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Abstract4

Spherical and polar geometries arise in many important areas of computational science, in-5

cluding weather and climate forecasting, optics, and astrophysics. In these applications, tensor-6

product grids are often used to represent unknowns. However, interpolation schemes that exploit7

the tensor-product structure can introduce artificial boundaries at the poles in spherical coor-8

dinates and at the origin in polar coordinates, leading to numerical challenges, especially for9

high-order methods. In this paper, we present new bivariate trigonometric barycentric inter-10

polation formulas for spheres and bivariate trigonometric/polynomial barycentric formulas for11

disks, designed to overcome these issues. These formulas are also efficient, as they only rely on12

a set of (precomputed) weights that depend on the grid structure and not the data itself. The13

formulas are based on the Double Fourier Sphere (DFS) method, which transforms the sphere14

into a doubly periodic domain and the disk into a domain without an artificial boundary at15

the origin. For standard tensor-product grids, the proposed formulas exhibit exponential con-16

vergence when approximating smooth functions. We provide numerical results to demonstrate17

these convergence rates and showcase an application of the spherical barycentric formulas in a18

semi-Lagrangian advection scheme for solving the tracer transport equation on the sphere.19

1 Introduction20

Spherical and polar geometries are central to many important areas of computational science, in-21

cluding climate modeling and weather forecasting [27], geodynamics [24], cosmology [33], material22

science [28], optics [39], and astrophysics [25]. A key computational challenge that arises in many23

of these applications is interpolation, which is essential for such tasks as coupling models, filling in24

gaps between observations, evaluating numerical simulations at arbitrary points, and constructing25

surrogate models of complicated physical processes. Tensor-product spherical or polar grids are26

commonly employed in these applications due to their straightforward implementation, ease for vi-27

sualization, alignment with geographic coordinates (in the case of the sphere), natural handling of28

boundary conditions and symmetries, direct mapping to computer memory layouts, and efficiency29

and accuracy in performing spectral transforms on the sphere [50] and disk [34].30

However, these grids also present challenges for interpolation, particularly for high-order accurate31

methods. One major challenge is that interpolation schemes that directly exploit the tensor-product32

grid structure introduce artificial boundaries at the north and south poles of the spherical coor-33

dinate system and at the origin of the polar coordinate system—collectively known as the “pole34

problem” [12, Ch. 18]. The Double Fourier Sphere (DFS) method, first proposed by Merilees [41],35

addresses this issue by transforming the sphere into a doubly periodic domain (i.e., a torus) and36

the disk into a domain without an artificial boundary at the origin. This transformation makes37

it possible to apply high-order methods based on bivariate trigonometric polynomial approxima-38

tions in latitude-longitude coordinates for the sphere [58] and bivariate approximations based on39

trigonometric and algebraic polynomials in angular-radial coordinates that are smooth over the40

entire disk [62].41
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While the DFS method forms the foundation of many high-order accurate techniques for solving42

a wide-range of problems (e.g., [11,15,21,23,37,46,53–55,58,62,64,65]), there has been surprisingly43

little focus on deriving barycentric interpolation formulas from this approach.1 This paper aims to44

address this gap by developing the first bivariate barycentric interpolation formulas for the sphere45

and disk that work directly with the sampled data on tensor-product spherical or polar grids.46

Barycentric interpolation formulas have gained significant popularity over the past 20 years,47

particularly following the influential review by Berrut and Trefethen [9]. While their paper focused48

primarily on polynomial interpolation, trigonometric analogs have existed since the earlier works of49

de la Vallée Poussin [16], Salzer [49], Henrici [30], and Berrut [6]. One key advantage of barycentric50

interpolation formulas is that they are formulated in terms of a set of weights that only depend on51

the locations of the sampled data, making the method straightforward to implement. These weights52

are also known for many common grids (e.g., equally spaced and Chebyshev) or can be precomputed53

and reused for any new set of data. This makes the formulas efficient to evaluate, requiring O(kn)54

operations for n grid points and k evaluation points, compared to methods based on coefficient55

expansions of algebraic or trigonometric polynomials which require O(n log n + kn) when the grid56

points are conducive to fast transforms or O(n2 + kn) when they are not. Additionally, barycentric57

polynomial interpolation is known to be numerically stable [32]. While stability of the barycentric58

trigonometric formulas can be an issue, in most cases of practical interest one does not typically59

encounter issues for equispaced points [3].60

Our goal is to use these trigonometric and polynomial barycentric formulas with the DFS tech-61

nique to derive new bivariate barycentric interpolation formulas for the sphere and disk that avoid62

the pole problem. The derivation leverages the symmetry properties induced by the DFS transfor-63

mation, along with the barycentric formulas developed by Berrut [6] for interpolating even and odd64

functions. The new methods are applicable to rather general tensor-product grids, but we focus our65

derivation on specific grids that are commonly used in practical applications.66

There are several existing techniques for approximation on the sphere and disk that also avoid67

the pole problem. These include splines (e.g., [2, 51]), moving least squares (e.g., [38, 60]), and68

radial basis functions (e.g., [22, 31]). These methods are more flexible in that they can be used69

for both structured and unstructured grids. However, achieving high-order accuracy with splines70

and moving least squares can be challenging, and there can be numerical instabilities issues with71

radial basis functions when taking them to higher-order (see [22, Ch. 3] more details). This can72

be especially problematic for tensor product grids where the points are highly anisotropic near the73

poles. In contrast, the interpolation formulas we derive converge faster than any polynomial order74

with increasing grid size for samples of smooth functions, and they avoid numerical instabilities75

typically associated with solving linear systems.76

Finally, to highlight the advantages of the new interpolation formulas for the sphere, we apply77

them within a semi-Lagrangian advection (SLA) scheme to solve the tracer transport equation on the78

sphere. Accurate solutions of this equation are critical, as global atmospheric flows are dominated by79

horizontal transport. SLA techniques are widely used in atmospheric sciences to simulate not only80

tracer transport, but more complex non-linear shallow water flows [56]. A key step in SLA methods81

is interpolation, and while higher-order accurate methods have been developed for other aspects82

of these schemes [37, 47, 65], interpolation is done using low order methods (e.g., bivariate cubic83

polynomials). Our application of the new barycentric formulas demonstrates that incorporating high-84

order methods also for interpolation can significantly improve the solution accuracy when solving85

the transport equation.86

The remainder of the paper is structured as follows: First, we review the DFS method and87

the symmetries it induces in Section 2. We then derive the bivariate trigonometric barycentric88

interpolation formulas for the sphere in Section 3, followed by the formulas for the disk in Section89

4. Both sections contain numerical experiments demonstrating the accuracy of these formulas. We90

present an application of the new spherical interpolation formulas to solving the transport equation91

on the sphere using SLA in Section 5. Concluding remarks and a discussion of future directions are92

given in Section 6.93

1We note that the paper [8] does derive a barycentric formula for the disk, but it is not based on the DFS method
and treats the origin of the disk as an artificial boundary.
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2 The Double Fourier Sphere (DFS) method94

The DFS method was first proposed by Merilees [41] for approximation on spheres and has since95

undergone several developments [11, 15, 21, 46, 58, 64], with more recent studies on its convergence96

properties [42], generalization to d-dimensional manifolds [43], and extension to solving surface97

PDEs [23]. The central idea of the method is to transform a function on the sphere to one on98

a rectangular domain, while preserving the periodicity of the function in both the azimuthal and99

polar directions. While this transformation results in an apparent “doubling-up” of the function, it100

opens up the possibility of using bivariate trigonometric (i.e., Fourier) expansions for approximating101

functions on the sphere. These properties are why the method is called the DFS method.102

