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Abstract: Using a smooth version of the Connes—Thom isomorphism in Grensing’s
bivariant K -theory for locally convex algebras, we prove an equivariant version of the
Connes—Thom isomorphism in periodic cyclic homology. As an application, we prove
that periodic cyclic homology is invariant with respect to equivariant strict deformation
quantizations.

1. Introduction

In this paper, we are interested in the following C*-dynamical systems. Let R” act
strongly continuously on a C*-algebra A by an action «. Also let G be a finite group
acting on A by 8. Let p : G — GL,(R) be arepresentation of G. As G is finite, there
is always a G-invariant inner product on R". Without loss of generality, we assume in
this paper that the G representation p preserves the standard metric on R”. We assume
also that the actions o and B are compatible, i.e.,

Beox = ap,(x)Bg. forallg € G, x € R". (1.1)

When p is the trivial group homomorphism, the actions « and f commute. The above
compatibility condition states in fact that there is a strongly continuous action of the
semi-direct product R” x G on A. With the above data, we consider the crossed product
algebra A xo R", A xg G, and (A x4 R") X g, G. We expect that our results naturally
generalize to compact groups. We have decided to focus our presentation on finite groups
motivated by the applications, cf. [ELPW10,TY14].

Connes established in [Con81] a far-reaching generalization of the Thom isomor-
phism theorem in K -theory to noncommutative geometry,

K.(A) = Ko+n(A >qO( Rn)a
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with the G-equivariant version proved by Kasparov [Kas95]
Ko(A % G) = K.(((A ® C,) x R") x G),

where C,, is the complexified Clifford algebra associated to R”. This result quickly
becomes one of the key tools in the study of noncommutative geometry, e.g. [Con86,
Con9%4,Kas95].

In cyclic cohomology, Elliott, Natsume, and Nest in [ENN88] proved a cyclic version
of the Connes—Thom isomorphism. Let A be the smooth subalgebra of A of smooth
vectors for the action «. Then A is a Fréchet algebra with respect to a system of
seminorms (p;), which is induced from the norm of A. Elliott, Natsume, and Nest in
[ENNS88] proved the following identity in periodic cyclic cohomology.

HP*(A®) = HP**!(A® x R), HP*(A®) = HP**?>(A® x R?).
Accordingly, they conclude by induction that
HP*(A%) = HP**" (A% x R").

In the setting with a G-representation p : G — GL,(R) and a G-action 8 on A, G
also acts on A®°. So we consider the crossed product algebras A°° xg G and (A
R"™) Xgxp G. Elliott, Natsume, and Nest [ENN88] studied the Thom isomorphism in
cyclic cohomology. The ideas of [ENNS88] and our paper both go back to the work of
[Kas95] in the study of the Baum-Connes conjecture. In this paper we work on the cyclic
homology side, and provide a dual map of the construction in [ENN88] with emphasis
on the connection to K -theory and Dirac operator.

In this article, we prove an equivariant version of the cyclic Connes—Thom isomor-
phism in periodic cyclic homology for locally convex algebras with a new approach.

Theorem 1.1 (Corollary 4.12). With the above notations and assumptions, we have
HP. (((A°° ® Cp) Xo R") Xp3p G) > HP, (A x4 G). (1.2)

To prove Theorem 1.1, we present the following smooth version of the equivariant
Connes—Thom isomorphism using Grensing’s bivariant K-theory [Grel2] for locally
convex algebras, from which Theorem 1.1 follows as a corollary.

Theorem 1.2 (Theorem 4.1). With the above notations and assumptions, we have the
following equation,

H((A® ® C,) %o R") Xgxp G) = H(A™ % G),

where H is a split-exact, diffotopy invariant, K*°-stable functor on the category of
locally convex algebras, and C,, is the complexified Clifford algebra associated with R",
carrying the trivial action of R" and the action of G which is induced from the G-action
on R".
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Our proof of Theorem 1.2 is inspired by the KK-theory proof of the Connes-Thom
isomorphism [FS81]. Our strategy is to develop a smooth version of the Connes-Thom
isomorphism by working with smooth subalgebras of C*-algebras. The key ingredient
in our proof of Theorem 1.2 is the pseudodifferential calculus for strongly continu-
ous R”"-actions which was introduced by Connes in [Con80,Baa88a,Baa88b]. Using
this pseudodifferential calculus with noncommutative symbols, we introduce a smooth
version of the Dirac and dual Dirac operator for R"-actions, which leads us to the de-
sired isomorphism in Grensing’s theory. Another important ingredient in our proof is an
equivariant Takesaki—Takai duality that there is a G-equivariant isomorphism between
(A% x4 R") xgR" and A ® KC°°, where R” is the Pontryagin dual group with a natural
action A% x4, R" and K is the algebra of smoothing operators on R”.

As an application of Theorem 1.1, we study the periodic cyclic homology of equiv-
ariant strict deformation quantization introduced by Rieffel [Rie93].

Let J be a real antisymmetric n x n matrix. Define GL,(J) to be the group of
invertible matrices g such that g’ Jg = J, where SL,(R, J) := SL,(R) ([ GL,(J).
Assume that p : G — GL,(R) takes value in SL, (R, J). Rieffel [Rie93] constructed
a strict deformation quantization AS°. It was checked in [TY14] that the actions «
and B of R" and G extend to A7 with the same properties. Using Theorem 1.1, we
prove the following result about the cyclic homology of AF® x G, which is the cyclic
homology analog of the K-theory result obtained by the last two authors in [TY14]
(see also [ELPW10]). This result can also be viewed as an equivariant generalization
of the homotopy invariance of periodic cyclic homology to locally convex algebras, c.f.
[Con85,Get93,Goo85, Yas17].

Theorem 1.3 (Corollary 5.7). For a general deformation quantization AY defined by
Equation (5.1), HP4 (AT x G) is independent of the J parameter.

In this paper, we focus on cyclic homology, e.g., Theorem 1.1 and Theorem 1.3.
In [CTY], we will discuss the cyclic cohomology version of the results in this paper
and construct explicit cocycles to detect the K -theory elements constructed in [DL13].
Theorem 1.2 also applies to the bivariant kk-theory, e.g. [CT06], as an example of the
functor H.

This article is organized as follows. In Sect.2, we recall the material about Grens-
ing’s bivariant K -theory of locally convex algebras. In Sect. 3, we prove an equivariant
Takesaki—Takai duality theorem. Theorem 1.1 and 1.2 are proved in Sect. 4. Theorem 1.3
together with examples are presented in Sect. 5. In Appendix A, we develop an equivari-
ant version of Grensing’s results [Gre12], which is needed in our proofs. In Appendix B,
we briefly recall Connes’ pseudodifferential calculus for R"-actions, and some ana-
lytic properties about the symbol of the dual Dirac operator introduced in the proof of
Theorem 1.2 is discussed in Appendix C.

2. Preliminaries

In this section, we briefly recall some preliminary material about the bivariant K -theory
of (graded) locally convex algebras. We remark that analogous to the equivariant K K -
theory [Kas95], it may seem natural to introduce and work with a G-equivariant version
of Grensing’s bivariant K -theory. To avoid the technical difficulty in defining an equiv-
ariant Kasparov module for locally convex algebras, we have chosen to work with the
nonequivariant version of bivariant K -theory [Grel2] in this paper.
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2.1. Locally convex algebra. Recall that alocally convex algebra A is a complete locally
convex space endowed with a continuous multiplication A x A — A such that for
every continuous seminorm p on A there is a continuous seminorm ¢ on A for which
the inequality

p(ab) < q(a)q(b)

holds for all a, b € A. Throughout the paper, we will always work with projective tensor
product of locally convex algebras. By a slight abuse of notation, we will use the symbol
A ® B to denote the projective tensor product of two locally convex algebras A and
B. When a locally convex algebra A is equipped with a grading operator € € Aut(.A)
such that € = 1, we call (A, €) a graded locally convex algebra. For the following
definitions, we will restrict ourselves to Fréchet algebras only.

