is considered virtual, meaning its energy and momentum
are not governed by the typical energy-momentum re-
lation for a free particle. This characteristic gives the
A(x, b)B reaction a partially o↵-shell nature. The rela-
tive motion between A and a occurs at an energy higher
than the Coulomb barrier, ensuring that the transfer of
the nucleus x takes place within the nuclear field of A
without being suppressed by Coulomb forces or a↵ected
by electron screening. However, the A + x reaction oc-
curs at a sub-Coulomb center-of-mass energy (E) due to
the excess energy required for the breakup of the TH
nucleus a = (xs) (Mukhamedzhanov et al., 2020).

From energy and momentum conservation principles,
one obtains:

E =
mx

mx + mA
EA � p2s

2µsF
(14)

+
ps · pA

mx + mA
� Bx s

with mi and pi, the mass and momentum of particle i,
µij = mi mj/(mi + mj) the reduced mass of particles i
and j (F = A + x = b + B) and Fx s=ms + mx � ma

the binding energy of clusters x and s inside a. E can
vary within a range determined by the momentum of the
spectator particle, ps and/or its emission angle. As for
ps, its values should not overcome the theoretical upper
limit for the relative momentum pxs between x and s (in
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the laboratory system pxs = px = �ps) represented by
the on-the-energy-shell bound state wave number xs =p

2µxs Bxs . In the plane wave impulse approximation,
the three body reaction can be factorized into two terms
and given by:

d3�

d⌦Bd⌦bdEB
= (KF ) · |�(pxs)|2 ·


d2�xA!bB

dEd⌦

�HOES

(15)
clearly showing their close connection. In this equation,
KF is a kinematic factor containing the final-state phase
space factor and it is a function of the masses, momenta,
and angles of the outgoing particles (Tumino et al.,
2021); |�(pxs)|2 is the Fourier transform of the radial
wave function for the �(rxs) inter-cluster motion whose
functional dependence is fixed by the xs system prop-
erties; d2�xA!bB/dEd⌦HOES is the half-o↵-energy-shell
di↵erential cross-section for the binary A(x, b)B reaction.
The agreement between the shapes of the theoretical and
experimental momentum distributions of particle s was
taken as a proof of the validity of the plane wave im-
pulse approximation and, consequently, the factorization
mentioned earlier. The THM has been applied to several
reactions of astrophysical interest, see Hayakawa et al.
(2021); La Cognata et al. (2022); Lamia et al. (2020);
Pizzone et al. (2020); Tumino et al. (2018). It is an ex-
tremely powerful method to explore the near threshold
regions without being handicapped by the Coulomb bar-
rier. One limitation lies in the requirement to normalize
the extracted cross-sections to experimental data directly
obtained, along with the challenges posed by the possible
uncertainties linked to the theoretical conversion of THM
to binary cross-sections. Recent endeavors have focused
on improving and broadening the theoretical framework
that connects these cross-sections, while also assessing
the systematic uncertainties stemming from model de-
pendencies. For an overview of advancements in the the-
oretical framework, please see (Tribble et al., 2014; Tu-
mino et al., 2021). In scenarios where broad resonances
dominate reactions, the adapted R-matrix approach (La
Cognata et al., 2015; Trippella and La Cognata, 2017) has
been instrumental in addressing half-o↵-energy-shell and
energy resolution e↵ects within the well-established R-
matrix framework. Noteworthy benefits include enabling
a multi-channel depiction of the reaction process (as ex-
emplified in 12C+12C fusion investigations, as discussed
in (Tumino et al., 2018)), and incorporating a Distorted
Wave Born Approximation (DWBA)-based account of
the Quasi-Free (QF) process, potentially allowing for a
normalization method that bypasses the necessity for di-
rect data usage (La Cognata et al., 2010a). For reactions
primarily characterized by narrow resonances, a stream-
lined approach has been introduced (La Cognata et al.,
2022) to derive resonance strengths directly from the re-
action (1) cross-section. Through a multi-resonance nor-
malization procedure and leveraging covariance in error

propagation, systematic errors arising from normaliza-
tion and theoretical aspects have been minimized to the
percentage level.

IV. ASTROPHYSICAL AND ANTHROPOGENIC
PLASMA ENVIRONMENTS

low-energy reaction cross-sections determine the reac-
tion rates of nuclear processes in anthropogenic as well as
in stellar plasmas (Casey et al., 2017). Such plasma burn-
ing occurs at temperatures, which can be considered cold
in terms of nuclear physics energies. Nuclear reactions
with charged particles at such temperatures are severely
suppressed by the Coulomb barrier and the cross-section
features need to be explored at the corresponding energy
range. This energy range is near the threshold, depend-
ing on the temperature in the plasma environment as
discussed in the following sections. For light compound
nuclei, the level density near-thresholds is still quite low
and for fusion reactions in these systems non-resonant
contributions often dominate. This is the case for fu-
sion reactions between light hydrogen isotopes such as
2H+2H, relevant for energy generation in fusion reactors.
This is also the situation for fusion reactions that involve
hydrogen and helium isotopes and are important in stel-
lar hydrogen burning of low-mass stars like the Sun. For
the 2H+3H and helium fusion processes like 3He+3He
or 3He +4He, the situation becomes more complex be-
cause of the possibility of near-threshold resonance ef-
fects. The e↵ective energy range for such non-resonant
processes will is typically described as Gamow window or
Gamow range and be discussed in the following section.

A. The Gamow Range non-resonant Reaction Processes

It has long been understood that the only possible in-
teraction between charged particles in stellar matter or
other hot plasma environments occurs for particles in
the high energy tail of the Maxwell-Boltzmann distri-
bution (Atkinson and Houtermans, 1929; Bethe, 1939;
Gamow and Teller, 1938). The penetrability formula of
Eq. (1) implies that the energy of all the other parti-
cles in the distribution is small enough that their prob-
ability of tunneling through the Coulomb- and orbital
angular-momentum barrier is vanishingly small. The en-
ergy range where the two probability distributions – the
Maxwell-Boltzmann distribution and the penetrability
for two charged particles of relative orbital-momentum
` = 0 – overlap is called the Gamow window. This
characterizes the bulk of the e↵ective energy range that
contributes to non-resonant nuclear reaction processes at
stellar-like temperatures. Low-energy resonances can en-
hance the cross-section, and hence the reaction probabil-
ity, if the resonance strength is su�ciently large.
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FIG. 13: The convolution of the Maxwell-Boltzmann
and penetrability functions results in an approximately
Gaussian distribution that is characterized by a Gamow
peak energy (EG) and width (�E). The Gamow peak
energy is calculated under the assumption of a slowly
varying cross-section, thus contributions from narrow
resonances can be important even when outside of this

estimated energy window.

Quantitatively, the Gamow window approximately re-
sembles a Gaussian with the center EG and width �E,
both in units MeV, as shown in Fig. 13, given by

EG =0.122(Z2
1Z

2
2µT

2
9 )1/3. (16)

The width is traditionally defined as the 1/e = 0.368
of the Gauss distribution since that is the energy range
where most reactions were expected to occur as discussed
by (Gamow and Teller, 1938) and (Bethe, 1937):

�E = 0.236(Z2
1Z

2
2µT

5
9 )1/6, (17)

where Z1 and Z2 are the number of protons of the in-
teracting particles, µ is the reduced mass, and T9 is the
stellar temperature in units of 109 Kelvin.

This translates into very low energies for light particle
capture reactions where the cross-section is characterized
by a strong exponential decline due to the Coulomb bar-
rier. Because of this steep decline, the cross-section in
most of these cases is not accessible to direct measure-
ment. Figure 14 provides selected examples of typical
Gamow peak energy values for certain reactions associ-
ated with the common temperatures for reaction rates
in quiescent burning below ⇡1.0 GK. It also shows the
Gamow peak energies of reactions that are relevant for
explosive burning in higher temperature environments.
Toward higher temperatures, nuclear reactions with low
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FIG. 14: The Gamow peak energy EG, in units of MeV,
shown as a function of temperature in GK. This is

shown for several capture and fusion reactions involving
12C. Also shown is the energy of the Gamow window for

certain capture reactions of relevance in explosive
environments at temperatures above 0.5 GK: ↵-capture
reactions on 34Ar and proton-capture reactions on 56Ni.

The cross-section below these energies is needed to
interpret of the reaction rate.

Q-values are in statistical equilibrium with inverse re-
actions. Under these conditions, the specific reaction
rates become irrelevant since the nucleosynthesis evolu-
tion is primarily determined by the nuclear binding ener-
gies (Bodansky et al., 1968; Cli↵ord and Tayler, 1965; Hix
and Thielemann, 1996; Thielemann and Arnett, 1985).

B. The Astrophysical S-Factor

The astrophysical S-factor, or simply S-factor, is an
energy-dependent function that was introduced in its cur-
rent form by Salpeter (1952). However, the concept goes
back to Gamow and Teller (1938) and Bethe (1939) and
his review article in 1937 – the “Bethe bible” (Bethe,
1937) – in which the role of the penetrability in low-
energy charged-particle cross-sections was summarized
based on the penetrability estimates first presented by
(Gamow, 1928). The expression

S(E) = E �(E) e2⇡⌘, (18)

introduces the S-factor at energy E as a cross-section
approximately corrected for the asymptotic energy de-
pendence of tunneling through the Coulomb barrier and
its dependence of the de Broglie wavelength reflected by
the energy term in the equation.

It should be pointed out that the S-factor was just an
early way to facilitate a more reliable extrapolation of the
cross-section by approximating the dominant Coulomb
barrier penetration factor of Eq. (1) in the Eq. (18)
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at low energies by a simplified penetrability function
for charged s-wave particles (orbital-momentum ` = 0)
e�2⇡⌘ (Bethe, 1937; Humblet et al., 1987). The S-factor
was not thought to be a physical entity of deeper meaning
as often assumed or interpreted (Hwang et al., 2023) that
can be re-parametrized by changing Coulomb or potential
functions. By construction the function S(E) contains
all the remaining information on the quantum mechan-
ical components of the transition strength between the
initial and the final nuclear configuration, the interplay
of the orbital-momentum and Coulomb barrier for col-
lisions where ` 6= 0 and modifications to the Coulomb
penetrability due to, e.g., finite-size e↵ects.

When written in terms of the S-factor, the thermonu-
clear reaction rate for a pair of reacting nuclei jk becomes

NAh�vij,k = 7.83 · 109
✓

Z1Z2

µj,kT 2
9

◆1/3

Seff (19)

exp

 
�4.2487


Z2
1Z

2
2µj,k

T9

�1/3!
cm3

sec · mol

�
,

where Seff is the e↵ective S-factor in units MeV �barn
within the Gamow range of the reaction, T9 the temper-
ature in units 109K, and µjk the reduced mass in atomic
mass units. This formula represents an approximate ex-
pression (derived using the saddle-point method) but is
most accurate for low temperatures.

In the early Bethe paper (Bethe, 1937), the S-factor
was assumed to be a constant, since the possibility
of threshold e↵ects or near-threshold resonances dra-
matically changing the quantum-mechanical transition
strength had not yet been considered. But several factors
could introduce an energy dependence to the S-factor
at extremely low energies—-these include atomic e↵ects
as well as nuclear reaction features. Atomic e↵ects are
mainly the result of so-called electron screening, which
correspond to the e↵ective reduction of the Coulomb bar-
rier between two positively charged nuclei in the pres-
ence of free electron clouds in the stellar plasma or the
atomic electron shells surrounding the target nuclei in
experiments. Because the electrons reduce the deflecting
Coulomb barrier, this e↵ect translates into an increase in
the S-factor and therefore the reaction rate. The screen-
ing e↵ect appears to be substantially more complex than
previously thought and its impact depends not only on
the distribution of electrons surrounding the interacting
nuclei, but also on the specific shape and structure of the
latter (Spitaleri et al., 2016). These e↵ects must be taken
into consideration for a reliable extraction and extrapo-
lation of the S-factor from higher energy experimental
data as discussed in more detail in a later Sec. VI.

The non-resonant reaction components are historically
divided into two categories: tails of broad resonances and
contributions based on direct reaction mechanisms. Tra-
ditionally, these non-resonant or broad resonant reaction
components are described in terms of the S(E)-factor of

Eq. (18). For (non-resonant) s wave (` = 0) contributions
the S(E) factor varies only mildly with energy, caused by
deviations of the actual Coulomb penetrability from the
one of point-like charges, and from contributions from
non-zero orbital-momenta and from near-threshold phe-
nomena. In earlier tabulations of astrophysical reaction
rates, the low-energy dependence of the e↵ective astro-
physical S(E)-factor was expressed in terms of a Taylor
series:

S(E) = S(0) + S0(0)E +
1

2
S”(0)E2 (20)

which was obtained by a polynomial fit to laboratory
data at higher energies (Fowler et al., 1967, 1975). This
approach, forced by computational limitations at the
time, was not guided by physical models and introduced
large uncertainties into many of the reaction rates still
used today.

For heavy ion fusion reactions the semi-classical argu-
ment that motivates the relationship between the cross-
section and the S-factor assumes a Coulomb interaction
between point particles, while interacting nuclei actually
have an extended size, which led to a revised definition
of the S-factor for fusion reactions by Trentalange et al.
(1988). To maintain a constant value for the S-factor
an additional correction term was used, which takes the
extension of the nucleus into account; this revised factor
was labeled as S̃(E) (Patterson et al., 1969). This depen-
dence on extended nuclear size also raises the question, to
which extent do the adopted Coulomb functions provide
a reliable platform for the extrapolation of ↵- and heavier
ion-induced reactions in a stellar burning environments?
This will be of particular importance at very low energies,
where the Coulomb functions need to be calculated very
precisely, and even small disturbances may exponentially
impact low-energy cross-section and S-factor predictions.

Such disturbances at the extremely low energies of
stellar burning may be associated with the choice of
nuclear potential for theoretical extrapolations of the
cross-sections or S-factors in the framework of a poten-
tial model such as distorted wave Born approximation
or a hybrid potential model/R-matrix approach tradi-
tionally based on a Wood Saxon or square well potential
(Bertulani, 1996; Christy and Duck, 1961; Tombrello and
Parker, 1963). While the choice of potential and poten-
tial parameters have only a limited impact on the cross-
section predictions at higher energies achievable in labo-
ratory experiments, when extrapolating to extremely low
energies where the low cross-sections inhibit direct reac-
tion studies, the penetrability is a↵ected by the extent
of the parameters and di↵useness of the interior nuclear
potential (Wiescher et al., 1980).

Further uncertainty in the extrapolation of measured
S-factors into the unknown energy range of stellar burn-
ing may be due to the tailing of sub-threshold states into
the unbound region causing direct interference between



34

bound and unbound states or non-resonant direct reac-
tion components a↵ecting cross-section and S-factor pre-
dictions in the stellar energy range (Gula et al., 2023; Liu
et al., 2020; Lyons et al., 2018; Rolfs et al., 1975). Other
near-threshold e↵ects, influencing the very low-energy re-
action behavior may be due to a direct coupling of the
wave functions of bound states with the continuum caus-
ing the formation of pronounced single-particle states as
for example in the compound nucleus 19F near the proton
threshold (Lorenz-Wirzba et al., 1979; Wiescher et al.,
1980) or cluster configurations at low-energies near the ↵
threshold (Fernandez et al., 2023; Oko lowicz et al., 2013,
2012b; Wiescher et al., 2023).

The incompressibility of nuclear matter has been sug-
gested as the reason for a further reduction of heavy ion
fusion cross-sections beyond the impact of the Coulomb
barrier (Jiang et al., 2006). This “hindrance” is generally
modeled by introducing a correction to the nuclear poten-
tial (Michaud, 1973; Mişicu and Esbensen, 2006). Near-
threshold resonance configurations may also be due to
potential driven e↵ects since the emergence of structures
may not be correlated with quantum-physical compound
configurations but with dynamical processes associated
with the fusion of two particles as discussed in a later
chapter (Diaz-Torres and Wiescher, 2018; Newton et al.,
2004).

C. Resonance terms in cross-section and reaction rate

Resonances are two-step reactions that are correlated
to excited states in the compound nucleus. They fre-
quently dominate the reaction rates for nuclear and ra-
diative capture reactions in compound systems with in-
creasing level densities. While resonances in reactions
with low Z partners are often broad and therefore di�-
cult to distinguish from non resonant contributions, to-
wards higher Z systems the resonances become narrow
due to the impact of the Coulomb barrier in the low-
energy proton, ↵, or even heavy ion entrance channels
for a compound reaction. Broad resonance contributions
to the reaction rate are typically treated in the framework
of the S-factor approach with the function described in
Eq. (20) fitted to the S-factor data. For narrow res-
onances the reaction rate is derived by integrating over
the corresponding Breit-Wigner function of the resonance
which yields the resonance strength:

!� =
(2J + 1)

(2J1 + 1)(2J2 + 1)

�in�out
�

, (21)

where �in and �out are the production and decay widths,
respectively, J is the total angular-momentum of the
resonance, and J1 and J2 are those of the nuclei in
the entrance channel; � is the total width of the reso-
nance. These quantities can be determined using indi-
rect techniques (Aumann and Bertulani, 2020; Bertulani

and Gade, 2010; Iliadis et al., 2001; Tribble et al., 2014),
although the uncertainty in !�i is more challenging to
quantify since it depends on some theoretical assump-
tions.

For low-energy proton or ↵ capture reactions in stel-
lar hydrogen and helium burning the corresponding reso-
nance strength are largely reduced by the Coulomb bar-
rier and therefore determine the resonance strength. The
branchings between di↵erent exit channels such as � and
particle is determined by their respective fraction of the
total resonance width.

In this case of narrow resonances in a reaction j,k the
corresponding reaction rate can be approximated by the
following equation 22, assuming that interference e↵ects
can be neglected:

NAh�vij,k = 1.5394 · 1011(µj,kT9)
�3/2

·
X

i

!�i exp

✓
�11.605 · ERi

T9

◆
cm3

sec · mol

�
, (22)

where µ is the reduced mass, T9 the temperature in units
109K, and !�i and ERi are, respectively, the strength
and energy of the ith resonance (in MeV). In this case,
only !�i and ERi need to be determined for each reso-
nance, with !�i as resonance strength.

While near-threshold e↵ects include resonant reaction
contributions from the population of compound states
due to the aforementioned coupling e↵ects, it may also
involve the contribution of subtreshold levels tailing into
the unbound regions above the thresholds and a↵ect the
reaction rates through complex interference patterns that
also may include interference with direct reaction contri-
butions.

Pronounced single-particle and cluster configurations
near the threshold due to the coupling of multiple wave
functions are observed in multiple low-energy proton and
alpha induced reactions. Such studies have been per-
formed in recent years based on various models. In the
following section we will highlight some of the important
examples based on analyses using the previously intro-
duced approaches: ab-initio, EFT, and parametrization
of data within the framework of R-matrix techniques.
EFT and R-matrix analyses do not only rely on fitting
the existing data sets at higher energies, but also take
into account available nuclear structure information since
this may provide complementary information about the
existence and strength of reaction contributions near the
threshold. We remark that the analyses nevertheless de-
pend on the data sets, which should be consistent in order
to provide a reliable uncertainty analysis of the cross-
section extrapolation into the unknown energy range of
astrophysical interest. All these e↵ects may have a sub-
stantial impact on the reliable extrapolation of labora-
tory cross-section data.

Direct measurement of the impact of these quantum
factors is extremely challenging because of the exponen-
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tial decrease of the cross-section toward the stellar en-
ergy range. Understanding these e↵ects requires very
low background measurements performed in deep under-
ground environments; a su�cient reduction in the natu-
ral cosmic ray background can be obtained there, making
the detection of a statistically significant reaction signal
possible.

As discussed in section III.B, the direct approach of
measuring low-energy cross-sections and reaction fea-
tures can be supplemented by indirect techniques (Baur,
1986; Baur et al., 1986; Tribble et al., 2014), such as
the THM. The combination of the two complementary
methods provides a path towards a better understanding
of the near-threshold phenomena as demonstrated in the
following sections for a number of specific examples of
key reactions for stellar nucleosynthesis.

V. SELECTED KEY REACTIONS IN NUCLEAR
ASTROPHYSICS

In this section we discuss a number of astrophysi-
cally relevant reactions for hydrogen, helium, and car-
bon burning environments in which pronounced single-
particle states, ↵ clusters and possibly even 12C clus-
ter configurations may emerge through the coupling of
bound state wave functions to the continuum. The se-
lected examples are of considerable importance for an-
thropogenic and stellar burning environments with the
experimental cross-sections showing signatures of the
threshold e↵ects outlined and predicted in the previous
chapters. These signatures will be primarily character-
ized by pronounced single-particle or cluster strength of
near threshold resonances, since at very low energies large
singie-particle SF or ANC in the entrance channel deter-
mine the resonance strength. These SFs or ANCs should
exceed the average values for resonance states at higher
energies. The threshold states should have been observed
directly, or alternatively as tail contributions from sub-
threshold levels or through interference features in the
low-energy cross-sections.

A. Thermonuclear fusion reaction in stellar hydrogen
burning

In the following, we present some selected examples of
reactions that play an important role in hydrogen burn-
ing environments. Our first example also includes a reac-
tion that typically occurs in e↵orts to develop commer-
cially viable power from nuclear fusion and also plays a
role in high-density neutron-rich environments such as
the Big Bang or the onset of the neutrino-driven wind
model of a core collapse supernovae. These examples fea-
ture cases of very low level density and small Q-values,
for which the cross-section is dominated by direct cap-
ture components, but influenced by neighboring cluster

configurations, which may identify as threshold aligned
states. These cases are part of the pp-chains, a reaction
sequence that determines the energy production of our
sun (Adelberger et al., 2011).

The later examples are associated with hydrogen burn-
ing through the CNO and NeNa cycles (José et al., 1999;
Wiescher et al., 2010) in stellar cores or shells of more
massive stars, in which basically all of the proton cap-
ture reactions have strong resonances with pronounced
single-particle strength near the threshold. They may
not have been labeled in the past as threshold aligned
resonance features, but the near threshold location and
the pronounced single-particle strengths identifies them
as such. Cases of pronounced sub-threshold configura-
tions such as the 16O(p, �)17F reaction can be associated
with relatively low cross-sections, which impact the cy-
cle periods, energy generation, as well as the emerging
abundance structure in the burning process.

1. Deuterium-tritium fusion

A principal example of thermonuclear fusion is the re-
action d + t ! ↵ + n + 17.6 MeV. This reaction was
first identified by Emil Konopinski as a much faster fu-
sion process compared to d + d fusion (Chadwick et al.,
2023a; Paris and Chadwick, 2023; Paris and Chadwick,
2024) and became the driving reaction for thermonuclear
weapons. Today this reaction is central to research on
fusion reactors; it was recently used to demonstrate a
successful net energy gain at the National Ignition Facil-
ity (Abu-Shawareb et al., 2022; Kritcher et al., 2022; Zyl-
stra et al., 2022). Recent theoretical predictions suggest
that the use of a high intensity lasers field could lead to a
reduction of the deflecting Coulomb field through screen-
ing enhancement and consequently to an increase in the
low-energy cross-section of the fusion process (Thomson
et al., 2024).

The cross-section and S-factor are characterized by
a pronounced resonance at E = 65 keV above the dt
threshold with a peak cross-section of 4.88 b, as shown
in Fig. 15. For comparison, the n+239Pu fission cross-
section at the same energy is only 1.6 b. The very large
fusion cross-section at E = 65 keV is due to the formation
of a J⇡ = 3/2+ resonance in the unbound 5He nucleus
at 16.84 MeV excitation energy, just above the dt fusion
threshold at 16.792 MeV. This resonance clearly identifies
as an example for a threshold aligned state with a pro-
nounced cluster configuration exhibited by its strength
in the fusion cross-section as discussed below. This reso-
nance plays an important role in many astrophysical and
anthropogenic applications.

The dt fusion is a leading process in the primordial for-
mation of the lightest elements (mass number, A  7),
a↵ecting the predictions of BBN models for light nu-
cleus abundances (Serpico et al., 2004). Because of
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the enhancement from the 3/2+ 5He resonance, dt fu-
sion is responsible for the creation of 99% of primor-
dial 4He (Smith et al., 1993). The remaining 1% comes
from its mirror reaction, the 3He(d, p)4He or d3He, fu-
sion (Smith et al., 1993). This process also benefits from
the isospin-mirror 3/2+ resonance, but is suppressed with
respect to dt because of the larger Coulomb repulsion be-
tween d and 3He. Since this primordial helium became
a source for the subsequent creation of carbon and other
heavier elements, a substantial portion of our body owes
its existence to dt fusion (Chadwick et al., 2023b).

The 5He 3/2+ resonance was discovered by Bretscher
and French (1949) in 1949 during an investigation of dt
fusion at low energies. The appearance of a resonance
so close to the dt threshold, and the strong cross-section
enhancement it produced, came as a surprise (Chadwick
et al., 2023a). The cross-section was subsequently ex-
pressed in terms of R-matrix theory, coupling the di-
rect and the resonant component of the reaction cross-
section (Bosch and Hale, 1992). Recent R-matrix anal-
yses of this reaction have utilized Bayesian approaches
to estimate uncertainties (de Souza et al., 2019; Odell
et al., 2022a). Today, the structure of this enigmatic
state and the complex five-nucleon dynamics underly-
ing the dt and d3He reactions can also be accurately de-
scribed and explained by ab-initio nuclear theory, start-
ing from validated (realistic) interactions among the
nucleons. Following pioneering calculations performed
within the NCSM/RGM formalism using a realistic NN
interaction (Navrátil and Quaglioni, 2012), a much more
advanced NCSMC investigation of the dt fusion was pre-
sented in Hupin et al. (2019). This work used NN and
3N interactions from chiral EFT and also gave results for
the mirror 3He(d, p)4He system. The calculations there
include both the 4He+n (4He+p) and the 3H+d (3He+d)
mass partitions in the cluster part of the NCSMC trial
wave function given in Eqs. (2) and (3).

