
FA	 WSPC/300-JMRR	 2540002 ISSN:	2424-905X

2540002-1

Journal	of	Medical	Robotics	Research,	Vol.	10,	Nos.	1	&	2	(2025)	2540002	(10	pages)©	The	Author(s)DOI:	10.1142/S2424905X25400021

Uncertainty Aware Forward and Inverse Kinematics for  

Tendon-Driven Continuum Robots via Mixture Density Networks

Jordan	Thompson  ∗,	Brian	Y.	Cho  †,	Daniel	S.	Brown  ‡	and	Alan	Kuntz  §

Robotics Center and the Kahlert School of Computing, University of Utah, Salt Lake City, UT 84112, USATendon-driven	continuum	robot	kinematic	models	are	frequently	computationally	expensive,	inaccurate	due	to	unmodeled	effects,	or	both.	In	particular,	unmodeled	effects	produce	uncertainties	that	arise	during	the	robot’s	operation	that	lead	to	variability	in	the	resulting	geometry.	We	propose	a	novel	solution	to	these	issues	through	the	development	of	a	Gaussian	mixture	kinematic	model.	We	train	a	mixture	density	network	to	output	a	Gaussian	mixture	model	representation	of	the	robot	geometry	given	the	current	tendon	displacements.	This	model	computes	a	probability	distribution	that	is	more	representative	of	the	true	distribution	of	geometries	at	a	given	configuration	than	a	model	that	outputs	a	single	geometry,	while	also	reducing	the	computation	time.	We	demonstrate	uses	of	this	model	through	both	a	trajectory	optimization	method	that	explicitly	reasons	about	the	workspace	uncertainty	to	minimize	the	probability	of	collision	and	an	inverse	kinematics	method	that	maximizes	the	likelihood	of	occupying	a	desired	geometry.
Keywords:	Continuum	robots;	kinematics;	medical	robotics.

1. IntroductionMuch	work	is	being	done	currently	to	develop	tendon-	
driven continuum robots for minimally-invasive sur-gery	 [1–3].	 However,	 applications	 of	 these	 robots	 are	bottlenecked	 in	 part	 by	 an	 inability	 to	 accurately	 and	efficiently	 compute	 their	 kinematics.	 Stochastic	 and	

unmodeled effects on the kinematics of tendon- driven continuum	robots	may	lead	to	these	robots	being	unsafe	to	 use	 during	 surgical	 tasks	 as	 small	 deviations	 from	the	expected	geometry	could	cause	unwanted	collisions	with	 fragile	structures	within	 the	body.	Further,	as	 the	complexity	 of	 the	 kinematic	models	 grow	with	 the	 in-
troduction of these effects, so too does the required computation	 time.	 There	 is	 a	 need	 for	 a	model	 that	 is	capable	of	reasoning	over	these	kinematic	uncertainties	while	also	minimizing	the	necessary	computation	time.	We	propose	a	novel	approach	to	kinematic	modeling	for	tendon-driven	 surgical	 manipulators	 through	 learned	Gaussian	mixture	models,	enabling	direct	estimation	of	
learned kinematic uncertainty.Current	 state-of-the-art	 physics-based	 models	 at-tempt	 to	 explicitly	model	 the	 different	 forces	 acting	 on	the	robot	[4–8].	While	in	theory,	these	models	should	ac-curately	compute	the	geometry	of	the	robot,	they	tend	to	either	be	too	restrictive	in	their	assumptions	or	compu-tationally	too	slow	for	real-time	surgical	applications.	As	the	 complexity	 of	 the	physics	 being	modeled	 increases,	these	models	 increase	 in	accuracy.	However,	 they	suffer	in	 computation	 time	 and	 in	 the	 presence	 of	 additional	unmodeled	or	stochastic	effects.	Data-driven	approaches	
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attempt	to	solve	this	problem	by	implicitly	learning	how	to	model	the	forces	that	impact	the	resulting	robot	geom-etry	[9,	10].	These	approaches	decrease	the	computation	time;	however,	they	do	not	currently	possess	the	ability	to	
handle the inherent uncertainties associated with the ro-bot’s	kinematics.	Any	unmodeled	effects	on	the	kinemat-ics	 lead	 to	geometric	uncertainties	 that	 impact	 the	 safe	use	of	these	robots.	In	this	paper,	we	provide	results	that	
demonstrate how these unmodeled effects manifest for 
tendon-driven continuum robots. The issues that arise from	 the	 current	 state-of-the-art	 models	 make	 using	them	 in	 surgical	 applications	 potentially	 unsafe	 and/or	too	slow	to	perform	real-time	computations.We	present	a	solution	 to	modeling	 the	kinematics	of	tendon-driven	continuum	robots	that	can	reason	implic-itly	over	modeling	uncertainty.	We	 train	a	mixture	den-sity	 network	 that	 outputs	 Gaussian	 mixture	 models	 of	the	robot’s	geometry	at	a	given	configuration	of	 tendon	displacements.	 Contrary	 to	 standard	 kinematic	 models	that	 explicitly	output	 the	 robot’s	 geometry,	 our	method	enables	reasoning	over	the	probability	that	the	robot	will	occupy	 different	 regions	 of	 its	workspace.	We	 compare	the	accuracy	of	our	model	across	a	range	of	different	num-bers	of	mixture	components	in	the	model	outputs,	and	we	demonstrate	a	decrease	in	computation	time	when	com-pared	to	a	current	state-of-the-art	Cosserat	rod	model.We	apply	our	model	to	an	optimization-based	motion	planner	 that	explicitly	minimizes	 the	probability	of	colli-sion	with	obstacles	along	a	nominal	trajectory.	We	perform	Bayesian	optimization	with	respect	to	the	probability	that	
the robot will collide with the environment. We estimate this	 probability	 by	 integrating	 the	 outputs	 of	 our	model	over	the	obstacles	in	the	environment.	We	show	that	using	our	model	enables	a	reduction	in	the	probability	of	colli-
sion within a simulated chest cavity environment.This	paper	extends	our	prior	work	[11].	In	this	exten-sion	we	introduce	a	novel	approach	to	inverse	kinemat-ics	 for	 tendon-driven	 continuum	 robots	made	 possible	by	our	method.	Specifically,	we	recognize	that	symmetric	

