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ABSTRACT

The problem of modeling the relationship between univariate distributions and one or more explanatory variables lately has found increasing
interest. Existing approaches proceed by substituting proxy estimated distributions for the typically unknown response distributions. These
estimates are obtained from available data but are problematic when for some of the distributions only few data are available. Such situations
are common in practice and cannot be addressed with currently available approaches, especially when one aims at density estimates. We show
how this and other problems associated with density estimation such as tuning parameter selection and bias issues can be side-stepped when
covariates are available. We also introduce a novel version of distribution-response regression that is based on empirical measures. By avoiding the
preprocessing step of recovering complete individual response distributions, the proposed approach is applicable when the sample size available
for each distribution varies and especially when it is small for some of the distributions but large for others. In this case, one can still obtain
consistent distribution estimates even for distributions with only few data by gaining strength across the entire sample of distributions, while
traditional approaches where distributions or densities are estimated individually fail, since sparsely sampled densities cannot be consistently
estimated. The proposed model is demonstrated to outperform existing approaches through simulations and Environmental Influences on Child
Health Outcomes data.

KEYWORDS: distributional data analysis; Fréchet mean; multi-cohort study; optimal transport; sample of distributions; Wasserstein distance.

1 INTRODUCTION

Data consisting of samples of univariate probability distribu-
tions are increasingly prevalent across various research areas.
Data that contain distributions as a basic unit of observation
are encountered in the analysis of mortality (Chen et al., 2023a;
Ghodrati and Panaretos, 2022), population pyramids (Bigot
etal,, 2017; Hron et al., 2016), brain connectivity (Petersen and
Miiller, 2016), and financial returns (Zhang et al., 2022; Zhu and
Miiller, 2023), among many other applications. This has led to
the emerging field of distributional data analysis (Petersen et al.,
2022). Distributions, represented as probability density func-
tions, cumulative distribution functions or quantile functions,
come with inherent constraints that are not present in traditional
functional data. The space where distributions are situated is not
avector space, and linear methods developed for functional data
cannot be directly applied. Various approaches have been pro-
posed to address this challenge, including global transformations
of univariate distributions to a Hilbert space (Hron et al., 2016;
Petersen and Miiller, 2016), which however do not take the ge-
ometry of the space of distributions into account and are not iso-
metric.

More recently, attention has focused on directly modeling dis-
tributions as elements of the Wasserstein space, a geodesic met-
ric space related to optimal transport (Panaretos and Zemel,
2020; Villani, 2003). The pseudo-Riemannian structure of this

space can be used to construct isometric exponential maps from
the space to tangent bundles, where linear operations can be
deployed (Bigot et al., 2017; Chen et al., 2023a); however the
inverse log map is not defined on the entire tangent space,
which causes substantial difficulties and requires an ad-hoc con-
straint or projection step (Fletcher, 2013; Pegoraro and Beraha,
2022).

A commonly encountered problem is to model the relation-
ship between distributions and one or more explanatory vari-
ables. Distribution-response regression problems arise in many
modern data analysis settings. Examples include neuroimaging,
where varying patterns of brain connectivity distributions across
age and other clinical covariates are of interest (Petersen and
Miiller, 2016), metabolomics, where the aim is to model the
dependence of a metabolite distribution on birth weight (Tal-
skd et al,, 2018), and also mortality where one is interested
in the dependence of age-at-death distributions on economic
indicators (Petersen et al., 2022). Using the Wasserstein met-
ric, distribution-response regression can be implemented as a
special case of Fréchet regression (Petersen and Miiller, 2019),
which models the relationship between random objects that lie
in a generic metric space as responses and scalar or vector covari-
ates as predictors.

In line with all local and global transformation methods,
Fréchet regression requires that each distribution is observed
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FIGURE 1 Illustrating global REM, where N; observations {Yij}?]‘: | are sampled from distributions v; = N(0, Zf) fori =1, 2, 3, 4, with
sample sizes N; = 1, N, = 2, N3 = 5, Ny = 10 and scalar covariates Z; = 2, Z, = 4, Z3 = 6, Z4 = 8. Top left: Visualization of Y;; versus
covariate levels Z;, along with the underlying true densities. Top right: Empirical quantile functions corresponding to the empirical measures

o~

v, = (1/N;) Z?’;l dy,- Bottom left: Predicted quantile functions obtained with global REM for predictor levels z = 3 and z = 5. Bottom

right: Densities corresponding to smoothed versions of the predicted quantile functions.

as a distributional object. This is however usually unrealistic in
practice as one rarely observes data samples where the atoms
of the samples are entire distributions. Instead, one usually has
samples of independent data {Y; j}lj.v;] that are generated by the
distribution v; for each i; see Figure 1 in Section S.1 for a demon-
stration. To address this, current approaches for virtually all dis-
tributional data analysis methods include a prior distribution
estimation step where one substitutes a smooth estimate for
the unobservable distribution. Commonly this is done through
a density estimate such as a kernel estimate or smoothed his-
togram that is obtained from data {Y,»j}lj\’;l (Bigot et al., 2018;
Niles-Weed and Berthet, 2022; Panaretos and Zemel, 2016; Pe-
tersen and Miiller, 2019) or a smooth quantile function ob-
tained by smoothing the empirical quantile function (Gajardo
and Miiller, 2021; Petersen et al., 2021).

