
Biometrics , 2024, 80(4), ujae127 
https://do i.org/10.1093/b iomtc/ujae127 
Biome tric Me thodology 

Was s e rs tein r egr ession with empirical measur es a nd de nsity 

est imat ion for sparse data 

Yidong Zhou and Hans-Georg Müller * 
Depa rtme n t of Stat ist ics, University of Cali for nia, Davis, CA 95616, United St ate s 

* Corresponding author: Hans-Georg Müller, Department of Stat ist ics, University of Cali for nia, Davis, CA 95616, USA ( hgm uelle r@ucdavis.edu ). 

ABSTRACT  

The pro b lem of mode ling the re l ation ship be tw e e n univa riate dis tributions a nd one or more exp l anatory v ari ab les l a tely has found incr easing 
in te res t. Exis ting a pproaches proc e e d by s ubst itut ing proxy estim ate d distributions for the typically unknown response distributions. These 
e stimate s are obt ained from av ail ab le d ata but are pro b le matic whe n for some of the distributions only fe w dat a are av ail ab le. Such situation s 
are common in practice and cannot be addres s ed with curre n tly av ail ab le approache s, e speci ally when one aim s at den sity e stimate s. We show 

how this and other pro b lem s as s oci ated with density est imat ion such as tuning pa ra mete r selection a nd bi as is sues ca n be side-s tepped whe n 
cov ari a tes ar e av ail ab le. We als o introduc e a nov el v er sion of d istribution- re spon s e regres sion that is based on empirical measures. By avoiding the 
pr epr ocessing step of re c ov ering c omp le te individual respon s e distribution s, the propos ed a pproach is a pp licab le when the s amp le size av ail ab le 
for each distribution varies and especially when it is small for some of the distributions but large for others. In this case, one can sti l l obtain 
consis te n t dis tribution es tim ates ev e n for dis tribution s with only few d ata b y gaining s tre n gth a cross the e n tire sa mple of distributions, while 
tra ditional approa ches whe re dis tributions or de nsities a re es tim ate d individual ly fai l, since spars ely s amp led den sities cannot be consistently 
estim ate d. The propose d model is de mons trat ed t o out perform exi stin g approa che s throu gh simul ation s a nd Environme n tal Influe nces on Child 
Health Outcomes data. 

KEYWORDS: distributional data an alysis; Fréchet mean; multi-c ohort study; optim al tran sport; s amp le of distribution s; Was s er stein d istance. 
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1 INTRODUCTION 

ata consisting of samples of univaria te pr obabil ity d istribu-
ions ar e incr easingly pr evale n t acros s v arious res ear ch ar eas.
a ta tha t con tain dis tribution s as a basic unit of o bs erv ation
 re e ncoun te red in the analysis of mortality (Chen et al., 2023a ;
hodrati and Panaretos, 2022 ), population p yra mids (B i got
t al., 2017 ; Hron et al., 2016 ), brain c onne ctivity (Pe ters en and
üller, 2016 ), and financi al re turn s ( Zhang e t al., 2022 ; Zh u a nd
ülle r, 2023 ), a mong ma ny othe r a pp lication s . This h as le d to

he e me rging field of distributional data a nalysis (Pete rse n et al.,
022 ). Distributions, r epr ese n ted as probability density func-
ion s, cumul ative distribution functions or qua n tile functions,
ome with inhe re n t cons train ts that are not prese n t in traditional
unctional data. The space where distributions are situated is not
 v e ctor spac e, a nd linea r methods dev elope d for function al data
annot be d irectly appl ie d. Various approaches h av e be en pro-
os ed to addres s this challen ge, includin g glo bal tran sformation s
f univ ari ate distribution s t o a H ilbert space (Hron et al., 2016 ;
e ters en and Müller, 2016 ), which how ev er do not take the ge-
metry of the space of distributions into ac c ount and are not iso-
etric. 
Mor e r e c e n tly, a t te n tion h as focuse d on dire ctly modeling dis-
ributions as ele me n ts of the Was s e rs tein space, a geodesic met-
ic space r ela t ed t o optimal tra nsport (Pa na retos a nd Ze mel,
020 ; Vi l l ani, 2003 ). The ps eudo-Rie ma nnia n s tructure of this
e c eiv e d: May 4, 2024; Revised: August 18, 2024; Accepted: October 11, 2024 
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ourn als .permis sion s@oup.com 
pace can be used to construct isometric expone n tial ma ps from
he space to ta nge n t bundles, whe re linea r ope rations ca n be
eplo yed (B i got et al., 2017 ; Che n et al., 2023a ); how ev er the
nvers e lo g map is not defined on the e n tire ta nge n t space,
hich cause s subst antial d iffic ulties and r equir es a n ad -hoc con-
 train t or projection step (Fletche r, 2013 ; Pegora ro a nd Be raha,
022 ). 
A c ommonly enc ountere d pro b lem is to model the relation-
hip betw e e n dis tributions a nd one or more exp l anatory v a ri -
ble s. Distribution- re sponse r egr ession pr oble ms a rise in many
ode rn data a nalysis s e ttings. Examp le s include ne uroimaging,
he re va rying pa t terns of brain c onne ct ivity distribut ion s acros s
ge and other clinical cov ari a tes ar e of interest (Pe ters en and
üller, 2016 ), me tabo lomics, where the aim is to model the
epe nde nce of a me tabo l ite d istribution on birth wei gh t ( Tal -
ká et al., 2018 ), and also mortality where one is int erest ed
n the depe nde nce of ag e-at-de ath distributions on e c onomic
nd icator s (Peter s en e t al., 2022 ). Using the Was s e rs tein met-
 ic, distr ibution- re spon s e regres sion can be implemented as a
peci al cas e of Fréche t r egr es sion (Pe ters en and Müller, 2019 ),
hich models the r ela tionship betw e e n ra ndom o bj e cts th at lie
n a ge ne r ic metr ic space as re sponse s and scalar or v e ctor c ova ri -
tes as pred ictor s. 
In line with all local and global transformation methods,
réchet re gression re quires th at each distribution is o bs erv e d
 rn ation al Biometric Society. All ri gh ts rese rv e d. For permis sion s, p leas e e-mail: 
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FIGURE 1 Illustrating global REM, where N i observations { Y i j } N i j=1 are sampled from distributions νi = N(0 , Z 
2 
i ) for i = 1 , 2 , 3 , 4 , with 

s amp le sizes N 1 = 1 , N 2 = 2 , N 3 = 5 , N 4 = 10 and s cal ar cov ari ates Z 1 = 2 , Z 2 = 4 , Z 3 = 6 , Z 4 = 8 . Top left: Visualization of Y i j versus 
cov ari ate levels Z i , along with the underlying true densities. Top right: Empirical quantile functions corresponding to the empirical measures ̂ νi = (1 / N i ) 