to	our	ability	to	minimize	the	likelihood	that	the	robot’s	geometry	would	 collide	with	 obstacles	 is	 the	 ability	 to	
maximize	 the	 likelihood	 that	 the	 robot’s	 geometry	will	occupy	a	desired	geometry,	 i.e.	 inverse	kinematics.	This	approach	is	capable	of	reasoning	over	the	full	geometry	of	the	robot	and	accounting	for	unmodeled	and	stochas-tic	effects	on	the	robot	during	operation.
2. Related Work

2.1. Physics-based modelsTendon	 driven	 continuum	 robots	 are	 subject	 to	 many	uncertainties,	nonlinearities,	and	disturbances	that	neg-atively	impact	modeling	accuracy.	Much	work	has	been	done	 to	 handle	 these	 issues	 through	 improvements	 to	physics-based	 kinematic	 models.	 Constant	 Curvature	(CC)	is	one	such	model	that	assumes	the	robot	consists	of	 a	 finite	 set	 of	 curved	 links	 where	 each	 link	 can	 be	 defined	by	a	set	of	arc	parameters	[4].	This	assumption	greatly	simplifies	the	kinematics	of	the	robot	at	the	cost	of	 accuracy.	 Pseudo-rigid	 body	 models	 (PRBM)	 have	
also been used to model continuum robot kinematics by assuming	 the	robot	consists	of	a	 set	of	 rigid	 links	con-nected	by	a	torsional	spring	[5].	PRBM	models	provide	higher	accuracy	than	CC	models	at	the	cost	of	increased	computation	time.As	 opposed	 to	 CC,	 Variable	 Curvature	 (VC)	methods	such	 as	 Cosserat	 rod	models	 are	 used	 to	more	 exactly	represent	 the	backbone	 structure	 of	 the	 robot	 [6].	 The	
Cosserat rod model assumes the backbone to be a one- dimensional	 rod	 and	 models	 the	 bending,	 stretching,	twisting,	 and	 shearing	 forces	 applied	 to	 the	 robot.	 The	
result is a set of nonlinear ordinary differential equations for	 the	kinematics	and	a	set	of	nonlinear	partial	differ-ential	equations	 for	the	dynamics	[7].	While	VC	models	provide	 a	more	 complete	 representation	 of	 continuum	robot	geometry	than	CC	models,	VC	models	are	generally	computationally	more	expensive.	Recent	work	has	pro-vided	significant	computation	time	reductions	for	kine-matic	modeling	and	motion	planning	using	the	Cosserat	rod	model	[8].

Rao et al.,	 perform	 a	 comparison	 of	 the	 different	physics-	based	models	and	provide	a	set	of	guidelines	for	determining	which	model	to	use	based	on	the	structure	of	the	robot	assuming	parallel	routed	tendons	[12].	They	
conclude that when the structure of the robot contains a	small	number	of	separator	disks	holding	 the	 tendons,	PRBM	provides	the	best	accuracy	with	respect	to	its	com-putation	time;	however,	as	the	number	of	disks	increas-es,	it	becomes	more	useful	to	use	VC	models.We	compare	our	work	in	this	paper	to	the	state-of-the-art	Cosserat	rod	model	described	in	prior	work	[8].Methods	have	also	been	proposed	for	utilizing	work-space	density	to	solve	the	inverse	kinematics	problem	