Let A be a (graded) Fréchet algebra. We will use S(R”, A) to denote the locally
convex space of Schwartz functions on R"” with value in 4. Suppose that R”, as an
abelian group, acts smoothly isometrically on the algebra A by the group homomorphism
o : R" — Aut(A). The following twisted convolution product * makes S(R”, A) into
a Fréchet algebra, i.e.,

(f* [Hx) = /R” Ty (f'(x = y)dy,

where dy is the Lebesgue measure on R”. This algebra will be denoted by .4 x R”.
An automorphism u: A — A is said to be almost isometric if for all seminorms
[I-1l, , there exists a positive constant C,, such that

lu@)l, < Cylal,, VaeA

We assume that G is a discrete group that acts on .4 from the left by almost isometric
automorphisms. And by a G-Fréchet algebra, we mean a Fréchet algebra equipped with
an almost isometric G-action.

Let A be a G-Fréchet algebra.

Definition 2.1 (cf. [Per08, Sec. 7]). We define the smooth crossed product A x G as the
completion of the vector space spanned by the elements (a, g) € A @ G in the system
of seminorms

Y| =Y e @) .
geG v geG Y

with multiplication given by
(a.8)-(d',g") = (agd).gg)). a,d €A g g €G.

It can be checked directly that the seminorms ||-||, make A x G into a Fréchet
algebra. Furthermore, if A is graded, then A x G is also graded. Note that, for notational
conveniences, we do not distinguish between seminorms of A x G and seminorms of

A.

2.2. KK-theory for locally convex algebras. In this subsection we briefly recall the
smooth bivariant K -theory introduced by Grensing [Grel2].
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2.2.1. Abstract Kasparov module Let A and B be (graded) locally convex algebras. An
abstract Kasparov module from A to 3 is given by a quadruple (¢, &, U, B), where B is

a (graded) algebra containing B, and U € Bis an invertible element, and o, @@ : A — B
are two (degree 0) morphisms such that

A= B: ar a) - U 'a@U

is a B-valued continuous map (with respect to the topology on A and B5).

2.2.2. Locally convex Kasparov module Let A and B be (graded) locally convex al-
gebras. A locally convex Kasparov module from A to B is glven by a (graded) locally

convex algebra B, whose grading is defined by an element € € Bwithe? =1, contalnlng

B as a graded subalgebra, an odd element F € Banda (degree O) map ¢ : A — B such
that the maps

B— B: b+ bF, Fb,eb, be,

A®B— B: (a,b) — ¢(a)b, be(a),

A= B:ar ¢l — F2), (1 - F)¢(a),
A= B: ars [¢(a), Fl

are all B-valued and continuous (with respect to the topology on .4 and 53). We denote
this locally convex Kasparov (A, B)-module by (B, ¢, F).

2.2.3. Quasihomomorphism Let A and 5 be (graded) locally convex algebras. Let B be
a (graded) locally convex algebra containing B. A quasihomomorphism from A to 5 is

given by a pair of (degree 0) maps («, &) from A to B such that

e A— B: ar aa) —ala),

e ARB— B: (a,b) — a(a)b, ba(a),

are all B-valued maps and continuous (with respect to the topology on .4 and B).

Let A, B be (graded) locally convex algebras. The cylinder algebra is the subalgebra
ZACC*®([0, 1], A) consisting of A-valued functions whose derivatives of order > 1
vanish at the endpoints. Since 2 := 2°C is nuclear, therefore ZA = 2 @ A.

Two morphisms ¢y, ¢1: A — B are called difforopic if there exists a (degree 0)
morphism ¢: A — Z°B called diffotopy, such that evgo¢ = ¢g, evi op = ¢;. The
relation of diffotopy is clearly an equivalence relation.

If A carries an action o of G, then we define the action of G on ZA = Z ® A to
be id Q.

According to [Grel2, Definition 18], if H is a split-exact functor on the category of
locally convex algebras, a quasihomomorphism (¢, &) from A to B gives rise to a map
from H(A) to H(B).

An abstract Kasparov module from .4 to B gives rise to a quasihomomorphism.
Suppose that we have an abstract Kasparov module x := (o, &, U, l§) from A to B . This
immediately gives a quasihomomorphism from A to /3 given by Qh (x) (o, U"aU).
Also if we have a locally convex Kasparov (A, B)-module by (B ¢, F), we can set
elements Pe := 5 (1 +¢€), PL = 1 — P and define an abstract Kasparov module from

A to B which is given by the quadruple (Pc¢, PEJ-¢, Wg, B), where

Wp = P.F+PIFQ2 - F)+e(l — F?).
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See [Grel2, Proposition 39] for the details of the previous discussion.

We will use the following results of Grensing from [Gre12]. We remark that Grensing
[Gre12] worked with trivially graded locally convex algebras. However, it is not hard to
see that all the arguments [Gre12] naturally extend to graded locally convex algebras with
the above definitions with essentially identical proofs. So we will use these results for
graded locally convex algebras without detailed proofs. In the following, by a morphism
between graded algebras we always mean a graded morphism.

Proposition 2.2 ([Grel2, Proposition 22]). Let (a, @) : A — B > B be a quasihomo-

morphism of (graded) locally convex algebras, H a split-exact functor on the category

of (graded) locally convex algebras with value in abelian groups. Then the following

properties hold:

(1) H{(at, @) o ¢) = H(x, @) o H(¢) for every morphism ¢ : C — A,

2)H®W o (o, ®)) = H() o H(w, @) for every homomorphism i : B—C of locally
convex algebras, such that there is a locally convex subalgebra C C C such that
Woa,yoa): A— C>Cisa quasihomomorphism,

3)if (B, B) : A — B > B is a quasihomomorphism, and ¢ : A — A, ¥ B—B
are homomorphisms of locally convex algebras such that Y o (¢ —a) = (8 —B) o ¢,
then

H(¥) o H(e, @) = H(B, B) o H(9),

4) H(a, @) = — H(e, o),
(5) if ¢ — « is a homomorphism orthogonal to &, then H(x, @) = H(o — @).

If (0, @) : A — B> Bis aquasihomomorphism of (graded) locally convex algebras,
the sum D := A @ B, equipped with the multiplication

(a,b)(d,b) := (ad’, a(a)b' + ba(a’) + bb")

isa(graded) locally convex algebra D,,. B sits in D, by theinclusiontg : B — Dy, b —
(0, b), and A is a quotient of Dy. Also we have the following split exact sequence

0 B Dy A 0,

with split o’ := id 4 @0. Note that there is another split &’ := id 4 ®(@ — «). By abuse
of notations, we denote them by « and & again, respectively.
Proposition 2.3. ([Grel2, Lemma 19))d If (¢1, ¢2, @3) is a morphism of double split
extensions, i.e.:
—
0—=B—>Dy—7>A—>0 (2.1)
) S
a
¢1 i ¢zl P ld)a
J s—
OHB/HDI/B —a>= A ——0

h S

B

which commutes in the usual sense satisfying ¢» oo = B o ¢3, ¢po 0@ = B o p3, then for
every split exact functor H

H(¢1) o H(er, @) = H(B, B) o H(¢3).
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2.3. Notations. In this paper, we shall denote (graded) C*-algebras by A, B, --- , and
(graded) locally convex algebras by A, B, - - - . If A is equipped with a strongly contin-
uous R”"-action, we denote the subalgebra of A of smooth vectors with respect to an
R"-action by A%, which is a Fréchet algebra (see Appendix B). And G will always be
a finite group. All the tensor products we use are projective tensor products of (graded)
locally convex algebras. For the convenience to readers, we give a short list of notations:

e ¢(s) denotes the number e2TV=ls,

e /C denotes the (trivially graded) locally convex algebra of smooth compact op-
erators (smoothing operators on R” with rapid decay Schwartz kernels), and /C, the
C*-algebra of compact operators.

e His a split-exact, diffotopy invariant, K*°-stable functor on the category of (graded)
locally convex algebras.

e AKM(A, B) denotes the set of locally convex Kasparov modules between (graded)
locally convex algebras .4 and B.!

e KKY(A, B) denotes the usual equivariant Kasparov group for the C*-algebras A
and B. We denote the non-equivariant one by KK (A, B).

e QH(A, B) denotes the quasihomomorphim group between .4 and 5. Qh(x) denotes
the quasi-homomorphism group associated to the locally convex Kasparov module
X.

o If x € QH(A, B), then H(x) denotes the map from H(A) to H(5).

