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We derive robust bounds on the equation of state (EOS) at finite baryon chemical potential using QCD
inequalities and input from recent lattice-QCD calculations of thermodynamic properties of matter at
nonzero isospin chemical potential. We use lattice data to deduce an upper bound on the baryon density of
the symmetric nuclear matter at a given baryon chemical potential and a lower bound on the pressure as a
function of the energy density. We also use constraints from perturbative calculations of the QCD EOS at
high density derived in earlier work and causality to delineate robust bounds on the EOS of isospin
symmetric matter at densities relevant to heavy-ion collisions.
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I. INTRODUCTION

Recent studies have provided useful constraints on the
equation of state (EOS) of dense matter using input from
astrophysics and nuclear physics. Several authors have
shown that it is possible to combine measurements of heavy
neutron-star masses, neutron-star radii, and tidal deform-
ability to constrain the pressure of neutron-rich matter at
baryon density in the range 2—4n,,, where ng,, ~0.16 fm™>
is the saturation density inside nuclei. At lower density,
where nuclear matter is nonrelativistic and dilute, nuclear
Hamiltonians derived using phenomenological considera-
tions and chiral effective field theory (yEFT) now provide
useful constraints on the EOS, and a comprehensive
discussion of these calculations and results are reviewed
in [1]. At much higher baryon density, for ng 2 40n,, the
typical momentum scale for quark and gluon interactions
becomes much larger than Agcp ~ 200 MeV and pertur-
bative QCD (pQCD) calculations provide reliable and
stringent constraints on the EOS as reviewed in [2].
Further, in Ref. [3], it was shown that thermodynamic
consistency and stability conditions could be used to
extrapolate the pQCD constraints to lower density.

The tightest constraints on the EOS of neutron-rich
matter, which is characterized by a large isospin asymmetry
due to constraints imposed by charge neutrality and beta
equilibrium, are obtained from observations of neutron-star
structure. There is a one-to-one correspondence between
the mass-radius relationship of neutron stars and the EOS
through Einstein equation [4] (and similarly for other
observables such as tidal deformability), and hence astro-
physical measurements provide robust bounds on the EOS.
Indeed, it has been shown that the large portion of the
allowed region of the EOS is strictly ruled out by the tidal
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deformability bound from the GW170817 event and the
existence of the two-solar-mass pulsars [5-8].

As for isospin symmetric matter, experimental measure-
ments of the isoscalar giant monopole resonances in nuclei
provide strong constraints on the incompressibility coef-
ficient of symmetric nuclear matter EOS at saturation
density (see, e.g., Ref. [9] for a review), but reliable
constraints at higher density have been elusive. Although
there has been progress in identifying several EOS-
sensitive observables in heavy-ion collisions that access
high baryon density, an interpretation of the data has been
difficult. The systematic uncertainties associated with the
hadronic transport models needed in this context remain
poorly understood, and the EOS constraints derived using
them (see, e.g., [10—12]) are not as robust as the astro-
physical constraints on isospin asymmetric matter.

The purpose of this study is to demonstrate that we can
use lattice-QCD calculations of thermodynamic properties
at y; > 0 to derive useful and robust bounds on the EOS of
isospin symmetric matter at yg > 0 and low temperature (y;
and pp are isospin and baryon chemical potentials, respec-
tively). Intriguingly, although the ground state of the matter
at ug = 0 and nonzero yp, which is characterized by a Bose
condensate of pions for y; > m, (m, is the pion mass) [13],
is very different from baryonic matter at nonzero ug, a
QCD inequality that relates the pressures of matter at
nonzero yy and ug derived by Cohen in Ref. [14] allows us
to derive this bound. We employ results from recent lattice-
QCD calculations at p; > 0 [15] to obtain an upper bound
on the pressure as a function of ug.

The QCD inequalities, pioneered by the seminal works
dating back to four decades ago [16—18], relate different
correlation functions without explicitly evaluating them.
They are derived from inequalities among the integrands in
the path integral expressions; using the fact that the path
integral measure is positive, path-integrated quantities also
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satisfy inequality relations (see also Ref. [19] for a
Hamiltonian variation approach). The QCD inequalities
have been successful in discussing the symmetry-breaking
patterns, comparing hadron masses, etc., in the vacuum (see
Ref. [20] for a comprehensive review). In contrast, at
nonzero chemical potential, the QCD inequalities generally
cannot hold between path-integrated quantities because the
fermion determinant becomes complex valued, and the path
integral measure is not positive—and is widely known as
the fermion sign problem. However, there is an exceptional
case where one can still obtain the positive path integral
measure with nonzero chemical potential; it is QCD at
nonzero u;, which can be regarded as a complex phase-
quenched theory for QCD at nonzero ug [13,21] (see
also [22]). From this fact, one can put an upper bound on
the path integral of QCD at nonzero ug from that of QCD at
nonzero y; (see, e.g., Ref. [23] for an application of the
QCD inequality at nonzero ).

The positivity of the path integral measure in QCD at
nonzero yy circumvents the sign problem and there have
been several lattice studies of the phase structure and
thermodynamic properties of the two-flavor isospin matter
at nonzero y; [15,24-36]. Apart from the QCD-like theory
with N, =2 (see, e.g., [37-41]), QCD with N, =3,
ug =0 and y; > 0 is the only system for which lattice
calculation of the EOS at nonzero chemical potential
around vanishing temperature is feasible. A recent lattice-
QCD calculation was able to construct states with a large
number of pions (6144) corresponding to p; > 0 and
negligible temperature and measure their thermodynamic
properties [15]. We use their results to constrain the
thermodynamic properties of matter with pg >0 at
vanishing temperature. To our knowledge, this is the first
example of a lattice bound on the EOS at nonzero up
and T =~ 0.

