MODELING AND ANALYSIS OF ENSEMBLE AVERAGE SOLVATION ENERGY AND
SOLUTE-SOLVENT INTERFACIAL FLUCTUATIONS
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ABSTRACT. Variational implicit solvation models (VISM) have gained extensive popularity in the molecular-
level solvation analysis of biological systems due to their cost-effectiveness and satisfactory accuracy. Central
in the construction of VISM is an interface separating the solute and the solvent. However, traditional sharp-
interface VISMs fall short in adequately representing the inherent randomness of the solute-solvent interface,
a consequence of thermodynamic fluctuations within the solute-solvent system. Given that experimentally
observable quantities are ensemble-averaged, the computation of the ensemble average solvation energy
(EASE)-the averaged solvation energy across all thermodynamic microscopic states-emerges as a key metric
for reflecting thermodynamic fluctuations during solvation processes. This study introduces a novel approach
to calculating the EASE. We devise two diffuse-interface VISMs: one within the classic Poisson-Boltzmann
(PB) framework and another within the framework of size-modified PB theory, accounting for the finite-size
effects. The construction of these models relies on a new diffuse interface definition u(x), which represents
the probability of a point z found in the solute phase among all microstates. Drawing upon principles of
statistical mechanics and geometric measure theory, we rigorously demonstrate that the proposed models
effectively capture EASE during the solvation process. Moreover, preliminary analyses indicate that the
size-modified EASE functional surpasses its counterpart based on classic PB theory across various analytic
aspects. Our work is the first step towards calculating EASE through the utilization of diffuse-interface
VISM.

1. INTRODUCTION

In the quantitative analysis of biological processes, the complex interactions between the solute and solvent
are typically described by solvation energies (or closely related quantities): the free energy of transferring
the solute (e.g. biomolecules, such as proteins, DNA, RNA) from the vacuum to a solvent environment
of interest (e.g. water at a certain ionic strength). The process conceptually can be decomposed into two
basic processes: a “nonpolar” process of inserting the uncharged solute into solvent and a “polar” process
of charging the solute in the vacuum and a solvent environment [14].

The free energy change in the “nonpolar” process is called the nonpolar solvation energy. It represents the
contributions from the surface tension, mechanical work, and attractive solvent-solute dispersion interactions.
There are many nonpolar solvation models available. The most commonly used one is the scaled particle
theory (SPT) [49,54] which includes the energy of surface tension effect and the mechanical work of immersing
a particle into the solvent. The work by Gallicchio et al. [30,32], Levy et al. [42], Gallicchio and Levy [31],
Wagoner and Baker [57] has showed the importance of nonpolar solvent models with attractive solute-solvent
dispersion term.

The difference of energies associated with the “polar” process is called polar solvation energy. It describes
the solvent’s effect on the solute charging process by calculating a difference in charging free energies in the
vacuum and a solvent environment [14]. The origin of polar solvation energy is electrostatic interactions,
which are ubiquitous in nature for any system of charged or polar molecules.

There are two major approaches for solvation energy calculations: explicit solvent models and implicit
solvent models [46]. Explicit models, treating both the solute and the solvent as individual molecules, are
too computationally expensive for large solute-solvent systems, such as the solvation of macromolecules in
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ionic environments. In contrast, implicit models, by averaging the effect of solvent phase as continuum
media [1,2,8,9,12,27,45], are much more efficient and thus are able to handle much larger systems [2,17,28,
34,35,40,48,56].

An inevitable prerequisite for describing the solvation energy in implicit solvent models is an interface
separating the discrete solute and the continuum solvent domains. All of the physical properties related
to solvation processes, including biomolecular surface area, biomolecular cavitation volume, pK, value and
electrostatic free energy, are very sensitive to the interface definition [22,55,57]. There are a number of
different surface definitions, which include the van der Waals surface, the solvent excluded surface and the
solvent accessible surface. These surface definitions have found many successful applications in biomolecular
modeling [20,23,39,53]. However, these predetermined interfaces are ad hoc partitions and thus either non-
negligibly overestimate or underestimate the solvation free energies [57]. Moreover, none of them takes into
account the minimization of interfacial free energies during the equilibrium solvation.

Variational implicit solvation models (VISM) stand out as a successful approach to compute the disposition
of an interface separating the solute and the solvent [4,13,15,18,21,59,64]. In a VISM, the desired interface
profile is obtained by optimizing a solvation energy functional coupling the discrete description of the solute
and the continuum description of the solvent in addition to polar and non-polar interactions.

However, traditional sharp-interface VISMs have limitations in capturing the inherent randomness of the
solute-solvent boundary. This randomness arises from factors such as atomic vibrations and thermodynamic
fluctuations. In practical applications, ions, solutes, and solvent molecules are not rigid entities; they undergo
small or significant conformational changes. The disposition of the solute-solvent interface is influenced by
both the structure of the solute molecule and the surrounding solvent configuration. Due to thermodynamic
fluctuations, when a fixed solute molecular structure being considered, solvent molecules and ions can still
adopt different configurations [3], equivalent to forming different microstates in the language of statistical
mechanics. This highlights that the position of the solute-solvent interface is not unique, and a single, fixed
configuration does not capture the full range of possible solute-solvent interactions.

On the other hand, experimentally observable quantities are ensemble averaged. Utilizing the energy
computed from a single microstate to predict the averaged energy from all microstates is inherently prone to
inaccuracy. Indeed, studies show that disregarding thermodynamic fluctuations during the solvation process
can cause severe errors in predictions of solvation free energies [47]. Therefore, it is of imminent practical
importance to develop a solvation model capable of calculating ensemble average solvation energy (EASE)
with thermodynamic fluctuations being taken into account.

According to statistical mechanics, the ensemble average of a quantity is the weighted average (by means
of the Boltzmann weight) of its values among all microstates. However, in practice, it is a challenging task
to directly compute the EASE of a solute-solvent system by means of this definition. If one only samples
a handful of random realizations, it is likely that one can only capture an outlaw behavior rather than
the meaningful average behavior of the stochastic regime. In contrast, a tremendous sampling of random
realizations, although delivers a more accurate approximation of EASE, is computationally too expensive,
sometimes even unaffordable.

To address this dilemma, we provide an alternative approach to the computation of EASE in Section 3.
More precisely, we show that instead of computing and averaging the solvation energies among all microstates,
one should characterize the “mean behavior” of the solute-solvent interfaces. This gives rise to a novel
“interface” profile u : Q — [0, 1] such that u(x) represents the probability of a point x € Q found in the
solute phase among all microstates.

Based on this insight, we rigorously demonstrate that the EASE of a solute-solvent system can be effect-
ively captured by using a VISM defined in terms of this “interface” profile u. This modeling paradigm is
highly flexible, enabling us to incorporate various considerations into EASE modeling.

