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ABSTRACT. We prove a correspondence between Donaldson-Thomas invari-
ants of quivers with potential having trivial attractor invariants and genus
zero punctured Gromov—Witten invariants of holomorphic symplectic cluster
varieties. The proof relies on the comparison of the stability scattering dia-
gram, describing the wall-crossing behavior of Donaldson-Thomas invariants,
with a scattering diagram capturing punctured Gromov—Witten invariants via
tropical geometry.
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0. INTRODUCTION

0.1. Overview. Donaldson-Thomas (DT) invariants are counts of stable objects
in a triangulated category C which is Calabi—Yau of dimension 3 [33, 48, 51, 69], and
have important applications in physics, in geometry and in representation theory. In
physics, in particular in quantum field theory and string theory, DT invariants play
an important role as counts of BPS states and D-branes [10]. From the geometric
point of view, particularly interesting situations are when C is the derived category
of coherent sheaves [69] or the Fukaya category of a Calabi-Yau 3-fold [47, 70]. In
the context of representation theory, quivers with potentials [31] provide a natural
source of examples of Calabi-Yau categories of dimension three [38, 49]. Due to
its more algebraic nature, DT theory of quivers with potentials provides an ideal
framework to study and explore many questions, which are also of interest in the
geometric counterpart of DT theory.

Stable objects in a triangulated category are defined with respect to a Bridgeland
stability condition on this category [20], and DT invariants are piecewise-constant
with respect to the choice of stability condition: they are constant in the comple-
ment of countably many real codimension one loci in the space of stability conditions
called walls, but they jump discontinuously in general when the stability condition
crosses a wall. The jumps of DT invariants across walls in the space of stability
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2 H.ARGUZ AND P. BOUSSEAU

conditions are given by a universal wall-crossing formula due to Joyce—Song [48]
and Kontsevich—Soibelman [51].

Remarkably, a very similar wall-crossing formula appears in the a priori very
different context of counting holomorphic disks in mirror symmetry [11, 44, 51].
This observation leads to the surprising expectation that in many cases DT in-
variants may be equal to counts of holomorphic curves, such as log and punctured
Gromov—Witten invariants of Abramovich—-Chen—Gross—Siebert [1, 3, 45], which ap-
pear in the algebro-geometric mirror construction of Gross—Siebert [46]. Therefore,
one naturally expects DT invariants to be related in some situations to counts of
holomorphic curves in holomorphic symplectic varieties [18, 52, 55]. We show that
this expectation holds in the context of DT invariants of quivers with potentials. In
particular, we prove a correspondence between quiver DT invariants and punctured
log Gromov-Witten invariants of holomorphic symplectic cluster varieties.

0.2. Background and main result. We state our main result after a quick review
of quiver DT and punctured Gromov—Witten invariants.

0.2.1. Quiver DT Invariants. A quiver with potential (Q, W) is given by a finite
oriented graph Q, and a finite formal linear combination W of oriented cycles in
Q. Given a quiver with potential (Q, W), with set of vertices Qg, one can define a
DT invariant Q:‘Y"G € Z for every dimension vector v € Ng := EBier Zs; and every
stability parameter

0 € v+ C Mg := Hom(Ng,R),

as reviewed in §1.1. The dependence of Qi‘"g on the stability parameter 6 is captured
by a universal wall-crossing formula [48, 51]. It follows from the wall-crossing
formula that general DT invariants Qi"e are determined by particular DT invariants
Qj * called attractor DT invariants, which are defined for a stability parameter
6 close to the attractor point tywg = wo(y,—) € 7+, where wg is the skew-
symmetric form on Ng obtained by skew-symmetrization of the Euler form — see
(1.5) [4, 52, 62].

When Qj‘i’* = 1 for all ¢ € Qq, and Q:/'“* = 0 unless v = s; for some i or
v € kerwg, we say that (Q, W) has trivial attractor DT invariants. As reviewed in
Examples 1.9-1.10, this condition is known to hold for many quivers with potentials
of interest in representation theory and geometry. It is also expected to be a general
property of quivers with potentials describing the derived category of coherent
sheaves on non-compact Calabi—Yau 3-folds.

—+.0
Throughout this paper we frequently consider rational DT invariants Qj ™, which

are a repackaging of the integer DT invariants Qj’e defined by a universal formula
—see (1.4) for details.

0.2.2. Punctured Gromov-Witten Invariants. Given a pair (X, D) consisting of a
smooth projective variety X over C and a normal crossing divisor on X, punc-
tured Gromov—Witten invariants of (X, D) are virtual counts of curves in X with
prescribed tangency conditions along D [3]. In general, such curves might have
components contained in D and logarithmic geometry is needed to make sense of
the contact orders with D [1, 45]. For general log Calabi-Yau pairs (X, D), Gross—
Siebert define particular genus zero punctured Gromov—Witten invariants, which
play an important role in their general construction of mirrors, and which can be
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viewed as an algebro-geometric definition of counts of Maslov index zero holomor-
phic disks in the non-compact Calabi-Yau variety U =Y \ D [46].

We consider these invariants for particular log Calabi-Yau pairs (X, D). A sym-
plectic seed s = (N, (e;)ier,w) consists of a finite rank abelian group N, finitely
many elements e; € N, and a skew-symmetric form w on IV, which is non-degenerate
over Q. We further assume that v; := t,,w € M is primitive — see (2.2), where
M = Hom(N,Z) is dual abelian group. Given a symplectic seed s, one first con-
siders a toric variety Xy with fan ¥ in My = M ®z R = Hom(M,R) containing
the rays R>ov;, and then one defines a pair (X, D), where X is the blow up of
X5 along the loci of equation 1+ 2% in the toric divisor corresponding to the ray
R>ov;, and where D is the strict transform of the toric boundary divisor of Xs.
Under an appropriate assumption — see (2.4), X is smooth, and so (X, D) is a
log Calabi-Yau pair. Moreover, w induces an holomorphic symplectic form on the
complement U =Y \ D. We refer to U as the cluster variety defined by s, and to
(X, D) as a log Calabi-Yau compactification of the cluster variety.

Following [46], one can define a genus zero punctured Gromov—Witten invariant

N T(f;’D) € Q of (X, D) for every curve class 8 and every combinatorial choice of a

so-called wall type. The invariant NT()Z’D) is a virtual count of rational curves in
(X, D) of class 8 and whose combinatorics of intersections with the strata of D is
constrained by 7 — see §2.2 for details.

0.2.3. Main result. We prove a correspondence between the DT invariants ny“e
of a quiver with potential (Q, W) having trivial attractor DT invariants, and the

punctured Gromov-Witten invariants IV, T(f;’D) of a log Calabi-Yau compactification
(X, D) of the cluster variety defined by a symplectic seed s “compatible” with Q.
Here, the compatibility between a quiver @ and a symplectic seed s = (N, (&;)ier, w)
is the data of linear map 9 : Ng — N such that (s;) = e;, wg = ¥*w, and Y @ Q
is surjective — see §3.1 for details. If ) and s are compatible, then the holomorphic
symplectic cluster variety U = X \ D is a finite quotient of a symplectic fiber of
the Poisson X cluster variety defined by @ [36, 39] — see Remark 2.2 for details. In
particular, the dimension of U and X is equal to the rank of the skew-symmetrized
Euler form wg of @. Our main result, Theorem 3.6, states:

Theorem 0.1. Let (Q,W) be a quiver with potential having trivial attractor DT
invariants, s = (N, (&;)ic1,w) a symplectic seed, and (X, D) a log Calabi- Yau com-
pactification of the corresponding cluster variety satisfying assumptions (2.2) and
(2.4). Fiz a compatibility data 1p: Ng — N between s and Q and let v € Ng\ker wg
be a dimension vector such thaty ¢ Z>1s; for alli € I. Denote by Y« Mp — Mg r
the induced map between the dual vector spaces. Then, for every general stability
parameter 0 € YV (Mg) Ny C Mgr and point x € Mg such that ¥ (z) = 0, there
exists a set of wall types T and a curve class 35 described in §3.3, such that we
have the correspondence

— 1
(0.1) o= = 3 ENED,
. g

. . . —+.0
between the rational DT invariants Qj of (Q,W), and the genus zero punctured
Gromov—Witten invariants NT();;.D) of (X, D), where || is the divisibility of v in
"y
Ng, and the coefficient k; is a positive integer defined in (2.6).
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The proof of Theorem 0.1 is based on a comparison between the stability scatter-
ing diagram for DT invariants [21] and the explicit description, due to Mark Gross
and the first author [9], of the canonical scattering diagram capturing punctured
Gromov—Witten invariants of log Calabi-Yau pairs obtained as blow-ups of toric
varieties.

Using Theorem 0.1, one can interpret the integer DT invariants Q:/'“G as BPS

invariants underlying the rational punctured Gromov—Witten invariants NT();’D).
Under the assumptions of Theorem 0.1, we will also show that the DT invari-
ants Qj/"e are non-negative integers — see Theorem 1.8. Both the integrality and
the positivity of Q,t ¥ are highly non-trivial from the point of view of punctured
Gromov—Witten theory.

While Theorem 0.1 is about DT invariants of quivers with potentials, it can
sometimes be applied to geometrically defined DT invariants when the derived
category of coherent sheaves of a Calabi-Yau 3-fold admits a description in terms
of a quiver with potential. We give an explicit example of such an application to
the DT invariants of local P? in Theorem 4.1.

Theorem 0.1 relates all DT invariants of a quiver with potential, and so of a
Calabi-Yau category of dimension 3, to punctured Gromov-Witten invariants of
a log Calabi—Yau compactification of a holomorphic symplectic cluster variety of
dimension equal to the rank of the skew-symmetrized Euler form. In particular,
this result is very different from the MNOP correspondence [56] which relates DT
counts of ideal sheaves and Gromov—Witten invariants of the same 3-fold.

0.3. Related works.

The tropical vertex. The first example of the general correspondence given in The-
orem 0.1 was obtained by Gross—Pandharipande [42], following previous work of
Gross—Pandharipande—Siebert on the tropical vertex [43]: they proved a correspon-
dence between DT invariants of the m-Kronecker quivers, consisting of two vertices
connected by m arrows, and log Gromov—Witten invariants of log Calabi—Yau sur-
faces. This correspondence was generalized by Reineke—Weist to the case of com-
plete bipartite quivers under the name of refined Gromov—Witten/Kronecker cor-
respondence [65, 66], and then to arbitrary acyclic quivers with skew-symmetrized
Euler forms of rank two by the second author [13, §8.5]. Theorem 0.1 generalize
these results to higher dimension. Actually, even in dimension two, Theorem 0.1
is broader than previously known results as it can be applied to non-acyclic quiv-
ers of rank two having trivial attractor DT invariants. We give examples of such
application in §4.1-4.2. There also exist a refined DT/ higher genus GW general-
ization of the Gromov—Witten/Kronecker correspondence [13, §8.5] and extensions
to different geometries in dimension two [14, 67], and it is an interesting question
to find out if they admit higher dimensional generalizations.

Finally, there should exist analogues of Theorem 0.1 in the context of geometric
DT invariants of non-compact Calabi—Yau 3-folds. Such a correspondence is proved
in [16] for geometric DT invariants of the local projective plane.