In the current literature, the preliminary smoothing step re-
lies on the assumption that the random distribution is abso-
lutely continuous with respect to the Lebesgue measure and
thus possesses a density (Niles-Weed and Berthet, 2022; Pe-
tersen et al, 2021). To achieve a reasonable rate of conver-
gence, the corresponding random density is assumed to fol-
low certain smoothness or regularity conditions (Niles-Weed
and Berthet, 2022). The minimum number of observations
min; <;<, N;, where # is the number of response distributions, is
required to increase to infinity at a fast rate, typically faster than
n (Chen and Miiller, 2023; Chen et al., 2023a). This entails the
convergence of the density estimation step at a rate that is faster
than that of the subsequent Fréchet regression or other opera-
tion so that the preliminary estimation step can be ignored in
the overall asymptotic analysis. However, the assumption of a
fast increase in the number of observations made for each of the
distributions across the board is often unrealistic and the need
to choose a tuning parameter for each distribution is another
downside.

This state of affairs motivates the approach proposed in this
paper, namely to use empirical measures v; = (1/N;) Z?]’:l Sy,
where N; > 1 and dy, denotes the Dirac measure at Yj;, ie, us-
ing the observations made for each random distribution directly,
rather than first forming density estimates or other distributional
estimates when conducting Fréchet regression. Instead of requir-
ing all N; to diverge to infinity, we consider N; as a random vari-
able where E(N; ') — 0asn — 00. Such a distributional con-
dition on Nj enables us to obtain a consistent density estimate
for distributions for which one has only very few observations,
where the number of observations may not even increase with
n. This becomes possible by harnessing the data across all distri-
butions and exploiting the assumed smooth dependency of the
response distributions on the predictors.

The proposed regression model, implemented through least
common multiples and supported with asymptotic theory,
avoids smoothing bias and tuning parameter choice in the pre-
smoothing step and hence is more broadly applicable in prac-
tice, especially when the available sample size for each distribu-
tion greatly varies (Qiu et al., 2024). A typical example is pro-
vided by multi-cohort studies (O’Connor et al., 2022 ), where the
availability and cost of observations highly varies across cohorts
(Bonevski et al., 2014). We illustrate such a scenario with Envi-
ronmental influences on Child Health Outcomes (ECHO) data
(Knapp etal., 2023), where the dependence of body mass index
(BMI) distributions for children across cohorts on demographic
covariates is of interest.

The proposed approach offers several key innovations and
strengths. First, it demonstrates that the universally employed
pre-smoothing step is superfluous for distribution-response
Fréchet regression; omitting this step avoids initial smoothing
bias and tuning parameter selection. This makes the proposed
approach computationally more feasible, especially consider-
ing the time-consuming nature of automatically selecting the
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bandwidth for density estimation in a data-driven manner for
each individual measure. Second, the proposed method does
not require the random measure to be absolutely continuous,
nor does it necessitate any smoothness or regularity conditions
on the corresponding random density, if it exists. Third, the
method achieves consistent density estimates even for distribu-
tions with sparse numbers of observations by leveraging infor-
mation across the sample. This includes achieving correspond-
ing pointwise and uniform rates of convergence. Fourth, empiri-
cal results demonstrate that the proposed regression model out-
performs existing smoothing approaches in finite sample situ-
ations. In the following, we refer to the proposed approach as
Regression with Empirical Measures (REM) and discuss both
global and local versions.

The rest of the paper is organized as follows. In Section 2, we
introduce some basic background and notation for the Wasser-
stein space of distributions. The proposed REM approach pro-
vides a regression model for empirical measure responses and
vector covariates and is introduced in Section 3. Pointwise and
uniform rates of convergence for the estimators are established
in Section 4. Computational details and simulation results are
presented in Section S. The proposed framework is illustrated
in Section 6 using publicly available data on child development
from the ECHO study, followed by a brief discussion. Detailed
theoretical proofs are in the Supplementary Materials.

2 PRELIMINARIES

For a closed interval €2 with Borel o -algebra 3(2), we denote
the set of probability measures, also referred to as measures or
distributions,  with domain €2 as P(£2) and define the space
of measures with finite second moments as

Wz{uePGDiéﬁmw)<w}

For any measure € VW with cumulative distribution func-
tion F,, we consider the quantile function F - ! to be the left
continuous inverse of F,, ie, F, ' (a) = inf{x € Q: F,(x) >
a}, for @ € (0, 1). The space W is a metric space with the 2-
Wasserstein, or simply Wasserstein, distance between two mea-
sures (L1, Ly € VV defined as

Sylu) = _nt [ (),
mell(urm2) JoxQ
where IT(41, iy) is the set of joint measures on € x Q with
marginals /¢; and 1, (Kantorovich, 1942). It is well known (Vil-
lani, 2003) that the Wasserstein distance can be expressed as the
L?* distance between the corresponding quantile functions,

& (1, p1z) = / (E'(0) — B (@)Pda. (1)
0

It can be shown that V¥ endowed with d)y is a complete and
separable metric space, the Wasserstein space (Panaretos and
Zemel, 2020; Villani, 2003).