∑ N i 
j=1 δY i j . Bottom left: Pre dicte d qua n t ile funct ion s o btained with glo bal REM for pre dictor lev els z = 3 and z = 5 . Bottom 

ri gh t: De nsitie s corre sponding to s moothe d v ersions of the pre dicte d qua n t ile funct ions. 
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as a distributional o bj ect. Thi s i s how ev er us ually unrealistic in
practice as one rarely o bs erves d ata s amp les where the atoms
of the s amp les ar e entir e distribution s. In stead, one usually has
s amp le s of inde pendent dat a { Y i j } N i j=1 tha t ar e ge ne rated b y the
distribution νi for each i ; see Figure 1 in Section 5.1 for a demon-
stra tion. To addr ess this, curre n t a pproaches for virtually all dis-
tributional data analysis methods include a prior distribution
est imat ion step where one substitutes a smooth estimate for
the uno bs erv ab le distribution . Commonly thi s i s done through
a density estim ate s uch as a kernel estimate or smoothed his-
togram that is obtained from data { Y i j } N i j=1 (B i got et al., 2018 ;
Niles-We e d and Berthe t, 2022 ; Panare tos and Zemel, 2016 ; Pe-
te rse n a nd Mülle r, 2019 ) or a smooth qua n t ile funct ion ob-
t ained by s moothing the e mpirical qua n t ile funct ion (Gaj a rdo
a nd Mülle r, 2021 ; Pete rse n et al., 2021 ). 
In the curre n t lite ra tur e, the pr e liminary s moothing ste p re-

lies on the assumption that the random distribution is abso-
lutely con tin uous with re spect to the Lebe sgue measure and
thus pos s es s es a den sity (Niles-We e d a nd Be rthet, 2022 ; Pe-
te rse n et al., 2021 ). To achieve a r easonable ra te of c onv er-
genc e, the c orresponding ra ndom de n sity is as s ume d to fol-
low certain smoothness or regularity conditions (Niles-We e d
a nd Be rthet, 2022 ). The minim um n umbe r of o bs erv ation s
min 1 ≤i ≤n N i , where n is the n umbe r of respon s e distribution s, is
r equir ed to incr ease to infinity a t a fast ra t e, typically fast er than
n (Chen and Müller, 2023 ; Chen et al., 2023a ). This entails the
c onv e rge nce of the density est imat ion step at a rate that is fas te r
th an th at of the s ubse que n t Fréchet re gression or other opera-
tion so that the preliminary est imat ion step can be ignored in
the overall asymptotic an alysis . How ev er, the ass umption of a
fast increase in the n umbe r of o bs erv ation s made for each of the
distribution s acros s the board is often unrealistic and the ne e d
to choose a tuning pa ra mete r for each distribution is a nothe r
downside. 
This state of affairs motivates the approach proposed in this 
pa pe r, na mely to use empirical measures ̂  νi = (1 /N i ) 

∑ N i 
j=1 δY i j , 

where N i ≥ 1 and δY i j denotes the Dirac measure at Y i j , ie, us- 
ing the o bs erv ation s ma de for ea ch ra ndom dis tribution directly, 
rathe r tha n firs t forming de nsity es timates or other distributional 
e stimate s when conducting Fréchet r egr es sion . In stead of requir- 
ing all N i to diverge to infinity, we consider N i as a random vari- 
able where E(N 

−1 
i ) → 0 as n → ∞ . Such a distribution al c on- 

dition on N i enables us to obtain a consis te n t de nsity es timate 
for distributions for which one has only very few o bs erv ation s, 
where the number of o bs erv ation s may not even increase with 
n . This be c omes pos sib le b y ha rnes sing the d a ta acr oss all dis tri -
butions and exploiting the ass ume d s mooth de pe nde ncy of the 
respon s e distribution s on the pred ictor s. 
The proposed regre ssion mode l, imple me n ted through least 

common multiples and s upporte d with asymptotic theory, 
avo ids smoothing b ias a nd tuning pa ra mete r choice in the pre- 
s moothing ste p and hence is more broadly app licab le in prac- 
tic e, espe cially when the available sample size for each distribu- 
tion gr ea tly v aries (Qiu e t al., 2024 ). A typical examp le is pro- 
vided b y m ulti -cohort s tudies (O’Connor et al., 2022 ), where the 
av ail ability and cost of o bs erv ation s highly v aries acros s co horts 
(Bonev sk i et al., 2014 ). We i l lustrate such a sc en ario with Envi- 
ronme n tal influe nces on Child Health Outcomes (ECHO) data 
(Knapp et al., 2023 ), where the dependence of body mass index 
(B MI) distribution s for children acros s co horts on demo grap hic 
cov ari ates is of interest. 
The proposed approach offers several key innov ation s and 

s tre ngths. Firs t, it de mons tra tes tha t the unive rsally e mplo yed 
pre-s moothing ste p is su perfluous for d istribution- re spon s e 
Fréchet re gre ssion ; omitting this step avoids initial smoothing 
bias and tuning parameter s election . This makes the proposed 
appr oach computa tionally mor e feasib le, especi ally con sider- 
ing the time-c ons uming n a tur e of automa t ically select ing the 



Biometrics , 2024, Vol. 80, No. 4 � 3 

b  

e  

n  

n  

o  

m  

t  

m  

i  

c  

p  

a  

R  

g
 

i  

s  

v  

v  

u  

i  

p  

i  

f  

t

F  

t  

d  

o

F  

t  

c
α  

W  

s

w  

m  

l  

L

I  

s  

Z
 

s  

t

(

w
i  

t  

E  

s  

a  

b

L  

p  

θ  

t  

c  

v  

s  

(  

g

A  

m  

{

 

t  

s

 

w  

e

 

f
Z

 

g  

o

 

w  

E  

K  

a  

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

etrics/article/80/4/ujae127/7876256 by U
niversity of C

alifornia, D
avis - Law

 Library user on 28 June 2025
a ndwidth for de nsity es t imat ion in a dat a -driv en m a nne r for
 ach individual me as ure. Se c ond, the propose d method does
ot r equir e the random measur e to be abs o lutely con tin uous,
or does it ne c essitate any smoothness or regularity conditions
n the corresponding ra ndom de nsity, if it exists. Third, the
ethod achieves consis te n t de nsity es tim ates ev e n for dis tribu-
ions with spa rse n umbe rs of observations b y leve ra ging infor -
a tion acr os s the s amp le. T his includes achie ving correspond-

ng pointwise and uni for m rates of c onv ergenc e. Fourth, empiri-
al results de mons trate that the proposed regre ssion mode l out-
e rforms exis tin g smoothin g approa ches in finite s amp le situ-
tion s. In the fo llowing, we refer to the proposed approach as
egression with Empirical Measures (REM) and d isc uss both
lobal and local v ersions . 
The rest of the paper is organized as follows. In Section 2 , we

ntroduce some basic background and notation for the Was s er-
tein space of distributions. The proposed REM approach pro-
ides a r egr ession model for empirical measure respon s es and
 e ctor c ov ari ates and is introduc e d in Section 3 . Pointwise and
ni for m rates of c onv e rge nce for the estimators are e st ablished
n Section 4 . Computational details a nd sim ula tion r esults ar e
rese n te d in Se ction 5 . The propose d framew ork is i l lustrated
n Section 6 using publicly available data on child developme n t
rom the EC HO study, follo w e d by a brief d isc ussion. D etaile d
heor etical pr oofs ar e in the Supplemen ta ry Mate rials . 