Knots-quivers correspondence. An a priori different relation between quiver DT
invariants and open Gromov—Witten theory has been explored in the context of the
knots-quivers correspondence [35]. This correspondence involves DT invariants of
symmetric quivers, and so in particular with zero skew-symmetrized Euler form,
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whereas Theorem 0.1 deals with the complementary case of dimension vectors which
are not in the kernel of the skew-symmetrized Euler form. However, the symmetric
quivers constructed in the knots-quiver correspondence appear to share the same
geometric origin as the quivers of the present article, the former being built from
basic disks and linking numbers between them, the latter from disks created from
non-toric blow-ups. It is a very interesting question to understand what is the
precise relation between Theorem 0.1 and the correspondence in [35].

Quivers, flow trees and log curves. A correspondence between quiver DT invariants
and counts of tropical curves has been established by Cheung-Mandel [25] and by
the authors in their proof of the flow tree formula expressing general DT invari-
ants in terms of attractor DT invariants [6]. Using a tropical/log Gromov—Witten
correspondence, it was then proved by the authors that the universal coefficients
appearing in the flow tree formula are log Gromov-Witten invariants of toric vari-
eties [8]. The toric varieties considered in [8] have dimension equal to the number of
vertices of @, but it follows from the tropical/log Gromov—Witten correspondence
that the same log Gromov—Witten invariants can be obtained from toric varieties
of dimension equal to the rank of wg, which is also the dimension of the cluster
varieties considered in this paper. For quivers with potentials having trivial attrac-
tor DT invariants, the compatibility between Theorem 0.1 and the main result of
[8] should have a geometric interpretation as a degeneration formula in Gromov—
Witten theory for the degeneration of the log Calabi—Yau compactification of the
cluster variety to a toric variety and other simpler pieces, as studied in [9, 43].
In the two-dimensional case, this degeneration formula is studied in [43] and its
interpretation in terms of quiver DT invariants is discussed in [65].
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the NSF grant DMS-2302116. The research of Pierrick Bousseau was partially sup-
ported by the NSF grant DMS-2302117. Final parts of this paper were completed
during the “Inaugural Simons Math Summer Workshop” at the Simons Center
for Geometry and Physics, organized by Mark Gross and Mark McLean. We also
thank the anonymous referee for their careful reading and the many suggestions to
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1. DONALDSON—THOMAS INVARIANTS OF QUIVERS

1.1. Quiver DT invariants. A quiver @ is a finite oriented graph. We denote by
Qo the set of vertices of @, and @1 the set of oriented edges of @), referred to as

arrows. We set
Ng :=7Z% = @ Zs; .
1€Q0
We denote by Mg := Hom(Ng,Z) the dual lattice to Ng, and
Mor:=Mqg®zR = HOHI(NQ,R) R
the associated dual vector space.

Definition 1.1. A representation of a quiver (), denoted by
V= ({Vi}iGQm {foz}ate) »
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is an assignment of a finite-dimensional vector space V; over C for each vertex
i € Qo, and a C-linear map f, € Hom(V;,V;) for each arrow (a: ¢ — j) € Q1. The
dimension vector associated to a quiver representation is the vector

7= (n)icqo € N,
where ; := dim V.
We have the following notion of stability due to King [50].

Definition 1.2 (King’s stability). Let V be a quiver representation with associated
dimension vector v € Ng. A stability parameter for « is a point

0t :={0ecMgr,0(y) =0} C Mgg.
The representation V' is 0-stable (resp. 0-semistable) if for all non-zero strict sub-
representation V'’ of V' we have 6(dim(V”)) < 0 (resp. 8(dim(V")) < 0).

For a dimension vector v € Ng, we say a stability parameter 6 € vt is y-general
if 0(7') = 0 implies 4/ collinear with . For v € Ng and a ~y-general stability
parameter 0 € Mg g, the moduli space ./\/lz of S-equivalence classes of #-semistable
quiver representations of () dimension - is a quasi-projective variety over C, which
is constructed via geometric representation theory — see [50]. When @ is acyclic,
/\/l?/ is projective. In general, the choice of a potential W = ) _Acc, that is, of
a finite linear combination of oriented cycles ¢ in Q and with coefficients A, € C,
defines a trace function Tr(W),eY : Mz — C on each of the moduli spaces Mz: if ¢
is an oriented cycle of arrows aq,...,a, of Q, we define

Tr(c)f)y : Mg — C
V= (Vi fa) — Tr(fa, ... 0 fay)

and we set

Tr(W)) = ATr(e)? .

Quiver DT invariants of a quiver with potential (Q, W) are then defined as
follows. Fix a dimension vector v € N, and a y-general stability parameter 6 € vt
The DT (Donaldson-Thomas) invariant, denoted by

o ez,

is an integer corresponding to the virtual count of the critical points of the trace
function Tr(W)ﬁ)/ on the moduli space /\/12 of f-semistable representations of di-

mension 7. If the f-stable locus in MY is empty, we have Q¢ = 0. Else, Q¢ is
defined as

(1.1) Q;r’e = 6(/\437 ¢Tr(W)g(IC)) = Z(—l)i dimHi(Mf/, ber(W)g(IC)) €L,
where e(—) is the Euler characteristic, IC' is the intersection cohomology sheaf on
./\/1,9Y normalized to be the constant sheaf in degree 0 if ./\/lfY is smooth, and ¢Tr(W)g

is the vanishing cycle functor defined by the trace function [28, 29, 57].
For every v € Ng, we set

(1.2) R(3) = (—1)¥e0) € (&1},
where xq : Ng X Ng — Z is the Euler form of @), given by

(1.3) Xen ) =D wvi— > g

i€Qo (ai—j)EQ1
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The data of the DT invariants Qi’(’ can be repackaged into the rational DT invari-
ants
k—1

(1.4) a’= X e i

+.,6
v k2 Qv’ €Q,
’Y/ENQ
y=k~v', k€Z>1
which are often more convenient to work with, particularly when calculating them
using wall structures [6]. Rational DT invariants can also be defined using the

motivic Hall algebra [48, 51, 63, 64].

Remark 1.3. In the literature on DT invariants, it is more common to work with
DT invariants Qf; defined by

. 0
93 = (—1)dim M e(MZ7¢rﬁ(W>g(IC’)) €7,

—0
when the f-stable locus is non-empty, and the rational DT invariants 2., defined
by
=0 1
Q"/ = Z ﬁQ’YI S Q .
7' €Ngq
Y=k k€ZL>1
When the #-stable locus is non-empty, we have dim ./\/l?{ =1—xq(7,7), and so we
have
+,0 _ 0
Q’y - _K/(’Y)Q'y
and one can check that
—+.,0 —0
Q2,7 =—k(7)Q

¥ v
In this paper, we work with the DT invariants Qj/‘ ¥ as they have better positivity
properties — see Theorem 1.8.

While quiver DT invariants generally depend on the choice of the potential since
the trace of W appears in (1.1), we will focus attention on particular quivers which
have trivial attractor DT invariants discussed in the following section — for these
quivers and dimension vectors outside the kernel of the skew-symmetrized Euler
form, the DT invariants will be independent of the choice of the potential W (see
Corollary 1.21).

1.2. Attractor DT invariants. The DT invariants Qj # of a quiver with potential
W are locally constant functions of the y-general stability parameter € 4. Their
change across the loci of non-vy-general stability parameters can be computed by
the wall-crossing formula of Joyce—Song [48] and Kontsevich—Soibelman [51]. Using
the wall-crossing formula, DT invariants can be expressed in terms of the simpler
attractor DT invariants, which are quiver DT invariants at specific values of the
stability parameter, defined as follows.
The skew-symmetrized Euler form wg: Ng x Ng — Z is defined by

(1.5) we(7,7) = Z (aij — aji)'Vi'Y;'u
4,J€Q0
where a;; is the number of arrows in @) from the vertex 7 to the vertex j. For every

v € Ng, the specific point
Lwg = wq(y,—) €7 C Mg
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is called the attractor point for ~ [4, 62]. In general, the attractor point is not
y-general and we define the attractor DT invariants (27 by

+*x . 0
Q= b0

where 6., is a small y-general perturbation of wg(7y, —) in vt [4, 62]. The integer
Q,t* is independent of the choice of the small perturbation [4, 62]. Thus, for a fixed
dimension vector v € N, we have a well-defined attractor DT invariant Qf{ * — for
detailed discussion of these invariants see [4, 52, 62]. By iterative applications of
the wall-crossing formula, general DT invariants are uniquely determined in terms
of the attractor DT invariants. This reconstruction of the general DT invariants
from the attractor DT invariants can be made explicit using either the flow tree
formula [6] or the attractor tree formula [61].

We denote by I C Qo the set of vertices ¢ of @)y such that t5,wg # 0, that
is, s; ¢ kerwg. In this paper, we will mainly consider quivers with potentials
having a very simple set of attractor DT invariants, as made precise in the following
definition.

Definition 1.4. A quiver with potential (Q, W) has trivial attractor DT invariants
if

(i) Q;’;’* =1 forall i€ I, and

(ii) QF* =0 for all v € Ng such that v # s; for all i € Qo, and v ¢ ker wg.

Remark 1.5. For every k € Z>1, the only decompositions of ks; in Ng with positive
coefficients contain only multiples of s;. As wg(s;,s;) = 0, it follows from the wall-
crossing formula that st’f does not depend on 6. In particular, if Qj‘* =1asin
Definition 1.4(i), then we have Qf-% =1 for all § € s;-. Similarly, if QZ‘S* = 0 for
all k£ > 1 as in Definition 1.4(i), then we have Q',:S’? =0forall k>1and 6 € s;.

Remark 1.6. If v € kerwg, then, by the wall-crossing formula, Q,JY“Q does not
depend on 6, and so in particular we have Qj*e = Qb for all § € vt Tt also
follows from the wall-crossing formula that these invariants do not play a role in
any wall-crossing of other invariants Qj,’a. In particular, if 7" ¢ kerwg, then Qj,’a
can be recovered from the attractor DT invariants Qj"‘g with v ¢ ker wg.

Remark 1.7. A closely related notion has been introduced in [27, Def 7.3]: a quiver
is called genteel if ij‘v* = 0 unless v € Z>1s; for some i € Q9. However, to be
genteel and to have trivial attractor DT invariants are slightly different in general.
For example, we allow Q,JY“* # 0 if v € kerwg in Definition 1.4. On the other hand,
for a genteel quiver as in [27, Def 7.3], to have QZJ # 0 for k > 1 is allowed,
whereas it is not for a quiver with trivial DT invariants as in Definition 1.4.

DT invariants of a quiver with potential having trivial attractor DT invariants
have particularly nice positivity properties, as illustrated by the following result.

Theorem 1.8. Let (Q, W) be a quiver with potential having trivial attractor DT
invariants. Then, for everyy € Ng\kerwg and every y-general stability parameter
0 € v+, the DT invariant Qj‘?e s a non-negative integer.

Proof. By Remark 1.6, DT invariants Qj’e with v ¢ kerwg can be reconstructed
using the wall-crossing formula from attractor DT invariants Qj,’* with v/ ¢ kerwg.
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For a quiver with potential having trivial attractor DT invariants, the attractor
DT invariants Qj,’* with " ¢ kerwg are either 0 or 1, and so in particular are
positive. The result follows because positivity of DT invariants is preserved under
wall-crossing by the proof of [40, Thm 1.13] (see also [27]). O

In many situations the attractor DT invariants are known to be trivial. We
provide some examples below.