The bound we derive applies to isospin symmetric matter
at nonzero up with zero net strangeness. Such matter is
interesting because it is realized in heavy-ion collisions and
is relevant to the QCD critical point searches in heavy-ion
collisions. The critical point is the end point of a con-
jectured first-order line in the pug — T plane of isospin
symmetric matter (for a review, see [42,43]). If the first-
order phase transition persists at low temperatures, the
baryon density would be discontinuous across it. To
constrain the jump in density, we translate constraints on
the pressure to a baryon number density constraint using
the integral constraint method developed in Ref. [3]. This
method also allows us to derive constraints on the pressure
as a function of the baryon energy density at nonzero g
and low temperature. The bounds we find may not seem
stringent but robustly exclude a soft EOS characterized by a
low sound speed v2 < 0.2 for g in the range 1-2 GeV. We
find that they are competitive with bounds derived from
robust extrapolations of pQCD that rely on thermodynamic
consistency, stability, and causality conditions [3]. The

interplay between these independent bounds could provide
guidance for both lattice QCD and pQCD.

The paper is organized as follows. In Sec. II, we review
the inequalities that compare the QCD thermodynamics at
nonzero ug and y; in detail. We show how recent lattice
results constrain the EOS in the yg — P plane in Sec. II1. In
Sec. IV, we use constraints on the yg — P plane to constrain
ng(ug) and eventually P(e). In doing so, we express the
pressure as an integral of the baryon density and specify the
constant of integration using empirical information about
nuclear matter at the saturation point to obtain a lower
bound on the pressure as a function of the energy density. In
Sec. V, we use pQCD constraints on the high-density EOS
to specify the constant of integration and isospin-QCD
lattice data to obtain an upper bound on the pressure as a
function of the energy density. In Sec. VI, we compare
results obtained in the previous sections with the pQCD
integral constraint derived earlier from the thermodynamic
consistency, stability, and causality conditions [3].

II. QCD INEQUALITIES AT NONZERO
CHEMICAL POTENTIALS

Here, we review QCD inequalities at nonzero ug and p
and derive the relationship between QCD partition func-
tions of the baryonic matter and the isospin matter, which
are denoted as Zg(ug) and Z;(uy), respectively. The
derivation is based on a Euclidean path integral represen-
tation and was presented in Ref. [14] (see also Ref. [44]). In
the following, we consider QCD in an Euclidean space with
N; = 2 degenerate flavors. We will specify the temperature
to be zero, but the inequalities shown below also hold at any
temperature.

A. Partition function with nonzero baryon
chemical potential

The Dirac operator D(ug) at a nonzero real-valued quark
chemical potential y  is given by

D(u) = P + m — pqyo, (1)

where the covariant derivative P =g+ igA is a skew-
Hermitian operator, i.e., p* = — ). Furthermore, due to the
skew-Hermiticity of p, the Dirac operator at yuq =0
becomes pseudo-Hermitian by ys, and

7sD(ug =0)ys = =P +m =D'(ug =0).  (2)

When uy, =0, this ys-pseudo-Hermiticity guarantees a
positive path integral measure with detD(u, = 0) > 0;
this positivity is key to deriving QCD inequalities for
path-integrated quantities. In contrast, at pq # 0, the
ys-pseudo-Hermiticity is lost because

VSD(ﬂq)75 = IDT(_ﬂq) ?é DT(/"q)’ (3)
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and consequently, the path integral measure is no longer
positive.

For QCD with two flavors, the partition function Zg in
the path integral representation is given by

Zum) = [lanl|aep(R2) e @

C

where S is the Euclidean action of QCD in the gauge
sector. In general, the fermion determinant in the above
expression is complex. However, using the charge con-
jugation symmetry that requires Zg(ug) = Zg(—ug) and
the following relation derived from Eq. (3):

detD<_ﬂq) = det}/SD(_Mq)}/S = [detp(ﬂq)]*’ (5)

it can be shown that

Za(ug) = / dAJRe [dem(;—B)re—Sa, (6)

C

as should be expected on physical grounds since the
partition function should be real-valued function [14]
(see also Refs. [45-49]).

B. Partition function with nonzero isospin
chemical potential

The path integral representation of the partition function
of u and d quarks at finite y; and ug = 0 is given by

Zily) = / 1dA] detD(%) detD(—%)e‘SG, (7)

where D(ug) is the Dirac operator defined in Eq. (1). The
arguments of the fermion determinants have opposite signs
4u; as u and d quarks have opposite (third components of)
isospins /5. From the relation (5), Z;(u;) can be rewritten as

A\ |2
detD < > >
The positivity of the path integral at finite y; measure
mentioned earlier is now explicit in Eq. (8). We note that
QCD at nonzero y; can also be regarded as the phase-
quenched theory of two-flavor QCD at nonzero pg in which
the complex phase of the fermion determinant is discarded.