In Fig. 15, panel a, we compare the NCSMC com-
puted astrophysical S-factor with established measure-
ments. The experimental peak at the center-of-mass
energy E = 49.7 keV corresponds to the enhancement
from the 3/2+ resonance of 5He. The calculations under-
predict the experiment by 15% (green dashed line versus
red circles). This can be traced back to the overestima-
tion of the 3/2+ resonance centroid by a few keV. This is
certainly within the expected accuracy of a Chiral EFT
interaction that is truncated at a finite order and fit to
data of finite precision. To overcome this issue and ar-
rive at an accurate evaluation of polarized dt reaction
observables, a phenomenological correction of -5 keV to
the position of the resonance centroid was applied. This
resulted in remarkable agreement with the experimen-
tal S-factor over a wide range of energies (blue line).
A detailed explanation of how such a correction was ob-
tained can be found in the method section of Hupin et al.
(2019). The discrepancies between the experimental S-

factor data and the theoretical model predictions at very
low energies have been interpreted as consequence of elec-
tron screening (Langanke and Rolfs, 1989), which was not
included in the analysis by Hupin et al. (2019). Fig. 15,
panel b, also presents the di↵erential cross-section in the
center-of-mass frame at the scattering angle of ✓ = 0�

over a range of energies up to the deuterium breakup
threshold. The results (blue solid and green dashed lines)
also match the evaluated di↵erential cross-section.

One infers from the diagonal phase shifts obtained
within the NCSMC (Hupin et al., 2019) that the 3/2+

resonance is dominated by an s-wave in the relative mo-
tion of the deuterium and tritium nuclei with their spins
aligned (1++1/2+). There is also a significant distortion
in the d-wave diagonal phase shift in the n+4He system,
indicating that the resonance has a complex five-body
nature. The dt fusion reaction apparently proceeds from
a s-wave to a d-wave in n+4He, implying the importance
of the nuclear tensor force as well as the 3N force for the
fusion process.

2. 4He(d, �) 6Li

The production of primordial 6Li in the Big Bang is
dominated by 4He(d, �) 6Li radiative capture. The same
reaction also plays a role in the first stars, where it is
a part of the cycle 4He(d, �) 6Li(↵, �)10B(↵, d)12C (Wi-
escher et al., 2021), which is expected to contribute to
the formation of 12C in this environment. The Q- value
for this reaction is very low Q = 1.4743 MeV, identifying
6Li as a weakly bound d � ↵ configuration as suggested
in the Ikeda diagram. The first excited state J⇡ = 3+

in 6Li at Ex = 2.186 MeV is the sole resonance in this
energy range at E = 0.712 MeV. These features may play
a role in the interpretation of the so-called Li-problem.

Although the BBN predictions for the abundances of
hydrogen and helium are in agreement with astrophysical
observations, they fall short in the cases of lithium iso-
topes. The abundance of 7Li is over-predicted by a factor
of two to four compared to the observational data labeled
as the Spite plateau (Spite and Spite, 1982), while that
of 6Li is underpredicted, but by three orders of magni-
tude (Fields, 2011). It has been argued that the origin
of these discrepancies could be physics beyond the stan-
dard model, or systematic uncertainties in inferring the
primordial abundances from the composition of metal-
poor stars (Asplund et al., 2006; Cyburt et al., 2016).
But it is also possible that part of the discrepancy could
be explained by inaccuracies in the nuclear reaction rates,
which are the main inputs to the BBN reaction network.
The present data suggest that the cross-section below the
resonance at E = 0.712 MeV in 4He(d, �)6Li is dictated
by pronounced non-resonant direct capture and interfer-
ing tail contributions, but disagreements exist about the
relative strength of these contributions.
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Thermonuclear reaction rates of light nuclei are critical to
nuclear science applications ranging from the modeling of
big-bang nucleosynthesis and the early phases of stellar

burning to the exploration of nuclear fusion as a terrestrial source
of energy. The low-energy regime (tens to hundreds of keV)
typical of nucleosynthesis and fusion plasmas is challenging to
probe due to low counting rates and the screening effect of
electrons, which in a laboratory are bound to the reacting nuclei.
A predictive understanding of thermonuclear reactions is there-
fore needed alongside experiments to achieve the accuracy and/or
provide part of the nuclear data required by these applications. A
salient example is the fusion of deuterium (D) with tritium (3H or
T) to generate a 4He nucleus (α-particle), a neutron, and 17.6
MeV of energy released in the form of kinetic energy of the
products. This reaction, used at facilities such as ITER1 and NIF2
in the pursuit of sustained fusion energy production, is char-
acterized by a pronounced resonance at the center-of-mass (c.m.)
energy of 65 keV above the free D and T nuclei due to the for-
mation of the Jπ= 3/2+ resonance of the unbound 5He nucleus.
Fifty years ago, it was estimated3 that, in the ideal scenario in
which the spins of the reactants are perfectly aligned in a total-
spin 3/2 configuration and assuming that the reaction is isotropic,
one could achieve an enhancement of the cross section by a factor
of δ= 1.5, thus improving the economics of fusion energy gen-
eration4. However, while the unpolarized cross section and some
analyzing-power data exist, no correlation coefficients have been
measured yet to confirm this prediction5. More generally, what
little is known about the properties of the polarized DT fusion
was inferred from measurements of the D3He reaction6.

The DT fusion is a primary example of a thermonuclear
reaction in which the conversion of two lighter elements to a
heavier one occurs through the transfer of a nucleon from the
projectile (D) to the target (T). Despite the fairly small number of
nucleons involved in this process, arriving at a comprehensive
understanding—in terms of the laws of quantum mechanics and
the underlying theory of the strong force (quantum chromody-
namics)—of the interweaving of nuclear shell structure and
reaction dynamics giving rise to the DT fusion already represents
a formidable challenge for nuclear theory.

Towards this goal, a pioneering ab initio study of the DT fusion
was carried out in ref. 7, using a nucleon-nucleon (NN) interac-
tion that accurately describes two-nucleon data and representing
the wave function on a basis of continuous “microscopic-cluster”
states8 made of D+T and n+4He pairs in relative motion with
respect to each other. However, this approach was unable to yield
results of adequate fidelity, due to the omission of the three-
nucleon (3N) force—disregarded for technical reasons. Numerous
studies have shown that this component of the nuclear interac-
tion is essential for the reproduction of single-particle proper-
ties8–12, masses13–15, and spin properties10,16, all impactful in the
present case. Besides the 3N force, the approach of ref. 7 also
lacked a complete treatment of short-range five-nucleon corre-
lations, which are crucial to arrive at the accurate description of
the 3/2+ resonance. The formation of this rather long-lived
resonance as a correlated, localized system of five nucleons built
up during the fusion process is integral to the reaction mechan-
ism. Finally, no polarization observables were calculated in the
study of ref. 7.

In the following, we report on ab initio predictions for the
polarized DT fusion using validated NN and 3N forces derived in
the framework of chiral effective field theory (EFT)17,18, a pow-
erful tool that enables the organization of the interactions among
protons and neutrons in a systematically improvable expansion
linked to the fundamental theory of quantum chromodynamics.
The quantum-mechanical five-nucleon problem is solved using
the no-core shell model with continuum (NCSMC)10,19, where

the model space includes D+T and n+4He microscopic-cluster
states, plus conventional static solutions for the aggregate 5He
system20. This enables a fully integrated description of the reac-
tion in the incoming (outgoing) channel, where the reactants
(products) are far apart, as well as when all five nucleons are close
together. We show that this approach yields an accurate repro-
duction of the DT cross section for unpolarized reactants, dis-
criminating among reaction rates from phenomenological
evaluations and demonstrating in detail the small contribution of
anisotropies in the vicinity of the 3/2+ resonance. The maximum
enhancement of the polarized cross section varies as a function of
the deuterium incident energy, dropping significantly above 0.8
MeV. However, such variation is slow in the narrow range of
optimal energies for the reaction, resulting in a rather constant
enhancement of the rate of fusion, compatible with the historic
approximate estimate.

Results
Validation of model for unpolarized reaction observables. We
begin our study with a validation of our ab initio reaction
method on existing experimental data for the unpolarized DT
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FIG. 15: Left: Level diagram of 5He. Panel a: Astrophysical S-factor of the 3H(d, n)4He reaction as a function of
the energy in the center-of-mass frame compared to available experimental data. Panel b: Angular di↵erential

cross-section as a function of the deuterium incident energy, Ed, at the center-of-mass scattering angle of ✓ = 0�

compared to the evaluated data. “NCSMC” and “NCSMC-pheno” stand for the results of the calculations before
and after a phenomenological correction of 5 keV to the position of the 3/2+ resonance. See Hupin et al. (2019) for

details.

To address this issue, ab-initio NCSMC calculations
of the 4He(d, �) 6Li radiative capture reaction have been
performed recently using chiral NN and 3N interactions
as input (Hebborn et al., 2022). At BBN energies, from
30 to 400 keV, the 4He(d, �) 6Li reaction rate is poorly
known. On the experimental side, there are large dis-
crepancies between existing data sets based on direct
and indirect techniques as discussed in the following. Di-
rect measurements are hindered by the Coulomb repul-
sion between the 4He and d nuclei. Consequently, there
exist only two direct measurements in the BBN energy
range, at 94 and 134 keV (Anders et al., 2014). Indi-
rect estimates - relating the radiative capture rate to
the disintegration of 6Li in the Coulomb field of a heavy

target - overcome the low statistics but su↵er from sys-
tematic uncertainties caused by the di�culty of cleanly
separating the nuclear and electromagnetic contributions
to the breakup cross-section (Baur et al., 1986; Ham-
mache et al., 2010; Kiener et al., 1991). Furthermore, in
Coulomb dissociation experiments the E2 component is
strongly enhanced compared to E1, relative to their roles
in the capture reactions (Igamov and Yarmukhamedov,
2000; Kharbach and Descouvemont, 1998; Typel et al.,
1991). Thus, these experiments could not address the
question of whether E1 transitions contribute to the cap-
ture cross-sections at primordial energies as was specu-
lated (Robertson et al., 1981).

In contrast to previous studies, the NCSMC calcula-
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(NN+3Nloc-pheno). Bottom right: E2, E1 and M1 components of the predicted S-factor for the 4He(d, �) 6Li
reaction obtained with the NN+3Nloc-pheno. Adopted from Hebborn et al. (2022) where further details are given.

tions of Hebborn et al. (2022) find E1 transitions to be
negligible. They also find an enhancement of the ra-
diative capture below 100 keV driven by previously ne-
glected M1 transitions. The uncertainty in the predicted
thermonuclear reaction rates is reduced by an average
factor of seven compared to the previous evaluation (Xu
et al., 2013). The calculated S-factor is compared to ex-
perimental data in the top panel of Fig. 16. Once the
3N interaction is included in the Hamiltonian, the cal-
culated S-factor matches the data very well at and in-
between the 3+ (E=0.71 MeV) and 2+ (E=2.84 MeV)
resonances. At the lower BBN relevant energies, the NC-
SMC calculations agree with the direct measurements
of the LUNA collaboration (Anders et al., 2014). How-
ever, the calculations are incompatible with the results

inferred from breakup data (Kiener et al., 1991), which
have been shown to su↵er from model-dependence (Ham-
mache et al., 2010). The relative importance of the elec-
tromagnetic E2, E1 and M1 transitions varies with en-
ergy (bottom panel of Fig. 16). It has been found that
the E2 transitions dominate the non-resonant and res-
onant capture, in line with previous theoretical works.
Departing from those previous studies, a sizeable M1
component has been found that was not predicted pre-
viously. This M1 contribution arises from the internal
dipole magnetic moments of the 6Li and d nuclei, mak-
ing a full microscopic description essential for an accurate
calculation.
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3. 3He(↵, �)7Be

Another similar case is the classic example of the
3He(↵, �)7Be reaction. This remains intriguing because,
despite considerable past experimental e↵ort, there is still
not a unique description of the entire low-energy cross-
section range (Adelberger et al., 1998; Adelberger et al.,
2011). While more reliable data at low energies sug-
gest an increase in S-factor towards lower energies, the
challenge is to develop a comprehensive interpretation of
this observation. At higher energy the cross-section is
thought to be dominated by broad resonance structures
tailing into a classic direct capture mechanism (Christy
and Duck, 1961; Tombrello and Parker, 1963), but the
physical origins of the underlying contributions to the
slight increase at low energies remain an open question.

From the astrophysics point of view, this reaction is a
key process in the pp-chain since it controls the branch-
ing between the pp-I and pp-II chains. The strength of
the reaction primarily influences the production of so-
lar neutrinos from the 7Be electron capture decay to 7Li
and the �-decay of 8B to 8Be with subsequent two-↵
breakup. The reaction rate is directly correlated with
the strength of the 3He(↵, �)7Be reaction cross-section
at solar core temperatures near 0.015 GK; the observed
neutrino flux provides important insight into the solar
interior, but reliability depends on the extrapolation of
the reaction cross-section into the corresponding Gamow
energy range.

High-precision solar neutrino flux measurements sus-
tained a steady interest in measurements of this reac-
tion and repeated experimental studies (Alexander et al.,
1984; Hilgemeier et al., 1988; Kräwinkel et al., 1982; Na-
gatani et al., 1969; Osborne et al., 1982, 1984; Parker
and Kavanagh, 1963; Robertson et al., 1983; Volk et al.,
1983) throughout the 1970’s and ’80s were finally able to
resolve the data inconsistencies between measurements
made via prompt �-ray detection and those using the
activation technique (Adelberger et al., 2011). Over the
last 25 years, continued independent and consistent mea-
surements (Bemmerer et al., 2006; Bordeanu et al., 2013;
Brown et al., 2007; Carmona-Gallardo et al., 2012; Con-
fortola et al., 2007; Costantini et al., 2008; di Leva et al.,
2009; Gyürky et al., 2007; Kontos et al., 2013; Singh
et al., 2004) have driven the uncertainty at solar energies
down to ⇡4%. Even so, with the unprecedented accuracy
of modern solar neutrino measurements, the uncertainty
in this cross-section is one of the dominant sources of
uncertainty in this aspect of solar modeling (Adelberger
et al., 1998, 2011).

Because it populates a light system, the 3He(↵, �)7Be
reaction provides an excellent opportunity to com-
pare di↵erent types of nuclear models including ab-
initio (Atkinson et al., 2025; Dohet-Eraly et al., 2016;
Ne↵, 2011), microscopic cluster models (Csótó and Lan-
ganke, 2000; Kajino, 1986; Kajino and Arima, 1984; Ka-

jino et al., 1987; Kim et al., 1981; Langanke, 1986), vari-
ational Monte Carlo (Nollett, 2001), Halo EFT (Paneru
et al., 2024; Premarathna and Rupak, 2020; Zhang et al.,
2020), potential models (Baye and Brainis, 2000; Christy
and Duck, 1961; Dubovichenko, 2010; Mohr et al., 1993;
Tombrello and Parker, 1963; Tursunov et al., 2021), and
R-matrix (deBoer et al., 2014; Descouvemont et al., 2004;
Kontos et al., 2013; Paneru et al., 2024). The applica-
tion of these di↵erent methods provides additional insight
into the model uncertainty associated with the extrapo-
lation of the low-energy cross-section. While the adopted
values are usually based on fits using EFT or R-matrix,
there is added confidence in these phenomenological de-
scriptions because of their good agreement with ab-initio
calculations (see Sec. II.A).

However, from a phenomenological R-matrix perspec-
tive, understanding the di↵erent reaction mechanisms
that make up the cross-section has been challenging.
If only low-energy data is considered, a direct capture
model (Tombrello and Parker, 1963) gives a good rep-
resentation of the cross-section, as observed by Parker
and Kavanagh (1963), where the uncertainties were on
the ⇡10% level. However, as uncertainties decreased
and measurements spanned a wider energy range (di
Leva et al., 2009), the external capture model (Angulo
and Descouvemont, 2001; Barker and Kajino, 1991; de-
Boer et al., 2017; Holt et al., 1978) alone proved insu�-
cient (deBoer et al., 2014; Kontos et al., 2013). A solu-
tion that naturally reproduced the energy dependence of
the experimental data was the addition of a 1/2+ back-
ground level, which interfered with the E1 external cap-
ture. While the background contribution was relatively
weak compared to the magnitude of the external cap-
ture, the interference term between the two was signif-
icant, making up ⇡10% of the cross-section. This con-
tribution is quite significant considering that recent ex-
periments report total uncertainties of ⇡4%. While this
phenomenological solution is able to give an excellent re-
production of the data, a better understanding of the
physical interpretation of this background term is needed
to add confidence to this modeling and the extrapolation
to threshold energies. A recent higher energy measure-
ment by Tóth et al. (2023) seems to indicate the presence
of one or more very broad resonance structures, but the
interpretation of the measurements remains unclear.

In recent years, more emphasis has been placed on per-
forming R-matrix fits that also include low-energy scat-
tering data. In addition to constraining the energies and
particle widths of resonances that are directly observed in
the data, the small deviations of the data from Ruther-
ford scattering over a wide energy range can also con-
strain the ANCs of bound states. Sub-threshold state
contributions in the 3He(↵, �)7Be reaction may come
from the first excited state in 7Be, which has a pro-
nounced cluster configuration, but is too fat removed
from the threshold to promise significant impact. How-
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ever, it served as a good case to study low-energy cross-
sections dominated by direct capture, and its relation
to the external capture model supplemented by bound-
state ANCs. This method was first used by deBoer et al.
(2014) for the 3He(↵, �)7Be reaction, although some ten-
sion was found between the ANCs obtained from the scat-
tering and those from the radiative capture data, which
produced a significantly di↵erent low-energy extrapola-
tion of the S-factor as shown in Fig. 17. It was not until
the reanalysis of Odell et al. (2022b) used the new ex-
perimental scattering data of Paneru et al. (2024) that it
was discovered that the older scattering data by Barnard
et al. (1964) had incomplete uncertainty characterization
that likely caused this tension. This case presents both a
good cautionary tale and a demonstration of the power
of this technique. While elastic scattering data (or any
additional data set) may add significant constraints to
a phenomenological model, additional systematic uncer-
tainties can be introduced. Nevertheless, these types of
analyses, which include a wider range of data should be
pursued because if consistency can be achieved, they lead
to increased confidence in both the data and models.

4. 7Be(p, �)8B

Another reaction of great interest for the neutrino
production in our Sun is the radiative capture process
7Be(p, �)8B. This determines the relative strength of the
pp-II and the pp-III chains, since the former generates
neutrinos through the � decay of 8B and the latter
through electron capture on 7Be. The competition of
the electron capture and radiative capture reactions thus
determines the ratio of the neutrino flux from these two
components of the pp-chain (Johnson et al., 1992).

The reaction has a low Q-value of ⇡137 keV and
is dominated by direct capture to the ground state in
8B. This makes it the third case of the here discussed
weakly bound compound systems for which the cross-
section is primarily determined by direct capture to
bound states. Only at higher energies does a single res-
onance at 720 keV contribute to the reaction rate, and
this is only relevant at temperatures higher than in the
Sun. Dominated by a single direct capture transition, the
7Be(p, �)8B low-energy cross-section represents a perfect
opportunity to test model predictions for extrapolating
experimental low-energy laboratory data to the stellar
energy range near the threshold.

The reaction was the focus of an experimental cam-
paign in the 1960s to explore the reliability of the external
capture model (Bertulani, 1996; Christy and Duck, 1961;
Tombrello and Parker, 1963). The model did not support
a flat S-factor as tentatively implied from a continuation
of the data, but rather predicted an increase toward lower
energies (Kavanagh, 1960; Parker, 1968). This e↵ort in
direct radiative capture studies was later complemented

by Coulomb-dissociation measurements of radioactive 8B
beams using virtual photons (Iwasa et al., 1999; Moto-
bayashi, 2001; Motobayashi et al., 1994; Schümann et al.,
2003, 2006). The modest rise of the S-factor toward solar
energies is due to the energy dependencies of the Whit-
taker function asymptotics of the ground state, the reg-
ular Coulomb functions describing the 7Be+p scattering
states, and the E3

� dipole phase-space factor. This be-
havior was confirmed in the framework of a single poten-
tial model by Bertulani (1996); Tombrello (1965), micro-
scopic cluster models (Csótó and Langanke, 1998; Csótó
et al., 1995; Descouvemont, 1993a; Descouvemont and
Baye, 1988; Johnson et al., 1992; Kolbe et al., 1988) and
early calculations based on the NCSM (Navrátil et al.,
2006). The reaction, together with the 7Li(n, �)8Li mir-
ror capture reaction, were some of the first examples to
be analyzed in the framework of the SMEC (Bennaceur
et al., 1999). In these studies which included E1, E2,
and M1 contributions, the astrophysical S-factor for the
7Be(p, �)8B reaction at E = 0 is S(0) = 0.0196 keV b.
The analysis of later experimental results are summarized
by Adelberger et al. (1998) and Adelberger et al. (2011).
The S-factor in the solar energy range, based on more
recent data, averaged to S = 0.019+0.004

�0.002 keV b, which is
significantly lower than previously suggested. This value
agrees very well with the SMEC prediction for S by Ben-
naceur et al. (1999).

Figure 18 also shows the results of a Halo EFT analysis
of data on the capture reaction 7Be(p, �)8B at center-of-
mass energies E < 0.5 MeV. In Zhang et al. (2015), the
amplitude for this reaction was computed up to next-
to-leading order and the Bayesian posterior probability
density was determined by Markov Chain Monte Carlo
sampling, see also Zhang et al. (2018). The yellow band
in Fig. 18 shows the 68% interval that was found for the
S-factor. The result for S(0) is 0.0213 ± 0.0007 keV
b. The small di↵erence between the leading-order result
(not shown) and the NLO result plotted in Fig. 18 con-
firms that Halo EFT is converging well and higher-order
terms are small. Higa et al. (2022) subsequently also cal-
culated this reaction in Halo EFT, including e↵ects of
both the excited state of the 7Be core and the 1+ reso-
nance at 0.6 MeV. Similar results to the Halo EFT ones
shown in Fig. 18 were obtained for E < 500 keV.

The 7Be(p, �)8B capture reaction was first investi-
gated in an ab-initio framework in Navrátil et al. (2011)
within the NCSM/RGM formalism starting from an
SRG-evolved chiral NN interaction tuned to reproduce
the experimental separation energy of the 8B weakly
bound 2+g.s. with respect to the 7Be+p threshold. More
advanced calculations using a set of six di↵erent chi-
ral EFT NN and 3N interactions have now been per-
formed within the NCSMC formalism (Kravvaris et al.,
2023). The NN interactions ranged from N2LO, through
the original N3LO (Entem and Machleidt, 2003) up to
N4LO (Entem et al., 2017). These were combined with
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N2LO chiral EFT 3N interactions of the type introduced
in Refs. (Gazit et al., 2019; Navrátil, 2007; Somà et al.,
2020) one of which, dubbed 3N⇤

lnl, included a nominally
N4LO contact interaction that enhances the strength of
spin-orbit splittings (Girlanda et al., 2011). Unlike the
earlier NCSM/RGM calculations that focused only on
the direct E1 capture, the new NCSMC calculations also

include the M1 and E2 contributions from resonances.
To reproduce the 8B separation energy and positions of
two low-lying resonances, the NCSMC-pheno approach
was applied (Kravvaris et al., 2023).

The astrophysical S-factor, obtained with the N4LO
NN interaction and the 3N⇤

lnl force and after this pheno
adjustment, is shown in Fig. 18. It accurately repro-
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duces the resonance contributions due to the dominant
M1 and smaller E2 transitions from the 1+ resonance
at ⇡0.6 MeV and the 3+ resonance at ⇡2.2 MeV. This
confirms that these resonances have no influence on the
cross-section at solar energies. The NCSMC ab-initio
calculation matches the Junghans direct measurement
data (Junghans et al., 2003) well, starting at the 1+ res-
onance up to ⇡2.5 MeV, including the 3+ bump. At low
energies, below the 1+ resonance, the NCSMC-pheno re-
sults are slightly below the Junghans data.

The application of a large set of chiral EFT interactions
enabled a correlation study that examined the extent to
which the ab-initio S-factor at higher energies is corre-
lated with S(0). Employing this correlation, as well as a
combined result for the S-factor at energies where it is
measured (but below the 1+ resonance), Kravvaris et al.
(2023) arrived at a suggested value for the 7Be(p, �)8B S-
factor at zero energy of S(0)=19.8±0.3 eV b (Kravvaris
et al., 2023).

5. 14N(p, �)15O

For massive main sequence stars (M � 1.5·M�) the en-
ergy production is dominated by the CNO cycle, which
is a catalytic process involving four subsequent proton
capture reactions and two � decays with the emission
of one ↵ particle. This is a key nucleosynthesis process
and was first suggested by Carl Friedrich von Weizäcker
(Weizsäcker, 1937) with a first quantitative calculation
provided by Hans Bethe (Bethe, 1939). The energy pro-
duction of the CNO cycle in massive stars does grow
exponentially with temperature since it is only limited
by the Coulomb barriers for proton capture on the stable
CNO isotopes (Wiescher et al., 1999, 2010), while the
relative contribution of the pp-chains becomes smaller
with increasing mass, since the energy production rate
is limited by the slow weak-interaction p+p fusion pro-
cess (Adelberger et al., 2011).

There are many cases in the CNO cycle where pro-
nounced low-energy resonance states may serve as ex-
amples for near threshold single-particle structures such
as the 12C(p, �)13N as well as the 13C(p, �)14N reaction
which are dominated by the associated resonance contri-
butions (Csedreki et al., 2023; Skowronski et al., 2023),
while the impact of bound sub-threshold states may be
seen in the low-energy cross-section in the transition to
the first excited halo-like state in 17F (Morlock et al.,
1997).

In the following, however, we want to concentrate on
the key reaction for the CNO cycle, the 14N(p, �)15O
reaction determining cycle time and equilibrium abun-
dances in the cycle. The reaction was therefore of impor-
tance for the age determination of globular clusters as an
independent way of deducing a lower limit for the age of
the universe (Chaboyer et al., 1996; Imbriani et al., 2004).