As an illustrative example, we develop two EASE functionals, one within the framework of classic Poisson-
Boltzmann (PB) theory and the other within the size-modified PB theory framework to account for finite
size effects. These proposed models have the potential to significantly expedite the computation of EASE.
They achieve this by using a single diffuse-interface profile instead of numerous sharp interfaces in various
microstates, making the computation more efficient and computationally accessible.

The proposed models introduced in this work fall within the category of diffuse-interface VISM [15, 21,
24,44,58,60-63]. This family of models replaces the traditional sharp solute-solvent interface with a diffuse-
interface profile, denoted as u : 2 — R. Our work provides a novel and mathematically solid interpretation of
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the diffuse-interface profile. Based on this interpretation, for the first time in the literature, we establish the
connection between EASE and the energy predicted by diffuse-interface VISMs. This clarification establishes
a link between the sharp-interface and diffuse-interface VISM models, demonstrating that the diffuse-interface
model indeed computes "mean” energies consistent with sharp-interface models.

Furthermore, our work provides an alternative approach to compute the EASE. Compared to the routine
calculation of the EASE, which typically involves performing explicit solvent simulations, such as molecular
dynamics (MD), to obtain thousands of solute-solvent states and then performing energy calculations for
each state, the proposed approach has the potential to improve the efficiency of EASE calculations. By
utilizing a single diffuse-interface profile instead of numerous sharp interfaces across various microstates, the
proposed method offers computational efficiency and accessibility.

The rest of this paper is organized as follows. Section 2 provides an introduction to one of the most
widely used formulations of sharp-interface VISMs. In Section 3, we present the development of two En-
semble Average Solvation Energy (EASE) functionals within the frameworks of classic Poisson-Boltzmann
theory and the size-modified Poisson-Boltzmann theory, taking into account finite size effects. Section 4 com-
prises preliminary analyses of the proposed EASE models, with a particular emphasis on the size-modified
EASE functional. In Appendix A, we gather relevant information and facts about a class of strictly convex
functionals related to the polar portion of EASE. To help readers gain deeper insight into the improvements
of our EASE models over existing VISMs, Appendix B offers a brief comparative analysis between our newly
proposed models and one of the most widely employed diffuse-interface VISMs, the Geometric Flow-Based
VISM (GFBVISM) [15,24,58,60-62]. Appendix C provides an introduction to the basic concepts from geo-
metric measure theory used in this article. Finally, in Section 5, we draw conclusions and summarize the
key findings and implications of our research.

2. ENSEMBLE AVERAGED SOLVATION ENERGY

List of Notations: Given any open sets U and Q, U € Q means that U C Q and U stands for the closure
of U. We denote by £V and HN~! the N—dimensional Lebesgue measure and the (N — 1)—dimensional
Hausdorff measure, respectively. For any 1 < p < oo, p’ is the Holder conjugate of p. The phrase l.s.c is the
abbreviation of lower semi-continuous. xg always denotes the characteristic function of a set F.

For any two Banach spaces X and Y, the notation £(X,Y) stands for the set of all bounded linear operators
from X to Y and £(X) := L(X, X).

2.1. Background. We consider a solute-solvent system with a fixed biomolecular structure contained in
a bounded Lipschitz domain 2 C R3 by using a (statistical) grand canonical ensemble. The temperature,
chemical potentials and volume of the system are kept constant. Suppose that there are N, ion species in €2
and the system contains N, + 2 types of particles, i.e. the solute and solvent molecules and N, ion species.
We assume that the solute atoms are centered at z1,--- ,2n,, € Q.

Define a probability space (S, F, P), where the sample space S = {S,, : & € A} denotes the set of all possible
states of the system with A being the index set of the states. F is a o-algebra of S and P is the probability

measure. Because a biomolecular structure is fixed, each state S, is uniquely determined by a function
Ca € LI(Q7 RNC+1) : C(X(x) = (CCY,O(Z'LCOLJ(I’)’ T 7C(17Nc(x))7

where C, ;(z) is the (number) concentration of the j-th ion species at  for j =1,---, N, or the (number)
concentration of solvent molecules for j = 0. In state S,, a point € Q is in the solute phase if C,(z) =
(0,---,0); otherwise in the solvent phase. A point that is not occupied by any particle is typically considered
to be in the vacuum. However, due to the similar dielectric constants of the solute and the vacuum, it is
reasonable to assume that such points can be treated as being in the solute phase.

It is important to note that different states can result in the same solute and solvent phases. For instance,
consider the scenario where a solvent molecule and an ion are interchanged, which are originally located at
different positions, within a given state. Allowing for a slight abuse of notation, we refer to the subset of states
within S that share the same solute and solvent phases as a microstate of the solute-solvent system. Assume
that the system undergoes K microstates: My, -+ , Mg € F; and each My occurs with a probability
pr = P(My). For notational brevity, we put = {1,2,--- , K}. This leads to a decomposition § = | | My;

keKx
and thus ), - prx = 1.
We define several random variables that will be extensively used in this article.
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e X:8—= K, where X =3, ;- kxnm,. Thus X(S,) indicates the microstate that S, belongs to.

e C; : S = LYQ), where C;(S,) = Ca,; with j € {0,1,---,N.}. Thus when j € {1,---,N.},
C;(Sa)(z) is the (number) concentration of the j-th ion species at € Q in S,; Co(Sa)(2) is the
(number) concentration of the solvent molecule at x € Q in S,.

Let Z be a Banach space. The ensemble average of a random variable Y : § — Z (in S) is defined as
) =EY)=EEY|X =k)] = ZkaE(Y|X =k). (2.1)
ke

Similarly, if one considers My, as a (statistic) ensemble, the ensemble average of Y in My, is defined by
e =EY|X =k).

Throughout the remainder of this article, unless explicitly stated otherwise, the ensemble average of a
quantity Y always refers to the object defined by (2.1).

2.2. A Sharp Interface VISM. In this section, we will introduce the solvation energy defined in a mi-
crostate M, with a fixed sharp solute-solvent interface. Assume that in microstate My, the solute phase is
represented by a Caccioppoli subset Dy € €2, or equivalently, Uy = Q \ Dy, is the solvent phase. Then the
solute-solvent interface is given by dDy. See Figure 1(A) for an illustration.

(B)

FIGURE 1. (A) Tllustration of a microstate My: Dy is the solute region; Uy is the solvent region; 0Dy,
is the solute-solvent interface; (B) Domain decomposition for a grand canonical ensemble: ; is the region
occupied by the solute in all microstates; e denotes the region occupied by the solvent in all microstates;
Q¢ denotes the transition region where 0 < u < 1.