This is quite distinct from the quenched approximation in
which the entire fermion determinant is neglected.

mm=ﬂ%1 So o (®)

C. QCD inequalities

From the relation Rez® <|z?| = |z[?, the following
inequality holds:

<

HB 2 HB 2
R Dl — DI— || .
e [det <N0> det (Nc) ’ 9)

From this inequality, we get an upper bound on Zg(ug):

2
detD (”—B)
N

The lhs and rhs differ by the phase of the determinant, so
the inequality is saturated when the phase is unity. The rhs
can be recast as Zj(u;) by mapping up to p; with an
appropriate prefactor, which is y; = 2ug/N.. We see that
Eq. (10) combined with Eq. (8) yields a useful inequality

Zuw) < [ ldA] S (10)

awwsz(mzaf) (1)

which was first derived by Cohen in Ref. [14].

By taking the logarithm of this inequality, one obtains
an upper bound on the pressure of the baryonic matter at
a given up in terms of the pressure of isospin matter

(= 2ug/N.):

Pg(up) < P (.“I = 2]CB>- (12)

This inequality will eventually be saturated at asymptoti-
cally high density, as can be seen in the perturbative
expressions of the pressure at nonzero pg and py as they
are identical up to order a2, where a is the strong coupling
constant. The difference appears at O(a?) [22].

D. An inequality for baryonic matter
with isospin imbalance

The pressure inequality derived in the preceding dis-
cussion applies to isospin-symmetric baryonic matter. From
the convexity condition of the pressure derived in Ref. [50]
and given by

[P(ug + 1, 0) + P(ug — p1. 0)].
(13)

N =

P(up.0) < P(up, pr) <

one can derive a bound on the pressure at nonzero ug
and finite isospin imbalance y;, denoted as P (ug, y1). Given
the relations between baryonic and isospin pressures and
the general pressure with an arbitrary isospin imbalance,
Pg(ug) = P(ug.0) and Py(ur) = P(0, y1), and by combin-
ing with the QCD inequalities above, we obtain

P(ug, ) S% [P <0715C(/4B +m)> +P<0’1\i(ﬂB —m))] :
(14)
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This can, in principle, be applied to the neutron-star matter
where the charge neutrality and the beta-equilibrium condi-
tion are fulfilled with nonzero y;. In practice, however, this
inequality requires the value of y; as a function of ug, which
we cannot know from the current neutron-star observations
unless we assume some model.

III. LATTICE-QCD BOUND ON THE BARYONIC
MATTER PRESSURE

From the inequality (12), the lattice-QCD calculation of
the isospin matter EOS puts an upper bound for the two-
flavor symmetric matter EOS.

In Fig. 1, we plot the lattice-QCD results of the isospin
matter pressure from Ref. [15]. The blue and red shaded
regions marked with LQCD A and LQCD B in Fig. 1 are
the results sampled from different ensembles at nearly
vanishing temperature, 7 ~ 23 and 17 MeV for ensembles
A and B, respectively. The x axis is rescaled as y; — ug =
(N¢/2)pp. The normalized pressure P/Pjq, is read out
from the lattice data in Ref. [15] by multiplying (1/3 — A)
and 3€/€ideal’ where A = 1/3 — P/S and 3Pidea1 = Ejdeal -
The pressure of the ideal quark gas is given by Pij., =
NCNfﬂg/(12ﬂ'2) with pg = pg/N. = /2. We simply
evaluate the uncertainty of P by taking the square root
of the squared sum of relative errors. We plot the resulting
pressure P/ Pig., in Fig. 1. The inequality (12) rules out the
gray hatched region above the lattice data.

We note that the typical value of the normalized pressure
P/ P;4eq inferred from the neutron-star data is less than one.
Also, the pQCD at large pp predicts P/ Pjgeq < 1 as the first
coefficient of O(a,) in the perturbative expansion is
negative. By contrast, the normalized pressure in the
isospin matter surpasses unity, as can be seen in Fig. 1.
This clearly indicates that the complex phase in the fermion

%3000 1500 2000 2500 3000 3500
N
He =~ [MeV]
FIG. 1. Pressure of the isospin matter. The pressure is normal-

ized by the ideal quark gas value Pigey = N Nepug/(127%) with
Hq = pg/Nc = p1/2. The gray hatched region is excluded by the
isospin lattice-QCD data.

determinant at the nonzero baryon chemical makes a
substantial contribution to reducing the pressure of the
baryonic matter.

The exclusion of the high-pressure region in the ug — P
plane can be used to constrain the EOS or the function
P(¢), where ¢ is the energy density. It can also be used
to constrain the evolution of baryon density ng(ug). We
will discuss both of these constraints in Sec. IV. Here, to
gain insight into how the constraints in Fig. 1 translate to
constraints on the speed of sound in dense matter, which at
zero temperature is defined by the relation v, = /dP/de,
we construct simple scenarios in which v, is constant. In
this case, one can use the empirical information about the
nuclear saturation point which is characterized by P =0
at pg = pig = 923 MeV and ¢ = gy, = 150 MeV/fm? to

obtain
v2e . [(IuB)Hv;Z ]
P(ug) = =2 — -11, (15

( B) 1+ U% Hsat )

where v, is taken to be a constant. In Fig. 2, we plot the
EOS with different values of v? and see that a softer EOS
characterized by a small value of »2 has a larger slope in the
P(ug) relation. This can be understood by noting that the
sound speed can also be written as

2 =B (16)
MBXB

where ng = dP/dug is the baryon density and yp =
dng/dug is the baryon susceptibility; they correspond to
the slope and the curvature of a curve P(ug), respectively.
As up increases, yg grows slowly compared to ng unless an
EOS has an extremely soft point such a first-order phase
transition, so the stiffness depends dominantly on the value

10*t
&
£
3
= 10°t
Q.
// - = — 22011
/ .~ —= v2=03
/ ‘/ 2 -
/ ‘/ - v:=1.0
/7 s C— LacDA
/ : {2277 LQCD B
2 ) / .( , . .
10" 3000 1500 2000 2500 3000 3500

s [MeV]

FIG. 2. Constraints imposed by the QCD inequality on the
pressure-chemical potential plane. For reference, the prediction
of the constant speed of sound EOSs with different values
are shown.
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of ng. The constant extrapolations with small values of the
sound speed are excluded by the lattice-QCD constraint as
one can see in Fig. 2 that the EOSs with v? = 0.1 are ruled
out. Thus, the upper bound on the function P(ug) excludes
the possibility of having a soft EOS over a wide range
of ug. This bound on the speed of sound and the average
stiffness of the EOS could be employed in modeling heavy-
ion collisions where the model assumption about the speed
of sound in baryonic is necessary [11].