2 PR ELIMINAR IES  

or a closed in te rval � with Borel σ -algebra B(�) , we denote
he s e t of pro bability measures, als o referred to as measures or
istributions, μ with domain � as P(�) and define the space
f measures with finite second mome n ts as 

W = 

{
μ ∈ P(�) : 

∫ 

�

x 2 μ(dx ) < ∞ 

}
. 

or any measure μ ∈ W with c umulative d istribution func-
ion F μ, we consider the quantile function F −1 

μ to be the left
on tin uous inve rse of F μ, ie, F −1 

μ (α) = inf { x ∈ � : F μ(x ) ≥
} , for α ∈ (0 , 1) . The space W is a metric space with the 2-
as s e rs tein, or simply Was s e rs tein, dis ta nc e betw e en tw o mea-
ures μ1 , μ2 ∈ W defined as 

d 2 W 
(μ1 , μ2 ) = inf 

π∈ �(μ1 ,μ2 ) 

∫ 

�×�

| x − y | 2 dπ (x, y ) , 

here �(μ1 , μ2 ) is the s e t of j oint measures on � × � with
 argin als μ1 and μ2 (Ka n torovich, 1942 ). It is well known (Vil-

ani, 2003 ) that the Wasse rs tein dis ta nce ca n be expres s ed as the
 
2 dis ta nc e betw e en the c orresponding qua n t ile funct ions, 

d 2 W 
(μ1 , μ2 ) = 

∫ 1 

0 
{ F −1 

μ1 
(α) − F −1 

μ2 
(α) } 2 dα. (1) 

t can be shown that W endow e d with d W is a comp le te and
 eparab le me tric space, the Was s e rs tein space (Pa na retos a nd
emel, 2020 ; Vi l lani, 2003 ). 
Conside r a ra ndom ele me n t ν taking values in the Was s er-
tein spac e W , ass ume d to be squa re in tegrable in the s en s e
hat E{ d 2 (ν, μ) } < ∞ for all μ ∈ W . The Fréchet mean of ν
W 
Fréchet, 1948 ), extending the usual notion of mean, is 

ν⊕ = arg min 
μ∈W 

E{ d 2 W 
(ν, μ) } , 

hich is w ell-define d and unique as the Was s e rs tein space W
s a Hada ma rd spac e (Kloe ckner, 2010 ). It follows from ( 1 )
hat the qua n t ile funct ion of the Fréchet mean ν⊕ is F −1 

ν⊕ (·) =
{ F −1 

ν (·) } . In the following, the notation μ refers to fixed mea-
ures in W , ν to random measures, a � bmeans tha t ther e exists
 positiv e c ons ta n t C s uch th at a ≤ Cb and a � b that a � b and
 � a . The Euclidean norm in R 

p is denoted by ‖ · ‖ E . 

3 WASSERSTEIN REM 

et (Z, ν) be a random pair with joint distribution F on the
roduct space R 

p × W . Denote the mean and v ari ance of Z by
= E(Z) and 
 = Var (Z) , with 
 positive definite. To model

he r egr ession r ela tion betw e e n ra ndom measure ν a nd v e ctor
ov ari ates Z, we adopt the framework of Fréchet r egr ession, a
ersion of conditional Fréchet means designed for the r egr es-
ion of me tric-space-v alued respon s es on Euclidean predictors
Che n a nd Mülle r, 2022 ; Pete rse n a nd Mülle r, 2019 ). Fréchet re-
re ssion t argets the c ondition al Fréchet mean of ν given Z = z , 

m (z ) = arg min 
μ∈W 

E{ d 2 W 
(ν, μ) | Z = z } . 

 br ief descr iption of Fréchet re gression is as follows; for
ore de tails s ee Pe ters en and Müller ( 2019 ). Suppose that

 (Z i , νi ) } n i =1 are n independent r ealiza tions of (Z, ν) with 

Z = 

1 
n 

n ∑ 

i =1 

Z i , ̂ 
 = 

1 
n 

n ∑ 

i =1 

( Z i − Z )( Z i − Z ) T . 

Glo bal Fréche t r egr ession can be considered as a ge ne raliza-
ion of cl as sical multip le linear r egr ession for r eal-valued r e-
pon s es and targets 

m G (z ) = arg min 
μ∈W 

E{ s G ( z ) d 2 W 
( ν, μ) } , (2)

ith wei gh t function s G (z ) = 1 + (Z − θ ) T 
−1 (z − θ ) and
 mpirical ve rsion 

˜ m G (z ) = arg min 
μ∈W 

1 
n 

n ∑ 

i =1 

s iG (z ) d 2 W 
(νi , μ) , (3)

or a s amp le { (Z i , νi ) } n i =1 , where s iG (z ) = 1 + (Z i −
 ) T ̂  
−1 (z − Z ) . 
An alogously, local Fréchet re gression extends local linear re-
res sion to me tric-space-v alued respon s es . For the spe ci al cas e
f a s cal ar predictor Z ∈ R it targets 

m L,h (z ) = arg min 
μ∈W 

E{ s L (z, h ) d 2 W 
(ν, μ) } , (4)

here s L (z, h ) = K h (Z − z ) { u 2 − u 1 (Z − z ) } /σ 2 
0 , u j =

{ K h ( Z − z )( Z − z ) j } for j = 0 , 1 , 2 , σ 2 
0 = u 0 u 2 − u 2 1 , and

 h (·) = h −1 K(·/h ) with K(·) a con tin uous symmetric prob-
bilit y densit y function on [ −1 , 1] and h a bandwidth. The

https://academic.oup.com/biomtc/article-lookup/doi/10.1093/biomtc/ujae127#supplementary-data
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e mpirical ve rsion is 

˜ m L,h (z ) = arg min 
μ∈W 

1 
n 

n ∑ 

i =1 

s iL (z, h ) d 2 W 
(νi , μ) , (5)

where s iL (z, h ) = K h (Z i − z ) { ̂  u 2 −̂ u 1 (Z i − z ) } / ̂  σ 2 
0 ,

 u j = n −1 ∑ n 
i =1 K h ( Z i − z )( Z i − z ) j for j = 0 , 1 , 2 and̂ σ 2 

0 = ̂  u 0 ̂  u 2 −̂ u 2 1 . 
In previous work on Fréchet r egr es sion (Pe ters en and Müller,

2019 ), respon s e distribution s in the Was s e rs tein space W se rv e d
as one of the key examples but it has been typically assumed
th at the meas ures are fully o bs erv e d while at the same time they
may be randomly perturbed in analogy to usual additive noise
models (Che n a nd Mülle r, 2022 ). How ev er, none of this ap-
plies in the more realist ic situat ion where one has data { Y i j } N i j=1
tha t ar e genera ted fr om each distribution νi . The s topga p s o lu-
tion applied previously is a pre proce s sing den sity est imat ion step
(Pa na retos a nd Ze mel, 2016 ; Pete rse n a nd Mülle r, 2016 ), where
it is ass ume d th at the n umbe r of d ata av ail ab le for all measures
incr eases a t a fas te r rate tha n the av ail ab le n umbe r of o bs erv a-
tion points (Z i , νi ) in or der to pr eserv e asymptotic c onv e rge nce
rates. 
How ev e r, the in te rmediate ke rnel de nsity es timates wi l l be bi-

ase d and inc onsis te n t if some of the measures ge ne rate only ve ry
few o bs erv ation s, which the n re nde rs this a pproach infeasible.
This provides the mot ivat ion to rep l ace the uno bs erv ab le mea-
sures νi with the empirical measure ̂  νi = (1 / N i ) 

∑ N i 
j=1 δY i j , cir-

cumve n ting the pre-smoothing step and hence eliminating the
correspondin g tunin g pa ra mete r selection a nd smoothing bias.
Using empirical measures ̂  νi in lieu of the uno bs erv ab le measures
νi as respon s es, the appr oaches pr oposed her e ar e global and lo-
cal REM, rep l a cin g ( 3 ) and ( 5 ) by 

̂ m G (z ) = arg min μ∈W 

1 
n 

∑ n 
i =1 s iG (z ) d 

2 
W 
( ̂  νi , μ) , (6)

̂ m L,h (z ) = arg min μ∈W 

1 
n 

∑ n 
i =1 s iL (z, h ) d 

2 
W 
( ̂  νi , μ) . (7)

The computation of the minimizers in ( 6 ) and ( 7 ) is not s trai gh t-
forw ard, as s ome of the wei gh ts in these minimiza tion pr o b lem s
a re inhe re n tly ne gativ e. We show in Section 5.1 that a doptin g
least common multiples leads to a simple and efficient algorithm.