Fig. 1. A	Mixture	Density	Network	(MDN)	is	trained	to	produce	a	Gaussian	mixture	model	representation	of	the	robot’s	geome-try	given	the	tendon	displacements.	The	negative	log-likelihood	is	computed	between	the	MDN’s	output	and	ground-truth	point	clouds	 collected	 from	 the	 physical	 robot.	 The	 MDN	 is	 then	trained	to	minimize	the	negative	log-likelihood.
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Uncertainty Aware Forward and Inverse Kinematics for Tendon-Driven Continuum Robots via Mixture Density Networks[13,	14].	Our	proposed	inverse	kinematics	model	is	sim-ilar	to	these	methods	in	that	we	attempt	to	maximize	the	density	of	the	robot	in	the	target	region	of	its	workspace.		However,	we	employ	a	learning-based	method	along	with	a	gradient-based	optimization	 technique	 to	 find	prob-abilistically	 optimal	 solutions	 to	 the	 inverse	 kinemat-ics	 problem	 specifically	 for	 tendon-driven	 continuum	 
robots.

Uncertainty and error estimation has also been the focus	of	much	prior	work	[15–17].	While	these	approach-
es utilize model-based methods of uncertainty estima-tion,	 our	method	 uses	 a	 data-driven	 approach	 to	 learn	
these kinematic uncertainties/errors from observations.

2.2. Data-driven modelsData-driven	models	 have	 also	 been	 proposed	 to	model	
both the kinematics and dynamics for continuum  manipulators.	 Nonlinear	 auto-regressive	 models	 with	 exogeneous	 inputs	have	been	shown	to	perform	well	 in	predicting	the	end	effector	position	for	continuum	robots	[9].	While	 this	model	 is	 able	 to	 implicitly	 learn	 how	 to	
model the forces on the robot, it does not reason over the uncertainties	of	continuum	robots’	geometries.Reinhart	 and	 Steil	 compare	 several	 data-driven	 and	hybrid	modeling	approaches	for	the	forward-	kinematics	of	 soft	 robots	 [10].	 They	 concluded	 that	 a	 non-linear	 Extreme	 Learning	 Machine	 (ELM)	 achieved	 the	 best	result	 for	minimizing	 the	 error	with	 respect	 to	 the	 end	effector	position.Work	has	also	been	done	to	learn	the	full	geometry	for	concentric	tube	robots	as	a	parametric	curve	[18].	Their	model	is	capable	of	achieving	high	accuracy	for	concen-tric	 tube	 robots	 but	 does	 not	 allow	 for	 reasoning	 over	the	 geometric	 uncertainties	 associated	with	 continuum	
robots.Others	 propose	 to	 use	 Gaussian	 Process	 Regression	(GPR)	for	the	forward	kinematics	of	tendon-driven	con-tinuum	 robots	 [19].	 They	 show	 a	 low	position	 and	 ori-entation	error	post-training;	however,	 this	method	does	not	 allow	 for	 reconstruction	of	 the	 full	 robot	 geometry.	Gaussian	Mixture	Regression	(GMR)	has	also	been	used	for	the	inverse	kinematics	[20].	They	find	that	Gaussian	mixtures	 do	 not	 perform	 as	 well	 as	 other	methods	 for	computing	the	inverse	kinematics	of	tendon-driven	con-tinuum	 robots.	 By	 contrast,	 we	 find	 in	 this	 paper	 that	Gaussian	mixtures	perform	well	with	respect	to	forward	kinematics	for	representing	the	full	geometry	of	the	robot.The	 current	 state	 of	 data-driven	 approaches	 to	 for-ward	 kinematic	 models	 primarily	 focuses	 on	 learning	how	 to	 predict	 the	 position	 of	 the	 end	 effector	 of	 the	robot	while	implicitly	modeling	the	forces	acting	on	the	robot.	 The	 approach	 proposed	 in	 this	 paper	 extends	these	ideas	to	modeling	the	entire	geometry	of	the	robot	as	 a	 Gaussian	 mixture	 model.	 Unlike	 prior	 work,	 this	