IV. BOUNDS ON ny(u) AND Pl(e)

In this section, we use the integral constraint method
developed in Ref. [3] to translate the lattice-QCD constraint
on the function P(ug) to obtain constraints on the functions
ng(ug) and P(e). The integral constraint relies on a
reference point where all of the thermodynamic properties
are known. As mentioned earlier, at low density, the
empirical properties of nuclear matter at the saturation
density ng = ng = 0.16 fm™> provide a reference point
characterized by P =0 at ug = pey = 923 MeV, and
£ = &4 = 150 MeV/fm?. At asymptotically high density,
one can use the pQCD calculations of the thermodynamic
properties to establish a high-density reference point. In
what follows, we use the low-density reference point and
study its implications. Additional constraints that arise
from implementing a high-density reference point will
be discussed in Sec. V.

A. Bounds on ng(ug)

To establish constraints on the ug — ng plane, we first
note that thermodynamic consistency requires P(ug) to be
a continuous function and thermodynamic stability requires
(d/dug)*P(ug) > 0. This implies dng(ug)/dug >0 and
indicates that the function ng(ug) cannot decrease with
increasing ug. Further, since

=—— (17)
and causality requires »2 < 1, implying a lower bound on

the slope of the function ng(ug),

dng s
dug ~ pB

(18)

Using the low-density reference point and integrating
Eq. (18) we arrive at a lower bound on the baryon density

n%a
= . (19)

sat

Nmin (ﬂB)

To obtain an upper bound on the baryon density at a
given value of ug = p, which we denote as n,, we define a
general function 7i(ug;ugy, ny) to represent all possible
behavior of the baryon density ng(ug) in the ground state

ng

—

(Ho> 19)

(,usat’ nsat)

HB

M

FIG. 3. The construction of the baryon density 7i(ug; o, ng)
such that it minimizes the area at g > . It extrapolates from the
low-density reference point (pg,, iy ), passes through a specific
point (ug, ng), and minimizes the pressure at y > .

that passes through the point (pg,ng) and is compatible
with Eq. (18) and subject to the boundary condition set by
the low-density reference point. Since ng = dP/dug and
P(ug) = 0, we obtain the pressure P(ug; g, ng) associ-
ated with 71(ug; o, no) at any ug > pig, by integration, and
the QCD inequality in Eq. (12) reads

v HB .
P(ug; po. no) = / dp ni(p; po, no)

Hsat

2
<P (m - ]Q‘B). (20)

We construct a unique function

wug (Hsa < pp < Ho),

(5 > H). @D

1 (ugs po. no) = ny
u 1B

which is also shown in Fig. 3 that minimizes the pressure
P(ug:po.ng) at ug subject to the low-density reference
point to saturate the above inequality. We note that this
construction, which is necessary to obtain the constraint on
the ug — np plane, is model independent, and the upper
bound on the density n at p, will apply to any EOS with
and without phase transitions.

For ug < g, the baryon density that gives the smallest
possible pressure is determined by Eq. (19) with the
smallest slope starting from (pgy, ng). At yg, the density
jumps to ny with v2 = 0. Above i, the causal extrapolation
from (ug, ny) sweeps out the smallest area.

We solve the equation P(ji,; g, ny) = P;(ji,) for a given
Uo to find the maximum density ny = ny., (4y) compatible
with Eq. (12). The point i, is a chemical potential at which
P and Pj intersect. The solution to this equation gives the
maximum density

_nsat,u% + /"B/"sat[nsatﬂsat + 2Pl (/2*)]
Hsat (/\’2% - ”2B)

Nmax (/"B ) = ’ (22)
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50 . :
® Saturation point
7 —— Causal line
40l | Excluded by LQCD B LacD A
/A LQCD B
30}
&
S
£
I} 7 4
< 20+ // /é-" nmax(lJB)
10+
Nmin(UB)
0000 1500 2000 2500 3000
Us [MeV]

FIG. 4. Bound on ng(ug) from the lattice-QCD data combined
with the saturation property of nuclear matter.

and the location of ji, coincides with the tangent point of P
and Prp; it is determined by the equation

nmax(/"B)ﬁ* _ @ . (23)

My Apg |y,

The lower bound on baryon density defined by Eq. (19)
and the upper bound defined by Eq. (22) are shown in
Fig. 4. We draw the upper and lower curves of the red and
blue bands using the upper and lower bounds on the
pressure shown in Fig. 1, respectively. We note that the
value of n,,, (ug) also depends on the slope of P;(ug) as is
clear from the expression of i, (23), so the red and blue
bands shown in Fig. 4 may not account for the actual
uncertainty of n,,,,. This is also true for the red and blue
bands in the figures that appear later.