Consider a random element v taking values in the Wasser-
stein space VWV, assumed to be square integrable in the sense
that E{d? (v u)} < ooforall u € W. The Fréchet mean of v
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(Fréchet, 1948), extending the usual notion of mean, is

vg = argmin E{d},, (v, 1)},
new
which is well-defined and unique as the Wasserstein space W
is a Hadamard space (Kloeckner, 2010). It follows from (1)
that the quantile function of the Fréchet mean vg is FV;I ()=
E{F,"'(-)}. In the following, the notation w refers to fixed mea-
sures in WV, v to random measures, a << bmeans that there exists
apositive constant C such thata < Cband a < bthata < band
b < a. The Euclidean norm in R” is denoted by || - ||g.

3 WASSERSTEIN REM

Let (Z, v) be a random pair with joint distribution F on the
product space R? x WW. Denote the mean and variance of Z by
0 = E(Z) and ¥ = Var(Z), with X positive definite. To model
the regression relation between random measure v and vector
covariates Z, we adopt the framework of Fréchet regression, a
version of conditional Fréchet means designed for the regres-
sion of metric-space-valued responses on Euclidean predictors
(Chen and Miiller, 2022; Petersen and Miiller, 2019). Fréchet re-
gression targets the conditional Fréchet mean of v given Z = z,

m(z) = argmin E{d}), (v, n)|Z = z}.
new

A brief description of Fréchet regression is as follows; for
more details see Petersen and Miiller (2019). Suppose that
{(Z:, vi)}, are n independent realizations of (Z, v) with

ZZ,, f:—Z(z 2z - 7).

Global Fréchet regression can be considered as a generaliza-
tion of classical multiple linear regression for real-valued re-
sponses and targets

mg(z) = argmin E{sq(z)dy, (v, 1)}, (2)
new

with weight function sg(z) =14 (Z—6)"E7'(z—6) and

empirical version

Fic(z) = arg min - Z @y, ()

HEW i=1

for a sample {(Z;,v;)},, where sig(z) =1+ (Zi —
2SNz —2).

Analogously, local Fréchet regression extends local linear re-
gression to metric-space-valued responses. For the special case

of a scalar predictor Z € Rit targets

() = agminE(sy (2, &, (v, )}, (4)
new

where  s.(z, h) = Ky(Z — 2){uy — w1 (Z — 2)}/o5, uj=
E{Ky(Z —z)(Z—2)} for j =0, 1,2, 0§ = uoup — ul, and
Ky (+) = h™'K(-/h) with K(-) a continuous symmetric prob-
ability density function on [—1, 1] and h a bandwidth. The
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empirical version is

n

my, ;(z) = argmin ! Z si(z, h)dyy, (v, @), (5)
pew 15D
where SiL(Z7 h) = I<h(Zi - Z){?IZ _a(zl - Z)}/EOZ,
wj=n"'Y" Ki(Z —2)(Zi—z)) for j=0,1,2 and
5% =y = 4.

In previous work on Fréchet regression (Petersen and Miiller,
2019), response distributions in the Wasserstein space YV served
as one of the key examples but it has been typically assumed
that the measures are fully observed while at the same time they
may be randomly perturbed in analogy to usual additive noise
models (Chen and Miiller, 2022). However, none of this ap-
plies in the more realistic situation where one has data {Y; j}?r’zl
that are generated from each distribution v;. The stopgap solu-
tion applied previouslyis a preprocessing density estimation step
(Panaretos and Zemel, 2016; Petersen and Miiller, 2016), where
it is assumed that the number of data available for all measures
increases at a faster rate than the available number of observa-
tion points (Z;, v;) in order to preserve asymptotic convergence
rates.

However, the intermediate kernel density estimates will be bi-
ased and inconsistent if some of the measures generate only very
few observations, which then renders this approach infeasible.
This provides the motivation to replace the unobservable mea-
sures V; with the empirical measure ; = (1/N;) lei 1 Sy, cir-
cumventing the pre-smoothing step and hence eliminating the
corresponding tuning parameter selection and smoothing bias.
Using empirical measures ; in lieu of the unobservable measures
V; as responses, the approaches proposed here are global and lo-
cal REM, replacing (3) and (S) by

mg(z) = argminuEW % Z?:1 siG(z)df/V(T)\,», w), (6)

v ). (7)
The computation of the minimizersin (6) and (7) is not straight-
forward, as some of the weights in these minimization problems
are inherently negative. We show in Section 5.1 that adopting
least common multiples leads to a simple and efficient algorithm.

mpy(z) = argminﬂEW % ZLI si(z, h)d)z,v

4 ASYMPTOTIC PROPERTIES

We establish pointwise and uniform rates of convergence un-
der the framework of M-estimation. To establish rates of conver-
gence for estimates (6) and (7), we require the following condi-
tion.