new	 model	 is	 capable	 of	 modeling	 the	 geometric	 un-certainties	 of	 tendon-driven	 continuum	 robots.	 In	 our	experiments,	we	show	that	we	are	capable	of	explicitly	reasoning	over	these	geometric	uncertainties	to	improve	the	safety	of	tendon-driven	continuum	robot	operation.Data-driven	 approaches	 have	 also	 been	 proposed	to	 solve	 the	 problem	 of	 inverse	 kinematics	 [21–23].	Xu	et al.,	 analyze	GMM	and	KNN	Regression	along	with	 Extreme	Learning	Machines	and	show	they	are	capable	of	achieving	high	performance	with	respect	to	end-effector	accuracy	[21].	Neural	networks	have	also	been	shown	to	be	capable	of	achieving	high	performance	[22,	23].	How-ever,	 these	methods	solely	 focus	on	achieving	a	desired	end-effector	pose.	 In	our	work,	we	present	a	method	of	performing	 inverse	 kinematics	 that	 reasons	 explicitly	over	the	entire	geometry	of	the	robot.
3. Kinematic ModelingWe	 propose	 a	 novel	 learned,	 data-driven	 approach	 to	modeling	 the	 kinematics	 for	 tendon-driven	 continuum	robots.	As	opposed	to	standard	kinematic	models	that	di-rectly	compute	the	position	and	orientation	of	each	joint	axis	of	the	robot,	our	model	computes	a	Gaussian	mixture	model	 (GMM)	 representation	 of	 the	 robot’s	 geometry	in	 the	workspace.	A	GMM	is	a	weighted	combination	of	Gaussian	probability	distributions.	The	probability	den-sity	function	of	a	GMM	for	a	random	variable	x is formu-
lated as 
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and µi, ∑i, and wi	 are	 the	mean,	 covariance	matrix,	 and	weight	for	component	i,	respectively.Given	d = (d1, d2,…, dm),	where	dj	is	the	displacement	of	
tendon j,	the	model	computes	the	GMM	through	a	mixture	density	network	(MDN).	MDNs	are	a	type	of	neural	net-work	composed	of	an	initial	feedforward	fully	connected	network	followed	by	separate	feedforward	fully	connect-ed	networks	to	compute	the	means,	covariance	matrices,	and	weights	 for	 each	 component	 of	 the	 GMM.	 Figure 2 
shows the architecture used to model the kinematics for the	 tendon-driven	 continuum	 surgical	manipulator.	 For	the	purposes	of	modeling	the	workspace	geometry	of	the	robot,	 the	MDN	produces	a	 three-dimensional	GMM	for	each	configuration	of	tendon	displacements.We	note	that	the	model	computes	the	matrices	Ui as opposed	 to	 the	 covariance	 matrices	 ∑i.	 Following	 the	
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derivation	from	prior	work,	Ui is used to reconstruct the precision	matrix	(inverse	covariance	matrix)	for	compo-
nent i	[24].
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This	 enables	 the	 outputs	 of	 the	 MDN	 to	 be	 uncon-strained	 while	 maintaining	 that	 the	 covariance	 matrix	for	each	component	is	positive-definite.	The	negative	log-	likelihood	function	can	also	be	efficiently	computed	using	
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The	MDN	is	trained	to	minimize	the	negative	log-like-lihood	of	ground-truth	data	collected	from	the	robot.	To	gather	 the	 ground-truth	 distributions,	 we	 collect	 point	clouds	of	the	robot’s	geometry	at	various	configurations	using	 two	RealSense	 cameras	 on	 opposing	 sides	 of	 the	robot.	We	chose	configurations	for	the	data	set	by	discret-izing	the	robot’s	configuration	space	and	collecting	data	for	all	configurations	in	this	discretization.	For	each	con-figuration	in	the	data	set,	we	randomly	sample	multiple	starting	configurations	of	the	robot,	then	move	the	robot	along	 a	 linear	 interpolation	 in	 the	 configuration	 space	between	the	starting	and	desired	configuration.	A	point	

cloud is then collected once the robot has arrived at the desired	configuration	by	placing	a	bounding	box	around	the	robot’s	workspace	and	collecting	only	the	points	that	exist	in	this	space.	The	concatenated	point	clouds	of	the	robot’s	geometry	having	arrived	at	 the	same	configura-tion	from	all	of	the	different	starting	configurations	gives	a	distribution	of	potential	geometries	the	robot	can	have	at	the	desired	configuration.	Figure	3	shows	an	example	of	one	robot	point	cloud	at	a	given	configuration	 in	 the	training	set.	The	right	graph	of	Fig. 3 illustrates the vari-ability	 that	 arises	 in	 the	 robot’s	 resulting	 geometry	de-spite	being	 in	 the	 same	configuration.	The	 training	and	testing	data	sets	contain	2,277,	and	253	configurations,	respectively.Given	 the	 training	 set	 of	 point	 clouds	 X and corre-sponding	tendon	displacement	configurations	Y,	we	pro-duce	 the	 associated	 GMM	 for	 each	 configuration	 y ∈ Y using	the	MDN.
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where θ	are	the	network	weights	of	the	MDN.Using	the	computed	GMMs,	the	negative	log-likelihood	of	the	training	set	point	clouds	is	computed	using	the	loss	function	derived	in	prior	work	[24].
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Fig. 2. An	example	mixture	density	network	architecture	that	takes	the	list	of	tendon	displacements	d = (d1, d2,…, dn)	as	input	and	outputs	µi, Ui, and wi	independently	for	each	component	of	the	resulting	Gaussian	mixture	model.
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The	network	parameters	θ	are	optimized	during	train-ing	to	minimize	ℒ(θ).	Figure	1	shows	the	training	process	for	the	MDN.
4. AnalysisWe	trained	our	model	on	a	physical	 tendon-driven	con-tinuum	robot	with	nine	separator	disks	(see	Fig.	1).	The	robot	is	0.2 m	in	length	and	is	controlled	via	three	parallel	routed	tendons	and	one	helical	tendon.	Each	tendon	can	be	displaced	 from	–1 cm	 to	4 cm	where	negative	values	provide	slack	to	the	tendons	while	positive	values	apply	
tension to the tendons.