In deriving n,,,(ug), we use the isospin lattice data
up to pg ~3500 MeV. At pup = pey fi =~ 1500 MeV;
it means that the baryon density around the saturation
point is constrained by the isospin lattice data at
ug ~ 1500 MeV.

The validity range of the lattice bound on the baryon
density is limited up to jz, < 3500 MeV because we use the
lattice data only up to ug ~3500 MeV so we cannot
impose the lattice bound above i, = 3500 MeV. The value
of ji, =3500 MeV is realized at up ~2400 MeV for
ensemble A and ug ~ 2250 MeV for ensemble B.

We observe that a relation i, ~ (3/2)ug holds empiri-
cally for a given ug; it means that the lattice constraint is
imposed at y = Ji, ~ (3/2)p, to put an upper bound on the
baryon density at g, in Eq. (20). Meanwhile, the isospin
chemical potential y; of the isospin lattice data is rescaled
as ug = (3/2)u; to compare them with the baryonic matter.

4
10 T
—— Causal line from (€sat, Psat)
. _7 Heavy-ion collisions
[ LQCDA
P
10 F =

P [MeV/fm3]
BN

10
7 Excluded by LQCD
0 L/
10102 10° 10°
£ [MeV/fm?3]
FIG. 5. Bound on P(¢) from the lattice-QCD data combined

with the saturation property of nuclear matter.

Therefore they imply that the baryon density at ug = py is
constrained by the isospin lattice data around py = .

B. Bounds on P(¢)

Now we translate the bound in the yp — ng plane (Fig. 4)
to the bound in the € — P plane (Fig. 5) following the
procedure outlined in Ref. [3].

To this end, we find the maximum and minimum ¢ at a
given up from the Euler equation € = —P + pgng and the
isenthalpic condition & = & + P = ugng = const. On the
isenthalpic line segment € = —P + & in the € — P plane,
the maximum (minimum) ¢ is realized for the minimum
(maximum) P on the upper left (lower right) end point of
the line segment. Since the maximum and minimum ¢ are
entangled with the minimum and maximum P, we first
discuss P;, and P, because they can be calculated easily
by integrating the ng(ug) relation obtained earlier in this
section.

At a specific point (ug, ng) in the ug — ng plane, which
satisfies the isenthalpic condition ny = h/ug, the minimum
pressure is given by the integration of n,,;, followed by the
first-order phase transition at p:

n
Pmin(/"O) = 2/.:m (/’t(z) - /"Zat)' (24)
sat

Note that the minimum pressure depends only on g but not
on ny and A, so the pressure takes the smallest value at the
smallest possible y. Such y is realized at the intersection
of the isenthalpic line ng = h/ug and the maximum
density ng = ny,, (ug) in the ug — ng plane.

Likewise, the maximum pressure at a specific point
(po,np), which satisfies the isenthalpic condition

no = h/uo, is
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Pmax(/"O»nO = h//'tO) =

where the upper bound of the integral in the latter case,
Uy, 18 the intersection of the line ng = (ny/pg)ug with the

CUrve 7ng = Amax (/’lB):

= \/,usat[/v‘%no — HoMsatMsat — 2/40PI</2*)]' (26)

Hsato — HoMsat

From the above expression, the maximum pressure P,
takes the largest value at the largest possible g, which is
realized at the intersection of the isenthalpic line np =
h/ug and the minimum density ng = npy,(ug) in the

ug — np plane.
The upper end of the isenthalpic line segment in the

e — P plane is

()= (e e

where . (h) is given by the intersection of ng = h/ug
and the ng = ny;,(pg). The lower end is

( £ ) — (h Pmm [ﬂmm (h)] ) , (28)
P Pmin[ﬂmin(h)]

where p,i,(h) is given by the intersection of ng = h/ug
and the ng = ny. (ug). By substituting & = pgn g, (1) in
Eq. (27) and h = pgn., (ug) in Eq. (28), we find the upper
and the lower bound on the allowed range of values in the

& — P plane as parametric equations with g as a parameter.
The parametric equation for the upper bound is

(5)= (o ;n:iﬂnimgn ) e

and that for the lower bound is

€ €
( ) _ ( max(,uB) > ’ (30)
P P min (/’lB)
where the minimum and maximum energy densities are
defined, respectively, as

€min (/’l )

B
Emax (HB)

In Fig. 5, we plot the bound in the ¢ — P plane. The
lattice-QCD data constrain the soft part of the EOS as

ax 4B > min (B )| + 1B Mmin (M5 »

f— —Pm
= _Pmm(/'lB) +ﬂBnmax(ﬂB)' (31)

2
% (1 - Ii) + lﬁi‘;‘ d,u/nmax (ﬂ/> (no > —nma;f:jsm)ﬂo) ,

(no S ﬂmz:;fi‘sal) ,UO) s ( )
25

|

explained in the previous section. The upper bound
matches with the causal extrapolation from the point
(£t Pea) With v2 = 1. The heavy-ion constraint from
the hadron transport model is also overlaid [11].

V. COMBINING LATTICE-QCD DATA WITH
pQCD REFERENCE POINT

In this section, we use the pQCD information in addition
to the lattice data of isospin QCD matter and the empirical
saturation property of nuclear matter; we discuss the
modification to the bound on ng(ug) and P(e).