(C1) The numbers of observations Nj, N,, ..., N, are ii.d.
random variables with distribution N supported on
{1,2,...},where E(N"!) — 0asn — oo.

Since measures v; are discretely observed, rates of convergence
will be affected by the rate at which the sample size N; increases
to infinity. Instead of strictly requiring all sample sizes N; to di-
verge to infinity, Condition (C1) imposes a distributional con-
dition. Commonly used discrete distributions, such as the neg-

ative binomial distribution and the Poisson distribution, can be
employed to satisfy (C1). In cases where sample sizes are highly
heterogeneous, it may be appropriate to consider N = U + 1
where U follows a negative binomial distribution with a low suc-
cess probability. Otherwise, a Poisson distribution may be ade-
quate (Fournier and Guillin, 2015). For a more detailed discus-
sion, see Web Appendix A. This setup reflects heterogeneity in
sample sizes by allowing some N; to be very small for certain dis-
tributions.

The following result formalizes the consistency of the pro-
posed global REM estimates and provides rates of convergence.

Theorem 1 Under Condition (C1), for a fixed z € R?, the global
REM estimate defined in (6) satisfies

dwiig(2), me(2)} = 0, ("2 + (E(N"1/)}'%).
Furthermore, for a given constant B it holds that for any € > 0,

sup dwiimc(z), mg(z)) = 0, (n~ /R0

llzlle<B

HENTV2)}2),

All proofs are provided in Web Appendix B. The first term
originates from regression with fully observed measures, while
the second term, {E(N~1/2)}1/2, represents a stability bound of
the difference between 1 (z) and mg(z) resulting from the re-
placement of v; by V;. A comparable stability bound has been
discussed in the context of barycenters in the Wasserstein space
(Bigot et al., 2018; Carlier et al., 2024). The pointwise rate of
convergence is O, (n~"/?) as long as E(N~') < n™?, which is
the same as the well-known optimal rate for multiple linear re-
gression. Similarly, we obtain the following result for local REM,
where the kernel and distributional conditions (A1)-(A4) listed
in the Appendix are standard for local linear regression.

Theorem 2 Under Condition (C1), for a fixed z € R, the local
REM estimate defined in (7) satisfies

dw{imp i (z), m(2)} = 0,(n > + {E(N"'/*)}'/?)

for h ~ n=Y/3 if Conditions (A1) and (A2) hold. Furthermore, for
a closed interval T C R,
sup dy {7z (2), m(2)} = 0p(n™ " CH) 4 (E(N/2))12)
zeT
for h ~ n=1(6+2) and any ¢ > 0 if Conditions (A3) and (A4)
hold.

Aslongas E(N7!) < n~%5 the local REM estimate achieves
the pointwise rate O,,( n~%/%), corresponding to the well-known
optimal rate for standard local linear regression.

Remark 1 The second term in the rates of convergence provided in
Theorems 1 and 2, {E(N~Y2)}!/2, corresponds to the rate of con-
vergence of the empirical measure in Wasserstein distance. The ex-
ponent —1/2 at N in the above results can be shown to be opti-
mal without further assumptions on the random measure v (Bobkov
and Ledoux, 2019, Theorem 7.9). However, it can be improved from
—1/2 to to =1 if v is assumed to be absolutely continuous with re-
spect to the Lebesgue measure and the corresponding random density
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is uniformly bounded below by a positive constant (Bigot et al.,, 2018;
Bobkov and Ledoux, 2019). The pointwise rates of convergence for
both global and local REM are thus optimal.

S IMPLEMENTATION AND SIMULATIONS

5.1 Implementation details

To implement the proposed methods, one needs to solve min-
imization problems (6) and (7). By standard properties of the
L2(0, 1) inner product, (6) and (7) can be simplified to

mg(z) = argmin diz{gc(z), Fu_l}
4%

n

Bo(z) =n"" ZSiG(z)FﬁTI; (8)

my p(z) = arg min diz{gL,h(Z), F;Il}
new

n

"B\L,h(z) = n_l ZSiL(Z, h)FE_I,

i=1

where dp2(-, ) denotes the L* distance; see the proof of
Theorem 1 for details. The minimizers mg(z) and my ;(z),
viewed as projections onto W, exist and are unique for
any z by convexity and closedness of VV. Similar projec-
tions for distributional regression have also been discussed
by Chen et al. (2023a) and Pegoraro and Beraha (2022).
To tackle the challenge of substantial variation in the num-
ber of jumps for empirical quantile functions FAI due to
varying sample sizes N;, we propose an algorlthm based
on the least common multiple, which allows us to com-
pute BG (z) and BL n(z) as straightforward weighted averages.
The algorithm for global REM is outlined in Algorithm 1.
The only difference for local REM is the substitution of the
weight function s;; (z, h) for sic(2).

Algorithm 1: Global Regression with Empirical Measures

Input: data {(Z;, {Y; j}i‘\il )}, and a new predictor level z.
Output: prediction mg(z).