The transform introduced by the DFS method can be described as follows [58]. Let (x, y, z) be103

a point on the unit sphere2 and parameterized in spherical coordinates as104

x = cosϕ sin θ, y = sinϕ sin θ, z = cos θ, (ϕ, θ) ∈ [0, 2π]× [0, π],

where ϕ and θ are the azimuthal and polar coordinates, respectively. A function f(x, y, z) on a105

sphere is transformed to these coordinates as106

f(ϕ, θ) = f(cosϕ sin θ, sinϕ sin θ, cos θ), (ϕ, θ) ∈ [0, 2π]× [0, π]. (1)

However, while the transformed function is 2π periodic in ϕ, artificial boundaries have been in-107

troduced in θ at 0 and π, and the inherent periodicity in this coordinate has been destroyed. To108

recover periodicity in θ, the DFS method associates f with the following “doubled-up” function on109

[0, 2π]× [−π, π]:110

f̃(ϕ, θ) =



g(ϕ, θ), (ϕ, θ) ∈ [0, π]× [0, π],

h(ϕ− π, θ), (ϕ, θ) ∈ [π, 2π]× [0, π],

g(ϕ− π,−θ), (ϕ, θ) ∈ [π, 2π]× [−π, 0],

h(ϕ,−θ), (ϕ, θ) ∈ [0, π]× [−π, 0],

(2)

where g(ϕ, θ) = f(ϕ, θ) and h(ϕ, θ) = f(ϕ + π, θ) for (ϕ, θ) ∈ [0, π] × [0, π]. The new function f̃111

has the properties that f̃(ϕ, θ) = f(ϕ, θ) for (ϕ, θ) ∈ [0, 2π] × [0, π] and f̃(ϕ, θ) = f(ϕ + π,−θ) for112

(ϕ, θ) ∈ [0, 2π]× [−π, 0]. This last relationship is referred to as a glide reflection. The function f̃ is113

2π-periodic in both ϕ and θ and constant along the lines θ = 0 and θ = ±π, which corresponds to114

the north and south poles. Figure 1 gives a visual summary of the DFS method.115

There is a DFS analog for functions defined on a disk that have similarly gone through several116

developments [18, 21, 29, 53, 62]. The central idea is to transform a function on a disk to one on a117

rectangular domain that preserves the periodicity of the function in the polar direction and contains118

no artificial boundaries in the radial direction at the origin of the disk. This can be done as119

follows [62]. First, a function f(x, y) defined in Cartesian coordinates on the unit disk3 is written120

in polar coordinates as121

f(ϕ, ρ) = f(ρ cosϕ, ρ sinϕ) (ϕ, ρ) ∈ [0, 2π]× [0, 1], (3)

where ϕ and ρ are the polar and radial coordinates, respectively. Similar to the sphere, the trans-122

formed function is 2π periodic in ϕ, but now has an artificial boundary at ρ = 0, which corresponds to123

the center of the disk. To remove this boundary, the disk counterpart to the DFS method associates124

f to the “doubled-up” function f̃ on [0, 2π]× [−1, 1]:125

f̃(ϕ, ρ) =



g(ϕ, ρ), (ϕ, ρ) ∈ [0, π]× [0, 1],

h(ϕ− π, ρ), (ϕ, ρ) ∈ [π, 2π]× [0, 1],

g(ϕ− π,−ρ), (ϕ, ρ) ∈ [π, 2π]× [−1, 0],

h(ϕ,−ρ), (ϕ, ρ) ∈ [0, π]× [−1, 0],

(4)

2Spheres of arbitrary radii can also be treated by appropriate scaling
3Disks of arbitrary radii can also be treated by appropriate scaling
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(a)

(b)

(c)

Figure 1: The DFS method applied to a football (or soccer ball) pattern on the sphere. (a) Football
pattern—note the rotation to avoid symmetries with respect to the standard coordinate axes. (b)
The projection of the football pattern using spherical coordinates. (c) Football pattern after applying
the DFS method resulting in a doubly periodic pattern.

where g(ϕ, ρ) = f(ϕ, ρ) and h(ϕ, ρ) = f(ϕ + π, ρ) for (ϕ, ρ) ∈ [0, π] × [0, 1]. The new function f̃126

is 2π-periodic in ϕ and does not have a boundary at ρ = 0. Furthermore, it has a similar glide127

reflection property as the sphere and is constant along the line ρ = 0.128

The disk counterpart to the DFS method also results in an apparent “doubling-up” of the function129

that is favorable for bivariate Fourier-polynomial approximations, such as Fourier-Chebyshev or130

Fourier-Legendre series. In these cases, the polynomials are defined for ρ ∈ [−1, 1], rather than131

[0, 1]. For polynomial approximations based on interpolation at Chebyshev or Legendre points,132

this not only means the origin is not a boundary, but also that the interpolation points are not as133

clustered at the origin [21] (see also Figure 4). Note that even though the disk counterpart of the134

DFS method does not use bivariate Fourier series, it is still referred to as the DFS method for the135

disk [62].136

2.1 BMC symmetry and even-periodic/odd-antiperiodic decompositions137

The barycentric interpolation schemes introduced here are designed to enforce the symmetry asso-138

ciated with the functions f̃ in both DFS methods (2) and (4) so that they can always be related139

back to the respective domains they are defined on. To further elucidate the symmetries associated140

with these functions, we use a slight abuse of notation to write them as141

f̃ =

[
g h

flip(h) flip(g)

]
, (5)

where flip refers to the MATLAB command that reverses the order of the rows of a matrix. The142

symmetry exhibited in (5) is referred to as block-mirror-centrosymmetric (BMC) symmetry [58] and143

can be further classified into BMC-I and BMC-II types if f̃ is the extension of a function on the144

sphere and disk, respectively.145

Definition 1. (Block-mirror-centrosymmetric (BMC) functions [58, 62]) A function f̃ : [0, 2a] ×146

[−b, b] → C, where a, b > 0, is a BMC function if f̃ is 2a periodic in its first variable and there are147

functions g, h : [0, a] × [0, b] → C such that f̃ satisfies (5). BMC functions can further be classified148

as follows:149
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1. If f̃ is 2b-periodic in its second argument and constant when its second argument is equal to 0150

and b, then f̃ is a BMC-I function.151

2. If f̃ is constant when the second argument is equal to 0, then f̃ is a BMC-II function.152

From these definitions, we see that if f̃ is a BMC-I function with a = b = π, then it can be153

related to a function f on the sphere using the functions g and h. This function will be at least154

continuous on the sphere since f̃ is forced to be constant at the north and south poles. A similar155

result holds for the disk and BMC-II functions with a = π and b = 1. However, these functions are156

constant only at the origin, which is required for continuity. Our goal is to construct interpolation157

formulas that satisfy BMC symmetry and, in certain special cases, BMC-I or BMC-II symmetry so158

that they can be related back to the sphere or disk. Another goal of our interpolation formulas is159

to work only on the original functions f in (1) and (3), rather than their respective extensions (2)160

and (4).161

Both of these goals can be realized from the following decomposition (first noted in [58]) of f̃ in162

(5):163

f̃ =
1

2

[
g − h −(g − h)

−flip(g − h) flip(g − h)

]
︸ ︷︷ ︸

f̃−

+
1

2

[
g + h g + h

flip(g + h) flip(g + h)

]
︸ ︷︷ ︸

f̃+

. (6)

For BMC-I functions f̃(ϕ, θ) with a = b = π, we see from this decomposition that f̃− is an odd164

2π-periodic function in θ and π−antiperiodic4 in ϕ, while f̃+ is an even 2π-periodic function in θ,165

π−periodic in ϕ, and constant when θ = 0, π. The following lemma uses this result to give conditions166

for the extension of a function f defined for [0, 2π]× [0, π] to have BMC-I symmetry.167

Lemma 1. Let f : [0, 2π]× [0, π] → C have the additive decomposition168

f(ϕ, θ) = f−(ϕ, θ) + f+(ϕ, θ), (7)

where f−(ϕ, θ) = 1
2 (g(ϕ, θ)− h(ϕ, θ)) and f+(ϕ, θ) = 1

2 (g(ϕ, θ) + h(ϕ, θ)), with g and h taking the169

same definitions as in (2). If f− is odd, 2π-periodic in θ, and π−antiperiodic in ϕ, and f+ is even,170