A. High-density reference point from perturbative QCD

For the pQCD thermodynamics, we use the result expan-
ded up to O(a?) [51,52] in the MS scheme [53,54] for the
massless Ny =2 quarks. We use the perturbative coeffi-
cients concisely summarized in Table II of Ref. [55]. We
assume the running of a,(A) at the N2LO and take its scale
as A = 2ug/N.. The MS scale is fixed as Agg =~ 330 MeV,
which is the value suggested from the N; = 2 lattice-QCD
data [56,57]. The uncertainty corresponding to the ambi-
guity in the choice of A is commonly evaluated in the
literature by varying it by a factor of 2, namely taking X =
A/(2ug/N.) as X€[1/2,2]; here we also follow this
convention.

We choose the high-density reference point (uy, ny, Py)
as tabulated in Table I. Throughout this work, we fix py as
3000 MeV although one may be able to push down puy to
2700 MeV as this value achieves the relative scale variation
uncertainty of ~24%, which is the standard value used in
the literature as in Refs. [3,5,6,8,58].

B. Bounds on ng(ug)

Combining the causal extrapolation from the high-
density reference point ng = (ny/puy)upg and the lattice
upper bound (22) obtained in Sec. IV, the maximum density
is modified as

TABLE 1. The high-density reference points from the pQCD
thermodynamics. The uncertainties arises from the ambiguity in
the choice of the renormalization scale A, which is taken to be
A = 2uy /N, and varied by a factor 2.

pi [MeV]
3000

Py [MeV/fm?]
498233

ny [nsat]

43.8613%¢
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_”sal”i‘g +HBHsar [”satl‘sat+2PI (. )]
Hsat (ﬁ% _/423 )

(ﬂsat < U < .&c)’

Mmax (MB ) = iy

s 1B (ﬂc < ug SﬂH)?
(32)

where fI. is given by the intersection of the above two cases:

c

N \/ﬂsat[ﬁ%nH — HHMsatsat — 2/4HPI(FV‘*)] (33)

Hsat'H — HHsat

With the high-density reference point, the lower bound
on the baryon density is also subject to the lattice bound. To
discuss a modification to the lower bound (19), we define
a general function 7(ug; g, ng) to represent all possible
configurations of the baryon density ng(ug) in the ground
state that passes through the point (pg, ng) and is subject
to the causality and the boundary condition set by the
high-density reference point. We obtain the pressure

P(up; o, no) corresponding to A(ug; po, ng) at any pp <
uy by integration; the QCD inequality (12) reads

N Hu n
P(ug; po, ng) = Py — du (p; g, ng)
HB

2
<P =), (34)

To saturate the above inequality, we choose a specific

A(pg; po. ng) that minimizes the pressure P(u; pg, ng) at
subject to the high-density reference point. This is equiv-
alent to maximizing the area beneath 7(ug;ug,ny). This
function is shown in Fig. 6 and defined as

(1B < Ho),

g (o < pp < pw).-

ny
A ﬂo’uB
n(pps pos ngy) = { (35)

ng (pgg> yp)

(1o, 1)

HB

T

FIG. 6. The construction of the baryon density 7(ug; o, ng)
such that it maximizes the area at u < p. It extrapolates from the
high-density reference point (uy, ny), passes through a specific
point (. 1), and minimizes the pressure P(u; g, no) at p > uq.

For pp < py, the baryon density that sweeps out the
largest area is the causal extrapolation with the largest slope
starting from (ug, ng). At pg, the density jumps from ng to
(ny/ uy ) Ho with a first-order phase transition. Above g, the
baryon density that sweeps out the largest possible area is
determined by the latter case of Eq. (32) with the causal
extrapolation from (uy, ny).

We solve the equation P (i1, ; s, n9) = P;(ji,) for a given
Uo to find a minimum density ny = ny;, (1g) compatible
with Eq. (12). The point /i, is a chemical potential at which
P and P; intersect. The solution to this equation gives the
lattice-QCD lower bound on the density

3 A
nupy — potu{nupn — 2[Py — Pr(i)]}
”o(ﬂo) = Ho 0 H,MH}E/JI%{—[JZ)H I s (36)

and the location of /1, coincides with the tangent point of P
and Pr; it is defined by the equation

no(po) . dPy

po T dppl,p

(37)

So far, we have not used the information of the low-density

reference point (pgy, ng,). We combine the lattice bound

(36) with the causal extrapolation from (g, 1) (19), and

we obtain the minimum density

g (Msat < pp < fic).

g —ppiu{ rapn=2[Pu—P1(2.)]}
(g —ii7)

Mmin (/"B ) =

(ftc < pp < pn),
(38)

where Ji.. is given by the intersection of the above two cases,
namely, the causal line and the lattice bound:

/2 _ \/ﬂH{/’lsalﬂHnH - ﬁznsat - 2//‘sat[PH B PI(/:’*)]} (39)
¢ Hsatlt'y — HHTsa

The upper bound on baryon density defined by Eq. (32)
and the lower bound defined by Eq. (38) are shown in
Fig. 7. The red and blue bands are the bounds obtained
from the lattice data and the black lines correspond to the
causal extrapolations from the low- and high-density
reference points.

The validity range of the lattice bound on the baryon
density is limited above ji, 2 270 MeV because we use
the lattice data only above ug ~270 MeV so we cannot
impose the lattice bound below ji, <270 MeV. The value
of fi, =270 MeV is realized at up=~2200 MeV for
Uy = 3000 MeV.