1 M <— the least common multlple of (N;}L_};

2 V), «—foreachi=1,...,n,stretch (Y1, ..., Yn,)"
to a vector of length M, V; = (‘/1‘1, ..., Vau)", by repeating
each element % times and then arranging in ascending
order;

35ic(2) «<— 1+ (Z — Z)"S " (z — Z) where
Z=n'Y" 7 and T = n~! Y (Zi—2Z2)(Zi—2Z)
are the sample mean and variance of {Z;}_ |, respectively;

= Vi, .o, V)" «—n ' Y0 sic(2)V;, the
element—wise weighted average of (Vi1 ;

s mg(z) <— argmmﬂevv T (B (z), F1), where
Bi(z) =Y,V

ong € [0, 1].

Vinlge(nt myisastep function defined
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In the first step of Algorithm 1, one needs to calculate
= lem({N;}/_, ), the least common multiple of the ensem-
ble {N;}/_,. To control the size of lem({N;}/_, ) especially when
n is large and N; greatly varies, we incorporate a pre-specified
constant My and set M = min{lem({N;}_, ), Mo}. In our ap-
plications, My = S, 000 has proven to be adequate. In the sec-
ond step, if M is not divisible by N;, we rephcate each observa-
tion L - | times and randomly select M — N; L J observations
from the N; available observations to construct the vector V',
where |4 N, ] denotes the greatest integer less than or equal to

I\M,’. The term §2 (2) in the fifth step is a numerical approxima-

tion of B;(z) as defined in (8). This approximation becomes
exact when M is divisible by N; for all i. The fifth step of Al-

orithm 1 involves solving a minimization problem to project
B¢ (z) onto W. Employing a Riemann sum approximation of the
L? distance leads to the following convex quadratic optimization
problem,

M
minimize Z(qm — \7,,,)2
m=1
91 = =
9j € &2,

= gm-1 = qm> 9)
j=1,...,M.

subject to

The solution g* represents a discretized version of the predicted
quantile function. We use the osgp package (Stellato et al,,
2020) in R to solve the optimization problem (9).

An illustrative example is in Figure 1 to demonstrate the pro-
posed approach and algorithm for the case of global REM. In
the top left panel of Figure 1, we depict large variation in sam-
ple sizes N; of the observations available for distributions v;,
where the smallest N; is N; = 1. The corresponding empirical
quantile functions are illustrated in the top right panel of Fig-
ure 1. A simple calculation shows that the global weight func-
tionissig(z) =1+ (2i —5)(z—5)/5fori = 1,2, 3, 4. The
predicted distribution at predictor level zis obtained by calculat-
ing BG (z) in (8), a weighted average of empirical quantile func-
tions, utilizing weights s, (), followed by a projection onto W.
The weighted average is implemented using Algorithm 1. The
predicted distribution m¢(z) obtained in Algorithm 1 is repre-
sented as an empirical quantile function, which can subsequently
be converted into a density function for improved visualization.
We adopted the gf2pdf function in the frechet package
(Chen et al., 2023b) to construct densities from quantile func-
tions throughout; there are also alternative options (Niles-Weed
and Berthet, 2022).

The bottom two panels of Figure 1 illustrate the predicted dis-
tributions using global REM for predictor levelsz = 3 and z =
5.Forz = Z = 5, one obtains the Wasserstein barycenter of the
four empirical measures as for this case the global weight func-
tion is constant, ie, s;g(5) = 1 for all i. Since z = 3 is close to
theleft endpoint, the estimation requires negative weights where
s46(3) = —1/5. In the presence of negative weights, BG (3) no
longer resides in VW, necessitating the additional projection step

as per (8).
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TABLE 1 Four simulation settings, where F,”! represents the quantile function of the generated random response. The distribution parameters
of the random response depend on the predictor Z as indicated for Settings I-IV. An additional transport map T, uniformly sampled from the
collection of maps T («) = o — sin(ka)/|k| fork € {—2, —1, 1, 2}, is applied to the resulting random responses in Settings I1I and IV

Type Setting
I Global model E'()=n+o0®'(:), where n|Z ~ N(no + «Z, *) and
o|Z ~ Gamma[{og + BZ} [k, i /{00 + BZ}]
I Local model E'()=n+o0®'(:), where n|Z ~ N(no + asin(7Z), t*) and
0|Z ~ Gamma[{oy + Bsin(Z)}*/«, k /{oo + B sin(7wZ)}]
111 Global model with random E'()=Tof{n+o®'(-)},where n|Z ~ N(no + @Z, t>) and
transport o|Z ~ Gamma[{oy + BZ}? /K, /{oo + BZ}]
v Local model with random E'()=To{n+o0®'(-)}, where
transport nlZ ~ N(no + asin(Z), t*) and

o|Z ~ Gamma[ {0y + Bsin(mZ)}? /., k /{og + Bsin(7Z)}]

5.2 Simulations

To assess the finite sample performance of the proposed meth-
ods, we construct a generative model that produces random re-
sponses v along with a Euclidean predictor Z € R. Consider the
true regression function m(Z), represented as a quantile func-
tion, m(Z) = E(n|Z) + E(o|Z)®~*(-), which corresponds
to a Gaussian distribution with mean and standard deviation de-
pending on Z. The distribution parameters of the true regres-
sion function m(Z) are generated conditionally on Z, where the
mean and the standard deviation are assumed to follow a nor-
mal distribution and a Gamma distribution, respectively. Four
different simulation settings are examined as summarized in
Table 1. In Settings I and II, the response is generated, on aver-
age, as a Gaussian distribution with parameters depending on Z.
Setting I corresponds to a global scenario where the response v
depends linearly on the predictor Z as E(|Z) = 1o + «Z and
E(0|Z) = 09 + BZ. In Setting 11, the nonlinear relationships
E(n|Z) = no + asin(wZ) and E(0|Z) = 0o + Bsin(Z) is
considered for the true underlying regression model.