Let R(G) be the representation ring of the group G. We will introduce an R(G)-
module structure on H(C*™® x, G) in Appendix A for a diffotopy invariant, split-exact,
KC®-stable functor H. We will need the following G-equivariant variation of Grensing’s
result in the study of the Connes—Thom isomorphism.

Recall that G acts on R” and therefore acts on . Let (H, ¢, F ) be a G-equivariant
Kasparov (C, K)-module for C*-algebras. We assume that (B(H), ¢, F) defines a lo-
cally convex Kasparov (C, K°°)-module. Through out the paper, we use B(H) to denote
the algebra of bounded linear operators on . By the descent construction in equivariant
K K -theory, (H, ¢, F) gives rise to a Kasparov (CG, K x » G)-module for C*-algebras
in the following way. Endow C (G, H), which we denote by H x G, with the following
operations:

(6, VoG (1) =Y By1 ((x(5), y(s0)) k)
G
(-0 =) x()Bs (A7),
G

forx,y e C(G,H) :=H x G,and A € K X, G. Define F on C(G, H) by F(x)(t) =
F(x(1)),and ¢ : CG — B(H x G) by

(@(NHx)@) =D o(f®))ys(xs™'D),

s

for f € CG, x € H x G. With the assumption that (B(H), ¢, I:") is alocally convex Kas-
parov (C, K°)-module, it is straightforward to check that the triple (B(’H xG), ¢, F )
defines a locally convex Kasparov (CG, K> x, G)-module. We have the following
property generalizing [Grel2, Proposition 45].

1 Here we follow Grensing’s definition, so we do not deal with unbounded Fredholm modules in this paper.
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Proposition 2.4. ([Grel2, Proposition 45]) Let x = (B(H x G), ¢, F) be a locally
convex Kasparov (CG, K* x, G) -module defined above from a G-equivariant Kas-
parov module (H, ¢, F) for C*-algebras (C, K), and H be a diffotopy invariant, split-
exact, K®-stable functor. Then H(Qh(x)) = indexg F o 0,, where 6, : H(CG) —
H(K*® %, G) denotes the G-stabilization map, and indexg F is the G-index of the
operator F which is an element of R(G).

The proof of the above proposition is presented in Appendix A, Proposition A.3.

For our applications (Corollary 4.12, Corollary 5.6), the main example of H will
be the periodic cyclic homology functor, HP, for locally convex algebras. We refer to
[Con85,Cun97,CST04,Cun05], and the references therein for the basic properties of the
functor HP . In particular, from [Cun97, the proof of Korollar 6.8] and [Cun05, Section
9], we have the following lemma.

Lemma 2.5. The periodic cyclic homology, HP(—), is a split-exact, diffotopy invariant,
and K*°-stable functor on the category of (graded) locally convex algebras..

3. The Equivariant Takesaki-Takai Duality Theorem

We consider a C*-dynamical system (A, R", «). Let R” be the Pontryagin dual group
of R” as an abelian group. We observe that there is a dual action & of R” on A% x, R”
given by

ax(f)(s) = e({x, ) f(s).

The action of G on a smoothing operator 7’ (viewed as an operator on L2(R™))
is g(T)(f)(x) = T'(g7" - f)(g 'x). If we realize a compact operator by a kernel
function k(r, s) on R"” x R” then the G-action is the diagonal action, i.e., g - k(x, y) =
k(g™ 'x, g7 'y).

Following [Wil07, Page 190], we prove a G-equivariant version of the Takesaki—Takai
duality theorem.

Theorem 3.1. The algebra (A x4 R™) x4 R is isomorphic to A*° ® K. And the
isomorphism can be made G-equivariant.

Proof. Let y be the action of R"” on S(R”, A%®) given by
e f)s) = f(s —1).

From the proof of [Wil07, Theorem 7.1], we have an isomorphism of (A% x4, R") x4 R7
and S(R”, A*) x,, R" given by ®, where

O(F)(s,r) = /A ar_l(F(t, s)e((r —s,t))dt, F € S(H/%7 x R", A).
Rn
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In the following, we show that the above isomorphism ( [Wil07, Lemma 7.6]) between
S[R", A®) x), R" and A® ® K is G-equivariant, i.e., g - ®(F) = ®(g - F),

O(g- F)(s,r) = /@\ o (g F(x,9)e((r — s, x))dx
= /@a:l(ﬁg<F<gfx,g‘1s)>)e(<r — 5, x))dx,
O(g- F)(gs,r) = /R o, (B (F(g'x, ))e((r — gs, x))dx
= [RA o, (Bg (F(x, ))e((r — gs, (g") ' x))dx
= /@ a; (B (F (x, $)e((r — gs, (¢) " x))dx
= /R a; (Bg(F(x,))e((g™"r — 5, x))dx,
(g F)(gs, gr) = /ﬂ,€ 0 (B (F(x, s))e((r — s, x))dx
= /ﬂ,@ Be e, (F(x, 5)))e((r — s, x))dx,

OG- o) = [ Autar !, (g edie™r =750
= Bo(@(F)(g7's.87'r))
= (z- O(F)s. 7).
O

Corollary 3.2. The above isomorphism gives a G-equivariant isomorphism between the
C*-algebras (A x4 R™") x4 R" and A ® K. And we have the following isomorphism of
algebras

((A xg R") x4 R") Xg5, G = (A®K) x5 G.

4. Smooth Connes—Thom Isomorphism

In [Con81], Connes proves a Thom isomorphism theorem in K-theory, which offers
a fundamental tool in noncommutative geometry. More precisely, let A be a (trivially
graded) C*-algebra with a strongly continuous R”-action. Then

Ke(A) = Ken(A x R").

In this paper, we present a smooth version of the above Connes—Thom isomorphism
for locally convex algebras.

Theorem 4.1 (Equivariant Connes—Thom isomorphism). Let R", G, and A be defined
as in Sect. 1. Then

H ((A® ® Cp) xq R") X%, G) = H(A® x4 G),
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where H is a split-exact, diffotopy invariant, K*°-stable functor on the category of
(graded) locally convex algebras, and C,, is the complexified Clifford algebra associated
with R", carrying the trivial action of R" and the action of G which is induced from the
G-action on R".

Let B® := A*® ® C,. We extend the action « of R” on A (and A*°) to B> by a
trivial action on the component C, and denote the action again by . We construct a pair
of Dirac and dual Dirac elements x5, and y.<, as a locally convex Hilbert module from
(B x4, R™) >4,3>4th0 (A°°®IC°°) xﬁx]pG and from A® MG to (B®xgR") Xgy, G
respectively, whose images under the functor H are inverses to each other. When the
algebra A is C, the two elements

x® e AKM((S(R”) ®Cy) %, G, K %, G), and y° € AKM((CG, S®RH @ Cy) , G),

modify Grensing’s construction [Gre12] to allow the generalization to general A.

We recall the standard Hodge-de Rham operator as d + d* on R”, where we equip
R" with the standard metric and d* is the adjoint of d. Our key observation is that the
principal symbol of d + d* is the the Clifford multiplication of & on A*C"*, which is
independent of x and only a function of §. Using the symbol calculus by Connes [Con80],
we can generalize the Hodge-de Rham operator to strongly continuous R"-actions on
C*-algebras, and therefore leads to generalizations of x,, and y,.