With the first measurement of solar neutrinos associated
with the � decay of 15O (Appel et al., 2022; Basilico
et al., 2023; Borexino Collaboration et al., 2020), inter-
est in the low-energy cross-section grew enormously since
the flux information combined with reliable cross-section
data in the solar energy range would provide an indepen-
dent method for determining the metallicity of the solar
core (Haxton et al., 2013; Haxton and Serenelli, 2008;
Serenelli et al., 2013). Over the last few years multiple
experiments have been performed, in both above ground
and underground accelerator facilities, to map the cross-
section for the di↵erent reaction branches over a wide en-
ergy range (Formicola et al., 2003a, 2004; Frentz et al.,
2022; Imbriani et al., 2005; Li et al., 2016; LUNA Col-
laboration et al., 2006; Marta et al., 2008; Runkle et al.,
2005; Schröder et al., 1987). The reaction analysis was
primarily performed using R-matrix analysis techniques,
informed by indirect data for the possible contribution of
near-threshold and sub-threshold levels.

While several transitions contribute to the reaction,
three are thought to dominate the low-energy cross-
section (Adelberger et al., 2011). These include external
capture transitions but also resonant components inter-
fering with the direct capture. This can be observed in
the transition to the ground state in 15O as well as in
the transitions to the two excited states at 6.79 and 6.18
MeV excitation energy as displayed in the S-factor curve
shown in Fig. 19.

All three transitions exhibit a resonance at 278 keV
corresponding to the unbound state at 7.556 MeV (J⇡ =
1/2+). For the transitions to ground state and the state
at 6.18 MeV, additional resonant contributions have been
observed. For the direct capture, the transition to the
J⇡ = 3/2+ sub-threshold state at 6.79 MeV makes the
largest contribution. This state plays a particularly in-
teresting role, not only for being strongly fed by the di-
rect capture but also for exhibiting a pronounced sub-
threshold resonance contribution at ER=�505 keV, tail-
ing into the unbound excitation range of 15O. This tail
makes a strong contribution to the transition to the
ground state (J⇡ = 1/2�) and the 6.18 MeV state
(J⇡ = 3/2�), marked as “sub-threshold” in Fig. 19. The
6.79 MeV level with a pronounced single-particle struc-
ture is an example of the near-threshold configuration
impacting this reaction cross-section at near-threshold
enerrgies.

This suggests that its strength is correlated to direct
coupling to the continuum. Since the 6.79 MeV transi-
tion has consistent data and a simple theoretical descrip-
tion, it has been straight-forward to determine the ANC
using the capture data (Adelberger et al., 2011). In addi-
tion, proton transfer measurements (Bertone et al., 2002;
Mukhamedzhanov et al., 2003), using the 14N(3He, d)15O
reaction, have led to consistent determination of ANCs
for this state. However, to determine the strength of the
sub-threshold state the �-ray decay strength also needs to
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be known. As a bound state, the lifetime is determined
by the transition strength of the �-ray decay . There
have been several experimental studies that have tried
to measure it (Bertone et al., 2001; Frentz et al., 2021;
Galinski et al., 2014; Schürmann et al., 2008; Sharma
et al., 2020). The large acceptance angles of the detectors
and uncertainties in the stopping powers typically limit
lifetime measurements to femtoseconds, because of the
sub-femtosecond lifetime of the 15O subthreshold state
only upper limits have been reported.

6. 16O(p, �)17F

The 16O(p, �)17F reaction has a very low Q-value
Q = 600 keV, suggesting that the additional proton
is weakly bound to the 16O core. The reaction cross-
section is dominated by direct capture to the J⇡ = 5/2+

ground state and the J⇡ = 1/2+ first excited state at
495 keV in 17F, which has been identified as a proton
halo configuration in earlier work (Morlock et al., 1997).
Indeed, this 1/2+ subthreshold state can be identified as
one of the threshold-aligned configurations on the basis
of the pronounced single-particle configuration with an
ANC = 80.6(42) fm�1/2 (Gagliardi et al., 1999).

Figure 20 shows the level scheme and the associate
R-matrix fit of the di↵erential S-factor of the two domi-
nant �-ray transitions feeding the two bound levels based
on the elastic scattering (Amirikas et al., 1993; Mor-
lock et al., 1997) and radiative capture data (Chow
et al., 1975; Morlock et al., 1997). The transition to the
first excited state is characterized by a gradual enhance-
ment in S-factor that is similar to that observed in the
7Be(p, �)8B reaction (see Sec. V.A.4). The uncertainty
in the low-energy S-factor has also been recently investi-
gated by Iliadis et al. (2022) using the Bayesian methods
described in Sec. III.A.2 but using a potential model in-
stead of R-matrix.

7. 18O(p, �)19F and 18O(p,↵)15O

Proton capture on 18O is a well studied process form-
ing the compound nucleus at fairly high, proton- and
↵-unbound, excitation energies. As the 18O(p,↵)19F as
well as the competing 18O(p, �)19F radiative capture re-
actions are open creating a more complex CNO cyclic
burning pattern for hydrogen burning environments in
massive stars (Wiescher et al., 1999; Wiescher and Ket-
tner, 1982). Experimental studies for both reaction chan-
nels suggest a strong 1/2+ single-particle resonance state
at 0.142 MeV center of mass energy both in the ↵-particle
channel (Bruno et al., 2019; Kettner et al., 1977) as well
as in the radiative capture channel (Pantaleo et al., 2021;
Wiescher et al., 1980). This was confirmed by indepen-
dent studies using the THM approach (La Cognata et al.,

2010b). Based on the given data for the respective reso-
nance strength, the �↵ channel is about 170 times larger
than the radiative �� channel. The proton spectroscopic
factor has been determined to be ⇡ 0.1 from single-
particle transfer and direct capture measurements. The
partial widths given by Wiescher et al. (1980) �p = 0.17
eV, �↵ = 220 eV, and �� = 1.3 eV, translate into a very
small ↵-particle spectroscopic factor of ⇡2⇥10�4, sug-
gesting this state in 19F to be one of the near threshold
configurations indicated in Fig. 8.

While the near threshold resonances exhibit a large
single-particle component, broad resonance structures at
higher energies of more than 500 keV above the threshold
suggest overlapping states with an appreciable ↵-particle
width in both reaction channels as shown in Fig. 21. This
suggests the emergence of an ↵-cluster configuration in
the 19F compound nucleus at more than 8 MeV excitation
energy. The exact nature of these states needs to be
investigated (La Cognata et al., 2008).

8. 20Ne(p, �)21Na

The 20Ne(p, �)21Na reaction is another reaction of sig-
nificance for our discussion of threshold phenomena since
it refers to a pronounced sub-threshold single-particle
state located just below the proton threshold.The re-
action is one of the earliest examples of a reaction
where the high-energy tail of a sub-threshold resonance
has been very clearly observed in the low-energy cross-
section (Lyons et al., 2018; Rolfs et al., 1975) and, more
recently, confirmed in a deep underground accelerator
study (Masha et al., 2023). With the relatively low pro-
ton threshold at 2.432 MeV, the reaction rate is deter-
mined by several direct capture contributions as well as
by the tail of a sub-threshold resonance as illustrated in
Fig. 22.

This reaction is the slowest process in its NeNa nucle-
osynthesis cycle (Marion and Fowler, 1957) and therefore
strongly impacts the energy production as well as the rate
of nucleosynthesis for the entire cycle. The cycle may
play a role in Ne-enriched hot environments such in car-
bon burning where 20Ne is produced as a main product of
the 12C(12C,↵)20Ne reaction and is processed further by
proton capture as described in more detail in Sec. V.C.
Since the 20Ne(p, �)21Na reaction is important for deter-
mining the final abundance of 20Ne in carbon burning, it
a↵ects another important scenario, Ne-novae, which are
driven by hydrogen accretion on oxygen-neon-magnesium
white dwarf stars, the product of core carbon burning
in medium mass stars (Politano et al., 1995; Starrfield
et al., 1997). Of particular interest is the possibility of
the subsequent production of the long-lived 22Na � emit-
ter (Fougères et al., 2023), which would be a signature
for Ne-novae (José et al., 1999; Starrfield et al., 1993).

The formation of a full cycle depends, however, on the
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strongest transitions in the 14N(p, �)15O reaction.

competition of the 23Na(p, �)24Mg and 23Na(p,↵)20Ne
reactions (Rowland et al., 2004). A leak via the radia-
tive capture reaction (Boeltzig et al., 2019, 2022) would
reduce the equilibrium abundance of 22Ne in the Ne-
Na-cycle. Indeed, satellite-based �-ray telescope mis-
sions like COMPTEL (Iyudin et al., 2001) found no
evidence for 22Na related activity, suggesting that the
20Ne(p, �)21Na reaction might be smaller than antici-
pated or that the cycle may not be closed.

While the general trend of the 20Ne(p, �)21Na low-
energy cross-section has been confirmed, the measure-
ments by Lyons et al. (2018) have found substantial de-
viations from those reported by Rolfs et al. (1975) over
the broad J⇡ = 3/2� resonance state at 4.170 MeV ex-
citation energy. However, the new measurements toward

threshold energies (Masha et al., 2023) strongly support
the claim of a sub-threshold tail contributing to transi-
tions to the ground state and the third excited state in
21Na. The latter state corresponds to the near-threshold
J⇡ = 1/2+ level at 2.425 MeV excitation energy.

The experimental data of Lyons et al. (2018) as well
as the earlier data were reanalyzed using the R-matrix
in connection with Bayesian uncertainty analysis (Odell
et al., 2022b) for a more reliable extrapolation into the
low-energy range. While the general fit presented in
Lyons et al. (2018) was found to be robust, the treatment
of the sub-threshold state was not implemented correctly.
The recommended values for the ANC obtained within
the Bayesian framework are given in Table I; they are now
found to be more consistent with those determined via
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transfer measurement (Mukhamedzhanov et al., 2006).
The revised fit of the S-factor and uncertainty bands
are shown in Fig. 22. Comparing to the extrapolated
value of S(0) = 3.5 MeV b from Rolfs et al. (1975), the
present analysis gives S(0) = 5.0(7) MeV b, highlighting
the di↵erence resulting from systematic uncertainties in
the di↵erent data sets.

B. Thermonuclear fusion reaction in stellar helium burning

Stellar helium burning is driven by the triple-alpha-
process: fusion of three ↵ particles facilitated through
the alpha cluster configuration of the 8Be ground state
and the 7.65 MeV J⇡ = 0+2 state in 12C, the Hoyle state,

which is a prime example for an aligned-threshold alpha
cluster configuration (Freer et al., 2018) as already indi-
cated by the Ikeda diagram in figure 7.

While we will not discuss the three-particle-fusion
mechanism in this work, we will concentrate on the
two subsequent ↵-capture reactions 12C(↵, �)16O and
16O(↵, �)20Ne, which determine the carbon/oxygen ra-
tio in our universe and also determine the high abun-
dances of these two isotopes. We also will discuss the
10B(↵, d)12C reaction, as an alternative path to pro-
duce 12C in first stars. In addition we will discuss the
13C(↵, n)16O reaction since it is the dominant neutron
source for the s-process (Lugaro et al., 2023b) and the i-
process (Clarkson et al., 2018; Denissenkov et al., 2019),
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characterized by broad ↵-particle partial widths (La Cognata et al., 2008).
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generating heavy elements in shell helium burning in dif-
ferent stellar environments.

1. 10B(↵, d)12C

Before getting to the traditional mechanism of helium
burning in massive red giant stars, we want to present
a recently discussed threshold resonance phenomenon af-
fecting the 10B+↵ reactions (Gula et al., 2023; Liu et al.,
2020). New low-energy studies of all three reaction chan-
nels 10B(↵, d)12C, 10B(↵, n)13N and 10B(↵, p)13C suggest
a strong increase in the S-factor toward lower energies.
While further reaction studies are being planned to map
the full resonance structure, this feature is presently be-
ing interpreted as the high-energy tail of a pronounced
resonance cluster near the threshold. These low-energy
resonances may facilitate a complementary reaction path
to the triple-alpha-process, converting helium to carbon,
and may play a role in first star nucleosynthesis environ-
ments (Wiescher et al., 2021).

The ↵-separation energy of the 14N compound nucleus
corresponds to a fairly high excitation of Ex = 11.612
MeV in the tightly bound system, the proton threshold
is at 7.551 MeV and the neutron threshold at 10.553
MeV. At these high excitation energies, the deuteron
threshold also opens at 10.272 MeV, while excited state
proton channels are accessible at 10.640, 11.236, and
11.405 MeV, allowing for multiple reaction channels as
indicated in Fig. 23.

A cluster of five resonance states between 11.676 and
11.998 MeV may be the underlying cause of the low-
energy S-factor enhancement. The levels at 11.676 and
11.741 MeV have a spin and parity assignment of J⇡ =
1� or 2�, while the state at 11.761 MeV is labeled with
a J⇡ = 3� or 4� assignment and the level at 11.807
MeV with J⇡ = 1+ or 2�. With the ground state spin
of 10B being J⇡ = 3+ this suggests that it is a cluster
of p-wave resonances populating the compound nucleus
14N. The state at 11.807 MeV might also contribute as a
d-wave resonance in the 10B+↵ reaction. However, these
spin parity assignments do not fit the observed increase
because of their higher orbital-momentum value as dis-
cussed by Gula et al. (2023), where it was found that a
much improved deception of the experimental data could
be obtained if the 11.807 MeV state’s spin-parity was
changed to 3+ and an additional 3+ state was added at
11.998 MeV, as shown in Fig. 23. In addition, Fig. 23
indicates approximate upper limits for the low-energy
cross-sections when the three lowest energy states are
given ↵-particle widths equal to the Wigner limit.

The full complexity of the 14N compound system at
high excitation remains unresolved and requires addi-
tional measurements. Complementary structure infor-
mation can be obtained from studies of 12C+d reaction
channels populating this energy range in 14N to probe

for broad resonances. Some especially relevant previ-
ous measurements are those of 12C(d, d) and 12C(d, p)
by McEllistrem et al. (1956) and Kashy et al. (1960).
The results suggest a strong clustering of levels between
the deuteron and ↵ threshold around 11.3 and 11.4 MeV
excitation energy, but Kashy et al. (1960) also demon-
strates the importance of the 11.807 MeV as 1+ state.
The latter is confirmed in subsequent 12C(d, p�)13C mea-
surements by Tryti et al. (1973, 1975) where the exci-
tation curves are characterized by a very strong broad
resonance around 1.8 MeV deuteron energy, which is in
the right range of corresponding excitation energy. How-
ever, preliminary R-matrix calculations over this region
show that the observed structure is not reproduced by
the levels reported in the literature, indicating that the
level structure over this region has not been fully char-
acterized. More detailed R-matrix analysis is presently
underway to determine the complex multiple resonance
features and contributions near the ↵-threshold.

2. 12C(↵, �)16O

The 12C(↵, �)16O reaction plays a particularly impor-
tant role in nuclear astrophysics. The reaction converts
the 12C produced by the triple-↵-process in stellar helium
burning to 16O, with paramount importance for subse-
quent nucleosynthesis and stellar evolution (Fowler, 1983;
Fowler, 1984). The energy release of these two reactions
stabilizes the core of a helium burning star against gravi-
tational contraction and the reaction rate of 12C(↵, �)16O
determines the carbon to oxygen ratio in our universe
through the subsequent phases of stellar burning. This
is particularly important for the understanding of the
composition of carbon-oxygen white dwarfs that develop
after He burning in low-mass stars to an extent that it has
been used to derive the reaction rate from observational
astroseismology data on the carbon-oxygen abundance
distribution of white dwarfs (Chidester et al., 2023; Met-
calfe et al., 2002). The rate also determines the nucle-
osynthesis of massive stars (Weaver and Woosley, 1993)
and determines the ignition conditions of pair production
supernovae and the boundaries of the second black hole
mass gap and in our universe (Farmer et al., 2020; Mehta
et al., 2022; Shen et al., 2023b).

The low-energy S-factor is characterized by strong in-
terference e↵ects between bound and unbound states,
with 1� and 2+ states (see Fig. 24) determining the E1
and E2 multipolarity components as well as the E2 direct
capture in the dominant ground state �-ray transition as
understood through several targeted studies of this re-
action (Assunção et al., 2006; Dyer and Barnes, 1974;
Fey, 2004; Gialanella et al., 2001; Jaszczak et al., 1970;
Jaszczak and Macklin, 1970; Kettner et al., 1982; Kremer
et al., 1988; Kunz et al., 2001; Makii et al., 2009; Ouellet
et al., 1992; Plag et al., 2012; Redder et al., 1987; Roters
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et al., 1999). The phenomenological R-matrix technique
has played an important role in the analysis of this reac-
tion over the years and in particular in the extrapolation
of direct and indirect experimental data toward the stel-
lar energy range (Buchmann and Barnes, 2006; deBoer
et al., 2017; Descouvemont and Baye, 2010) as more pre-
cise low-energy nuclear data have motivated the use of a
more rigorous model over polynomial and Breit-Wigner
functions. In particular, one of its earliest measurements
by Dyer and Barnes (1974) already utilized the R-matrix
technique while a hybrid R-matrix / potential model was
used by Koonin et al. (1974). The 12C(↵, �)16O reac-

tion therefore provides a good example for illustrating
the R-matrix technique and the challenges of extrapo-
lating its cross-section to near-threshold energies, which
has been discussed in a rather lengthy review by deBoer
et al. (2017).

Because of inconsistent direct measurements, at
present, extrapolations of the 12C(↵, �)16O cross-section
rely heavily on the ANCs of the bound states of 16O.
Thus this aspect of threshold physics is of particular im-
portance for this reaction. While it seemed that ANCs
determinations, especially for the 1� and 2+ subthresh-
old states were becoming consistent at the time of deBoer
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et al. (2017), recent works have brought this more into
question (Hebborn et al., 2024; Mukhamedzhanov et al.,
2023; Shen et al., 2019) and for di↵erent reasons. Shen
et al. (2019) has noted a seeming inconsistency between
their new determination of the ground state ANC and
that of the 2+ subthreshold state that leads to a 20%
increase in the extrapolation of the low-energy S-factor.
On the theory side, new first-principles calculations of the
ANC of 6Li by Hebborn et al. (2024) indicate a reduc-
tion of 20%. Finally, a new method of extracting ANCs
from scattering data by Mukhamedzhanov et al. (2023)
indicates an increase of 20%. Thus it seems that previ-
ous estimates of the model uncertainties of these ANCs
may have been underestimated. Some examples of di↵er-
ences in ANCs obtained from R-matrix fits of direct data
versus those obtained from transfer reactions for 16O are
given in Table I.

3. 13C(↵, n)16O

Like the 12C(↵, �)16O reaction, the low-energy cross-
section of the 13C(↵, n)16O reaction is enhanced by a
near-threshold resonance and the energy region of astro-
physical interest lies in the valley between this and a
broad resonance at higher energies, as shown in Fig. 25.
This reaction is one of the main neutron sources for the s-
process in AGB stars (Bisterzo et al., 2015; Lugaro et al.,
2023b) and the i-process in CEMP stars (Clarkson et al.,
2018). The presence of the near-threshold state was first
suggested by Descouvemont (1987) and subsequent in-
direct studies (Avila et al., 2015b; Guo et al., 2012; La
Cognata et al., 2012, 2013; Mezhevych et al., 2017; Pel-
legriti et al., 2008; Trippella and La Cognata, 2017) have
confirmed its ↵-cluster nature (spectroscopic factor of
⇡0.4 (Avila et al., 2015b)). These studies have put strin-
gent constraints on the resonance’s ↵-particle strength,
although the accuracy of some of these measurements has
been brought into question (Hebborn et al., 2024), while
its (neutron) width is known from total neutron cross-
section (e.g. (Cierjacks et al., 1980; Fowler et al., 1973))
and transfer studies (e.g. (Faestermann et al., 2015)).
Yet, despite the e↵orts of several low-energy measure-
ments (Bair and Haas, 1973; Ciani et al., 2021; Davids,
1968; Drotle↵ et al., 1993; Harissopulos et al., 2005; Heil
et al., 2008; Kellogg et al., 1989; Ramström and Wiedling,
1976, 1977), the high-energy tail of the near-threshold
resonance has only recently been observed directly (Ciani
et al., 2021; Gao et al., 2022) by low-background un-
derground measurements. However, the interpretation
of these direct measurements are now made more chal-
lenging because they have reached so low in energy that
electron screening becomes significant, one reason why
this reaction has also been investigated using the Tro-
jan Horse Method (Mukhamedzhanov and Shubhchintak,
2017; Trippella and La Cognata, 2017). Combining these

experimental results has led to a significant decrease in
the uncertainty in the extrapolated S-factor (Ciani et al.,
2021; deBoer et al., 2024; Gao et al., 2022), but a precise
re-evaluation is still underway.

Because of its role in neutron induced astrophysical
reaction processes, the 16O+n reactions have also re-
ceived a great deal of experimental attention as a strong
neutron poison in s-process environments. These mea-
surements, combined with an R-matrix analysis (Hale
and Paris, 2017), constitute the low-energy portion of
the ENDF/B nuclear data evaluation (Brown et al.,
2018). This R-matrix analysis elucidates the underlying
complexity of the di↵erent resonance contributions that
make up both the total neutron and the 13C(↵, n)16O
cross-sections. While the near-threshold state in the
13C(↵, n)16O reaction and a higher energy broad reso-
nance constitute the majority of the low-energy cross-
section, other weaker resonances may also contribute at
the level of the experimental uncertainties, especially now
that those uncertainties have been reduced in recent mea-
surements (Ciani et al., 2021; deBoer et al., 2024; Gao
et al., 2022). These di↵erent resonance contributions can
be more easily distinguished through di↵erential cross-
section measurements, but only one such low-energy mea-
surement had been made (Walton et al., 1957) until very
recently (deBoer et al., 2024).

4. 16O(↵, �)20Ne

Helium burning stalls at the 16O(↵, �)20Ne reaction.
This seemingly does not meet the suggestion made in
the Ikeda diagram shown in figure 7 that there should
be a near threshold state. In fact, 20Ne still exhibits
this characteristic, only the threshold state happens to
be of unnatural parity (J⇡ = 2� at Ex = 4.97 MeV,
S↵ = 4.73 MeV), and its population is strongly sup-
pressed by parity selection rules for ↵+16O reactions.
Because of the proximity to the threshold (-480 keV), the
second excited state of 20Ne (J⇡ = 4+) could potentially
enhance the low-energy cross-section as a sub-threshold
state, but its amplitude is too strongly suppressed by its
entrance-channel angular-momentum (see Fig. 26). Mohr
(2005) has made a comprehensive estimate of the dif-
ferent possible contributions to the near-threshold cross-
section. Heavy ion reactions such as 10B(14N,↵) 20Ne
(Dück et al., 1978) demonstrate that both of these states
are populated by ↵ emission, presumably from highly
excited compound states in 24Mg as will be discussed in
the next session. More studies are needed to quantify the
correlated ↵ structure of these two levels.

Because of its very small low-energy cross-section,
measurements are very sparse and challenging (Costan-
tini et al., 2010; Hager et al., 2011, 2012; Hahn et al.,
1987; Kunz et al., 1997). With no near-threshold res-
onance enhancement, the low-energy cross-section is
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the ↵-scattering yield ratios (Tischhauser et al., 2002) are compared with an R-matrix fit, as a function of excitation
energy, to illustrate the correspondence between the unbound levels and resonances. Figure adapted from deBoer

et al. (2017).

thought to be dominated by direct capture, e.g. Mohr
(2005), where the dominant de-excitation is through the
first excited state. The R-matrix analysis indicated in
Fig. 26 is that of Costantini et al. (2010), and only data
for the first excited state transition fit. The direct cap-
ture contribution was included using an external capture
model where the first excited state was estimated to be
75(10)% of the total. While this indicates an estimate
of the low-energy uncertainty of ⇡10%, this should be
viewed as a rather rough estimate; ↵-particle ANCs for
low lying states in 20Ne would be very useful towards
a better understanding of the extrapolation uncertainty.
At higher energies the cross-section is dominated by two

narrow resonances at laboratory ↵-particle energies of
1.116 and 1.317 MeV that correspond to levels in 20Ne
of J⇡ = 3� and 1�, respectively. These resonances have
been well characterized (Almqvist and Kuehner, 1964;
Avila et al., 2014; MacArthur et al., 1980; Mao et al.,
1996; Pearson and Spear, 1964; Toevs, 1971; Van Der
Leun et al., 1965), but are too high in energy to have
any significant contribution to the reaction rate at he-
lium burning temperatures.
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5. 22Ne(↵, �)26Mg and 22Ne(↵, n)25Mg

The 22Ne(↵, n)25Mg reaction has been identified as
the main neutron source for the weak s-process in the
contracting helium burning core of a massive red gi-
ant star, causing an increase in density and tempera-
ture (Kaeppeler et al., 1994). The reaction is also ex-
pected to serve as neutron source for the weak s-process

component in the subsequent carbon burning phase of
the star(Pignatari et al., 2010). In addition the reaction
may contribute to the neutron production for the main
s-process during the helium flash in AGB stars (Bisterzo
et al., 2015). The the release of the neutrons requires
higher temperatures because of the negative Q-value of
the 22Ne(↵, n)25Mg reaction, Q=-0.478 MeV. A fourth
important, but frequently neglected scenario in which the
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target. The two closest threshold states are a 4+, whose entrance-channel angular-momentum suppresses its
contribution as a sub-threshold state and a 2� (unnatural parity) whose population is highly suppressed. In the

absence of any kind of low-energy resonance enhancement, the radiative capture cross-section is dominated by E2
direct capture.
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reaction could play an important role, is the n-process
(Blake and Schramm, 1976; Pignatari et al., 2018). This
process is expected to be triggered by the shock front of
the type II core collapse supernova traversing and com-
pressing the helium and carbon shell of the pre-supernova
star, generating the necessary release of a high neutron
flux contributing to the neutron induced nucleosynthesis
pattern in a core collapse supernova environment.