2π-periodic in θ, and π−periodic in ϕ, then the extension f̃ of f given by (2) is a BMC function. If171

f+ is furthermore constant for all ϕ when θ = 0, π, then f̃ is a BMC-I function.172

Proof. The result follows directly by applying (2) to f and showing one gets (6) with the appropriate173

parity/periodic properties of a BMC-I function.174

A similar result holds for the disk, but, in this case, f̃− and f̃+ in (6) only need to be odd and175

even in ρ, respectively, but not periodic. We summarize this in a similar lemma and omit the proof.176

Lemma 2. Let f : [0, 2π]× [0, 1] → C have the additive decomposition177

f(ϕ, ρ) = f−(ϕ, ρ) + f+(ϕ, ρ), (8)

where f−(ϕ, ρ) = 1
2 (g(ϕ, ρ)− h(ϕ, ρ)) and f+(ϕ, ρ) = 1

2 (g(ϕ, ρ) + h(ϕ, ρ)), with g and h taking the178

same definitions as in (4). If f− is odd in ρ and π-antiperiodic in ϕ, and f+ is even in ρ and179

π−periodic in ϕ, then the extension f̃ of f is a BMC function. If f+ is furthermore constant for all180

ϕ when ρ = 0, then f̃ is a BMC-II function.181

3 Barycentric interpolation formulas for the sphere182

The plan for constructing interpolants for the sphere that preserve BMC symmetry is to construct183

barycentric interpolation formulas that match the parity/periodic properties of f+ and f− discussed184

in Lemma 1. These formulas can be naturally derived using a tensor product of 1D trigonometric185

barycentric formulas in ϕ and θ. Before deriving these formulas, we first review several commonly186

used tensor product grids to which these formulas are specifically tailored.187

4π-antiperiodic here means f̃−(ϕ+ π, θ) = −f̃−(ϕ, θ) for all ϕ and any θ
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3.1 Common tensor product grids188

We consider the following three tensor product latitude-longitude grids on the sphere: equally spaced189

(EQ), shifted equally spaced (SEQ), and Gauss-Legendre (GL). These are given explicitly as follows:190

EQ: (ϕk, θj) =

(
π

m
k,

π

n− 1
j

)
, k = 0, . . . , 2m− 1, j = 0, . . . , n− 1,

SEQ: (ϕk, θj) =

(
π

m

(
k +

1

2

)
,
π

n

(
j +

1

2

))
, k = 0, . . . , 2m− 1, j = 0, . . . , n− 1,

GL: (ϕk, θj) =
( π

m
k, arccos(zj)

)
, k = 0, . . . , 2m− 1, j = 0, . . . , n− 1.

For the GL grid, zj are roots of the degree n Legendre polynomial. See Figure 2 for a visual191

comparison of these grids.

EQ SEQ GL

Figure 2: Illustrations of common spherical grids for which the barycentric formulas are applicable.
For the EQ grid m = n−1 = 9, while for the SEQ and GL grids m = n = 9. Grid points are marked
by blue dots and the solid lines correspond to an EQ grid for reference.

192

The EQ and SEQ grids are used in numerical weather prediction [15,37,55, 64], astrophysics [5,193

14,57], and even machine learning [40]. GL grids are most commonly used for problems that employ194

spherical harmonics since Gaussian quadrature rules can be used to exactly integrate these basis195

functions [1, 26,50].196

Note that tensor product latitude-longitude grids almost always use equally spaced points in197

longitude, since then one can naturally use the fast Fourier transform (FFT) to speed-up certain198

computations in this direction (e.g., differentiation or integration). We have thus limited our focus199

to these cases. Our formulas also require that there are an even number of these longitude points200

to preserve BMC symmetry in the sampled data.201

3.2 Barycentric formulas for an even or odd periodic function202

Let fj , j = 0, . . . , n− 1 correspond to samples of an even 2π-periodic function at the set of interpo-203

lation nodes Sn = {θj}n−1
j=0 ⊆ [0, π], where θj < θj+1, j = 0, . . . , n − 2. Then there exists a unique204

cosine polynomial uc(θ) of degree n− 1 that interpolates this data and can be written in Lagrange205

form as [66]206

uc(θ) =
n−1∑
j=0

∏n−1
i=0,i̸=j (cos θ − cos θj)∏n−1
i=0,i̸=j (cos θj − cos θi)

fj . (9)
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With the aim of reducing the computational cost of this formula, Berrut [6] derived the equivalent207

barycentric formula5:208

uc(θ) =

n−1∑
j=0

wj

cos θ − cos θj
fj

n−1∑
j=0

wj

cos θ − cos θj

, where wj =

n−1∏
i=0
i̸=j

(cos θj − cos θi)


−1

. (10)

If the interpolation nodes Sn are evenly spaced, as is the case for for the EQ and SEQ grids, then209

(10) simplifies into four possible cases that depend on whether 0 or π are in Sn:210

uc(θ) =

n−1∑
j=0

(−1)jδjηj
cos θ − cos θj

fj

n−1∑
j=0

(−1)jδjηj
cos θ − cos θj

, where ηj =



sin θj , 0 ̸∈ Sn, π ̸∈ Sn,

cos
θj
2 , 0 ∈ Sn, π /∈ Sn,

sin
θj
2 , 0 /∈ Sn, π ∈ Sn,

1, 0 ∈ Sn, π ∈ Sn,

, δj =

{
1
2 , θj = 0 or θj = π,

1, otherwise.

(11)
If the samples f0, . . . , fn−1 come instead from an odd 2π−periodic function sampled at Sn, then211

there exists a unique sine polynomial us(θ) of degree n − 1 that interpolates the data and can be212

written in Lagrange form as [66]213

us(θ) =
n−1∑
j=0

sin θ
∏n−1

i=0,i̸=j (cos θ − cos θj)

sin θj
∏n−1

i=0,i̸=j (cos θj − cos θi)
fj . (12)

Berrut [6] also derived equivalent barycentric formulas for this case that again depend on whether214

0 and π are in Sn:215

us(θ) =



sin θ

n−1∑
j=0

wj sin θj
cos θ − cos θj

fj

n−1∑
j=0

wj sin
2 θj

cos θ − cos θj

, 0 ∈ Sn, π ∈ Sn,

sin θ

n−1∑
j=0

wj csc θj
cos θ − cos θj

fj

n−1∑
j=0

wj

cos θ − cos θj

, otherwise,

(13)

where wj are given in (10). Similar to the even periodic formulas, when Sn contains equally spaced216

nodes (13) simplifies considerably to217

us(θ) = sin θ

n−1∑
j=0

(−1)j
ξj

cos θ − cos θj
fj

n∑
j=0

(−1)j
ξj sin θj

cos θ − cos θj

, where ξj =



1, 0 /∈ Sn, π /∈ Sn,

sin
θj
2 , 0 ∈ Sn, π /∈ Sn,

cos
θj
2 , 0 /∈ Sn, π ∈ Sn,

sin θj , 0 ∈ Sn, π ∈ Sn.