We trained 10 different versions of our model with the	number	of	mixture	components	(Gaussians)	ranging	
from one to 10. Figure	4	 shows	 the	negative	 log-likeli-
hood values on the test data set on models with differ-ent	 numbers	 of	 mixture	 components.	 We	 aim	 to	 find	the	 number	 of	 Gaussians	 that	 minimizes	 the	 negative	log-likelihood	while	also	avoiding	mode	collapse.	Mode	collapse	occurs	when	the	MDN	begins	to	output	one	or	multiple	component	mixture	weights	arbitrarily	close	to	zero.	This	implies	that	the	model	could	have	been	trained	with	fewer	mixture	components	while	still	achieving	the	same	 loss.	We	 find	 that	 five	mixture	components	mini-mize	the	negative	log-likelihood	the	most	while	avoiding	mode	collapse.We	note	that	the	optimal	number	of	mixture	compo-nents	 is	 most	 likely	 robot	 specific.	 For	 different	 struc-tures	of	the	robot	with	different	tendon	routing	patterns,	it	 will	 be	 necessary	 to	 experimentally	 determine	 the	

appropriate	number	of	mixture	components	for	the	GMM.	We	leverage	the	model	with	five	components	for	the	rest	
of the evaluation.Figure	 5	 shows	 the	model’s	 output	 at	 two	 different	randomly	sampled	configurations	of	the	robot	compared	with	 the	 ground-truth	 geometric	 distribution	 at	 those	configurations.	The	points	sampled	from	the	GMM	accu-rately	represent	the	expected	geometry	of	the	robot	with	a	high	density	of	points	being	sampled	within	the	ground-truth	distribution	and	a	low	density	of	points	being	sam-pled	everywhere	else.We	 compare	 the	 computation	 time	 of	 the	 trained	MDN	with	 the	 Cosserat	 rod	model	 presented	 in	 prior	

Fig. 3.   An	example	robot	point	cloud	in	the	training	data	set.	(Left)	One	particular	instance	of	the	robot’s	geometry	at	the	given	configuration	after	moving	from	one	randomly	sampled	starting	configuration.	(Right)	The	concatenated	distribution	of	all	robot	point	clouds	gathered	during	data	collection	illustrating	the	inherent	uncertainty	associated	with	the	geometry	of	the	robot	at	the	given	configuration.

Fig. 4. Loss	 function	values	at	different	numbers	of	mixture	components	on	the	test	data	set.	The	results	suggest	that	5	mix-ture	components	are	the	minimum	number	of	components	nec-essary	to	sufficiently	minimize	the	negative	log-likelihood.
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work	[8].	Timing	our	model	over	10,000	randomly	sam-pled	configurations	results	in	a	mean	computation	time	of	0.33 ms.	The	results	in	prior	work	show	a	mean	com-putation	time	of	0.39 ms	for	the	Cosserat	rod	model	[8].	We	 reduce	 the	 computation	 by	 15%	 compared	 to	 the	
Cosserat rod model.We	note	that	while	standard	comparisons	of	different	
kinematic models for tendon-driven continuum robots directly	compare	the	accuracy	of	each	model	with	respect	to	 the	predicted	endpoint,	we	cannot	provide	 this	com-parison	for	our	model.	Because	our	model	learns	distri-butions	over	geometries,	 there	 is	no	 inherent	notion	of	a	predicted	endpoint	which	poses	a	fundamental	differ-ence	 between	 the	 proposed	 model	 and	 standard	 kine-matic	models.	Further,	our	IK	formulation	here	requires	as	input	the	desired	full	robot	geometry,	rather	than	the	traditional	 formulation	 only	 requiring	 end-effector	 or	endpoint	pose.