In this article, solute atoms are treated as hard spheres. More precisely, we consider the atom centered at
x;, 4 =1,--+, Ny, as a sphere of radius o; > 0, i.e., B(z;, 0;), for which solvent molecules and ions cannot
enter. On the other hand, the solvent and ion concentrations are the same as their bulk concentrations
in regions sufficiently far away from the solute. As a consequence, such regions cannot be contained in the
solute phase in any microstate. Based on these observations, we may assume that there are two open subsets,
Q; and g, of Q with Ufi"i B(zi,04) € € Q\ Qe and 99 C 99, such that

0 C D, CQ\Q. forall keKk. (2.2)

For instance, one can take €; to be the region enclosed by a smoothed solvent excluded surface and €2, to
be region outside a smoothed solvent accessible surface. Let Q¢ := '\ (Qi U Qe) be the transition region.
By Assumption (2.2), in all microstates,

e ions are located outside €2;, and _
e the solute-solvent interfaces are located inside €.

In addition, we define 31 = 9Q; and X = 9Q, \ 9Q. We assume that g, %1 are C? and € is connected so
that 3o Ny = (. See Figure 1(B) for an illustration.
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The hydrophobicity of the amino acids in the biomolecule varies from position to position. To account
for this phenomenon, we introduce a positive variable surface tension function § € C1(€;). Without loss of
generality, we may extend 6 to be a function in C1(£2), still denoted by 6, such that

Op <0(x) <6, €

for some constants 0 < 6y < 6;. By [10, Lemma 1],

/Qé(m)d\Df(xﬂ _ sup{/gf(x)v (0@) () dz : ¢ € CHALRY), (6] < 1}, FEBV(Q).  (23)

See Definition C.1 for the definition of BV -functions. It is clear that, for any f € BV () with f =0 in Q.
and f =1 in 4, the value of [, 8(x)d|Df(x)| is independent of how 6 is extended outside €.

As proposed in [24,25], the solvation free energy in microstate My, predicted by a sharp-interface VISM
is the value of the following energy functional evaluated at xp,:

g(XDk) - Inp(XDk) + Ip(XDkaw)7

where 1 : Q — R is the electrostatic potential. The two components I, and I, are termed the nonpolar
and polar portion of the solvation energy, respectively. For every fixed Dy, ¥ = 9y, D, 18 chosen to maximize
I,(xDy, %) among all ¢ taking a predetermined Dirichlet boundary value 1p on 0.

The nonpolar solvation energy consists of three parts:

Ly (xy) = /Q 6d|Dxp, | + PaVol(Dy) + /U puU Y (z) do.
k

When 6 = v for some constant v > 0, the first term reduces to yPer(Dy; ) with Per(Dy; Q) being the
perimeter (in §2) of the biomolecule region Dj. This term measures the disruption of intermolecular and/or
intramolecular bonds that occurs when a surface is created. In addition, Vol(Dy) represents the volume of
Dy; Py is the (constant) hydrodynamic pressure. Therefore, P, Vol(Dy) is the mechanical work of creating
the biomolecular size vacuum in the solvent. In the last integral, p, is the (constant) solvent bulk density;
and UYMW represents the Lennard-Jones potential [57]; as such UY4W € C®°(Q\ {z1, -+, 2N, }).

Currently, one of the most widely-used polar solvation models is based on the Poisson-Boltzmann (PB)
theory [1,28,29,35,40]. In the framework of classical PB theory, the polar energy is expressed as

Lo ) = [

Dy,

Nc
p@yit@) ~ EIVoE] do = [ | EIVu@R + 57 e~ 1) o, 24)
k j=1

where p is an L°°-approximation of the solute partial charges supported in Uf\;”i B(z;,0). €, and €5 are the
dielectric constants of the solute and the solvent, respectively. Usually, €, ~ 1 for the protein and €, ~ 80
for the water. g; is the charge of ion species j, j = 1,2,--- ,N,, and 8 = 1/kpT, where kp is the Boltzmann
constant, 7' is the (constant) absolute temperature. c5° is the (constant) bulk concentration of the j—th
ionic species. For notational brevity, we define

NC
B(s)=p""! Zc;’o (6_68‘“ -1)|, seR (2.5)
j=1
In addition, we assume the charge neutrality condition
N.
> g =0. (2.6)
j=1

It is important to observe that B(0) = 0 and, by (2.6), B’(0) = 0 and B’(£o0) = +o00. Further, B”(s) > 0.
We thus conclude that B(0) = mei]gB(s) and B is strictly convex.

To sum up, in microstate My, the solvation energy is given by

E(XDK)Z/Hd\DXDk|+PhV01(Dk)+/ psUVdW(x)da:+/
Q Uk Dy,

(o)) — L |Vi(@)?] do

_/Uk {%|V¢(m)|2+3(¢(gg>)} dz,
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where ¢ = 1), solves the PB equation:

V- ((epx Dy + €sxv,,)VV) — dmxu, B (V) + 4mp =0 in Q (2.8)
in the admissible set

A={y e H(Q): ¢]on =vp} for some Yp € WH(Q). (2.9)
The boundary data v p is fixed throughout this article.

Remark 2.1. Now, we will present a concise discussion regarding the expression for polar energy expression
(2.4). This discussion will serve as a crucial foundation for the derivation of EASE. To begin, let us review
the definitions of the random variables X and C; defined in Section 2.1.

A pivotal element of the Poisson-Boltzmann theory is an electrostatic potential 1, which is identical across all
states within a fixed (statistical) ensemble under consideration. Consider a fixed microstate My, as a (stat-
istical) ensemble. In My, the electrostatic potential v satisfies the fundamental equation of electrostatics,
the Poisson equation:

N.
=V - (exp, + €sxu, )V =4n | p+ qucf ) (2.10)
j=1

where c? is the (number) concentration of the j-th ion speices in My, i.e.

cf = (Ci)e = E(C1X = k); (2.11)

and thus c;‘? = 0 in Dy. However, since the probability distribution of C; is unknown, it is impossible to

directly compute c;? by means of (2.11). Indeed, the expression of c;? should be derived from the Helmholtz
free energy, cf. [29,36,43].
To find the Helmholtz free energy Hj, in My, we consider the random variable Fy, : S — R, where

Ne

Ey(Sa) = /D (pv— ZIv0i?) dx—&—/U > (4)Cagto — Cagpi) = SEIVOP [ de (212)

k| j=1

is the internal energy in state S, with p3° being the chemical potential of the j-th ion species, which is
uniform everywhere in a grand canonical ensemble. Then the ensemble average of Ey, in My, is given by

c

Z (gickv — ) - ;—;\WJP dz. (2.13)

j=1

(B =BENX =K = [ (o0 - (Vo) do+ [

Dy, U

Meanwhile, within the framework of classic PB theory, the entropy Sy in My, is given by

