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Quantum memories play a key role in facilitating tasks within quantum networks and quan-
tum information processing, including secure communications, advanced quantum sensing, and dis-
tributed quantum computing. Progress in characterizing large nuclear spin registers coupled to
defect electronic spins has been significant, but selecting memory qubits remains challenging due
to the multitude of possible assignments. Numerical simulations for evaluating entangling gate fi-
delities encounter obstacles, restricting research to small registers, while experimental investigations
are time-consuming and often limited to well-understood samples. Here we present an efficient
methodology for systematically assessing the controllability of defect systems coupled to nuclear
spin registers. We showcase the approach by investigating the generation of entanglement links be-
tween silicon monovacancy or divacancy centers in SiC and randomly selected sets of nuclear spins
within the two-species (**C and 2°Si) nuclear register. We quantify the performance of entangling
gate operations and present the achievable gate fidelities, considering both the size of the register
and the presence of unwanted nuclear spins. We find that some control sequences perform better
than others depending on the number of target versus bath nuclei. This efficient approach is a guide
for both experimental investigation and engineering, facilitating the high-throughput exploration of

suitable defect systems for quantum memories.

I. INTRODUCTION

Solid-state defect systems are a leading platform for
quantum networks, quantum sensing, and other quan-
tum information processing tasks. Defects in diamond
such as nitrogen-vacancy (NV) centers [1-3], SiV centers
[4, 5], and SnV centers [6] have been intensely studied
and used for milestone demonstrations of building blocks
for quantum networks. Similarly, various defects in sili-
con carbide (SiC) are explored for such tasks due to the
host material’s attractive properties and the more desir-
able emission frequencies compared to diamond defects.
Among SiC defects, silicon vacancies [7-9] and neutral
divacancy centers [10] are especially promising.

Considering the vast space of possible defects in a wide
range of host materials, the community is taking steps
toward a more systematic search for new defects with
desirable properties using computational tools such as
DFT [11, 12]. The latter predict optoelectronic and kine-
matic properties, which, while important, do not suffice
in determining the suitability of a given defect for a par-
ticular quantum information processing task.

The most fundamental missing element in such defect
surveys is the evaluation of the operational performance
of the defect as a qubit in a larger quantum register, typ-
ically composed of spinful isotopes in the host material.
For example, in network applications, the electronic spin
functions as the communication qubit due to its spin-
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photon interface, while nearby nuclear spins can serve
as long-lived quantum memories needed for quantum re-
peaters [13-15]. In the case of diamond for instance, the
low but nonzero concentration of 3C nuclei, together
with their long coherence times, allows for the develop-
ment of quantum memories for information storage and
buffering. Such memory qubits are also often necessary
for entanglement distillation [3] and quantum error cor-
rection protocols [16], while they can also serve as a useful
resource for quantum sensing [17-20].

However, assessing and controlling nuclear spin mem-
ories in solid-state spin defect platforms faces challenges
on two fronts: (i) The nuclear spins are randomly situ-
ated at distant lattice sites, resulting in random hyperfine
(HF) interactions that are weak compared to the defect
spin’s dephasing rate. (ii) The HF interactions between
nuclear spins and the electronic spin defect are always
present (they cannot be switched off). Thankfully, dy-
namical decoupling (DD) pulse sequences offer a solution
to both challenges [21]. In principle, all nuclear spins ex-
cept a selected target one can be decoupled from the
defect by tuning parameters associated with these DD
sequences, particularly the inter-pulse spacings and the
number of iterations of a basic sequence unit. By vary-
ing these control knobs, different nuclear spins across the
total register can be selected. To date, impressive exper-
iments have been conducted to characterize the register
and demonstrate entangling quantum gates between de-
fect and nuclear spin qubits [4, 5, 10, 17, 21-23]. More-
over, this approach has initiated first steps towards dis-
tributing entanglement across a network of a few quan-
tum nodes [1, 24], implementing quantum repeater pro-
tocols [23], performing entanglement distillation [3], or
realizing error-correction schemes [22, 25, 26]. Very re-
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cently, entanglement between nuclear spin qubits coupled
to two SiV centers in diamond at opposite ends of a 40
km fiber was demonstrated [27].

Despite the significant progress in characterizing large
nuclear spin registers [18], selecting memory qubits from
these registers remains inherently difficult due to the
combinatorially large number of possible assignments.
An important metric in this selection process is the qual-
ity of the gates for a given assignment. Unfortunately,
numerical simulations to evaluate gate fidelity face sig-
nificant hurdles, as they require solving for the time-
evolution of the many-body system, rendering such cal-
culations prohibitively difficult for large registers. Con-
sequently, only small-sized registers could be simulated
so far. Although experimental investigations could par-
tially alleviate this challenge, they are time-consuming,
and academic labs often focus their investigations on a
few well-understood and characterized samples and are
not yet as concerned about questions of yield and scale.

In this paper, we address this challenge by establishing
an efficient method for assessing the controllability of the
total system consisting of the defect spin coupled to an
arbitrary multi-nuclear spin register. We do this by lever-
aging a recent formalism for characterizing multi-spin en-
tanglement [28] that completely sidesteps the need to
simulate many-body dynamics—a notoriously resource-
intensive and time-consuming computational task. Our
method enables one to rapidly and systematically iden-
tify suitable nuclear spins to use as memories, as well
as optimal control sequences for manipulating them with
high fidelity. While our method is general and can be
applied to any defect, we showcase our approach with
silicon monovacancy and divacancy defects in silicon car-
bide coupled to two species of nuclear spins, *C and
29Gi. These defects are especially promising for net-
works due to the fact that they emit at or near telecom
bands. We determine how electron-multi-nuclear gate
fidelities depend on the number of target versus bath nu-
clei. We compare the performance of several leading DD
sequences in this task, finding that the relative perfor-
mance depends on the sizes of the nuclear spin mem-
ory register and the nuclear spin bath. We further show
that the sign difference in the gyromagnetic ratios of the
two nuclear spin species is beneficial for achieving high-
fidelity multi-spin operations. Our results constitute an
important step in comparing the utility of different de-
fect systems by allowing memory controllability to be
included systematically in such comparisons.

The paper is organized as follows. In Sec. II, we review
the case of a defect spin coupled to a single nuclear spin
and driven by m-pulse sequences. In Sec. III, we gener-
alize this to the case of multiple nuclear spins. We first
discuss the metric we use to quantify entanglement, and
we then apply this to selectively entangle a subset of nu-
clei in the case of a defect in SiC coupled to 3C and 2°Si
nuclei. In Sec. IV, we study the dependence of the gate
fidelity on the size of the multipartite entangled state,
the size of the bath, and the type of control sequence

used. We summarize our conclusions in Sec. V.

II. SINGLE NUCLEAR SPIN COUPLED TO
DEFECT AND DYNAMICAL DECOUPLING

Reference [21] demonstrated that by selecting the pulse
intervals of a DD sequence to satisfy a specific resonance
condition dictated by the hyperfine (HF) couplings, it is
possible to rotate a desired nuclear spin conditionally on
the electronic spin state. This is possible because DD
sequences can dynamically modify the effective electron-
nuclear HF interaction, enabling the coupling of a spe-
cific nuclear spin to the electron spin while decoupling
others. Well-known examples of DD sequences that are
widely used in the quantum information science com-
munity include the Carr-Purcell-Meiboom-Gill (CPMG)
[29-31] and Uhrig (UDD) [32] sequences. In this section,
we review existing results for single nuclear spin control
via electronic spin driving.