5. Planning with Gaussian KinematicsOne	application	for	this	kinematic	model	 is	safe	motion	planning.	 Using	 the	 learned	 kinematic	 model	 enables	explicit	 reasoning	 over	 the	probability	 of	 collision	with	obstacles	as	a	result	of	the	geometric	uncertainty	of	the	robot.	 Other	motion	 planners	 that	 consider	 the	 proba-bility	 of	 collision	 primarily	 consider	 the	 uncertainty	 as	a	result	of	motion	and	sensing	uncertainty	[25–27].	Our	model	enables	an	extension	of	these	motion	planners	to	reason	 explicitly	 over	 the	 geometric	 uncertainty	 asso-
ciated with the kinematics of tendon-driven continuum surgical	manipulators.	Here	we	present	a	motion	planner	that	uses	our	learned	kinematic	model	to	explicitly	min-imize	the	probability	of	collision	for	a	given	nominal	tra-jectory	of	tendon	displacements.We	first	construct	a	nominal	trajectory	using	the	Prob-abilistic	Roadmap	(PRM)	[28]	motion	planning	algorithm,	a	widely	used	algorithm	in	robotics	and	motion	planning	to	find	feasible	paths	for	robots	operating	in	complex	en-vironments.	It	does	so	by	constructing	a	roadmap	of	the	given	 environment	 via	 random	 sampling	 in	 the	 robot’s	configuration	space,	enabling	the	robot	to	efficiently	nav-igate	 to	 a	 goal	 while	 avoiding	 obstacles.	 However,	 any	planning	algorithm	could	be	used	to	generate	a	nominal	trajectory	of	configurations.	In	the	generation	of	the	ini-tial	roadmap	(and	subsequently	the	nominal	trajectory),	we	check	for	collisions	by	testing	that	the	means	of	each	component	of	the	GMM	are	not	in	collision	with	the	ob-
stacles in the environment. This condition enables us to later	efficiently	compute	the	probability	of	collision	with	
the environment.To	 improve	 the	safety	of	 the	motion	plan,	we	 locally	optimize	 the	 nominal	 trajectory	 itself	 with	 respect	 to	the	probability	of	collision	as	determined	by	our	model.	The	 probability	 of	 collision	 along	 the	 whole	 trajectory	is	minimized	using	Bayesian	Optimization.	To	efficiently	compute	the	probability	of	collision,	we	extend	a	method	from	prior	work	 to	reason	over	 the	probability	of	 colli-sion	between	a	GMM	and	a	given	environment	[29].	To	do	so,	for	each	component	in	the	predicted	GMM,	we	trans-form	the	environment’s	geometry	such	that	the	mean	of	the	mixture	component	is	at	the	origin	with	a	covariance	matrix	equal	to	the	identity	matrix.	We	translate	the	en-vironment	by	 the	negative	of	 the	mean	and	multiply	by	the	Cholesky	decomposition	of	the	precision	matrix.	The	component	 distribution	 in	 the	 new	 environment	 is	 the	unit	sphere	centered	at	the	origin.	The	new	environment	
is constructed via

 E U E
i i i= −( ),µ 	 (8)where	E	is	the	set	of	all	vertices	in	a	mesh	representation	

of the environment and Êi is the set of all mesh vertices in the	transformed	environment	for	mixture	component	i.

Fig. 5. An	 example	 set	 of	 outputs	 from	 the	mixture	 density	network	after	training	with	five	mixture	components	compared	with	 the	 ground-truth	 geometric	 distribution.	 The	 red	 points	are	sampled	from	the	Gaussian	mixture	model	output	from	the	mixture	density	network.	The	blue	points	are	the	points	collect-ed	 from	 the	 robot	during	data	 collection.	The	sampled	points	demonstrate	how	the	learned	Gaussian	mixture	model	is	capa-ble	of	representing	the	full	distribution	of	geometries	as	a	result	
of the kinematic uncertainty.
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Uncertainty Aware Forward and Inverse Kinematics for Tendon-Driven Continuum Robots via Mixture Density NetworksA	 locally	 convex	 region	of	 free	 space	 is	 then	defined	over	 this	 transformed	 environment	 using	 the	 method	presented	in	prior	work	[29]	as	a	set	of	linear	constraints	
aT

ij p ≤ bij, where aij, p ∈ ℝ3, bij ∈ ℝ,	 i	 is	 the	mixture	 com-ponent	 index,	 j	 is	 the	 constraint	 index,	 and	p	 is	 a	point	in	the	robot’s	workspace.	A	conservative	estimate	for	the	probability	that	a	configuration	x	is	not	in	free	space	Xf is computed	by
 

p w bf i

j

K

ij

i

N i

( ) ( ( ))x /∈ ≤ −





==
∑∑X 1
11

cdf 	 (9)
for N	mixture	 components	 and	where	Ki is the number of	 linear	constraints	 for	component	 i. The cdf function 
here refers to the cumulative distribution function for the	standard	normal	Gaussian	 [0,	1].	The	probability	

of	collision	along	a	trajectory	τ	is	estimated	by	taking	the	complement	of	 the	product	of	 the	probability	 that	each	state	in	the	trajectory	is	not	in	collision.
 