Example 1.9. It is shown by Bridgeland [21] (see also [27, Lemma 7.5]) that if Q
is acyclic then

(1.6) b =

1 if v =s; for some i € Qg
0 otherwise

and so in particular @ has trivial attractor DT invariants. In [59], Lang Mou
shows more generally that the attractor DT invariants of a 2-acyclic quiver with
non-degenerate potential (Q, W) which admits a so called green-to-red sequence
are also given as in (1.6). Many quivers of interest in representation theory admit
green-to-red sequences — see for example [68, 71]. It is also known that among the
finite mutation quivers, which include the quivers associated with triangulations of
surfaces [53], all of them admit a green-to-red sequence, except those associated with
one-punctured surfaces of genus g > 1 and the so called X7 quiver [58]. Moreover,
it follows from [24] that (1.6) still holds for the quivers associated with the one-
punctured surfaces of genus g > 2, despite the fact that they do not admit green-
to-red sequences. Finally, by [59, Cor 1.2 (ii)], (1.6) does not hold for the quiver
() associated to the once-punctured torus, but still @) has trivial attractor DT
invariants because the dimension vector of the additional non-zero attractor DT
invariant is contained in kerwg.

Example 1.10. Given a toric Calabi-Yau 3-fold X, one can construct a quiver
with a potential (Q, W) such that

DPRep(Q, W) = D°Coh(X),

where D?Rep(Q, W) is the bounded derived category of representations of (Q, W)
and D?Coh(X) is the bounded derived category of coherent sheaves on X [60].
When X admits compact divisors, Beaujard—Manschot—Pioline [12] and Mozgovoy—
Pioline [62] conjecture that (Q, W) admits trivial attractor DT invariants. More-
over, Descombes formulates in [32, Conj 1.3] a conjecture for the values of the
non-zero attractor DT invariants (2] with v € ker wg. Both conjectures are proved
for X equal to the local projective plane by Bousseau—Descombes—Le Floch—Pioline
[19, Thm 1].

We provide below an explicit example of quiver with potential having non-trivial
attractor DT invariants, following [30, §5.2.3].

Example 1.11. Let a, b, and ¢ be three distinct positive integers such that a+b >
¢, b+c>aand c+a>0b Let @ be the 3-gon quiver with three vertices s1, sa,
s3, and a arrows from s3 to s, b arrows from ss to s, and ¢ arrows from s; to
s3. For example, one can take a = 5, b = 4, and ¢ = 3, as in Figure 1.1. Fix
the dimension vector v = (1,1,1). The corresponding attractor point is given by
tywg = (¢ —a,a —b,b—c), and so we have in particular that v ¢ kerwg. On the
other hand, it is shown in [30, §5.2.3], that for W a generic cubic potential for @, if
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the stability parameter 6 = (01,05, 03) satisfies #; < 0 and 63 > 0, then, the critical
locus of the trace function Tr(W) on the moduli space M for a stability parameter
close to the attractor point is a smooth complete intersection X of ¢ hypersurfaces
of bi-degree (1,1) in P*~! x P*~1. Moreover, Tr(W) is transverse in the directions
normal to its critical locus, and so Q* = ¢(X), which is non-zero in general (for
example if dim X = a + b — 2 — ¢ is even, because the cohomology of X is then
concentrated in even degrees by the Lefschetz hyperplane theorems). As Qj *£0
and 7y ¢ kerwg, it follows that (Q, W) does not have trivial attractor DT invariants.
Additional explicit formulas and asymptotics for the Euler characteristic e(X) can
be found in [30, App E] and [54, §4].

Ay

FIGURE 1.1. A 3-node quiver with non-trivial attractor DT invari-
ants for a generic cubic potential.

1.3. Stability scattering diagram. Given a quiver @, we denote
NG :={y= Z%‘Si € Nq |vi € Z>o},
iel
and
N = NG\ {0}.
We denote by Q[Ng} the monoid Q-algebra of Ng, that is the algebra of polyno-

mials
.
E CyZ

[
WENQ

with ¢, € Q. Let m be the maximal ideal of Q[NS], generated by the monomials

27 with v € Ng. We denote by Q[[NS]] the completion of Q[NS] with respect to
this maximal ideal: it is the algebra of formal power series

E 2l
Cyz

YENE
with for every k € Z> finitely many coefficients ¢, # 0 with v = >, vis; and
Zie] Yi < k.

Definition 1.12. Let @ be a quiver with d vertices. A Q-wall is a pair (0, f5),
where

(i) disa (d—1)-dimensional convex rational polyhedral cone in Mg r contained
in an hyperplane of the form ~;3, with v, € Ng primitive.
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(i) fo € Q"] C @[[NS]] is a formal power series in z7° with constant term
1, that is of the form

(1.7) fo=14 ) 2
VEL>170
with ¢y € Q.
Remark 1.13. Note that v, in Definition 1.12(i) is uniquely determined by 0.

Definition 1.14. A Q-wall (9, fp) is incoming if 1, wg € 0, that is, if 0 contains
the attractor point for ;.

Definition 1.15. A Q-scattering diagram is a set © = {(0, f5)} of @-walls such
that for every k € Z>, there exist finitely many walls (9, fo) € © with f, # 1
mod m*.

We define the support of a @)-scattering diagram © = {(0, f5)} in Mg r by

Supp(®) = U 0C Mg,
€D
and its singular locus by
Sing(®) = | Joou | J ond C Mgg,
€D 0,0'€®

where 00 denotes the boundary of a wall 9, and the last union is over the pairs of
walls 9,0 such that codimdNd’ > 2. For every point z € Mg \ Sing(D), we define

f’}37w = H fba

0ED
T€ED

where the product is over all the walls of © containing x. Two @-scattering dia-
grams © and D’ are called equivalent if

[o2=[oa
for all z € Mg \ (Sing(®D) U Sing(®)).
Given a path
a:]0,1] — Mgr \ Sing(D)
T — aT)

intersecting transversally Supp(®), and 7 € [0,1] such that «(7) € Supp(®), we
define an automorphism of Q-algebras

(1.9 po0r - QING] — QINE]
€a,r wQ (Ya,r,7)
27— f@,a(‘r)Q 27,

where 7, , is the unique primitive element in Nér such that 0 C 'yj;r for all walls D
containing a(7), and e, > € {1} is the sign such that e, r wQ (Ya,r, /(7)) < 0. The
path ordered automorphism pp . is the product of automorphisms pgp o, for all
7 € [0,1] such that a(7) € Supp(®), and ordered following increasing values of 7.
Finally, a scattering diagram is called consistent if for any path a in Mg \ Sing(D)
with «(0) = a(1) the associated path ordered automorphism pg , is the identity.

Definition 1.16. A Q-wall 9 is called central if v, € kerwg.
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Given a ()-scattering diagram ©, there is a natural way to produce a )-scattering
diagram © without central walls: © is simply the set of non-central walls of ©.

Lemma 1.17. If a Q-scattering diagram D¢ is consistent, then the corresponding
Q-scattering diagram g without central walls is also consistent.

Proof. It follows from (1.8) that the automorphism pp o - is the identity if v, - €
ker wg. Hence, removing the central walls does not change the automorphisms
Po,o: We have pz , = P o for all paths a. In particular, this implies that, if D is

consistent, then D is also consistent. (]
We now review following [21] how DT invariants of a quiver with potential can
be organized into a scattering diagram called the stability stability scattering.

Definition 1.18. Let (Q, W) be a quiver with potential. The stability scattering
diagram 9?2) W) is the unique @-scattering diagram up to equivalence such that for

every primitive dimension vector vy € NE‘; , and general point 0 € 7&-7 we have

Z S+

— Y

0 = €Xp h/‘ Q’y Z
YEZ>170

(1.9) fo

st
(Q,w)’

According to [21, Thm 1.1], the stability scattering diagram ’thQ w) is consistent.
It follows from Lemma 1.17 that the corresponding scattering diagram without
central walls EEZQ,W) is also consistent.

Following [21, §11.4], we review the notion of a cluster scattering diagram.

Definition 1.19. Let @ be a quiver. The initial cluster scattering diagram @Cl,in
is the @-scattering diagram with set of walls

(1.10) D i = {(sF, 14+ 2" ) bier -

Note that all walls of @‘(’iin are incoming as ts,wg € si for all i € I.
By [52, Prop 3.3.2] (see also [40, Thm 1.21]), there exists a unique up to equiv-
alence @)-scattering diagram @ch containing the initial cluster scattering diagram

@Clﬁin and such that every wall d € CD% \ C‘Dd’in is non-incoming. We refer to 9% as
the cluster scattering diagram.

Theorem 1.20. Let (Q, W) be a quiver with potential having trivial attractor DT
invariants as in Definition 1.4. Then, the scattering diagram 5?2?7‘4,) without cen-
tral walls corresponding to the stability scattering diagram @?tQ w) and the cluster

scattering diagram @8 are equivalent.

Proof. By Definition 1.4 of trivial attractor DT invariants, we have QF* = 1 and
stj =0 for alli € I and k € Z~,. By Remark 1.5, it follows that, for all € s;-,
i €I, and k € Z>1, we have Q,, 9 = 1 and Q;;’? = 0. Applying (1.4), we obtain
ﬁzsi = (_lk):ﬂ for all k € Z>1, and so, by (1.9), we have

(71>k71 ks; Si
kGZZl

f@st

(W)
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for all @ € s;-. Moreover, for i € I, we have s; ¢ ker wg, and so we have fg?b 0=

S W)’

fﬁit , for all @ € s;-. Hence, there is a representative D of the equivalence class
Q.w)

of E?EQ,W) containing (s;-, 1 + 2°¢) as incoming walls for all i € I, that is, such that
D9 in € D by (1.10).

By Definition 1.4, we also have ﬁj’* =0 for all v € N5 such that either v # s;
for some ¢ € I or v ¢ kerwg. It follows that © does not have any other incoming
walls apart from (si", 14 2°) for i € I, that is, all walls in D \ Dg ;,
incoming. Therefore, ® is equivalent to the cluster scattering diagram ”D% by the
uniqueness part of [52, Prop 3.3.2] (see also [40, Thm 1.21]). O

are non-

Corollary 1.21. Let Q be a quiver and W and W' be two potentials such that
(Q, W) and (Q,W') have trivial attractor DT invariants. Then, DT invariants of
(Q, W) and (Q,W’) are the same for dimension vectors not in Kerwg.

Proof. This is a direct consequence of Theorem 1.20, since both for (Q,W) and
(Q, W) the stability scattering diagram, encoding the data of quiver DT invariants
with dimension vectors not in Ker wg, is equivalent to the cluster scattering diagram
which does not depend on the choice of the potential W or W'. [

2. PUNCTURED GROMOV—WITTEN INVARIANTS OF CLUSTER VARIETIES
2.1. Cluster varieties.

Definition 2.1. A symplectic seed s = (N, (e;)icr,w) is the data of a finite rank
free abelian group N, a collection of elements e; € N indexed by a finite set I, and
an integral skew-symmetric form

w:NxN=Z,
such that ker w = 0, that is, such that w ® Q is non-degenerate.

Given a symplectic seed s = (N, (e;);er,w), we denote M := Hom(N,Z) and
Mg := M ® R = Hom(N,R), so that w € A> M. As kerw = 0, it follows that the
map
(2.1) v:N—M

v tyw = w(y, —)
is injective and has finite cokernel. In particular, the image Im(v) is of finite index
in M. For every i € I, we denote
v = v(e;) = te,w =w(e;, —) € M.
In addition, we will make the following assumption:
(2.2) |lv;]=1foralliel,

where |v;| is the divisibility of v; in M.