As a first step, we review how one can create electron-
nuclear spin entanglement using repeated DD pulses se-
quences. For instance, one can use the CPMG sequence
on the electron and repeat the basic unit N times, i.e.,
(1/4—7—7/2—7—71/4)N where T is the duration of the
unit, and 7 represents the application of an instantaneous
m-pulse. These m-pulses are implemented experimentally
via a microwave (MW) drive to induce transitions be-
tween electronic spin states directly. In practice, the m-
pulses have a finite duration and amplitude, and they
can be generated using a vector source [33] where their
features such as frequency, duration, and amplitude, are
preset by an arbitrary waveform generator, while their
pulse shapes can be Hermite envelopes [23, 34].

The Hamiltonian for a single electronic spin in SiC in-
teracting with a single nuclear spin (I = 1/2) is given
by [35]
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where wy, is the Larmor frequency of the nuclear spin, o;,
with i € {z,y, 2}, are the Pauli matrices, and A (A1) is
the parallel (perpendicular) component of the HF inter-
action. The electronic spin operator Z, is defined as Z, =
50000 + 81011, where gj; = |j) (j| are the electronic spin
projection operators, with |j = 0) and |j = 1) being the
two levels of the electronic spin multiplet used to define
the two-dimensional qubit space, while s; is the corre-
sponding spin projection quantum number. For instance,
NV centers in diamond have total spin .S = 1 and the
logical qubit states are |sg = 0) and |s; = —1) [2], while
the negatively charged silicon vacancy in SiC has S = 3/2
and the qubit states are typically defined to be |sg = 1/2)
and |s; = 3/2) [8], or |sg = —1/2) and |s1 = —3/2) [9].
Moreover, H; = 1/2[(wg + s;A))o. +s;ALo,] is the
Hamiltonian experienced by the nuclei, which is condi-
tional on the state of the electronic spin. Using the above



Hamiltonian, one can show that the evolution operator,
after one unit of the pulse sequence, can be written as
[21, 28]

U2000®Rn0(¢0)+011®Rn1(¢1)a (2)

where Ry, (¢;) = e~"%3i/20 M5 are the two conditional nu-
clear spin evolution operators defined by two rotation
axes n; and two angles ¢;. Both n; and ¢; depend on
the electronic spin state and the chosen pulse sequence.
The potential of creating controlled gates with the elec-
tron as the control qubit and the nuclei as the target
qubits is already evident in Eq. (2). For instance, in the
case where ¢1 = ¢g = 7/2 and ng = —n; = X, the evo-
lution operator yields U = CRx(7/2) = 0go ® Rx(7/2) +
011 ® R_x(m/2), which is equivalent to CNOT up to local
rotations.

To leverage this conditional Hamiltonian to create
electron-nuclear entanglement, the electron spin must be
prepared in a superposition state, e.g., |[+) = (|0) +
|1))/+/2, while the nuclear spin can be initialized in the
state |0). In certain cases, the subsequent application
of N DD sequence units makes the two nuclear rota-
tion operators, Ry, (N¢;), differ. This can happen for
example, if the unit time, 7, is chosen such that the
nuclear rotation axes are antiparallel, i.e., ng - n; =
—1. At this time, the probability, Py, that the ini-
tial state |+) of the electron is preserved reaches the
minimum value, signifying the creation of an electron-
nuclear spin Bell-pair. This probability (or coherence
function) is calculated as Py = (1 + M)/2, with M =
%Re tr[RnO(Nqbo)RLl(N(bl)][Ql, 28].  For instance, in
the case of CPMG pulses, it holds that ¢9 = ¢1 = ¢
and M = 1 —sin®(N¢/2)(1 — ng - ny), where N is the
number of the applied unit sequences. This last ex-
pression reveals that for antiparallel axes and accumu-
lated phase N¢ = 7/2 the resulting conditional rota-
tion leads to a dip in the electron’s coherence function
down to the value P, = 1/2. The resonance times at
which this entanglement occurs can be calculated using
the explicit formulas for the nuclear operators Ry, (¢;),
setting mg - n; = —1, and solving tr(Rn, R}, )/2 =
cos(¢o) cos(¢1) + ng - ny sin(gg) sin(¢q) for time 7, where
Ry; and ¢; depend on the pulse sequence and the unit
time 7. One can show that for CPMG, UDD3 and UDDy4
sequences, the resonance times are given by [21, 28]

47T(2k — 1)
~ 3
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where w; = /(wr + 5;4))%2+ (s;41)%, and k € Z7 is
the resonance order. As reported in [36], the UDDy se-
quence has additional resonance times located at 7, ~
8m(2k — 1) /@, see Fig, 1(d). These expressions for 73, are
approximate and valid for wr, > A, A..

In general, when the resonance condition is satis-
fied (np - n; = —1), a single DD unit creates a small
angle of rotation, as shown in Figs. 1(b)-(d), and thus
a small amount of entanglement. A larger amount of
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FIG. 1. (a) Schematic depicting a single silicon vacancy cou-

pled to nuclear spins through HF interaction. The spheres
denote both nuclear (*3*C, 2°Si) and electronic spins. Ad-
ditionally, we illustrate the transition distance between the
strongly coupled and weakly coupled regimes, depicted as
the Ty limit (black dashed line). In (b)-(d) we plot the ro-
tation angles ¢; (solid and dashed blue lines) and the dot
product ng - n1 (red color) of nuclear axes as a function of
the unit time 7, of CPMG, UDD3 and UDDy, respectively.
For CPMG and UDDs, it holds that ¢o = ¢1 and thus the
blue lines (solid and dashed) are on top of each other, while
in UDDy4 the two angles are distinguishable. For the nu-
clear spin, we set (wr, A, A1) = 27 - (100, 100, 80) kHz,
and the electron’s spin projections are (so, s1) = (1/2, 3/2).
The time is normalized to the first order resonance times
(TCPMG, TUDDs3, TUDD4) = (4.6487, 4.6444, 46495) HUS.

electron-nuclear spin entanglement can be achieved by
iterating the unit sequence N times to accumulate the
desired angle of rotation N¢;. In Fig. 1, we present the
angle of rotation versus the unit time for the CPMG,
UDDg3, and UDDy4 sequences. Sequences with an odd
number of pulses in the basic unit need to be repeated
twice to ensure the electron experiences an even num-
ber of m—pulses and returns to its initial state [28]. In
the case of CPMG and UDDg the rotation angles are the
same, i.e., ¢9 = ¢1. A straightforward way to create
a large amount of entanglement is to set the unit time
equal to a resonance time (7 = 73), so that the dot prod-
uct is always ng - n; = —1, and apply N sequences such
that the accumulated angle is N¢ ~ 7/2. This combina-
tion leads to a perfect entangling gate CRx(7/2), which
is equivalent to CNOT up to single qubit rotations.
Although the time intervals between the m-pulses are
given by the same formula for all UUD,, sequences (see
Appendix A), the rotation angles are not equal for some
of them. The UDD,4 sequence leads to a more compli-
cated evolution of the nuclear spin in which the rotation
angle depends differently on the state of the electron.