4.1. A (dual) Dirac element. Following [HROO, Section 10.6], we use a normalizing
function to construct the Dirac element.

Recall that a normalizing function is a smooth function x : R — [—1, 1] satisfying
the following properties

(1) x isodd,
(2) x(A) > 0forall A > 0,
3) x(A) — 1 as A — ZFo0.

An explicit construction of a normalizing function x is given in [HROO0, Ex. 10.9.3]
with an extra nice property that the Fourier transform ¥ has compact support and s (s)
is a smooth function on R.

Given £ € R", we use c(£) to denote the Clifford multiplication with respect to .
We use ¢'*“®) to denote the wave operator on C,, defined by the wave equation

d
d—f =V =lsc(E)(f),
N

on C*(R, C,).
Let x be a normalizing function. Define an endomorphism x (c(S)) on C, by

x(c®) = / R(s)eY 1@y,
R
Consider an order zero symbol X (&) as follows,

&) =10 x(c®).

A crucial property here is that X(x, &) is independent of x and only a function of
&. This allows us to apply Connes’ pseudo-differential calculus, which is reviewed in
Appendix B.
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For a C*-dynamical system (A, R", «), let ¢ — V; be the canonical representation
of R" in M (A x4 R"), the multiplier algebra, with VyaV = a,(a) (a € A). Consider
B = A ® C, with the extended action & by R”, which acts trivially on the component
C,,. The smooth subalgebra B of « is identified with A® ® C,. As ¥ € SO(R", B®)
(as a symbol independent of A®°),

20 = [ E@e—(r. 0

isawell-defined distribution on R” with values in B*°. Using Connes’ pseudo-differential

calculus [Con80] (c.f. Appendix B ) for (A, R", ), we define X;° € M (B x4 R") by
X = / S (x)Vedx.

Lemma 4.2. The symbol function %, for j =1, ...,n, is a Schwartz function on R".
J

Proof. The proof of this property is presented in Appendix C. O

The grading operator on M (B x4 R") is defined by the inner automorphism with
respect to the element € € M (B x4 R"), where € is the grading operator on the spinors
associated to C,,. It is straightforward to check that € is invariant with respect to the
G-action.

—

Lerp\ma 4.3. The Fourier transform which sends X to S is G-equivariant, i.e., g - ¥ =
g .

Proof. We have the following computation.
g B() = /@(g - X)(E)e(—(x, §))dE = /n’@ Be(B(g'E))e(—(x, §))dE

= /ﬁ Be(S(E))e(—(x, (g &)de = f@ﬂg(z@)>e<—<g*1x,s>>d5
=B,(Z(¢g7 ') = (g- D).
O

Remark 4.4. The integrands of the above give rise to divergent integrals: we took the
Fourier transform of an order zero symbol (as tempered distribution). To regularize di-
vergent oscillatory integrals, one does the following: since we realize X as a distribution,
foru € S(R*, A®), (¥, u) is given by

; ff (e||s||2>
im | SEu)exp | ——— | e(~(x, £))dEdx.

e—>0

2
Now since the expression exp (— 6”%” ) is G-invariant, the change of variables in the

above proof makes sense. From now on we will use change of variables in oscillatory
integrals for the G-action without any further explanation.

Lemma 4.5. For any a € A, we have [a, X°] € B® x4 R".
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Proof. Following the definition of XJ°, we compute the commutator [a, X°] as follows.

la, X371 = [“/ f(x)dex:|
Rn
= / /A[a,x(c<5))e<—<x,s>)vxdsdx]
R® JR"
= / ) /R, x(c®)e(—(x.§)) (@ — ax(a) Vrdédx
= / fA f X()e*@e((x, £))(a — ax(a)) VedsdEdx.
n JR" JR

Define a function Y : R* — B* by Y (x) := a,(a). As a belongs to B, Y (x) is a
smooth function on R”. Therefore, we can write

1

1
Y (x) — Y (0) =/ 4y (sx)ds =[ 2y (sx)ds.
0 ds 0 ax!

Define Z; : R* — B> by

19
Zi(x) ::/ ﬁY(sx)ds.
0 X

It is not hard to check that Z; is again a smooth function on R” with values in B°.
In summary, there are smooth functions Z;, i = 1, ..., n, such that the following
equation holds,

() (ax (@) —a) = Z(x) Z ' Zi(x) = Z S (x0)x Z;i (x).

By the properties of the Fourier transform, we have

S - L 0%
(x)x _\/—_18_51-()6)'

Recall that X (£) is defined as

) =1Q x(c(®).
By Lemma 4.2, g—?{ is a Schwartz function, and therefore fl(x)xi is a Schwartz
function. From the above discussion, we conclude that as a sum of elements in B x,R”,

S (e (@) —a) =Y @) Gi(x)

belongs to B® x4 R”. O

Lemma 4.6. For a € A® < M(B x4 R"), which is the multiplier algebra of the
C*-algebra B x4 R", we have a(1 — (Xgo)z) € B*® x4 R™,
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Proof. We observe that 3 % 3 is well-defined as a distribution, and
(1- (X)) = R”(l/—Ez(x))dex.
Now
(1 -39 =1® (1 — x(c(©)?).

As the function s (s) is smooth with compact support, the corresponding Fourier
transform, %, is a Schwartz function. Furthermore, xz(k) — las A — =oo. It follows
that x2(1) — 1 is a Schwartz function. Therefore, (1 — £2) is a Schwartz function and

hence a symbol of order —o0. So the element [, (1 — £2(x)) Vidz is in B® xq R",
which proves our claim. O

Lemma 4.7. We have g - X3° = X3°.
Proof. We start by checking S (gx) = g - & (x). Indeed,

T(gx) = /ﬂ,@ T (&)e(—(gx, §))dé = /@ B(§)e(—(x, g'E)dé

= /@ 2((g) ' E)e(—(x, £)dE = fA (g -E)e(—(x,§))dE

Rl‘l
= /ﬂ@ Be(Z(E)e(—(x, £)dE = g - T(x).

Using the above property, we verify the following equality.

g Xy = / g- f(x)Vgxdx = / i(gx)Vgxdx = / T (x)Vedx = X
Rn Rn Rn

0

As the above locally convex Kasparov module (M (BxqR"), 1, X go) is G-invariant,
we introduce the following Kasparov module for the corresponding crossed product
algebras. Consider the multiplier algebra M ((B Mg R") Xgyp G) of the C*-algebra

(B xq R") X85, G with the natural inclusion map ¢ : A% xg G — M((B Mg R™) X gsp
G). The grading operator € on M (B x4, R") extends to a grading operator on M ((B Xy
R™) X gy, G) defined by

(N8 =¢€(f(®)), Vg eG.

The operator XJ° extends to an element fgo in M((B xq R") gy, G) by

X (f)(g) = XL (f(2), Vg € G.

With the above preparation, we directly conclude the following proposition by
Lemma 4.5, 4.6 and 4.7.

Proposition 4.8. The multiplier fgo of the algebra (B® xq R") xgy, G defines a
locally convex Kasparov module (M((B Mo R™) Xgwp G), 1, XX) in AKM(AOO Xg
G, (B® % R") Xgyp G), which we will denote by ;.
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Applying Proposition 4.8 to the dual action @ of R on (B® ® C,) x4 R", we obtain
an element

(M((((B ® Cp) xo RY) x5 B Xp31, G), . XgO)
eAKM((BOO Mo R") X prip G (B ®C) g RY) x5 R7) % gy G).

Using the G-equivariant Takesaki—Takai duality (Theorem 3.1), we have the isomor-
phism

((B® x Cp) Xg R") x5 R?) Xg5, G = (A® Cay ® K®) Xpxp G.
With the above isomorphism, we get a Dirac element
X35 € AKM((B™ x4 R") Xpgxp G, (A® @ Coy @ KX) Xp3)p G).