We find an empirical relation f, + uy =~ (3/2)ug for a
given pug; it means that the lattice constraint is imposed at
u=p,~(3/2)ug—puy to put an upper bound on the
baryon density at y, in Eq. (34). This implies that when
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50 . :
® Saturation point
%  pQCD point
—— Causal lines
40r = Lacpa
£33 LQCD B
% 01 Ve dsa by
< LQCD
- 7
S 5ol 7~ & Nmax(Us)
10} ()
Mmin{He Excluded by
/ LQCD+pQCD
91500 1500 2000 2500 3000
Mg [MeV]

FIG. 7. Bound on ug(ng) from the lattice-QCD data combined
with the high-density reference point calculated from pQCD.

combined with the pQCD data imposed at yy, the baryon
density at ug = uq is constrained by the isospin lattice data

around py =~ py — (2/3)uy.

C. Bounds on P(¢)

Now we translate the bound in the yp — ng plane (Fig. 7)
to the bound in the € — P plane (Fig. 8) following the
procedure outlined in the previous section. The parametric
equation for the upper bound is Eq. (29) and the equation
for the lower bound is Eq. (30).

The only modification occurs in the expression of P ,.
The minimum pressure at (ug, ng) is
znT:t (,u% - /"gat) (/’tsat < Ho < /’lC)’

N (40)
Py _%(llﬂ —Hp) (e < po < pw),

Pmin(ﬂO) = {

where fi, is defined as

10*

Excluded by
LQCD+pQCD

=y
o
w
T

P [MeV/fm?3]
)

2K pQCD point

/
7/

10 )/ —— Causal line from (£sat, Psat) |
[Z.~i Heavy-ion collisions
=3 LQCDA
. . £ LacD B
10 - ——— -
10° 10° 10
£ [MeV/fm?3]
FIG. 8. Bound on P(¢) from the lattice-QCD data combined

with the high-density reference point calculated from pQCD.

~  |HsatMH (/"HnH — Hsatllsat — ZPH)
fic = . (4
Hsat'H — HHMsat

Remember that the minimum pressure does not depend on
ny. The former case in Eq. (40) is given by f[l‘ol dungin (1)
while the latter case is given by Py — f;l‘oH dun o, (1). Since
fle < fi. < fi., the integrals of n,,;, and n,, are carried out
straightforwardly. We then arrive at the expression as
simple as Eq. (40).

In Fig. 8, we plot the upper and lower bounds in the
e — P plane that are subject to the high-density reference
point. The upper and lower bounds are defined in Egs. (29)
and (30), respectively. We observe that the lattice-QCD
data now constrain the stiff part of the EOS in addition to
the soft part of the EOS by including the high-density
reference point in the integral. Further, the lower bound is
also modified as we require the EOS to converge to the
high-density point on the ¢ — P plane.

VI. COMPARISON TO THE pQCD INTEGRAL
CONSTRAINT

In this section, we compare the lattice-QCD constraint
with the constraint put by the thermodynamically consis-
tent construction of the EOS imposing the integral
condition:

Hu
/ A ng (i) = Py — P, (42)

Hsat

In the following, we loosely refer to this constraint as the
“pQCD integral constraint.”

The minimum density from the pQCD integral con-
straints is [3]

sal CD
o, g (Hae < g < uB*P),
Nin \HB) = N — _
s —HeHu (nupa—2Pu) pQCD <
) (™ < iy < ).
(43)
and the maximum density is
CD
”Fn%x (ﬂB)
3
—Nsaly +ﬂB.usal(n<al,usal+2PH) pQCD
_ Msm(”ZH_ﬂ%) (Iusat < HB < Hc )v (44)
CD
g (2P < g < payy),
where 9P is
ﬂpQCD _ [HsatMH (/’lHnH — Msatllsat — 2PH) (45)
C - .
Hsatl'H — HHsa
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FIG. 9. Comparison of the lattice bound on ng(ug) relation and
the pQCD integral constraint. For the pQCD integral constraint,
we also take into account the renormalization scale ambiguity by
varying by a factor of 2.

The maximum pressure at a given up constructed consis-
tently with the constraint (42) is
QCD ﬂZB — Ha
Phix (ug) = Pu——%". (46)
HE — Hsat

In Fig. 9, we plot the pQCD integral constraint in the
ug — ny plane along with the lattice constraint. From the
figure, we can tell that the lattice bound can constrain better
around pug, and pgg. In the pQCD integral constraint, the
effect of the scale ambiguity is also included by choosing
the factor X = 1/2, 1, and 2 as explained in Sec. VA. We
note that the lower bound from the lattice data in Fig. 9 also
varies according to the choice of X, but we do not include
these effects here to make the figure simple. The upper
bound in Fig. 9 does not vary; the only source of the
uncertainty for this bound is the lattice errors.

In Fig. 10, we plot the maximum pressure (46) from the
pQCD integral constraint, and we take the effect of the
scale ambiguity into account as in Fig. 9. These green lines
in the figure are compatible with both the low-density
saturation and high-density pQCD reference points and,
thus, can be considered as the pressure upper bound in
such a setup. For the lattice constraint, we incorporate the
empirical information on the nuclear saturation; i.e., the
pressure vanishes at ug,.. We integrate n,,(ug) (22) to
include such an effect and combine it with the bare lattice
data presented in Fig. 2. Around pup ~ 1500 MeV, the
lattice bound is as constraining as the pQCD bound.