N
-TS) = 571/[] Zcf [ln(vc?) —1] du, (2.14)

ko j=1

where 1/v is a reference concentration. It is crucial to highlight that, in statistic mechanics, entropy is not a
random variable of (S, F,P) and should not be obtained by ensemble averaging its counterparts in all states.
The Helmholtz free energy Hy, is given by Hy = (Ey)r —T'Sk. Equating the first variation of Hy with respect
to ¢ to zero gives

pse = g1 ln(vcf(gc)) +q¢;j¥(z) in Ug.
This leads to the relation c¥(z) = xy, (z)v 1?5 e #4¥(@) When x is sufficient far away from the solute,

we have ¢ (z) = 0 and c? (z) = ¢5°. This implies that c¢j° = v~ 1ef1" . Hence we obtain the relation

cf(z) = xv, ()c5Te Put), (2.15)

This is exactly the Boltzmann distribution. It is important to emphasize that the term xp, in Equation
(2.15) arises from the fact that, in Hy, the domain of integration for any integral involving c? is restricted to
Uj. This restriction is necessary because c;? = 0 within the domain Dj. By using the characteristic function
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Xv,, we ensure that the integration is performed only over the relevant region Uy where c;? is nonzero.
Plugging (2.15) back into the expression of Hy, yields

N,
_ _ % 2 _ Es 24 g— —Ba;(z)
- | (oo~ ZIVvE)) do / v Y dz.  (216)

Jj=1

Since the polar energy equals zero when ¢ vanishes everywhere, following [52], a constant term

N
BN rda (2.17)

Uk =1

Nec
should be added to (2.16), which yields the polar energy expression (2.4) in Mj. Note that ) qjcé? =
j=1

—xu, B’ (¢), see (2.5). Plugging this expression into (2.10) shows that 1 solves (2.8). By Lemma A.1, ¢
maximizes I, (xp,,-) in A.

To summarize, within the framework of the classic Poisson-Boltzmann theory, the following points are
crucial in the derivation of EASE in a fixed ensemble:

e Universal Electrostatic Potential: It is necessary to use a universal electrostatic potential, denoted
as 1, which applies across all microstates, when deriving the Boltzmann distribution. This potential
is independent of specific microstates and is used consistently in the calculations.

e Entropy is not a random variable: In the context of EASE, it is important to note that one component
of the solvation energy, namely entropy, is not considered a random variable of the system (S, F,P).
Therefore, when calculating the entropy within EASE, it should not be obtained by averaging its
counterpart in the individual microstates.

By considering these factors, EASE can be derived within a fixed ensemble, incorporating an appropriate
electrostatic potential and accounting for the non-random nature of entropy.

3. MODELING OF ENSEMBLE AVERAGE SOLVATION ENERGY

If one tries to directly use (2.1) and compute EASE, an obvious barrier is how to calculate the probability
pi. Although, according to statistical mechanics, py can be obtained by means of the Boltzmann weight, an
accurate approximation of the Boltzmann weight requires a sufficiently large sampling of microstates, which
creates a significant computational burden. Indeed, in the routine calculation of the EASE, the computation
of pr may involve energy calculations for thousands of solute-solvent states.

The core of our modeling paradigm is, instead of ensemble averaging the outputs of the solvation energy
functional (2.7), one should ensemble average the inputs, i.e. xp,, to obtain a diffuse-interface profile. Then
the EASE can be computed by using this one profile instead of thousand of solute-solvent states. This leads
to the following definition:

u= Z PrXDy, -

kel

As such, u(z) represents the probability of x € ) found in the solute phase among all microstates. Figure 1(B)
shows the range of u in different regions. The definition of u enforces the following physical constraints

u(z) € [0,1] for a.a. z € Q (3.1)
and
u=1 ae in and u=0 a.e. in Q.. (3.2)

Then the admissible set for u is defined as

X ={u e BV(Q): u satisfies Constraints (3.1) and (3.2)}.
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To construct the EASE functional, we introduce the following functions defined on K:
fo:K— BV(Q), fp(k)=xb,
fu: K= BV(Q), fu(k)=xu,

foi k=R L) = [ 0aDxp,|
fi: K — L(LY(Q),R) = L>(Q), fi(k)v:/XDkvdz:/ vdr, veL'(Q)
Q D

fo: K = L(LYQ),R) = L™(Q), fe(k)v:/xUkvdx:/ vdr, v L' (Q).
Q U

The ensemble averages of all bulk and interfacial energy components can be derived from the above functions.
For example,

e the ensemble average of interfacial energy, i.e. [, 0d|Dxp,|, is given by (fs(X));
e the ensemble average of the term P, Vol(Dy) is given by (fi(X)Pr);
e the ensemble average of the term ka psUYW dz, is given by (fo(X)(psUYIW)).

Proposition 3.1. Assume that v € L*(Q) is an energy density function. Then the ensemble average of the
enerqgy stored in the solute and solvent phases can be computed as follows:

(X0 = [

Q

wv dx and (fo(X)v) = /(1 —u)vdx.

Q

Proof. The proof is straightforward. Indeed, we will only check the equality for (fi(X)v). Consider the
random variable f;(X)v:S — R. Then

(X)) = BERCO0X = 0] = Y [

kek Dy,

vdx:/ Zpkxpkvdxz/uvdx.
Q

Qrex
O

Following the discussion in Remark 2.1, let % : Q — R be the universal electrostatic potential ¢, which is
identical among all S,. To formulate the Poisson equation, we notice that the dielectric function e, fp(k) +
esfu(k) = epxp, + €sXxu, in (2.10) should be replaced by the ensemble averaged one:

e(u) :=E(epfp(X) + esfu(X)) = uep + (1 — ues.

Hence ¢ € A solves
N,

=V [e(uw)Vy] =4r [ p+ zc: q;¢5 in Q, (3.3)

j=1
where c; is the ion concentration of the j-th ion species in the ensemble under consideration, i.e.
c; =E(C;) =E[E(C;| X = k)] = Zpkcf = Zka§XUk' (3.4)
kek kek

Note that the function ¢; = 0 in the set {u = 1} := {z € Q : u(z) = 1}. By a similar argument to Remark 2.1
and Proposition 3.1, the ensemble average of Ey, cf. (2.12) and (2.13), equals
Ne¢

- — 2 |\yy)? R — b ) — 2 w2
B0 = X [ (v gziwut)ae s [ >~ (e =) = IV |

N
= [ oo X e - eon) - S w0 | an (3.5)
j=1

In the following two subsections, we will derive two functionals for the EASE within the frameworks of classic
PB theory and size-modified PB theory.
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3.1. Classic Poisson-Boltzmann Theory. In this subsection, we will first consider the classic PB theory,
in which ions and solvent molecules are assumed to be point-like and have no correlation between their
concentrations.

