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Abstract

A hypergraph spectral sparsifier of a hypergraph G is a weighted
subgraph H that approximates the Laplacian of G to a specified
precision. Recent work has shown that similar to ordinary graphs,
there exist O(n)-size hypergraph spectral sparsifiers. However, the
task of computing such sparsifiers turns out to be much more in-
volved, and all known algorithms rely on the notion of balanced
weight assignments, whose computation inherently relies on re-
peated, complete access to the underlying hypergraph. We intro-
duce a significantly simpler framework for hypergraph spectral
sparsification which bypasses the need to compute such weight
assignments, essentially reducing hypergraph sparsification to re-
peated effective resistance sampling in ordinary graphs, which are
obtained by oblivious vertex-sampling of the original hypergraph.

Our framework immediately yields a simple, new nearly-linear
time algorithm for nearly-linear size spectral hypergraph sparsifi-
cation. Furthermore, as a direct consequence of our framework, we
obtain the first nearly-optimal algorithms in several other models
of computation:

(1) The first nearly-optimal size linear sketches for spectral hy-
pergraph sparsification. For hypergraphs on n vertices, with
hyperedges of arity < r and with < m hyperedges, these
sketches require only

O(nr polylog(m)/ez)

bits and recover a (1+¢€) spectral-hypergraph sparsifier with
high probability. It is known that linear sketches require
Q(nrlog(m)) bits even for the easier task of cut sparsifica-
tion (Khanna-Putterman-Sudan FOCS 2024).

(2) The first nearly-optimal fully dynamic (1 + €) spectral (and
cut) hypergraph sparsification algorithm. Our algorithm has
an amortized, expected update time of O(r polylog(m)/e?),
and produces sparsifiers with O(n polylog(m)/€?) hyper-
edges. This is nearly-optimal as even to read a single hyper-
edge takes time Q(r).
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(3) The first nearly-optimal algorithm for online hypergraph
spectral sparsification. On a sequence of m (unweighted) hy-
peredges, our algorithm creates a (1+¢€) hypergraph spectral
sparsifier with O(n polylog(m)/e2) hyperedges in an online
manner. When m < poly(n), this improves upon the work
of Soma, Tung, and Yoshida (IPCO 2024) by a factor of r,
who created online sparsifiers with O(n(r+ log(m))/€?) hy-
peredges. We complement this result with an Q(nlog(m))
lower-bound for any online sparsifier, thus provably sepa-
rating the classical and online settings.

Our main conceptual and technical contributions are introduc-
tion of (a) the vertex sampling framework to reduce spectral spar-
sification in hypergraphs to ordinary graphs, and (b) a notion of
collective energy in hypergraphs that may be seen as a continuous
generalization of k-cuts.
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1 Introduction

Ever since its conception in the work of Karger [22], graph sparsifica-
tion has been a powerful algorithmic tool in the design of efficient
graph algorithms. Roughly speaking, given a graph G = (V,E),
sparsification is the process of choosing a re-weighted subgraph
G’ C G such that certain properties of G are preserved. In the
works of Karger [22] and Benczur and Karger [8], these properties
took the form of the cut sizes in the graph, and this research culmi-
nated in the design of an O(n + m) time algorithm that produces
a “nearly-linear size cut-sparsifier” Specifically, they showed that
there exists a re-weighted subgraph of G with only O(nlog(n)/e?)
edges that preserves the weight of every cut to a (1 +¢)-factor. This
result continues to play a central role in obtaining significantly
more space-efficient and time-efficient algorithms for cut and flow
problems on graphs across many models of computation.
Subsequently, other works extended the notion of cut sparsifi-
cation in different directions. Perhaps most notably, the landmark
works of Spielman and Teng [37], Spielman and Srivastava [36],
and Batson, Spielman, and Srivastava [7] studied spectral graph
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sparsification. Here, instead of simply preserving the cuts in the
graph, their sparsifiers preserve the entire spectrum of the graph
Laplacian. Recall that for a graph G, the Laplacian Lg = D — A,
where D is a diagonal matrix of vertex degrees, and A is the adja-
cency matrix. One can check that for S C [n], 1§LG 15 = |cutg(S)]-
Thus, preserving the spectrum of Lg to a (1 + €) factor is a stronger
notion than (1 + €) cut-sparsification. Yet, [7, 36, 37] still showed
the existence of spectral sparsifiers of (nearly) linear size.
Paralleling the work in graphs, recent efforts in sparsification
have focused heavily on the hypergraph setting. Originally proposed
in the cut setting by Kogan and Krauthgamer [25], here one is tasked
with selecting a re-weighted sub-hypergraph, such that all cuts have
their weight preserved to a (1 + ¢)-factor. As in graphs, a cut is
given by a subset S C V of vertices, and a hyperedge e C V is said
to be crossing the cutif eNS # 0 and e N (V - S) # 0. Likewise,
there is a notion of a hypergraph Laplacian (see [11]), where for a
hypergraph H = (V, E) and a vector x € R", we say that

Qn(x) = ) we

eckE

max (x[u] = x[0])2.

Initially studied by Soma and Yoshida [35] and Bansal, Svensson,
and Trevisan [5], a (1 + €) hypergraph spectral sparsifier H” of
a hypergraph H is thus a re-weighted sub-hypergraph such that
Vx € R (1- )0 (x) < O (%) < (1+€)Qp(x).

As with graphs, for a set S C V, it is also the case that Qg (1s) =
|cutgy (S)|, and hence hypergraph spectral sparsification generalizes
cut sparsification. In a long line of works [13, 17-20, 23, 27, 31,
32] the existence of nearly-optimal size O(n/€?) cut and spectral
sparsifiers was established, along with a host of efficient algorithms
for computing such sparsifiers.

1.1 Computing Sparsifiers in Modern
Computational Settings

However, the extensive research into efficient algorithms for hyper-
graph sparsifiers has so far primarily focused on the classical model
of computation where the underlying hypergraph is static and the
algorithm has unrestricted random access to the hypergraph. In
contrast, one highlight of the extensive literature on graph sparsifi-
cation algorithms has been the deployment of these algorithms in
modern computational settings where either the underlying graph
is not static or the algorithm has only a restricted access to the
underlying graph, say, via linear measurements only. For instance,
the work of [3], and [21] established algorithms for creating cut
and spectral sparsifiers of graphs in the linear sketching model of
computation which require only O(n/€?) bits of space. These al-
gorithms are then immediately amenable to other computational
settings such as the massively parallel computation (MPC) model
(see e.g., [2, 4]) and the dynamic streaming setting (where edges in
the stream can be both inserted and deleted).