This in turn leads to a nontrivial dependence of the dot
product of its rotation axes on N. Thus, even if one fixes
a resonance time for the basic UDD, unit, the nuclear
rotation axes can switch from antiparallel to parallel for
values of N where ¢¢ and ¢; become equal [28]. In this
case, with parallel axes (np - n; = 1) and equal angles
of rotation, the nuclear spin undergoes an unconditional
rotation and, thus, no entanglement can be created.

As we show later on, perfect entanglement can also be
achieved by easing the restriction of the unit time being
equal to a resonance time, as long as the dot product re-
mains negative, ng-n; < 0. This is indeed very important
since it makes it possible to entangle the electron with
several nuclear spins (with different HF interactions) sim-
ply by tuning the pulse spacing 7 to such a “multi-nuclear
resonance” time. Furthermore, the above feature can
be combined with the fact that mw-pulse sequences can
also average out the interactions of the electron with un-
wanted spins, ensuring some degree of selectivity with a
target set of spins.

III. ENTANGLEMENT IN
DEFECT-MULTI-NUCLEAR SPIN SYSTEMS

We now move on to consider a defect electronic spin
coupled to a multi-nuclear spin register. We first discuss
metrics for gauging the ability of HF interactions and DD
sequences to create entanglement in these systems. We
then discuss how to apply these metrics to select which
nuclear spins to entangle with the electronic spin and
which to decouple. We focus on the case of defects in
SiC coupled to two nuclear species (1*C and 2°Si) for
concreteness.

A. Quantifying entanglement in
electron-multi-nuclear spin systems

Before we develop protocols for controlling and entan-
gling multiple nuclear spins, we first have to discuss how
we quantify entanglement in multi-nuclear spin registers.
We begin with considering the entangling power for a
defect coupled to a single nuclear spin and then extend
the formalism to multiple nuclear spins by employing
the concept of one-tangles [37]. As will become clear
in Sec. IV, these quantities will guide our design towards
selective multi-nuclear spin entangling gates.

The entangling power is a general property of logi-
cal gate operations that disregards the details of a gate
and focuses solely on its entanglement capabilities [38].
The entangling power of a two-qubit operator can be ex-
pressed as [39]

ep =1 =[Gl (4)

where the function G; is a Makhlin invariant (see Ap-
pendix B) whose explicit form in the present context of

electron-nuclear entanglement is

Gy = (COS $o(N)  d1(N)

2 2
(5)
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Here, we use the fact that for any given m-pulse sequence
repeated N times, the electron-nuclear evolution opera-
tor maintains the structure described in Eq. (2), with the
only difference being that ¢; is now replaced by the total
rotation angle ¢;(N). In Eq. (4), we discarded an over-
all factor of 2/9 for convenience, and thus the entangling
power takes values in the range 0 < ¢, < 1. It is evident
that when G; becomes 0, the entangling power is maxi-
mized, reaching its peak at €, = 1 for the two-qubit case.
The minima of Gy occur at N = (2k + 1)7/(do + ¢1);
however, N is an integer and so the value of this expres-
sion must be rounded in general. Notice that G5 can also
be zero for other N values, provided that ng-n; < 0. In
Fig. 2 we plot the scaled entangling power, €, for a single
nuclear spin coupled to the electron versus the number
of iterations and the resonance order k. We see that the
frequency of the maxima of €, depends on the pulse se-
quence and the resonance order, an expected behavior
since these features directly affect the rotation angle per
iteration.

To quantify the distribution of entanglement within
the entire system, consisting of one electronic and many
nuclear spins, we expand the notion of entangling power
beyond two qubits. To that end, we utilize the one-
tangles [40] which measure the overall entanglement
within a state by assessing all possible bipartitions of
the system. By virtually partitioning the total system
into subsystems, we quantify the level of correlations be-
tween these subsystems (this is also known as bipartition
entanglement). We choose this metric to quantify the
entanglement of our gate, and for each bipartition we
separate only one qubit (either electron or nuclear spin)
from the rest of the system. Note that one-tangles ex-
clusively convey information about the system’s entan-
glement capacity, and they cannot differentiate between
states belonging to different categories (e.g., W states
versus GHZ states in the n-partite case, n > 3) [37]. We
find one-tangles to be a convenient metric in our sys-
tem since we are interested in its entanglement capacity,
rather than generating specific entangled states.

For the sake of completeness, we note that for a pure
state [¢), the one-tangle is defined by the generalized
concurrence [37]

Tolg (1)) = 2(1 = txlpg]) . py = trg[l¥) (Y], (6)

where g|g’ denotes the bipartition or the splitting of the
Hilbert space. Equation (6) bounds one-tangles in the
range [0,2 — 2/min(d, d")], where d (d’) is the dimension
of partition g (¢').

The present form of Eq. (6)) is not very effective for
measuring the entanglement of multi-nuclear operations
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FIG. 2. Scaled entangling power as a function of resonance

order (kK = 1 blue lines; k = 2 red lines; k = 3 yellow lines)
and the number of repetitions N of the CPMG (left), UDDy4
(right), and UDDs3 (bottom) units. For the nuclear spin, we
set (wr, Aj, AL) = 2m- (=300, 60, 30) kHz, and the electron’s
spin projections are (so, s1) = (1/2, 3/2). The resonance
times are optimized around the analytical resonance time, for
CPMG (71, T2, 13) = (4.1378, 12.354, 20.6201) us, for UDDg
(11, 72, T3) = (4.1360, 12.404, 20.6170) us, and for UDDy4
(71, T2, T3) = (4.1393, 12.3743, 20.26451) us. The scaled en-
tangling power takes values ¢, € [0, 1], and the offsets in the
graphs are used for illustration purposes only.

because it relies on the initial state. To address this,
we need to consider an average across all initial states.
Specifically, we employ the bipartition entangling power,
which is the average of the one-tangle across all initial
product states. According to Ref. [37], this is calculated
by averaging over single-qubit unitaries U; applied to
initial product state [¢)g), denoted as |W¥) := |iho)®" =
U 1), resulting in ey (U) = (Tg0 (U |¥))),, .
Here, the index ¢ ranges from 1 to n, where n repre-
sents the total number of qubit systems. Ordinarily, this
“one-tangling power” is difficult to calculate explicitly
for a generic many-body Hamiltonian. However, as first
shown in Ref. [28], it can be analytically computed for the
type of electron-nuclear central spin system that we have
in defect systems. Although ey, (U) characterizes the
bipartite entanglement generated by the unitary U and
is not a state-dependent property, for brevity we will still
refer to it as a “one-tangle” in what follows.