To take non-Gaussian distributions into consideration, we ap-
ply an additional transport map to the random response in Set-
tings III and IV. Specifically, after sampling the distribution pa-
rameters as in the previous settings, the resulting distribution is
transported in Wasserstein space via a random transport map
T, uniformly sampled from the collection of maps Tj.(x) =
x — sin(kx)/|k| for k € {—2, —1, 1, 2} (Panaretos and Zemel,
2016). Such a transport map significantly complicates Settings
IIT and IV and makes the response distribution non-Gaussian.
One can show that the true regression function remains the same
after this random transportation.

We consider n = 50, 100, 200, 500, 1000, with 100 Monte
Carlo runs for each of the four simulation settings. For each 1,
the sample size N; is independently sampled from the negative
binomial distribution with parameters r = 3 and p, = 10n™'.
In each Monte Carlo run, predictors {Z;}!_, are independently
sampled from U(—1, 1). For each i, mean and standard devia-
tion of v; are generated conditionally on Z; as described in Ta-
ble1,withny = 0,00 =3, =3, 8 =0.5,7 = 0.5,andk =
1. N; random observations {Y; j}ljv;l are then independently sam-
pled from v;. For the gth Monte Carlo run for a given setting, the
quality of the estimation is quantified by the integrated squared

error (ISE) ISE, = f_ll 3, {my(z), m(z)}dz, where m(-) is the

true regression function and fn\q (z) is the fitted regression func-
tion. The bandwidths for the local REM in Settings Il and IV are
chosen as n~1/5.

We also include comparisons with previous 2-step proce-
dures (Petersen and Miiller, 2019) which involved a prior ker-
nel smoothing step to estimate densities of v; from the avail-
able discrete observations. These comparison methods are im-
plemented in the £rechet package (Chen et al, 2023b) as
GloDenReg and LocDenReg functions, where the band-
width for density estimation is automatically selected using the
data-driven bandwidth selector proposed in Sheather and Jones
(1991).

For additional context, we include regression results for the
case of fully observed measures, where it is assumed that mea-
sures V; are directly available without the need for estimation.
The ISEs for all Monte Carlo runs and different sample sizes n
under the four simulation settings using fully observed measures,
the comparison methods, and the proposed methods are sum-
marized in the boxplots in Figure 2. With increasing sample size,
ISE is seen to decrease for all simulation settings, demonstrat-
ing the convergence of the proposed methods to the target. The
analysis of distributional data is particularly challenging when
only a limited number of observations are available for some
measures, leading to higher ISE for both the proposed and com-
parison methods. However, this challenge diminishes with larger
sample sizes, especially for the proposed methods. Notably, the
proposed REM consistently outperforms the comparison meth-
ods under all simulation settings, with its advantage becoming
more pronounced as the sample size increases. The preliminary
smoothing step required for the previous approaches in the liter-
ature requires tuning parameter selection which can be difficult
and often fails when the data for some of the measures are sparse.

To further evaluate the performance of the proposed meth-
ods for discrete distributions, we conducted the same procedure
as for the Gaussian distribution, but with a discrete base distri-
bution. Specifically, we considered the true regression function
m(Z) = E(n|Z) + E(0]Z)Q(+) representing quantile func-
tions in dependence on the covariate Z. Here, Q (-) represents
the quantile function of a binomial distribution with five tri-
als and a success probability 0.5. Four simulation settings, par-
alleling those in Table 1 were examined, where we replaced the
Gaussian quantile function ®~'(-) with the binomial quantile
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FIGURE 2 Boxplots of integrated square errors (ISEs) using fully observed measures (dashed, left), presmoothed measures (Petersen and
Miiller, 2019) (longdash, middle), and the proposed REM (solid, right), for Gaussian distributions.

function Q () while keeping all other parameters the same. For
each n, the sample sizes N; were independently sampled from a
Poisson distribution with parameter A = 0.3n. The ISE for all
Monte Carlo runs and different n under the four simulation set-
tings using fully observed measures, the comparison methods,
and the proposed REM method are summarized in the boxplots
in Figure 3. Similar patterns were observed as for the Gaussian
distribution, including the convergence of the REM to the target
and their superiority over previous 2-step methods. Addition-
ally, in the case of discrete distributions where a theoretical den-
sity does not exist, the previous 2-step methods exhibited worse
convergence and more pronounced estimation errors. This find-
ing reaffirms the superiority of the proposed REM over previous
2-step methods, particularly for discrete data settings.