The impact of this neutron source, however, de-
pends critically on the strength of the competing
22Ne(↵, �)26Mg radiative capture reaction. These
two ↵ capture induced reactions, 22Ne(↵, �)26Mg and
22Ne(↵, n)25Mg are both dominated by a strong res-
onance at about 702 keV center of mass energy (see
Fig. 27). The existence of this state at such high ex-
citation energies of Ex = 11.32 MeV has been a puz-
zle since its first discovery (Wolke et al., 1989) and its
subsequent confirmation in the (↵, n) reaction channel.
Because of the negative Q-value of the 22Ne(↵, n)25Mg
reaction, this state may have substantial consequences
for the e�ciency of the neutron source depending on the
overall strength of the 22Ne(↵, �)26Mg channel (Kaep-
peler et al., 1994). Unfortunately, despite substantial
e↵orts using direct and indirect methods for identifying
additional low-energy resonances in the 22Ne(↵, �)26Mg
channel, the issue remains illusive (Adsley et al., 2021;
Talwar et al., 2016).

The comparable strength in both reaction channels has
been puzzling for decades and its identity as a single res-
onance level has been questioned (Koehler, 2002). High
resolution measurements of neutron capture (Massimi
et al., 2012) and neutron transfer reactions (Chen et al.,
2021b), however, confirmed the identity of the resonance
as a single level with an extremely small neutron width,
comparable to the �-width of the state. Based on the
present experimental observations (Shahina et al., 2022,
2024), it seems that the 702 keV resonance dominates
the rates of both channels (Wiescher et al., 2023). The
observed strength of the resonance in both channels, on
the other hand, characterizes this level as a pronounced
↵-cluster configuration as expected for the near threshold
vicinity.

C. Clustering in nuclear molecules and its role in carbon
burning

The study of light ion (carbon to neon) fusion reac-
tions emerged as an important research field in the 1950s
as a side product of the nuclear test program associated
with the development of the hydrogen bomb (Konopinski
et al., 1946; Reynolds et al., 1953, 1956; Wyly and Zucker,
1953). The concern about possible atmospheric fusion
processes (Wiescher and Langanke, 2024) has, however,
triggered broader interest with the study of low-energy
fusion reactions of carbon and oxygen isotopes, which

showed a pronounced and rather unexpected resonance
pattern, which had not been observed in previous light-
ion fusion studies (Almqvist et al., 1960; Reynolds et al.,
1956). This behavior was also reflected in the elastic
scattering channel (Bromley et al., 1960). Initially this
phenomenon was discussed in the framework of a statis-
tical model (Almqvist et al., 1964; Shapira et al., 1974),
but subsequent experiments (Becker et al., 1981; Erb
et al., 1976; Patterson et al., 1969) suggested the exis-
tence of pronounced compound resonances, which were
interpreted in terms of quasi-molecular configurations
near the 12C+12C fusion threshold.

The interest in these fusion reactions was further am-
plified by their important role in late stage stellar evo-
lution (Arnett and Truran, 1969; Burbidge et al., 1957;
Reeves and Salpeter, 1959) and the ignition of type Ia su-
pernovae (Arnett, 1969; Hoyle and Fowler, 1960). A par-
ticularly interesting aspect was the interpretation of reso-
nances in terms of near-threshold alpha-cluster configura-
tions. Low-energy resonances may have been the reason
for the observed enhancement in the low-energy cross-
section, a phenomenon initially dubbed as absorption be-
low the barrier, that was predicted to cause a significant
enhancement in the fusion rate (Michaud, 1973; Michaud
and Vogt, 1972). All this established the 12C+12C fu-
sion reaction as a unique phenomenon, triggering intense
research e↵orts for at least a decade as outlined in the
following section.

1. Resonances below the barrier

The observed resonant structure in 12C+12C elastic
scattering (Almqvist et al., 1960; Bromley et al., 1961;
Kievsky et al., 2008) and in the fusion cross-sections is of-
ten prescribed to molecular states in these systems (Fink
et al., 1972; Imanishi, 1968; Park et al., 1977). In con-
trast, these pronounced resonant structures are not ob-
served in systems involving other carbon isotopes (Das-
mahapatra and Čujec, 1993; Dasmahapatra et al., 1982;
Trentalange et al., 1988). This was initially interpreted
as evidence that absorption plays a crucial role for the
scattering and fusion processes (Esbensen et al., 1978).
It was argued that absorption, i.e. coupling to other de-
grees of freedom, was particularly low for the fusion of
inert nuclei like 12C (or 16O) (Mather et al., 1969), such
that molecular states survived in the cross-sections while
they are washed out in other systems by larger absorp-
tive e↵ects. This argumentation led to the introduction
of imaginary parts in the optical potentials, which explic-
itly depended on a level density that was interpreted as
a strength indicator of absorption (Helling et al., 1971;
Konnecke, 1982). The e↵ect is further strengthened in
systems of identical bosons like 12C+12C where molecu-
lar states can only exist for positive parities.

It is interesting to note that the situation is quite sim-
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that reflects the known resonances in the 25Mg(n, �)26Mg reaction (Massimi et al., 2017). Unfortunately this
reaction seems to be populated primarily by di↵erent states and the measurements have been limited to low

energies, making the correspondence of resonances populated through the 22Ne+↵ and 25Mg+n reactions di�cult.

ilar to the anomalously large angle scattering (ALAS) ef-
fect in elastic ↵-scattering on calcium isotopes where the
cross-sections at backward angles show a strong increase
for 40Ca that is much weaker or wholly not present for
the other calcium isotopes (Gaul et al., 1969; Stock et al.,
1972). The ALAS e↵ect has been related to the appear-
ance of ↵-molecules (Delion and Suhonen, 2001; Friedrich
and Langanke, 1975; Langanke and Frekers, 1978; Michel
et al., 1986; Sünkel, 1976) which were, however, only
visible in the data due to the significantly smaller ab-
sorptive e↵ects for 40Ca as compared with the other iso-
topes (Langanke, 1982; Paneta et al., 1979). These ↵-
40Ca molecules have been identified in elastic scatter-
ing and the parity dependence of their width has also

been explained by absorptive e↵ects caused by the parity-
dependence of the level density at low excitation energies
(Frekers et al., 1983).

There have been attempts to identify the molecular na-
ture of 12C+12C resonances by measuring the intraband
� transitions, which should be enhanced due to the col-
lectivity of the states. Experiments that measured over
the resonances above the Coulomb barrier could only de-
termine upper limits (McGrath et al., 1981; Metag et al.,
1982), while an experiment performed for the transition
between two resonances close to barrier energies detected
a rather enhanced E2 transition strength consistent with
the molecular picture (Haas et al., 1997). In the argu-
ment that absorption is a crucial player for the observa-
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tion of molecular states, it is envisioned that these states
serve as doorways to more complicated configurations in
the compound nucleus. This has been tested and con-
firmed in detailed investigations of the 16O+16O system
at energies around the barrier that give clear evidence
for a hierarchy of finer structures superimposed on top
of broad resonances (Gaul and Bickel, 1986).

Potential models, with the inclusion of phenomenolog-
ical imaginary potentials to account for absorption, were
successful in describing elastic scattering data for vari-
ous systems of carbon (and other medium-mass) isotopes
(Canto and Hussein, 2013). However, when these models
were applied to subbarrier fusion, they noticeably under-
estimated measured cross-sections. This became known
as fusion enhancement. It became clear that inelastic
excitations of the fragment nuclei were key to this en-
hancement (Esbensen et al., 2011). As elastic scatter-
ing was mainly proposed as a peripheral process, and
hence could be described by global potentials, subbar-
rier fusion was sensitive to the internal part of the wave
functions where inelastic excitations, even if they corre-
spond to closed channels, could have significant ampli-
tudes and couplings to the fusing wave function. Thus it
was concluded that single-channel approaches to subbar-
rier fusion, e.g. (Baye and Descouvemont, 1984; Baye and
Pecher, 1982), were insu�cient and that nuclear models
had to be extended to multi-channel approaches taking
at least a few inelastic excitations explicitly into account.
Indeed, the inclusion of inelastic excitations does enhance
the subbarrier fusion cross-sections, while having little ef-
fect on elastic scattering (Assunção and Descouvemont,
2013; Gasques et al., 2022; Ito et al., 1999; Taniguchi
and Kimura, 2021). However, in general, these models
are not accurate enough to predict the subbarrier fusion
cross-sections at astrophysically relevant energies. This is
particularly true if the fusion cross-section exhibits reso-
nant structures so that their positions and strengths have
to be experimentally determined.

We note that resonances also required a dedicated
treatment to include electron screening e↵ects (Iliadis,
2023; Salpeter and van Horn, 1969) which for the
12C+12C system is, however, only relevant at the degen-
erate conditions in White Dwarf triggering Type Ia su-
pernovae (Chen et al., 2014; Cussons et al., 2002; Gasques
et al., 2005, 2007b). At these conditions, however, the
density is so extreme that the enhancement of the re-
action due to the screening e↵ect will be overwhelmingly
larger than the temperature dependent modifications due
to resonances as outlined further in Sec. VI.A.3.

2. 12C+12C fusion cross-section at stellar energies

The appearance of the pronounced resonant structures
in the 12C+12C fusion cross-sections as well as the en-
hancement of the cross-sections due to coupling to in-

elastic degrees of freedom pose a serious challenge for
deriving a reliable reaction rate. Therefore predictions
for hydrostatic carbon burning or for the onset of ther-
monuclear runaways in Type Ia supernovae carried a
large uncertainty. Microscopic multichannel calculations
have helped to illuminate the fusion mechanism, but are
not accurate enough to predict the resonant fusion cross-
sections in the astrophysical Gamow window (Bennett
et al., 2012). Therefore, one usually relies on simple po-
tential models or other parametrizations to extrapolate
the cross-sections toward the stellar energy range (i.e.
(Caughlan and Fowler, 1988; Gasques et al., 2005)).

A direct comparison of experimental fusion cross-
sections for the 12C+12C reaction reveals large deviations
among the several available data sets as illustrated in
Fig. 28 (upper panel). Di↵erent techniques have been em-
ployed to measure the fusion excitation functions. While
some experiments were designed for measuring charged-
particles with Si-detectors (Becker et al., 1981; Mazarakis
and Stephens, 1973; Patterson et al., 1969), others were
based on detecting secondary � rays from the evapora-
tion residues (Aguilera et al., 2006; High and Čujec, 1977;
Spillane et al., 2007). Most recently, using a more so-
phisticated technique, charged-particles were measured
in coincidence with � rays (Fruet et al., 2020; Jiang et al.,
2018; Tan et al., 2020; Tan et al., 2024).

As mentioned earlier, low-energy 12C+12C fusion stud-
ies suggested a peculiar behavior in the S-factor which
seemed to increase toward lower energies (Mazarakis and
Stephens, 1973), a pattern that was characterized as
an absorption below the barrier phenomenon (Michaud,
1973). In-beam � spectroscopy measurements obviated
the suggested enhancement with fusion under the bar-
rier (High and Čujec, 1977; Kettner et al., 1980, 1977)
and seemed to necessitate a modification of the Coulomb
transmission functions for the fusion process (Hussein,
1977). This was followed by extensive measurements of
the di↵erent particle decay channels that provided more
information about a possible compound resonant struc-
ture in the 24Mg compound nucleus (Becker et al., 1981).
Nevertheless, these observations motivated the study of
other fusion reactions such as 12C+16O and 16O+16O to
search for similar phenomena associated with the 28Si
(Christensen et al., 1977; Shapira et al., 1975; Stokstad
et al., 1976) and 32S (Hulke et al., 1980; Stokstad et al.,
1976) fusion compound nuclei.

Interest in the role of near-threshold resonances was
further amplified with the suggestion that the observa-
tion of superbursts, extended thermonuclear explosions
in the crust of accreting neutron stars, are driven by the
12C+12C reaction (Cumming and Bildsten, 2001; Cum-
ming et al., 2006; Keek et al., 2012; Schatz et al., 2003;
Strohmayer and Brown, 2002), namely by a single res-
onance predicted in the lower, barely explored energy
range (Bravo et al., 2011; Cooper et al., 2009). Renewed
e↵orts were made to search for low-energy resonances,
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but the results were challenged by background contribu-
tions (Morales-Gallegos et al., 2018; Spillane et al., 2007;
Zickefoose et al., 2018), while in other experimental ef-
forts the resonance features were smeared out by thick-
target e↵ects, providing only averaged cross-section in-
formation for the observed reaction channels (Aguilera
et al., 2006; Fruet et al., 2020; Morales-Gallegos et al.,
2024). Correcting the averaged cross-section for target
thickness e↵ects did reveal a more pronounced resonance
structure over the lower energy range as observed in mul-
tiple particle and gamma-decay channels confirming that
the lower energy range was characterized by resonances
(Tan et al., 2020; Tan et al., 2024).

3. Hindrance below the barrier

The di�culties in the reliable prediction for the low-
energy extrapolation of 12C+12C and other light-ion fu-
sion reactions were further complicated by the sugges-
tion that the low-energy cross-section might actually be
reduced due to a hindrance term associated with the in-
compressibility of nuclear matter (Mişicu and Esbensen,
2006). Within this concept, the hindrance was an ef-
fect anticipated for the case of the fusion of two more
massive nuclei (Jiang et al., 2007), an idea that devel-
oped from detailed experimental evidence observed in the
fusion processes of heavier isotopes (Jiang et al., 2006,
2005). More detailed studies with respect to the viabil-
ity of the hindrance factor followed (Back et al., 2014;
Dasgupta et al., 2007; Jiang et al., 2021). An alter-
native explanation for the observed sudden decrease in
cross-section toward very low energies in heavy ion fusion
systems is the deformation or clusterization of reaction
partners (Back et al., 2014; Godbey et al., 2019; Mon-
tagnoli and Stefanini, 2017), although there is evidence
that such an e↵ect exists in medium mass systems toward
very low sub-Coulomb energies. However, the extent of
the e↵ect for light ion fusion systems such as 12C+12C or
16O+16O has not yet been verified experimentally (Tan
et al., 2020; Tan et al., 2024) because the critical energy
range has not been reached by direct measurements. Be-
yond the phenomenological models, such as those sum-
marized in Hagino and Takigawa (2012) and Jiang et al.
(2021), the hindrance e↵ect has also not been fully con-
firmed theoretically, as demonstrated by the time depen-
dent Hartree-Fock approach (Godbey et al., 2019), or by
a combination of mean-field and cluster model (Umar
et al., 2023). Better microscopic techniques are neces-
sary for a full theoretical evaluation. This hindrance fac-
tor in 12C+12C fusion is indeed predicted to have sig-
nificant impact on the low-energy extrapolation of the
cross-section as a number of stellar model simulations
demonstrated (Chie� et al., 2021; Gasques et al., 2007b;
Monpribat et al., 2022; Pignatari et al., 2013). In some
cases, these predictions are di�cult to reconcile with as-

trophysical observations, such as the lower mass bound
for core collapse Type II supernovae progenitors (M⇤)
(Gasques et al., 2007b). However, while it might reduce
the overall transmission probability through the Coulomb
barrier, it cannot be considered alone, but instead needs
to be considered in the context of possible low-energy
resonances. Due to the extremely and rapidly declining
cross-section, it seems unlikely that the direct experi-
mental approach will reach these low energies in the near
future, despite new e↵orts by the experimental commu-
nity (Aliotta et al., 2022; Morales-Gallegos et al., 2023;
Tan et al., 2024). However, new interesting results based
on indirect reaction studies using the THM (Baur, 1986;
Bertulani et al., 2018; Spitaleri et al., 2011; Tribble et al.,
2014; Tumino et al., 2021; Typel and Baur, 2003) have
been presented, which seem to provide a first ever look
at the resonance pattern in the low-energy fusion range.

4. Trojan Horse Method studies above the 12C +12C threshold

The Trojan Horse Method has been successfully
applied to study the low-energy contribution to the
12C+12C fusion process Tumino et al. (2018). The cross-
sections at astrophysical energies for the ↵0,1 and p0,1
channels were determined from the measurement of the
12C(14N,↵ 20Ne)2H and 12C(14N,p23Na)2H three-body
processes in quasi-free kinematics with 2H from 14N spec-
tator to the 12C+12C reactions.

In the two-body reactions (↵ or p), the ejected particle
was detected simultaneously with the spectator deuteron
(d) particle using silicon telescopes positioned on both
sides of the beam directions. These telescopes were
strategically placed to cover angular regions optimized
for the quasi-free kinematics of the specific breakup pro-
cess under investigation. Following the completion of var-
ious data analysis steps outlined in Tumino et al. (2018),
the two-body cross-section relevant to astrophysics was
extracted for four specific channels: 20Ne+↵0, 20Ne+↵1,
23Na+p0, and 23Na+p1. A modified one-level many-
channel R-matrix analysis was conducted, taking into ac-
count the 24Mg states as reported in Tumino et al. (2018).
Based on the findings presented in Becker et al. (1981)
for energies up to E  3 MeV, and by closely monitoring
the reduction of penetration factors associated with the
relevant states, the modified R-matrix analysis neglected
the contribution of ↵ and p channels other than ↵0,1 and
p0,1 to the total fusion yield. The estimated errors for
the ↵ and p channels, at center-of-mass energies E below
2 MeV, were determined to be lower than 1% and 2%, re-
spectively. The results suggest a sequence of pronounced
resonance states. These resonance structures observed
in the excitation functions align with the reported reso-
nance energies for 24Mg found in the literature (Abegg
and Davis, 1991). Subsequently, the reduced widths ob-
tained from the THM suggested a pronounced 12+12C
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alpha cluster structure. Based on a subsequent R-matrix
analysis the S(E) factor functions were obtained for the
four reaction channels. THM results were normalized to
the average of direct data over the energy range E=2.5-
2.63 MeV.

A theoretical Coulomb correction to the THM data,
as described in (Mukhamedzanov, 2022), was pro-
posed using a theory based on the DWBA without
resonances. This reanalysis resulted in significantly
lower values of the modified astrophysical S-factor,
S⇤(E)=S(E)e(0.46E), with di↵erences of up to four or-
ders of magnitude compared to previous findings. How-
ever, the convergence and numerical stability of calcu-
lations involving transfer to the continuum need to be
critically examined so as to not incur results that are
highly sensitive to the specifics of the model space. For
instance, theoretical calculations utilizing the Feynman
path-integral method (Bonasera and Natowitz, 2020)
have produced S-factor values that exhibit agreement
with the THM results.

A more recent paper by Taniguchi and Kimura (2024)
based on the generator coordinate model that also takes
into account the full coupling between the entrance and
exit channels of the 24Mg compound nucleus suggests
the emergence of pronounced 12C+12C molecular states,
which are then fragmented into many narrower reso-
nances - mostly 0+ and 2+ states - due to channel cou-
pling. This agrees with the experimental spectrum of
multiple states at low energies as suggested by the THM
data. However, the application of the R-matrix formal-
ism in deriving the cross-sections yield results consider-
ably below the values suggested by Tumino et al. (2018).
This is not a final result because the non resonant con-
tribution and possible interference e↵ects have not been
taken into account. In summary, the question about
a reliable extrapolation is far from being solved. The
knowledge about the nature of these states at low near-
threshold energies, as well as possible interference e↵ects,
remains open. Figure 28 (upper panel) shows an overall
comparison of the modified S-factor, S⇤, from recent ex-
periments. The S⇤-factor not only removes the exponen-
tial drop from tunneling through the repulsive Coulomb
potential but it also introduces a size dependent correc-
tion factor for leveling the curve for easier extrapolation
(Trentalange et al., 1988). It is defined as

S⇤ = �Eexp(2⇡⌘ + gE), (23)

with the Sommerfeld parameter ⌘ = Z1Z2e/~⌫ and
g = 1.22

p
µR3/Z1Z2 the form factor for 12C+12C colli-

sions (Patterson et al., 1969). The constants Z1,2 are the
charges of the nuclei, while R and µ denote the square-
well radius and the reduced mass of the system.

The current picture calls not only for additional ex-
perimental work to push direct measurements down the
astrophysical energies but also for improved theoretical

treatment in order to reconcile existing results and pro-
vide a reliable treatment that describes and models the
observed phenomena. This is not only important for re-
actions such as 12C+12C but also for the interpretation
and treatment of other important fusion processes for
stellar oxygen burning such as 12C+16O and 16O+16O.
In the following, we provide a more detailed review of
the di↵erent models that are presently being discussed
for simulating sub-barrier fusion.

5. Models of 12C + 12C sub-barrier fusion

Several theoretical models have been used to study the
probability of two colliding 12C nuclei fusioning at ener-
gies well below the Coulomb barrier. For instance, the
low-energy collision of heavy ions has been treated within
a nuclear molecular picture (Diaz-Torres et al., 2007;
Fink et al., 1972; Greiner et al., 1995; Park et al., 1977),
including the description of 12C+12C fusion using di↵er-
ent methods. The time-dependent wave-packet (TDWP)
method directly solves the time-dependent Schrödinger
equation with a multi-dimensional collective Hamilto-
nian, including the static quadrupole deformation and
orientation of the 12C nuclei (Diaz-Torres, 2008; Diaz-
Torres and Wiescher, 2018). The equator-equator ori-
entation of oblately deformed 12C nuclei facilitates their
capture in the corresponding potential pocket due to the
lowest Coulomb barrier among all the orientations. This
potential pocket supports doorway molecular states that
feed the fusion process of the pole-pole dinuclear con-
figuration (Diaz-Torres, 2008). In the TDWP model,
the imaginary potential used to describe fusion for the
pole-pole oriented dinuclear configuration is crucial for
understanding the appearance of some molecular reso-
nances in the fusion excitation function at energies near
the Coulomb barrier (Diaz-Torres and Wiescher, 2018).
The e↵ects of compound nucleus resonances on fusion
cannot be included in this TDWP model, as it uses a
strong, short-range imaginary potential to describe fu-
sion. The latter only allows one to account for the aver-
age e↵ect of the compound nucleus resonances (Feshbach
et al., 1954). The antisymmetrized molecular dynamics
(AMD) approach combined with R-matrix has been suc-
cessful in yielding some fusion resonances at stellar ener-
gies (Taniguchi and Kimura, 2021, 2024). In the AMD
calculations, there is no short-range imaginary potential
but the compound nucleus Hamiltonian is microscop-
ically determined using di↵erent cluster configurations
of 24Mg. It is unclear how deformation, alignment and
multi-dimensional quantum tunneling of the 24Mg clus-
ters are rigorously addressed within a simple R-matrix
model (Taniguchi and Kimura, 2021, 2024), which does
not solve a coupled-channel tunneling problem for cal-
culating the decay width of the compound nucleus reso-
nance. The AMD model has revealed a few fusion res-
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FIG. 28: (Upper panel) Direct (symbols) and indirect THM (lines) measurements of the modified astrophysical
S-factor for 12C+12C. (Lower panel) Model calculations of the S⇤-function. Large di↵erences in model predictions

exist at stellar energies (< 3 MeV), with most models describing fairly well the trend of observations at near-barrier
energies (⇡ 6 MeV).
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onances at stellar energies, agreeing with the THM ex-
periment (Tumino et al., 2018). Some fusion resonances
observed in the THM experiment are phenomenologically
described within a classical neck model that uses both the
nuclear Bass potential and the imaginary time method
(Bonasera and Natowitz, 2020). This technique has been
extended using a microscopic hybrid alpha-cluster model
that is a molecular dynamics approach (Depastas et al.,
2023). The microscopic hybrid alpha-cluster model does
not include e↵ects of 24Mg resonances on carbon fusion.

Static coupled-channel calculations using a strong,
short-range absorption (Assunção and Descouvemont,
2013; Jiang et al., 2013) do not produce any resonant
structure in the fusion excitation function and do not
address specific alignments between the 12C nuclei as
in the TDWP model. They provide an average of the
alignments (i.e., there is an integration over orienta-
tion angles in the coupling potentials) and the fusion
absorption becomes isotropic. Potential model calcula-
tions that explicitly include quadrupole deformation and
orientation of the 12C nuclei and make an overall aver-
age of the alignments also produce a smooth S-factor
function (Denisov and Pilipenko, 2010). The same hap-
pens with density-constraint time-dependent Hartree-
Fock (DC-TDHF) calculations (Godbey et al., 2019) that
use an ingoing-wave boundary condition, which is equiva-
lent to a strong short-range absorption. The DC-TDHF
fusion model resembles a two-body potential model, in
which the microscopically calculated 12C-12C e↵ective
potential implicitly accounts for coupled-channel e↵ects.
Like the AMD model (Taniguchi and Kimura, 2021,
2024), the DC-TDHF approach uses Slater determinants
for the many-particle wave function, obeying the Pauli
exclusion principle and including e↵ects of incompress-
ibility of nuclear matter. Since time dependent Hartree-
Fock treats the internuclear distance coordinate classi-
cally, it is assumed that a DC-TDHF potential, deter-
mined at an incident energy above the Coulomb barrier,
is the same at sub-Coulomb incident energies. The ex-
plicit treatment of the dynamics of the intermediate (nu-
clear molecule) configurations at sub-Coulomb energies
is crucial. Coupled-channel calculations using a weak
absorption may allow that kind of treatment (Gasques
et al., 2022; Kondō et al., 1978), which also requires the
inclusion of highly excited states in the individual 12C
nuclei, well beyond their first 2+ excited states (Gasques
et al., 2022). Coupled-channel calculations in Gasques
et al. (2022) describe the 12C+12C fusion resonances at
energies around the Coulomb barrier very well, which is
partially due to an angular-momentum dependent weak
absorption that is adjusted to the experimental fusion
data, including the THM measurements (Tumino et al.,
2018). There are some di↵erences between the fusion res-
onances in Gasques et al. (2022) and those in Diaz-Torres
and Wiescher (2018), which may be due to the absence of
the 12C intrinsic vibrations in the TDWP model (Diaz-

Torres and Wiescher, 2018) that only treats rotational
modes of statically deformed 12C nuclei.