p x pf f∃ ∈ /∈( )≤ − − /∈( )( )
∈

∏x x

x

τ
τ

: .X X1 1 	 (10)
Using	 Bayesian	 Optimization	 [30],	 the	 upper	 bound	

on p(∃x ∈ τ	:	x ∉ Xf )	is	iteratively	minimized	for	the	given	nominal	trajectory.	During	each	iteration	of	the	optimiza-tion,	we	choose	one	intermediate	configuration	along	the	trajectory	to	optimize.	New	potential	configurations	are	randomly	sampled	 in	a	neighborhood	about	 the	chosen	configuration.	 We	 evaluate	 each	 random	 sample	 using	the	probability	of	improvement	acquisition	function	[31].	The	probability	of	collision	is	then	recomputed	using	the	sample	with	the	highest	likelihood	of	reducing	the	prob-ability	of	collision.	If	the	sampled	trajectory	has	a	lower	probability	of	collision	than	the	previous	best	trajectory,	the	best	trajectory	is	updated	to	the	sample.	This	process	is	repeated	for	a	predefined	number	of	iterations	with	a	predefined	number	of	samples	at	each	iteration.We	 tested	 the	 motion	 planner	 in	 a	 simulated	 chest	
cavity mesh environment shown in Fig.	6.	This	environ-ment	 is	segmented	from	an	CT	scan	of	a	patient	under-going	treatment	for	pleural	effusion.	We	assume	that	the	robot	has	been	fully	inserted	into	the	pleural	space	and	is	tasked	with	exploring	different	regions	of	the	space.	The	nominal	trajectory	through	the	chest	had	a	15%	chance	of	colliding	after	planning	using	the	PRM.	After	50	 iter-ations	 of	 optimization,	 the	 probability	 of	 collision	 had	been	reduced	to	under	7%.	Figure	7	shows	the	change	in	probability	of	collision	over	 the	optimization	 iterations.	

Fig. 6. The	 simulated	 chest	 cavity	 mesh	 environment	 used	during	motion	planning,	segmented	from	a	CT	scan	of	a	patient	undergoing	a	procedure	to	treat	pleural	effusion.	(Top)	The	ex-terior	of	the	volume.	The	red	circle	shows	the	insertion	point	for	the	robot.	(Bottom)	The	interior	of	the	volume.	The	red	circle	shows	the	insertion	point	for	the	robot.	The	blue	points	show	a	point	cloud	representation	of	the	robot’s	shape	inside	the	chest	cavity	in	its	home	position	(zero	displacement	for	all	tendons).	Using	our	method,	we	plan	 trajectories	 for	 the	 robot	 through	this	space	that	are	locally	optimal	with	respect	to	the	probabil-
ity of collision.

Fig. 7. 	Results	from	the	optimization	of	a	nominal	trajectory	
in the simulated chest cavity mesh environment. We ran 50 iter-ations	of	Bayesian	Optimization	with	respect	to	the	probability	of	 collision.	The	nominal	 trajectory	had	approximately	a	15%	chance	of	collision	prior	to	optimization.	After	optimization,	the	probability	of	collision	had	been	reduced	to	under	7%.
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J. Thompson et al.Using	our	learned	kinematic	model,	we	more	than	halved	the	probability	of	collision.
6. Inverse KinematicsOur	MDN	kinematic	model	also	lends	itself	to	solving	the	problem	of	inverse	kinematics	for	tendon-driven	contin-uum	robots.	In	Sec.	5,	we	show	a	method	of	minimizing	
the likelihood  that the robot will collide with obstacles in	a	given	environment.	Conversely,	we	can	maximize	the	likelihood	that	the	robot	will	occupy	a	desired	geometry.	Formally,	given	a	desired	robot	geometry	defined	by	a	set	of	points	Gdes, we seek

 

arg min log( ( | )

,

d
pE

x

d

x d∈ −( )[ ]Gdes

subject to C

θ 	 (11)
where d	is	the	set	of	tendon	displacements,	Cd is the set of	 constraints	 defining	 the	 physical	 limitations	 of	 the	
tendons, and pθ(x|d)	is	computed	using	the	GMM	output	from	 our	 mixture	 density	 network.	 We	 use	 sequential	least	squares	programming	to	find	d∗ that minimizes the negative	log	likelihood	(i.e.	maximizing	the	log	likelihood)	of	occupying	the	desired	geometry	[32].

This	 allows	 for	 principled	 reasoning	 over	 the	 full	 geometry	 of	 the	 robot	 as	 opposed	 to	 standard	 inverse	kinematic	 models	 which	 only	 reason	 over	 the	 pose	 of	the	 end-effector	 [21–23].	 Our	 approach	 also	 takes	 into	

Fig. 9. 	Inverse	kinematics	results	at	varying	quantiles	of	negative	log	likelihood	across	253	test	cases.	The	blue	points	represent	the	desired	geometry	of	the	robot	while	the	red	points	represent	the	predicted	geometries	at	the	predicted	configurations.	We	ob-serve	that	in	the	worst	cases,	our	method	is	minimally	misaligned	with	the	desired	geometry	while	in	all	other	cases	the	predicted	geometry	aligns	extremely	well	with	the	desired	geometry.