In a different vein, the work of [1] studied algorithms for dy-
namically maintaining sparsifiers of ordinary graphs. In this model,
the graph is no longer static but is undergoing edge insertions and
deletions, and the goal is to maintain a sparsifier without recom-
puting it from scratch after each update. The work of [1] showed
that one can maintain a (1 + €)-cut sparsifier of a graph with worst-
case update time poly(log(n), 1/€), and spectral sparsifiers with an
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amortized update time of poly(log(n), 1/€). Beyond this, there has
also been work on graph sparsification in the small space regime
by [14] (i.e., designing spectral sparsification algorithms that use a
small work-tape but have an unrestricted access to the input graph)
and development of deterministic algorithms for computing spectral
sparsifiers of graphs by Batson, Spielman, and Srivastava [6].

In contrast, hypergraph sparsification is well-understood only in
a small number of settings. Guha, McGregor, and Tench [16] gave
the first linear sketches for hypergraph cut-sparsifiers. However,
the linear sketches of [16] require O(nr? polylog(m)/e?)! bits to
recover a (1 + €) cut-sparsifier for hypergraphs on n vertices, with
at most m hyperedges of arity bounded by r. A very recent work
of Khanna, Putterman, and Sudan [24] constructed linear sketches
for hypergraph cut-sparsifiers that achieve a nearly-optimal size of
O(nr log(m)/€?) bits. As mentioned above, this immediately yields
space-efficient dynamic streaming algorithms and communication-
efficient MPC algorithms. Finally, the very recent work of Soma,
Tung, and Yoshida [34] studied hypergraph spectral sparsification
in the online model. Here, hyperedges arrive one at a time, and the
sparsifier must decide, upon each arrival, whether to keep the hyper-
edge or not: if the hyperedge is kept, the algorithm must decide its
weight immediately. The work of [34] shows that one can compute
(1+€) hypergraph spectral sparsifiers with 5(n(r+10g(m))/ez) hy-
peredges, where r is the maximum arity of any hyperedge. However,
to the best of our knowledge, neither hypergraph cut-sparsification
nor spectral-sparsification has been studied in the fully dynamic
setting.

To summarize, there are many computational models where
our understanding of hypergraph sparsification significantly lags
behind our understanding of the graph setting, with either no
non-trivial results known or there is a striking gap between upper
bounds achieved by algorithmic results and known lower bound
results.

Because spectral hypergraph sparsification has found numerous
applications in e.g., semi-supervised learning [40], clustering [30,
41], and practical compression [10], designing efficient sparsifiers
is ever more important. Indeed, in these modern applications, one
is often facing a staggering volume of data, which is itself evolving
in real-time. Thus, these applications vastly benefit from the ability
to process this kind of data in a space- and time-efficient manner.

Motivated by this, our work introduces a new unifying frame-
work that significantly narrows these gaps in our understanding
by providing nearly-tight algorithms for hypergraph sparsification
(both cut and spectral) in the settings of linear sketching, fully-
dynamic algorithms, and online algorithms. In the following section,
we describe in detail our contributions to hypergraph sparsification
in these settings.

1.2 Our Contributions

As a step towards overcoming the gap in our understanding of
computing hypergraph sparsifiers in restricted settings, we intro-
duce a general framework for reducing hypergraph sparsification
to an inherently graph-theoretic task. Our starting point, as in
prior works on spectral hypergraph sparsification, is the notion of
a weight assignment. Vaguely speaking, hypergraph sparsification

IThroughout the paper, we use O to hide polylog(n) factors.
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relies on computing appropriate estimates of the importance of each
hyperedge. After computing a probability distribution p, over the
hyperedges e € E, one then samples every hyperedge e with proba-
bility pe, and reweighs the hyperedge to have weight Ple Weight
assignments provide a mechanism for computing these probabilities
by carefully studying an associated ordinary multi-graph for the hy-
pergraph at hand. Unfortunately, these algorithms iteratively refine
the weight assignment to the underlying multi-graph, and there-
fore rely on repeated, complete access to the entire hypergraph,
which we do not have in restricted models of computation such
as linear sketching. Our first contribution is to provide a simple
algorithm for static hypergraph sparsification which removes the
need for computing these weight assignments to identify important
hyperedges, and instead relegates them entirely to the analysis.

Vertex-Sampling Framework for Hypergraph Sparsification. We
introduce a notion of vertex-sampling whereby we repeatedly, in-
dependently, sample subsets of the vertex set V. On these vertex-
sampled hypergraphs, we then associate a canonical multi-graph
which replaces each hyperedge with a clique on the corresponding
vertices. We show that sampling the multi-edges in proportion to
their effective resistance (and then recovering the corresponding
hyperedges for whichever multi-edges survive) suffices for recov-
ering the hyperedges with “high importance”. Further, when we
build sparsifiers using this framework, the sparsity of the returned
hypergraphs is nearly-optimal. While the technique of sampling
vertices and looking at the resulting induced subgraphs has been
used previously for ordinary graph sparsification [12, 15], to the
best of our knowledge, we are the first to use it for sparsification of
hypergraphs.

Note that we only present our results for unweighted hyper-
graphs, but one can extend them to weighted graphs by standard
geometric weight grouping tricks (see [21] or [1]). Specifically, we
show the following result:

THEOREM 1.1 (INFORMAL). There is a randomized algorithm that
reduces the task of creating a (1 % €) spectral-sparsifier for a hyper-
graph H with at most m hyperedges to the task of sampling multi-
edges at rate polylog(m, n)/e* times their effective resistance in a
collection G of ordinary graphs. The graphs in G are created in an
oblivious manner, and moreover, the total number of vertices in graphs
in G is bounded by npolylog(m, n), thus ensuring that the sparsifier
has only O(n polylog(n, m) /€2) hyperedges.

Since our algorithm is conceptually fairly simple, we present its
full pseudocode in Section 2.1. Our framework immediately yields
a novel and simple nearly-linear time algorithm for computing
hypergraph spectral sparsifiers of nearly-linear size.