(14)

We note that when Sn contains transformed GL points, θj = arccos(zj), the barycentric weights218

in both (10) and (13) correspond to the standard standard polynomial barycentric weights for the219

GL points. These weights can be computed efficiently (and stably) from GL quadrature weights,220

or, for large n, using an explicit asymptotic formula [10]. In our work, we use the barycentric GL221

weights computed in the legpts function of Chebfun [17], which uses a variation of these formulas.222

5In this formula the value of uc(θk), for any k = 0, . . . , n− 1, is understood by taking the limit as θ → θk, which
gives uc(θk) = fk. This same interpretation applies to all remaining barycentric interpolation formulas presented.
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3.3 Barycentric formulas for a π-periodic or π-antiperiodic function223

We now consider the case where the grid points ϕk are equally spaced and the samples {fj}2m−1
j=0224

come from a π-periodic or π-antiperiodic function f(ϕ). In both cases, f is also 2π-periodic so that225

the standard trigonometric barycentric formula derived by Henrici [30] could be used. For a general226

M equally spaced points over [0, 2π), this formula is given as227

p(ϕ) =

M−1∑
k=0

(−1)kcst

(
ϕ− ϕk

2

)
fk

M−1∑
k=0

(−1)kcst

(
ϕ− ϕk

2

) , (15)

where cst(ϕ) = cot(ϕ) when M is even and cst(ϕ) = csc(ϕ) when M is odd. In the present setting228

M = 2m and we can exploit the periodicity to reduce the computational cost of this formula since229

in the π-periodic case fk+m = fk and in the antiperiodic case fk+m = −fk, for k = 0, . . . ,m − 1.230

The resulting π-periodic barycentric formula is trivially then just a rescaling and truncation of the231

sums in (15):232

p+(ϕ) =

m−1∑
k=0

(−1)kcst (ϕ− ϕk) fk

m−1∑
k=0

(−1)kcst (ϕ− ϕk)

. (16)

The derivation of the barycentric formula for the π-antiperiodic interpolant requires a little more233

effort. Starting with (15), setting M = 2m, and exploiting the relationship fk+m = −fk, k =234

0, . . . ,m− 1, we obtain235

p−(ϕ) =

m−1∑
k=0

[
(−1)k cot

(
ϕ− ϕk

2

)
fk + (−1)m+k cot

(
ϕ− ϕk+m

2

)
fk+m

]
m−1∑
k=0

[
(−1)k cot

(
ϕ− ϕk

2

)
+ (−1)m+k cot

(
ϕ− ϕk+m

2

)]

=

m−1∑
k=0

(−1)k
[
cot

(
ϕ− ϕk

2

)
− (−1)m cot

(
ϕ− ϕk

2
− π

2

)]
fk

m−1∑
k=0

(−1)k
[
cot

(
ϕ− ϕk

2

)
+ (−1)m cot

(
ϕ− ϕk

2
− π

2

)]

=

m−1∑
k=0

(−1)k
[
cot

(
ϕ− ϕk

2

)
+ (−1)m tan

(
ϕ− ϕk

2

)]
fk

m−1∑
k=0

(−1)k
[
cot

(
ϕ− ϕk

2

)
− (−1)m tan

(
ϕ− ϕk

2

)] ,
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where in the last equality we have used cot
(
α− π

2

)
= − tan (α). By further using the identities236

cotα+ tanα = 2/ sin(2α) and cotα− tanα = 2 cot(2α), we obtain the simplified formula237

p−(ϕ) =



m−1∑
k=0

(−1)k csc (ϕ− ϕk) fk

m−1∑
k=0

(−1)k cot (ϕ− ϕk)

, m even,

m−1∑
k=0

(−1)k cot (ϕ− ϕk) fk

m−1∑
k=0

(−1)k csc (ϕ− ϕk)

, m odd.

(17)

3.4 Barycentric formulas for the sphere238

Let fj,k denote samples of a function f(ϕ, θ) on one of the grids (ϕk, θj), j = 0, . . . , n − 1, k =239

0, . . . , 2m− 1, discussed in Section 3.1 6. Then the samples of f−(ϕ, θ) and f+(ϕ, θ) from Lemma 1240

are given as241

f−
j,k =

1

2
(fj,k − fj,k+m) and f+

j,k =
1

2
(fj,k + fj,k+m), j = 0, . . . , n− 1, k = 0, . . . ,m− 1. (18)

To interpolate these sets of data we use bivariate trigonometric interpolants built from tensor prod-242

ucts of the 1D formulas from the previous two sections. For the f−
jk data, we combine the formulas243

for the π-anti-periodic interpolant in ϕ and odd periodic interpolant in θ, while for the f+
jk data, we244

combine the formulas for the π-periodic interpolant in ϕ and even periodic interpolant in θ. These245

formulas can be written respectively as246

s−(ϕ, θ) =

m−1∑
k=0

(−1)k csc (ϕ− ϕk)u
s
k(θ)

m−1∑
k=0

(−1)k cot (ϕ− ϕk)

& s+(ϕ, θ) =

m−1∑
k=0

(−1)k cot (ϕ− ϕk)u
c
k(θ)

m−1∑
k=0

(−1)k cot (ϕ− ϕk)

, if m is even,

s−(ϕ, θ) =

m−1∑
k=0

(−1)k cot (ϕ− ϕk)u
s
k(θ)

m−1∑
k=0

(−1)k csc (ϕ− ϕk)

& s+(ϕ, θ) =

m−1∑
k=0

(−1)k csc (ϕ− ϕk)u
c
k(θ)

m−1∑
k=0

(−1)k csc(ϕ− ϕk)

, if m is odd

(19)
where the choice for us

k(θ) and uc
k(θ) in these formulas depends on the grid type, as summarized in247

Table 1.248

To construct a barycentric trigonometric interpolant of the data fjk, we combine the interpolants249

6Note that we denote the samples of f as fj,k instead of fk,j to match the standard array indexing one uses for
2D grids, where the first index corresponds to the “vertical” coordinate θ and the second index corresponds to the
“horizontal” coordinate ϕ
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Grid uc
k(θ) us

k(θ)

EQ

n−1∑′

′
j=0

(−1)j

cos θ − cos θj
f+
j,k

n−1∑′

′
j=0

(−1)j

cos θ − cos θj

sin θ

n−1∑
j=0

(−1)j sin θj
cos θ − cos θj

f−
j,k

n−1∑
j=0

(−1)j sin2 θj
cos θ − cos θj

SEQ

n−1∑
j=0

(−1)j sin θj
cos θ − cos θj

f+
j,k

n−1∑
j=0

(−1)j sin θj
cos θ − cos θj

sin θ

n−1∑
j=0

(−1)j

cos θ − cos θj
f−
j,k

n−1∑
j=0

(−1)j sin θj
cos θ − cos θj

GL

n−1∑
j=0

wj

cos θ − cos θj
f+
j,k

n−1∑
j=0

wj

cos θ − cos θj

sin θ

n−1∑
j=0

wj csc θj
cos θ − cos θj

f−
j,k

n−1∑
j=0

wj

cos θ − cos θj

Table 1: Barycentric trigonometric interpolants in latitude to the data f+
j,k and f−

j,k given in (18)
for the various grids under consideration. The lower and upper prime on a summation sign means
the first and last terms are halved, and the formulas for wj are given in (10).

for s− and s+ as in (6), s(ϕ, θ) = s+(ϕ, θ) + s−(ϕ, θ), and simplify to arrive at250

s(ϕ, θ) =



m−1∑
k=0

(−1)k [cot (ϕ− ϕk)u
c
k(θ) + csc (ϕ− ϕk)u

s
k(θ)]

m−1∑
k=0

(−1)k cot (ϕ− ϕk)

, m even,

m−1∑
k=0

(−1)k [csc (ϕ− ϕk)u
c
k(θ) + cot (ϕ− ϕk)u

s
k(θ)]

m−1∑
k=0

(−1)k csc (ϕ− ϕk)

, m odd.