6 COHORT-SPECIFIC BMI DISTRIBUTION
FOR US PRESCHOOL CHILDREN

The ECHO program is an NIH-funded nationwide consortium
of multiple cohort studies across the United States designed to
investigate the effects of early life exposures on child health and
development (Gillman and Blaisdell, 2018). The ECHO pro-
gram combines existing prenatal and pediatric data collected via
cohort-specific protocols with a standardized ECHO-wide pro-
tocol that was established in 2019 (Knapp et al,, 2023). The
de-identified data on participants contributing extant and new
data can be accessed through the National Institute of Child

Health and Human Development Data and Specimen Hub; the
version we use here has been made available on August 31,2021
(Gillman, 2022). As a multi-cohort study, ECHO brings sepa-
rate cohorts together so that researchers can access information
from a large and diverse population of children followed from
the prenatal period through adolescence.

It is of interest to study the role of demographic factors in
child development, measured in terms of BMI, calculated as
weight in kilograms divided by height in meters squared. We
extracted weight and height measurements of preschool chil-
dren aged approximately 4 years for 17 cohorts from ECHO,
along with demographic information for each cohort, aiming to
shed light on how the distribution of BMI of preschool chil-
dren varies across different cohorts in relation to cohort-specific
demographic characteristics. The responses specifically are the
cohort-specific distributions of BMI for 4-year-old children in
the respective cohort. Cohort-specific covariates that reflect im-
portant demographic characteristics of each cohort include aver-
age BMI of mothers, average parental education, and proportion
of Asians.

Due to differences in the cost and accessibility of visits for dif-
ferent cohorts, there is a significant variation in sample size for
each cohort. The amount of accessible weight and height mea-
surements for each cohort varies substantially as a result; see
Table 2 for further information. Specifically, there is only one
weight and height measurement for girls in the AGAO1 cohort,
while 160 measurements are available for boys in the AAV01
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TABLE 2 Number of weight and height measurements for each cohort.

Cohort AAA01 AADO1 AAEO1 AAF01 AAJO1 AAUO1 AAVO01 AAWO02
Boys 139 70 77 35 9 10 160 12
Girls 101 70 81 15 7 8 145 8
Total 240 140 158 S0 16 18 305 20
AAX04 AAX06 ADAO1 AGAO01 AJA02 AJAO03 AKAO01 AKA02 ALAO1
83 124 8 3 44 6 7 76 134
67 110 7 1 38 14 3 71 128
150 234 15 4 82 20 10 147 262

cohort. We applied global REM to boys and girls separately. Fig-
ure 4(A) illustrates the fitted BMI densities for 2 cohorts with the
most (AAVO1) and least (AGAO1) weight and height measure-
ments, alongside the corresponding BMI measurements shown
as ticks. Despite having only one measurement for girls in the
AGAO1 cohort, the proposed regression model effectively bor-
rows information from cohorts with more measurements to con-
struct a reasonable density estimate.

For comparison, kernel density estimates are also included in
Figure 4(A); these do not account for covariate information.
With only a single observation, the kernel density estimator for
girls in the AGAO1 cohort reduces to the kernel itself, centered
at the single observation. This estimator is entirely dependent on
the chosen kernel and thus not reliable. Additionally, we imple-

mented the previously proposed 2-step procedure where in the
first step measures are smoothed (Petersen and Miiller, 2019),
with the resulting fitted densities shown as dashed curves. These
densities are overly influenced by the AGAO1 cohort and other
cohorts with few observations, leading to an undesirable second
peak in the resulting BMI distribution estimates.

To further investigate the effects of different demographic fac-
tors, predicted BMI densities at different predictor levels are
shown in Figure 4(B). Separately for each predictor, the predic-
tor level was varied from the first to the third quantile of the sam-
ple, while the other two predictors were held fixed at their me-
dian level. We observe that the average BMI of mothers is the
most influential predictor, where with increasing average BMI of
mothers, the BMI distribution for both 4-year-old boys and girls
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and presmoothed measures (Petersen and Miiller, 2019) (dashed), along with direct kernel density estimates (dotdash). The corresponding
BMI measurements are shown as ticks. (B) Predicted BMI densities of US preschool boys and girls at different predictor levels, obtained with

global REM.

flattens out and becomes less concentrated. Conversely, higher
average parental education is associated with a sharper peak and
greater concentration in the BMI distribution for both sexes,
with the distribution for boys also shifting slightly to the right.
The proportion of Asians in the population seems to have little
effect on the BMI distribution of preschool children.
Childhood obesity is continuing to rise in the US, and cur-
rently about 13.7 million children are considered to be over-
weight/obese. For the ECHO data, we can compute the proba-
bility of obesity from the BMI distribution to investigate demo-
graphic disparities in early childhood obesity. Obesity is defined
as a BMI at or above the 95th percentile for children of the same
age and sex. According to the sex-specific BMI-for-age 2000
CDC Growth Charts, the BMI threshold for a 4-year-old boy to
be obese is 17.8, while for a girl the value is 18. Based on the pre-
dicted BMI distributions (see Figure 4), we calculated the cor-
responding probabilities of obesity at different predictor levels,

with results illustrated in Figure S. The average BMI of mothers
is found to be positively correlated with the prevalence of obe-
sity among 4-year-old children, while average parental education
and proportion of Asians are negatively associated with obesity.
None of these associations establishes a causal effect, but these
findings are in agreement with the current literature on obesity,
where parental overweight and low socioeconomic status were
found to be strong risk factors of obesity in children (Danielzik
et al, 2004; Vazquez and Cubbin, 2020), while obesity is less
common in Asian children (Anderson and Whitaker, 2009).