Linear Sketches for Hypergraph Spectral Sparsification. Further-
more, due to the simplicity of our framework, we are able to directly
take advantage of many well-developed techniques for estimating
effective resistances in ordinary graphs and extend these to the
hypergraph setting. Our first such extension is in designing linear
sketches for hypergraph spectral sparsification, where we take ad-
vantage of the prior work of [21] which designed linear sketches
for effective resistance sampling in ordinary graphs. A linear sketch
for a hypergraph H is specified by a matrix P € RS*2" where a
hypergraph is represented by an indicator vector in {0, 1}?". The
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sketch itself is then P - H, and the number of bits required to store
the sketch is typically O(s) (there are only s entries in the sketch,
but they may require more precision to represent). In this regime,
we show the following:

THEOREM 1.2. There is a linear sketch for hypergraphs on n vertices,
< m hyperedges, and arity < r which uses O(nr polylog(m)/€?) bits
of space, and can be used to recover a (1 + €) spectral-sparsifier with
probability 1 — 1/poly(n, m).

Recall that the work of [24] showed a lower bound of
Q(nrlog(m)) bits even for the simpler task of computing a (1 +
€) cut-sparsifier of a hypergraph using a linear sketch. Thus, a
dependence on log m is unavoidable in the linear sketching setting.
Our linear sketch has nearly the same size and succeeds even in
computing (1 + €) spectral-sparsifiers. As an immediate corollary
of the above theorem, we also get the first nearly-optimal space
complexity algorithm for recovering hypergraph spectral sparsifiers
from dynamic streams, and show that its complexity nearly-matches
that of the cut-sparsification setting:

Corollary 1.3. Foranye € (0,1), there is a randomized dynamic
streaming algorithm using O(nr polylog(m)/€?) bits of space that,
for any sequence of insertions / deletions of hyperedges in an n-vertex
unweighted hypergraph H with at most m edges of arity bounded by
r, allows recovery of a (1 + €) spectral-sparsifier of H with probability
1 - 1/poly(n, m) at the end of the stream.

Fully Dynamic Hypergraph Spectral Sparsification. We also present
the first construction of fully-dynamic hypergraph sparsifiers with
nearly-optimal update time and sparsity (for both the cut and spec-
tral settings). Recall that in the fully-dynamic setting, there is a
sequence of insertion / deletion operations of hyperedges, and after
each such operation, the algorithm must output a list of changes
that must be made to the existing hypergraph sparsifier such that
it maintains a (1 + €)-approximation to the spectrum (or cut-sizes).
Along these lines, we show the following:

THEOREM 1.4. There is a fully dynamic data structure that for a hy-
pergraph H on n vertices with < m hyperedges, and arity < r undergo-
ing a sequence of updates maintains a (1 + €)-spectral-sparsifier (and
thus cut-sparsifier too) with probability 1—1/poly(n, m). The expected,
amortized update time of the data structure is O(r polylog(m,n) -
(1/€)?log(1/e)), and it maintains a sparsifier with
O(n polylog(m)/€?) hyperedges.

Note that even to maintain a (1 + €) ordinary graph spectral
sparsifier in the fully dynamic setting, the best known result is an
amortized update time of poly(log n, e~!) by [1]. We also observe
that our update-time is essentially the best possible, as simply to
read each hyperedge requires Q(r) time. This result also resolves
in the affirmative the open question 6.3 of [34] about the existence
of efficient fully dynamic hypergraph spectral sparsification algo-
rithms.

In real-world applications, fully-dynamic sparsifiers allow for
maintaining a sparse representation of the hypergraph, even as it
undergoes hyperedge insertions / deletions, without re-computing
the sparsifier from scratch. Because of the broad applicability of
hypergraph spectral sparsifiers for faster clustering algorithms
[28-30, 38, 39, 41], this immediately yields faster clustering as the
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underlying hypergraph evolves. We note that our results hold only
for the oblivious adversary fully-dynamic model, where the hyper-
edge updates are independent of the current sparsifier (as opposed
to adaptive adversary models, such as the one considered in the
work of [9] for ordinary graphs).

Online Hypergraph Spectral Sparsification. Finally, we also present
a new nearly-optimal algorithm for online hypergraph spectral
sparsification. Here, the algorithm is presented with a stream of hy-
peredges to be inserted. After seeing each hyperedge, the algorithm
must immediately decide whether or not to keep the hyperedge (as
well as what weight should be assigned if kept). Once a hyperedge is
kept, the algorithm cannot remove it and cannot change its weight.
In the context of hypergraphs, this problem was first studied in [34],
who showed the existence of online hypergraph spectral sparsifica-
tion algorithms which require only O(n? log(m)) bits of space, and
produce sparsifiers with O(n(r + log(m))/€?) hyperedges. Using
our framework, we are able to improve the sparsity by a factor of r
in the case when m < poly(n):

THEOREM 1.5. There is an online hypergraph spectral sparsifica-
tion algorithm, which for hypergraphs H on n vertices with < m
hyperedges, and arity < r undergoing a sequence of insertions main-
tains a (1 + €)-spectral-sparsifier (and thus cut-sparsifier too) with
probability 1 — 1/poly(n, m). The space complexity of the algorithm
isO(nr polylog(m)/€?) bits and the sparsifier contains
O(n polylog(m)/e?) hyperedges.

The space complexity of O(nr polylog(m)/e€?) bits of our online
algorithm matches exactly the bound proposed in the open question
6.2 of [34], thus resolves it affirmatively.

We complement the algorithmic result of Theorem 1.5 with an
Q(nlog(m)) lower-bound on the number of hyperedges that must
be kept by any online sparsifier in the worst-case. Hence, unlike
the static setting, in the online setting a dependence on log m is
unavoidable.

The following table depicts the landscape of hypergraph sparsi-
fication in different models of computation, with our contributions
highlighted in red which includes as a reference a linear sketching
algorithm for hypergraph spectral sparsification that can be easily
derived from known results.

2 Technical Overview

In this section, we give a high level overview of our techniques.
Throughout this section, we focus on unweighted hypergraphs that
only have hyperedges of arity (cardinality) between [r, 2r], as one
can extend our results to general weighted hypergraphs of arbitrary
arity by geometrically grouping hyperedges by arity and weights.