6. Challenges in the low-energy extrapolation

Two important questions regarding the extrapolation
of the 12C+12C fusion reaction are: (1) What is the na-
ture of the resonances observed in the THM approach?
and (2) Can the analysis of multiple reaction channels
provide reliable information? Several phenomenological
calculations have attempted to describe the 12C+12C fu-
sion excitation function, see e.g. Assunção and Descou-
vemont (2013); Bonasera and Natowitz (2020); Depastas
et al. (2023); Diaz-Torres and Wiescher (2018); Gasques
et al. (2022); Godbey et al. (2019); Taniguchi and Kimura
(2021, 2024), which further expands this question to the
origin of the resonant structures: Are they due to a
mechanism connected with the physics of the interme-
diate (nuclear molecule) compound structure or do they
arise from some other reaction mechanism? Some res-
onant structures in the 12C+12C astrophysical S-factor
may be the result of the quantum partner-dance, i.e.,
oscillations of the intrinsic symmetry axis of each 12C
nucleus relative to the internuclear axis in the nuclear
molecule (Diaz-Torres and Wiescher, 2018). Some of the
resonance-like features in the experimental data that are
not yet explained could be due to compound nucleus
resonances (Jiang et al., 2013) and/or cluster e↵ects in
the nuclear molecule (Diaz-Torres et al., 2024; Taniguchi
and Kimura, 2024). The interpretation of the low-energy
structures observed in the THM approach critically de-
pends on the identification of these features as well as the
impact of the cross-section extrapolation towards very
low energies. This requires verification of the proposed
obstacle e↵ect that would reduce the cross section (Back
et al., 2014).

Figure 28 (lower panel) shows di↵erent model predic-
tions of the modified astrophysical S-factor for 12C+12C,
S⇤(E), such as those of TDWP, coupled-channel, neck
model, microscopic hybrid alpha-cluster, DC-TDHF, and
AMD calculations. Large discrepancies exist at stellar
energies (E < 3 MeV), while most models describe the
trend of experimental data (upper panel) at energies near
the Coulomb barrier (⇡6 MeV) rather well. The stan-
dard estimation by Caughlan and Fowler (1988) (black-
dotted line) assumes a constant S⇤-factor, whereas the
hindrance model (black-thin-solid line) suggests a very
strong suppression at stellar energies. The predictions
of these di↵erent models di↵er by two orders of mag-
nitude at the Gamow energy window (E < 3 MeV),
which is centered at ⇡1.5 MeV. Over this astrophysi-
cally important energy region, most model calculations
provide a smooth S⇤-factor function, with the excep-
tion of two. Namely, (i) the AMD model that micro-
scopically treats compound nucleus resonances associ-
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ated with di↵erent binary cluster configurations of 24Mg
(red-dot-dashed line), and (ii) the neck model model,
which addresses a two-body potential model using the
imaginary time method (blue-triangles). In the AMD
model (Taniguchi and Kimura, 2021, 2024), the micro-
scopic compound-nucleus Hamiltonian matrix is diago-
nalized. The R-matrix method along with the Breit-
Wigner formula for a single-resonance cross-section are
then used for calculating the resonant S⇤-factor, which
vastly changes depending on the di↵erent energy den-
sity functionals that are used (Taniguchi and Kimura,
2024). In the neck model approach (Bonasera and Na-
towitz, 2020), the Bass potential strength is increased
at each 0+ resonance observed in the THM data, phe-
nomenologically adding resonance structures to a smooth
S⇤-function that substantially deviates from other the-
oretical curves at energies around the Coulomb bar-
rier. The microscopic hybrid alpha-cluster calculations
(solid circles) reveal oscillations whose origin seems to
be numerical noise in the treatment of quantum tunnel-
ing with the imaginary time method (Depastas et al.,
2023). DC-TDHF calculations (Godbey et al., 2019)
(light-green short-dashed line) using the Skyrme energy
density functional, with the SLy4d parameter set, pre-
dict an S⇤-factor curve that is qualitatively similar to
the one from the static coupled-channel calculations by
Assunção and Descouvemont (2013) (magenta-dot-dot-
dashed line), which include microscopic double-folding
potentials using both the DDM3Y nucleon-nucleon inter-
action and transition densities from a triple-alpha clus-
ter model. The coupled-channel calculations by Gasques
et al. (2022) (green-long-dashed line) predict a strong in-
crease in the S⇤-factor as the energy becomes smaller,
resembling the trend of the indirect THM measurements
(Tumino et al., 2018). This is because the set of param-
eters of the imaginary potential are chosen in such a way
that they describe, on average, the THM measurements.
These coupled-channel calculations use optical potentials
based on the real Sao Paulo nuclear interaction, which is
very attractive at short radii (Chamon et al., 2021), and
a weak angular-momentum dependent imaginary part,
leading to resonant structures in the S⇤-factor function
at energies below and near the Coulomb barrier. Sim-
ilar structures emerge from TDWP calculations (Diaz-
Torres and Wiescher, 2018) (dark-red solid line). How-
ever, discrepancies exist between the TDWP resonances
and those in the coupled-channel calculations by Gasques
et al. (2022). This might be due to the lack of the 12C
intrinsic vibration in the TDWP calculations.

In fusion calculations from outside to inside (i.e., in
nuclear collisions) - such as those from coupled-channel,
DC-TDHF and TDWP models - the use of a strong,
short-range imaginary potential to simulate fusion makes
it di�cult to account for the e↵ects of compound nu-
cleus resonances on the fusion cross-section. The latter
is better described in fusion calculations from inside to

outside (i.e., nuclear structure calculations linked to the
R-matrix method), such as those within the AMD model,
but the AMD model’s description of the quantum tun-
nelling process of heavy ions using the R-matrix method
is very simple. A great theoretical challenge is required
to combine the strengths of the di↵erent fusion models,
allowing one to account for the impact of both compound
nucleus and intermediate (nuclear molecule) resonances
on the fusion cross-section at stellar energies. The ac-
curate calculation of very small fusion probabilities at
stellar energies is also numerically very di�cult. Any
theoretical model aimed at investigating the existence of
fusion resonances over the Gamow energy region should
also be tested against observed resonances at energies
around the Coulomb barrier.

VI. ELECTRON SCREENING EFFECTS

In the previous sections, we discussed threshold quan-
tum e↵ects associated with the internal structure of a
nucleus and the implications for the reaction rate. How-
ever, one of the best known low-energy quantum e↵ects
is the so-called electron screening, which is caused by
modifications in the Coulomb repulsion between the two
interacting charged nuclei in hot plasmas. This includes,
not only gravitationally confined plasma in the interior
of stars, but also inertial and magnetic confined plasmas
in fusion facilities. Electron screening by bound electrons
also a↵ects the cross-sections obtained by very low-energy
accelerator based reaction studies. Electron screening
is a general phenomenon due to the Coulomb interac-
tion of free or bound electrons and the nucleus, causing
an increase of cross-section by lowering the Coulomb re-
pulsion between the ions that depends on the specific
conditions. A particularly interesting situation occurs if
the low-energy cross-section is resonantly enhanced, as
screening can e↵ect both the position and width of the
resonance. The following section discusses the present
status of the mostly phenomenological models, which are
presently being used by the low-energy reaction commu-
nity, in order to take such e↵ects into account. This sec-
tion expands on a recent summary on electron screening
Aliotta and Langanke (2022) exploring also the impact
of cluster and structure phenomena and on uncertain-
ties in the stopping powers for light particle reactions on
screening.

A. Electron screening in stars

Astrophysical environments typically represent highly
ionized plasma conditions. During hydrostatic stellar
burning the density and temperature are such that the
average Coulomb energy between ions in the plasma is
much smaller than the average thermal energy. Screen-
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FIG. 29: Schematic view of the Debye-Hückel sphere
approximation used to describe electron screening in

plasmas.

ing in this “weak screening” regime is discussed in the
first two subsections. In contrast, “strong screening” ef-
fects on nuclear reactions are expected in environments
with very high densities and low temperatures as they are
expected in cold neutron stars and white dwarfs; strong
screening will be discussed in the third subsection.

Figure 30 describes several electron screening regimes
in the stellar plasma. Di↵erent types of plasma screening
by electrons in terms of the medium density and temper-
ature are shown. The EG is the Gamow peak energy, EF

is the electron Fermi energy, Ry = mee4/(8✏2h3c) is the
Rydberg constant and

E0 ⌘ !p =

r
4⇡Z2e2nion

m
= 2.4726�1/2ECoul (24)

is the ion-plasma oscillation frequency, where

� =
1

ZA2

✓
1

µA

⇢

1.3574 ⇥ 1011 g cm�3

◆1/3

(25)

is a dimensionless inverse length parameter (Salpeter and
van Horn, 1969), here µA = A(1+Zme/AH) with H be-
ing the unit of atomic mass. ECoul = 1.81962Z2e2/a is
the average Coulomb energy of the ions separated by an
average distance a (the numerical constants apply for a
Wigner-Seitz cell, to be described later). In the rectan-
gular region EF and kT are both too small for complete
ionization. If � is small, the zero-point oscillation am-
plitude in a lattice of ions is also small at zero tempera-
ture, corresponding to the pycnonuclear regime. We will
discuss these features in the context of strong screening
regimes.

1. Weak screening, and the Debye-Hückel model.

The derivation of Debye screening using elementary
concepts of classical physics was accomplished by Debye
and Hückel with the aim of describing equilibrium pro-
cesses in chemistry (Debye and Hückel, 1923). At infinite
dilution, the Coulomb potential around an ion is given
by Vi(r) = Zie/r. Because of the interaction between
the charges, these concentrations are no longer spatially
uniform, with negative charges tending to concentrate
around positive ions. The potential Vi tends to attract a
surplus of opposite charges with concentrations cj0 into
the vicinity of the ion i. This reduces (shields) the mag-
nitude of the potential. A time-averaged shielded poten-
tial Vi(r) and a corresponding non-uniform charge den-
sity ⇢(r) emerges. This is a typical electrostatics prob-
lem, solvable using Poisson’s equation in spherical coor-
dinates.

The interaction energy between an ion j and the poten-
tial created by the ion i is given by Eij = ZjeVi(r). The
concentrations around the ion i are populated accord-
ing to the statistical distribution of the individual charge
j energies in the presence of an e↵ective Coulomb field
Vi(r). In the weak screening limit (see Fig. 30), the av-
erage Coulomb energy between the ions is much smaller
than the thermal energy, i.e.,

� ⌘ Z2e2

akT
⌧ 1, (26)

where a is the average inter-ion distance and � is known
as the Coulomb coupling parameter. This implies that
ZjeVi(r)/kT ⌧ 1, and therefore,

Vi(r) =
Zie

r
exp

✓
� r

RD

◆
. (27)

with the Debye radius RD defined as R2
D =

kT/[4⇡e2
P

j Z
2
j cj0].

Screening modifies the Coulomb potential between the
nuclear radius R and the classical turning point R0,
and consequently modifies the barrier penetration. For
weak screening RD � R,R0. To first order, the bar-
rier energy for an incoming projectile with charge Z2e
is V (r) ⌘ Z2eV1 = Z1Z2e2/r + U(r), where the Debye–
Hückel screening potential, U0 ⌘ U(0) = const., is given
by U0 = �Z1Z2e2/RD. The impact of the screening
potential on the barrier penetrability and therefore on
the astrophysical reaction rates can be approximated
through a screening factor f = exp (U0/kT ), which,
in the weak screening limit, becomes f ⇡ 1 + U0/kT .
The Debye-Hückel screening model applied to electron
screening in stellar plasmas was first studied by Salpeter
(1954) and, in the following decades, Eq. (27) has been
deduced using di↵erent theoretical approaches (Bahcall
et al., 2002), including quantum field theory (Brown and
Sawyer, 1997).

In summary, for the weak screening limit, the reac-
tion rate is modified in the presence of electron screen-
ing, yielding h�viplasma = f(E)h�vibare, or, for a specific
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FIG. 30: Di↵erent types of plasma screening by
electrons in terms of medium density and temperature.
Here EG is the Gamow peak energy, EF is the electron
Fermi energy, Ry is the Rydberg constant and E0 is the
ion-plasma oscillation frequency for the density lattice

environment that defines strong screening and
pycnonuclesr reaction conditions. In the rectangular

region, the electron Fermi energy EF and kT are both
too small for complete ionization. Adapted from

Salpeter and van Horn (1969) .

reaction, i + j ! k + l + · · · ,

h�vi⇤j,k = f(Zj , Zk, ⇢, T, Yi) h�vij,k , (28)

where the screening factor f depends on the charges of
the reacting nuclei, its density, temperature, and nu-
clear abundances, Yi. During stellar hydrostatic burning,
the average Coulomb energy between the ions is usually
smaller than the thermal energy, leading to weak screen-
ing, with

f = 1+0.188
Z1Z2⇢1/2⇠1/2

T 3/2
6

, and ⇠ =
X

i

(Z2
i +FZi)

2Yi.

(29)
T6 and ⇢ are the plasma temperature and density in units
of millions of degree Kelvin and in g/cm3, respectively.
F is a correction factor, of the order unity, accounting
for electron degeneracy.

The Debye-Hückel approximation, shown schemati-
cally in Fig. 29, is valid for electron number densities

ne such as those within a radius RD where a mean field
approximation is valid, neR3

D � 1. In the Sun, for the
7Be(p,�)8B reaction RD ⇡ 0.218

�
A, and f ⇡ 1.2. A 20%

e↵ect for this reaction is important for the high-energy
neutrino production in the Sun. In comparison, the
screening enhancement for the 12C+12C reaction during
hydrostatic carbon burning with T6 ⇡ 700 and ⇢ = 3 ·106

g/cm3 is about 60%, which is likely less than the uncer-
tainty in the extraplotated low-energy cross-section (see
Section V.C). This example shows that electron screen-
ing is an important correction for nuclear reactions oc-
curring in stellar environments. A laboratory study of
the plasma-electron screening e↵ect is highly desirable
and first experiments toward this goal are planned at the
National Ignition Facility (see, e.g., Casey et al. (2023)).
In (Langanke and Rolfs, 1989) it has been argued that
the lowest data points measured for the 2H(t,n)4He re-
action, which is important as fuel for fusion reactors, are
likely slightly enhanced by screening.

The e↵ects of electron screening on nuclear reaction
rates occurring during the BBN epoch have also been
assessed in Wang et al. (2011). It was shown that elec-
tron screening does not produce noticeable results in the
predictions of BBN elemental abundances unless the tra-
ditional Debye-Hückel model for its treatment in stellar
environments in the weak screening limit is enhanced by
several orders of magnitude. The electron densities dur-
ing the BBN epoch are too low to produce any relevant
impact on the BBN nuclear reactions. Thus, it seems
that electron screening is only relevant for astrophysical
processes occurring in stellar environments and in the
laboratory measurements of reaction cross-sections.

2. Dynamic weak electron screening in plasmas.

In (Carraro et al., 1988; Fiorentini et al., 2003; Lavagno
and Quarati, 2000; Opher and Opher, 2000; Savchenko,
2001; Shaviv and Shaviv, 2001; Tsytovich, 2000; Weiss
et al., 2001), the authors calculate the factor f(E) for
weakly screened thermonuclear reactions, taking into ac-
count their dependence on the velocity of the collid-
ing ions. They find enhancements that are apprecia-
bly di↵erent than those given by the standard adiabatic
Debye-Hückel approximation if the Gamow velocity is
greater than the ion thermal velocity. The mean field
approximation following the Debye-Hückel picture is not
strictly valid under the conditions prevailing in the core
of the Sun. A kinetic approach should be implemented,
although the results by Carraro et al. (1988); Fioren-
tini et al. (2003); Lavagno and Quarati (2000); Opher
and Opher (2000); Savchenko (2001); Shaviv and Shaviv
(2001); Tsytovich (2000); Weiss et al. (2001) have been
disputed by Bahcall et al. (2002).

In Carraro et al. (1988), the authors solve the Poisson
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equation for a plasma polarized by the motion of the ions,
corresponding to

r2V = �4⇡(⇢ion + ⇢pol), with ⇢ion = Ze�(r � vt),
(30)

where v is the relative energy between the ions. They cal-
culated the plasma polarization density as a function of
↵ = (mv2/kT )1/2 using the framework of linear response
theory. When ↵ ! 0, V (r) reduces to the Debye result
in Eq. (27). For ↵ ⇡ 3 and above, there is a considerable
change in the polarization potential compared to the De-
bye model. The electron cloud density around the ions
gets deformed, thus changing the value of the e↵ective
screening potential. Because the electron density spreads
along a larger deformed volume behind the ion velocity
direction, the polarization potential is reduced compared
to the spherical Debye potential. Table II shows the ef-
fects of dynamic screening in the nuclear reactions of the
pp-chain operating in the Sun (Carraro et al., 1988). The
second column gives the ratio of the Gamow peak energy
and the thermal kinetic energy kT and the third col-
umn is the ratio between the weak polarization potential
and the Debye potential U0 (UDebye, defined in the text
following Eq. (27). The last column is the ratio of the
recalculated reaction rate due to dynamic screening with
that of the static Debye screening.

Carraro et al. (1988) argue that dynamical screening
reduces the expected event rates in solar neutrino de-
tectors. The e↵ect, however, is much too small to ex-
plain the famous solar neutrino puzzle which, as we now
know, is due to neutrino oscillations (Ahmad et al., 2001;
Fukuda et al., 1998). Carraro et al. (1988) also claim that
dynamical screening is more likely to impact astrophysi-
cal plasmas made of heavier ions like 12C.

In (Shaviv and Shaviv, 1999, 1996, 2001) the authors
use a molecular dynamics approach to handle the dy-
namic screening in stellar plasmas. The basic idea is that
inside the Debye sphere there are not enough particles to
justify a mean-field approximation. For example, in the
Sun neR3

D ⇡ 3 � 5, the authors claim that one cannot
derive the screening from thermodynamics but one has
to resort to kinetic equations. It was found that the en-
ergy exchange between any two scattering ions and the
electron plasma is positive at low relative kinetic ener-
gies and negative at high energies. The turnover in a
hydrogen plasma occurs at Ekin�rel ⇡ 2kT < EG ⇡ 6kT
for the p � p reaction. The net energy exchange, i.e.,
the sum over all pairs of scattering particles, vanishes in
equilibrium.

Fluctuations and non-spherical e↵ects crucially a↵ect
the screening. The derived screening corrections for the
pp reaction enhance the transition rates, while higher
Z reactions, like 7Be(p, �)8B, are suppressed relative to
the classical Salpeter, or Debye-Hückel, theory. Devia-
tions from the Debye-Hückel were found to appreciably
modify the reaction rates Carraro et al. (1988); Fioren-

tini et al. (2003); Lavagno and Quarati (2000); Opher
and Opher (2000); Savchenko (2001); Shaviv and Shaviv
(2001); Tsytovich (2000); Weiss et al. (2001).

In Brown and Sawyer (1997), a quantum-field theoret-
ical method was used to calculate the reaction rates in
stellar environments using

r12 =

Z 1

�1
dt

Z
d3r
⌦
 †

1(r, t) 
†
2(r, t)W (r, t).

⇥  1(0, t) 2(0, t)
↵
�
, (31)

where  i are the particle fields, Q the energy transfer
and W an e↵ective operator for nuclear reactions in the
plasma-state space. The authors concluded that (a) there
was a reduction in the fusion rate of about 10% com-
pared to the Salpeter enhancement factor, but found (b)
no “dynamical screening” modification of the Salpeter
enhancement factor.

In Bahcall et al. (2002), the authors have re-derived
the Salpeter factor using five di↵erent theoretical formu-
lations. They have concluded that no dynamical screen-
ing modification was necessary. Moreover, the authors
claim that all publications questioning the validity of
the Debye approximation, such as (Carraro et al., 1988;
Dewitt et al., 1973; Graboske et al., 1973; Lavagno and
Quarati, 2000; Opher and Opher, 2000; Savchenko, 2001;
Shaviv and Shaviv, 1999, 1996, 2001; Tsytovich, 2000;
Weiss et al., 2001), were either wrong, or ill formulated.

Kushnir et al. (2019) re-derived a useful relation be-
tween the plasma screening factor and the chemical po-
tentials of the ions, originally due to Dewitt et al. (1973);
Graboske et al. (1973), based on the plasma pair distri-
bution functions. They used the principle of detailed
balance and generalized the relation to reactions involv-
ing N fusing ions, where the screening factor for the pep
reaction, p + e + p ! 2d + ⌫e, was calculated. For the
plasma conditions near the center of the Sun, the reaction
was found to be suppressed by roughly the same amount
(⇡ 10%) by which the p+ p ! 2d+ e+ + ⌫e reaction was
enhanced.

Another detailed discussion of weak screening in stellar
plasmas can be found in Adelberger et al. (2011), where
no conclusion was reached on the apparent contradictions
among the several models existing in the literature (Bah-
call et al., 2002). The models used by Carraro et al.
(1988); Shaviv and Shaviv (2001) have not been adopted
by other authors and it is presently unclear if those claims
were substantiated. These two references were only a few
of the examples found in the literature, where contentious
claims have been made and remain unverified (Fioren-
tini et al., 2003; Lavagno and Quarati, 2000; Opher and
Opher, 2000; Savchenko, 2001; Tsytovich, 2000; Weiss
et al., 2001).
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TABLE II: Dynamic screening factors for the pp-chain (Carraro et al., 1988). The second column is the ratio of the
Gamow peak energy and the thermal kinetic energy kT , and the third is the ratio between the weak polarization

potential and the Debye potential U0 (UDebye), as defined in the text following Eq. (27). The last column is the ratio
of the recalculated reaction rate due to dynamic screening with the static Debye screening model.

Reaction EG/kT Upol/UDebye r12/r
Debye
12

p+ p 4.6 0.76 0.992
3He + 3He 16.6 0.75 0.966
3He + 4He 17.3 0.76 0.968
p + 7Be 13.9 0.80 0.973
p + 14N 20.6 0.82 0.958

FIG. 31: A two-dimensional representation of the
Wigner-Seitz cell.

3. Strong screening and pycnonuclear reactions

In the “strong screening” and “pycnonuclear” regimes
(see Fig. 30), the average Coulomb energy between the
ions is comparable to or larger than the thermal energy,
i.e., � & 1 (� is defined in Eq. 26). Under such conditions
the screening corrections can enhance the nuclear cross-
sections by several orders of magnitude. At high temper-
atures and low densities, so that � ⌧ 1, the nuclei and
electrons form a gas and the weak screening regime ap-
plies, as discussed above. But for � � 1 the nuclei form
a condensed phase. At su�ciently low temperatures, one
can reach values of � ⇡ 50 to 150, and one has a genuine
lattice with full long-range order. For 1 / � / 50 one
deals with a liquid phase. Even in this case, the same
short-range order occurs as in a crystalline solid, and the
nuclear reaction rates are mainly a↵ected by nearby nu-
clei.

As proposed by Salpeter and Van Horn (Salpeter and
van Horn, 1969), the electrostatic interaction energies of
the ions in the � � 1 regime can be of su�cient magni-

tude to “freeze” the nuclei into a Coulomb lattice struc-
ture. Similar to a hypothetical electron solid, one can as-
sume this lattice to be a body-centered cubic (bcc) struc-
ture, leading to the greatest binding energy per nucleus
in the “pycnonuclear” regime (Cameron, 1959; Harrison,
1964; Jain et al., 2023). Sometimes, authors also use
the face-centered cubic (fcc) lattice. It is, however, bet-
ter to replace the polyhedral lattice of a crystal with a
concatenation of the so-called Wigner-Seitz cell, which
is a lattice cell with radial size a containing a total dis-
tributed negative charge �Ze, (4/3)⇡a3ne = Z, plus one
single ion of charge +Ze at the center (Wigner and Seitz,
1933). The Wigner-Seitz cell is used to treat the e↵ects of
electron screening across the range of validity of “strong
screening”, � & 1. This is a complementary version to
the weak-screening Debye sphere, schematically shown
in Fig. 29. The Wigner-Seitz cell is very well known in
lattice theory and immensely helpful for understanding
the geometric symmetry of a crystal. A two-dimensional
sketch of the Wigner-Seitz cell is shown in Fig. 31, con-
structed in the following way (Kittel, 2004): from one of
the lattice ions draw straight lines to all closest lattice
ions. At the middle of these lines draw a perpendicu-
lar line. The area inside is the Wigner-Seitz cell. In
three dimensions (3D) one replaces the middle lines by
planes. Examples of 3D Wigner-Seitz cells are: (a) for
a primitive cubic lattice it is a cube, (b) for a bcc lat-
tice it is a truncated octathedron, or (c) for a fcc lat-
tice it is a rhombic dodecahaedron. All the cells are
perfectly connected, without interstitial gaps and they
have the advantage that they always have only one ion
at the center, very appropriate for treating the screening
by electrons. For the number density of nuclei na and a
bcc lattice constant a = (na/2)1/3, the total electrostatic
interaction energy per nucleus in a Wigner-Seitz-cell is
ECoul = 1.81962Z2e2/a.

Most models for strong screening assume that the ion-
ion potential is changed from a pure Coulomb repulsion
with the addition of a background potential H(r), i.e.,
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FIG. 32: Schematic representation of a Coulomb lattice
formed by ions (e.g., carbon, oxygen, nitrogen, etc.) and
background electrons. The background electrons give
rise to an inhomogeneous background Coulomb field
H(r) as a function of the distance to a particular ion.

for two identical ions,

V (r) =
Z2e2

r
� H(r), (32)

where, for simplicity, H is taken as spherically symmet-
ric around the ion. Salpeter (Salpeter, 1954) assumed a
constant background and obtained,

H(r) = H0 = 1.0573Z2e2
✓

4⇡ne

3Z

◆1/3

, (33)

where the probability for tunneling through the barrier
is increased by a factor fscr = exp(H0/kT ). At high den-
sities and su�ciently low temperatures, nuclei settle into
a Coulombic lattice. A schematic representation of a lat-
tice with background electrons is shown in Fig. 32. The
Coulomb lattice is formed by ions (e.g., carbon, oxygen,
nitrogen, etc.) and background electrons. The back-
ground electrons give rise to an (usually) inhomogeneous
background Coulomb field H(r) as a function from the
distance to a particular ion.

In Fig. 33 we show the S-factor for 12C + 12C fusion in
carbon matter as a function of the center-of-mass energy
E. The solid line neglects plasma screening. The dashed,
dotted, and dot-dashed lines are S-factors calculated us-
ing the homogeneous background Salpeter’s model for
plasma screening in the strong regime, at ⇢ = 108, 109,
and 1010 g cm�3, respectively, and vanishing tempera-
ture. The importance of screening is evident, as it in-
creases the S-factors exponentially to very large values
at the typical densities. This also means that one needs
to develop a very accurate theory if one wants to get the
numbers right, as a small change in the description of the
background function H(r) leads to huge changes in the
screening enhancement (notice the logarithmic scale).