4 ASYM P  TOTIC  PROPERTIES  

We e st abli sh pointwi se and uni for m rates of c onv e rge nce un-
de r the fra me work of M-e st imat ion. To e st ablish rate s of c onv er-
gence for e stimate s ( 6 ) and ( 7 ), w e re quire the following condi-
tion. 

(C1) The n umbe rs of o bs erv ation s N 1 , N 2 , . . . , N n are i .i .d .
ra ndom va riables with dis tribution N s upporte d on
{ 1 , 2 , . . . } , where E(N 

−1 ) → 0 as n → ∞ . 

Sinc e meas ur es νi ar e discr etely observ e d, rates of c onv ergenc e
wi l l be affe cte d by the rate at which the s amp le size N i increases
t o infinity. Inst ead of str ictly requir ing all s amp le sizes N i to di-
verge to infinity, Condition (C1) imposes a distributional con-
dition . Commonly us ed dis cre te distribution s, s uch as the ne g -
ative binomial dis tribution a nd the Pois s on dis tribution, ca n be 
e mplo yed to satisfy (C1). In cases where sample sizes are highly 
he tero gene ous, it m ay be appr opria t e t o consider N = U + 1
where U follows a ne gativ e binomial distribution with a low suc- 
ces s pro bability. Otherwis e, a Pois s on distribution may be ade- 
quate (Fournie r a nd Gui l lin, 2015 ). For a more de tailed dis cus- 
sion, see Web Appendix A. This setup reflects hete roge neity in 
s amp le sizes by allowing some N i to be v ery sm all for c ertain dis- 
tributions. 
The following result formalizes the consis te ncy of the pro- 

pos ed glo bal REM e stimate s and provide s rate s of c onv e rge nce. 

T heore m 1 Un der Con dition (C1), for a fixed z ∈ R 
p , the glo b a l

REM es t ima t e define d i n ( 6 ) sa t isfies 

d W { ̂  m G ( z ) , m G ( z ) } = O p ( n −1 / 2 + { E( N 

−1 / 2 ) } 1 / 2 ) . 
Furth erm o re, fo r a given co ns t ant B it holds th a t fo r any ε > 0 , 

sup 
‖ z ‖ E ≤B 

d W { ̂  m G ( z ) , m G ( z ) } = O p (n −1 / { 2(1+ ε) } 

+ { E(N 

−1 / 2 ) } 1 / 2 ) . 

All proofs are provided in Web Appendix B . The first term 

origina tes fr om r egr es sion with fully o bs erv e d meas ures, while 
the se c ond term, { E(N 

−1 / 2 ) } 1 / 2 , r epr ese n ts a s tability bound of
the diffe re nc e betw e e n ̃  m G (z ) a nd ̂  m G (z ) r esulting fr om the r e-
p l ace me n t of νi b y ̂  νi . A compa rable s tability bound has been 
d isc ussed in the context of barycenters in the Was s erstein space 
(B i got et al., 2018 ; Ca rlie r et al., 2024 ). The pointwise rate of 
c onv e rge nce is O p (n −1 / 2 ) as long as E(N 

−1 ) � n −2 , which is 
the same as the well-known optimal rate for multiple linear re- 
gres sion . Simil arly, we o btain the fo llowing result for local REM, 
whe re the ke rnel a nd dis tribution al c onditions ( A1)-( A4) list ed 
in the Appendix are standard for local linear r egr es sion . 

T heore m 2 Un der Con dition (C1), for a fixed z ∈ R , t he lo cal
REM es t ima t e define d i n ( 7 ) sa t isfies 

d W { ̂  m L,h ( z ) , m ( z ) } = O p ( n −2 / 5 + { E( N 

−1 / 2 ) } 1 / 2 ) 
for h ∼ n −1 / 5 if Co ndit io ns ( A1) and ( A2) h old. Furth erm o re, fo r
a closed interval T ⊂ R , 

sup 
z ∈T 

d W { ̂  m L,h ( z ) , m ( z ) } = O p ( n −1 / (3+ ε) + { E( N 

−1 / 2 ) } 1 / 2 ) 

for h ∼ n −1 / (6+2 ε) a nd a ny ε > 0 if Cond itions (A3) a nd (A4) 
hold. 

As long as E(N 
−1 ) � n −8 / 5 , the local REM estimate achieves 

the pointwise rate O p (n −2 / 5 ) , corresponding to the well-known 
optimal rate for s ta nda rd local linear regres sion . 

Rem ark 1 The se co nd t erm in the ra t es of co n ver gence pro vide d i n
The o rems 1 and 2, { E(N 

−1 / 2 ) } 1 / 2 , co rrespo nds t o the ra t e of co n-
vergen ce of th e empirical m e asure i n Wassers t ein dis tan ce. Th e ex-
ponent −1 / 2 at N in the a bo ve results can be shown to be opti- 
m a l witho u t further ass umpt io ns o n the rando m meas u re ν (Bob kov
an d Ledo ux, 2019 , The o rem 7.9). How ev er, it can be i mprov e d from
−1 / 2 t o t o −1 if ν is assumed to be a bsolute ly contin uous wit h re-
s p e ct t o th e Lebesgue m easu re a nd the corres p ond ing ra ndom density

https://academic.oup.com/biomtc/article-lookup/doi/10.1093/biomtc/ujae127#supplementary-data
https://academic.oup.com/biomtc/article-lookup/doi/10.1093/biomtc/ujae127#supplementary-data
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s u n if orm l y b ou nded b e lo w by a posit ive co ns tant (Bi got et al., 2018 ;
ob kov a nd Ledoux, 2019 ). T he p o i ntwise ra t es of co n ver gence for
 o th glo b a l an d loca l REM are t h us op ti m a l. 

5 IM PLEM ENTATION  AND  SIMULATIONS  

5.1 Imple me ntatio n details 
o imple me n t the propos ed me thods, one ne e ds to s o lve min-
miza tion pr o b lem s ( 6 ) a nd ( 7 ). By s ta nda r d pr operties of the
 
2 (0 , 1) inner product, ( 6 ) and ( 7 ) can be simplified to 

̂ m G (z ) = arg min 
μ∈W 

d 2 L 2 { ̂  B G (z ) , F −1 
μ } , 

̂ B G (z ) = n −1 
n ∑ 

i =1 

s iG (z ) F −1 ̂ νi 
; (8) 

̂ m L,h (z ) = arg min 
μ∈W 

d 2 L 2 { ̂  B L,h (z ) , F −1 
μ } , 

̂ B L,h (z ) = n −1 
n ∑ 

i =1 

s iL (z, h ) F −1 ̂ νi 
, 

he re d L 2 (·, ·) de notes the L 
2 dis ta nc e; se e the proof of

heorem 1 for details. The minimizers ̂ m G (z ) and ̂ m L,h (z ) ,
iew e d as proje ctions onto W , exist and are unique for
ny z by c onv exity and clos ednes s of W . Similar projec-
ions for distributional r egr ession have also been d isc ussed
 y Che n et al. ( 2023a ) a nd Pegora ro a nd Be raha ( 2022 ).
o tackle the challenge of subs ta n ti al v ari ation in the num-
er of jumps for empirical quantile functions F −1 ̂ νi 

due to
 arying s amp le sizes N i , we propose an algorithm based
n the least common multiple, which allows us to com-
ute ̂ B G (z ) and ̂ B L,h (z ) as s trai gh tforwa rd wei gh ted ave rages.
he algorithm for global REM is outlined in Algorithm 1.
he only diffe re nc e for local REM is the s ubst itut ion of the
ei gh t function s iL (z, h ) for s iG (z ) . 