2.1 A New Hypergraph Spectral Sparsification
Framework

We now present our new unified framework for spectral hyper-
graph sparsification which as we will see later, lends itself easily
to efficient implementation in a variety of different computational
models. At a high-level, our meta-algorithm is based on a very natu-
ral strategy for sparsification. Given a hypergraph H(V, E), identify
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aset F C E of critical hyperedges that almost certainly needs to be
included in any sparsifier. The remaining hyperedges in E — F are
not critical, and we can afford to subsample them with probability
1/2 to create a new hypergraph H’(V, E’). One can then focus on
the task of recursively building a sparsifier for the graph H’ which
contains only half as many hyperedges as the starting hypergraph
H. The main challenge then is in efficiently identifying the set of
critical hyperedges. This recursive recover-and-sample procedure
serves as the foundation for many works in graph and hypergraph
sparsification [16, 24].

Our meta-algorithm is completely specified by a pair of sub-
routines that implement the strategy above. The first subroutine,
given by Algorithm 1, reduces the problem of identifying critical
hyperedges to effective resistance sampling in ordinary graphs. The
second subroutine, given by Algorithm 2, then recursively builds a
sparsifier by invoking Algorithm 1 to identify critical hyperedges
at each level of recursion. The heart of our approach is Algorithm 1
for recognizing critical hyperedges, and we describe it next.

As mentioned before, our key new insight is that the task of iden-
tifying critical hyperedges can be reduced to effective resistance
sampling in a suitable collection of ordinary graphs, generated
by sub-sampling vertices of the hypergraph. Specifically, for a hy-
pergraph H = (V, E), vertex-sampling at rate p refers to sampling
each vertex in V independently with probability p. If we denote
the resulting vertex set by V’, then it defines a new hypergraph
H' = (V’,E’), where E’ = {e NV’ : e € E}. Another key notion
that we will utilize is the notion of a multi-graph of a hypergraph H,
denoted by ®(H), which is an ordinary graph obtained by replacing
each hyperedge with a clique on the vertices of the hyperedge. Note
that since a pair of vertices may be contained in multiple hyper-
edges, this gives rise to a multi-graph. Notationally, we also write
R (u,0) for an ordinary (multi-)graph G to denote the effective
resistance between u, v in G.

Algorithm 1: VS(H, 1)
Input :A hypergraph H with < m hyperedges of arity
[, 2r], and an oversampling rate A > 1.
Output: A set of hyperedges F.
1 Initialize F < 0.

2 for r polylog(n, m) rounds do

Vertex sample H at rate 1/r to get H’, with ®(H”) being
its multi-graph.

Independently sample each multi-edge (u,v) of ®(H’)
with probability A - RO (y,0).

Let F’ contain all hyperedges of H for which at least one
associated multi-edge got sampled.

Let F « F U F’ and delete F’ from H.

7 end

3

6

s return F.

2.2 Analysis of Our Meta-Algorithm

In spectral sparsification of ordinary graphs, critical/important
edges are defined to be edges whose effective resistance is Q(1/log n)
[36]. For spectral sparsification of hypergraphs, previous work
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Table 1: Summary of our results.

Work Setting Sparsification Space Complexity Time Complexity
[24] Linear Sketching Cut O(nr log(m)/€?) bits N/A
Naive Linear Sketching Spectral O(nr? polylog(m)/€?) bits N/A
This work Linear Sketching Spectral O(nr polylog(m)/€?) bits N/A
This work  Fully-Dynamic Cut O(n polylog(m)/e?) edges o(r polylog(m)/e?)
This work  Fully-Dynamic Spectral 5(n polylog(m)/e?) edges a(r polylog(m)/e?)
[34] Online Spectral O(n(r +log(m))/€®) edges N/A
This work Online Spectral O(npolylog(m)/e?) edges N/A

Algorithm 2: HypergraphSpectralSparsify(H, €, r, m)

Input :A hypergraph H with < m hyperedges of arity
[r,2r], and a parameter e.

Output: A reweighted subgraph of H.

1 Let Hy = H.

2 fori=0,...,log(m) do

Let F; = VS(Hj, polylog(n, m)/€?).

Let Hj4+1 = H; — F; with its hyperedges sampled at rate
1/2.

3

4

5 end

6 return Ulii%(m) 2' . F;, ie. put weight 2¢ on hyperedges in F;.

[18, 19, 27] determined important edges based on the notion of a
weight assignment which are computed by an iterative refinement
approach. In contrast, Algorithm 1 above identifies important hy-
peredges by implementing effective resistance sampling in ordinary
graphs that are obtained by oblivious vertex sampling of the orig-
inal hypergraph, completely bypassing the need for computing a
weight assignment. The analysis of Algorithm 1, however, will rely
on the notion of weight assignments, to argue correctness of our
approach.

Weight Assignments. Recall that given a hypergraph H = (V, E),
we can associate with it a multi-graph, denoted by G = ®(H), where
for each hyperedge e € E, we replace it with a clique K, on the
corresponding vertices. A weight assignment W assigns a weight wy
to every multi-edge in G such that for every hyperedge e € H, the
sum of the weights of the corresponding multi-edges in G is 1. As
shown in [18, 19, 27], for any weight assignment W of G, sampling
each hyperedge e with probability given by p. = €2 polylog(n) -
max(y ) ee REW) (4, v) suffices to yield a (1+¢)-spectral sparsifier,
where we write G(W) to denote G with edges weighted by W, and
write RW) (1, 0) to denote the effective resistance between u, v in
G(W).

That is, the sampling rate for each hyperedge e is proportional
to the maximum over all multi-edges f = (u,v) € e of the effective
resistance between u, v in G(W). Consequently, the important hy-
peredges are the ones that contain some u, v between which the
effective resistance is at least 1/polylog(n, m) in the graph G(W).
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Naturally then, the difficulty comes in showing that one can com-
pute weight assignments such that }},cg pe is not too large (in
particular, the number of important hyperedges is O(n)), as this
then immediately yields small spectral hypergraph sparsifiers. Un-
fortunately, finding such weight assignments requires an iterative
refinement procedure that needs repeated, complete access to the
entire hypergraph, which we do not have in modern models of
computation such as linear sketching.