Before discussing the explicit expression for the one-
tangle, we first introduce the Hamiltonian of a single elec-
tronic spin coupled to multiple nuclear spins. Neglecting
direct inter-nuclear interactions, the Hamiltonian for L

nuclear spins is given by

1
H=) 0;;® (Hg(” ® Lo +1® HD ® Lyr-s
j=0
Fot Lyt @ HY @ Lzt + oo+ Lyzo1 @ HJ(L)) .
(7)

where
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where org(ul) and aél) are the Pauli operators acting only

on the [-th nuclear spin (the identity operator acts
on all the other spins). Notice that the Larmor fre-
quency, w(Ll), is different for different types of nuclear
spins. Recall that for 13C the gyromagnetic ratio is
ysg = 2m - 10.7084 MHz/T, and for 2°Si the ratio is
Y205y = —27 - 8.465 MHz/T. The above secular form of

the Hamiltonian make it apparent that the terms in the
parentheses commute with each other, i.e., [1 ® H](.k) ®

1,1® H;l) ® 1] = 0, where 1 has the appropriate dimen-
sions in each position. As a result of this feature, in the
case of a single electronic spin coupled to multiple nu-
clear spins, the m-pulse sequences generate an evolution
operator which is a sum of terms, namely

1
U=> o0k RO V), 9)

Jj=0

with L denoting the total number of nuclear spins and

gbg-l)(N) being the total angle of rotation after N itera-
tions. From now on, we will denote the total angle or
rotation simply as ¢§-l). The last equation reveals that
the evolution operator of the total system is defined by
the evolution of each nuclear spin and the electron. This
feature enables us to derive analytical expressions for the
average of the one-tangles across varying numbers of nu-
clear spins.

In Ref. [28], it was shown that the one-tangle of a sin-
gle nuclear spin, when partitioned from the remaining
electron-nuclear register, is given by

Eg‘zclear -1 Gg‘]) ) (10)

where we omit the 2/9 overall factor for simplicity, as we

did in Eq. (4), and Ggq) denotes the first Makhlin invari-
ant for the g-th nuclear spin. Equation (10) holds for
n > 3 qubits, while for n = 2 qubits the average of the
one-tangles is the same as the two-qubit entangling power
given in Eq. (4). It is worth noting that the one-tangle
of a nuclear spin is solely affected by the factors govern-
ing its evolution, owing to the tensor product structure
of the overall evolution operator U. Essentially, altering
the partitioned nuclear spin within the register modifies



Eq. (10) via its Gg’n, indicating a different level of entan-
glement between the partitioned spin and the remaining
electron-nuclear register. Although Eq. (10) aligns with
the two-qubit entangling power from Eq. (4) in a dis-
jointed view, the interpretations of these equations dif-
fer. More specifically, Eq. (4) tells us to what extent
the two-qubit gate, created by the m-pulse sequences,
can generate an electron-nuclear spin Bell state, while
Eq. (10) describes correlations in the multi-spin register
and, therefore, needs to respect the monogamy of entan-
glement [28].

B. Multiple nuclear spins - Single-shot
entanglement

In this subsection, we exploit the two-fold feature of
DD sequences by entangling the electron selectively to
a set of nuclear spin target(s) in a nuclear spin bath.
In detail, we use DD sequences to couple the electron
to a specific set while, simultaneously, decoupling it
from the rest of the bath. We quantify the amount of
target and unwanted entanglement using the one-tangles
mentioned in Sec. IIT A. This approach of synchronous
maximization of multiple one-tangles was first proposed
in Ref. [28].

To illustrate the method, we consider a single defect
and a total of three nuclear spins, *C and 2°Si. Each
nuclear spin is characterized by its HF interaction pa-
rameters, and thus by its resonance times, approximated
in Eq. (3). There are two key parameters that we need
to determine: the duration 7 of one sequence unit and
the number of iterations N. Our goal is to choose the
unit time 7 and the number of iterations N such that
we entangle a desired number of nuclear spins to the
electron; in the example that follows this number can be
1, 2, or 3. For simplicity, we present the algorithm only
for CPMG, but all the steps remain the same for UDD
sequences too. As a first step, we calculate the resonance
times T,il) for every nuclear spin, { € {1,2,3}. To do so,
we use Eq. (3) to reach the vicinity of the resonance,

and then we find the precise value of T,gl) numerically
since we know that at this value the dot product of
the axes of rotation, for the respective spins, is equal
to —1, i.e., ng - n; = —1. As mentioned above, perfect
entanglement can be achieved as long as ng - n; < 0,
so we allow the unit time to take values around the
resonance times, 7 € [Tkl — 07, 7, " + 67]. Next, we find

the one-tangle, eg)(r, N), for every nuclear spin from
Eq. (10), which is a function of the unit time 7 chosen
in the above intervals, and the number of repetitions V.
We also set a maximum gate time T, so that N7 < Tj.
All the information we need to choose 7 and N is given
by eg)(ﬂ N). For instance, if we want to entangle all
three spins with the electron we must choose a pair of

(1, N) such that eél) is above a threshold €l and close

to unity for [ = 1,2,3. Another case would be to create

a register of two nuclear spins, known as target spins,
and decouple the register from the third nuclear spin.
This can be achieved by choosing a pair of (7, N) such

that two one-tangle values, e,(f)(T, N), are maximized

and larger than e;h while the third one is minimized and

smaller than e;,h.

To make the above example more concrete, in Fig. 3
we present a numerical application of the proposed
recipe. In Fig. 3 we show that for a silicon vacancy,
with quantum numbers (sg,s1) = (1/2,3/2), and three
nuclear spins (one 2C, two 2°Si), we can selectively
entangle nuclear spins with the electron, or decouple
them from it, simply by using different combinations
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FIG. 3. Scaled one-tangles for three nuclear spins coupled to
the electron. We present numerical results for the algorithm
proposed in the main text using CPMG sequences for a set
of (a) three spins, (b) two spins, and (c) one spin coupled to
the electronic spin. Each graph depicts the entangling power
between a single nuclear spin partitioned from the rest of the
system as a function of N7, where 7 is the unit time and N the
number of iterations. The horizontal axis in each panel corre-
sponds to fixing N to its optimal value and scanning 7. The
optimal values of 7 and N in each case are given in the graphs,
while the vertical dashed line indicates the corresponding
gate time N7 at the optimal point. The Larmor frequen-
cies are (w¢,w?) = 2 - (88.8797, —70.2595) kHz, while the
HF couplings are (Aff, A7) = 2 - (151.3741,105.0043 ) kHz,

(A", ATY) = 27-(96.2445, 180.9921 ) kHz, and (A[}?, AT?) =
2 - (122.1684,123.7244 ) kHz. The HF values for the *3C and
the 2°Si are drawn from uniform distributions in the intervals

[10,200] kHz and [0.5, 200] kHz, respectively.



of (1, N). Figure 3(a) shows that a register of three
spins and the electron can be created by setting
(1, N) = (26.54 us, 28) for a CPMG sequence, while the
size of the register is reduced to two nuclear spins in
Fig. 3(b) by choosing (7, N) = (79.298 us, 20), and to
one nuclear spin in Fig. 3(c) for (7, N) = (22.268 us, 12).
Note that in Fig. 3(a), we simultaneously optimize all
three one-tangles, while in the other two panels, we
minimize the unwanted one-tangles but do not attempt
to maximize the wanted ones. This combination of
features, being able to change the size of the register
while effectively reducing the cross-talk from the bath, is
essential for creating a quantum register. Moreover, the
total gate time needed is always shorter than the nuclear
spin coherence time 75 which ranges from 3 to 17 ms
[33]. Also, the reduction of the cross-talk is of significant
importance because, as we will show in the next section,
it affects the gate fidelity. In the next section, we extend
the algorithm by including more DD sequences and a
range of register sizes and bath qubit assignments.