Al go rithm 1: Glo bal Regres sion with Empirical Measures 

Input: data { (Z i , { Y i j } N i j=1 ) } n i =1 , and a new predictor level z . 
O utp ut: prediction ̂  m G (z ) . 

1 M ← − the least common multiple of { N i } n i =1 ; 
2 { V i } n i =1 ← − for each i = 1 , . . . , n , stretch (Y i 1 , . . . , Y iN i ) T 

to a v e ctor of length M, V i = (V i 1 , . . . , V iM ) T , by r epea ting 
each ele me n t M 

N i 
times a nd the n a rra n gin g in ascendin g 

order; 
3 s iG (z ) ← − 1 + (Z i − Z ) T ̂  
−1 (z − Z ) where 

Z = n −1 ∑ n 
i =1 Z i and ̂  
 = n −1 ∑ n 

i =1 ( Z i − Z )( Z i − Z ) T 
are the s amp le mean and v ari ance of { Z i } n i =1 , re spective ly; 

4 V = ( V 1 , . . . , V M ) T ← − n −1 ∑ n 
i =1 s iG (z ) V i , the 

ele me n t-wise wei gh ted ave rage of { V i } n i =1 ; 
5 ̂ m G ( z ) ← − arg min μ∈W 

d 2 L 2 ( ̂  B 
∗
G ( z ) , F 

−1 
μ ) , where ̂ B 

∗
G (z ) = 

∑ M 

m =1 V m 1 q ∈ ( m −1 
M , m M ] 

is a step function defined 
on q ∈ [0 , 1] . 
In the first step of Algorithm 1, one ne e ds t o calculat e
 = lcm ({ N i } n i =1 ) , the least common multiple of the en s em-
le { N i } n i =1 . To control the size of lcm ({ N i } n i =1 ) especially when
 is large and N i gr ea tly varies, w e inc orporate a pre-spec i fied
ons ta n t M 0 a nd s e t M = min { lcm ({ N i } n i =1 ) , M 0 } . In our ap-
 lication s, M 0 = 5 , 000 has proven to be adequate. In the sec-
nd step, if M is not divisible by N i , we r eplica te each observa-
ion � M 

N i 
� times and randomly select M − N i � M 

N i 
� observations

rom the N i av ail ab le o bs erv ation s to con struct the v e ctor V i ,
he re � M 

N i 
� de notes the gr ea tes t in tege r less tha n or equal to

M 

N i 
. The term ̂

 B 
∗
G (z ) in the fifth step is a numerical approxima-

ion of ̂ B G (z ) as defined in ( 8 ). This appr oxima tion becomes
x act w hen M i s divi sible b y N i for all i . The fifth s tep of Al -
orithm 1 inv olv es s o lving a minimiza tion pr o b lem to proj ect̂ 
 
∗
G (z ) onto W . Employing a Riemann s um approxim ation of the
 
2 dis ta nce le ads to the follo wing c onv ex quadrat ic opt imizat ion
ro b lem, 

minimize 
M ∑ 

m =1 

(q m −V m ) 2 

s ubje ct to q 1 ≤ q 2 ≤ · · · ≤ q M−1 ≤ q M , (9)

q j ∈ �, j = 1 , . . . , M. 

he s o lution q ∗ r epr ese n ts a discretized version of the predicted
ua n t ile funct ion . We us e the osqp p ackage (S t ellat o et al.,
020 ) in R to s o lve the opt imizat ion pro b lem ( 9 ). 
An i l lus trative exa mple is in Fi gure 1 to de mons tra te the pr o-
osed approach and algorithm for the case of global REM. In
he top left panel of Figure 1 , we depict large variation in sam-
le sizes N i of the o bs erv ation s av ail ab le for distribution s νi ,
here the s malle st N i is N i = 1 . The corresponding empirical
ua n t ile funct ions are i l lustrat ed in the t op ri gh t pa nel of Fi g-
re 1 . A simple calculation shows that the global wei gh t func-
ion is s iG (z ) = 1 + (2 i − 5)(z − 5) / 5 for i = 1 , 2 , 3 , 4 . The
re dicte d distribution at predictor level z is obtained by calculat-
ng ̂  B G (z ) in ( 8 ), a wei gh ted ave rage of e mpirical qua n tile func-
 ions, ut iliz ing wei gh ts s iG (z ) , follow e d by a projection onto W .
he wei gh ted ave rage is imple me n ted using Algorithm 1. The
re dicte d distribution ̂  m G (z ) obtained in Algorithm 1 is r epr e-
e n ted as a n e mpirical qua n t ile funct ion, which can s ubse quently
e c onv erte d into a density function for improv e d vis ualization.
e adopted the qf2pdf function in the frechet package
Chen et al., 2023b ) to construct densities from quantile func-
ions thr oughout; ther e ar e also altern ativ e options (Niles-We e d
 nd Be rthet, 2022 ). 
The bottom two panels of Figure 1 i l lustra te the pr e dicte d dis-
ributions using global REM for predictor levels z = 3 and z =
 . For z = Z = 5 , one o btain s the Was s e rs tein ba ryce n te r of the
our empirical measures as for this case the global wei gh t func-
ion is cons ta n t, ie, s iG (5) = 1 for all i . Since z = 3 is close to
he left e ndpoin t, the es t imat ion r equir es nega tive wei gh ts whe re
 4 G (3) = −1 / 5 . In the presence of negative wei gh ts, ̂  B G (3) no
onger re side s in W , ne c e ssit atin g the a ddition al proje ction step
s per ( 8 ). 
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TABLE 1 Four simul ation s e t tings, wher e F −1 
ν r epr ese n ts the qua n t ile funct ion of the ge ne r ated r andom respon s e. The dis tribution pa ra mete rs 

of the random respon s e depend on the predictor Z as indicated for Settings I-IV. An additional transport map T , uni for mly s amp led from the 
c olle ction of maps T k (α) = α − sin (k α) / | k | for k ∈ {−2 , −1 , 1 , 2 } , is applied to the resulting random respon s es in Settings III and IV 

Type Setting 

I Global model F −1 
ν (·) = η + σ
−1 (·) , where η| Z ∼ N(η0 + αZ, τ 2 ) and 

σ | Z ∼ Gamma [ { σ0 + βZ} 2 /κ, κ/ { σ0 + βZ} ] 
II Local model F −1 

ν (·) = η + σ
−1 (·) , where η| Z ∼ N(η0 + α sin (πZ) , τ 2 ) and 
σ | Z ∼ Gamma [ { σ0 + β sin (πZ) } 2 /κ, κ/ { σ0 + β sin (πZ) } ] 