(20)

Theorem 1. The interpolant s : [0, 2π] × [0, π] → C to the data fjk, j = 0, . . . , n − 1, k =251

0, . . . , 2m− 1, sampled from a continuous function f on the sphere at the EQ, SEQ, or GL grids, is252

a BMC function. Furthermore, in the case of the EQ grid, s is a BMC-I function.253

Proof. The first result follows immediately from Lemma 1. The second result follows by noting that254

since f is continuous on the sphere, then on the EQ grid, f0,k = β and fn−1,k = γ, k = 0, . . . , 2m−1,255

for some β, γ ∈ C. So, f+
0,k = β, f+

n−1,k = γ, and f−
0,k = f−

n−1,k = 0, k = 0, . . . ,m. Since ck(θ) are256

interpolants, we necessarily have that uc
k(θ0) = uc

k(0) = β and uc
k(θn−1) = uc

k(π) = γ, k = 0, . . . ,m.257

Now, s+ is constructed from p+(ϕ) in (16) and p+ is exact for constants, thus s+(ϕ, 0) = β and258

s+(ϕ, π) = γ all ϕ. Finally, s−(ϕ, 0) = s−(ϕ, π) = 0 for all ϕ since all us
k(θ) are odd 2π-periodic259

functions.260

Remark 1. The interpolant (20) is also more generally applicable to other tensor product grids that261

use equally spaced points in longitude but different points in latitude than EQ, SEQ, or GL. The262

formulas in this more general case are based on uc
k given in the third row of Table 1 and us

k given in263

(13), with the weights wj computed according to the given points in latitude. If these latitude points264

contain 0 and π, then the interpolant will be a BMC-I function.265
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For the EQ and SEQ grids, one can also obtain a bivariate trigonometric interpolant of a contin-266

uous function f on the sphere from the bivariate discrete Fourier transform (equivalently the FFT)267

of the samples of f ’s DFS extension (and a doubling of the grids to cover −π < θ < 0). From268

the uniqueness of the FFT [63] and the barycentric interpolant (20), these two must be equivalent.269

The approximation properties of (20) for the EQ and SEQ grids then follow directly from [42]. In270

particular, for interpolating Hölder continuous functions on the sphere one obtains algebraic rates271

of convergence as n and m increase, while for infinitely smooth functions, one obtains convergence272

rates faster than any algebraic rates.273

Note that for the SEQ and GL grids that do not contain the poles (θ = 0 and θ = π) as274

interpolation points, the interpolant (20) is not guaranteed to be single-valued at the poles. While275

in practice this does not appear to degrade the convergence rates of these interpolants proved in [42],276

as illustrated in the next section, it could lead to issues when trying to differentiate the interpolated277

values in the vicinity of the poles.278

We conclude by noting that a benefit of using the barycentric interpolant (20) over the equiv-279

alent interpolant written in terms of a bivariate Fourier series (cf. [58]) is that it does not require280

determining the Fourier coefficients. For the EQ and SEQ grids, this amounts to saving the com-281

putation of a bivariate FFT (and complex arithmetic, as used in most standard FFT algorithms).282

However, for the GL grid (or other grids that use non-equally spaced points in latitude), one would283

need to resort to a non-uniform FFT (NUFFT) (e.g. [48]), which may further increase the cost of284

the bivariate Fourier series approach.285

3.5 Numerical example286

To demonstrate that the barycentric interpolation formulas (20) work on the sphere, we consider287

using them to interpolate the function288

f(ϕ, θ) = cos (1 + 8π(cosϕ+ sinϕ) sin θ + 5 sin(3π cos θ)) ; (21)

see Figure 3 (a) for a visualization of this function. For the numerical experiment, we select n = m,

-1
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10
2

EQ Grid
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(a) (b)

Figure 3: (a) Test function (21) on the sphere, where dark blue corresponds to -1 and bright yellow
to 1. (b) Relative max-norm error in the barycentric interpolants (20) of the function in (a) for the
different grids using n = m.

289

which gives N = 2n2 total grid points and samples of f , and evaluate the barycentric formulas (20)290

at a dense set of scattered points on the sphere where we compute the relative max-norm error291

between s and f . Figure 3 (b) displays these errors as a function of m for each of the three grids292

under consideration. We see the max-norm errors are similar for each of the three different grid293
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types and that the errors decrease exponentially fast with m, which is expected from [42], since f is294

infinitely smooth.295

4 Barycentric interpolation formulas for the disk296

Similar to the sphere, the plan is to construct barycentric interpolation formulas for the disk that297

match the parity/periodic properties of f+ and f− discussed in Lemma 2. These will again be298

constructed from tensor product formulas, but now consisting of 1D trigonometric barycentric for-299

mulas in ϕ and 1D polynomial barycentric formulas in ρ. The formulas for ϕ are identical to those300

derived in Section 3.3, so only the 1D polynomials formulas need to be derived here. Prior to this,301

we first review some commonly used tensor product girds that the barycentric formulas for the disk302

are specifically tailored.303

4.1 Common tensor product grids304

We will again consider three commonly used grid types on the disk. In all the grids, the points305

are equally distributed in the angular direction, and we will name them depending on the nature306

of points in the radial direction. These are Chebyshev points of the first (CH1) and second (CH2)307

kinds, and Gauss-Legendre (GL) points [59]. For given positive integers m and n, we define these308

grids as309

CH1: (ϕk, ρj) =

(
π

m
k, cos

(
j + 1

2

ℓ+ 1
π

))
, k = 0, . . . , 2m− 1, j = 0, . . . , n,

CH2: (ϕk, ρj) =

(
π

m
k, cos

(
j

ℓ
π

))
, k = 0, . . . , 2m− 1, j = 0, . . . , n,

GL: (ϕk, ρj) =
( π

m
k, zj

)
, k = 0, . . . , 2m− 1, j = 0, . . . , n,

where ℓ = 2n if the origin is to be included (ρn = 0) in the grid or ℓ = 2n+ 1 if it is to be omitted.310

Also, zj are the n+1 roots in [0, 1] of the degree ℓ+1 Legendre polynomial Pℓ+1 defined over [−1, 1],311

and ordered so that zj > zj+1, j = 0, . . . , n. See [13] for a thorough review of applications that use312

these types of grids.

(a) (b)

Figure 4: Comparison of Fouier-Chebyshev grids, where the points in the radial direction are (a)
the Chebyshev points (of the second kind) defined over [0, 1] and (b) the Chebyshev points (of the
second kind) defined over [−1, 1] and restricted to [0, 1] as in the CH2 definition. Both grids have
the same number of points in the polar and radial directions.

313

In all cases, the points in the radial direction ρ are the ℓ+1 roots or extrema in [0, 1] of orthogonal314

polynomials defined over [−1, 1]. As discussed in Section 2, when the DFS method is applied to315
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functions sampled at these points, the full set of points over [−1, 1] is recovered, allowing polynomials316

in ρ defined over these points to be used. As shown in Figure 4, this approach results in less clustering317

around the origin compared to using radial points based on roots/extrema of orthogonal polynomials318

defined on [0, 1], as done in [8]. Furthermore, as we demonstrate in Section 4.3, this approach allows319

for the construction of barycentric interpolants on the disk that naturally preserve BMC symmetry.320

4.2 Barycentric formulas for an even or odd function321

Given samples fj , j = 0, . . . , ℓ, of a function f at the the interpolation points ρj , j = 0, . . . , n, the322

unique polynomial of degree ℓ that interpolates the data can be written in barycentric form as [9]323

v(ρ) =

ℓ∑
j=0

wj

ρ− ρj
fj

ℓ∑
j=0

wj

ρ− ρj

, wj =

 ℓ∏
i=0
i̸=j

(ρj − ρi)


−1

, (22)

If f is even or odd and the interpolation points are symmetric about the origin, then we can exploit324

these symmetries to reduce the sums in determining v and the products in computing the weights325

to be over roughly half the terms. In deriving these formulas, we assume, without loss of generality,326

that 1 ≥ ρ0 > ρ1 · · · > ρℓ ≥ −1, and that ℓ = 2n or ℓ = 2n + 1. In the former case, the number327

of interpolation points is odd, and the assumed symmetry about the origin implies that the origin328

is included in the point set and ρn = 0. In the latter case, the origin is not included. In either329

case, symmetry about the origin implies ρj = −ρℓ−j , j = 0, . . . , n. Similar to Section 3.2, we let330