The pQCD integral constraint becomes more con-
straining compared to the lattice bound when we take
smaller value for gy and vice versa when we take large .
Both constraints have different sources of uncertainty, so
the comparison will lead to an independent check of each
constraint. Furthermore, in addition to that the independent

ol Excluded by LQCD -

= -

P [MeV/fm3]
\S
W\
W\
\

_\
o
.
\
\
NN
NN\

L ! LQCDB
7 —-- PRIP(ug) (X =1/2)
/' — X=1
/~ _—— X=2
3 % pQCD points

2 N N . .
10" 4000 1500 2000 2500 3000 3500
Ug [MeV]

FIG. 10. Comparison of the lattice bound on P(ug) relation
taking into account the saturation property and the maximum
pressure from the pQCD integral constraint.

check is feasible, we can also benefit from having two
independent constraints as we can put improved bounds by
combining these two.

In what follows, we outline how improved bounds can be
obtained from the synergy of the pQCD and lattice-QCD
constraints. We can simply obtain the improved bounds by
taking the more restrictive one out of the lattice bound and
the pQCD integral constraint. For instance, if we compare
the lower curve of the band of the lattice upper bound
with the pQCD integral constraint with X = 2 in Fig. 9, the
former is more restrictive around pug = 1000 MeV. So,
the improved bound in this case is patching the lattice
bound around ug < 1000 MeV and the pQCD integral
constraint at upg ~ 1000 MeV. The same construction
works for Fig. 10.

In Figs. 9 and 10, the range of ug at which the lattice
bound is more restrictive compared to the pQCD bound is
different. To understand this difference, we compare the
semianalytic formulae for the lattice constraint and the
pQCD integral constraint. As a particular example, we
compare the maximum density in the lattice constraint (32)
and that in the pQCD integral constraint (44) around .
The lattice maximum density is obtained by replacing
(pu, Py) with (&, Py(ji,)) in the former case of the pQCD
maximum density (44). At ug = U, the maximum density
from the lattice and the pQCD constraint is, respectively,

nglltax (/’lsal) = /\;al_i’uz s
* sat
2u P
CD Hsatl H
n?IIQaX (Msar) = %tz : (47)
Ha — Hsa

At pg f1, ~ 1500 MeV. In Fig. 10, we observe that

PR (i) 2 Py(it.). (48)

~
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Remember that here we compare the lower curve of the
lattice band and the X = 2 of the pQCD curves. By using
the relation (46), it leads that the lattice bound is more
restrictive at pig,, i.., nhos” > n3 (4s)- So, even though
the range of up at which the lattice bound is more restrictive
compared to the pQCD bound is different in the yg — ng
and the ug — P plane, they are consistent with each other
from the discussion above. Thus, we can safely patch
together the lattice and pQCD bounds on the ng(ug) and
P(ug) relations at different values of ug.

VII. SUMMARY AND CONCLUSION

We demonstrated that the equation of state of two-flavor
symmetric matter at nonzero baryon chemical potential
(i.e., the symmetric nuclear matter) can be robustly con-
strained by combining a QCD inequalities [14] and the
recent calculation of the equation of state of matter at
nonzero isospin chemical potential on the lattice [15]. We
presented the lattice constraints in three ways: (a) the bound
on the pressure at a given baryon chemical potential
(Figs. 1 and 2), (b) the bounds on the baryon density at
a given baryon chemical potential (Figs. 4 and 7), and
(c) the bounds on the pressure at a given energy density
(Figs. 5 and 8).

For the pressure at a given baryon chemical potential, the
lattice data only provide an upper bound presented in
Fig. 1. We showed EOSs characterized by a speed of sound
v2 £0.2 for pg ~2000 MeV are ruled out by this upper
bound, as can be seen from Fig. 2. This bound on the v,
could be useful for modeling dense matter realized in
heavy-ion collisions [12].

Obtaining bounds on the baryon density at a given
baryon chemical potential from the lattice data requires
additional input. We express the pressure as an integral of
the baryon density using the method in Ref. [3] so that the
pressure inequality can be used. In the integral, we need to
specify either a lower bound i, or upper bound yy of the
integration interval. In Sec. IV, we took ., as the empirical
saturation point. The upper bound on the baryon density
plotted in Fig. 4 is robust; the only source of uncertainty in
this lower bound is the uncertainty of the lattice calculation.
This result implies that the density jump Ang in the first-
order phase transition, if it exists around the saturation

density, cannot be infinitely large but has to be bounded
Ang < 10ngy,.

In Sec. V, we pinned down the perturbative QCD
thermodynamics at py. Figure 7 shows the lower bound
on the baryon density in addition to the upper bound. Aside
from the lattice uncertainty, this lower bound is also
sensitive to the renormalization scale ambiguity in the
running coupling constant; in this work, we did not include
this effect in the lattice bounds.

The bounds on the pressure at a given energy density
gives a straightforward interpretation for the stiffness of the
equation of state. The lower and higher pressure at a given
energy density correspond to the soft and stiff equations of
state, respectively. In Fig. 5, we plot the lower bound from
the lattice data. This bound only assumes the input from the
empirical saturation of nuclear matter and the lattice bound,
so it is robust. Combined with the perturbative QCD
thermodynamics at uy, one can also put an upper bound
on the energy density-pressure plane as can be seen in
Fig. 8. The upper bound is close to the causal extrapolation
from the empirical saturation point. The lower bound is also
modified in Fig. 8 as the equation of state is required to
converge on a single point at py.

Finally, we compared the lattice bound with the integral
constraint on the interpolation between the low-density and
the high-density reference points imposing the thermody-
namic stability and causality. The results are plotted in
Figs. 9 and 10. We found that around the saturation density,
the information content of the lattice data is comparable to
that of the perturbative QCD at uy = 3000 MeV. These
results imply that the synergy between both QCD-based
constraints can further restrict the allowed region of the
equation of state.
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