We review the construction of a cluster variety starting from a symplectic seed
s = (N, (e;)ier,w) satisfying (2.2). Let ¥ be a fan in My containing the rays R>ov;
for all ¢+ € I, and such that the corresponding toric variety Xy is smooth and
projective. Such a fan always exists by toric resolution of singularities [26, Thm
11.1.9] and the toric Chow lemma [26, Thm 6.1.18]. For every i € I, we denote by
D; the toric divisor of Xy, corresponding to the ray R>gv; of ¥. For every i € I,
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fix ¢; € k*, and define the hypersurface H; C D; as the closure in D; of the locus
of equation

(2.3) 1+42° =0,

Up to refining 3, we can assume that H; is smooth for every i € I. Moreover, we
assume that for every i,j € I , we have

(24) Hl-ﬁHj:@.

Note that if R>ov; # R>gv; for all 4,5 € I, then up to refining 3, one can assume
that D; N D; = 0 for all i, j € I, and so that (2.4) is satisfied. If dim X = 2, and
t; #t; for all 4, j € I, then (2.4) is also satisfied. Both assumptions (2.2) and (2.4)
will be necessary to apply the main result of [9]. We expect that these technical
assumptions can be dropped after an appropriate generalization of [9].

Let X be the blow-up of Xy along the codimension two locus

H:=|JH;,
iel
and let D C X be the strict transform of the toric boundary divisor Dy, of X5. As
H is smooth, it follows that X is also smooth and D is a simple normal crossing
divisor in X.

For every i € I, we denote by D; the irreducible component of D obtained
as strict transform of the toric divisor D; of Xx. We refer to the complement
U = X \ D as the cluster variety defined by the symplectic seed s, and (X, D) as
a log Calabi-Yau compactification of the cluster variety. As we will always consider
the pair (X, D) up to locally trivial deformations, we suppress the parameters t;
from the notation and from the terminology. The skew-symmetric form w on N
naturally defines a Poisson structure on U, which is in fact, by the assumption
kerw = 0, non-degenerate and defines a holomorphic symplectic form on U with
first order poles along D.

Remark 2.2. In the usual theory of cluster varieties [36, 39], a (skew-symmetric)
seed § = (N, (€i)ier,w) consists of a finite abelian group N, a basis (€i)ier of N,
and a skew-symmetric form ©. Given a symplectic seed s = (N, (e;)ier,w) as in
Definition 2.1, one can define a seed § = (N, (6:)icr,@) by N := D, ;Zé;, and
w = 7w, where 7 is the projection

7:N — N

€ —€;.

iel

If (e;)icsr generate N, then N is exactly the quotient of N by the kernel ker w. In
this case, U is a symplectic fiber of the Poisson X cluster variety defined by the
seed § [36, 39]. In general, N contains N/ker@ as a sublattice of finite index, and
U is a quotient by the finite group N/7r(]\7) of a symplectic fiber of the Poisson X
cluster variety defined by s.

2.2. Punctured Gromov—Witten invariants. Given a log Calabi-Yau pair, Gross—
Siebert define in [46] punctured Gromov—Witten invariants indexed by wall types.
Using these invariants, they define the canonical scattering diagram which can be
used to construct the mirror geometry. In this section, we briefly review the defini-
tion of these punctured Gromov—Witten invariants in the particular setting of log
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Calabi-Yau compactifications of cluster varieties satisfying assumptions (2.2)-(2.4)
of §2.1.

Let (X, D) be a d-dimensional log Calabi-Yau compactification of a cluster vari-
ety satisfying assumptions (2.2)-(2.4) of §2.1. Let (B, &) be the tropicalization of
(X,D) asin [9, §2.1.1]: & is a collection of cones, containing a cone R%, for each
codimension r stratum of (X, D), and B is the topological space obtained by gluing
together the cones of &2 according to the incidence relations between strata. By
construction, one can view & as a decomposition of B into a union of cones. Let
A C B be the union of codimension 2 cones of &. Then, as reviewed in [9, (2.4)],
there is a natural integral affine structure on the complement By := B\ A of A in
B. As described in [9, Thm 3.4], this integral affine structure actually extends over
the complement of a smaller discriminant locus, but we will not use this fact. For
every cone o € &, we denote by A, the space of integral tangent vectors to o, and
for every point x € By, we denote by A, the space of integral tangent vectors to
By at .

Following [3, 2, 46], we review below the necessary tropical language to define
moduli spaces of punctured maps.

Definition 2.3. A tropical type is the data of a triple 7 = (G, o, u), where:

(i) G is a graph, with set of vertices V(G), set of edges E(G), and set of legs
L(G),

(ii) o is a map
o:V(G)UE(G)UL(G) — £,

such that o(v) C o(F) if v is a vertex of an edge or leg E,
(ili) u is a map

u: {(V,E)|VeV(G),EcEG)UL(G),V €dE} — | A,
ceP

such that u(V, E) € Ay g for all (V, E) such that V € OF, and u(Vz, E) =
—u(W, E) if E € E(G) and OF = {V}, Va}.

Definition 2.4. An abstract tropical curve is a pair (G, £) consisting of a graph G
and of length functions ¢ : E(G) U L(G) — Rx>o U {oo} such that {(E) # oo for all
E € E(G).

We view an abstract tropical curve (G, ) as a metric graph, with edges F € E(G)
identified with the line segment [0, ¢(F)], and with legs L € L(G) identified with
the line segment [0, ¢(L)] if £(L) # oo, and with the half-line [0, +00) if (L) = oo.

Definition 2.5. Let 7 = (G, o,u) be a tropical type. A tropical map to (B, L)
of type 7 is the data of an abstract tropical curve (G, ¢) and of a map h: G — B
such that

(i) h(v) € Int(o(v)) for all v € V(G)
(ii) for all E € E(G)U L(G), h(Int(E)) € Int(o(F)) and h|g : E — o(F) is an
affine linear map.
(iii) forall E € E(G)pwith OF = {V1,Va}, we have h(Va)—h(V}) = {(E)u(V1, E).
(iii) for all L € L(GQ) with L = {V'}, we have h(L) = V + [0,4(L)]u(V, L
o(L) N (V + Rxou(V,L)) if £(L) # oo, and h(L) = V + Rxou(V,L
(L) = oo.

V.L) =
V,L) i

=

1
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Definition 2.6. A tropical type 7 is realizable if there exists a tropical map to
(B, &) of type 7.

Definition 2.7. Given a realizable tropical type 7 = (G, o, u), the basic monoid
of 7 is the monoid @, := Hom(QY,N), where

QY =3 ((pv)v.Ue)p) e [[ ewzx [ N|pw—pw =teu(i,E),VE € E(G)
VeV(Q) Ec€E(G)

where o (v)z is the set of integral points of the cone o (v) and OF = {V3, Va}.

By construction, the cone Q¥,1R = Hom(@Q,,R>() parametrizes the tropical maps
to (B, #) of type 7: for every s = ((pv)v, ({r)) € QY g, the corresponding tropical
map is defined by ¢5(F) := £ and hs(V) = py.

Definition 2.8. A wall type is a realizable tropical type 7 = (G, o, u) such that:
(i) the graph G is connected of genus zero, with a single leg: L(G) = {Lout }-
(ii) dim Q\T/,R =d — 2 and dim UseQ_\r/.Rhs(Lout) =d—1, where h, : G — B are
the universal tropical maps indexed by s € Q\T/’R.
(iii) 7 is balanced: for every vertex V € V(G) such that dime (V) = d or
d — 1, with incident edges or legs Fjy,..., Ey,, then, for every point x €
Int(o(V)), one can view u(V, Ey),...,u(V, E,,) as elements of A,, and we
have > w(V, E;) =0 in A,.
Given a wall type 7, we denote
Ur = U(Vouta Lout) S Ao'(Lout) 5

where Vo, is the vertex adjacent to the leg Loyt. It follows from Definition 2.8(ii)
that u, # 0.

We refer to [3] for the details of the general theory of punctured maps. A
punctured map to (X, D) is a diagram

CO%X

|

w

in the category of log schemes, where X is equipped with the divisorial log structure
defined by D, the base W is a log point, and C° is a puncturing of log curve C — W
as in [3, §2.1]. In particular, the underlying curve C obtained by forgetting the log
structure is nodal, and a punctured map f : C/W — X is called stable if the
underlying morphism of schemes f : C — X is a stable map. The tropicalization
of a punctured map f: C/W — X gives a diagram

s(c) Y w(x) = (B, 2)
S (W)

which is a family of tropical maps to (B, ) as in Definition 2.5, whose generic
tropical type 7 = (G, 0,u) is called the type of f : C/W — X. In particular, the
graph G is the dual graph of C', with vertices (resp. edges, legs) corresponding to the
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irreducible components (resp. nodes, marked points of C'), the map o specifies the
strata of (X, D) containing the images by f of the components, nodes and marked
points of C, and the map u gives the contact orders of f at the nodes and marked
points encoded by the log structures. Finally, the punctured map f: C/W — X is
called basic if (W) = Q) and %(C) — X(W) is the universal family of tropical
maps of type 7, where @ is the basic monoid of 7 as in Definition 2.7.

Let N1(X) be the abelian group of curve classes in X modulo numerical equiva-
lence. For each wall type 7 and class 8 € N;(X), there is a moduli space #; (X, )
of basic stable punctured maps to (X, D), of class 3, and whose type admits a
contraction morphism to 7 [46, §2.1]. In particular, for such a punctured map
f:C°/W — X, the log curve C has a single marked point corresponding to the
single leg Loy of G, with contact order w... Moreover, the underlying morphism of
schemes is a genus zero stable map to X. By [46, Lemma 3.9], .#, (X, /3) is a proper
Deligne-Mumford stack and carries a natural zero-dimensional virtual fundamental
class [#,(X, 3)]V'". The corresponding punctured Gromov—Witten invariant is

(2.5) NP = degl.- (X, B)]" € Q.

Let A be the space of integral tangent vectors to the (d — 1)-dimensional cone

Tout ‘= U Lout

SE€EQY 3

Tout

formed by the universal family of legs Loyt over Q;/’R. The derivative of the uni-
versal tropical map h = (hs)seqv, induces a map h, : A — Ag(Low)- The
coefficient k. is defined as the order of the finite torsion subgroup of the quotient

Ao’(Lm,t)/h* (ATout):
(26) k‘f‘ = | (Aa(Lout)/h* (ATout))tors | :

2.3. HDTYV scattering diagram. For any log Calabi-Yau pair (X, D), Gross—
Siebert [46] showed that the punctured Gromov—Witten invariants defined by (2.5)
naturally define a canonical scattering diagram in the tropicalization (B, £?) of
(X, D). In joint work of the first author with Gross [9], it was shown that, for log
Calabi-Yau pairs obtained as blow-ups of toric varieties, and so in particular for the
log Calabi—Yau compactifications of cluster varieties as in §2.1, the canonical scat-
tering diagram can be calculated from an entirely combinatorial scattering diagram
in a vector space, referred to as the HDTV scattering diagram in what follows.
In this section, we review the definition of the HDTV scattering diagram. The
main result of [9] relating punctured Gromov-Witten invariants and the HDTV
scattering diagram will be reviewed in the next section.