3.1.1. Ensemble Average Polar Energy. In the classic PB theory framework, the entropy can be formulated
as

Nc
—-TS=p"1 ch [In(ve;) — 1] da.
{u<1} =1

The domain of integration {u < 1} = {x € Q@ : u(z) < 1} is due to the fact that ¢; vanishes identically in
{u = 1}. Applying a similar argument leading to (2.15) to the Helmholtz energy H = (Ey) — ST, one can
obtain the Boltzmann distribution

¢ = X{ucpycoe Y, (3.6)
After plugging (3.6) into H, as in (2.17), the constant term

NC
5_1/ Xu<1y P ¢ da (3.7)
Q =

needs to be added to H to adjust the reference state of the zero energy in the ensemble under consideration.
Finally, we arrive at the ensemble average polar energy

N,
j=1

On the other hand, replacing ¢; in (3.3) by (3.6) shows that ¢ € A solves the generalized PB equation:
V- [e(w) V] — dmx ety B/($) + 4mp =0 in Q. (3.8)

VO] = Xuc1y B) | da.

Lemma A.1 shows that ¢ maximizes I(u,-) in A for any fixed u € X.

3.1.2. Ensemble Average Interfacial Energies. Following the discussions in Section 3.1.1, the EASE in the
framework of classic PB theory can be represented by

(fs(X))y 4+ L(u), where L(u) = /Q [Pr+ ps(1 — )UYW da + I (u, 4by,)

with ¢, maximizing I,(u,-) in A. It only remains to compute the ensemble averaged interfacial energy
(X)) = BB = 0] = X o [ 6D, |
kek

Proposition 3.3 below shows that the integral fQ 0d|Du| can be used to approximate the ensemble averaged
interfacial energy. Before proving Proposition 3.3, we will need the following lemma.

Lemma 3.2. Let {Dy}rex be a family of Caccioppoli sets satisfying 4 C Dy C Q\ Qe and pi, € [0,1]
with e Pk = 1. Then for each € > 0, there exists another family {Dy}rex of Caccioppoli sets satisfying
O, C Dy C Q\ﬁe and

HAO*DyNO*D;) =0, Vk,jekK, k#j, (3.9)
with 0* D being the reduced boundary of a Caccioppoli set D, cf. Definition C.3. Moreover,

> p [ 0D+ L) = 3 [ 0D, |- L@

kel keKx

<e,

where u= 3 prxp, and U= 3 piXp, -
keK ke
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Proof. In view of Lemma A.2, it suffices to construct a family of Caccioppoli sets {Dy ,}22, satisfying
Assumption (3.9) and ; C Dy, C 2\ Q. such that

lim |[xp, — Xpp,ller =0, lim /9d|DXDk,n| = / 0d|Dxp,|- (3.10)
n— 00 n—oo Q Q

Indeed, letting u, = >, cxc PEXDy.,.» (3.10) implies that u, — u and x{u,<1} =+ X{u<1} iD LY(Q). Then it
follows from Lemma A.2 and the dominated convergence theorem that L(uy, vy, ) — L(u, ) as n — oo.

Because ¥;, i = 0, 1, are C?, there exists some a > 0 such that ¥; has a tubular neighborhood B,(%;) of
width a > 0, cf. [33, Exercise 2.11] and [41, Remark 3.1]. For sufficiently small r € (0,a), let

k= (Dr U Br(31)) \ B (o).

In view of the relation Per(S U T;Q) + Per(SNT;Q) < Per(S;Q) + Per(T;) for any Caccioppoli sets
S, T C Q, Dj, are again Caccioppoli sets. Recall that Per(S;Q) is the perimeter of S in Q. According to
Lemma 4.6, we have

Jim o, ~xoilly, =0, tm [ oyl = [ oo,

Note that the proof of Lemma 4.6 is independent of other results in this article. Therefore, without loss of
generality, we may assume that for some sufficiently small r > 0

Q; UB(El,’I’) Cc Dy, C Q\ (ﬁe UBT(E())) .

Claim 1: For every k, there exists a sequence {f;}32, C C*°(Q) such that 0 < fz ; <1 a.e. in Q and
lin o, ~ il =0t [ 6diDfisl = [ 6Dxn,.
j—oo j— Jo Q

Proof of Claim 1. We consider xp, as an element in BV (R?). Choose a sequence g; — 07 and define
Jr,j = Me; * XD, , Where 7, is the standard Friedrichs mollifying kernel. Then lim |xp, — fx;llz2 = 0.
j—o0

[10, Corollary 1] implies that [, 0d|Dxp, (z)| < liminf [, 0d|D fy j(z)|. Note that fr; € X N C>(Q) for
j—o0
sufficiently large j. For any ¢ € C}(Q;R3) with ||¢]|c < 1, it follows from [10, Lemma 1] that

/ f1; V- (09)dr = / (ngj * XDk) V- (0¢)dx = / XD,V - [nej * (9(;5)] dx
Q Q Q

. x (0
_ / .V - [9 (W)] i
Q 0
<l /0] [ 0a1DxD, (@)
Here (1., % 0)(z) = [, 1., (x — y)0(y) dy for x € Q. Taking supremum over all such ¢, we derive that
| 01D 55 < | /0], [ 01DxD, ()

By the uniform continuity of ¢, it is not a hard task to verify that lim ||(n., * 0)/9||L00(Q) = 1. Therefore,
j—o00
the above inequality implies that limsup [, 6d|Dfy ;(z)| < [, 0d|Dxp, (x)|. [ |
j—oo

By the Sard’s Theorem, there exists some S C (0,1) with £1((0,1) \ S) = 0 such that, for all ¢ € S, the
super-level set E} ; = {fx,; > t} has a smooth boundary. The coarea formula implies that

1 1
/Hd\DXD,J = lim /9d|kaj\ = ‘lim/ /9d|DXEt v\dtZ/ liminf/ 0d|Dxge |dt.
Q = Jo ’ = Jo Ja kg 0o i—= Jo kg
Therefore, for some ¢t € S,

I

liminf/0d|DXEf, | §/9d|DXDk|~
< Jo " Q
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Pick the subsequence {j,}22; such that

liminf/ 0d|Dxgt | = lim /0d|DXEtY |
j—00 Q k,J n—oo [o k.jn

On the other hand, we can infer from the Chebyshev’s Theorem that

1 1
LBy, \ Di) < ;ka,jn —xpllers LPDp\ Ep ;) < ﬁ”fk,jn = XDyl -

This implies that
Jim. Ixpy , —Xpillr = 0.

Therefore, it follows from [10, Corollary 1] that ZNDk,n = E,i’jn satisfies (3.10) with Dy ,, replaced by Bkn

Assume that 7—[2(8x5k N 6)(57, ) >0 for some k, j € K and k # j. Since 81~)k,n is C2, there exists some
a > 0 such that 8l~)k,n has a tubular neighborhood Ba(af)k,n) of width a > 0. Denote by v the outward unit
normal of Dy, ,, pointing into 2\ Dy ,,. Then the map defined by

A: 9Dy, x (—a,a) = Ba(dDy.) ¢ (z,7) = x +10(2),
is a Cl-diffeomorphism. Let I', := A(@ﬁkwn,r). Then, for every i € K, there are at most countably many
r € (—a,a) such that #*(T', N 9xp, ) > 0. Hence we can find r € (—a,a) sufficiently close to 0 such that
H*(T, Ndxp, ) =0, Viek

and I', C € and

. +‘/QedDXDM—/Qod|pxﬁm|‘ <1/n,

where Dy, ,, is the region enclosed by I',.. Modifying all 5;67”7 k € K, in such a way yields a family of smooth
sets {Dk.n }trex satisfying Qi C Dy, C Q\ Qe and Assumptions (3.9) and (3.10). g

o =z,

The lemma above elucidates that within a given ensemble, slight adjustments can be made to the solute
regions { Dy, }rex in order to attain (3.9), while ensuring that the alterations in the associated solvation energy
remain “infinitesimally” negligible. Consequently, it is permissible to consistently presume that {Dj}rex
adheres to (3.9).