Since Salpeter’s pioneering work, various other authors
have studied the same problem and observed that the

field H is not homogeneous. The typical tunneling times
in the low temperature regime are much smaller than
the plasma oscillation period ⇡ !�1

p , justifying the as-
sumption of an almost constant and static plasma po-
tential during a tunneling event. As the temperature
T increases, the ionic lattice can be excited to higher
frequency modes, as studied in Salpeter and van Horn
(1969). The lattice frequency, or zero point energy, dis-
cussed above in (Eq. (25)) is E0 = !p ⇡ ⇢1/6A1/3Z3, thus
also increasing with the density (see Fig. 30). The oscil-
lation frequency of the lattice acts as an e↵ective spring
force between the ions and the electrons with an average
spring constant of the order of k ⇡ !2

pme. This has an
additional e↵ect on the background potential H0 given
by Eq. (33).

A more detailed treatment of the background poten-
tial H(r) has been done, e.g., in (Dewitt et al., 1973;
Fiorentini et al., 2003; Graboske et al., 1973; Ichimaru
et al., 1992; Jancovici, 1978; Kitamura, 2000; Kitamura
and Ichimaru, 1995; Kravchuk and Yakovlev, 2014; Ogata
et al., 1993, 1991; Pollock and Militzer, 2004; Potekhin
and Chabrier, 2000; Rosenfeld, 1996). In the mean-field
approximation, the background potential can be written
as

H(r) =
Z1Z2e2

a
h(x)

h(x) = b0 + b2x
2 + b4x

4 + · · · , (34)

where a is the inter-ion distance and h(x) is a dimen-
sionless function of a dimensionless radial coordinate
x = r/a. At x ⌧ 2 the function h(x) can be expanded
as shown in the equation above. The expansion coe�-
cients b0, b2, b4, · · · tend to depend on only one param-
eter z = Z1/Z2. Their values can be found, e.g., in Ref.
(Kravchuk and Yakovlev, 2014). The normalized poten-
tial h(x) is symmetric with respect to z ! 1/z, so that
it is su�cient to consider the case of z � 1. The mod-
els to calculate h(x) include numerous techniques such
as Monte Carlo sampling in generalized path integral,
e.g., (Dewitt et al., 1973; Fiorentini et al., 2003; Gra-
boske et al., 1973; Ichimaru et al., 1992; Kitamura and
Ichimaru, 1995; Ogata et al., 1993, 1991) or simple semi-
analytical models such as the electron drop model, see,
e.g., Kravchuk and Yakovlev (2014). It is worth noticing
that strong plasma screening is still a contentious sub-
ject, with enhancement factors di↵ering in some cases by
factors of 50. At low temperatures, the screening factors
can be as large as fscr ⇡ 1070 for � ⇡ 170. This is basi-
cally due to the fact that tunneling through the Coulomb
barrier is extremely small when nuclei are organized in a
lattice such as those thought to exist in a white dwarf.
Electron screening enhances the tunneling probability by
a huge factor, thus allowing nuclear fusion to proceed in
the pycnonuclear regime.

An important example where strong screening plays a
crucial role, is the 12C+12C fusion reaction under highly
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FIG. 33: S-factor for 12C + 12C fusion in carbon matter
as a function of the center-of-mass energy E. The solid
line neglects plasma screening. The dashed, dotted, and

dot-dashed lines are S-factors calculated using
Salpeter’s model for plasma screening in the strong

regime, at ⇢ = 108, 109, and 1010 g cm�3, respectively.
Adapted from (Kravchuk and Yakovlev, 2014).

degenerate white dwarf conditions, at which the reaction
is predicted to ignite thermonuclear supernovae (Hille-
brandt et al., 2013). Reviews about strong screening
in astrophysical conditions can be found in (Fiorentini
et al., 2003; Itoh et al., 1979).

At even higher densities and even at vanishing tem-
perature, the lattice is destroyed due to the zero-point
motion of the nuclei and the system becomes a quan-
tum fluid. This zero-point motion also allows the nuclei
to tunnel through the Coulomb barrier, which is signif-
icantly modified due to the interaction with other ions
and the neutralizing electron background (Salpeter and
van Horn, 1969). Such density-induced reactions are
the so-called pycnonuclear reactions (Salpeter and van
Horn, 1969) and they are the reason why no Coulomb
crystal exists at arbitrarily large densities. Parametriza-
tions of pycnonuclear reaction rates have been proposed
by Beard et al. (2010); Gasques et al. (2005); Yakovlev
et al. (2010).

With respect to the theme of this manuscript, a par-
ticularly interesting role is played by pycnonuclear reac-
tions in a 4He plasma, as it might occur on the surface
of isolated neutron stars that accrete matter from the
interstellar medium (Blaes et al., 1992). For the evo-
lution of a 4He plasma with growing density, a crucial
role is played by the ↵-cluster states that appear just
above thresholds in 8Be and 12C. In 8Be, this is the

ground state just 92.2 keV above the ↵ + ↵ threshold,
in 12C, the famous Hoyle state, which lies 285 keV above
the 3-↵ threshold. In a series of papers with increas-
ing sophistication, it was shown that at densities around
3 ⇥ 109 g/cm3 the 4He plasma transforms into 8Be mat-
ter, which is caused by the screening energy equaling the
8Be resonance energy. However, this phase transition
will not be realized because the pyconuclear reaction of
three ↵-particles transforms the plasma into 12C matter
at even slightly lower densities (Langanke et al., 1991;
Müller and Langanke, 1994; Schramm and Koonin, 1990;
Schramm et al., 1992). Accretion processes in binary sys-
tems including neutron stars lead to thermonuclear run-
away processes, observed as X-ray bursts (Woosley et al.,
2004; Woosley and Taam, 1976). Further processing of
the ashes (Schatz et al., 1999) in an increasingly dense
environment causes pycnonuclear fusion processes in the
deeper layers of the neutron-star crust. These reactions
influence the cooling of the observed transients (Haensel
and Zdunik, 1990; Jain et al., 2023). The associated py-
cnonuclear reaction rates so far are only estimated in a
framework of nuclear potential models (Gasques et al.,
2007a) and carry considerable uncertainties (Afanasjev
et al., 2012; Beard et al., 2010; Horowitz et al., 2008).
Figure 34 shows the present uncertainty of reaction rates
of pycnonuclear carbon burning at T = 0 as a function
of density for the di↵erent theoretical models studied in
Refs. (Fiorentini et al., 2003; Gasques et al., 2005). The
uncertainty band arises due to the treatment of reac-
tions using either bcc or fcc Wigner-Seitz cells and due
to the di↵erent assumptions used in various theories. It
is evident that more theoretical work needs to be done
to decrease such uncertainties. However, experimental
studies suggest a reasonable agreement between the the-
oretical predictions and observed data within the given
uncertainties of the model parameters (Avila et al., 2016;
Carnelli et al., 2014; Hudan et al., 2020).

B. Electron screening in laboratory experiments

1. Data and models of screened cross-sections

Reaction rates of astrophysical interest measured in
the laboratory are also increased by the presence of
atomic electrons bound in the nuclei (Assenbaum et al.,
1987; Rolfs, 2001; Rolfs and Somorjai, 1995), which re-
duce the Coulomb barrier. The “adiabatic model” for
laboratory screening assumes that the center-of-mass en-
ergy E between the ions increases when the incident
ion comes within range of the strong interaction of the
target, thus, leading to a larger tunneling probability
(Assenbaum et al., 1987). Due to energy conservation,
this increase has to be equal to the di↵erence between
the binding energy of the atomic electrons in the two
configurations. This is schematically shown in Fig. 35.
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FIG. 34: Reaction rates of pycnonuclear carbon burning
at T = 0 as a function of density for the di↵erent

theoretical models studied in Fiorentini et al. (2003).
The band refers to the uncertainty region of reactions

for carbon burning using bcc and fcc Wigner-Seitz cells.

The screening potential entering Eq. (35) is then equal
to Ue = E0 � E. Experimental findings on the incre-
mental factors are at odds with some apparently well
founded electron screening theories, such as the adiabatic
model (Aliotta et al., 2001; Angulo et al., 1993a; Engstler
et al., 1988, 1992a; Greife et al., 1995; Prati et al., 1994).
Due to screening, the fusion cross-section is equal to that
at energy E + Ue (Assenbaum et al., 1987). That is,

� (E + Ue) = exp


⇡⌘(E)

Ue

E

�
�(E) , (35)

since the factor S(E)/E has a much smaller dependence
on the energy than the term exp [�2⇡⌘(E)]. Figure 36
shows the e↵ects of laboratory screening on S(E) for
the reaction 3He(d,p)4He. As expected, the screening
e↵ect increases the S-factor in an exponential manner
as the energy decreases. What is unexpected is the
value of the screening potential, Ue, which is a fac-
tor of two larger than that obtained with the adiabatic
model, which yields the upper limit for Ue. Dynami-
cal e↵ects, including atomic excitation and polarization
as the ions approach each other, will reduce their rel-
ative energy and consequently reduce the value of Ue.
In fact, dynamical calculations together with the consid-
eration of several atomic e↵ects have not been able to
explain the fact that Ue, as measured experimentally, is
substantially larger than that obtained theoretically (As-
senbaum et al., 1987; Balantekin et al., 1997; Fiorentini
et al., 2003; Flambaum and Zelevinsky, 1999; Hagino and
Balantekin, 2002; Rolfs, 2001; Rolfs and Somorjai, 1995;

FIG. 35: The adiabatic model (Assenbaum et al., 1987)
for laboratory screening assumes that the relative

energy E between the ions increases when the incident
ion comes within the range of the strong interaction

with the target, leading to a larger tunneling
probability. Due to energy conservation, this increase

has to be equal to the di↵erence between the binding of
the atomic electrons in the two configurations. The
screening potential entering Eq. (35) is then equal to

Ue = E0 � E.

FIG. 36: Experimental data for the 3He(d, p)4He
S-factor as a function of the relative energy. The

dashed curve represents the bare S-factor and the solid
curve is for screened nuclei with Ue = 219 eV. (Adapted

from Aliotta et al. (2001)).

Shoppa et al., 1993)). This fact is displayed in Table III
and Fig. 38.

Being an atomic e↵ect, screening should not show an
isotope dependence. This was confirmed in Engstler et al.
(1992b), who investigated the proton fusion on di↵erent
Li isotopes at low energies and found identical screening
potentials. In specific fusion reactions, for example on
deuterium, the target is a molecule. Electron screening
in molecular fusion reactions has been investigated theo-
retically for low-energy collisions of Z = 1 nuclei with hy-
drogen molecules (Shoppa et al., 1996). In this study, the
electron wave functions were evolved dynamically using
the time dependent Hartree-Fock model, while the mo-
tion of the nuclei was treated classically. The study re-
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TABLE III: Experimental values of the electron screening potentials, Uexp
e , and theoretical adiabatic limits, Uadlim

e .

Reaction Uadlim
e Uexp

e Note Ref.
(eV) (eV)

[a] 2H(d, t)1H 14 19.1±3.4 (Greife et al., 1995; Tumino et al., 2014)
[b] 3He(d,p)4He 65 109±9 D2 gas target (Aliotta et al., 2001)
[c] 3He(d,p)4He 120 219±7 (Aliotta et al., 2001)
[d] 3He(3He,2p)4He 240 305±90 compilation (Adelberger et al., 2011)
[e] 6Li(d,↵)4He 175 330±120 H gas target (Engstler et al., 1992a)
[f ] 6Li(d,↵)4He 175 330±49 (Engstler et al., 1992a; Spitaleri et al., 2001)
[g] 6Li(p,↵)3He 175 440±150 H gas target (Engstler et al., 1992a)
[h] 6Li(p,↵)3He 175 355±67 (Cruz et al., 2008; Engstler et al., 1992a; Lamia et al., 2013)
[i] 7Li(p,↵)4He 175 300±160 H gas target (Engstler et al., 1992a)
[j] 7Li(p,↵)4He 175 363±52 (Cruz et al., 2008; Engstler et al., 1992a; Lamia et al., 2012b)
[k] 9Be(p,↵0)

6Li 240 788±70 (Wen et al., 2008; Zahnow et al., 1997)
[l] 10B(p,↵0)

7Be 340 376±75 (Angulo et al., 1993a; Spitaleri et al., 2014)
[m] 11B(p,↵0)

8Be 340 447±67 (Angulo et al., 1993a; Lamia et al., 2012a)

FIG. 37: Left: Schematic representation of the stopping
of low-energy ions in nuclear targets. Right: Calculated

stopping power in p + 4He collisions at energies of
astrophysical relevance (solid line) (Bertulani, 2004;

Bertulani and de Paula, 2000). The “nuclear stopping
power” due to straggling by Coulomb collisions with the
target nuclei is shown by a dashed line. Another dashed
line displays the extrapolations to low energies of the
Andersen-Ziegler stopping power tables (Ziegler et al.,

2010).

vealed two relevant results. First, at low energies, where
screening e↵ects change the cross-sections, the electron
response can be treated adiabatically. However, the adi-
abatic screening energies show a remarkable dependence
on the scattering angle. They are found to be largest if
the projectile approaches the molecule perpendicularly,
while it is smallest if the projectile has to pass the spec-

tator nucleus before fusion. Shoppa et al. (1996) also
points to an exceptional di↵erence in the screening e↵ect
for the fusion of deuterons (d) with deuterium (D) atoms
and (D2) molecules. Due to reflection symmetry, the
d+D system is asymptotically a 50% mixture of positive
and negative parity configurations (Bracci et al., 1991,
1990) with the result that the screening energy at low
energies for atomic targets is only about half of the one
found for molecular targets.

In (Bang et al., 1996; Langanke et al., 1996), it was
questioned if the stopping power corrections used in
the experimental analysis were properly accounted. As
shown in Fig. 37 (left), the fusion of a low-energy ion can
occur at any point within the target, and the stopping
power, S, accounts for the energy loss, S = �dE/dx, of
the ions as they penetrate the target. The proper reac-
tion energy Ee↵ = Eion � hS · dxi, in laboratory experi-
ments of fusion reactions, needs to account for the aver-
age energy loss, hS ·dxi. The stopping power at very low
energies was further studied by Bertulani (2004); Bertu-
lani and de Paula (2000) for H+ + H, H+ + He, and
He+ + He collisions. These are the simplest few-electron
systems that can be treated with a relatively accurate
theory, and one has verified that the stopping power is
in fact smaller than those predicted by the experimental
extrapolations of the Ziegler tables (Ziegler et al., 2010).
This is shown as solid line in Fig. 37 (right). Also shown
as a dashed line in the figure is the “nuclear stopping
power” due to straggling by Coulomb collisions with the
target nuclei. Another dashed line displays the extrapola-
tions of stopping power tables to low energies (Andersen-
Ziegler) (Ziegler et al., 2010).

Because at very low ion energies the electrons in
the atoms respond nearly adiabatically to the time-
dependent interaction, the main cause of stopping is
charge exchange, i.e., when an electron jumps from one
atom to the other, or by Rutherford scattering, i.e., strag-
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FIG. 38: Ratio of the experimental electron screening
potential Uexp

e and the theoretical adiabatic limit of the
electron screening potential Uadlim

e as a function of the
main reaction present in the literature. The vertical
bars are the total uncertainties of the measurements.

The letters in brackets correspond to those in Table III.
Adapted from Spitaleri et al. (2016).

gling, in the target (usually denoted as “nuclear stop-
ping”). Such findings are in agreement with previously
determined stopping-power values reported in Golser and
Semrad (1991). This is shown in Fig. 37 (right) based
on a dynamical calculation (Bertulani, 2004). The same
trend was found for atomic He++He (Bertulani, 2004).
A “quenching” of the nuclear recoil contribution to the
stopping power was observed experimentally in Formi-
cola et al. (2003b) and explained in Bertulani (2004).
Several fusion reactions were further studied in deuter-
ated metals and a large increase of the cross-sections were
found (Cvetinović et al., 2015; Czerski et al., 2004; Huke
et al., 2008; Kasagi, 2004; Raiola et al., 2006, 2004). No
plausible theoretical explanation seems to exist to ex-
plain such discrepancies. However, the adiabatic limit,
as derived for isolated atomic cases by Assenbaum et al.
(1987), should not apply for fusion reactions in metallic
environments.

2. Resonant screening

An interesting situation occurs if the nuclear reaction
proceeds through a resonance in the low-energy regime,
where the resonance is characterized by its energy posi-
tion ER and its width �R. As pointed out already by
Salpeter (1954), screening modifies the resonance energy.
In the weak screening limit one usually finds that the
screening scale (RD for Debye screening) is much larger
than the nuclear scale, i.e. the screening potential does
not vary over the extension of the nucleus and can there
be replaced by the screening energy U0. As a conse-

quence, in the presence of screening the resonance en-
ergy is lowered to ER � U0 (Salpeter (1954)), shifting it
closer to the reaction threshold. In the exceptional case
that U0 > ER, the resonance can even be changed into
a particle-bound state. We note that the lowering of the
resonance energy by screening is a general behavior, also
applying for screening of resonant reactions in metallic
environment (Zinner, 2007) or in the strong screening
case. For the latter we have already discussed above the
behavior of a 4He plasma at high densities where the
screening energy gets larger than the 8Be resonance en-
ergy at densities above ⇢ = 3 · 109 g/cm3. Screening
also a↵ects the width of the resonance. The resonance
width is mainly determined by the penetration through
the barrier. The barrier which needs to be penetrated
is generally getting wider as the screening potential de-
creases with radius r. Only if U(r) ⇡ U0 until the outer
turning point R0, the width is unmodified. This excep-
tional case might occur for resonances at energies close to
the barrier and for weak screening. Such a situation was
discussed by Salpeter and the respective screening en-
hancement was obtained as f = exp (U0/kT ) (Salpeter,
1954). If the width of the entrance fusion channel is no-
ticeably smaller than the one of the exit channel (which is
usually the case), the entrance channel width determines
the resonance strength. In such a situation, the screen-
ing enhancement of a resonant cross-section is less than
given by f , due to the decrease in the resonance width.
This applies in particular to low-energy (i.e. narrow)
resonances where the assumption of a constant screen-
ing energy is not valid and the radial dependence of
the screening potential has to be explicitly considered,
(Iliadis, 2023), resulting in a significant lowering of the
screening enhancement. It has been pointed out in (Cus-
sons et al., 2002) that the modification of screening has to
be taken into account for the 12C+12C fusion reaction in
type Ia supernova simulations if the resonance behavior
in carbon fusion extends to low energies.

An experimental verification of the screening e↵ects
on resonances has not yet been given. A possible candi-
date to observe the shift of the resonance energy is the
J⇡ = 5/2+2 resonance state at 10 keV in p+11B that
was discussed in section II.E.5. Based on the adiabatic
model, screening should shift the resonance position by
nearly 350 eV, which would translate into a change of
resonances strength by about 2%. In this context, a reli-
able quantification of the role of electron screening in the
p+10B reaction is still missing, although an experimental
analysis using indirect methods has been reported in the
literature (Aumann and Bertulani, 2020; Bertulani and
Gade, 2010; Caciolli et al., 2016; Tribble et al., 2014). In
fact, (p,↵) reactions on boron, in particular 11B(p,↵)8Be,
play an important role as a source of neutron-free en-
ergy production, which would be a solution with respect
to the deuteron-tritium reaction where a large emerging
neutron flux occurs (Labaune et al., 2013).
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FIG. 39: Barrier penetrabilities for d + d and for d +
6Li reactions as a function of the relative motion energy.

In-medium e↵ects should alter alpha-decay half-lives
when the decaying nucleus is immersed within a metal
(Emery, 1972). Relying on established screening models
such as the Thomas–Fermi model or the Debye approach,
one has shown (Zinner, 2007) that these anticipated ef-
fects should be minimal (Wan et al., 2015; Wan et al.,
2016), as confirmed by experimental studies (Jeppesen
et al., 2007; Raiola et al., 2007; Su et al., 2010).

3. Clusterization in light nuclei

In Table III and in Fig. 38 we show typical cases for
the screening potential of reactions at ultra-low ener-
gies where clusterization fusion enhancements might have
been observed: the first is for the case of Z = 1 nuclei re-
acting with nuclei that do not present an evident nuclear
cluster structure, the second is for the case of cluster-like
nuclei. Only reactions involving protons and deuterons
have been considered to simplify the analysis, because
deviations from the adiabatic screening model must be
related to the atomic and nuclear structure of the He,
Li, Be, and B isotopes. The main conclusion drawn from
Table III is that there is a clear correlation between the
cluster structure of nuclei involved in reactions at ultra-
low energies and the discrepancy between the value of the
upper limit (adiabatic approximation) of the screening
potential, Uadlim

e , and its experimental value, Uexp
e . The

disagreement increases as the cluster structure is more
pronounced (larger cluster spectroscopic factor).

It has been proposed that a possible solution to the
“electron screening puzzle” maybe due to clusterization
and polarization e↵ects in nuclear reactions involving
light nuclei at very low energies (Bertulani and Spita-
leri, 2018; Spitaleri et al., 2016). Di↵erent tunneling dis-
tances for each cluster induce a reduction of the overall
tunneling probability. Such clustering e↵ects can also

be induced by polarization as the nuclei approach each
other, as shown in Fig. 39. It was shown that this is
possibly the only way to explain why the reaction 6Li
+ 6Li ! 3↵ yields the experimentally observed (Lat-
tuada et al., 1988) cross-sections, which are much higher
in value than one expects for estimates of tunneling in
the 6Li + 6Li system. In fact, if the Coulomb barrier
penetrability used in the 6Li + 6Li were due to struc-
tureless 6Li ions, the cross-section for 6Li + 6Li ! 3↵
would nearly vanish, or at least one could not measure it,
however, it is observed experimentally at low energies.

It is highly probable that the deuterons within 6Li
come close together and penetrate a smaller barrier and
form ↵-particles, thus explaining the puzzle. This is
likely to occur adiabatically and with large probabilities
for cluster-like structures as they approach each other.
The barrier penetrabilities for d + d and for d + 6Li re-
actions as a function of the relative motion energy are
also displayed in the figure. It was shown by Bertulani
and Spitaleri (2018); Spitaleri et al. (2016) that several
reactions of astrophysical interest with light nuclei can be
explained in this way. This indicates that more precise
experiments need to be carried out to allow for a crit-
ical review of theory versus experimental values of the
electronic screening potentials Ue and the role of cluster-
ization in astrophysical reactions.

The clusterization discussed above is not the only ef-
fect that might play a role in astrophysical reactions
and electron screening. Due to polarization, the ground-
state shape deformation of nuclei are also important in
capture reactions in stars, e.g. (Denisov and Pilipenko,
2010; Schmidt and Scheid, 1996; Soylu et al., 2018; Wong,
1973). The fusion cross-sections depend on the orienta-
tion of incoming nuclei, leading to various barrier heights.
Small barrier heights that increase the transmission prob-
ability and nonaxial symmetric configurations can be the
reason for the molecular resonances observed for the 12C
+ 12C reaction (Diaz-Torres, 2008; Spillane et al., 2007;
Tumino et al., 2018). The magnitude of the screening
e↵ect strongly depends on an accurate quantification of
the polarization, reorientation, and deformation roles in
fusion and rearrangement reactions.

C. Electron screening e↵ects on weak-interaction processes

Screening induced by the astrophysical environment
also plays an important role for reactions induced by the
weak interaction. A prominent example is electron cap-
ture on 7Be in the solar interior where the reaction rate is
slightly enhanced due to plasma screening, which a↵ects
both the continuum and the bound electron contributions
to the rate (Adelberger et al., 1998, 2011; Bahcall and
Moeller, 1969; Brown and Sawyer, 1997; Gruzinov and
Bahcall, 1997; Iben et al., 1967; Johnson et al., 1992).

Electron capture on nuclei is also the main mechanism
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working against gravitational core collapse in the late
stages of intermediate and massive stars (Bethe et al.,
1979; Hix et al., 2003; Janka et al., 2007; Langanke and
Mart́ınez-Pinedo, 2000, 2003; Langanke et al., 2003). The
relevant rates are modified by Coulomb corrections in
the dense astrophysical environment (Bravo and Garćıa-
Senz, 1999; Juodagalvis et al., 2010; Liu et al., 2009): the
threshold energy between parent and daughter nuclei is
enhanced while the chemical potential of the electrons
is reduced. Both e↵ects decrease the electron capture
rates under core conditions and are considered in the
modern rate tabulations (Juodagalvis et al., 2010) used
in supernova simulations. In contrast, the two e↵ects
increase beta-decay rates. The latter is quite unimpor-
tant for late stage evolution of massive stars, as at high
densities beta decays are Pauli blocked due to the pres-
ence of a relativistic electron gas with sizable electron
chemical potential (Janka et al., 2007). This is, however,
not true during silicon burning in massive stars where
beta decays and electron captures compete, leading to
something like a generalized URCA process1 involving an
ensemble of nuclei (Heger et al., 2001a,b). The URCA
process on selected pairs like 23Na-23Ne, 25Mg-25Na and
25Na-25Ne play a crucial role in the final core evolution
of intermediate-mass stars (⇡ 7 � 11M�) where they act
as an e�cient cooling mechanism (Nomoto, 1984, 1987;
Strömberg et al., 2022). As Coulomb corrections have op-
posite e↵ects on beta-decay and electron capture rates,
URCA pairs operate at slightly larger densities when
screening e↵ects are considered (Kirsebom et al., 2019;
Leung et al., 2020; Mart́ınez-Pinedo et al., 2014; Zha
et al., 2019).

Environmental corrections also play a role for selected
nuclei, like 56Ni and 44Ti, which power the lightcurve of
supernovae at di↵erent times. Here, the rates depend
on density, temperature and also on the ionization of
the atoms (Takahashi et al., 1987; Takahashi and Yokoi,
1983).