Let N be a finite rank free abelian group and (e;);es a finite collection of elements
e; € N indexed by a finite set I. As in §2.1, we denote M := Hom(NV,Z) and
Mg := M @ R = Hom(N,R). Let Q[M][(t:)ics] be the algebra of power series in
variables ¢; indexed by ¢ € I and with coefficients in Q[M]. We denote by m the
ideal of Q[M][(¢:)ic1] generated by the variables ¢; for all ¢ € I. We recall below
the notion of scattering diagram in Mg following [9, §5].

Tout

Definition 2.9. Fix a primitive my € M \ {0}. A wall in Mg of direction —my is
a pair (0, f5), where
(i) 9 is a codimension one convex rational cone in My contained in an hyper-
plane of the form ng-, with ng € N\ {0} primitive such that mg € ng .
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(ii) fo € Qz"°][(t:)ier] € QIM][(ti)ics] with fo =1 mod m, that is, fp is a
power series of the form

(2.7) fo=1+ Z Z N Htfl

A=(a;); el
EZL>gm. v/t
200 NI\ {0}

with ¢, o € Q, and for all A, only finitely many m such that c,, o # 0.
Definition 2.10. A wall (9, f5) in Mg of direction —my is incoming if mqg € 0.

Definition 2.11. A scattering diagram in Mg is a set © = {(9, f>)} of walls in Mg
such that for every k € Z>g, there exist only finitely many walls (9, f) € © with
fo #1 mod mF.

Let © = {(0, f5)} be a scattering diagram in Mg. We define the support of D
by

Supp(D) = U 0C Mg,
€D

and the singular locus of © by

Sing(®) = (Joou |J ond’ € Mg,
0eD 2,0/€D
where 90 denotes the boundary of a wall 9, and the last union is over the pairs of
walls 9,0" such that codimd Nd’ > 2. For every point x € Mg \ Sing(®), we define

(2.8) fou =] fo.

0eD
xT€D

where the product is over all the walls of ® containing x. Two scattering diagrams
D and D’ are called equivalent if

foz= [0

for all x € Mg \ (Sing(®) U Sing(D’)).
Given a path

a:[0,1] — Mg \ Sing(D)
T — aT)

intersecting transversally Supp(®), and 7 € [0, 1] such that a(7) € Supp(D), we
define an automorphism of Q[(¢;);cr]-algebras

(2.9) P00, QIM][(ti)icr] — QIM][(ti)ier]

<na,7'1m> m

m
= foal) F

where 7, is the unique primitive element in N such that 0 C ng . for all walls

0 containing a(7), and (ng, -, a/(7)) < 0. The path ordered automorphism pg , is
the product of automorphisms pg o - for all 7 € [0,1] such that a(7) € Supp(D),
and ordered following increasing values of 7. Finally, a scattering diagram is called
consistent if for any path a in Mg \ Sing(®) with a(0) = «(1) the associated path
ordered automorphism pp  is the identity.

Let s = (N, (e;)icr,w) be a symplectic seed and ¥ be a fan as in §2.1. For every
i € I, we denote by ¥; the fan in Mg /Ruv; defined by

(2.10) Y ={(c+Ruv;)/Ru;|oc € ¥,v; € 5}.
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It is the fan of the toric variety D; ~ D;. For every codimension one cone pE X,
there exists a unique codimension one cone p € ¥ containing v; such that p =
(p + Ru;)/Ru;. Finally, we denote by igl} the set of codimension one cones p € ¥;
such that p C e

Definition 2.12. The initial HDTV scattering diagram Ds s in of a symplectic
seed s and a fan ¥ as in §2.1 is the scattering diagrams in My with set of walls

(2.11) Ds,zin = {(p, 1+ tizvi)}iel,geigu '

Note that all walls of D 5y are incoming as in Definition 2.10 because v; € p
for all p € EE”. By [9, Thm 5.6], there exists a consistent scattering diagram

9572

in Mg containing the initial HDTV scattering diagram ®s s in, and such that every
wall 0 € Dg 5 \ Dg »in Is non-incoming. Moreover, such a scattering diagram is
unique up to equivalence. We refer to g s as the HDT'V scattering diagram of a
symplectic seed s and a fan ¥ as in §2.1.

For every point x € Mg \ Sing(Ds x), we denote

(2.12) N e = 11 fo,
€D »\Ds,5in
TED

where the product is over all the walls of the HDTV scattering diagram containing
x and which are not initial walls, and

(2.13) Dea= | o
0€Ds 5 in
AS

where the product is over all initial walls containing x.

2.4. Scattering calculation of punctured Gromov—Witten invariants. In
this section, we state and prove Theorem 2.13, a version of the main result of
[9] relating HDTV scattering diagrams and punctured Gromov—Witten invariants.
Let (X, D) be a d-dimensional log Calabi-Yau compactification of a cluster variety
satisfying assumptions (2.2)-(2.4) of §2.1. Recall that (X, D) is obtained as a blow-
up of a toric variety (Xs, Dy) and that we denote by (B, &) be the tropicalization
of (X, D).

Each cone of the fan ¥ in Mg corresponds to a stratum of (Xy, Ds;), whose strict
transform in (X, D) is a stratum corresponding to an isomorphic cone of & in B.
Gluing these identifications between cones of ¥ and cones of &, we obtain as in [9,
§6] a piecewise-linear isomorphism

(2.14) T:(Mg,X) = (B, 2)
x+— T(x)
between topological spaces endowed with a decomposition in integral cones.
We introduce notations that will be used to describe incoming walls of HDTV

scattering diagrams in Theorem 2.13. For every i € I, let & be the exceptional
divisor in X obtained as the preimage of H; by the blow-up morphism

(2.15) Bl: X — Xy
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The projection & — H; is a P!-fibration and we denote by [FE;] € N1(X) the class
of a P-fiber. Every p € EEI] as below (2.10) defines a 0-dimensional toric stratum
x,, of the toric variety H;, and we denote by F, the Pl-fiber of & — H; above the
point z,. The tropicalization of E, ~ P! endowed with the restriction of the log
structure of X is a wall type 7, as in Definition 2.8, where the graph G consists of
a unique vertex adjacent to a single leg, Q\T/,,,R =p, ur, = v; and

U hs(Lou) = Y(p) -

SEQ\r/p,R

We now introduce notations that will be used to describe non-incoming walls of
HDTYV scattering diagrams in Theorem 2.13. Fix A = (a;);c; € N! and a point
x € Supp(Ds ) \Sing(Dg x). Then, there exists a unique wall 9, of Dg 57 containing
z, and we denote by W, the unique hyperplane in My containing 0,. We define

ma = — E a;v; € M,
iel

A, = {A = (a;)icr €N |ma € W,} C N,

and we denote by TX the set of wall types 7 as in Definition 2.8 such that z € h(7out)
and Y.ma = u,.

Let o, be the smallest cone of ¥ containing x. As = ¢ Sing(Ds x), it follows
that o, is of codimension one or zero in Mg and the linear span of o, contains the
hyperplane W,. As the fan ¥ is smooth, it follows that o, is a regular cone, and so

the primitive generators m{~,...,my" of the rays of o, form a basis of the Z-linear
span of 0. Therefore, for every A € A,, there exists unique integers by,...,by € Z
such that

¢
ma = g bjm;-yz.
=1

For every 1 < 5 < /£, let D;-” be the toric divisor of Xy corresponding to the
ray Rzom‘j” of ¥. By standard toric geometry, there exists a unique curve class
Bz € N;(Xx) such that, for every toric divisor D’ of Xy, we have

Ba D= ai+ Y b,
i€l J€Ipr
where
Ip={iel|D;=D'} and Jp ={1<j</(|DJ=D'}.
Finally, define the curve class
(2.16) Bx =BI"B} - Zai[Ei] € Ni(X).
iel

Theorem 2.13. Let s be a symplectic seed, ¥ a fan, and (X,D) a log Calabi-
Yau compactification of the corresponding cluster variety satisfying assumptions
(2.2) and (2.4). Then, for every point x € Supp(Ds x) \ Sing(Ds ), the functions
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fin and f2U defined as in (2.13) and (2.12) respectively are given as follows:

Ds,z,@ Ds,z@

i X,D) _tw;
Bosa=oxp| D0 Dtk NP

icl,pesit €21
xep

and

X,D s .
Blee=ew| D X kN Ee e ]
A=(a;)i€A, TETX iel

where NT(Xé%)_] and NT()E’;) are punctured log Gromov—Witten invariants of (X, D)
ol Ei :

defined as in (2.5) and k., k; are coefficients defined as in (2.6).

Proof. We explain how Theorem 2.13 follows from [9, Thm 6.1]. By [46, Def
3.10], for any log Calabi-Yau pair (X, D), the punctured Gromov—Witten invariants

NT(?;’D) define a canonical scattering diagram D (x py in the tropicalization (B, &)
of (X, D). We refer to [46, §3.2] for the general notion of scattering diagram (called
wall structure in [46]) in (B, ). For log Calabi-Yau pairs (X, D) obtained as
blow-up of a toric variety Xy with fan ¥ in Mg along disjoint smooth hypersur-
faces H = U;er H; of its toric boundary, an initial scattering diagram D (x,, g, in
Mr is defined explicitly in [9, Eq. (5.6)]. A scattering diagram ®(x,, ) in Mg is
then defined using [9, Thm 5.6] as the unique scattering diagram in Mg contain-
ing ®(xy, m),im and such that the complement D x,, my \ D (xy,m),in consists only of
non-incoming walls. Then, the statement of [9, Thm 6.1] is the equivalence of the
canonical scattering diagram D x py with a scattering diagram Y(Dx, ) con-
structed from Y(D(x, #)) in an explicit way described in [9, §6] using the map T
as in (2.14).

By [7, Lemma 4.3], when (X, D) is a log Calabi—Yau compactifications of a cluster
variety, that is when the hypersurfaces H; are of the form given in (2.3), the initial
scattering diagram D x, m,n in [9, Eq. (5.6)] coincides with the initial scattering
diagram ®g s in in (2.11). Thus, the scattering diagrams Q(X&H) and D x are
equivalent in this case by the uniqueness result in [9, Thm 5.6]. Hence, it follows
from [9, Thm 6.1] that the canonical scattering diagram ®(x p) is equivalent to
T(Ds,5). Theorem 2.13 then follows from the definition of the canonical scattering

diagram Dy p) in terms of punctured Gromov-Witten invariants IV T(:)é’D) (see [46,
Def 3.10] or [9, Def 2.33]) and from the explicit description of the map Dg 5 —
T (D) given in [9, §6]. O

3. DT/PUNCTURED GW CORRESPONDENCE

3.1. Quiver and cluster compatibility.

Definition 3.1. Let @ be a quiver and let s = (N, (¢;);cs,w) be a symplectic seed
with index set I = {i € Qo |ts,wg # 0} as in §2.1. A compatibility data between Q
and s is a linear map

(3.1) $: Ng — N

with finite cokernel, that is, with ¢ ® Q is surjective, such that ¢ (s;) = e; for all
i €I, and Y*w = wq, that is, w(e;, e;) = wo(si,s;) for all 4,5 € I.
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Remark 3.2. By Definition 2.1 of a symplectic seed, w ® Q is non-degenerate, and
so the rank of w is equal to the rank of N. As ¢ ® Q is surjective and ¢Y*w = wy, it
follows that the rank of NV is equal to the rank of wg. In particular, the dimension
of the cluster variety defined by the symplectic seed s is equal to the rank of the
skew-symmetrized Euler form wg.