Bypassing Weight Assignments Algorithmically. Instead, we present
a sampling procedure that operates on the underlying (unweighted)
multi-graph, i.e. VS(H, A) in Algorithm 1, to recover the important
hyperedges. This procedure samples multi-edges without needing
to compute a weight assignment. Then, for each sampled multi-
edge f, we recover the corresponding hyperedge (i.e., the e € H
such that f € e). In order to show the correctness of our procedure,
the key is to show that there exists a single weight assignment W*
to the multi-graph ®(H) such that every hyperedge e with a large
sampling rate under W* is recovered by our procedure. For the
remaining hyperedges which are not recovered, this weight assign-
ment W* is a certificate to the fact that their sampling rates are
small, and therefore they do not yet need to be recovered. Crucially,
we do not need to explicitly compute such a W*, but only need its
existence for our analysis.

There is a delicate and complex argument needed to show the
existence of a weight assignment W* to which we can couple the
success of the scheme. In particular, our key technical theorem is
the following:

THEOREM 2.1 (KEY TECHNICAL THEOREM). For any 6 € (0,1),
given a hypergraph H and its multi-graph G = ®(H), there exists
a single weight assignment W* of G such that for every hyperedge
e € H, one of the following statements holds:

(a) either max(y, o) ce REW) (u,0) < 0, or

(b) we have that Pr [e € VS(H, A = 67! polylog(n, m))] >1-
1/poly(n, m), where the poly(n, m) in the success probabil-
ity depends on the polylog(n, m) in the parameter A of Algo-
rithm 1.

By setting 8 = €2 /polylog(n, m) in Theorem 2.1, we get that
there exists a weight assignment W* such that each hyperedge
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either (i) can be recovered by our vertex sampling algorithm
VS(H, polylog(n, m)) with high probability, or (ii) can be sampled
with probability 1/2 while preserving the entire spectrum to within
1 + €/polylog(n, m). We thus classify the hyperedges satisfying
(i) as important ones, and sample the rest with probability 1/2 in
Algorithm 2.

At a high level, the proof of Theorem 2.1 consists of two parts.
First, we connect important hyperedges to a new notion of multi-
way energy that we call collective energy?, defined for a set of
potential vectors x1,..., X, € R™ as

def
EM(x1,...,x) =
ecH

max
(ab)ee

k

( (xila] —xi [b])z) Y
i=1

Notably, EH (x1, . .., x;) is solely determined by the hypergraph H
and the potential vectors, without reference to any weight assign-
ments. We derive that each important hyperedge is “witnessed” by
a set of k potential vectors with small collective energy (in particu-
lar, < k polylog(n, m)). Then in the second part, we show that the
existence of such a set of potential vectors witnessing important
hyperedges can be in turn used to show that the witnessed hy-
peredges can be recovered by our vertex sampling algorithm with
high probability. Crucially, we do not ever need to compute these
potential vectors explicitly - they are only used in our analysis.

The formal statement of the first part is summarized in our
Collective Energy Lemma (Lemma 2.4), and the formal statement
of the second part is summarized in our Vertex Sampling Lemma
(Lemma 2.5).

For now, we proceed by understanding the correctness of Algo-
rithm 2, as well as describing the implementation of our framework
in modern models of computation.

Correctness of Algorithm 2. We now show how Algorithm 2 lever-
ages Theorem 2.1 into a simple algorithm for sparsifying the overall
hypergraph. This type of framework is relatively standard, appear-
ing in many works ([1, 12, 16, 24, 26] to name a few).

To understand the above algorithm, let us focus on the first iter-
ation, as it turns out the reasoning extends to future iterations as
well. When we run the vertex-sampling algorithm on Hy = H, we
recover some set Fy C Hy of hyperedges. By Theorem 2.1, we can
then argue that with high probability, there exists a single weight
assignment W* for which all remaining non-recovered hyperedges
Hj — Fy would have maximum pairwise resistance < 115—2

polylog(m.n)
in the multi-graph weighted by W*. Per [18], by choosing an ap-
propriate polylog(n, m), when we now sample at rate 1/2 to get Hy,
it will be the case that Fy U 2 - Hj is a (1 + €) spectral-sparsifier for
Hj with high probability.

In general, we can extend this reasoning beyond the first iter-
ation: in the ith iteration F; U 2 - Hj4 is a (1 + €)-spectral spar-
sifier for H; with high probability. By composing the sparsifiers,
if e < O(1/log m), we see that the final returned result is a (1 +
O(elog(m)))-sparsifier to H with high probability. By instead run-
ning the sparsification algorithm with €’ = e/log(m), we then get
our desired result.

2This may be seen as a continuous generalization of k-cuts, just as ordinary energy vs.
2-cuts; see Remark 2.1 below.
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To see the sparsity of the sparsifier, we see that each hyper-
edge which is recovered must correspond to a multi-edge that is
recovered. But, recall that we are doing effective resistance sam-
pling on r polylog(m, n) multi-graphs, each on npolylog(n, m)/r
vertices, with an oversampling factor of polylog(m, n)/€?. On each
multi-graph, we therefore recover o( %) multi-edges, and
in total across all rounds, and all log(m) levels of sampling, we
recover O(n polylog(m)/€?) multi-edges. Because hyperedges are
recovered only if a corresponding multi-edge is recovered, the final
sparsity is therefore O(n polylog(m)/€?) hyperedges. To summa-
rize, we get the following lemma:

Lemma 2.2. Given as input a hypergraph H and parameter € €
(0,1), Algorithm 2 creates a (1x¢€) spectral sparsifier H of H with only
O(npolylog(m)/e?) hyperedges with probability 1 — 1/poly(n, m).

In the next few sections, we show how to implement our new
sparsification framework in various modern models of computation.

2.3 Linear Sketching Hypergraph Spectral
Sparsifiers

The key observation is that Algorithm 2 relies only on the ability
to sample ordinary edges in proportion to their effective resistance
in various vertex-sampled multi-graphs. The work of [21] initiated
the study of linear sketches for creating spectral-sparsifiers, and in
fact, this work already shows the existence of a linear sketch (in
small space) which can sample edges at rates proportional to their
effective resistance.