D. Outlook on electron screening in experiment and stars

Electron screening in the laboratory has been observed
in low-energy data of a few light-particle reactions, how-
ever there seems to be a mismatch between the e↵ects
predicted by the presently existing screening models and
the observed screening patterns. The discrepancy be-
tween data and theoretical predictions must be resolved
to avoid uncertainties in the determination of “bare” S-
factors from future experiments planned at underground

1 Named by Mario Schoenberg and George Gamow after the former
URCA Casino in Rio de Janeiro, where it was well-known that
money disappears as fast as the thermal energy from the interior
of a star by means of reactions which emit neutrinos (Gamow,
1970).

facilities which promise the measurement of astrophysi-
cally relevant fusion cross-sections at energies that are at
or near the Gamow window. These e↵orts should also
include experimental and theoretical work on low-energy
stopping powers, which typically carry significant uncer-
tainties in the low-energy range (Lee et al., 2023; Paul,
2006) and may a↵ect the experimental screening analysis.
The THM measurements promise to deliver low-energy
cross-section data obtained by studies in a “screening
free environment”, since the Coulomb barrier has been
removed (Pizzone et al., 2010; Spitaleri, 2015). This of-
fers a complementary approach in distinguishing between
screening and nuclear threshold phenomena.

The screening e↵ects anticipated for stellar hydrostatic
burning conditions at present entirely rely on theoretical
modeling based on the Debye-Hückel theory. The devel-
opment of laser-confined plasma facilities (Cerjan et al.,
2018) reaching temperature and density conditions of the
stellar interior (Casey et al., 2017) o↵ers a unique op-
portunity to compare the predictions with the observa-
tions made at facilities like NIF or OMEGA (Casey et al.,
2023). This allows for a direct determination of reaction
rates in certain stellar plasmas and can indirectly be used
to check the screening e↵ects deduced from accelerator-
based reaction data (Wiescher et al., 2022). Screening ef-
fects at the high-density conditions expected for ignition
of thermonuclear supernovae and pycnonuclear burning
in the neutron star crust must rely on observations to
test the theoretical predictions. Observations are sparse
but the long timescale for the cooling of transients due
to pycnonuclear processes (Brown and Cumming, 2009;
Gupta et al., 2007) might o↵er a path toward testing the
theoretical predictions for such extreme conditions.

VII. DERIVATION FROM OBSERVATION

With the increasingly accurate and complementary ob-
servational techniques that have emerged in today’s mul-
timessenger era, observational results indeed o↵er tanta-
lizing opportunities to provide observation based infor-
mation on reaction rates. Information relies on the deter-
mination of specific abundance distributions, spectral ob-
servations, light- or cooling-curves, neutrino flux, helio-
and astro-seismological data, and gravitational wave sig-
nals. This allows for the derivation of reaction rates
from a number of complementary observational signa-
tures given that the hydro- and thermodynamical con-
ditions of the specific environments are reasonably well
known. The uncertainty of the extracted reaction rate is
therefore primarily determined by the uncertainties asso-
ciated with the observed data set and the model condi-
tions assumed for the stellar environment.

A discussion of this link between experiment based
reaction rates and observational results is timely be-
cause comparison of the CNO neutrino flux from the
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Sun (Borexino Collaboration et al., 2020) with the pre-
dicted flux from low-energy nuclear cross-section mea-
surements shows some discrepancy. This might be due
to the uncertainties associated with the extraction of the
CNO neutrino signal from the neutrino background in the
BOorexino detector (Basilico et al., 2023) but it might
also be due to uncertainties in the contributions of the
high energy tail of the 15O subthreshold state to the re-
action cross-section of 14N(p, �)15O (Bertone et al., 2001;
Frentz et al., 2021).

The determination of the C/O ratio in white dwarfs
with astroseismology techniques (Metcalfe et al., 2002)
also disagrees with predictions based on the best available
extrapolation of the 12C(↵, �)16O cross-section. These
deviations could be caused by inadequacies in the stan-
dard solar model or the simulation of white dwarf mate-
rial, but they could also be caused by quantum threshold
e↵ects at very low energies that render the nuclear re-
action rates used in these contexts inaccurate. In the
following, we will discuss some of the atomic and nuclear
phenomena that may modify the reaction cross-section at
very low energies and therefore influence the predictions
for stellar reaction rates.

An early example of such a low-energy modification
in the literature was the derivation of the 12C(↵, �)16O
rate on the basis of an analysis of the nucleosynthe-
sis products for a grid of massive stars by Weaver and
Woosley (1993) followed by a comparison with the known
solar abundance distribution. The conclusion was that
the rate should have been higher by a factor of 1.7 ±
0.5 times, which was previously suggested by Caugh-
lan and Fowler (1988). This caused a flurry of subse-
quent studies on the reliability of the approach and the
possible impact of other rates and environmental phe-
nomena, e.g. by Ho↵man et al. (1999); Rauscher et al.
(2002); Tur et al. (2007). The analysis of astroseismology
data on the 12C and 16O abundances and distributions
in white dwarfs has been suggested as a unique tool that
can be used to derive the 12C(↵, �)16O rate (Metcalfe
et al., 2002). These deductions are challenged for not
taking into account convection-induced mixing, which
introduces large uncertainties in the resulting reaction
rate (Straniero et al., 2003). It was suggested that dif-
fusion e↵ects between the di↵erent white dwarf layers
require a more complex theoretical model approach for
deducing a single reaction rate (Fontaine and Brassard,
2002). It has been pointed out, however, that the anal-
ysis of lower modes of seismological signals may well al-
low for the derivation of a rate from the data (Chidester
et al., 2023). More recent attempts in modeling the
white dwarf carbon-oxygen compositions do indeed look
more promising, albeit they seem to suggest a slightly en-
hanced 12C(↵, �)16O reaction rate (Giammichele et al.,
2022) than suggested by the extrapolation of the accel-
erator based cross-section data.

The black hole mass gap is predicted to be the result

of pair-instability supernovae (Fowler and Hoyle, 1964;
Woosley and Heger, 2021) and may provide independent
information about the strength of the 12C(↵, �)16O rate.
The high temperatures generated by helium burning in
massive stars increases the high energy photon flux in
the Planck distribution, causing internal energy loss by
e++e� pair production. This reduces the internal radia-
tion pressure causing the stellar core to rapidly contract
while increasing the temperature. This causes the igni-
tion of the 16O + 16O fusion reaction, generating expan-
sion by radiation pressure, thus balancing and revers-
ing the contraction. This phenomenon can occur sev-
eral times, depending on the helium-core mass and tem-
perature and is labeled as the pair-instability of massive
stars. For stars with helium-core masses above ⇡50 M�
explosive oxygen burning via the 16O+16O fusion pro-
cess causes total disruption of the star resulting in pair-
instability supernovae without a neutron star or black-
hole remnant. The strength of the 12C(↵, �)16O rate de-
termines the onset of pair instability as well as the mass
limit of pair-instability supernova leading to the black-
hole mass gap (Farmer et al., 2020; Mehta et al., 2022;
Timmes et al., 1996). Yet all these studies rely on model
predictions for the reaction rates of 12C(↵, �)16O to pro-
vide theoretical limits for the mass gap without taking
into account reverse reaction-rate analysis.

Because of the dominant role of helium burning in mas-
sive stars and AGB stars, the impact of the 12C(↵, �)16O
reaction and the triple-↵-process was even analyzed in
terms of its influence on the slow neutron capture or s-
process (Tur et al., 2009) but no reverse analysis was
provided. The existence of the s-process itself was con-
firmed by observation of the element technetium in stellar
spectra (Merrill, 1952). Since there exists no stable tech-
netium isotope in the universe, the conclusion was that
it must have been produced on site by neutron capture
processes, serving as observational evidence for the exis-
tence of such a reaction mechanism (Iben and Renzini,
1983). The s-process is now considered a well established
nucleosynthesis environment, with neutrons produced by
the 13C(↵, n)16O or 22Ne(↵, n)25Mg reaction depending
on the seed abundances and the temperature conditions
in the stellar environment (Lugaro et al., 2023b). Iso-
topic abundance distributions in meteoritic grains pro-
vide information about neutron capture branchings on
long-lived isotopes (Lugaro et al., 2023a; Palmerini et al.,
2021), information that can be utilized for evaluating the
neutron flux and temperature conditions at the s-process
site (Bisterzo et al., 2015). However, because of the hy-
drodynamical complexity of the neutron production en-
vironment, no conclusive determination of the reaction
rates for the neutron production has been provided so
far.

The detection and analysis of solar neutrinos associ-
ated with the decay of 13N, 15O, and 17F have been sug-
gested by Haxton and Serenelli (2008) and Serenelli et al.
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(2013) as an independent approach to deduce the metal-
licity of our Sun (Asplund et al., 2021; Magg et al., 2022).
Such measurements may also be utilized to test the cur-
rent predictions of the associated reaction rates for the
12C(p, �)13N, 14N(p, �)15O, and 16O(p, �)17F reactions,
respectively (Adelberger et al., 2011). These rates still
carry substantial uncertainties and motivate new exper-
imental e↵orts to expand the data range toward lower
energies for the 12C(p, �)13N (Skowronski et al., 2023),
14N(p, �)15O (Frentz et al., 2022), and new e↵orts for
the 16O(p, �)17F reaction are in preparation.

While it is a major challenge to identify the single CNO
neutrino components in the solar neutrino flux (Agostini
et al., 2020), in view of the inherent background condi-
tions, the observation of solar CNO neutrinos from the
decay of 15O provide direct insight into the metallicity of
our Sun, as well as the reaction rate of 14N(p, �)15O (Ap-
pel et al., 2022; Borexino Collaboration et al., 2020). Re-
sults seem to favor the high solar metallicity predictions
of Grevesse and Sauval (1998) and Magg et al. (2022) ver-
sus the low solar metallicity prediction by Asplund et al.
(2021) and references therein. This result is not conclu-
sive with respect to the inner structure to the Sun (Buld-
gen et al., 2023) and also relies on the assumption that
the neutrino signal is generated primarily by the decay
of 15O. The reaction rate for 14N(p, �)15O is the biggest
nuclear physics related uncertainty in the evaluation of
solar metallicity, and unfortunately no direct information
is provided on the 14N(p, �)15O rate that is used in the
analysis.

In view of the uncertainties associated with the de-
tailed conditions of the stellar environment and the com-
putational di�culties in modeling it, a major challenge
still remains to reliably extract nuclear reaction rates
from stellar observations. This is a di↵erent range of un-
certainties, which are primarily based on model assump-
tions about the stellar environment, while the uncertain-
ties associated with experimental data primarily in re-
gard to the theoretical ways and means to extrapolate
this data toward a lower energy range. One can consider
it a complementary approach, but given our limited capa-
bility to model the stellar environment with the necessary
accuracy, there is a long way to go before constraints on
nuclear physic data can come from stellar observations.

VIII. PERSPECTIVES

Near-threshold resonances are abundant in atomic nu-
clei. Their presence is important for low-temperature
plasma environments and may significantly a↵ect the fu-
sion rates in anthropogenic and stellar plasmas. Thresh-
old e↵ects are experimentally challenging. Transfer re-
action studies have traditionally concentrated on energy
regions below the threshold, with the primary objective
of understanding the nuclear shell structure, while low-

energy capture studies are limited to the excitation range
above the threshold, being handicapped by the presence
of the Coulomb barrier. This makes the threshold region
di�cult, or impossible, to access. In recent years deep
underground accelerator experiments allowed for a reduc-
tion of the cosmic ray induced background and succeeded
to expand the experimental data towards lower energies.
Complementary to that, the application of the THM ap-
proach and the direct determination of ANC values for
near threshold configurations (Mukhamedzhanov et al.,
2007) made it possible to quantify and translate indirect
structure data into reaction data, albeit with some model
dependent uncertainties.

Considerable theoretical progress has been achieved in
recent years in describing nuclear reactions at low or
sub-threshold energies, from which also the astrophysi-
cally required extrapolation of data has benefited. The
first step was taken by the development of microscopic
cluster models, but more recently a plethora of so-called
ab-initio A-body methods based on realistic interactions
have been formulated and applied. Significant progress
in the description of low-energy reactions has been made
by using EFT-based models and multichannel R-matrix
techniques coupled with a Bayesian uncertainty analysis.
A microscopic approach that accounts for the influence
of near-threshold states on low-energy cross-sections is
the continuum shell model, which explicitly involves the
coupling between bound states and the scattering contin-
uum. In the most sophisticated realizations, this method
can be combined with ab-initio multi-channel techniques.

Despite important advances, none of the existing the-
oretical models have the necessary predictive power to
accurately calculate the energies of resonances or sub-
threshold states, which dramatically impact low-energy
cross-sections. The limitations are in the exponential
energy dependence of the Coulomb penetration factor.
Thus, resonance energies have to be determined exper-
imentally. Here important advances have been made
by the development of indirect experimental techniques.
Another quantity of considerable importance for the de-
scription of resonant contributions to cross-sections is the
width of the resonance. For the fusion of light particles
with intermediate mass nuclei, the resonance strength is
often distributed over several states. Here the interact-
ing shell model has been used as a promising method
to determine the proton width for astrophysically rele-
vant reactions involving medium-mass nuclei which are
of relevance in hydrogen burning in X-ray bursts or no-
vae. Unfortunately, so far, no formalism has been pro-
posed to determine the ↵-widths of resonances within
the shell model. For the determination of low-energy
cross-sections which are dominated by a single resonance
or sub-threshold state, the ANC method has been es-
tablished as a powerful tool using Coulomb insensitive
transfer reactions (Mukhamedzhanov and Tribble, 1999;
Tribble et al., 2014).
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As pointed out, a direct probing of the near-threshold
regions is very di�cult, both for charged particle reac-
tions as well as for high-` neutron induced resonances.
The reactions with low Z or low ` can be studied
directly in underground accelerator measurements and
laser plasma studies. Traditionally, direct measurements
have been complemented by indirect studies which aimed
at determination of the relevant resonance parameters
(i.e. energy, angular-momentum, width, etc). A promis-
ing experimental alternative has been introduced recently
by the Trojan Horse method. To overcome the sensitivity
to the dominating Coulomb repulsion, the light projec-
tile is brought into fusion range with the desired nucleus
as part of a larger nucleus and at higher energies. With
carefully chosen kinematics, the desired low-energy fusion
cross-section can be derived from the reaction data. Al-
though the method holds promise and has been success-
fully applied in some cases, proper description of the reac-
tion including treatment of the kinematics of the specta-
tor particles, the orbital-momenta, spin and parity of the
populated resonances, Coulomb barrier e↵ects, and other
features such as nuclear incompressibility for heavy ion
fusion reactions, remain as major theoretical challenges
(Mukhamedzhanov et al., 2020).

While many examples discussed in this Review pertain
to stable beams, it should be noted that we consider the
emergence of threshold e↵ects a generally valid quantum
phenomena based on the coupling of bound state config-
urations to the continuum. Therefore also nuclear reac-
tions far of stability will be e↵ected. Much less is known
about these processes due to the limitations in beam in-
tensity and the associated lack of experimental data, but
features as discussed in section II.E highlight the impor-
tance both for proton as well as neutron capture reaction
on unstable particles.

Neutron captures for r-process simulations are the
most prominent example (Cowan et al., 2021). Pub-
lished reaction rates often rely on Hauser-Feshbach pre-
dictions (Cyburt et al., 2010), even for system with low
level-density (Randhawa et al., 2020). This approach
carries potentially large uncertainties, which are fre-
quently unaccounted for. Nuclear reactions at low en-
ergies are expected to become considerably more com-
plex when taking into account neutron skin and halo ef-
fects, which a↵ect nuclear properties (Dobaczewski and
Nazarewicz, 1998) and may influence further the reaction
cross-section near the threshold (Signorini et al., 2020).
Halo e↵ects may become particularly pronounced for the
predictions of neutron capture rates (Goriely, 1998; Litvi-
nova et al., 2009; Loens et al., 2012; Tanihata et al.,
2013); these rely mostly on statistical model calculations
where the uncertainties in the collective model param-
eters provide a limit for extrapolating reaction cross-
sections away from the range of stability. A specific case
for reactions involving neutron-rich nuclei with poten-
tial halo structure are the pycnonuclear fusion processes

which are expected to occur in the deep crust of neutron
star transients.

In contrast to stellar fusion reactions during hydro-
static burning, pycnonuclear reactions are not facilitated
by the finite temperature of the stellar environment but
rather by the increase in density in an electron, if not
neutron degenerated environment.(Shternin et al., 2012)
Pycnonuclear fusion rates depend very sensitively on the
extension of the neutron halo and need to be calculated
based on the realistic proton/neutron density distribu-
tion of the fusing isotopes (Afanasjev et al., 2012; Beard
et al., 2010; Gasques et al., 2007a). The actual rate is
dominated by extensive electron and neutron screening
in the local high-density environment (Yakovlev et al.,
2006). These reactions provide an internal energy source
and modify the internal composition of the crust ma-
terial (Jain et al., 2023). This is reflected in the cooling
behavior of x-ray burst transients.(Brown and Cumming,
2009)

Electron screening a↵ects also impact the low-energy
cross-sections in experiments and in plasma. In labora-
tory experiments, the screening is induced by the bound
electrons in the target and projectile, while in the an-
thropogenic and stellar plasma environment, the screen-
ing is mainly due to continuum electrons. Thus, these
two represent di↵erent situations requiring di↵erent de-
scriptions. In laboratory settings, there currently exists a
serious mismatch between theoretical predictions and ex-
perimental data. A solution to this shortcoming might in-
volve better data and better models for low-energy stop-
ping powers, in particular for hydrogen and helium tar-
gets. An alternative is o↵ered by the THM which pro-
vides a direct access to the bare-nucleus S-factor. Plasma
screening, which for hydrostatic burning is traditionally
described on the basis of the weak-screening approach,
can be tested by inertial fusion studies. First studies in
this direction have been already presented (Casey et al.,
2023; Cerjan et al., 2018). Screening e↵ects become very
significant in high density systems such as nuclear reac-
tions in the atmosphere, crust, and the interior of white
dwarfs or in the outer and deeper layers of neutron stars.
Nuclear processes at high density environments a↵ect (or
drive) explosive phenomena ranging from novae and ther-
monuclear supernovae, to X-ray bursts.

The development of deep-underground high intensity
accelerators allows for expanded direct studies toward
lower energies in a cosmic ray shielded environment.
New, innovative and indirect methods open new av-
enues for studying the quantum features that emerge in
the threshold region. The rapid improvement in iner-
tial confined laser techniques has enabled direct studies
of low-energy nuclear reactions in plasma environments.
The outcome is a new path to direct exploration of the
plasma screening e↵ects. Finally, advanced theoretical
techniques have been proposed to reliably extrapolate the
reaction cross-sections into important near-threshold re-
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gions. New technical developments and new theoretical
e↵orts reviewed in this work, pave the way to understand-
ing the impact of nuclear and atomic low-energy e↵ects
on nuclear reaction rates in stellar environments.
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A. Sabidolda, R. Khojayev, K. I. Tursunmakhatov,
M. Nassurlla, M. Wolińska-Cichocka, T. K. Sadykov, and
N. Saduyev (2022), “Asymptotic normalization coe�cient
for 12C+p !13N from the 12C(10B,9Be)13N reaction and
the 12C(p, �)13N astrophysical S factor,” European Physi-
cal Journal A 58 (2), 24.

M. Asplund, A. M. Amarsi, and N. Grevesse (2021), “The
chemical make-up of the Sun: A 2020 vision,” A&A 653,
A141, arXiv:2105.01661 [astro-ph.SR].

M. Asplund, D. L. Lambert, P. E. Nissen, F. Pri-
mas, and V. V. Smith (2006), “Lithium Isotopic Abun-
dances in Metal-poor Halo Stars,” ApJ 644 (1), 229–259,
arXiv:astro-ph/0510636 [astro-ph].

H. J. Assenbaum, K. Langanke, and C. Rolfs (1987), “E↵ects
of electron screening on low-energy fusion cross sections.”
Zeitschrift fur Physik A Hadrons and Nuclei 327 (4), 461–
468.

M. Assunção, and P. Descouvemont (2013), “Role of the Hoyle
state in 12C + 12C fusion,” Physics Letters B 723 (4-5),
355–359.

M. Assunção, M. Fey, A. Lefebvre-Schuhl, J. Kiener, V. Tatis-
che↵, J. W. Hammer, C. Beck, C. Boukari-Pelissie, A. Coc,
J. J. Correia, S. Courtin, F. Fleurot, E. Galanopoulos,
C. Grama, F. Haas, F. Hammache, F. Hannachi, S. Haris-
sopulos, A. Korichi, R. Kunz, D. Ledu, A. Lopez-Martens,
D. Malcherek, R. Meunier, T. Paradellis, M. Rousseau,
N. Rowley, G. Staudt, S. Szilner, J. P. Thibaud, and
J. L. Weil (2006), “E1 and E2 S factors of 12C(↵, �0)

16O
from �-ray angular distributions with a 4⇡-detector array,”
Phys. Rev. C 73 (5), 055801.

M. C. Atkinson, K. Kravvaris, S. Quaglioni, and P. Navrátil
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J. José, A. Coc, and M. Hernanz (1999), “Nuclear Uncer-
tainties in the NeNa-MgAl Cycles and Production of 22Na
and 26Al during Nova Outbursts,” ApJ 520 (1), 347–360,
arXiv:astro-ph/9902357 [astro-ph].

A. R. Junghans, E. C. Mohrmann, K. A. Snover, T. D.
Steiger, E. G. Adelberger, J. M. Casandjian, H. E. Swan-
son, L. Buchmann, S. H. Park, and A. Zyuzin (2002),
“7Be(p,�)8B Astrophysical S Factor from Precision Cross
Section Measurements,” Phys. Rev. Lett. 88 (4), 041101,
arXiv:nucl-ex/0111014 [nucl-ex].

A. R. Junghans, E. C. Mohrmann, K. A. Snover, T. D.
Steiger, E. G. Adelberger, J. M. Casandjian, H. E. Swan-
son, L. Buchmann, S. H. Park, A. Zyuzin, and A. M. Laird
(2003), “Precise measurement of the 7Be(p,�)8B S factor,”
Phys. Rev. C 68 (6), 065803, arXiv:nucl-ex/0308003 [nucl-
ex].

A. R. Junghans, K. A. Snover, E. C. Mohrmann, E. G. Adel-
berger, and L. Buchmann (2010), “Updated S factors for
the 7Be(p,�)8B reaction,” Phys. Rev. C 81 (1), 012801.

M. Junker, A. D’alessandro, S. Zavatarelli, C. Arpesella,
E. Bellotti, C. Broggini, P. Corvisiero, G. Fiorentini, A. Fu-
bini, G. Gervino, U. Greife, C. Gustavino, J. Lambert,
P. Prati, W. S. Rodney, C. Rolfs, F. Strieder, H. P.
Trautvetter, and D. Zahnow (1998), “Cross section of
3He(3He,2p)4He measured at solar energies,” Phys. Rev. C
57 (5), 2700–2710, arXiv:nucl-ex/9707003 [nucl-ex].

A. Juodagalvis, K. Langanke, W. R. Hix, G. Mart́ınez-Pinedo,
and J. M. Sampaio (2010), “Improved estimate of elec-
tron capture rates on nuclei during stellar core collapse,”

https://doi.org/10.1007/s100500050300
https://doi.org/10.1007/s100500050300
https://doi.org/10.1086/157590
https://doi.org/10.1103/PhysRevLett.83.2910
https://arxiv.org/abs/astro-ph/9909317
https://arxiv.org/abs/astro-ph/9909317
https://doi.org/10.1063/1.1419454
https://doi.org/10.1063/1.1419454
https://doi.org/10.1103/PhysRevLett.87.202501
https://doi.org/10.1103/PhysRevLett.87.202501
https://doi.org/10.1103/PhysRevC.89.034624
https://arxiv.org/abs/1402.5795
https://arxiv.org/abs/1402.5795
https://doi.org/10.3847/1538-4357/acebc4
https://arxiv.org/abs/2306.12451
https://doi.org/10.1016/0378-4371(78)90066-3
https://doi.org/10.1016/0378-4371(78)90066-3
https://doi.org/10.1016/j.physrep.2007.02.002
https://arxiv.org/abs/astro-ph/0612072
https://arxiv.org/abs/astro-ph/0612072
https://doi.org/10.1103/PhysRevC.2.63
https://doi.org/10.1103/PhysRevC.2.2452
https://doi.org/10.1103/PhysRevC.2.2452
https://doi.org/10.1140/epja/i2007-10011-9
https://doi.org/10.1103/PhysRevC.73.014613
https://doi.org/10.1103/PhysRevC.73.014613
https://arxiv.org/abs/nucl-ex/0508001
https://doi.org/10.1103/PhysRevLett.110.072701
https://doi.org/10.1140/epja/s10050-021-00536-2
https://doi.org/10.1140/epja/s10050-021-00536-2
https://doi.org/10.1103/PhysRevC.75.015803
https://doi.org/10.1103/PhysRevC.75.015803
https://doi.org/10.1103/PhysRevC.71.044613
https://doi.org/10.1103/PhysRevC.71.044613
https://arxiv.org/abs/nucl-ex/0412043
https://doi.org/10.1103/PhysRevC.97.012801
https://doi.org/10.1103/PhysRevC.97.012801
https://doi.org/10.1103/PhysRevC.7.561
https://doi.org/10.1103/PhysRevC.7.561
https://doi.org/10.1086/171431
https://doi.org/10.1086/307445
https://arxiv.org/abs/astro-ph/9902357
https://doi.org/10.1103/PhysRevLett.88.041101
https://arxiv.org/abs/nucl-ex/0111014
https://doi.org/10.1103/PhysRevC.68.065803
https://arxiv.org/abs/nucl-ex/0308003
https://arxiv.org/abs/nucl-ex/0308003
https://doi.org/10.1103/PhysRevC.81.012801
https://doi.org/10.1103/PhysRevC.57.2700
https://doi.org/10.1103/PhysRevC.57.2700
https://arxiv.org/abs/nucl-ex/9707003


94

Nucl. Phys. A 848 (3-4), 454–478, arXiv:0909.0179 [nucl-
th].