In summary, we have constructed in this section a (dual) Dirac element for an R”-
action, i.e.,

x5o, € AKM((B® x4 R") Xgsip G, (A% ® Cop @ K™) xpx, G),
Vi € AKM(A™ Xgsp G, (BX x4 R") Mgy, G).

We next prove that H(yffoa) and H(x.%,) are inverses to each other for a split-exact,
diffotopy invariant, K ®-stable functor H

4.2. Equivariant Bott periodicity. When « is trivial, we call the elements y,, and x%,
by y2° and x° respectively. If we take the extension of the elements y°° and x° to the

corresponding C*-algebras to get elements in KK ((B ®Cy (R”)) Hpxp G, AXg G) and

KK (A xg G, (B ® CO(R”)) X Bxp G), we get the usual class of Kasparov Dirac-dual

Dirac element, since the usual class and the extended class are compact perturbation to
each other.

Remark 4.9. Grensing [Gre12] defined similar elements. Our y;<, and x5, are slightly
different from his. But as we want to use K°°-stability rather than stablhty with the
Schatten ideals, we prefer to work with this modified class. Grensing’s class and our
class match up to compact perturbation if we view the classes as KK elements (with the
obvious extensions) in the corresponding C*-algebras.

Theorem 4.10. Let H be a split-exact, diffotopy invariant, K*-stable functor. Then for

the trivial action o, H(x%,) and H(y,,) are inverse to one another.

Proof. We notice that the elements in
KK ((B ® Co(R™)) Xy G, A xp G) and KK (A x5 G, (B ® Co(R™) %43, G)

are the usual Kasparov Dirac and dual Dirac elements. Now let y and x be the quasiho-
momorphisms associated to y>° and x;° respectively. We wish to calculate H(y) o H(x).
Now let y be the product of these two elements whose index is 1 (using Kasparov’s Bott
periodicity [Kas95]). And therefore the element y has a trivial G-index. And the equality
H(y;°) o H(x.°) = 1 follows from the second part of the proof of [Gre12, Theorem 57]
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using the standard (G-equivariant) rotation argument, Proposition 2.4, and L? replaced
by IC%°.

Now using the arguments similar to Grensing’s (the first part of [Grel2, Theorem
57]) and Proposition 2.4, we can similarly prove H(x°) o H(y5°) = 1. |

As a corollary of Theorem 4.10, when A = C, we have the following version of
Bott-periodicity.

Corollary 4.11. Let H be a split-exact, diffotopy invariant, K°°-stable functor. Then
for the trivial o, H(x,‘f’a) and H( y,‘f’oa) establish an isomorphism between H(CG) and

H (((Cn ® S(R™) %1, G).

4.3. Proof of the equivariant Connes—Thom isomorphism. With the development in
Sect.4.1 and 4.2, we are ready to prove Theorem 4.1.

Proof. Define a deformation «* of the action « for s € [0, 1]. Define o® : R" x A® —
A by

ai(a) = age(a), ac A, xeR".
Then the same formulas as above define
Vo € AKM(A°° x5 G, (B 3 R") g3, G),
x5 € AKM((B %o R") sy G, (A% @ Coy @ K) 30y G ).
Now let y, := yfl’f’as = (Bs, Bs) and x; 1= xfaS = (ﬁs, ,és). Denote the corresponding
quasihomomorphisms also by y; and x;, respectively.

Let us now consider the Fréchet algebra D® = Z2°A°, and the R"-action on the
algebra D™ by p, (f)(s) = asx (f(s)). Now we have the following elements:

H(evy) € QH(DOO xp G, A™ xp G) (since evy is G-equivariant),
H(ET) € OH (DX ® Co) %, R) iy G. (A% @ Cp) s R”) 0, G
(évy is extended from evy)

H(&V;) = H(ev, ®id ®id) € QH (D™ ® Cay, @ K) Xgsp G, (A% ® Coy @ KX)
~ ,B Xp G) ’
which is defined using the Takesaki—Takai isomorphism (Theorem 3.1) and viewing

evy ®id ®id as a G-equivariant map from D® ® C,, ® K to A® ® Cy, ® KL=
Together with

Y=y, =) € QH<DOO Xpxp G, (D® ®Cn) X R") Xpsp G)’
X 1= 7%, = (7.7) € QH (((D¥®Cy) 0, R") %09 G (DX @C2 ®K) 1y G )
they satisfy the following identities,

H(evs) o H(ys) = H(y™) o H(eVy), and H(x>) o H(evs) = H(eVy) o H(xy).
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The above two identities come from the following diagrams and Proposition 2.3:

0 —= ((A®° ®Cp) Xas R") Xpxp G —> Dy g G ——>= (A¥®Cou ®K™) Xpxp G —>=0

Tev’\x Tevs Tev,,@id@id

00— (D®®Cp) X R") Mgy G ——> D)y Xg G —> (D® @ Coy @ K™®) X, G —>
“.1)

and

00— A® XﬁGH'DﬂS NﬁGH((AOO(X)Cn) Mg R") NﬁNpGHO

Tevx Tevs Tev’\s

0——=D®xgG—>D)y xgG—> ((D®QCy) x, R") Xgy, G—>0
4.2)

The above two diagrams are reinterpretations of the naturality of the Thom elements.
The diagrams commute and also commute with the double-splits (as in Proposition 2.3).
Note that using IC°°-stability of H, H(evy; ® id ® id) = H(evy).

Now

(H(y*?) o H(x*?)) o H(evs) = H(y™) o (H(x*) o H(evy)) = H(y*") o (H(&Vy) o H(xy))
= (H(y*™) o H(&Vy)) o H(xy) = H(evs) o H(yy) o H(x;).
But using diffotopy invariance of the H functor, we have H(evy) = H(evp). So
H(ys) o H(x;) = H(evo) ™' o (H(y™) o H(x*)) o H(evp)

shows that H(ys) o H(x;) is independent of s. Similarly starting with H(x*°) o H(y*°) o
H(€évy), we conclude that H(x;) o H(yy) is independent of s. This implies that

H(xyo) o HOyyg) = H(x, % 0) o HO % 0)-

The product H(x;%,) o H(y;%,) is reduced to the computation to the Bott-periodicity

result, Theorem 4. laO:

HG,0) o HOZ ) = 1,

where the action of R” on A* is trivial. We conclude that H(x;<,) o H(y;%,) is equal
to 1in QH(A°o xg G, (A% Q@ K™) Xgup G). And a similar computation shows that
H(y$%,) o H(x3%,) is 1in QH ((B*® x4 R") Xgsp G, (B® Xy R") Mgy, G). O

We have the following corollary of Theorem 4.1.

Corollary 4.12. With all the notations and conditions as in Theorem 4.1, when H is the
periodic cyclic homology functor HP,, we have

HPQ(((AOO ® (Cn) N Rn) Nﬂxp G) = HP.(AOo ><]5 G)

Proof. By Lemma 2.5, periodic cyclic homology, HP(—), has all the properties which
are assumed for the functor H in Theorem 4.1. As a corollary of Theorem 4.1, we obtain
the desired formula. O
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5. Application to the Rieffel Strict Deformation Quantization

In this section, we apply the equivariant Connes—Thom isomorphism (Theorem 4.1)
for locally convex algebras to study the cyclic homology of Rieffel’s strict deformation
quantization. Recall that given a strongly continuous action « of R"” on a C*-algebra A,
and a skew-symmetric form J on R”, Rieffel [Rie93] constructed a strict deformation
quantization A of A via oscillatory integrals,

axyb:= / ajx(@)ay(b)e(x - y)dxdy, 5.1)
Ranl‘l

forx,y € R", and a, b € A®. The first copy of R” in R" x R" is basically R” after the
identification of R” and R” (see the discussion at Page 11 of [Rie93, Chapter 2]). R"
acts on Ay by the same action « ( [Rie93, Proposition 2.5]), and we denote the smooth
vectors for this action by AP.