I I I Global model with random 

transport 
F −1 
ν (·) = T ◦ { η + σ
−1 (·) } , where η| Z ∼ N(η0 + αZ, τ 2 ) and 

σ | Z ∼ Gamma [ { σ0 + βZ} 2 /κ, κ/ { σ0 + βZ} ] 
IV Local model with random 

transport 
F −1 
ν (·) = T ◦ { η + σ
−1 (·) } , where 

η| Z ∼ N( η0 + α sin ( πZ) , τ 2 ) and 
σ | Z ∼ Gamma [ { σ0 + β sin (πZ) } 2 /κ, κ/ { σ0 + β sin (πZ) } ] 
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5.2 S imulat ion s 
To as s es s the finite s amp le pe rforma nce of the proposed meth-
ods, w e c ons truct a ge ne rativ e model th a t pr oduces random r e-
spon s es ν along with a Euclidean predictor Z ∈ R . Consider the
true r egr ession function m (Z) , r epr ese n ted as a qua n tile func-
tion, m (Z) = E(η| Z) + E(σ | Z)
−1 (·) , which corresponds
to a Gaus si a n dis tribution with mean and standard deviation de-
pending on Z. The distribution parameters of the true r egr es-
sion function m (Z) are generate d c ondition ally on Z, where the
mea n a nd the s ta nda r d devia tion ar e ass ume d to follow a nor-
mal dis tribution a nd a Ga mma dis tribut ion, respect ively. Four
diffe re n t sim ul ation s e ttings are examined as summarized in
Table 1 . In Settings I and II, the respon s e is ge ne rate d, on av er-
age, as a Gaus si a n dis tribution with pa ra mete rs depe nding on Z.
Set ting I corr esponds to a glo bal s c en ario where the respon s e ν
depe nds linea rly on the predictor Z as E(η| Z) = η0 + αZ and
E(σ | Z) = σ0 + βZ. In Setting II, the nonlinear r ela tionships
E(η| Z) = η0 + α sin (πZ ) and E(σ | Z ) = σ0 + β sin (πZ) is
c onsidere d for the true underlying r egr e ssion mode l. 
To take non-Gaus si a n dis tributions in to conside ration, we a p-

ply an additional transport map to the random respon s e in Se t-
t ings I I I and IV. Spec i fically, afte r sa mpl ing the d istribution pa-
ra mete rs as in the previous set tings, the r esulting distribution is
transported in Wasse rs tein space via a r andom tr ansport map
T , uni for mly s amp le d from the c olle ction of m aps T k (x ) =
x − sin (kx ) / | k| for k ∈ {−2 , −1 , 1 , 2 } (Pa na retos a nd Ze mel,
2016 ). Such a transport map significantly complicates Settings
I I I and IV and makes the respon s e distribution non-Gaus si an .
One can show that the true r egr ession function remains the same
after this random tran sportation . 
We consider n = 50 , 100 , 200 , 500 , 1000 , with 100 Monte

Carlo runs for each of the four simulation settings. For each n ,
the s amp le size N i is indepe nde n tly sa mpled from the negative
binomial distribution with parameters r = 3 and p n = 10 n −1 .
In each Monte Carlo run, pred ictor s { Z i } n i =1 are independently
s amp led from U (−1 , 1) . For e ach i , me a n a nd s ta nda rd devia-
tion of νi are generate d c ondition ally on Z i as described in Ta-
ble 1 , with η0 = 0 , σ0 = 3 , α = 3 , β = 0 . 5 , τ = 0 . 5 , and κ =
1 . N i random o bs erv ation s { Y i j } N i j=1 are then independently sam-
pled from νi . For the q th Monte Carlo run for a given s e tting, the
quality of the est imat ion is quant ified by the int egrat ed squared
error (IS E) IS E q = 

∫ 1 
−1 d 

2 
W 

{ ̂  m q ( z ) , m ( z ) } dz , where m ( ·) is the
true r egr ession function and ̂  m q (z ) is the fitted regre ssion func - 
tion . The bandwidth s for the local REM in Settings II and IV are 
chosen as n −1 / 5 . 
We also include comparis on s w ith prev ious 2-step proce- 

dures (Pe ters en and Müller, 2019 ) which inv olv e d a prior ker- 
ne l s moothing ste p to e s timate de n sities of νi from the av ail- 
ab le dis cre te o bs erv ation s. Thes e comparis on me thods are im- 
ple me n ted in the frechet package (Chen et al., 2023b ) as 
GloDenReg and LocDenReg functions, where the band- 
width for density est imat ion is automat ically selected using the 
dat a -drive n ba ndwidth s elector propos ed in Sheathe r a nd Jones 
( 1991 ). 
For addition al c ontext, w e include re gre ssion re sults for the 

case of fully observ e d meas ur es, wher e it is ass ume d th at mea-
sur es νi ar e dir ectly av ail ab le without the ne e d for estim ation. 
The ISEs for all Mon te Ca rlo runs a nd diffe re n t sa mple sizes n
under the four simulation settings using fully o bs erv e d meas ures, 
the comparis on me thods, and the propos ed me thods are sum- 
m arize d in the boxplots in Figure 2 . With increasing sample size, 
IS E is se en to de creas e for all simul ation s e ttings, demon strat- 
ing the c onv e rge nce of the proposed methods to the tar get. T he 
analysis of distributional data is pa rticula rly challe n gin g when 
only a limited n umbe r of o bs erv ation s are av ail ab le for s ome
me asures, le a din g to hi ghe r IS E for both the propose d and c om-
paris on me thods . How ev er, this ch allenge diminishes with la rge r 
s amp le size s, e speci ally for the propos ed me thods. Notab ly, the 
propose d REM c onsis te n tly outpe rforms the comparison meth- 
ods under all simulation settings, with its adva n tage be c oming 
mor e pr onounc e d as the s amp le size increas e s. The pre liminary 
s moothing ste p r equir ed for the previous approaches in the liter- 
a tur e r equir es tuning pa ra mete r selection which ca n be d iffic ult
a nd ofte n fails whe n the d ata for s ome of the measur es ar e sparse.
To further evaluate the pe rforma nce of the propos ed me th- 

od s for di s cre te distribution s, w e c onducte d the same proc e dure 
as for the Gaus si a n dis tribution, but with a dis cre te bas e dis tri -
bution. Spec i fically, we considered the true r egr ession function 
m (Z) = E(η| Z) + E(σ | Z) Q (·) r epr ese n ting qua n tile func-
tions in depe nde nce on the cov ari a te Z. Her e, Q (·) r epr ese n ts
the qua n t ile funct ion of a binomial distribut ion with five tri- 
als and a s uc c es s pro bability 0.5. Four simul ation s e ttings, par- 
alleling those in Table 1 were ex amined, w her e we r ep l aced the 
Gaus si a n qua n t ile funct ion 
−1 (·) with the binomial qua n tile 
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FIG URE 2 Boxp lots of int egrat ed square errors (ISEs) using fully o bs erv e d meas ures (dashe d, left), pre s moothe d meas ures (Pe ters en and 
Müller, 2019 ) (longdash, middle), and the proposed REM (s o lid, ri gh t), for Gaus si a n dis tributions. 
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unction Q (·) while keeping all other parameters the same. For
ach n , the s amp le sizes N i were independently s amp led from a
ois s on distribution with parameter λ = 0 . 3 n . The ISE for all
on te Ca rlo runs a nd diffe re n t n unde r the four sim ul ation s e t-

in gs usin g fully o bs erv e d meas ures, the c omparis on me thods,
nd the propos ed REM me thod are s umm arize d in the boxplots
n Fi gure 3 . Simila r pa t te rns we re o bs erv e d as for the Gaus si an
 istribution, includ ing the c onv ergenc e of the REM to the target
 nd their supe r ior ity ove r previous 2-s tep methods. Addition-
lly, in the case of discrete distributions where a theoretical den-
ity does not exist, the previous 2-step methods exhibited worse
 onv e rge nce a nd mor e pr onounc e d estim a tion err ors. This find-
ng reaffirms the super ior ity of the propose d REM ov er previous
-step methods, particularly for dis cre te d ata s e ttings. 