F. Kaeppeler, M. Wiescher, U. Giesen, J. Goerres, I. Bara↵e,
M. El Eid, C. M. Raiteri, M. Busso, R. Gallino, M. Limongi,
and A. Chie� (1994), “Reaction Rates for 18O( alpha ,
gamma ) 22Ne, 22Ne( alpha , gamma ) 26Mg, and 22Ne(
alpha , n) 25Mg in Stellar Helium Burning and s-Process
Nucleosynthesis in Massive Stars,” ApJ 437, 396.

T. Kajino (1986), “The 3He(↵,�)7Be and 3He(↵,�)7Li reac-
tions at astrophysical energies,” Nucl. Phys. A 460 (3),
559–580.

T. Kajino, and A. Arima (1984), “Resonating-Group Cal-
culation of Radiative Capture Reactions ↵(3He,�)7Be and
↵(t,�)7Li at Astrophysical Low Energies,” Phys. Rev. Lett.
52 (9), 739–742.

T. Kajino, G. F. Bertsch, and F. C. Barker (1989), “Energy
dependence of astrophysical S-factor for radiative charged
particle reactions.” in 5. International Conference on Clus-
tering Aspects in Nuclear and Subnuclear Systems, pp. 639–
645.

T. Kajino, H. Toki, and S. M. Austin (1987), “Radiative
Alpha-Capture Rates Leading to A = 7 Nuclei: Applica-
tions to the Solar Neutrino Problem and Big Bang Nucle-
osynthesis,” ApJ 319, 531.

G. Kalai, and S. Safra (2005), “Threshold Phenomena and
Influence: Perspectives from Mathematics, Computer Sci-
ence, and Economics,” in Computational Complexity and
Statistical Physics (Oxford University Press).

M. Kamionkowski, and J. N. Bahcall (1994), “Vacuum-
polarization corrections to solar-fusion rates,” Phys. Rev. C
49 (1), 545–547, arXiv:astro-ph/9306024 [astro-ph].

Y. Kanada-En’yo (2007), “The Structure of Ground and
Excited States of 12C,” Progress of Theoretical Physics
117 (4), 655–680, arXiv:nucl-th/0605047 [nucl-th].

Y. Kanada-En’yo, M. Kimura, and A. Ono (2012), “Antisym-
metrized molecular dynamics and its applications to clus-
ter phenomena,” Progress of Theoretical and Experimental
Physics 2012 (1), 01A202, arXiv:1202.1864 [nucl-th].

Y. Kanada-En’yo, T. Suhara, and Y. Taniguchi (2014), “Ap-
proximation of reduced width amplitude and application to
cluster decay width,” Progress of Theoretical and Exper-
imental Physics 2014 (7), 073D02, arXiv:1404.6016 [nucl-
th].

D. B. Kaplan, M. J. Savage, and M. B. Wise (1998a), “A
new expansion for nucleon-nucleon interactions,” Physics
Letters B 424 (3-4), 390–396, arXiv:nucl-th/9801034 [nucl-
th].

D. B. Kaplan, M. J. Savage, and M. B. Wise (1998b),
“Two-nucleon systems from e↵ective field theory,” Nuclear
Physics B 534 (1), 329–355, arXiv:nucl-th/9802075 [nucl-
th].

J. Kasagi (2004), “Low-Energy Nuclear Reactions in Metals,”
Progress of Theoretical Physics Supplement 154, 365–372.

E. Kashy, R. R. Perry, and J. R. Risser (1960), “Ex-
cited States in N14 from C12(d, d)C12, C12(d, p0)C

13, and
C12(d, p1)C

13⇤,” Physical Review 117 (5), 1289–1296.
M. Katsuma (2008), “Low-energy cross sections in the

12C(↵,�)16O reaction,” Phys. Rev. C 78 (3), 034606.
R. W. Kavanagh (1960), “Proton capture in 7Be,” Nuclear

Physics 15, 411–420.
L. Keek, A. Heger, and J. J. M. in’t Zand (2012), “Superburst

Models for Neutron Stars with Hydrogen- and Helium-rich
Atmospheres,” ApJ 752 (2), 150, arXiv:1204.1343 [astro-
ph.HE].

J. Keim-Malpass, M. Clark, D. Lake, and R. Moorman, J
(2020), “Towards development of alert thresholds for clini-
cal deterioration using continuous predictive analytics mon-
itoring.” J Clin Monit Comput. 34, 797–804.

S. Kellogg, R. Vogelaar, and R. Kavanagh (1989), “13C(↵, n)
and 14C(p, n): Astrophysical Neutron Sources and Sinks,”
in Bulletin of the American Physical Society, Vol. 34, p.
1192.

K. U. Kettner, H. W. Becker, L. Buchmann, J. Görres,
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and K. H. Guber (2010), “Anomalous Fluctuations of s-
Wave Reduced Neutron Widths of 192,194Pt Resonances,”
Phys. Rev. Lett. 105 (7), 072502, arXiv:1007.3675 [nucl-
ex].

Z. Kohley, T. Baumann, D. Bazin, G. Christian, P. A.
DeYoung, J. E. Finck, N. Frank, M. Jones, E. Lun-
derberg, B. Luther, S. Mosby, T. Nagi, J. K. Smith,
J. Snyder, A. Spyrou, and M. Thoennessen (2013), “Study
of Two-Neutron Radioactivity in the Decay of 26O,”
Phys. Rev. Lett. 110 (15), 152501, arXiv:1303.2617 [nucl-
ex].

L. P. Kok (1980), “Accurate Determination of the Ground-
State Level of the 2He Nucleus,” Phys. Rev. Lett. 45 (6),
427–430.

E. Kolbe, K. Langanke, and H. J. Assenbaum (1988), “Mi-
croscopic study of the low-energy 7Be(p,�)8B reaction,”
Physics Letters B 214 (2), 169–172.

B. V. Kolk, K. T. Macon, R. J. deBoer, T. Anderson,
A. Boeltzig, K. Brandenburg, C. R. Brune, Y. Chen, A. M.
Clark, T. Danley, B. Frentz, R. Giri, J. Görres, M. Hall,
S. L. Henderson, E. Holmbeck, K. B. Howard, D. Ja-
cobs, J. Lai, Q. Liu, J. Long, K. Manukyan, T. Massey,
M. Moran, L. Morales, D. Odell, P. O’Malley, S. N.
Paneru, A. Richard, D. Schneider, M. Skulski, N. Sen-
sharma, C. Seymour, G. Seymour, D. Soltesz, S. Strauss,
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M. L. Sergi, A. Tumino, and P. Ventura (2022), “A New
Reaction Rate of the 27Al(p,↵)24Mg Reaction Based on In-
direct Measurements at Astrophysical Energies and Impli-
cations for 27Al Yields of Intermediate-mass Stars,” ApJ
941 (1), 96.

M. La Cognata, S. Palmerini, C. Spitaleri, I. Indelicato, A. M.
Mukhamedzhanov, I. Lombardo, and O. Trippella (2015),
“Updated THM Astrophysical Factor of the 19F(p, ↵)16O
Reaction and Influence of New Direct Data at Astrophysi-
cal Energies,” ApJ 805 (2), 128.

M. La Cognata, C. Spitaleri, A. Mukhamedzhanov, A. Banu,
S. Cherubini, A. Coc, V. Crucillà, V. Goldberg, M. Gulino,
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M. Gulino, L. Lamia, A. Mukhamedzhanov, R. G. Pizzone,
S. M. R. Puglia, G. G. Rapisarda, S. Romano, M. L. Sergi,
G. Tabacaru, L. Trache, S. Tudisco, A. Tumino, S. Typel,
and Y. Zhai (2008), “Indirect measurement of the 18O(p,
↵)15N reaction rate through the THM,” Journal of Physics
G Nuclear Physics 35 (1), 014014.

M. La Cognata, C. Spitaleri, O. Trippella, G. G. Kiss,
G. V. Rogachev, A. M. Mukhamedzhanov, M. Avila,
G. L. Guardo, E. Koshchiy, A. Kuchera, L. Lamia,
S. M. R. Puglia, S. Romano, D. Santiago, and R. Spartà
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vation of a Near-Threshold Proton Resonance in 11B,”
Phys. Rev. Lett. 129 (1), 012502.

H. Lorenz-Wirzba (1978), Untersuchung von (p,↵) Reak-
tionen Unterhalb der Coulombbarriere, Ph.D. thesis
(Westfälischen Wilhelms-Universität zu Münster).

H. Lorenz-Wirzba, P. Schmalbrock, H. P. Trautvetter,
M. Wiescher, C. Rolfs, and W. S. Rodney (1979), “The
18O(p,↵)15N reaction at stellar energies,” Nucl. Phys. A
313 (3), 346–362.

R. G. Lovas, N. Tanaka, Y. Suzuki, and K. Varga (2002), “Nu-
clear resonances by extrapolation of bound states,” Few-
Body Syst. Suppl. 13, 76–85.

A. Lovato, S. Gandolfi, J. Carlson, S. C. Pieper, and R. Schi-
avilla (2016), “Electromagnetic Response of 12C: A First-

Principles Calculation,” Phys. Rev. Lett. 117 (8), 082501,
arXiv:1605.00248 [nucl-th].

G. Ludwig (1983a), An Axiomatic Basis of Quantum Mechan-
ics, Vol. I and II (Springer-Verlag, New York).

G. Ludwig (1983b), Foundations of Quantum Mechanics, Vol.
I and II (Springer-Verlag, New York).
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H. Masui, K. Katō, N. Michel, and M. P loszajczak (2014),

https://doi.org/10.1051/0004-6361/202142971
https://arxiv.org/abs/2203.02255
https://doi.org/10.1088/0953-4075/32/7/010
https://doi.org/10.1088/0953-4075/32/7/010
https://doi.org/10.1016/0375-9474(78)90104-5
https://doi.org/10.1103/PhysRevC.80.065802
https://doi.org/10.1103/PhysRevA.98.062515
https://doi.org/10.1103/PhysRevA.98.062515
https://doi.org/10.1103/PhysRevC.53.1197
https://doi.org/10.1086/146296
https://doi.org/10.1016/j.physrep.2013.11.002
https://doi.org/10.1016/j.physrep.2013.11.002
https://arxiv.org/abs/1310.5527
https://doi.org/10.1103/PhysRevC.78.022802
https://arxiv.org/abs/0807.4919
https://doi.org/10.1103/PhysRevC.89.045806
https://arxiv.org/abs/1402.0793
https://arxiv.org/abs/1402.0793
https://doi.org/10.1103/PhysRevC.108.L052801
https://arxiv.org/abs/2311.04089
https://arxiv.org/abs/2311.04089
https://doi.org/10.1016/j.physletb.2017.02.025
https://arxiv.org/abs/1702.04520
https://doi.org/10.1103/PhysRevC.85.044615
https://doi.org/10.1103/PhysRevC.85.044615


100

“Precise comparison of the Gaussian expansion method and
the Gamow shell model,” Phys. Rev. C 89 (4), 044317,
arXiv:1403.0160 [nucl-th].

J. V. Mather, M. W. Sachs, R. H. Siemssen, A. Weidinger,
and D. A. Bromley (1969), “Nuclear Interaction of Oxygen
with Oxygen,” Physical Review 188 (4), 1665–1682.

K. Maurin (1968), Generalized Eigenfunction Expansions and
Unitary Representations of Topological Groups, Vol. 48
(Polish Scientific Publishers, Warsaw).

M. G. Mazarakis, and W. E. Stephens (1973), “Experimental
Measurements of the 12C + 12C Nuclear Reactions at Low
Energies,” Phys. Rev. C 7 (4), 1280–1287.

C. McCracken, P. Navrátil, A. McCoy, S. Quaglioni,
and G. Hupin (2021), “Microscopic investigation of the
8Li(n,�)9Li reaction,” Phys. Rev. C 103 (3), 035801,
arXiv:2009.00658 [nucl-th].

M. T. McEllistrem, K. W. Jones, R. Chiba, R. A. Douglas,
D. F. Herring, and E. A. Silverstein (1956), “Di↵erential
Cross Sections for 12C(d, d)12C and 12C(d, p)13C,” Physical
Review 104 (4), 1008–1017.

R. L. McGrath, D. Abriola, J. Karp, T. Renner, and S. Y. Zhu
(1981), “Direct � transitions in 12C + 12C,” Phys. Rev. C
24 (5), 2374–2377.

A. K. Mehta, A. Buonanno, J. Gair, M. C. Miller, E. Farag,
R. J. deBoer, M. Wiescher, and F. X. Timmes (2022),
“Observing Intermediate-mass Black Holes and the Upper
Stellar-mass gap with LIGO and Virgo,” ApJ 924 (1), 39,
arXiv:2105.06366 [gr-qc].

A. Mercenne, N. Michel, J. P. Linares Fernández, and
M. P loszajczak (2023), “Gamow shell model description of
the 40Ca(d, p) transfer reaction,” Phys. Rev. C 107 (1),
L011603, arXiv:2301.05419 [nucl-th].

A. Mercenne, N. Michel, and M. P loszajczak (2019), “Gamow
shell model description of 4He(d, d) elastic scattering re-
actions,” Phys. Rev. C 99 (4), 044606, arXiv:1905.09485
[nucl-th].

P. W. Merrill (1952), “Techetium in the stars,” in The Na-
tional Academy of Sciences: Abstracts of Papers Presented
at the Annual Meeting April 28-30, 1952 , Vol. 115, pp.
479–489.

V. Metag, A. Lazzarini, K. Lesko, and R. Vandenbosch
(1982), “Search for � rays from the quasimolecular 12C +
12C system,” Phys. Rev. C 25 (3), 1486–1493.

T. S. Metcalfe, M. Salaris, and D. E. Winget (2002), “Mea-
suring 12C(↵, �)16O from White Dwarf Asteroseismology,”
ApJ 573 (2), 803–811, arXiv:astro-ph/0203347 [astro-ph].

W. E. Meyerhof (1963), “Threshold E↵ects in Average Cross
Sections According to R-Matrix Theory,” Physical Review
129 (2), 692–702.

S. Y. Mezhevych, A. T. Rudchik, A. A. Rudchik, O. A.
Ponkratenko, N. Keeley, K. W. Kemper, M. Mazzocco,
K. Rusek, and S. B. Sakuta (2017), “Cluster structure of
17O,” Phys. Rev. C 95 (3), 034607.

G. Michaud (1973), “Experimental Evidence for Repulsive
Cores in Heavy-Ion Reactions,” Phys. Rev. C 8 (2), 525–
533.

G. J. Michaud, and E. W. Vogt (1972), “Phenomenological
Analysis of the 12C + 12C Reaction,” Phys. Rev. C 5 (2),
350–368.

F. Michel, G. Reidemeister, and S. Ohkubo (1986), “Evi-
dence for alpha-particle clustering in the 44Ti nucleus,”
Phys. Rev. Lett. 57 (10), 1215–1218.

N. Michel, W. Nazarewicz, and M. P loszajczak (2007),
“Threshold e↵ects in multichannel coupling and spectro-

scopic factors in exotic nuclei,” Phys. Rev. C 75 (3),
031301, arXiv:nucl-th/0702021 [nucl-th].

N. Michel, W. Nazarewicz, and M. P loszajczak (2010),
“Isospin mixing and the continuum coupling in
weakly bound nuclei,” Phys. Rev. C 82 (4), 044315,
arXiv:0911.4902 [nucl-th].

N. Michel, W. Nazarewicz, and M. P loszajczak (2023),
“Description of the Proton-Decaying 02

+ Resonance of
the ↵ Particle,” Phys. Rev. Lett. 131 (24), 242502,
arXiv:2306.05192 [nucl-th].

N. Michel, W. Nazarewicz, M. P loszajczak, and K. Bennaceur
(2002), “Gamow Shell Model Description of Neutron-Rich
Nuclei,” Phys. Rev. Lett. 89 (4), 042502, arXiv:nucl-
th/0201073 [nucl-th].

N. Michel, W. Nazarewicz, M. P loszajczak, and J. Oko lowicz
(2003), “Gamow shell model description of weakly bound
nuclei and unbound nuclear states,” Phys. Rev. C 67 (5),
054311, arXiv:nucl-th/0302060 [nucl-th].

N. Michel, W. Nazarewicz, M. P loszajczak, and T. Vertse
(2009), “TOPICAL REVIEW: Shell model in the complex
energy plane,” Journal of Physics G Nuclear Physics 36 (1),
013101, arXiv:0810.2728 [nucl-th].

N. Michel, and M. P loszajczak (2021), Gamow Shell Model;
The Unified Theory of Nuclear Structure and Reactions,
Vol. 983 (Springer).
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F. Terrasi, and L. Y. Zhang (2018), “Reduction of deu-
terium content in carbon targets for 12C + 12C reaction
studies of astrophysical interest,” European Physical Jour-
nal A 54 (8), 132.

L. Morales-Gallegos, M. Aliotta, L. Gialanella, A. Best, C. G.
Bruno, R. Buompane, T. Davinson, M. De Cesare, A. Di
Leva, A. D’Onofrio, J. G. Duarte, L. R. Gasques, G. Im-
briani, G. Porzio, D. Rapagnani, M. Romoli, and F. Ter-
rasi (2024), “Direct measurements of the 12C+12C reac-
tions cross-sections towards astrophysical energies,” Euro-
pean Physical Journal A 60 (1), 11.

R. Morlock, R. Kunz, A. Mayer, M. Jaeger, A. Müller,
J. W. Hammer, P. Mohr, H. Oberhummer, G. Staudt, and
V. Kölle (1997), “Halo Properties of the First 1/2+ State
in 17F from the 16O(p,�)17F Reaction,” Phys. Rev. Lett.
79 (20), 3837–3840.

L. Moschini, J. Yang, and P. Capel (2019), “15C: From halo
e↵ective field theory structure to the study of transfer,
breakup, and radiative-capture reactions,” Phys. Rev. C
100 (4), 044615, arXiv:1907.11753 [nucl-th].

J. Moscoso, R. S. de Souza, A. Coc, and C. Iliadis (2021),
“Bayesian Estimation of the d(p,�)3He Thermonuclear Re-
action Rate,” ApJ 923 (1), 49, arXiv:2109.00049 [astro-
ph.CO].

T. Motobayashi (2001), “Indirect measurements of the solar-
neutrino production reaction 7Be(p,�)8B,” Nucl. Phys. A
693 (1-2), 258–268.

T. Motobayashi, N. Iwasa, Y. Ando, M. Kurokawa, H. Mu-
rakami, J. Ruan Gen, S. Shimoura, S. Shirato, N. Inabe,
M. Ishihara, T. Kubo, Y. Watanabe, M. Gai, R. H. France,
K. I. Hahn, Z. Zhao, T. Nakamura, T. Teranishi, Y. Fu-
tami, K. Furutaka, and T. Delbar (1994), “Coulomb disso-
ciation of 8B and the 7Be(p,�)8B reaction at low energies,”
Phys. Rev. Lett. 73 (20), 2680–2683.

S. Mughabghab, M. Divadeenam, and N. Holden (1982), Neu-
tron Cross Sections: Neutron Resonance Parameters and
Thermal Cross Sections, Part A: Z=1-60, Vol. 1 (Academic
Press Inc.).

A. M. Mukhamedzanov (2022), “Status of deep subbarrier
12C + 12C fusion and advancing the Trojan horse method,”
European Physical Journal A 58 (4), 71.

A. M. Mukhamedzhanov (2023), “Proton 0.01 MeV reso-
nance width and low-energy S factor of p+10B fusion,”
Phys. Rev. C 108 (5), 054603, arXiv:2307.08963 [nucl-th].

A. M. Mukhamedzhanov, P. Bém, B. A. Brown, V. Burjan,
C. A. Gagliardi, V. Kroha, J. Novák, F. M. Nunes, Š. Iskoř,
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T. Myo, and K. Katō (2020), “Complex scaling: Physics of
unbound light nuclei and perspective,” Progress of The-
oretical and Experimental Physics 2020 (12), 12A101,
arXiv:2007.12172 [nucl-th].

NA48/2 Collaboration, J. R. Batley, C. Lazzeroni, D. J. Mun-
day, M. W. Slater, S. A. Wotton, R. Arcidiacono, G. Boc-
quet, N. Cabibbo, A. Ceccucci, D. Cundy, V. Falaleev,
M. Fidecaro, L. Gatignon, A. Gonidec, W. Kubischta,
A. Norton, M. Patel, A. Peters, S. Balev, P. L. Frabetti,
E. Goudzovski, P. Hristov, V. Kekelidze, V. Kozhuharov,
L. Litov, D. Madigozhin, E. Marinova, N. Molokanova,
I. Polenkevich, Y. Potrebenikov, S. Stoynev, A. Zinchenko,
E. Monnier, E. Swallow, R. Winston, P. Rubin, A. Walker,
W. Baldini, A. Cotta Ramusino, P. Dalpiaz, C. Dami-

https://doi.org/10.1103/PhysRevLett.17.926
https://doi.org/10.1051/epjconf/202327911005
https://doi.org/10.1140/epja/i2018-12564-8
https://doi.org/10.1140/epja/i2018-12564-8
https://doi.org/10.1140/epja/s10050-024-01233-6
https://doi.org/10.1140/epja/s10050-024-01233-6
https://doi.org/10.1103/PhysRevLett.79.3837
https://doi.org/10.1103/PhysRevLett.79.3837
https://doi.org/10.1103/PhysRevC.100.044615
https://doi.org/10.1103/PhysRevC.100.044615
https://arxiv.org/abs/1907.11753
https://doi.org/10.3847/1538-4357/ac1db0
https://arxiv.org/abs/2109.00049
https://arxiv.org/abs/2109.00049
https://doi.org/10.1016/S0375-9474(01)01113-7
https://doi.org/10.1016/S0375-9474(01)01113-7
https://doi.org/10.1103/PhysRevLett.73.2680
https://doi.org/10.1140/epja/s10050-022-00718-6
https://doi.org/10.1103/PhysRevC.108.054603
https://arxiv.org/abs/2307.08963
https://doi.org/10.1103/PhysRevC.67.065804
https://doi.org/10.1103/PhysRevC.73.035806
https://doi.org/10.1140/epja/s10050-021-00651-0
https://doi.org/10.1140/epja/s10050-021-00651-0
https://doi.org/10.1016/j.nuclphysa.2006.12.051
https://arxiv.org/abs/nucl-th/0509035
https://arxiv.org/abs/nucl-th/0509035
https://doi.org/10.48550/arXiv.2310.20255
https://doi.org/10.48550/arXiv.2310.20255
https://arxiv.org/abs/2310.20255
https://doi.org/10.1103/PhysRevC.63.024612
https://doi.org/10.1103/PhysRevC.81.054314
https://arxiv.org/abs/0911.4655
https://doi.org/10.1140/epja/s10050-020-00214-9
https://doi.org/10.1140/epja/s10050-020-00214-9
https://arxiv.org/abs/2007.13331
https://arxiv.org/abs/2007.13331
https://doi.org/10.1103/PhysRevC.96.024623
https://arxiv.org/abs/1702.00463
https://arxiv.org/abs/1702.00463
https://doi.org/10.1103/PhysRevC.59.3418
https://doi.org/10.1103/PhysRevC.59.3418
https://doi.org/10.1103/PhysRevC.49.524
https://doi.org/10.1093/ptep/ptaa101
https://doi.org/10.1093/ptep/ptaa101
https://arxiv.org/abs/2007.12172


102

ani, M. Fiorini, A. Gianoli, M. Martini, F. Petrucci,
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P. Navrátil, R. Roth, and S. Quaglioni (2011), “Ab initio
many-body calculation of the 7Be(p,�)8B radiative cap-
ture,” Physics Letters B 704 (5), 379–383, arXiv:1105.5977
[nucl-th].
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Cognata, V. Crucillà, R. G. Pizzone, G. G. Rapisarda,
M. L. Sergi, M. G. Del Santo, N. Carlin, M. G. Munhoz,
F. A. Souza, A. Szanto de Toledo, A. Tumino, B. Irgaziev,
A. Mukhamedzhanov, G. Tabacaru, V. Burjan, V. Kroha,
Z. Hons, J. Mrazek, S.-H. Zhou, C. Li, Q. Wen, Y. Wak-
abayashi, H. Yamaguchi, and E. Somorjai (2014), “Mea-
surement of the 10 keV resonance in the 10B(p,↵0)

7Be re-
action via the Trojan Horse method,” Phys. Rev. C 90 (3),
035801, arXiv:1407.4678 [nucl-ex].

C. Spitaleri, A. M. Mukhamedzhanov, L. D. Blokhintsev,
M. La Cognata, R. G. Pizzone, and A. Tumino (2011), “The
Trojan Horse Method in nuclear astrophysics,” Physics of
Atomic Nuclei 74 (12), 1725–1739.

C. Spitaleri, S. M. R. Puglia, M. La Cognata, L. Lamia,
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R. Bonetti, C. Broggini, L. Campajola, P. Corvisiero,
H. Costantini, A. D’Onofrio, A. Formicola, Z. Fülöp,
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(2001), “Alpha Cluster Condensation in 12C and 16O,”
Phys. Rev. Lett. 87 (19), 192501, arXiv:nucl-th/0110014
[nucl-th].

T. A. Tombrello (1965), “The capture of protons by Be7,”
Nuclear Physics 71 (2), 459–464.

T. A. Tombrello, and P. D. Parker (1963), “Direct-Capture
Model for the He3(↵,�)Be7 and t(↵,�)Li7 Reactions,” Phys-
ical Review 131 (6), 2582–2589.
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Sayre, and F. H. Séguin (2017), “Proton Spectra from 3He
+ t and 3He + 3He Fusion at Low Center-of-Mass En-
ergy, with Potential Implications for Solar Fusion Cross
Sections,” Phys. Rev. Lett. 119 (22), 222701.

A. B. Zylstra, H. W. Herrmann, M. G. Johnson, Y. H. Kim,
J. A. Frenje, G. Hale, C. K. Li, M. Rubery, M. Paris,
A. Bacher, C. R. Brune, C. Forrest, V. Y. Glebov,
R. Janezic, D. McNabb, A. Nikroo, J. Pino, T. C. Sang-
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