IV. FIDELITY DEPENDENCE ON REGISTER
AND BATH SIZE

In this section, we quantify the effect of the register
size and the spin bath on the gate fidelity in the case
of silicon monovacancies and divacancies coupled to a
nuclear bath of '3C and 2°Si nuclear spins. We begin by
introducing a way to optimize the gate fidelity. We then
implement this method for a monovacancy coupled to
multiple nuclear spins, and, finally, we examine the case
of a mixed bath where the nuclear spins have the same
sign in gyromagnetic ratio.

A. Fidelity optimization

Let’s consider a scenario with a total of L nuclear spins,
where K of them are the target nuclei exhibiting maxi-
mal one-tangles. The unwanted nuclei, L— K, impact the
target gate because they generally possess some residual
level of entanglement with the electron. Consequently,
truncating the evolution operator to the target subspace
results in a non-unitary operation. Ref. [28] demon-
strated how to circumvent this issue using the Kraus op-
erator representation of the partial trace channel. This
approach allows us to directly manipulate the total evo-
lution operator without specifying an initial state for
the system. We use the analytical expression for the
gate fidelity within the target subspace by employing the
operator-sum representation [28]. As the target gate we
consider the evolution operator

Z Tjj ®r_ R n(® (¢(k))7 (11)

7=0,1

that we design in the ideal case of no unwanted spins.
This target gate is ignorant of the presence of unwanted
spins, i.e., it is defined in the truncated space of the elec-
tron and the K target nuclear spins. The total evolution
operator, given in Eq. (9), can be re-written as

U= 3 03 Ok By (67) @155 Rygesn (65°77).

j=0,1

(12)

where, for convenience, we permuted the spins such that

the register spins appear first in the tensor product with

the electron spin projector and the unwanted spins ap-
pear in the last positions.

In the context of the operator-sum representation [41],

the fidelity of a quantum operator has the following form

d+1 Ztr

where d = 25+! represents the dimension of the tar-
get subspace, which includes the electron and K target
spins. The index j iterates through the environment’s
2L=K complete computational basis states, the Kraus
operators F; describe the quantum channel denoted by

E(p) = Zj
lation j E;[Ej = 1. The Kraus operators are given by
28]

SENTUSE)] + [n[U )12, (13)

L pE]T and they satisfy the completeness re-

E Z C(Z) y)djj ®]Ic(:1 Rngk) (('bgk)) ’ (14)

where C( i) = H::]Mml [COS(¢(m)/2) (m) Sln(¢(m)/2)]

and pJ = [LLe M =(in ( ) + m(E )51n(¢(5)/2)] while
{nz,ny,n} correspond to the rotatlon axis components
of each nuclear spin. Also, M counts the number of
the environment spins in the |0) state, while the other
K — L — M are in the |1) state. In the case where M =0
so that all the unwanted spins are in the |1) state, it holds
that cy) =1, and when M = L — K, all the unwanted

spins are in the |0) state, in which case pgi) =1.
Substituting Egs. (11) and (14) into Eq. (13), the gate

fidelity becomes

> o

7=0,1

(1+2K 12

Obviously, in the absence of unwanted nuclear spins the
fidelity is unity. The data in Fig. 3 reveal the direct con-
nection between the one-tangles and the fidelity of the
target gate. We also find that the fidelity of the target
gate is mostly affected by the largest one-tangle of the
unwanted spins, which agrees with Ref. [28]. This last
observation is especially important since it identifies the
parameter we should minimize in order to maximize the
target gate’s fidelity. As mentioned in Ref. [28], the gate
error can exhibit sudden spikes that reach significantly

) . (15)

2K+1
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FIG. 4. Gate infidelity (1 — F) versus the size of the bath (unwanted spins) and the size of the register (wanted or target spins)
before (a,b) and after (c,d) optimization over single-qubit rotations on the electronic spin. In (a) and (c) we plot the decimal
logarithm of the statistical average of infidelity, i.e., logyo (1 — F), while in (b) and (d) we plot the variance of the infidelity on

the same logarithmic scale log;, Var (1 — F'). The numbers in each tile give the value of log,,(1 — F) (a,c) and log,, Var(1 — F)
(b,d). In the above simulations, we considered SiC samples with a silicon monovacancy with total spin S = 3/2, and the electron
qubit is defined by (so,s1) = (1/2,3/2). The HF values for the **C and the 2°Si were drawn from uniform distributions in the
intervals 27[10, 200] kHz and 27[0.5, 200] kHz, respectively. The entangling power threshold was set to e;h = 0.85, the magnetic

field is B = 83G leading to Larmor frequencies (w¢,w?’) = 27(88.8797, —70.2595) kHz, and the relative abundance was kept

constant for all the cases, i.e., %Sg = ‘ﬂgﬁ = 4.27. Every data point on the heatmaps was obtained from 200 realizations, and

for each trajectory we kept the combination (7, N) that resulted in the lowest maximum unwanted one-tangle.




TABLE L Fitting parameters for the fit function
log,o(1 — Fny) = aNRebNRNB + cNRedNRNB.
Ngr a b c d
1 —7.594 —0.876 —4.857 —0.026
2 —7.384 —0.712 —3.365 —0.032
3 —5.372 —0.833 —3.665 —0.073
4 —3.556 —0.873 —3.306 —0.076
5 —4.041 —1.075 —2.835 —0.071
6 —2.577 —0.641 —2.196 —0.054
7 —1.530 —0.476 —1.895 —0.051
8 —2.322 —0.089 -85 -107°  0.758
9 —3.4 -10° —16.56 —1.798 —0.059
10 —1.476 —0.046 0 0

high levels even at low one-tangle values. This behavior
arises because the presence of unwanted spins can disrupt
the expected ideal evolution of the isolated target system
described by Eq. (11). However, despite this deviation,
the resulting gate operation might exhibit a greater over-
lap with other entangling gate operations that are equiv-
alent to Eq. (11) up to local gates. To account for this,
we can generalize the target gate to include an arbitrary
single-qubit rotation on the electronic spin, Ry (), and
then optimize over the axis n® and angle 6 of the rotation.
The target gate thus becomes, Uy = Rye(0)Up, leading
to the fidelity (see Appendix C for the proof)

Fopt :2K+1 1

P oo (3) (16)
+i(—1)7 sin <Z> nj} 2) .

In principle, we can optimize the above relation over the
range 6 € [0,27) for the rotation angle, and n¢ € [—1,1]
for the z component of the rotation axis. However, the
maximum fidelity can be achieved only when |nf| = 1.
This can be understood by simply noticing that the
fidelity in Eq. (16) is maximized when the second
term in the parentheses becomes 2%~! .22 and this
cannot happen when the factors in the summation are
multiplied with a complex number which has norm
smaller than unity. In light of this, the rotation axis
must be set to n® = z, and then we can optimize over
the rotation angle 6 € [0, 4).