6 COHORT-SPECIFIC BMI  DISTRIBUTION  

FOR US  PRESCHOOL  CHILDREN 

he ECHO program is an NIH-funded na tion wide con s ortium
f multiple cohort studies across the United St ate s de signed to
nves ti gate the effects of early life exposures on child health and
evelopme n t (Gi l lma n a nd Bl ais dell, 2018 ). The ECHO pro-
ram combines existing pr ena tal and pediatric data c olle cte d via
 ohort-spe c i fic protocols with a s ta nda rdized ECHO-wide pro-
oc ol th at was e st ablished in 2019 (Knapp et al., 2023 ). The
e-ide n tified data on p articip a n ts con tributing exta n t a nd new
ata can be ac c es s ed through the Nat ional Inst itute of Child
ealth a nd Huma n D ev elopme n t Data a nd Specime n Hub; the
 ersion w e use here h as be en m ade av ail ab le on August 31, 2021
Gi l lma n, 2022 ). As a m ulti -cohort s tudy, ECHO brings se pa -
at e cohorts t ogether so tha t r esear chers can ac c ess inform ation
rom a large and d iver s e popul ation of chi ldren fol low e d from
he pr ena tal period thr ou gh adole sc enc e. 
It is of in te res t to study the role of demo grap hic factors in
hild developme n t, measured in te rm s of B MI, calcul ated as
ei gh t in kilo gram s divided by height in meters squared. We
xtracte d w ei gh t a nd hei gh t measure me n ts of pres choo l chil-
re n aged a ppro ximately 4 y ears for 17 cohorts from ECHO,
long with de mogra phic information for each cohort, aiming to
hed li gh t on how the distribution of B MI of pres choo l chil-
re n va ries across diffe re n t cohorts in relation to c ohort-spe c i fic
e mogra phic cha racte ris tics. The respon s es spec i fically are the
 ohort-spe c i fic distributions of BMI for 4-year-old children in
he respe ctiv e c o hort. Co hort-spec i fic cov ari a tes tha t r eflect im-
orta n t de mogra phic cha racte ris tics of each cohort include aver-
ge BMI of mothe rs, ave rage pa re n tal education, a nd proportion
f Asi an s. 
Due to diffe re nces in the cost and ac c essibility of visits for dif-
e re n t cohorts, the re is a si gnifica n t va riation in sa mple size for
ach cohort. The a moun t of ac c es sib le wei gh t a nd hei gh t mea-
ure me n ts for each cohort varies substantially as a res ult; se e
able 2 for further inform ation. Spe cifically, there is only one
ei gh t a nd hei gh t measure me n t for g irl s in the AGA01 cohort,
hile 160 measure me n ts a re av ail ab le for boys in the AAV01
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FIG URE 3 Boxp lots of ISE using fully o bs erv e d meas ures (dashe d, left), pre s moothe d meas ures (Pe ters en and Müller, 2019 ) (longdash, 
middle), and the proposed REM (s o lid, ri gh t), for binomial dis tributions. 

TABLE 2 Number of wei gh t a nd hei gh t measure me n ts for each cohort. 

Co h ort A A A01 AAD01 AAE01 AAF01 AAJ01 AAU01 AAV01 AAW02 

Boys 139 70 77 35 9 10 160 12 
Girls 101 70 81 15 7 8 145 8 
Total 240 140 158 50 16 18 305 20 
AAX04 AAX06 ADA01 AGA01 AJA02 AJA03 AKA01 AKA02 ALA01 
83 124 8 3 44 6 7 76 134 
67 110 7 1 38 14 3 71 128 
150 234 15 4 82 20 10 147 262 
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co hort. We app lied glo bal REM to bo ys a nd g irl s se parate ly. Fig-
ure 4 (A) i l lustrates the fitted B MI den sities for 2 cohorts with the
most (AAV01) and least (AGA01) weight and height measure-
me n ts, alongside the c orresponding BMI meas ure me n ts shown
as ticks . D espite h aving only one meas ure me n t for g irl s in the
AGA01 cohort, the proposed r egr e ssion mode l effective ly bor-
r ows informa tion fr om cohorts with mor e measur e me n ts to con-
struct a reas onab le den sity estimate. 
For compa rison, ke rnel de nsity es timates a re also included in

Figure 4 (A); these do not ac c ount for c ov ari a te informa tion.
With only a single observation, the kernel density estimator for
g irl s in the AGA01 cohort reduces to the kernel itself, ce n te red
at the single o bs erv ation . This estimator is e n tire ly de pe nde n t on
the chosen kernel and thus not reli ab le. Addition ally, w e imple-
me n ted the previously proposed 2-step proc e dure where in the 
firs t s te p measure s are s moothed (Pe ters en and Müller, 2019 ), 
with the resulting fitted densities shown as dashe d curv es . These 
de nsities a re ove rly influe nc e d by the AGA01 cohort a nd othe r 
cohorts with few observations, lea din g to an undesirable se c ond 
peak in the resulting BMI distribution e stimate s. 
To furthe r inves ti gate the effects of diffe re n t de mogra phic fac- 