Proposition 3.3. Assume that {Dy}reic satisfies (3.9). Then
JRZETED Sy KL
Q kek 78

Proof. By the De Giorgi’s structure theorem, cf. [26, Theorem 5.7.2], xp, are 2-rectifiable, i.e. there exist
Borel sets Fj, and C'-functions gy, : Uk, — R3, U, C R? compact, such that [|0Dy||(F)) = 0 and

o0
0*Dy = Fr U U Grn(Uk,n)-

n=1

Pick arbitrary € > 0. For every k € KC, we can find N = Ny(e) such that

> 5
ID|(2N w(Ugn)) < :
D@0 U ghaC) <
n=Ng+1
Recall K = |K|. Therefore, we obtain compact sets
Ni(e)
Gre = |J onUkn), k€K, and G.:=|] Gie.
n=1 ke

By the definition of the reduced boundary, the unit normal v exists everywhere on G.. By the Urysohn’s
Lemma, there exists a continuous function ¢ : R? — R3 such that ¢|g. = v. Restricting ¢ on Q and applying
Stone-Weierstrass, we can find a smooth function ¢, : Q :— R? such that

| — @l (a.y < e



12 ENSEMBLE AVERAGE ENERGY AND SOLUTE-SOLVENT INTERFACIAL FLUCTUATIONS

Then, in a neighborhood H € Q of G, we have |¢.| > 1/2. Pick h € C§°(;[0,1]) such that h =1 in H.

Setting 1 (z) = h(x )|i52x;\ it is an easy task to check that

1—¢
+

1> ¢ (x) v(z) > , x€G..

—_
™

By [10, Lemma 1], we can estimate

/6d|Du| >/<9w5 - dDu = Zm/ews Dxp.ds= Y pe [ 6. Dxp,do—=

kek kek Gr,e

> E —_ 0d|D —€
716 < 1+2 G | XDk|

-y ( [ odipn, - | edem) -
ke O\Gy,e
2e
Zp‘“ 2 [ oanxn, -
keK

Since ¢ is arbitrary, we have
JRZLTED Sy KLY
ke
The inverse inequality is obvious. We have thus proved the assertion. O

3.1.3. Total Energy Functional. Based on Propositions 3.1 and 3.3, the ensemble average nonpolar energy
can be formulated as

Ip(u) = /QGd|Du| Jr/Q [Pru+ ps(1 —w)UY™W] da.

Therefore, the EASE functional is given by
E(u) = / d|Du| +/ [Pru+ ps(1 — )UYW da +/ { W — e(u )\vw| — X{u<} B() | dz (3.11)
Q Q
with admissible set X and 1 = v, € A is determined via the generalized PB equation (3.8).

3.2. Size-modified Poisson-Boltzmann Theory. In the classic PB theory, ionic solvents are assumed
to be ideal: all ions and solvent molecules are point-like and there is no correlation between the (number)
concentrations of these particles. However, the ideal ionic solvent assumption overlooks the crucial finite size
effect of mobile ions and solvent molecules. Numerical simulations have demonstrated that the point-like ion
assumption in classic PB theory can lead to nonphysically large ion concentrations near charged surfaces [7].

We will follow the idea in the pioneering work [5] by Bikerman to derive the size-modified polar energy
formulation. Assume that each mobile ion and solvent molecule occupies a finite volume v. Building upon
the definition of Cy introduced in Section 2.1, we define

=E(Co|X =k) and c¢o=E(Cy) = Zpkclg.
ke

It is assumed that inside the solvent phase, apart from the occupancy of ions, the remaining space is filled
with solvent molecules. In this context, the following relation holds:

Zc =xuv,(z), z€. (3.12)

This relation enforces a maximum concentration of v=! for each ion species. (3.12) implies that

Ne
Zpkco Zpk vt —ZC? xu, =V (1 —u) Zc], (3.13)
j=1

ke ke
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Following [5], we can include the solvent entropic contribution and then the size-modified entropy Sp,q can
be written as

—TSpmg =1 ch [In(ve;) — 1] dz
{u<1} =0
=4t ch [In(vej) — 1] dz
{u<1} =1
N, N
+ 57t v_l(l—u)—ch In (1—u)—chj -1
{u<1} j=1 j=1

See also [6,7,37,38] for some related work.
Following the discussion in Remark 2.1, the variation of Hp,q = (Ey) — T'Smaq, cf. (3.5), with respect to
cj, j=1,---, N, gives

N.
HE =g+ B [1n<vcj) ~In <(1 —u) vy Cﬂ X{u<1}-
1=1

This leads to the relation
Gj
(1—w) —szN:Clci
When 7 is sufficient far away from the solute, we have u(z) = 0, ¥(r) = 0 and ¢;(z) = ¢;° with j €
{0,1,---,N.}, where ¢° is the (constant) bulk concentration of the solvent molecule. This implies that

—1e805° o= Ba; ¥

= X{u<1}V

¢ = 5P| where we have used the relation (3.13).
€ T = X{u<1}h]~6*ﬁqiw, where h; = z (3.14)
(T—u)—v3 e veg
Summing over j =1,---, N, one can find out that

N. —Ba
e X{u<1} Zj:l hje Pai¥
ch =(1—u) A —
1 +X{u<1}V2j71h'€ Bajy
EN 1 C e ﬂ‘bw

=(1—u) I=
vege +VZ = cre —Baji’

Here, we have utilized the relation (1 — u)Xx{,<1} =1 — u. Note that the above equality implies that

1_ (oo}
1—u—ch u)vco

- vege +VZ L cePuY

Plugging this expression into (3.14) yields

(1- ) e (3.15)
C; = — U . .
’ Ve + v D e Puy

Using (3.15), the size-modified Helmholtz free energy H,,q can be reformulated as

Hoa= | [w_ Wigue + 5710 - w) <ln <vCoo+(vlz_$V§e—ﬁW> _1” "

A constant term (with respect to fixed w)

Ne
B —w)In | veg® + VZ ¢ | =871 = w)[In((1 — u)ved®) — 1] (3.16)
j=1
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needs to be added to H,,q to adjust the reference state of the zero energy in the grand canonical ensemble
under consideration. We finally arrive at the following size-modified polar energy functional:

Tpma(u.0) = | [w— W gy - <1—u>Bmd<w>] dr,

where the function B,,q : R — R is defined by

N, B
Ve v S e o0 Bays
B'md(s) — /871\/71 h’l ( 0 Z]—l J ) .