(1+2K_1><

J

B. Average fidelity as a function of register and
bath size

In the following simulations, we presume an electron
spin with S = 3/2 with the qubit defined using the
(s0,81) = (1/2,3/2) spin states, which correspond to

Bath (N,)

FIG. 5. Statistical average of the infidelity (circles) and fits
(solid lines) versus the spin bath size. The lines are fits of the
function log, (T — Fng) = anpe" e NE 4 ey, eNrNE to the
collected data (circles). Each line refers to a different register
size Ngr, and the respective fitting parameters a,b,c,d are
given in Table I.

a silicon monovacancy defect in SiC [7-9]. The nu-
clear Larmor frequencies are specified as (w¢,w$) =
2m(88.8797, —70.2595) kHz for 3C and 2Si nuclei, re-
spectively. In the absence of experimental data, we draw
the HF values from uniform distributions in the range
2m[10,200] kHz and 27[0.5, 200] kHz for *C and 2°Si nu-
clei, respectively. These nuclei are weakly coupled since
the HF parameters are smaller than 1/75, which is typ-
ically a few hundred kHz for NV centers [42, 43] or, in
general, when Ay, A1 < 1MHz [44] (approximately 1
MHz is also the electron linewidth for the neutral diva-
cancy in SiC [10]). Moreover, to ensure the distinctness
of spins chosen through random generation, we impose a
condition on the discrepancy of HF values; we stipulate
that at least one HF value (A or A.) should deviate
by at least 27 - 10 kHz from the others. This condition is
chosen to ensure the generation of sufficient nuclei within
the HF range with distinct HF values in order to simu-
late a realistic silicon vacancy in a SiC sample. Our goal
is to examine the dependence of the fidelity on several
register-bath size combinations. To do so, we use the al-
gorithm described in Sec. III B, aiming to maximize the
one-tangles of the target spins while minimizing those
of the unwanted spins. Contrary to the simple example
shown in Fig. 3, now will we explore the capabilities of
five resonances (k € {1,2,3,4,5}) of the CPMG, UDDs,
and UDDy, pulse sequences.

In Fig. 4, we show results from 200 realizations for
the case where we have a silicon vacancy defect coupled
to Nr + Np total nuclear spins, where Nr and Ny are
the number of nuclear spins in the register and the bath,
respectively. In the left column of Fig. 4 we present the
statistical average of the infidelity, 1 — F', and in the right
column its variance, Var(l — F'), both on a logarithmic
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FIG. 6. Gate infidelity (1 — F) versus the size of the bath (unwanted spins) and the size of the register (wanted or target

spins) upon optimization over single-qubit rotations on the electronic spin.

In (a) we plot the decimal logarithm of the

statistical average of infidelity, i.e., log,, (1 - F), while in (b) we plot the variance of the infidelity on the same logarithmic
scale log;, Var (1 — F). The numbers in each tile give the value of log,,(1 — F) and log;, Var(1 — F'), respectively. In the
above simulations, we considered SiC samples with a silicon divacancy with total spin S = 1, and the electron qubit is defined
by (s0,s1) = (0,—1). The HF values for the *C and ?°Si nuclei were drawn from uniform distributions in the intervals

27[10, 200 kHz and 27[0.5,200] kHz, respectively. The entangling power threshold was set to eﬁ,h = 0.85, the magnetic field is
B = 584G leading to Larmor frequencies (wf,w??) = 27(625.37, —494.35) kHz, and the relative abundance was kept constant

N 29
for all the cases, ie., w2 = &72

> 13¢ 1.1%

= = 4.27. Every data point on the heatmaps was obtained from 100 realizations, and for each

trajectory we kept the combination (7, N) that resulted in the lowest maximum unwanted one-tangle.

scale. For instance, a square data point depicts the sta-
tistical average (or variance) of infidelity for a register
size Ng and bath size Np over 200 realizations. The
top set of heatmaps shows the fidelity and the variance
obtained from Eq. (15), while the lower set shows the
same quantities after the optimization over single-qubit
rotations on the electron spin, see Eq. (16). Comparing
the two rows, one can see that in most cases both the
infidelity and its variance become smaller, meaning that
the optimization leads to an increase in average fidelity,
and the fidelities are concentrated around the average.
The highest gain occurred for (N, Ng) = (3,2) where
the infidelity dropped by 1.6 orders of magnitude, while
the variance dropped by five orders of magnitude. Now
let us focus on the lower set of heatmaps. As expected,
in Fig. 4(c), the best fidelity is obtained in the case of
a single target and a single unwanted spin. Also, for
small register size, Ng < 5, there is an exponential de-
crease in fidelity as the bath size Np increases. Moreover,
Fig. 4(c) reveals a clear deterioration of fidelity not only
with the bath size but also with the register size. This
can be explained by considering that the generation of

entanglement links between the electron and the register
spins, while simultaneously decoupling unwanted spins
using DD pulses, becomes very challenging when the reg-
ister size gets larger. The same happens with the vari-
ance, where we see that it grows with the total number
of spins, leading to an increasing spread in the fidelity
distribution, and thus the uncertainty for the achievable
fidelity. The heatmaps in Fig. 4 are intended to serve as
a guide for experimentalists working with the silicon va-
cancy in SiC and considering the benefits of isotopically
purifying their samples.

As an extension of the above results, we fit the sta-
tistical average of the infidelity shown in Fig. 4(c) using
a double exponential formula. More precisely, we use
log1o(1— Fny,) = anpe?¥rNE 4 ey, edVrNE to fit across
each row of Fig. 4(c), where the index Ng € [1,10] de-
notes the size of the register and Np € [1,10] denotes
the size of the bath. The fit parameters can be found in
Table I while the data and the fit functions are shown to-
gether in Fig. 5. These functions can be used to estimate
the average fidelity in the presence of more unwanted
spins.



Next, we consider the case of a silicon divacancy defect
in SiC with electron spin S = 1 where the qubit is defined
using the (sg, s1) = (0, —1) spin states. Similarly to what
we showed for the monovacancy center above, in Fig. 6
we show the statistical average of the infidelity and its
variance over 100 realizations in a much stronger mag-
netic field, B = 584 G, taken from Ref. [10]. Comparing
Fig. 6(a) and Fig. 4(c), we observe that despite the differ-
ence in the spin states used to define the electronic spin
qubit and the strength of the applied magnetic field, the
fidelity deteriorates in the same fashion with the size of
the register, while it decreases faster with the number of
the unwanted spins. However, there are cases where the
divacancy and a strong magnetic field lead to higher av-
erage fidelity; compare for instance the Ng = 1 columns
in Fig. 6(a) and Fig. 4(c). The last two features can
be attributed to the fact that the combination of total
spin S = 1 and strong magnetic field lead to resonance
times with lower dispersion, hence making it easier for
DD pulses to create large registers but more difficult to
decouple selected nuclear spins from a large bath. Also,
low dispersion in resonance times can affect our ability
to create a desired entangled state in the presence of a
given number of unwanted spins (see Appendix D).