In what follows we provide examples of compatibility data.

Example 3.3. Let @Q be a quiver. Let s = (V, (e;);er,w) be the symplectic seed
defined by N = Ng/kerwg, e; = m(s;) for all ¢ € I, where ¢ : Ng — N is the
quotient map, and w the non-degenerate skew-symmetric form on N induced by
wq. Then, 1 is a compatibility data between ) and s.

3.2. Comparison of scattering diagrams. Let Q be a quiver, s = (N, (€;);ecr,w)
a symplectic seed, and 9 : Ng — N a compatibility data between s and @ as in
(3.1). We denote by

w\/ Mg — MQ’R
the dual map of 1.

Let D¢ be a consistent @-scattering diagram in Mg r without central walls, as in
Definitions 1.15-1.16. We define a scattering diagram (¢¥)*®g = {(¥V)*(0, fo)} in
My in the sense of Definition 2.11 as follows: for every wall (9, f5) of D¢, we define
W) (0, fo) == ((WV)71(0), (WY)* fo). Here, (»V)~1(d) C Mg is the preimage by
Y of 8 C Mg r. Note that as (9, f5) is not central, the primitive direction v, € N5
of 9 is not in ker wg, and so, as ¥*w = wg by Definition 3.1, we have ¢(v;) ¢ kerw.
In particular, 1(,) # 0, and so, as (¢V)71(d) is contained in 1(v,)*, one deduces
that (¢¥)~1(0) is of codimension one in Mg if non empty.

Now to define (1V)* f5, first observe that one can write:

(32) fo=1+ Z Cka’Ya

k>1

with ¢, € Q. Decompose 7, € N5 in the basis (s;)icQ,:

Yo = Z Y0,iS4

1€Qo
with 7o.; € Z>0. Note that as D¢ is without central walls, it follows from Remark
1.6 that if ¢, # 0, then v, = 0if i ¢ I, and so vo = D,/ 70,i5:, and Y(7p) =
> ic1 Yo,ici- Finally, we set

(3.3) (W) fo = 143 cpahivcme (H tim.i) |

k>1 iel

Note that the finiteness condition in Definition 2.11 for (¢V)*®q follows from
the finiteness condition in Definition 1.15 for ®g. Hence, (¢V)*®g is indeed a
scattering diagram.

Lemma 3.4. Let D be a consistent (Q-scattering diagram in Mg without central
walls. Then (VY )*Dq is also consistent.

Proof. Let « : [0,1] — Mg \ Sing((¢¥)*®g) be a continuous path intersecting
Supp((¢¥)*D ) transversally. Then 1)V o« is a path in Mg g\ Sing(D () intersecting
Supp(®g) transversally. In order to prove Lemma 3.4, it is enough to show that
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if the automorphism po, yvoa of QNG| defined in (1.8) is the identity, then the
automorphism p vy, o of QIM][(t:)icr] defined in (2.9) is also the identity. It
is sufficient to prove this result for every finite truncation with respect to powers of
the maximal ideals m of Q[[Ng]] and Q[(¢;)icr]. In other words, for every k > 1, we
. . . <k <k .

consider the induced automorphisms PD.0voa and PV ) 0.0 acting on Q[Ngﬂ/mk
and Q[M][(t;)ser]/mF respectively.

Denote by M’ the image in M of the map
(3.4) NG — M

Y by -

As Ng is a cone of maximal rank in Ng, ¥ ® Q is surjective by Definition 3.1 and
w®Q is non-degenerate by Definition 2.1, it follows that M’ is also a cone of maximal
rank in M. As p(gwkV is an algebra endomorphism and pakv)*g@a@ =1d
mod m, it is enough to prove that p(éka)*QQ,a,x is the identity on Q[M'][(¢;)icr] in
order to conclude that it is the identity on Q[M][(¢;):er]-

It follows from the definition of M’ that the additive map

(3.5) N}y — M oZ'

) *Dq,a,x

Y= Z Visi — (Lypnws (Vi)ier)
1€Q0
is surjective, and so induces a surjective algebra morphism
¢ QING]/m* — QIM'][(ti)ier]/m" .
Comparing the explicit formulas (3.2)-(1.8) for Do with (3.3)-(2.9) for (¢¥)*Dq,
one checks that
<k _ <k

Pluv)rog,a ©¥ = PO Po5uvear

In particular, as ¢ is surjective, if we have p%’; Voo = 1d, then we also have

P(S@z,kQ)*@Q,a = Id, and this concludes the proof. O

Using the above construction D¢g +— (¥V)*D ¢, we compare in the following result

the stability scattering diagram E?E,W) defined in 1.15 and the HDTYV scattering
diagram g s defined in §2.3.

Theorem 3.5. Let (Q, W) be a quiver with potential having trivial attractor DT
invariants, s = (N, (e;)icr,w) a symplectic seed, and X a fan as in §2.1. Fiz a
compatibility data v : Ng — N between s and Q) as in (3.1). Then, the Q-scattering
without central walls 5?2”4/), obtained from the stability scattering diagram 5?297‘4,) ,
and the HDTV scattering diagram g s are related as follows:

—st
W) D(gw) =Dsz -

Proof. By Theorem 1.20, the @Q-scattering diagram 5?227”,) and the cluster scat-
tering diagram D¢ are equivalent. Hence, it is enough to show that (¢)¥)*®§) and
Dg x are equivalent. Comparing the explicit descriptions (1.10) and (2.11) of the
initial scattering diagrams @Cljin and D x iy using that v; = te,w = ty(e,)W for all
i € I, one obtains that (wv)*”Dg’in is equivalent to a scattering diagram containing
D5 5.in, and whose walls not in D x j, are non-incoming. On the other hand, ’DS
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is consistent and so (wv)*Qg’in is also consistent by Lemma 3.4. Tt follows that
Vy*hin ig equivalent to a consistent scattering diagram containing D s i and

Q )2,
whose walls not in D 5 i, are non-incoming. T herefore,(l/)v)*Qg’in is equivalent to
D, » by the uniqueness result in [9, Thm 5.6]. O

3.3. DT /punctured GW correspondence. In this section, we prove our main
result, Theorem 3.6 below, relating quiver DT invariants and punctured Gromov—
Witten invariants.

Let (Q,W) be a quiver with potential having trivial attractor DT invariants.
Let s = (N, (ei)ier,w) a symplectic seed, ¥ a fan as in §2.1, and (X, D) a log
Calabi-Yau compactification of the corresponding cluster variety. Let

’(ﬂ:Ncg—)N

be a compatibility data between s and @ as in (3.1). Let v = (v;)ier € Ng \
ker wg be a dimension vector and 6 € ¢V (Mg) Nyt C Mg g be a general stability
parameter contained in ¥V (Mg). Let x € Mg be a general point such that ¥V (z) =
6. Then, viewing v = (7V;)icr as an element of N’ one defines a curve class By €
N1(X) and a set of wall types 77 as in §2.4 by taking A = 7.

Theorem 3.6. Let (Q, W) be a quiver with potential having trivial attractor DT
invariants, s = (N, (&;)icr,w) a symplectic seed with index set

I:{ZEQO‘LMWQ#O}a
and (X, D) a log Calabi-Yau compactification of the corresponding cluster vari-
ety satisfying assumptions (2.2) and (2.4). Fiz a compatibility data ¢¥: Ng — N
between s and @ as in (3.1), and let v € Ng \ kerwg be a dimension vector

such that v ¢ Z>1s; for all i € I. Then, for every general stability parameter
0 €V (Mg) Nyt C Mg and point x € Mg such that ¥V (z) = 0, we have

(3.6) 0= Y N
|’Y| 7'67—1
a0 . . . . . X D)
where Q" is the rational DT invariant of (Q,W) as in (1.4), and N are the
punctured Gromov—Witten invariants of (X, D) as in (2.5).
Proof. Denote vy = ﬁ By (1.9), we have
oty
S I Sl
’ Y €Z>0%0
Applying the definition (3.3) of (¢¥)*, we obtain
———— :
CANSET R D DI el | U
V'=(7])ic1€Z>170 iel
Using that 7' = (vi)ier = D1 ViSi, We have 1w = . vjv; and so
—+,0 ) " !
(3.7 (p¥)* f§zg b = OXD Z 1] Q. 22ier Vivi Ht;’

V=(V))ier€Z>17} el
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By Theorem 3.5, we have (wv)*ﬁitQ,W) = Dg and so

W) a5ty 0 = 20w = I8, 500
Combining (3.7) with Theorem 2.13, we obtain
(3.8)
3 | Q5 e T 1
Y'=(7))icr€Z>17v0 iel
SO ot R ol op R e I
il pes; (>1 A=(a;); €A, TETE i€l

TeEP

It remains to isolate on both sides the terms proportional z2ier Yi% [Lic: t). As

we are assuming that v ¢ Zs1s; for all i € I, it follows that 22-ser Vi [, 7 is

not equal to zevitf[Ei] for any ¢ € I and ¢ > 1. Hence, we conclude that

T= Y NG,
TETY

and so (3.6) follows. O
4. EXAMPLES: LOCAL P? AND CUBIC SURFACES
In this section, we give two examples to illustrate Theorem 3.6.

4.1. The local projective plane. Let @ be the 3-node quiver in Figure 4.1. The
skew-symmetric form wg on Ng = Zs; ® Zso © Zs3 satisfies

wq(s1,s2) = wg(s2,s3) = wg(ss,s1) =3.

Moreover, wq is of rank two and its kernel is given by kerwg = Z(s1 + s2 + s3).

AN

FIGURE 4.1. The quiver attached to the local projective plane.

Let s = (N, (ei)1<i<3,w) be the symplectic seed defined by N = Z2,
€1 = (L 1) €2 = (_2, 1) ) €3 = (1» _2)7

and w(—, —) = det(—, —). Then, the map ¢ : Ng — N defined by ¥(s;) = e; for
all 1 < i < 3 is a compatibility data in the sense of Definition 3.1. To construct the
corresponding cluster variety, note that w is non-degenerate, and so we can use it
to identify M with N and v; = t.,w with e;. Therefore, we consider the fan 3 in R?
consisting of the three rays R>pe1, R>pe2, R>pes. The corresponding toric surface
Xy has three toric As cyclic quotient singularities, which can be resolved torically
if one insists on having Xy smooth and projective as in §2.1. Let X be the surface
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obtained by blowing-up a point on each of the toric divisors of Xy corresponding to
the rays R>peq, R>pe2, R>pes, and D be the strict transform of the toric boundary
divisor of Xy. Then, U = X \ D is the cluster variety defined by the symplectic
seed s, and (X, D) is a log Calabi-Yau compactification of U. As coker ) ~ Z/3Z,
the holomorphic symplectic cluster variety U is a Z/3Z-quotient of a symplectic
fiber of the Poisson X cluster variety defined by Q.

Then, as reviewed for example in [19], there exists a potential W on @ and an
equivalence of triangulated categories

(4.1) ® : D'Rep(Q, W) = DPCoh(Kp=)

between the derived category of representations of (Q, W) and the derived category
of coherent sheaves on the non-compact toric Calabi—Yau 3-fold given by the local
projective plane Kpz = Op2(—3), sending the three simple representations of Q
to the spherical objects Fy = 1,O[—1], Ea = 1.(Qp2(1)), E5 = 1,(O(=1))[1] in
DPCoh(Kp:), where ¢ : P2 < Kp: is the inclusion of the zero section.