We recall the following result about Rieffel’s strict deformation quantization from
[Nes14]:

Proposition 5.1. The map © ; from AT x R" to A*° x R" defined by
0,10 = [ an(Fomets ydy

is an isomorphism, where f is the Fourier transform of f € S(R", A) and e(t) =
eZn«/jlt'

Proof. See [Nesl14, Theorem 1.1]. O

Let G be a finite group acting on A as in Sect. 1. This means that the G-action
B : G — Aut(A) on A satisfies

Bgotx = ap,(x)Bg, forany g € G,x € R".

We compute
Po(@) xs By () = /R @ (By(@)e (B et - dvdy
- fRann gyt 1g-1xBg(@)agy By (D)e(x - gy)dxdy
- / g 260 1P (@)% Py (b)e(gx - gy)dxdy
Z/Rnx Peyx(@)Bgay(bleCx - y)dxdy

= By(a xy b).

The above computation shows that the action of G on A; by B is well-defined. So we
geta G-action on A7 x R" and A x R". Abusively we call both actions by 8 again.

The following property ensures that we can make the isomorphism in Proposition 5.1
G-equivariant.
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Proposition 5.2. With the notations introduced in Proposition 5.1,

Be(®;(f)) = O (Be(f))
Proof. We have

O (Be(/) ) = /R ey (BeS (Y)e(x - y)dy

~ [ (/ ﬂgf(t)e(—y't)dt)e(x-y)dy
Rn R}‘l

_ f / sy Be(f g~ e(—y - ye(x - y)didy
R JR?

[ [ Begrsy (& ey et dndy
Rn Rn

- / A;n Bgotg-1,,(f()e(—y - gh)e(x - y)dtdy
- /Rn /R,L Bettg1 (g1, (f (1)e(=y - De(g ™" x - y)didy

= /R /R Beasy (f(t)e(—y - (g™ x - y)dtdy
= B (O, () (x),
where in the above formulas we have used gx to denote pg (x). |

Remark 5.3. In the above argument, since y € R7, abusively we have written gy for
(gH~ 1y and we have used the fact that g 'J(g")~! = J. In general one should be
careful with R” and R”.

Example 5.4. Recall that an n-dimensional noncommutative torus Ay is the universal
C*-algebra generated by unitaries Uy, U, Us, - - -, U, subject to the relations

UUj = e )U; Uy

for j,k =1,2,3,--- ,nand 0 := (0;) being a skew symmetric real n x n matrix. If
we look at the holomorphically closed smooth subalgebra AZ° of Ag, the algebra Ag°
can also be viewed as the Rieffel strict deformation quantization [Rie93] of C*°(T") by
the translation action of R” on C*°(T") and 6 a skew symmetric form on R”".

Example 5.5. Let G be Z, or Z3 or Z4 or Zg as finite cyclic groups (can be viewed
as matrices in SLy(Z)) acting on R2. Since the action is Z>-preserving, the 2-torus
T? = R?/Z? inherits an action of G from the G-action on R”. Let A be the C*-algebra
of continuous functions on T2. The group R? acts on T? by translation. For 6 € R,
we consider the symplectic form 6dx; A dx>, also denoted by 6. So Ag is just like the
previous example of a 2-dimensional noncommutative torus. The action « (and ) of
R? (and G) on A satisfy Eq. (1.1). Now the G-action on Ay is well-defined.

Recall that we can also consider the twisted group C*-algebra C*(Z? x G, wg), where
wg is a 2-cocycle of 72 (wg(x, y) := e2710xY) g being a real number) extended trivially
to the semi-direct product. These algebras are considered in [ELPW10]. Now it is not
hard to see that C*(Z% x G, wg) = Ag % G, where the latter is defined as in the previous
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paragraph (see [ELPW10, Lemma 2.10]). In general, with the above 2-cocycles, the
twisted group algebras of groups like Z" x G are basically coming from equivariant
strict deformation quantization of R” action on A = C(T").

Corollary 5.6. The cyclic homology groups HP4(Ag° x G) is independent of 6.

Proof. Here we have A = C(T?) and J = 6. From the above discussion and Proposi-
tion 5.2 we get,

(A° xR % G ~ (A® xR») x G.
Now applying the HP functor on both sides we get,

HP, ((AgO 1 R2) x G) — HP, ((A°° x R2) x G). (5.2)

Now since in this particular case G is a finite cyclic group, the G-action on R? is spin¢
preserving. Indeed, the diagram

G

l

0 — S' — Spin°(n) — SO(m) — 0

determines a group 2-cocycle on SO (n). And since the restriction of this cocycle to G
is trivial (as G 1is cyclic and preserving the symplectic structure J), the lift

-
L

0 — S' — Spin(n) — SO(n) — 0,

is always possible. Hence

HP, ((Ag° % R?) G) — HP. (((Ag° ® Cy) x R?) x G)
= HP,(Ay° x G) (by Corollary 4.12).

Similar computation gives HP4 ((A®° x R2) x G) = HP. (A% x G). So the claim follows
from the isomorphism given by Equation (1.2). O

Now, from [ELPW 10, Theorem 0.1], we know that Ko(Ag x Zs) = Z°, Ko(Ay X
Z3) = 78, Ko(Ag x Zs) = Z°, Ko(Ag % Ze) = Z'0 and K = 0 for all the cases. It
is also well-known that AZ° x G is holomorphically closed inside Ag % G, for such G

(see [CY 19, Proposition 6.6]). Since the Chern character from K, (C*(T?) x G) ® C to
HP,(C*(T?) x G) is an isomorphism (by a result of Baum and Connes, see [Sol03, Page
279-80, equation 11 and 13]), we conclude that HPo(Ag° X Z3) = CS, HP(AG° X Z3) =

C8, HP(AS° x Z4) = C°, HPo(AS® % Zg) = C'% and HP; = 0 for all these algebras.

Corollary 5.7. For a general deformation A defined by Equation (5.1), HP4 (AT x G)
is independent of the J parameter.
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Proof. We first prove the case when J is nondegenerate. From Proposition 5.1 we get,
P XR" > A® xR

Again, the G-action on R” preserves the matrix J and therefore preserves a spin®
structure. Now applying the functor H P, on the both sides we get the desired conclusion
for A9 with a skew symmetric n x n matrix J by a similar computation as in the proof
of Corollary 5.6.

For a general J, we decompose R" into a direct sum of V @ W for two G-invariant
subspaces of R” where the restriction of J on V is zero, and the restriction of J on W is
nondegenerate. One directly checks that the algebra A9 is isomorphic to AC}‘l’W with the

W-action on A and J|w. We can then deduce the desired result for general A7® = AT}

from the above nondegenerate case. O
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Appendix A. An equivariant version of Grensing’s results

Let G be a finite group. We develop an equivariant version of Grensing’s results [Gre12]
and prove Proposition 2.4.

The following result is a straightforward generalization of Grensing’s work [Grel2,
Lemma 34]. Since G is a finite group, CG is isomorphic to @f: 1My, (C) with a trivial
grading, where d is the number of conjugacy classes of G, and fori =1, ..., d, C" is an
irreducible G-representation. And fori = 1, ..., C" is an irreducible G-representation.

Lemma A.1. Let (¢, @) : CG — B > B x G be a quasihomomorphism. Then there is
a quasihomomorphism (o, @’) : CG — Mg (B x G)*) > Mpy(B x G) such that

H(0p) o H(ar, @) o H(x) ™' = H(o', &)

for every split-exact K*°-stable functor, where g : B — M4(B) denotes the stabiliza-
tion, and « is the stabilization map from C to EBl‘.izl My, (C).