Sn = {ρj}nj=0 be the set of interpolation points that are actually used in the formulas.331

We first consider the case that f is even. To derive the barycentric formula for this case, it is332

important to distinguish whether ℓ is even or odd. Assuming first that ℓ = 2n, so that the origin333

is included, it is straightforward to show that for j = 0, . . . , n − 1 the barycentric weights satisfy334

wj = wℓ−j , and the function samples satisfy fj = fℓ−j . Applying these results to (22) and denoting335

the interpolant as ve gives:336

ve(ρ) =

wn

ρ− ρn
fn +

n−1∑
j=0

[
wj

ρ− ρj
fj +

wℓ−j

ρ− ρℓ−j
fℓ−j

]
wn

ρ− ρn
+

n−1∑
j=0

[
wj

ρ− ρj
+

wℓ−j

ρ− ρℓ−j

] =

wn

ρ
fn +

n−1∑
j=0

wj

[
1

ρ− ρj
+

1

ρ+ ρj

]
fj

wn

ρ
+

n−1∑
j=0

wj

[
1

ρ− ρj
+

1

ρ+ ρj

]

=

ρwn

ρ2
fn +

n−1∑
j=0

2ρwj

ρ2 − ρ2j
fj

wnρ

ρ2
+

n−1∑
j=0

2ρwj

ρ2 − ρ2j

=

2ρ

 wn

2ρ2
fn +

n−1∑
j=0

wj

ρ2 − ρ2j
fj


2ρ

 wn

2ρ2
+

n−1∑
j=0

wj

ρ2 − ρ2j

 =

n∑′

j=0

wj

ρ2 − ρ2j
fj

n∑′

j=0

wj

ρ2 − ρ2j

, (23)

where the prime on the summations means that the last term is halved. One can also simplify the337

barycentric weights in (22) to products involving only ρ0, . . . , ρn:338

wj =



2
n∏

i=0
i̸=j

(
ρ2j − ρ2i

)
−1

, j ̸= n,

(−1)n−1

(
n−1∏
i=0

ρ2i

)−1

, j = n.

(24)
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These formulas can be further simplified by eliminating the common 2 in all the weights, using339

ρn = 0, and incorporating the division by 2 into the weights when j = n in the summations to340

obtain:341

ve(ρ) =

n∑
j=0

wj

ρ2 − ρ2j
fj

n∑
j=0

wj

ρ2 − ρ2j

, wj =

 n∏
i=0
i̸=j

(
ρ2j − ρ2i

)
−1

, (25)

Note that while we used the ordering ρj > ρj+1, j = 0, . . . , n− 1 to derive (25), this ordering is not342

necessary to use the formula.343

If ℓ = 2n + 1, then the origin is not included in the point set and it is straightforward to show344

that the barycentric weights in (22) satisfy wj = −wℓ−j , j = 0, . . . , n. Using this symmetry, and345

following a similar approach to the derivations of (23) and (24) produces the following formulas for346

the interpolant and weights:347

ve(ρ) =

n∑
j=0

wjρj
ρ2 − ρ2j

fj

n∑
j=0

wjρj
ρ2 − ρ2j

, wj =

ρj

n∏
i=0
i̸=j

(
ρ2j − ρ2i

)
−1

.

By dividing out the common ρj factor in the denominator of the formula for the weights with the348

same factor in the numerator of the summations defining ve, we obtain the same barycentric formula349

(25) for the interpolant and weights. Thus, (25) can be used in both cases of ℓ = 2n or ℓ = 2n+ 1,350

which correspond to 0 ∈ Sn and 0 /∈ Sn, respectively.351

The barycentric formula for the case where f is an odd function, denoted by vo(ρ), can be derived352

using the same procedure as the even case, but exploiting the odd symmetry in the function samples:353

fj = −fℓ−j , j = 0, . . . , n. However, we derive it using a simpler approach that relies on the even354

formula (25); this is the analogous the approach used by Berrut [6] to derive the sine interpolation355

formula (13) from the cosine formula (10). If ℓ = 2n, so that 0 ∈ Sn, then the unique odd degree356

polynomial that interpolates the data must be of degree 2n−1. This interpolant can be constructed357

by first forming the degree 2n even polynomial interpolant (25) to the even data fjρj , j = 0, . . . , n,358

and then dividing it by ρ, which gives359

vo(ρ) =
1

ρ

n∑
j=0

wjρj
ρ2 − ρ2j

fj

n∑
j=0

wj

ρ2 − ρ2j

, if 0 ∈ Sn. (26)

If instead ℓ = 2n+1, so that 0 /∈ Sn, then the unique odd interpolant to fj will be of degree 2n+1.360

So, we again use the unique degree 2n even polynomial interpolant (25), but now for the data fj/ρj ,361

j = 0, . . . , n, and then multiply it by ρ:362

vo(ρ) = ρ

n∑
j=0

wj

ρj(ρ2 − ρ2j )
fj

n∑
j=0

wj

ρ2 − ρ2j

, if 0 /∈ Sn, (27)

An equivalent interpolation formula to (26) can be obtained without a division by ρ by using the363

result that (26) is exact for the function f(ρ) = ρ. Combining this formula with (27), we obtain the364
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following barycentric formula for samples with odd symmetry:365

vo(ρ) =



ρ

n∑
j=0

wjρj
ρ2 − ρ2j

fj

n∑
j=0

wjρ
2
j

ρ2 − ρ2j

, 0 ∈ Sn,

ρ

n∑
j=0

wj

ρj(ρ2 − ρ2j )
fj

n∑
j=0

wj

ρ2 − ρ2j

, 0 /∈ Sn,

(28)

where the barycentric weights are given in (25).366

When the points Sn correspond to Chebyshev points of the first or second kind, the barycentric367

weights wj given over [−1, 1] in (22) can be computed explicitly [9] and the interpolation formulas368

(25) and (28) can then be simplified. We have summarized these formulas in the first two rows of369

Table 2 for the specific case of interpolating in the radial direction on the disk.370

As noted at the end of Section 3.2, the barycentric weights in (22) for the GL points can be371

computed efficiently (and stably) using the legpts function of Chebfun [17]. These weights can372

then be appropriately modified for incorporation into (25) and (28).373

4.3 Barycentric formulas for the disk374

Let fj,k denote samples of a function f(ϕ, ρ) on the tensor product grid (ϕk, ρj), j = 0, . . . , n,375

k = 0, . . . , 2m− 1. Then the samples of f−(ϕ, ρ) and f+(ϕ, ρ) from Lemma 2 are given as376

f−
j,k =

1

2
(fj,k − fj,k+m) and f+

j,k =
1

2
(fj,k + fj,k+m), j = 0, . . . , n, k = 0, . . . ,m− 1. (29)

We use the same approach as the sphere to interpolate these sets of data and construct bivariate377

interpolants from tensor products of the 1D anti-periodic/periodic trigonometric formulas from378

Section 3.3 with the 1D odd/even polynomial formulas from the previous section. The details in the379

derivations of the disk formulas are similar to the sphere formulas, so we omit them and just state380

the result:381

s(ϕ, ρ) =



m−1∑
k=0

(−1)k [cot (ϕ− ϕk) v
e
k(ρ) + csc (ϕ− ϕk) v

o
k(ρ)]

m−1∑
k=0

(−1)k cot (ϕ− ϕk)

, m even

m−1∑
k=0

(−1)k [csc (ϕ− ϕk) v
e
k(ρ) + cot (ϕ− ϕk) v

o
k(ρ)]

m−1∑
k=0

(−1)k csc (ϕ− ϕk)

, m odd ,

(30)

where the radial interpolants vek(ρ) and vok(ρ) are given in the Table 2.382

Theorem 2. The interpolant s : [0, 2π]× [0, 1] → C to the data fjk, j = 0, . . . , n, k = 0, . . . , 2m−1,383

sampled from a continuous function f on the disk at the CH1, CH2, or GL grids, is a BMC function.384