C. Performance of DD sequences

As a next step, we investigate the suitability of the
different DD sequences and the resonance orders ver-
sus the total number of nuclear spins. To that end, in
Fig. 7(a) we present the probability of a given DD se-
quence to achieve the highest fidelity. The probability
here refers to the number of times that a specific se-
quence was used in 200 independent realizations. Fig-
ure 7(a) shows that UDD, performs much better for a
higher number of qubits and specifically for Np > 5 and
is the most effective sequence, with probability close to
unity, for Ng > 8. In the same heatmap, we see that
UDDs is the preferred DD sequence to use for register
sizes Ng = 1, 2, but for large baths, Ng > 6. Also,
CPMG is found to give the best gate fidelity for registers
of intermediate size, namely for N € [2,6] and various
bath sizes. However, the occurrence probability is not as
high, meaning other sequences perform comparably. In
Fig. 7(b), we show the probability of a given resonance
order to achieve the highest fidelity independently of the
DD sequence used. We observe that the first resonance,
k = 1 (blue tiles), is highly preferred in all sequences,
however, the occurrence probability is not considerably
high, meaning that the DD sequences perform their best
when they have access to a large variety of resonances.
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FIG. 7. Best pulse sequence and resonance order ver-
sus the size of the bath (unwanted spins) and the size of
the register (wanted or target spins). (a) Heatmap depict-
ing the most used (or most probable) DD sequence among
CPMG (blue), UDDs3 (white), and UDDy (red). (b) Heatmap
showing the most used (or most probable) resonance order
(k = 1 blue, k = 2 red) used for 7. The number in each
tile refers to the occurrence probability. In the above sim-
ulations, we considered SiC samples with a silicon mono-
vacancy with total spin S = 3/2 where the electron qubit
is defined by (so,s1) = (1/2,3/2). The HF values for the
13C and ?Si spins were drawn from uniform distributions
in the intervals 27[10,200] kHz and 27[0.5,200] kHz, respec-
tively. The entangling power threshold was set to ef,h = 0.85,
the magnetic field was B = 83G leading to Larmor fre-
quencies (w¢,wi’) = 27(88.8797, —70.2595) kHz, and the

relative abundance was kept constant for all the cases, i.e.,

212%‘ = ‘;:IZ‘; = 4.27. Every data point on the heatmaps was

obtained from 200 realizations, and for each trajectory we
kept the combination (7, N) that resulted in the lowest max-

imum unwanted one-tangle.
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FIG. 8. Effect of changing the sign of a nuclear gyromag-

netic ratio. Gate infidelity (1 — F') versus the size of the
bath (unwanted spins) and the size of the register (wanted or
target spins) upon optimization over single-qubit rotations
on the electronic spin. (a) The decimal logarithm of the
statistical average of the infidelity, i.e., log;, (1 — F) (b)
The variance of the infidelity on the same logarithmic scale
log,, Var (1 — F). The number on each tile gives the value
of log,,(1 — F) (a) and log,, Var(1 — F) (b). In the above
simulations, we considered fictitious SiC samples with a sili-
con monovacancy with total spin S = 3/2, and the electron
qubit is defined by (so,s1) = (1/2,3/2). The HF values for
the '3C and the 2°Si were drawn from uniform distributions
in the intervals 27[10,200] kHz and 27[0.5,200] kHz, respec-
tively. The magnetic field was B = 83G leading to Larmor
frequencies (w¢,wi’) = 27(88.8797, 70.2595) kHz, and the

relative abundance was kept constant for all the cases, i.e.,

212501 = ‘f;g‘: = 4.27. Every data point on the heatmaps was

obtained from 100 realizations, and for each trajectory we
kept the combination (7, N) that resulted in the lowest max-
imum unwanted one-tangle.

D. Examination of positive gyromagnetic ratio

Finally, we examine the fictitious scenario where the
29Si nuclear spin has positive gyromagnetic ratio, i.e.,
Yyeog; = +27-8.465 MHz/T. We are interested in this sce-
nario because it will help us conclude whether a mixed
bath where the gyromagnetic ratios of the nuclei have op-
posite signs is preferable over the case where they have
the same signs. In Fig. 8 we plot the statistical average
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of the infidelity and the variance over 100 realizations
upon optimization over single-qubit rotations on the elec-
tronic spin. We use the same algorithm as in Fig. 4, with
the only difference being the sign of 720g;. Comparing
Fig. 4(c)-(d) with Fig. 8(a)-(b), one can easily see that a
mixed nuclear bath with opposite signs in gyromagnetic
ratios achieves at least two orders of magnitude lower in-
fidelity for N < 5 and N < 4. Also, the performance
of opposite signs remains better even in the challeng-
ing case of Ng = 10 nuclear spins, while the variance
is approximately the same. Furthermore, one would ex-
pect the two cases to perform approximately the same
for Np = 1, however, this is where the differences be-
come most significant. This can be explained by looking
at the resonance times: The resonance times are larger
in the case of negative 720q; due to the sign difference
between the Larmor frequency and the HF values (see
Eq. (3)). Large resonance times lead to more distinct
resonances between different nuclear spins, translating
to easier decoupling. Overall, the above evidence indi-
cates that a mixed nuclear bath with different signs in
the gyromagnetic ratio leads to higher fidelities. It has
been previously observed that having two nuclear species
is beneficial for coherence times [9, 10]; here, we see that
it is also beneficial for entangling gates.

V. CONCLUSIONS

Nuclear spins play a crucial role in spin-based
solid-state platforms for quantum memories. To fully
leverage their potential for creating large-scale quantum
networks, a comprehensive investigation of the ability
to control nuclear spin registers in all the promising
candidate platforms should be conducted. Here, we de-
veloped a method for conducting such a high-throughput
sorting of host materials and defects. As a concrete
example to showcase our approach, we explored the
performance of dynamical decoupling sequences such as
CPMG, UDDj3, and UDDy4 in controlling the nuclear
spins surrounding a silicon monovacancy or divacancy
defect in SiC. In each case, we quantified the expected
performance in terms of the gate infidelity, and found
an exponential deterioration not only with the bath size
but also the register size. Additionally, we showed that
some sequences perform better on average than others,
depending on the register and bath size.

In the pursuit of advancing quantum memory
technologies, our work lays a foundation for further
exploration. Future research could focus on extending
our high-throughput sorting approach to other promis-
ing defects and host materials, and on combining it
with high-throughput electronic structure calculations.
Investigating novel control schemes and pulse sequences,
beyond CMPG and UDD, could enhance the perfor-
mance of quantum memories, enabling more efficient
and reliable quantum information processing. More-
over, integrating experimental efforts with theoretical



advancements will be essential for moving this field
forward. By continuing to push the boundaries of quan-
tum memory research, we can unlock new opportunities
for the development of robust and scalable quantum
networks.
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Appendix A: UDD sequences

For UDD,, sequences, the time intervals between the m
pulses are given by

g, = sin? <27T:_2> — sin? <m> ) (A1)
n n

where r takes integer values between 1 and n + 1, since
there are n+1 time intervals. It is easy to show that ¢, =
Gn+2—r, leading to symmetric time intervals about the
halfway point of the sequence. However, this symmetry
does not necessarily translate to equal angles of rotation.
For UDDy, [(17 — T — qaT — T — @37 — T — 4T — T — q5T),
it holds that ¢g # ¢1.

As mentioned in the main text, UDD,, sequences with
odd n (i.e., odd number of 7 pulses) need to be repeated
twice to form a “unit sequence”. This stems from the
fact that the electron must return to its initial state. So,
the UDDj3 unit is given by [¢17/2—7—qa7/2—7—q37/2—
T—(@a+q)T/2—7—qr/2 -7 —q37/2 — 7 — qu7/2],
where we divided all ¢, by a factor of 2 so that the total
time adds up to 7.