(a) (b) (c)

(d) (e) (f)

Fig. 8. 	Negative	 log	 likelihood	values	 for	 the	predicted	con-figurations	 of	 our	 inverse	 kinematics	method	 across	 253	 test	cases.	The	results	are	highly	consistent	ranging	 from	–11.0	 to	–12.4	with	a	majority	of	cases	being	below	–12.0.

J.
 M

ed
. 
R

o
b
o
t.

 R
es

. 
2
0
2
5
.1

0
. 
D

o
w

n
lo

ad
ed

 f
ro

m
 w

w
w

.w
o
rl

d
sc

ie
n
ti

fi
c.

co
m

b
y
 T

H
E

 U
N

IV
E

R
S

IT
Y

 O
F

 U
T

A
H

 o
n
 0

6
/2

4
/2

5
. 
R

e-
u
se

 a
n
d
 d

is
tr

ib
u
ti

o
n
 i

s 
st

ri
ct

ly
 n

o
t 

p
er

m
it

te
d
, 
ex

ce
p
t 

fo
r 

O
p
en

 A
cc

es
s 

ar
ti

cl
es

.



FA	 WSPC/300-JMRR	 2540002 ISSN:	2424-905X

2540002-9

Uncertainty Aware Forward and Inverse Kinematics for Tendon-Driven Continuum Robots via Mixture Density Networks

account unmodeled and uncertain effects on the robot during	operation.
We test our inverse kinematics method on our test dataset	described	in	Sec.	3.	For	each	point	cloud	collected	from	our	physical	 robot,	we	 compute	 the	 set	 of	 tendon	displacements	 d̂	that	maximizes	the	likelihood	of	occupy-ing	the	prescribed	geometry.	We	then	compare	the	pre-dicted	geometry	at	 d̂	with	the	desired	geometry.	Figure	8	shows	the	negative	 log	 likelihood	values	across	the	253	test	cases.	These	results	show	that	our	method	performs	consistently	regardless	of	the	desired	geometry.	In	Fig.	9,	 we	visualize	our	results	at	various	negative	log	likelihood	quantiles	to	qualitatively	analyze	the	performance	of	our	method.	We	see	that	in	the	worst	case,	our	method	pro-duces	a	geometry	that	is	minimally	misaligned	with	the	goal	while	 in	 the	majority	of	 cases	we	successfully	 find	configurations	that	match	the	desired	geometry.

7. ConclusionWe	present	a	novel	approach	to	the	modeling	of	tendon-	
driven continuum robot kinematics. Our method models the	 geometric	 uncertainties	 associated	 with	 the	 robot	kinematics	 through	 a	 mixture	 density	 network	 trained	to	 output	 Gaussian	 mixture	 models	 that	 accurately	 re-flect	 the	distribution	over	geometries.	We	 find	 that	our	model	 accurately	 represents	 the	 ground-truth	 distribu-tions	over	geometries	and	is	computationally	faster	than	
a state-of-the-art Cosserat rod model. We demonstrate the	capabilities	of	our	model	in	the	downstream	task	of	motion	planning.	We	plan	nominal	 trajectories	 and	use	the	 trained	mixture	 density	 network	 to	 explicitly	mini-mize	the	probability	of	collision	using	Bayesian	Optimi-zation.	We	then	show	another	application	of	our	model	
in the domain of inverse kinematics. We show that we are able	to	reason	over	the	full	desired	geometry	of	the	robot	to	find	configurations	that	optimize	the	likelihood	of	oc-cupying	the	desired	geometry.In	 the	 future,	we	 intend	 to	apply	 the	model	 to	other	continuum	robot	 types.	We	also	 intend	 to	 integrate	 the	optimization	 into	 the	 sampling	 process	 of	 a	 motion	planner	 that	 integrates	 sampling	with	 optimization	 for	motion	planning	beyond	the	optimization	of	nominal	tra-jectories,	similar	to	as	in	prior	work	[33,	34]	but	with	our	uncertainty	model	and	metric.	We	also	plan	to	apply	our	inverse	kinematics	model	into	our	motion	planner	for	a	
system that holistically reasons over unmodeled and sto-chastic	 effects	during	planning	and	operation,	however,	more	work	 is	needed	 to	expand	our	model	 to	explicitly	encode	predicted	end-effector	state	which	will	be	needed	for	many	(but	not	all)	traditional	planning	and	IK	formu-lations.	In	conclusion,	we	believe	that	the	GMM-based	ki-nematic	model	presented	in	this	work	has	the	potential	to	 improve	 safe	 planning	 and	 control	 of	 tendon-driven	
continuum robots in medicine.
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