Specifically, [21] showed that for a graph G on n vertices and
a parameter € > 0, there is a linear sketch of size 6(”/62) bits
which can be used to recover a (1 + €) spectral-sparsifier of G
with high probability. Extending this linear sketch to work for
our multi-graphs is straightforward, and requires only blowing up
the space by a factor of o(r log(m)) bits (a factor of roughly r for
the “universe size”, i.e., number of distinct multi-edge slots, and a
factor of roughly log(m) for the support size, i.e., the maximum
number of multi-edges ever present in one multi-graph). Because
this linear sketch already enables sampling in proportion to effec-
tive resistance, all that remains to implement Algorithm 2 is to
recover the indices of the corresponding hyperedges whenever we
recover a multi-edge. However, this is essentially canonical: the
hypergraph is represented by a vector in {0, 1}(:), and the cor-
responding multi-graph is represented by a vector in {0, 1}(rrz)'r2
(where each hyperedge creates O(r?) multi-edge slots). Whenever
the linear sketch recovers a multi-edge, this is reported as an index
in [('rl) -r?]. But, given this index, there is a single hyperedge which
corresponds to this index, and therefore this hyperedge must be
present.

The total space required for the linear sketch is just that of
o(r polylog(m, n)) linear sketches for multi-graph effective resis-
tance sampling, with each multi-graph defined on O((?) - r?) multi-
edge slots, a support of O(mr?) multi-edges, and
O(npolylog(n, m)/r) vertices, and each linear sketch using an over-
sampling rate of O(polylog(m, n)/e?). For each multi-graph, the
space required is 5(% - r polylog(m)/e?), and across all levels of
sampling, and iterations of recovery, the number of multi-graphs
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is O(r polylog(m, n)). Thus, the total space required by the linear
sketch is O(nr polylog(m)/€?) bits. This yields Theorem 1.2.

2.4 Recursive Recovery Framework

Unfortunately, re-using the same strategy for the fully-dynamic
and online settings does not work. This is primarily due to the
fact that while there are linear sketches which can accomplish
effective-resistance sampling of multi-edges, there are no known
fully-dynamic (or online) algorithms which can maintain effective-
resistance samples of a graph as it undergoes insertions and dele-
tions. In prior works on designing spectral sparsifiers of graphs in
the fully-dynamic setting [1], this is tackled by maintaining disjoint
spanners at different levels of sampling.

More clearly, given a graph G, one can store a sequence T =
T1 U - U Tyolylog(nm) je2 Of disjoint spanners, where each Tj is
a log(n)-spanner of G — T; — ... Tj—1. In [1], the authors showed
via a simple combinatorial argument that any edge of effective

resistance > must be contained in this set T of span-

ners. Immediately, this implies a simple algorithm for computing
spectral sparsifiers whereby one recursively stores these disjoint
spanners, and then subsamples the remaining edges at rate 1/2. The
correctness follows from the fact that the remaining edges have
small effective resistance, whereby one can argue the concentra-
tion from [36, 37], who showed that effective resistance sampling
creates spectral sparsifiers. This leads to the following algorithm
for creating spectral sparsfiers:

Algorithm 3: GraphSpannerSparsification(G, n, m, €)

1 Let G =G.
2 fori € [log(m)] do

(i) _ (i) ()
Let T\ = Tl U... Tpolylog(n,m)/ez

polylog(n, m)/€? disjoint spanners of G;.
Let G4 be the result of sampling G; — T() at rate 1/2.
5 end

s return T U 2. 7@ y . olos(m) . (log(m))

3 be a sequence of

4

In [1], the authors showed that this framework leads to fully-
dynamic algorithms for spectral sparsifiers, as one can design decre-
mental algorithms for maintaining these disjoint collections of
spanners (and then bootstrap the decremental solution into a fully-
dynamic one). Unfortunately for us however, our analysis still relies
on being able to do effective-resistance sampling, which is not di-
rectly in line with the above procedure.

In this direction, another one of our contributions is to show
that the above procedure essentially simulates effective resistance
sampling, up to some small degradations in the sampling probability.
Specifically, we show the following:

Lemma 2.3. Let Q C G denote a set of multi-edges, and let € > 0 be
a parameter. Then, if we let S denote the set of multi-edges recovered
in spanners as a result of running Algorithm 3 on G, we have that

log(m)
20

Pr[SNQ # 0] > min|2/3, Z Regr g (€) /€
ecQ
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In particular, for a hypergraph H, and for each hyperedge e € H,
we let the set Q = K, i.e., the set of multi-edges corresponding to e.
Per Theorem 2.1, if the hyperedge e is to be recovered by vertex sam-
pling and effective-resistance sampling, then the constituent multi-

edges in K, must at some have a significant effective resistance
(= W;(nm))' Then, by instead running our recursive recovery
procedure that stores spanners, we will be guaranteed that some
multi-edge in K, is recovered, which then suffices for recovering
the hyperedge e itself. Due to the degradation in error probability,
we run the recursive recovery procedure some polylog(n, m) times

to boost the probability of recovering all necessary hyperedges.

2.5 Fully Dynamic Sparsification and Online
Sparsification

As a consequence of the above recursive recovery framework, we
are able to construct fully-dynamic algorithms for building hyper-
graph sparsifiers and online algorithms for building hypergraph
spectral sparsifiers. Roughly speaking, the key intuition here is
that we have reduced the task of spectrally sparsifying a hyper-
graph to the task of maintaining a set of disjoint spanners of some
corresponding multi-graphs.

Fully-Dynamic. In the fully-dynamic setting, our starting point
is existing constructions of decremental spanners of simple graphs
[1]. By developing some supplementary data structures, we are
in fact able to extend these decremental spanners to arbitrary
multi-graphs, and thus create a decremental implementation of
hypergraph spectral sparsifiers. As in [1], we are then able to lever-
age this decremental sparsifier data structure into a fully-dynamic
sparsifier data structure using a well-known reduction. All that
remains then is to calculate the time complexity and space com-
plexity of the fully-dynamic algorithm: it turns out that we store
r polylog(m, n) /€? vertex-sampled multi-graphs (each on n/r ver-
tices). For any hyperedge e of arity r, this means that we expect
there to be at most r polylog(m, n)/e? corresponding multi-edges
across all multi-graphs. Upon removing a hyperedge, this leads to
an amortized expected time-complexity of O(r polylog(m, n)/€?),
as removing a single multi-edge from a single spanner requires
time O(polylog(n, m)). The sparsity of the construction will be
O(npolylog(m)/e?) hyperedges, as it is exactly in line with
Lemma 2.2. This yields a proof of Theorem 1.4.