N,
o0 c o0
vege +v ) =1C;

Direct computations show

N,
Z] 1 _7 qJe ~has

/
(5) = -
md VCO +VZj=1cj e—ﬁq]'s
and
2
N. _ . N, . N.
" (s) VIBCSOZJ 1 <J>oq]2 Pais +vp3 (ZJ 16 qj qus) (E]*lcj € ﬂqJS) —vp (Ej 1 67°a5€ —Pass )
md S) = .

2
N,
(o'} c o0 ,—fBq;s
(ch +v) j=1Cj e P )

The Cauchy-Schwartz inequality shows that B!/ ;(s) > 0 for all s € R. Therefore, B,,q is strictly convex. It
follows from (2.6) that B;, ;(0) = 0 and thus 0 = B,,4(0) = minserB,q(s). Plugging (3.15) into (3.3) gives
the size-modified PB equation

V- [e(u)VY] —4n(1 —u)B,,,(¥) + 4rp =0 in Q. (3.17)
Lemma A.1 shows that, for any fixed u € X, ¢ € A solves (3.17) iff it maximizes I}, ymq(u, -).
Define L,,,q : X — R by
Lmd(u) = / [Phu + ps(l - U)UVdW)] dx + Ip,md(ua 1//u)a
Q
where 1, maximizes I ,mq(u,-) in A. Following the proof of Lemma 3.2, we can prove a similar result for
Lind-

Lemma 3.4. Let {Dy}rex be a family of Caccioppoli sets satisfying 4 C Dy C Q\ Qe and pi. € [0,1]
with ), cxc bk = 1. Then for each ¢ > 0, there exists another family { Dy }rex of Caccioppoli sets satisfying
O C Dy € Q\ Qe and

HA(O* Dy N O*D;) =0, Vk,jekK, k#j.

Moreover,
Zpk/ 0d|Dxp,| + Lima(u Zpk/ 0d|Dxp, | — Lma(u)| <
kek kek
where u =Y prXp, and u =Y PEXp, -
ke ke

By virtue of Lemma 3.4 and Proposition 3.3, the size-modified EASE functional can be expressed as

Enatw) = [ 0aDul+ [ [Puut (1) (.08 = Boa(w) + o~ S 190 o (3.18)

with admissible set X and ¥ = v, € A solves the size-modified PB equation (3.17).

Remark 3.5. The main difference between (3.11) and (3.18) (or between (3.8) and (3.17)) is the expressions
of Boltzmann distributions. At each x € €, in the classic PB theory, the concentration of the j-th ion species
is represented by (3.6), which can tend to 400 as long as u(x) < 1. In contrast, (3.15) enforces the constraint

N. _ . : . .
s < (I—uv 1. Hence the concentration of each ion species cannot exceed v—!
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4. ANALYSIS OF ENSEMBLE AVERAGE SOLVATION ENERGY

We will perform some preliminary analysis for the EASE models developed in the previous section. The
following example shows that € is not l.s.c. with respect to convergence in WhH1(Q).

Example 4.1. We take yp =1, Q; = B(0,1), Yy ={z € R3: 1 < |z| < 2} and Qo = {z € R3 : 2 < |2]| < 3}.
Choose u € X NC*°(Q) such that u(z) =1 for |z| < 5 and u(z) < 1 elsewhere. We can construct a sequence
Uy, € X NWEHQ) such that u, — u in WHH(Q) satisfying
o uy(z) <1 forall |x| > 1,
o uy(z) =21 for 3 < |z| <
For instance, we can define uy(x)
computations show that

| colen

b3 31y for 1 < |z < 3 and u,(z) = =Lu(x) for [z| > 4. Direct

lim I (up) = Inp(u).

n—oo
However, Lemma A.2 shows that

i Ty = [ (e = GV (o B | de < D) < Bwv), ()

n— oo 8

where 1, € A is the solution of (3.8) and 1), is the solution with u replaced by w,. Additionally, V. is the
solution of
V- [e(u) VY] — 47TX{|w‘>1}B/(1/)) +4mp =0 in Q.
Note that equalities hold in (4.1) iff ¥y = ¥, and . (x) = 0 for a.a. 1 < |z| < 3. If the second condition
holds, then v, solves
V- [e(u)Vy] —4nB' () =0 in {1 < |z| < 3},
=0 on {lz|=1},
=1 on ONQ.

Then it follows from the elliptic unique continuation theorem, c.f. [19, Theorem 1.4], that ¥, = 0, which
contradicts with the fact that ¥, =1 on 0.

3

The analysis above reveals that the absence of lower semicontinuity in £ arises from the discontinuous
term X{y<1}. Minimizing non-lower semicontinuous functionals poses a significant challenge. Particularly,
the computational and analytical complexities associated with the discontinuous term further compound the
difficulty. Consequently, the minimization of £ remains an open problem.

In contrast, the discontinuous term x{, <1y is obviated in &,,4 through the relation (1 —u)xfu<1y =1—u.
This elimination allows us to establish the lower semicontinuity of &£,,4, as demonstrated in the proof of
Theorem 4.2 below. This paves the way for establishing additional analytic properties of &,,4. Consequently,
our focus in the remainder of this article will center on the analysis of the size-modified EASE functional
Emd- The analyses in the following two subsections underscore the advantages of incorporating finite size
effects in EASE modeling from an analytical perspective.

4.1. Existence of Minimizer.
Theorem 4.2. &,,4 has a global minimizer in X.

Proof. First, we will show that &,,4 is convex. Indeed, given any ug,u; € X, let uy = tug + (1 — t)u; for

€ [0,1]. We have u; € X for all t € [0,1]. For any v € X, let @, be the solution of (3.17) in A with u
replaced by v. Note that, for any fixed ¥ € A, both I,,p(-) and Ip ma(-, 1) are convex. Then it follows from
Lemma A.1 that

Ema(ut) = Inp(ut) + Ip,malue, Yu,)
< t[Tnp (o) + Ipma(tio; Yu, )] + (1 =) [Inp(u1) + Ipma(ur, ¥u, )]
<t [Inp(uo) + Ipma(vo, Yuy)] + (1 =) [Inp(ur) + Ipma(u1, Yu, )]
= tEma(ug) + (1 — t)Emaluy).

The lower semicontinuity of &,,4 in X with respect to convergence in L!(2) is a direct conclusion from the
dominated convergence theorem, [10, Corollary 1], and Lemma A.2. Now the existence of a minimizer of
Emaq in X can be immediately obtained by the direct method of Calculus of Variation. O
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Remark 4.3.
(i) The assertion of Theorem 4.2 remains valid if we merely assume that ¥y and ¥; are Lipschitz
continuous.