Proof. For each summand of CG, My, (C), consider the quasihomomorphism « from
C to My, (C) given by stabilization. Now the composition of x and («, @) is given by
a quasihomomorphism (using [Grel2, Part (i) of Corollary 56]) from C to B x G. So
by [Grel2, Lemma 34], this quasihomomorphism gives rise to a quasihomomorphism
(a',a") : C—= Mr((Bx G)*) > My(B x G) such that

H(®) o H(o, @) o H(k) ™' = H(, &),
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where 6 is the M»-stabilization. Now the result follows from taking the direct sum of
each summand. m]

As an immediate corollary we get the following generalization of [Grel2, Part (i) of
Corollary 56].

Corollary A.2. For two quasihomomorphisms (a, @) : CG — B> BxG and B, B) :

BxG — C > C,thereisa product between them (up to M»4-stabilization) with respect
to split-exact KC°°-stable functors.

Proof. K*°-stability implies M>4-stability. Now the same arguments as in [Gre12, Part
(i), Corollary 56] and Lemma A.1 give the result. m|

Now we define an R(G)-module structure of H(A x G) following the construction
in [Phi87, Section 2.7, Definition 2.7.8] for a split-exact, X°°-stable functor H on the
category of (graded) locally convex algebras. For any element pg of R(G), we define a
morphism [pg] from H(A x G) to itself in the following way.

Suppose that p is a G-representation on a finite dimensional vector space V of
dimension /, and so it induces a G-action on L(V). Let py and pc be the projections
from V @ C onto V and C. We consider the algebra homomorphisms ®ygqc, Oc :
AXG — (L(V®C) ®.A) x G defined by

Pyec@®@ Hl=pv®@a)® f, Pcla® f) =(pc®a) ® f.

Observe that &¢c : A x G — (End(V & C) ® A) x G is a Morita equivalence, so
the results of Grensing shows that H(®¢) is invertible. We define [pg] : H(A x G) —
H(A x G) to be

H(dc) ' o H(®yge) : HA x G) — H(A x G).

To check that the above definition defines an R(G)-module structure on H(A x G)
for K-theory, the author of [Phi87, Section 2.7, Definition 2.7.8] used the Green-Julg
descent theorem from the G-equivariant K -theory to the K -theory of the crossed product
algebra. We can generalize this approach to H(.A x G). On the other hand, since G is finite,
we can also directly check the R(G)-module structure on H(A x G). For example, for
apair [(p1, V1)1, [(p2, V2)] € R(G), we have the following algebra homomorphisms,

Pygnec  AxG— (LVid@V,®@C)®A) x G, ¢ : Ax
G- (LViaV,dC)®A) xG.

The above algebra homomorphisms give the action of [p; @ p] on H (A x G). Likewise,
to define [p1] ® [p2] : H(A x G) — H(A x G), we consider the map

Py, 0c®Pv 0C
A RuEtnes (¢

L ®0) @ LV, ®0) 8 A) x G,

and

Ax G2 (LK ®C) @ LV 8 0) ® A) % G.

To show the additive property of the module structure, i.e. [p1 @ 2] = [01] & [02], we
can map both (L(V; @V, ®C) ® A) x G and ((L(Vzea(C) ®L(V80)) ®.A) x G into
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(L(Vi® V2@ C®C)®.A) x G, and prove that [p1 @ p2] = [p1]1@® [p2] by identifying
the lifted maps to (L(V1 PV, 6Cp0O)Q® .A) x G. We can use a similar construction for
(V1 ® C) ® (V2 & C) to obtain the multiplicative property, i.e., [p1] - [02] = [p1 © p2],

by mapping (L(V1 Va0 ® A) x G in (L((V1 PO (VL (C)) ® A) x G, the

detail of which is left to the reader.
Now we have the following generalization of [Grel2, Proposition 45].

Proposition A.3. (Proposition 2.4) Let x = (B(H x G), ¢, F) be a locally convex
Kasparov (CG, K x G)-module defined above from a G -equivariant Kasparov module
(H, ¢, F) for C*-algebras (C, K), and H be a diffotopy invariant, split-exact, K°°-stable
Sfunctor. Then H(Qh(x)) = indexg F 06,, where 0, : H(CG) — H(K™® X, G) denotes
the stabilization map, and indexg F is the G-index of the operator F which is an element
of R(G).

Proof. The proof is essentially same as the proof of [Grel2, Proposition 45]. Using
2 g) By the hypothesis, T is Fredholm and
hence has closed co-kernel. The co-kernel is a G-space, and we assume further that
1 — TT’ (using Grensing’s notation) be a map from C! x G to (C! @ K*) XpG(asa
map of Hilbert modules), where C! carries the G-action via an irreducible representation
x of G. If the action were trivial we would get H(1 — TT’) = —10, (using Grensing’s
non-equivariant version). We observe that since G is finite, there always exists a G-
invariant rank-one projection in . Then we can reduce the proof to the trivial case
by applying the element [x ] on H(K™ x, G). ]

Grensing’s notation, we assume F =

Appendix B. Connes’ pseudo-differential calculus

We review briefly in this appendix the key results of Connes’ psuedodifferential calculus
for R"-actions, [Con80]. We assume that the reader is familiar with the definition of
classical pseudo-differential calculus on R", i.e., Hormander classes of symbols, and
refer to [Hor65,Hor07] for a thorough discussion of the classical theory. Connes in
[Con80] introduced an anisotropic version of Hormander classes of symbols, which was
studied later by Baaj in [Baa88a,Baa88b] in detail.

Suppose that R", an abelian Lie group, acts (with the action denoted by «) strongly
continuously on a unital (adjoining a unit if necessary) C*-algebra A (possibly graded).
Let A% be the subspace of A of smooth vectors for the action. For a multi-index &, and
a € A, letus denote the k-th derivative of a (with respect to the action of R") by 8K (a).
We will equip A% with the semi-norms (p;),

Pi

for multi-indices i. With this family of seminorms A is a Fréchet algebra, and « is
isometric on A®°. We refer to Chapter 1 and Chapter 2 of [Rie93] for more details
about A®°. For the C*-dynamical system (A, R", &), let x +— V, be the canonical
representation of R" in M(A xq R"), the multiplier algebra, with VyaV} = o, (a)
(@ € A). Let R” be the Fourier dual of R" as before. We shall say that p, a C*° map
from R” to A, is a symbol of order m, p € S (R”, A%) if the following properties
hold:
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(1) for all multi-indices i, j, there exists C;; < oo such that

3\’ i
Di ((ﬁ) /0(5)) < Cij(L+ g™V

(2) there exists s € C*® (H/@\{O}, A®®) such that when A — +00 one has

AT p(hE) — s(§)
(for the topology of COO(H/@\{O}, A)).

When A is Co(R") and R” is acting on A by the translation action, we may think
of p as a function of two variables. In this case we get back to the classical symbols (
[LMR10, Lemma 2.7]).

Connes proved that an order zero symbol gives rise to an element of the multiplier
algebra of the crossed product A x4, R”. Indeed, if p is a symbol of order zero then we
can take the Fourier transform (in the sense of distribution):

plx) = /ﬂ,@ p&)e(—(x, §))d§,

which is a well-defined distribution on R” with value in A® (it will be clear later what
a distribution means).
Recall that the following inner product

&) = fs*<x)n(x>dx, VE. € SR, A®).

makes S(R”, A%®) into a pre-C*-module. Following [Con80, Prop. 8] and [Baa88a,
Théoréme 4.1.], we define a continuous operator D, on S(R", A*) with respect to the
pre-C*-module norm, which extends to an element D, € M (A x4, R") by

D, :=/ P(x)Vyedx.
Rn

It follows from [Baa88a, Definition 3.1] that D, acts on the smooth sub-algebra S(R", A*)
of A x4 R" by the oscillatory integral (see [Abel2, Section 3.3])

D, (u)(1) = /R ,, [RA o (p(E)u(s)e(—{(t — 5), E))dsdE.
To get the motivation of the above equation, let us take p € S(R”", A%®). Then
Do ® = ([ ts)uds) ) = [ e @onvitunds
Rn Rr
_ / o (Bls)ult — s)ds = f a0y (Bt — $)u(s)ds
R’l Rn
_ / fA ot (p(ENu(s)e(—((f — 5), £))dsdE.
R’l R'l

Note that the above integrals exist in the usual sense.
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The norm closure of all multipliers, which come from order zero symbols, is denoted
by D(A x4 R"™). From [Con80, Prop. 8] and [Baa88a] there is an exact sequence

0 —— AxgR" —2 DA xR —L s A@C(S"™) —— 0

This exact sequence is often called the pseudo-differential extension. It is well-known
that there is a non-degenerate morphism from C*(R") to M (A x, R"). So this mor-
phism extends to the multiplier algebra of C*(R") and in particular to the sub-algebra
D(C*(R™)). So if we say D € D(C*(R")), we view D inside M (A x4 R").