Furthermore, in the case where the grid contains ρ = 0, s is a BMC-II function.385

Proof. The first result follows naturally from Lemma 2 and the second follows using the same386

arguments as the second part of the proof of Theorem 1.387
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Grid Origin included Origin not included
vek(ρ) vok(ρ) vek(ρ) vok(ρ)

CH1

n∑′

j=0

(−1)jξj
ρ2 − ρ2j

f+
j,k

n∑′

j=0

(−1)jξj
ρ2 − ρ2j

ρ

n∑′

j=0

(−1)jξjρj
ρ2 − ρ2j

f−
j,k

n∑′

j=0

(−1)jξjρ
2
j

ρ2 − ρ2j

n∑
j=0

(−1)jρjγj
ρ2 − ρ2j

f+
j,k

n∑
j=0

(−1)jρjγj
ρ2 − ρ2j

ρ

n∑
j=0

(−1)jγj
ρ2 − ρ2j

f−
j,k

n∑
j=0

(−1)jγjρj
ρ2 − ρ2j

where ξj = sin

(
2j + 1

4n+ 2
π

)
where γj = sin

(
2j + 1

4n+ 4
π

)

CH2

n∑′

′
j=0

(−1)j

ρ2 − ρ2j
f+
j,k

n∑′

′
j=0

(−1)j

ρ2 − ρ2j

ρ

n∑′

′
j=0

(−1)jρj
ρ2 − ρ2j

f−
j,k

n∑′

′
j=0

(−1)jρ2j
ρ2 − ρ2j

n∑
′

j=0

(−1)jρj
ρ2 − ρ2j

f+
j,k

n∑
′

j=0

(−1)jρj
ρ2 − ρ2j

n∑
′

j=0

(−1)j

ρ2 − ρ2j
f−
j,k

n∑
′

j=0

(−1)jρj
ρ2 − ρ2j

GL

n∑
j=0

wj

ρ2 − ρ2j
fj

n∑
j=0

wj

ρ2 − ρ2j

ρ

n∑
j=0

wjρj
ρ2 − ρ2j

fj

n∑
j=0

wjρ
2
j

ρ2 − ρ2j

n∑
j=0

wj

ρ2 − ρ2j
fj

n∑
j=0

wj

ρ2 − ρ2j

ρ

n∑
j=0

wj

ρj(ρ2 − ρ2j )
fj

n∑
j=0

wj

ρ2 − ρ2j

Table 2: Barycentric polynomial interpolants in the radial direction of the disk to the data f+
j,k and

f−
j,k given in (29) for the various grids under consideration. The lower prime on a summation sign
means the first term is halved, while an upper prime means the last term is halved. The formulas
for wj are given in (25). In the CH1 and CH2 cases, the points are assumed to be arranged so that
ρj > ρj+1, j = 0, . . . , n− 1.

Remark 2. Similar to the sphere, the interpolant (30) is also more generally applicable to other388

tensor product grids that use equally spaced polar points, but different radial points than CH1, CH2,389

and GL. The formulas in this more general case are based on vek and vok given in the third row of390

Table 2. If these radial points contain 0, then the interpolant will be a BMC-II function.391

Note that if the grids do not contain the origin as interpolation points, then the interpolant (30)392

is not guaranteed to be single-valued there. As with the sphere grids not containing the poles, this393

could lead to issues when trying to differentiate the interpolated values near ρ = 0. However, we394

have not observed that the convergence rates of the interpolants are degraded in this case.395

4.4 Numerical example396

We use a similar numerical experiment as the sphere to demonstrate the barycentric interpolation397

formulas (30) work for the disk. For this case, we interpolate the target function398

f(ϕ, ρ) = sin(21π(1 + cos(πρ))(ρ2 − 2ρ5 cos(5(ϕ− 0.11)))), (31)

which is displayed in Figure 5. We again select n = m, giving N = 2n(n + 1) total grid points399

and samples of f . We compute the relative max-norm error between s and f from a dense set of400

scattered evaluation points over the disk. These errors are displayed as a function of m for each401

of the three grids under consideration in Figure 5 (b). We see the max-norm errors are nearly the402

same for each of the three different grid types and that the errors decrease exponentially fast with403

m, which is expected since f is infinitely smooth.404
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Figure 5: (a) Test function (31) on the disk, where dark blue is corresponds to -1 and bright yellow
to 1. (b) Relative max-norm error in the barycentric interpolants (30) of the function in (a) for the
CH1, CH2, and GL grids using n = m.

5 Semi-Lagrangian advection (SLA) on the sphere405

In this section we combine the new spherical barycentric interpolation formulas with a SLA method406

to solve the tracer transport equation on the sphere. For the unit sphere S2, this equation is given407

∂q

∂t
+ u · ∇S2q = 0, or

Dq

Dt
= 0, (32)

where q is the scalar quantity being transported, u is an incompressible velocity field that is tangent408

to S2, and ∇S2 denotes the surface gradient operator on S2. SLA techniques have been widely used409

in atmospheric sciences for simulating tracer transport and more complex non-linear shallow water410

flows [56]. The appeal of SLA lies in its ability to avoid the strict time-step limitations of Eulerian411

methods, allowing for significantly larger time-steps than those dictated by the CFL condition, all412

while maintaining stability [19]. We follow a similar approach to [52] for testing new interpolation413

methods with SLA for solving (32).414

The SLA scheme we consider operates as follows: we assume that a Lagrangian particle reaches415

each point on a fixed Eulerian grid X = {(ϕj , θj)}Nj=1 at some time t+∆t, carrying a certain amount416

of the scalar q. The amount of q at (ϕj , θj) must have been transported in the flow field u from417

the particle’s departure point (ϕd
j , θ

d
j ) at time t. To find the departure point, we trace the particle418

backward in time from t+∆t to t along the flow field u, then determine q by interpolating the scalar419

field to that departure point. Please see Algorithm 1 for an outline of this scheme. Our primary420

focus is on the interpolation step, while the particle trajectory will be computed using a fifth-order421

Runge-Kutta method (see [52] for details on this step). We use this SLA scheme with each of the422

three grids from Section 3.1 and use the corresponding barycentric formula (20) for the interpolation423

step.424

5.1 Results425

We consider the popular deformational flow test case from [44] to test the barycentric SLA scheme.426

The velocity field for this test is given as427

u(λ, θ, t) =
10

T
cos

(
πt

T

)
sin2

(
λ− 2πt

T

)
sin(2θ) +

2π

T
cos(θ), (33)

v(λ, θ, t) =
10

T
cos

(
πt

T

)
sin

(
2λ− 2πt

T

)
cos(θ), (34)
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Algorithm 1 SLA for tracer transport on S2 using barycentric interpolation

Input: 1) u(ϕ, θ, t), incompresible velocity field tangent to S2; 2) q(ϕ, θ, 0), initial tracer field; 3)
X = {(ϕj , θj)}Nj=1, Eulerian tensor product grid; 4) tf , final time; 4) ∆t, time-step.

Initailize q0
X = {q(ϕj , θj , 0)}Nj=1, t = 0, and k = 0.

while t ≤ tf do
Particle-trajectory : Trace back Lagrangian particle at grid point xj = (ϕj , θj) in the
velocity field from t+∆t to t to find its departure point xd

j = (ϕd
j , θ

d
j ), for j = 1, . . . , N .

Interpolation: Interpolate qk
X to Xd = {(ϕd

j , θ
d
j )}Nj=1 using barycentric interpolation

formula (20) to obtain qk
Xd .