Online. In the online setting, the algorithm is presented with
a stream of hyperedge insertions and must decide immediately
after seeing each hyperedge, whether or not to keep it, and decide
on the corresponding weight to assign it. Fortunately, we have
already reduced the task of hypergraph spectral sparsification to
storing spanners, and creating spanners in an online manner is
exceptionally straightforward: given a spanner constructed so far
T, and the new edge f to be inserted, we simply check if f creates
any cycles of length < log(n) in T. If not, we include f in the
spanner, and otherwise, we do not include f.

From a global perspective, whenever a hyperedge e arrives, we
try inserting all of the corresponding multi-edges to e in each of the
respective vertex-sampled multi-graphs. If, in any vertex-sampled
multi-graph, a multi-edge e is included in one of the spanners,
then we know that we must keep the hyperedge e with weight 1.
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Otherwise, we flip a coin; with probability 1/2 the hyperedge e
is deleted, and with probability 1/2 we instead try inserting the
hyperedge e into the second level of spanners. We continue on
in this manner for log(m) levels of spanners, until the hyperedge
e does not “survive” one of the coin flips. This reasoning yields
the proof of Theorem 1.5. Observe that the space of the online
sparsifier follows from the fact that we store r polylog(m, n)/e?
O(log(n)) spanners on graphs with O(%) vertices. This requires
storing at most O(n polylog(m)/e?) multi-edges, which stores at
most O(n polylog(m)/e?) hyperedges.

Thus, we have seen how the statement of Theorem 2.1 is pow-
erful, and yields a host of novel sublinear spectral sparsification
results for hypergraphs. In the following section, we provide more
insight into the proof of Theorem 2.1.

2.6 Overview of Key Technical Theorem
(Theorem 2.1)

We now give an overview for our key technical theorem (Theo-
rem 2.1). We first discuss our Collective Energy Lemma (Lemma 2.4)
in Section 2.6.1, and then discuss our Vertex Sampling Lemma
(Lemma 2.5) in Section 2.6.2.

Before diving into the discussion, we first set up some definitions
and notation, as well as present the formal statements of the lemmas
we are about to discuss. For reasons that will be clear later in our
discussion in Section 2.6.2, we restrict to only vertex potentials with
entries in [0, 1] when presenting the statements of the two lemmas.

Definition 2.1 (Vertex Potentials and Spanning Hyperedges). A
set of vertex potentials is a real-valued vector x € [0, 1]"” supported
on the n vertices of a hypergraph H (or its multi-graph G which
has the same set of vertices). We say a hyperedge e € H spans x if
A(u,v) € e such that x[u] = 1 and x[0] = 0.

Recall that given vertex potentials x1, . .., x; € R", their collec-

tive energy is

i=

k
def
Ef (xy,. . xp) =
ecH

max
(u,v)ee

(xi[u] = x; [U])Z)-
1

We also define for a set of hyperedges F the following minimax
resistance optimization:

OPTE def min max max RCW) (u,0),
WeW eeF (u)ee
where ‘W denotes the set of all valid weight assignments of the
multi-graph G = ®(H) of H. That is, OPTg characterizes the min-
imum max sampling rates of the hyperedges in F over all valid
weight assignments.
We present the formal statements of our two key lemmas below.

Lemma 2.4 (Collective Energy Lemma). For any 6 € (0, 1), given
a hypergraph H, and a hyperedge set F in H, if OPTg > 0, then there
exists a set of potentials x1, . .., xx € [0,1]" with k < poly(n) such
that the following two statements both hold:

(1) Each x; is spanned by at least one hyperedge in F (cf. Defini-
tion 2.1).

2) EH(x1,...,x;) < kpolylog(n, m)/6.
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Lemma 2.5 (Vertex Sampling Lemma). Suppose we are given a
0 € (0, 1) satisfying @ > 1/poly(n), a hypergraph H, and a hyperedge
set F in H, along with sets of potentials x1, . . ., x}. € [0, 1]" such that
the following both hold:
(1) Each x; is spanned by at least one hyperedge in F (cf. Defini-
tion 2.1).
2) EH(xy, ..
Then, there (deterministically) exists an f € F that spans at least one
x; for which we have

Pr[f € VS(H, 0~ polylog(n, m)| > 1-1/poly(n, m),

., xg) < k polylog(n,m)/0.

where the poly(n, m) in the success probability depends
on the polylog(n, m) in the vertex-sampling scheme.

2.6.1 Important Hyperedges and Collective Energy. Our goal in this
section is to connect important hyperedges to a new notion of
multi-way energy that we call collective energy, defined for a set of
potential vectors x1, ..

(,.

We will eventually derive that each important hyperedge is wit-
nessed by a set of k potential vectors with small collective energy (in
particular, < k polylog(n, m)). We refer the reader to the Collective
Energy Lemma (Lemma 2.4) for the formal statement.

This can be seen as the spectral analog of the work by Quanrud
[32], where they showed how to identify important hyperedges for
cut sparsification by looking at the ratio k-cuts. As we discuss in
Remark 2.1 below, their notion of ratio k-cuts can indeed be seen
as special cases of our collective energy. However, we will take an
entirely different approach, as the cut counting bound derivation
in [32] does not extend to spectral sparsification where we have to
deal with real-valued vectors.

., X| as
k

def
8H(x1,...,xk) = max

oy (a,b)ee

(xi[a] _xi[b])Z) )
1

Remark 2.1 (Collective Energy and k-Cuts). We highlight an
interesting connection between our notion of collective energy and
the size of k-cuts in hypergraphs.

Specifically, consider the case when xi,...,x; are the indica-
tor vectors of a k-way partition Vi, . .., Vi of the vertices. That is,
X1,...,Xg are all 0/1 vectors with disjoint supports that form a
partition of V. Then, one can verify that their collective energy
EH(x1,...,x;) equals exactly twice the size of the correspond-
ing k-cut in H. Consequently, in this special case, our small col-
lective energy condition means that this k-cut has size at most
k polylog(n, m), which is exactly the criteria for determining im-
portant hyperedges for cut sparsification by Quanrud [32] based
on their notion of ratio k-cuts.