tor s, pred icted B MI den sities a t differ ent pr e dictor lev els are 
shown in Figure 4 (B). Se parate ly for each predictor, the predic- 
tor level was varied from the first to the third qua n tile of the sam- 
ple, while the other tw o pre d ictor s were held fixed at their me- 
dian level. We observ e th at the av erage BMI of mothers is the 
mos t influe n tial predictor, whe re with incre asing averag e BMI of 
mother s, the BMI d istribution for both 4-year-old boys and g irl s 
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FIGURE 4 (A) Fitted densities of BMI distributions of US preschool boys and g irl s for AAV01 and AGA01 cohorts using global REM (solid) 
and pre s moothe d meas ures (Pe ters en and Müller, 2019 ) (dashed), along with direct kernel density e stimate s (dotdash). The corresponding 
BMI measure me n ts a r e shown as ticks. (B) Pr e dicte d B MI den sitie s of US pre s choo l bo ys a nd g irl s a t differ ent pr e dictor lev e ls, obt ained with 
global REM. 
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a t tens out and be c ome s le ss c onc e n trate d. Conv e rsely, hi ghe r
ve rage pa re n tal education is as s oci ate d with a sh a rpe r peak a nd
r ea ter c onc entration in the BMI distribution for both sexes,
ith the distribution for boys also shifting slightly to the right.
he proportion of Asi an s in the population s eem s to have little
ffect on the BMI distribution of preschool children. 
Chi ld hood obesity is con tin uing to rise in the US, and cur-
e n tly about 13.7 mi l lion chi ldre n a re conside red to be over-
ei gh t/o bes e. For the ECHO data, we can compute the proba-
ility of obesity from the BMI distribution to investigate demo-
ra phic dispa rities in ea rly chi ld hood obe sity. Obe sity is defined
s a BMI at or above the 95th pe rce n ti le for chi ldren of the same
ge and sex. Ac c ording to the sex-spe c i fic BMI-for -a ge 2000
 DC Gro wth Charts, the B MI thresho ld for a 4-yea r-old bo y to
e o bes e is 17.8, while for a g irl the value i s 18. Based on the pre-
 icted BMI d istributions (see Figure 4 ), we calculated the cor-
 esponding pr obabilities of obesity at diffe re n t predictor levels,
ith results i l lus trated in Fi gure 5 . The average BMI of mothers
s found to be positiv ely c orr ela ted with the prevalence of obe-
ity a mong 4-yea r-old childre n, while ave rage pa re n tal education
nd proportion of Asi an s are ne gativ ely as s oci ated with obesity.
one of these associations e st ablishe s a causal effect, but these
ndings are in agree me n t with the curre n t lite rature on obesity,
he re pa re n tal ove rwei gh t a nd low socioe c onomic status w ere
ound to be strong risk factors of obesity in children (Danielzik
t al., 2004 ; Vazquez and Cubbin, 2020 ), while obesity is less
ommon in Asian children (Anderson and Whitaker, 2009 ). 

7 DIS  CUSS  ION 

EM as proposed in this a rticle e me rges as a flexible and
 obust r egr e ssion mode l for analyzing dis cre tely o bs erv e d
istribution s with he tero geneous numbers of o bs erv ation s.
he use of empirical measures circumve n ts the prelimina ry
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FIG URE 5 Prev alence of o be sity for US pre s choo l bo ys a nd g irl s a t differ ent pr e dictor lev els . 
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s moothing ste p a dopted in the existin g litera tur e, ther eby avoid-
ing unne c es s ary smoothing bi as. The propos e d REM re gres-
sion model is s upporte d by the oret ical just ificat ions, includ-
ing both poin twise a nd uni for m c onv e rge nc e rates . The point-
wise ra tes ar e optimal for both global and local v ersions, c orre-
sponding to known optimal rates for Euclidean respon s es. Ad-
d itionally, the d istribution al c ondition (C1) can be utilized in
othe r dis tributional data a n alysis c on texts, broade ning the ap-
pl icabil ity of the c orresponding the ory for real data examples.
Both n ume rical sim ul ation s and real d ata app lication s demon-
strate the effe ctiv eness and utility of the proposed regression
model. 
Qua n tile r egr ession (Koe nke r a nd Bas s e tt, 1978 ), a long-

s ta nding resea rch a rea in s tatis tics, aims to model c ondition al
qua n tiles of respon s e v ari ab les . Tradition al qua n tile r egr ession
typically deals with pairs (Z i , Y i ) , where Y i is a s cal ar or v e c-
tor respon s e. In con tras t, the proposed dis tributional r egr es-
sion model considers the respon s e to be the whole distribution,
which is often not fully o bs erv e d. Thi s lead s to data in the form
(Z i , { Y i j } N i j=1 ) , where { Y i j } N i j=1 ar e discr ete observa tions of the tar-
ge t uno bs erv ab le measur e νi . The pr oposed REM appr oach is
thus not r ela t ed t o qua n tile r egr es sion . 
For the univ ari ate distribution s con side red he re, the 2-

Was s e rs tein dis ta nc e betw e en tw o probability meas ures c orre-
sponds to the L 

2 dis ta nc e betw e en their c orresponding quan-
t ile funct ions . The res ulting sh a pe-prese rving prope rty makes
the Was s e rs tein dis ta nce a n a t tractive choice for modeling
univ ari ate distribution s . Fréchet Re gr ession for univaria te dis-
tributions using the Wasse rs tein dis ta nce inhe rits these me r-
its if the dis tributions a re fully o bs erv e d . In pract ice, ho w -
ever, one typically only has s amp le s of inde pendent dat a
from each distribution. While previously proposed 2-step
methods first obtain de nsity es tima tes fr om discr ete obser-
v ation s, we demon stra te tha t using empirical measur es pr o-
vides a more direct and preferable approach, especially when
the n umbe r of o bs erv ation s av ail ab le per measure fluctu-
ate s wide ly. The propos ed REM me thod e liminate s the ne e d
for density est imat ion, re duc es c omputation al c omplexity and
avoids tuning pa ra mete r selection a nd othe r unde sirable fea -
tures. 
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APPENDIX A : 
A1 Con dit ion s for Theorem 1 and Theo re m 2 

n the following, f Z (·) and f Z| ν(·, μ) s ta nd for the m argin al
ensity of Z and the c ondition al density of Z given ν = μ, re-
pe ctiv ely, and T is a closed interval in R with interior T 

o . 

(A1) The kernel K(·) is a probability density function,
symmetric around zer o. Furthermor e, defining K k j =∫ 
R K 

k (u ) u j du , | K 14 | and | K 26 | are both finite. 
(A2) f Z (·) and f Z| ν(·, μ) both exist and are twice con-

tin uously diffe re n ti ab le, the l a t ter for all μ ∈ W , and
sup z,μ | ( ∂ 2 f Z| ν/∂z 2 )( z, μ) | < ∞ . Additionally, for any
open s e t U ⊂ W , 

∫ 
U dF ν| Z (z, μ) is con tin uous as a func-

tion of z . 
(A3) The kernel K(·) is a probability density f unction, sy mmet-

ric around zero, and uni for mly continuous on R . Further-
more, defining K jk = 

∫ 
R K(u ) 

j u k du for j, k ∈ N , | K 14 |
and | K 26 | are both finite. The derivative K 

′ exists and is
bounded on the support of K, ie, sup K(x ) > 0 | K 

′ (x ) | < ∞ ;
additionally, 

∫ 
R x 

2 | K 
′ ( x ) | ( | x log | x || ) 1 / 2 dx < ∞ . 

(A4) f Z (·) and f Z| ν(·, μ) both exist and are contin-
uous on T and twice con tin uously diffe re n ti ab le
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https://dash.nichd.nih.gov/study/417122


12 � Biometrics , 2024, Vol. 80, No. 4 

 

 

 

 

 

 

∫ 
 

D
ow

n

on T 
o , the la t ter for all μ ∈ W . T he mar ginal

density f Z (·) is bounded away fr om zer o on T ,
inf z ∈T f Z (z ) > 0 . The se c ond -orde r de rivative f ′′ Z
is bounde d, s up z ∈T o | f ′′ Z (z ) | < ∞ . The se c ond -orde r
pa rtial de rivatives ( ∂ 2 f Z| ν/∂z 2 )( ·, μ) are uni for mly
bounde d, s up z ∈T o ,μ∈W 

| ( ∂ 2 f Z| ν/∂z 2 )( z, μ) | < ∞ .
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Additionally, for any open s e t U ⊂ W , U dF ν| Z (z, μ) is 
con tin uous as a function of z ; for any z ∈ T , M(μ, z ) =
E{ d 2 W 

(ν, μ) | Z = z } is e quic on tin uous, ie, 
lim sup 
x → z 

sup 
μ∈W 

| M(μ, x ) − M(μ, z ) | = 0 . 
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