By [19, Thm 1], (Q, W) has trivial attractor DT invariants, and so Theorem 3.6
applies. Theorem 3.6 computes ﬁ?e for € Mr C Mg g, that is, for 8 = (61,62, 03)
such that 6; + 62 + 03 = 0. For every v € Ng \ kerwg such that v ¢ Z>ys; for
all 1 < i < 3, the intersection VL N Mp is a line separated into two chambers: the
attractor chamber R>qt,wgq, and the anti-attractor chamber —R>gt wqg. If 0 is in
the attractor chamber, then the set of wall types 7;9 is empty, and so, by Theorem

=0 . . .
3.6, we have (2 = 0. If f is in the anti-attractor chamber, then the set 7;9 contains

a single wall type 7'3, given by the half-line coming out of the origin and passing
by Y() in the tropicalization B of (X, D) — see [46, Ex 3.14]. Moreover, we have
kr = |ty(y)w| — Therefore, by Theorem 3.6, we have

—+,0 L w
(4.2) oh. ”m |Nj§fbg).

Using the equivalence (4.1), one can deduce a result comparing geometric DT
invariants of Kpz and punctured Gromov—Witten invariants of (X, D). For every
v = (r,d,x) € Z3, one can define a geometric DT invariant ﬁ: using the moduli
space of Gieseker semistable coherent sheaves on P? of rank r, degree d, and Euler
characteristic vy — see for example [15]. By [19, (5.4)], under the equivalence (4.1),
a coherent sheaf of class v is mapped to an object of D’Rep(Q, W) of dimension
vector

V()= (=x,r+d—x,r+2d-Xx).
While there are in general walls in the space of Bridgeland stability conditions on

. . . . =+.0 . =

DPCoh(Kp:) separating the quiver DT invariants Q,J;(U) and the geometric DT Q:r,
these walls are absent for normalized coherent sheaves, that is, with slope yu = %
satisfying —1 < p < 0: we have

ot ot
(43) Qv - Q,Y(U)
for 6 in the anti-attractor chamber —Rx>gt,(,)wg. Indeed, in this case, moduli
spaces of Gieseker semistable sheaves coincide with moduli spaces of 6-semistable
quiver representations by [34, Prop 2.3] and using [19, §5.2, proof of Thm 1] to
compare representations of () with representations of the Beilinson quiver obtained

by removing from (@) all the three arrows between a given pair of vertices. A pictorial
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proof can also be obtained by looking in [19, Figure 10] at the scattering diagram
Dy, defined in [19] for the phase 1) = 7: the rays of Dy going out from the orbifold
point, where the quiver description is valid, go directly to the large volume region,
where the geometric description is valid, without any further scattering. Therefore,
we obtain the following result.

Theorem 4.1. For every v = (r,d,x) € Z3 with p := 2 satisfying —1 < pu < 0, we

T

have the following correspondence between geometric DT invariants ﬁj of the local

projective plane Kp2 and the punctured Gromov—Witten invariants NT();’D) of the
log Calabi-Yau surface (X, D):

o+ _ el x.p)
Q, =———N ,
v y(v)] "~ Trer B
where 6 is a point in the anti-attractor chamber —R>oty(,)wq-
Proof. The result follows by combining (4.2) and (4.3). O

Remark 4.2. One can check that the classes v such that Qf = 1 are exactly the
classes of the exceptional vector bundles on P2, and that the corresponding curve
classes Bg(v) on (X, D) are exactly the curve classes coming from exceptional curves

of toric models of (X, D). Moreover, under the correspondence v Bg(v), the
mutations of exceptional vector bundles on P? [34] correspond to the mutations of

the toric models of (X, D) [39].

Theorem 4.1 is compatible with the heuristic picture of [16, §7] describing DT
invariants of Kpz in terms of holomorphic curves via mirror symmetry and hy-
perkéhler rotation. For every phase 1) € R/27Z, the DT invariants of Kp2 counting
stable objects of the derived category supported on the zero section, for stabil-
ity conditions parametrized by the stringy Kéahler moduli space and with central
charge of phase i + 5, are expected to be related to counts of Jy-holomorphic
curves in a non-compact hyperkéhler manifold (U, I, J, K'), where Jy is the com-
plex structure Jy, := (cos)J + (sine) K. For every phase v, the DT invariants of
Kp: with central charge of phase ¢ + 7 are captured by the scattering diagram 9,
on the stringy Kéhler moduli space defined in [19], and one expects this scattering
diagram to give a tropical description of Jy-holomorphic curves in ¢. Theorem 4.1
establishes this correspondence for ¢ = 7. Indeed, when the surface X is obtained
by blowing up three points whose sum is linearly equivalent to zero on the toric
boundary divisor of Xy, the holomorphic symplectic cluster variety U is exactly
the mirror of (P2, E), where E is a smooth elliptic curve, and so, by [16, §7.1], is
isomorphic to the complex manifold (U, Jx ). Finally, note that the correspondence
for » = 0 has been established in [16]: in this case, the complex manifold (U, Jy)
is isomorphic to the complement P? \ E of a smooth elliptic curve E in P2. While
Theorem 4.1 gives a description of DT counts of normalized Gieseker semistable
sheaves in terms of holomorphic curves in (U, Jz), [16] gives a description of DT
counts of arbitrary Gieseker semistable sheaves in terms of holomorphic curves in
(U, Jp). In particular, DT counts of normalized Gieseker semistable sheaves admit
two completely different descriptions in terms of holomorphic curves in the two very
different complex manifolds (U, Jz) and (U, Jo).

Remark 4.3. Using [13], one can refine Theorem 4.1 to a refined DT /higher genus
Gromov—Witten correspondence.
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4.2. Cubic surfaces. Let @) be the octahedral quiver in Figure 4.2. This quiver is
mutation equivalent to the elliptic Dynkin Dfll’l)

be the symplectic seed defined by N = Z2,
€1 = €2 = (170)763 = €4 = (071),65 = € — (71,71),

and w(—, —) = det(—, —). Then, one checks that the map 9 : Ng — N defined by
P(s;) = e; for all 1 <4 <6 is a compatibility data in the sense of Definition 3.1. In
particular, this shows that wg is of rank two.

quiver. Let s = (N, (e;)1<i<6,w)

FIGURE 4.2. The quiver whose cluster variety is the cubic surface.

A log Calabi—Yau compactification (X, D) of the corresponding cluster variety is
obtained by blowing-up two general points on each of the the three toric divisors of
P2. In particular, X is a cubic surface in P3, D is an anticanonical triangle of lines
on X, and the holomorphic symplectic cluster surface U = X \ D is an affine cubic
surface. As the map v is surjective, it follows that U is isomorphic to a symplectic
fiber of the Poisson X’ cluster variety defined by Q.

The quiver @@ can be obtained from an ideal triangulation of the 4-punctured
sphere — see for example [22, Fig 9]. In particular, as reviewed in Example 1.9, it
admits a quiver with potential W [53] such that (Q, W) has trivial attractor DT
invariants, and so we can apply Theorem 3.6. As in §4.1, for every v € Ng \ kerwg
such that v ¢ Z>1s; for all 1 < < 6, the intersection ’yl N Mg is the union of the
attractor chamber R>qt,wg and of the anti-attractor chamber —R>oi wq. If 0 is

. —0 .. .
in the attractor chamber, then 2, = 0. If # is in the anti-attractor chamber, then
T? contains a single wall 7¥, and so, by Theorem 3.6, we have
a+0 _ lwm@l x.p)

This example is particularly interesting because all the punctured Gromov—Witten
invariants NT();’D) have been explicitly computed in [41] — see also [17]. In particular,
it follows that every non-zero DT invariant Qf/r ¥ is equal to either one or two.

Moreover, the collection of these DT invariants has a physics interpretation as
the BPS spectrum of the 4-dimensional A/ = 2 supersymmetric SU(2) gauge theory

with Ny = 4 flavors. The quiver with potential (Q, W) is the BPS quiver of this
theory — see for example [5, §4.7] and [23] where the two mutated versions of @
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are respectively mentioned. The BPS quiver has a natural origin from the class
S construction of the gauge theory by compactification of the 6-dimensional N' =
(2,0) A; superconformal field theory on a 4-punctured sphere [37, §10.7], whereas
the description of BPS states in terms of punctured Gromov—Witten invariants of
(X, D) arises from the realization of the gauge theory on the worldvolume of a
MS5-brane wrapping a Lagrangian torus in U = X \ D, as reviewed in [17, §1.3].

REFERENCES

1. Dan Abramovich and Qile Chen, Stable logarithmic maps to Deligne-Faltings pairs I1I, Asian
J. Math. 18 (2014), no. 3, 465-488. MR 3257836
2. Dan Abramovich, Qile Chen, Mark Gross, and Bernd Siebert, Decomposition of degenerate
Gromov- Witten invariants, Compos. Math. 156 (2020), 2020-2075.
, Punctured logarithmic maps, arXiv preprint arXiv:2009.07720 (2020).
4. Sergei Alexandrov and Boris Pioline, Attractor flow trees, BPS indices and quivers, Adv.
Theor. Math. Phys. 23 (2019), no. 3, 627-699. MR 4049073
5. Murad Alim, Sergio Cecotti, Clay Cérdova, Sam Espahbodi, Ashwin Rastogi, and Cumrun
Vafa, N = 2 quantum field theories and their BPS quivers, Adv. Theor. Math. Phys. 18
(2014), no. 1, 27-127. MR 3268234
6. Hiilya Argiiz and Pierrick Bousseau, The flow tree formula for Donaldson—Thomas invariants
of quivers with potentials, Compos. Math. 158 (2022), no. 12, 2206-2249. MR 4524360
, Fock-Goncharov dual cluster varieties and Gross-Siebert mirrors, J. Reine Angew.
Math. 802 (2023), 125-171. MR 4635344
8. Hiilya Argiiz and Pierrick Bousseau, Quivers, flow trees, and log curves, arXiv preprint
arXiv:2302.02068 (2023).
9. Hiilya Argiiz and Mark Gross, The higher-dimensional tropical verter, Geom. Topol. 26
(2022), no. 5, 2135-2235. MR 4520304
10. Paul S. Aspinwall, Tom Bridgeland, Alastair Craw, Michael R. Douglas, Mark Gross, Anton
Kapustin, Gregory W. Moore, Graeme Segal, Baldzs Szendroi, and P. M. H. Wilson, Dirichlet
branes and mirror symmetry, Clay Mathematics Monographs, vol. 4, American Mathematical
Society, Providence, RI; Clay Mathematics Institute, Cambridge, MA, 2009. MR 2567952
11. Denis Auroux, Mirror symmetry and T-duality in the complement of an anticanonical divisor,
J. Gokova Geom. Topol. GGT 1 (2007), 51-91. MR 2386535
12. Guillaume Beaujard, Jan Manschot, and Boris Pioline, Vafa- Witten invariants from excep-
tional collections, Comm. Math. Phys. 385 (2021), no. 1, 101-226. MR, 4275783
13. Pierrick Bousseau, The quantum tropical vertex, Geom. Topol. 24 (2020), no. 3, 1297-1379.
MR 4157555
, On an example of quiver DT /relative GW correspondence, Int. Math. Res. Not.
IMRN 15 (2021), 11845-11888.
, Scattering diagrams, stability conditions, and coherent sheaves on P2, J. Algebraic
Geom. 31 (2022), no. 4, 593-686. MR 4484550
, A proof of N. Takahashi’s conjecture for (P2, E) and a refined sheaves/Gromouv-
Witten correspondence, Duke Math. J. 172 (2023), no. 15, 2895-2955. MR, 4675044
, Strong positivity for the skein algebras of the 4-punctured sphere and of the 1-
punctured torus, Comm. Math. Phys. 398 (2023), no. 1, 1-58. MR 4544181
, Holomorphic Floer theory and Donaldson-Thomas invariants, String-Math 2022,
Proc. Sympos. Pure Math., vol. 107, Amer. Math. Soc., Providence, RI, [2024] (©2024, pp. 45—
78. MR 4729624
19. Pierrick Bousseau, Pierre Descombes, Bruno Le Floch, and Boris Pioline, BPS Dendroscopy
on Local P2, Comm. Math. Phys. 405 (2024), no. 4, Paper No. 108. MR 4733340
20. Tom Bridgeland, Stability conditions on triangulated categories, Ann. of Math. (2) 166 (2007),
no. 2, 317-345. MR 2373143 (2009¢:14026)
, Scattering diagrams, Hall algebras and stability conditions, Algebr. Geom. 4 (2017),
no. 5, 523-561. MR 3710055
22. Eric Bucher and Milen Yakimov, Recovering the topology of surfaces from cluster algebras,
Math. Z. 288 (2018), no. 1-2, 565-594. MR, 3774426

14.