Theorem B.1. Fora € A < M(A x4 R") and D € D(C*(R")), we have [D, a] €
A xgq R™.

Proof. See [Baa88a, Section 4], also [DS15, Proposition 4.3] for a more general version
of this property. O

Let us recall the definition of asymptotic expansion of a symbol. For a decreasing
divergent sequence (m) je{o,1,2,-},and p; € S™/ (R” A®®), wesay p € S’”O(R" A%)
admits an asymptotic expansion ) p; (written as p ~ Y _ p;), if for all integers k > 1,

p—Y pje SR, A®).
j<k

Theorem B.2. For p; € $™ (R” A%®) and p, € S"™ (R” A®®), there exists a unique
p € S™Mm R A®) such that D, = D, D,,.Also p admits an asymptotic expansion:

p(E) ~ P (€)% (02(£)).

Z \/—\k\

Proof. See [Baa88a, Proposition 3.2]. Also [LM16, Theorem 2.2], for twisted dynamical
systems. O

Theorem B.3. For p € S° (@, A®®), the adjoint (D,)* of the operator D, exists and
(Dp)* = Dy, where p' admits an asymptotic expansion:

Z \/_lkl

p'E) ~ Y 8P &)).

Proof. See [Baa88a, Proposition 3.3]. Also [LM16, Theorem 2.2], for twisted dynamical
systems. O

Remark B.4. Since the unitization of A (and A’) sits inside M (A) (and M (A”)) nonde-
generately, we get ([DS15, Proposition 3.2]) a non-degenerate morphism from A’ x R”
to M(A x R") giving a morphism from D(A’ x4 R") to M(A x R"). Hence, though
we adjoin a unit for the non-unital A, ultimately we end up with getting an element in
M(A x R™).
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Appendix C. Proof of Lemma 4.2

In the following, we outline a proof of Lemma 4.2 that g—g, j =1, ...,n,is a Schwartz
function.

Lemma C.1.

fsc(S) —COS(S|$|)+\/_ (é) |(;:é|)

0V Tsce) _ &, (i SGIED 9 sinGsl))
98, ¢ ssinGsIE N + V(e g 9% g )

Proof. Using the power series, we have

oV Tse®) _ i (V=Tsc®)"

n!
n=0

o (VTse®)™ (vV=Tsc(®))™"'
=2 2n)! +2 n+ 1)
(—=D)"sn (g (=Drs?*le) g™
Z (2n)! «/—_IZ 2n+1)!
c(&)

= cos(s|§|)+«/_ﬁ sin(s|§1).

Let {¢/} be an orthonormal basis of R”, and denote ¢/ = c(e/). Thenc(&) = Zj &; ¢’
for & = Zj &; e/ . Differentiate ¢/*“®) with respect to &;.

D e & |y (o SGIED 0 sinGleD
98¢ = ssinGIED . + Rt g 9% e )

O
Notice that gmyﬁ is a smooth even function of the variable y. Therefore, the function
sin(s|&1)
s|&]

is a smooth function with respect to s and |£|?, so is subsequently smooth with respect
to&;, for j =1,

Set H(s, &) = ““mgl) . Then

DV Tse®) _ s2H(s,£)&; +~/—1s(c/ H(s, &) +c(s)iH(s, £)).
JE; dE;

Recall that the function X is defined as follows

1® x(c(8)), where x(c(£)) = f 2(s)eV T g,
R
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The derivative % x (c(§)) can be expressed as follows,

d ; d
() = [ TO)s(sH. 08 4V TTs (T s, 8) 4 c6) 5 HG. ) ).
9&; R d&;

We remark that as ¥ (s)s is a compactly supported smooth function, and H (s, &) is a
smooth function in both s and &, the above integral formula for % x (c(&)) holds true.
J

We can even conclude that % x (c(&)) is a smooth function with respect to the variable
J

3

In the following, we show that % x (c(&)) is a Schwartz function.
J

Lemma C.2. Let h(y) = Smyﬂ h(y) is a smooth function on R. Furthermore, for any
n, there are polynomials ¢, (y) and Y, (y) of degree less than or equal to n such that

d" hiv) — sin(y)@n (y) + cos(y)¥n(y)

dy" = yn+1 :
Proof. This can be proved by induction with direct computation. O
Lemma C.3. Forevery J = (j1,--- , jm) € Nx---N, there are polynomials ® j x and

W« of n-variables with 2(j1 + - - - + jm)) = deg(P i) and (deg(V j x) + 1) satisfying

a1+ tin S dk P+ €1V
—rHeH= > st hGlED S
51 par G

Proof. This can be proved directly by induction on the total order of derivatives v =
J1+ -+ Jjm. m|

We now look at the function a‘% x (c(§€)). It is the sum of three terms
J

/y(s)szH(s,g)g,ds,icf/ y(s)s2H(s,g:)ds,i/ y(s)sc(s)iH(s,g:)ds.
R R R 0§

J

To prove that % x (c(&)) is a Schwartz function, it suffices to prove that each of them
J

is a Schwartz function. As they are all similar, it is enough to prove that for a Schwartz
function « (s), the following function

I ajl+"'+jm
3 RK(S)—E)éJ H(s, §)ds (C.1)

is bounded for every fixed ji, -- -, j,, and [.
By Lemma C.3, we are reduced to prove for each k, the following function

P+ 161V
|,$;:|2(j1+"'+j/11)+1

|é|’/ K<s)s"£h(s|5|)
R dyk

P+ 1Yk

dk
— W|S|I/RK(S)skd—ykh(s|§|)ds. (C2)
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Notice that 2 5T dy kh( &]) = |§|’ h(s|f;‘|) We have the followmg equation

Dy +EWrk, L dk +EIW k ;0
|$|2(]~1+Wlf;‘l ]RK(S)S Wh(slél)ds IEIZ(“ et [ k(s —l—k h(s|&|)ds.

Integration by parts gives that the right hand side of the equation can be written as

P+ 161V k
|§|2(j1+"'+jm)+1

d' dk
(-1 / — (e (s)s* )7h(s|s|)ds. (C.3)

By the degree counting, when |£] is sufficiently large,

D+ 6V k
& U+ +im)+]

is uniformly bounded.
By Lemma C.2, the function %h is uniformly bounded again for all k. Therefore,

%h(sﬁg‘ |) is uniformly bounded. Finally, as « is assumed to be a Schwartz functions,
d

7 (es¥) is again a Schwartz function. Therefore, the integral

d' d*
/R (K(S)S )vh(s|$|)ds

is uniformly bounded. Hence, we summarize from the above discussion that the whole
function

Dy + 6V k
& RUr++im)+]

d! d*
-1 / k@) Shtlehas

introduced in Equation (C.3) is bounded, and therefore the function introduced in Equa-
tion (C.1) is bounded via Equation (C.2). From this property, we can conclude that
the function 05 % (c(&)) is a Schwartz function. And it follows that 2 E is a Schwartz

function.
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