7 DISCUSSION

REM as proposed in this article emerges as a flexible and
robust regression model for analyzing discretely observed
distributions with heterogeneous numbers of observations.
The use of empirical measures circumvents the preliminary
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smoothing step adopted in the existing literature, thereby avoid-
ing unnecessary smoothing bias. The proposed REM regres-
sion model is supported by theoretical justifications, includ-
ing both pointwise and uniform convergence rates. The point-
wise rates are optimal for both global and local versions, corre-
sponding to known optimal rates for Euclidean responses. Ad-
ditionally, the distributional condition (C1) can be utilized in
other distributional data analysis contexts, broadening the ap-
plicability of the corresponding theory for real data examples.
Both numerical simulations and real data applications demon-
strate the effectiveness and utility of the proposed regression
model.

Quantile regression (Koenker and Bassett, 1978), a long-
standing research area in statistics, aims to model conditional
quantiles of response variables. Traditional quantile regression
typically deals with pairs (Z;, Y;), where Y; is a scalar or vec-
tor response. In contrast, the proposed distributional regres-
sion model considers the response to be the whole distribution,
which is often not fully observed. This leads to data in the form
(Zi, v j }1}.\];1 ), where [Y; j }1]_\7; | are discrete observations of the tar-
get unobservable measure v;. The proposed REM approach is
thus not related to quantile regression.

For the univariate distributions considered here, the 2-
Wasserstein distance between two probability measures corre-
sponds to the L* distance between their corresponding quan-
tile functions. The resulting shape-preserving property makes
the Wasserstein distance an attractive choice for modeling
univariate distributions. Fréchet Regression for univariate dis-
tributions using the Wasserstein distance inherits these mer-
its if the distributions are fully observed. In practice, how-
ever, one typically only has samples of independent data
from each distribution. While previously proposed 2-step
methods first obtain density estimates from discrete obser-
vations, we demonstrate that using empirical measures pro-
vides a more direct and preferable approach, especially when
the number of observations available per measure fluctu-
ates widely. The proposed REM method eliminates the need
for density estimation, reduces computational complexity and
avoids tuning parameter selection and other undesirable fea-
tures.

SUPPLEMENTARY MATERIALS

Supplementary material is available at Biometrics online.

Web Appendices A and B referenced in Section 4 are avail-
able with this paper at the Biometrics website on Oxford Aca-
demic. R code implementing the proposed regression model
is also available at the Biometrics website on Oxford Aca-
demic and at https://github.com/yidongzhou/Wasserstein-re
gression-with-empirical-measures.
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APPENDIX A:

Al Conditions for Theorem 1 and Theorem 2

In the following, f7(-) and fz, (-, 1) stand for the marginal
density of Z and the conditional density of Z given v = pu, re-
spectively, and 7 is a closed interval in R with interior 7.

(A1) The kernel K(-) is a probability density function,
symmetric around zero. Furthermore, defining Kj; =
f[R K*(u)u/du, |Ky4| and | K| are both finite.

(A2) fz(-) and fz,(-, ) both exist and are twice con-
tinuously differentiable, the latter for all u € W, and
sup, , [(3% fz1,/32%) (2, 1)| < co. Additionally, for any
opensetU C W, fU dF,z(z, |t) is continuous as a func-
tion of z.

(A3) The kernel K(-) is a probability density function, symmet-
ric around zero, and uniformly continuous on R. Further-
more, defining Kj. = f[R K(u)/ukdu for j, ke N, |Ky4l
and |Ks¢| are both finite. The derivative K’ exists and is
bounded on the support of K, ie, SUPK (x)=0 IK'(x)] < o0;
additionally, [, x*|K' (x)|(|xlog |x||)*/*dx < oco.

(A4) fz(-) and fz,(-, ) both exist and are contin-
uous on 7 and twice continuously differentiable
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on 7° the latter for all p € W. The marginal
density fz(-) is bounded away from zero on 7T,
inf,e7 fz(z) > 0. The second-order derivative f”
is bounded, sup, . |f"z(z)| < co. The second-order
partial derivatives (02 fz,/0z*)(-, 1) are uniformly
bounded, sup 7o uew | (9% f210/32%) (2, )| < o0.

Additionally, for any open set U C W, [, dE,z(z, 1) is
continuous as a function of z; foranyz € T, M(, z) =
E{d;,,(v, n)|Z = z} is equicontinuous, e,

lim sup sup |M(u, x) — M(p, z)| = 0.
x—>z  uew
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