Appendix B: Makhlin invariants

The evolution operator of an electron spin and a lone
nuclear spin, given in Eq. (2), can be characterized us-
ing the Makhlin invariants [45], commonly denoted by
G1 € C and Gy € R. These invariants categorize all
two-qubit operations into separate entangling categories,
ensuring that gates with identical local invariants be-
long to the same entangling category. This characteristic
arises because local operations do not affect the amount
of entanglement between the two parties. Gates capable
of generating maximal entanglement, known as perfect
entanglers, include the CNOT and CZ gates, which are
equivalent up to single-qubit rotations. These gates, and
any other two-qubit gate locally equivalent to them, de-
fine the category of perfect entanglers with G; = 0 and
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Gy =1.

For any given m-pulse sequence repeated IV times, the
electron-nuclear evolution operator maintains the struc-
ture described in Eq. (2), with the only difference being
that ¢; is now replaced by the total rotation angle ¢; (V).
This specific form of the evolution operator enables us to
derive analytical expressions for G; and G2. Understand-
ing these two parameters helps us identify conditions un-
der which the driven electron-nuclear evolution achieves
perfect entanglement. Assuming an arbitrary w-pulse se-
quence and using Eq. (2), we find that G; and G4 as
functions of N read

G = (cos fo(N) cos o1(N)

2 2

2
+n01 sin ¢0(N sin ¢1(N)) s
2 2
(Bla)
G2 =1+ ngysin ¢ (N) sin ¢ (V)
2 Po(N) 2 1(N)
+2<cos 5 5
+n(2nsm2 %( ) sin? ¢1(2N) ,
(B1b)
where ngy = ng - ny, G; € [0,1] and Gy € [1,3].

These intervals reveal that m-pulse sequences can
create perfect entangling gates only within the CNOT
equivalence class, where (G1,G2) = (0,1). When the
resonance condition is met, i.e., ng; = —1, we have
G1 = cos?([po(N) + ¢1(N)]/2). Enforcing G; = 0
determines the required number of sequence itera-
tions N for achieving the wanted controlled gate. To
estimate N, knowledge of the rotation angles in a
single iteration suffices. The minima of G; occur at
N = (2k + V)w/(¢o + ¢1), however, N is an integer
and so the value of this expression must be rounded in
general. Notice that Gy can also be zero for other NV
values, provided that ng - n; < 0.

Appendix C: Gate fidelity optimization

As shown in the main text, to optimize the gate fidelity
up to local operations on the electronic spin, we define
the target evolution operator as

Uy = Rpe (0)Uo = Z (Rne(0)0j5) ®£(:1 Rn§k) ((bgk)) ,

j=0,1
(C1)
where Rye(f) = e729 " is the rotation matrix around

axis n® acting on the electronic spin. Next, we substitute
Egs. (C1) and (14) into Eq. (13) to obtain
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2L*K 2L—K )
__ 1 i S| 1 (4,0
= A+ D) tr Z L Ep| + Z tr[Ug Ex]|” | = m d+ Z tr[z R (0)0;; ® Lok xox
i k=1 k=1 k j
1 () ’
T dd+1) d+Z tr[Zc Py Rl Q)O'jj:|tl“[12x><21<]
_ 1 K+1 | 92K (k) (k 2 B 1 K1 ) 2
B d(d+1) 2 +2 Z tr Zc ne (0)7; T 9K+l 4] 1+2 Z tr Z pg R <(0)oj;
2
SR S 12 3 ck)p(-k){cos(H/Q)—i-i(—l)j sin(9/2)ne} (C2)
92K+1 +1 7 2 s

7=0,1

where we used fact that Uy is a 2K +1 x 25+1 unitary gate,
the Kraus operators Ej, have dimensions of 2511 x 2K+1
the trace property tr[A ® B] = tr[A]tr[B], and in the end
the fact that o;; = |j) (j| is a projector. Also, cg.k)
(k)
p;

and

are given in the main text.

Appendix D: Success Probability

Here we present the total number of realizations we
had to simulate to obtain the successful realizations used
in the main text figures. As a successful realization, we
define a realization in which we can find a DD sequence
(CPMG or UDD) and a pair of pulse parameters (7, V)
such that a desired number of Ng nuclear spins have
€ > €5 and a desired number of Np unwanted spins

J

(

have ¢, < e;,h. Any other realization is considered unsuc-

cessful and we stop the simulation. For instance, we have
an unsuccessful realization even in the case where the HF
couplings are such that we cannot create a register of Ny
spins surrounded by a bath of Ng spins, but we may be
able to create a register of Ngr — k spins surrounded by
Np+Fk spins (where k is an integer). In Fig. 9 we show the
total number of realizations needed for the silicon mono-
vacancy, the divacancy, and the fictitious case of positive
~205;, Where it becomes clear that the monovacancy in
a low magnetic field has the highest success rate, while
the fictitious bath leads to the lowest success rate. Fur-
thermore, it becomes evident that the (Ng, Ng) = (10,1)
combination is the most challenging for all the cases, and
especially for the fictitious one. However, except for the
top left corner in the heatmaps, the success rate for all
the other combinations is always equal to unity.

(a) (b) ()

10 zzz 207 200 200 200 200 200 200 200 10 KkM177 133 111 104 100 100 100 100 100

9 222 205 203 200 200 200 200 200 200 200 9 146 109 101 100 100 100 100 100 100

8 |210 202 200 200 200 200 200 200 200 200 8 |142 114 106 101 100 101 100 100 100 100
; 7 1203 200 200 200 200 200 200 200 200 200 ; 7 121 105 104 100 100 100 100 100 100 100 ~
‘: 6 200 200 200 200 200 200 200 200 200 200 :’ 6 113 102 100 101 100 100 100 100 100 100 5 10 437 207 145 120 108 102 101 100 100
% 5200 200 200 200 200 200 200 200 200 200 % 51109 100 101 100 100 100 100 100 100 100 5 5|120 102 100 100 100 100 100 100 100 100
Ej 4 1200 200 200 200 200 200 200 200 200 200 ED 4 1102 100 100 100 100 100 100 100 100 100 '%o 1/100 100 100 100 100 100 100 100 100 100

3200 200 200 200 200 200 200 200 200 200 3100 100 100 100 100 100 100 100 100 100 ~ 1 2 3 4 5 6 7 8 910

2 1200 200 200 200 200 200 200 200 200 200 2 100 100 100 100 100 100 100 100 100 100 Bath (N,)

1200 200 200 200 200 200 200 200 200 200 1100 100 100 100 100 100 100 100 100 100

1 2 3 4 5 6 7 8 910 1 2 3 4 5 6 7 8 910
Bath (N,) Bath (N,)

FIG. 9. Total number of realizations simulated to obtain the results presented in the main text. Total number of realizations

for (a) a silicon monovacancy defect in SiC, (b) a divacancy, and (c¢) a monovacancy in the fictitious nuclear spin bath where

Y2981

> 0. The successful realizations for (a), (b), and (c) were 200, 100, and 100, respectively.
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