Update qk+1
X = qk

Xd , k = k + 1, and t = k∆t.
end while

Cosine bells Gaussian bells

Solution at t = 0 and t = 5

Solution at t = 2.5

Figure 6: Illustrations of the solutions at t = 0, t = 2.5, and t = 5 (same as t = 0) for the
deformational flow test case.

where u/v are components of the velocity field in longitude/latitude and T = 5. This velocity field428

translates and deforms the initial condition q(λ, θ, 0) up to time t = 2.5 and then reverses so that429

q is returned to its initial position and value at time t = 5, i.e., q(λ, θ, 0) = q(λ, θ, 5). The initial430

condition then serves as the exact solution for comparing the numerical solutions at t = 5. We431

consider the following two initial conditions for the experiments:432

• Cosine bells : q(λ, θ, 0) = 0.1 + 0.9(q1(λ, θ) + q2(λ, θ)), where for i = 1, 2433

qi(λ, θ) =

{
1
2 (1 + cos (2π arccos (ri(λ, θ)))) , arccos (ri(λ, θ)) <

1
2 ,

0 otherwise.

• Gaussian bells : q(λ, θ, 0) = 0.95
(
e−10(1−r1(λ,θ)) + e−10(1−r2(λ,θ))

)
.434

Here ri(λ, θ) = cos(θ) cos(θi) + cos(λ − λi) sin(θ) sin(θi), i = 1, 2, and the centers of the bells are435

given as (λ1, θ1) = (π/6, 0) and (λ2, θ2) = (−π/6, 0). The first initial condition is only C1(S2) and436

is meant to test the dispersive errors of a numerical solver, while the second is C∞(S2) and is meant437
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Figure 7: Spatial convergence results for (a) the cosine bells test case using a time-step equal to
10×CFL and (b) the Gaussian bells test case using a time-step equal to CFL. All the grid types use
2m points in longitude and n = m+ 1 in latitude. Note (a) is plotted on a loglog scale while (b) is
plotted on a semilogy scale and both plots display estimates of convergence rates as dashed lines.

to show the maximum convergence rate that is possible. Plots of the solutions of the deformational438

flow test case at t = 0, 2.5, and 5 are displayed in Figure 6.439

We use all three common tensor-product spherical grids discussed in Section 3.1 in the experi-440

ments, with 2m points in longitude and n = m+1 points in latitude, which gives the grid spacing in441

longitude as h = π/m. We select the SLA time-step in the experiments according to a fixed multiple442

of the CFL number, which we set to h/∥u∥∞, where ∥u∥∞ = 2.93. For the cosine bells tests we443

use a time-step 10 times the CFL number, while for the Gaussian bells tests we just use the CFL444

number. These values were chosen so that spatial errors dominate the computed solutions for most445

of the resolutions.446

The relative max-norm errors of the numerical solutions from the experiments are plotted in447

Figure 7 as a function of the grid resolution m. For the cosine bells problem (see part (a) of the448

figure), we see that the errors are similar for all three grids and decrease as O(m−2) (or O(h2)).449

This algebraic rate is expected since the initial condition is only C1(S2). In contrast, we see that450

the errors decrease exponentially fast with m for the C∞(S2) Gaussian bells initial condition, until451

temporal errors begin to dominate the computed solutions after m = 128.452

Finally, we compare the accuracy of the new barycentric SLA method to other methods from453

the literature for this same test problem in Table 3. We see for the cosine bells test case that454

the new method compares favorably to all the methods and gives a slightly smaller error than the455

RBF-PU based SLA method for the same resolution and time-step. For the Gaussian bells problem,456

the new method clearly provides the best accuracy for comparable resolutions and time-steps to457

the other methods. The next lowest error is produced by the Global RBF method, which is also458

spectrally accurate. By doubling the time-step for the same resolution, the new method shows a459

further decrease in the errors indicating that temporal errors may still be dominating. It should be460

noted, however, that the CSLAM, DG, and HOMME methods are all mass-conserving, whereas, the461

present SLA method is not.462

6 Concluding remarks463

We have introduced new bivariate barycentric formulas for the sphere and disk based on the DFS464

method. These formulas are efficient in the sense that they do not require a transform to trigono-465

metric or polynomial coefficients, but instead work directly with the data and a set of weights that466

only depend on the grid. For many commonly used grids in applications, these weights are known467

explicitly or can be computed in a stable and efficient manner. The formulas also deliver high-order468
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Resolution Degrees of Number of Relative ℓ2
Method (in degrees) freedom time-steps error

Cosine Bells
CSLAM [35] 0.75◦ 86400 240 ≈ 6× 10−3

DG, p = 3 [44] 1.5◦ 38400 2400 1.39× 10−2

RBF-PU [52], n = 84 1.5◦ 23042 35 3.63× 10−3

Global RBF [52] 1.64◦ 15129 45 5.10× 10−3

Barycentric DFS 1.5◦ 29040 35 3.25× 10−3

Gaussian Bells
CSLAM [35] 0.75◦ 86400 240 ≈ 5× 10−4

HOMME, p = 6 [36] 1.5◦ 29400 4800 ≈ 3× 10−3

RBF-PU [52], n = 84 1.5◦ 23042 80 1.35× 10−5

Global RBF [52] 1.64◦ 15129 200 7.68× 10−8

Barycentric DFS 1.5◦ 29040 200 1.17× 10−8

Barycentric DFS 1.5◦ 29040 400 7.99× 10−10

Table 3: Comparison of the barycentric DFS-based SLA scheme using the EQ grid with various
methods from the literature for the two deformational flow test cases. CSLAM refers to the con-
servative semi-Lagrangian multi-tracer transport scheme used in [35], which uses a cubed-sphere
grid. DG is the discontinuous Galerkin scheme from [44], an Eulerian scheme employing p = 3
degree polynomials (fourth-order accurate) on a cubed-sphere grid. HOMME (High-Order Meth-
ods Modeling Environment) is an Eulerian scheme from [36], also using a cubed-sphere grid, with
results shown for a continuous Galerkin formulation using p = 6 degree polynomials (seventh-order
accurate). RBF-PU (partition of unity) and global RBF refer to SLA advection schemes based on
radial basis function interpolation from [52]. Values marked with ≈ were estimated from plots of the
relative ℓ2 errors in the referenced papers, as exact values were not provided. The results given for
the CSLAM, DG, and HOMME methods correspond to the non-filtered (or non shape-preserving)
versions, which yielded the lowest errors for these test cases. Resolution (in degrees) indicates the
approximate spacing of grid points (or nodes) around the equator.

accuracy for smooth solutions. Moreover, the formulas are straightforward to implement, making469

them practical for a wide range of applications.470

The question of stability is more subtle, particularly given the results on the stability of trigono-471

metric barycentric formulas in [3]. However, as noted in that study, the trigonometric barycen-472

tric formula remains stable in most practical situations. Whether this holds for the even/odd/π-473

periodic/π-anti-periodic trigonometric formulas used here remains an open question and warrants474

further investigation. Nevertheless, our extensive numerical testing of the formulas, including their475

application to SLA, revealed no stability issues in practice.476

The application of these new barycentric formulas to SLA for the tracer transport problem on the477

sphere shows promising results. This technique compares favorably in terms of accuracy to existing478

methods, suggesting that further explorations on more complex atmospheric flows are justified.479

Lastly, while this study focused on trigonometric and polynomial approximations for the sphere480

and disk, the resulting barycentric formulas could naturally extend to more general rational ap-481

proximations. For example, the even/odd polynomial formulas used for the disk could employ more482

general Floater-Hormann linear barycentric rational formulas [20], or even AAA type formulas [45].483

This would only require a different technique for computing the weights. Linear barycentric rational484

formulas have been used successfully for the disk and more general star-like domains in [8]. Similarly,485

the trigonometric formulas derived here for the sphere and disk could be extended to rational trigono-486

metric formulas using any of the approaches from [4, 7, 61]. In one dimension, rational barycentric487

formulas provide a richer approximation space, particularly for functions with singularities, and we488

expect that this benefit will also extend to the sphere and disk.489
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