We start by discussing a conceptual idea for identifying the im-
portant hyperedges that leads us to a certain optimization problem
of effective resistances.

Minimax Optimization of Resistances. Consider the following
idea of identifying the important hyperedges. First, if we were able
to choose a weight assignment W such that simultaneously for all
hyperedges e we have

max RCW) (u,v) < 1/polylog(n, m),

(u,0)€e
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then it would be great since we would have concluded that there
are no important hyperedges that we need to keep in our sparsifier.
On the other hand, if no such weight assignment exists, we would
like to find a certain “certificate” that certifies the absence of such
weight assignments, which can in turn help us find the “bottleneck”
hyperedges preventing us from finding the desired W. Ideally, the
certificate should be oblivious to any weight assignment. We will
then classify the bottleneck hyperedges as important hyperedges.
Let us now rephrase the idea above from an optimization point
of view. Consider the following minimax optimization problem of
effective resistances, whose optimal value we denote by OPTy:

©)

min max max RCW) (u,0),

OPTH
WeW ecH (u,)€e

where we write ‘W to denote the collection of all possible valid
weight assignments. If OPTy < 1/polylog(n, m), then we conclude
that there are no important hyperedges that we are bound to keep
in our sparsifier. Otherwise, we want to find some certificate certi-
fying OPTE > 1/polylog(n, m), which can in turn help us find the
“bottleneck” hyperedges that prevent OPTf from ever going below
1/polylog(n, m). Since we want the certificate to be oblivious to
any weight assignments, a natural candidate is vertex potentials,
which are known to characterize effective resistances through their
energies.

Indeed, we will exploit the following well-known connection be-
tween effective resistances and energies of vertex potentials. Specif-
ically, for any u,v € V, we have the following energy minimization
view of effective resistance:

1/REW) (4, 0) = &Y (x), ()

mi
xeR™:x[u]=1,x[0]=0

where we call x a set of vertex potentials, and define EW(x) =
Y (ab)ec w(a b)(x[a] —x[b])? to be the energy of x in G(W), with
w being the edge weight function specified by W.

Let us now define a few useful notations that will simplify the
presentation below. Let (u1,v1), ..., (us, v;) be the set of all vertex
pairs such that each (u;,v;) € e for some e € H. Furthermore, let
SlW be the minimum energy for the effective resistance optimiza-

tion problem (4) for REW) (u;,0)), ie.

gw &f &Y (x).

i
xeR™:x[u;|=1,x[0;]=0

Then OPTy satisfies the following identity:

®)

1
——— = max mmSW
OPTy WwWew i

Our goal then is to find a certificate that certifies (5) < polylog(n, m).

One attempt to do so is to look at the optimal W* of the outer max-
imization problem, as well as the corresponding vertex potentials
achieving the energies 8}’\/* ’s, hoping to use the optimality condi-
tions of W* to connect the energies of the latter to the value of (5).
This however turns out to be difficult as the inner minimization
problem is not strictly convex, and in particular may admit multiple
minimizers.
To get around this, we will instead look at the dual of (5).
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Dual of (5). In order to take the dual of (5), a first technicality
we have to resolve is to make the inner minimization problem over
a convex domain. We do so by perhaps the most straightforward
way where we extend the inner domain to all convex combinations
of SIW ’s, which does not change the optimal value:

1 S g

ie(t]

(6)

min
OPTH  Weaw pentt

where A?~1 denotes the simplex of dimension ¢ — 1, containing all
convex combination coefficients of ¢t numbers. This reformulation
has the following nice properties:

Claim 2.6. The objective function };e[;
and concave in W.

1 Bl -SIW is convex in f§

The claim above allows us to invoke (generalizations of) von
Neumann’s Minimax Theorem (see e.g., Corollary 37.3.2 of [33])
and deduce strong duality for (6). In particular, we have

! min max Z Bli]

OPTy  pent- Twew L

@)

Now, letting f* to be the minimizer of the outer minimization
problem, we can rewrite the dual (7) as
1 *
—— = max i
OPTy wew Z Al
i€e(t]
That is, we have ended up with a single maximization problem
over all valid weight assignments, with the objective function being
a fixed convex combination of the optimal energies between the

uj, v;’s. Moreover, the objective function is friendly, as its partial
derivatives w.r.t. W have simple forms:

®)

Claim 2.7. We have for any valid weight assignment W € W, any
i € [t], and any multi-edge (a, b) € G in the multi-graph,
sl

L= (le[a] - le

ow(a,b) ©)

2
[61)".
where x is defined to be the energy-minimizing potential vector
for uj, v; in G(W) (cf. (4)). That is, the derivative ofSIW w.r.t. w(a, b)
is exactly the energy contribution by the multi-edge (a, b).

Finally, by exploiting the KKT optimality conditions (see e.g.,
Theorem 28.2 of [33]) on (8), we show that whenever OPTy >
1/polylog(n, m), there are potential vectors

{x1,...,x} C {x}’v ;’V*} satisfying
% CEH(xq, .. xp) < polylog(n, m). (10)

Here, we define

def
SH(xl, ce ,xk) =

(Z(x, —xi[ >2) (11)
to be the collective energy ofxl, ..., X} in H, W* to be the maximizer
of (8), and xlw* to be the energy-minimizing potential vector for
uj,0; in G(W™) (cf. (4)). These potential vectors xi,. .., x; thus
together serve as certificate for OPTy > 1/polylog(n, m), and the
hyperedges containing (u;,v;)’s corresponding to x,...,x; are
considered the “bottleneck” hyperedges.

(a b)ee
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2.6.2 Recovering Important Hyperedges by Vertex Sampling. Our
next step is then to show that the certificate xy, . . ., x; could help us
recover the important hyperedges. This can be seen as the spectral
analog of the work by Khanna, Putterman, and Sudan [24], where
they showed how to recover important hyperedges to cut sparsi-
fication by carefully exploiting the (small) ratio k-cuts, which are
special cases of our certificate (cf. Remark 2.1). Although our task
is more challenging as the certificates are arbitrarily real-valued as
opposed to 0/1-valued, we will nonetheless use a drastically simpler
algorithm, namely vertex sampling, that readily reduces the task to
effective resistance sampling in ordinary graphs, and relegate much
of the complication to the analysis. We defer a full discussion of
the approach to the full version of the paper.
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