15.

16.

17.

18.

21.




30

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

H.ARGUZ AND P. BOUSSEAU

Sergio Cecotti and Michele Del Zotto, The BPS spectrum of the 4d N= 2 SCFT’s
Hi,Hs, D4, Eg, E7, Eg, J. High Energy Phy. 2013 (2013), no. 6, 1-13.

Qiyue Chen, Travis Mandel, and Fan Qin, Stability scattering diagrams and quiver coverings,
arXiv preprint arXiv:2306.04104 (2023).

Man-Wai Cheung and Travis Mandel, Donaldson-Thomas invariants from tropical disks, Se-
lecta Math. (N.S.) 26 (2020), no. 4, Paper No. 57, 46. MR 4131036

David A. Cox, John B. Little, and Henry K. Schenck, Toric varieties, Graduate Studies in
Mathematics, vol. 124, American Mathematical Society, Providence, RI, 2011. MR 2810322
Ben Davison and Travis Mandel, Strong positivity for quantum theta bases of quantum cluster
algebras, Invent. Math. 226 (2021), no. 3, 725-843. MR 4337972

Ben Davison and Sven Meinhardt, Donaldson-Thomas theory for categories of homological
dimension one with potential, arXiv preprint arXiv:1512.08898 (2015).

, Cohomological Donaldson-Thomas theory of a quiver with potential and quantum
enveloping algebras, Invent. Math. 221 (2020), no. 3, 777-871. MR 4132957

Frederik Denef and Gregory W Moore, Split states, entropy enigmas, holes and halos, Journal
of High Energy Physics 2011 (2011), no. 11, 1-153.

Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky, Quivers with potentials and their
representations. I. Mutations, Selecta Math. (N.S.) 14 (2008), no. 1, 59-119. MR 2480710
Pierre Descombes, Cohomological DT invariants from localization, J. Lond. Math. Soc. (2)
106 (2022), no. 4, 2959-3007. MR 4524190

Simon Donaldson and Richard Thomas, Gauge theory in higher dimensions, The geometric
universe (Oxford, 1996), Oxford Univ. Press, Oxford, 1998, pp. 31-47. MR 1634503
Jean-Marc Drezet and Joseph Le Potier, Fibrés stables et fibrés exceptionnels sur Po, Ann.
Sci. Ecole Norm. Sup. (4) 18 (1985), no. 2, 193-243. MR 816365

Tobias Ekholm, Piotr Kucharski, and Pietro Longhi, Physics and geometry of knots-quivers
correspondence, Comm. Math. Phys. 379 (2020), no. 2, 361-415. MR 4156213

Vladimir Fock and Alexander Goncharov, Moduli spaces of local systems and higher Te-
ichmiiller theory, Publ. Math. Inst. Hautes Etudes Sci. 103 (2006), 1-211. MR 2233852
Davide Gaiotto, Gregory W. Moore, and Andrew Neitzke, Wall-crossing, Hitchin systems,
and the WKB approzimation, Adv. Math. 234 (2013), 239-403. MR 3003931

Victor Ginzburg, Calabi- Yau algebras, arXiv preprint arXiv:0612139 (2006).

Mark Gross, Paul Hacking, and Sean Keel, Birational geometry of cluster algebras, Algebr.
Geom. 2 (2015), no. 2, 137-175. MR 3350154

Mark Gross, Paul Hacking, Sean Keel, and Maxim Kontsevich, Canonical bases for cluster
algebras, J. Amer. Math. Soc. 31 (2018), no. 2, 497-608. MR 3758151

Mark Gross, Paul Hacking, Sean Keel, and Bernd Siebert, The mirror of the cubic surface,
Recent developments in algebraic geometry—to Miles Reid for his 70th birthday, London
Math. Soc. Lecture Note Ser., vol. 478, Cambridge Univ. Press, Cambridge, 2022, pp. 150—
182. MR 4480568

Mark Gross and Rahul Pandharipande, Quivers, curves, and the tropical vertex, Portugaliae
Mathematica 67 (2010), no. 2, 211-259.

Mark Gross, Rahul Pandharipande, and Bernd Siebert, The tropical vertex, Duke Math. J.
153 (2010), no. 2, 297-362. MR 2667135

Mark Gross and Bernd Siebert, From real affine geometry to complex geometry, Ann. of Math.
(2) 174 (2011), no. 3, 1301-1428. MR 2846484

, Logarithmic Gromov-Witten invariants, J. Amer. Math. Soc. 26 (2013), no. 2, 451—
510. MR 3011419

, The canonical wall structure and intrinsic mirror symmetry, Invent. Math. (2022),

1-102.

Dominic Joyce, On counting special Lagrangian homology 3-spheres, Topology and geometry:
commemorating SISTAG, Contemp. Math., vol. 314, Amer. Math. Soc., Providence, RI, 2002,
pp. 125-151. MR 1941627

Dominic Joyce and Yinan Song, A theory of generalized Donaldson-Thomas invariants, Mem.
Amer. Math. Soc. 217 (2012), no. 1020, iv4+199. MR 2951762

Bernhard Keller, Calabi- Yau triangulated categories, Trends in representation theory of alge-
bras and related topics, EMS Ser. Congr. Rep., Eur. Math. Soc., Ziirich, 2008, pp. 467—489.
MR 2484733



50

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.
62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

QUIVERS AND CURVES IN HIGHER DIMENSION 31

. A. D. King, Moduli of representations of finite-dimensional algebras, Quart. J. Math. Oxford
Ser. (2) 45 (1994), no. 180, 515-530. MR 1315461 (96a:16009)

Maxim Kontsevich and Yan Soibelman, Affine structures and non-Archimedean analytic
spaces, The unity of mathematics, Progr. Math., vol. 244, Birkh&duser Boston, Boston, MA,
2006, pp. 321-385. MR 2181810

, Wall-crossing structures in Donaldson-Thomas invariants, integrable systems and
mirror symmetry, Homological mirror symmetry and tropical geometry, Lect. Notes Unione
Mat. Ital., vol. 15, Springer, Cham, 2014, pp. 197-308. MR 3330788

Daniel Labardini-Fragoso, Quivers with potentials associated to triangulated surfaces, Proc.
Lond. Math. Soc. (3) 98 (2009), no. 3, 797-839. MR 2500873

Seung-Joo Lee, Zhao-Long Wang, and Piljin Yi, Quiver invariants from intrinsic Higgs states,
J. High Energy Phys. (2012), no. 7, 169, front matter+18. MR 2967676

Wenxuan Lu, Instanton correction, wall crossing and mirror symmetry of Hitchin’s moduli
spaces, arXiv preprint arXiv:1010.3388 (2010).

Davesh Maulik, Nikita Nekrasov, Andrei Okounkov, and Rahul Pandharipande, Gromouv-
Witten theory and Donaldson-Thomas theory. I, Compos. Math. 142 (2006), no. 5, 1263—
1285. MR 2264664

Sven Meinhardt and Markus Reineke, Donaldson-Thomas invariants versus intersection co-
homology of quiver moduli, J. Reine Angew. Math. 754 (2019), 143-178. MR 4000572
Matthew R Mills, Mazimal green sequences for quivers of finite mutation type, Advances in
Mathematics 319 (2017), 182-210.

Lang Mou, Scattering diagrams for generalized cluster algebras, arXiv preprint
arXiv:2110.02416 (2021).

Sergey Mozgovoy, Crepant resolutions and brane tilings I: Toric realization, arXiv preprint
arXiv:0908.3475 (2009).

, Operadic approach to wall-crossing, J. Algebra 596 (2022), 53-88. MR 4366305
Sergey Mozgovoy and Boris Pioline, Attractor invariants, brane tilings and crystals, arXiv
preprint arXiv:2012.14358 (2020).

Markus Reineke, Poisson automorphisms and quiver moduli, J. Inst. Math. Jussieu 9 (2010),
no. 3, 653-667. MR 2650811 (2011h:16021)

, Cohomology of quiver moduli, functional equations, and integrality of Donaldson-
Thomas type invariants, Compos. Math. 147 (2011), no. 3, 943-964. MR 2801406
(2012i:16031)

Markus Reineke, Jacopo Stoppa, and Thorsten Weist, MPS degeneration formula for quiver
moduli and refined GW/Kronecker correspondence, Geom. Topol. 16 (2012), no. 4, 2097-2134.
MR 3033514

Markus Reineke and Thorsten Weist, Refined GW/Kronecker correspondence, Math. Ann.
355 (2013), no. 1, 17-56. MR 3004575

, Moduli spaces of point configurations and plane curve counts, Int. Math. Res. Not.
IMRN (2021), no. 13, 10339-10372. MR 4283580

Linhui Shen and Daping Weng, Cluster structures on double Bott-Samelson cells, Forum
Math. Sigma 9 (2021), Paper No. e66, 89. MR 4321011

Richard Thomas, A holomorphic Casson invariant for Calabi-Yau 3-folds, and bundles on
K3 fibrations, J. Differential Geom. 54 (2000), no. 2, 367-438. MR 1818182 (2002b:14049)
Richard Thomas and Shing-Tung Yau, Special Lagrangians, stable bundles and mean curva-
ture flow, Comm. Anal. Geom. 10 (2002), no. 5, 1075-1113. MR 1957663

Daping Weng, Donaldson-Thomas transformation of double Bruhat cells in semisimple Lie
groups, Ann. Sci. Ec. Norm. Supér. (4) 53 (2020), no. 2, 353-436. MR 4094561

UNIVERSITY OF GEORGIA, DEPARTMENT OF MATHEMATICS, ATHENS, GA 30605
Email address: Hulya.Arguz@uga.edu

UNIVERSITY OF GEORGIA, DEPARTMENT OF MATHEMATICS, ATHENS, GA 30605
Email address: Pierrick.Bousseau®@uga.edu



	0. Introduction
	1. Donaldson–Thomas invariants of quivers
	2. Punctured Gromov–Witten invariants of cluster varieties
	3. DT/punctured GW correspondence
	4. Examples: local P2 and cubic surfaces
	References