(ii) Since the functional &,,4 is not strictly convex, global minimizer of &,,4 is generally not unique. How-
ever, the primary focus in the applications of VISM is on the computed solvation energy ming,ecxyEma
rather than the specific surface profile u. In the paper [51], we proposed a p-Laplacian-based com-
putational model to capture the solvation energy effectively.

4.2. Continuous dependence on the constrains. Let & = min,cx&na(u). Since & depends on Con-
straint (3.2) and thus on ¥y and ¥, we will justify the robustness of (3.18) by demonstrating that & depends
continuously on X; with j = 0,1 in a proper topology. Without loss of generality, we may assume that 3;
are connected. The general case can be proved in a similar manner.

For k = 1,2, let MH" be the set of pairs (20, 1) of compact, connected and oriented C*-hypersurfaces
without boundary contained in the open set {2, which induces a decomposition (i, 2, Q) as in Figure 1(B).
The orientation of Xg (31, resp.) is so taken that its outward unit normal vector field vs, (vs,, resp.) points
into ;. To summarize, the open sets (£2;, 2, Qo) satisfy the following properties.

o (Q4,9Q4,Q) are connected so that X9 N3y = 0.

° va:"{ E(]}i,di) c e \ﬁe.

e 00 C 99.
Theorem 4.2 and Remark 4.3 show that & can be considered a functional defined on M#*. In the rest of this
section, we denote &4, X, and (s, Q, Qe) by Ema,r, Ar, and (i r, Q.r, Qer) to indicate their dependence
onT = (8g,%;) € MH'. In Theorem 4.4 below, it will be shown that & is indeed continuous while restricted
to MH?. To this end, we will first demonstrate that MH* are metric spaces.

The normal bundle of a compact, connected and oriented C'-hypersurface ¥ without boundary is given
by

N'S ={(q,vs(9) : g €T} CR® x R?,
where v5(q) is the outward unit normal of ¥ at q € . If in addition, ¥ is C?, its second normal bundle can
be defined as
N2 = {(q,vs(q), Vsrs(q)) : g € B} € R® x R® x RS,
where Vs is the surface gradient of ¥. Recall that the Hausdorff metric on compact subsets K C R” is
defined by
dy (K1, K3) = max{ sup d(z, K3), sup d(z, K1)}.
reKy rc Ko
We can equip MH* with the metric

Az (S0, 21)s (20, 51)) = dy(N*S0, N¥30) + dyg (NFS1, NFE1), (S0, 21), (S0, E1) € MHF.

Following [50, Chapter 2], one can show that MH? equipped with d 4,2 is a Banach manifold. The theorem
below is the main result of this section.

Theorem 4.4. & € C(MH2).

We will split the proof of Theorem 4.4 into several steps. Pick arbitrary I' = (3¢, %;) € MH?. To prove
the continuity of & at T', we choose an arbitrary sequence I'y, := (Zg pn, X1,n) € MH!. In the sequel, we will
first prove two propositions concerning the convergence lim &(T',,) = & (T') under the condition

n—oo

lim dayg (Tn,T) =0 (4.2)

n—oo

when T';, converges to I' from the interior and exterior of T" (with respect to the orientations of (3¢, ¥1)). In
the rest of this section, we will denote by Umin (Umin;n, resp.) a global minimizer of &,qr (Emar, resp.) in
XF (Xpn resp.).

Proposition 4.5. Assume that T' = (X9, %) € MH? and T, = (0.0, X1.0) € MH' satisfy (4.2). If
Qi,l"n C Qi’p and Qe,l‘n C Qeyp,
then lim &(T,) = &(T).

n— oo
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Proof. Observe that umin, € A1, for all n. Thus
(g)(Fn) = gmd,Fn (umin;n) < gde,,L (Umin) = gde(umin) = g(r)

It follows from Lemma A.1 that there exists some constant M > 0 such that

/ PSUVdW(l - umin;n) dx + Ip,md(umin;na wumm;n) S M;
Q

where 1., € A is the solution of (3.17) with u replaced by umin;n. This implies that
90/ d|DUmin;n| + Ph”“min;n”L1 - M S éO(F)
Q

Therefore, ||tmin:n ||y is uniformly bounded. [26, Theorem 5.2.3.4] implies that there exists a subsequence,
not relabelled, and some u € BV (Q) such that umin., — u in L1(Q2). Note that (4.2) implies that

Jim {xo.r, = X/l = Jim [Ixe.r, = Xoorllp =0

and thus u € Ar. From [10, Corollary 1], Lemma A.2 and the dominated convergence theorem, we infer that
&) < Epar(u) <liminf &(T,) < limsup &(T,,) < &(I).
n—00 n— 00
This proves the assertion. O
To prove the convergence lim &(T',,) = &(T') in case
n—oo

Qir, 2%r and Qer, 2 Qer,

n =

we will need some preparations. Because ¥; are C?, following the proof of Lemma 3.2, the map
A; ¥ x(—a,a) > B,(%;): (q,r)—q+rvs,(q), i=0,1,
is a C'-diffeomorphism for some a > 0, where B,(3;) is the tubular neighbourhood of 3; with width a and v,
is the outward unit normal of ;. By the inverse function theorem, there exist two maps P; € C1(Ba(%;), ;)
and d; € C1(B,(%;), (—a,a)), where P; is the nearest point projection onto ¥; and d; is the signed distance
to X; with d;(z) > 0 for z € B,(X;) N €. Note that G := A;(Z;,7) € MH?. Tts orientation is chosen to be
compatible with that of 3; so that its outward unit normal
Vin() = v, (Pi(2)), @€,
See [50, Section 2.2.2]. Then it is clear that lin% dy(Gr,%;) = 0. Without loss of generality, we may assume
r—
that a > 0 is so small that for any r € (—a,a), G5 NG = 0.
Lemma 4.6. For every f € Xp, we define
1, x € QiUBT(El)
fr(z) =<0, x € Qo U B, (X))
f(x), elsewhere
forr € (0,a). Then f, — f in LY(Q) and [, 0d|Df,(z)| — [,0d|Df(x)| asr — 0F.
Proof. The proof for f. — f in L*(Q) is straightforward. So we will only show the second part. [10,
Corollary 1] implies that [, 0d|Df(x)| < lim (i)rlf Jo 0d|D fr-(z)|. In the rest of the proof, it is assumed that
r—

i €{0,1}. Put Ul := B,.(3;) N Q. For any ¢ € CL(Q;R3) with ||¢]|oc < 1 and u € A, the trace theorem of
BV -functions, cf. [26, Theorem 5.3.1] implies that

’ ’ = Vigpdy as cvsy 2,
/U [V (§9)ds+ /U (09)-dDu /g 00) i T /2 (00) v T

Here T,u is the trace of u|yr on OUJ; and [Du] is the vector-valued measure for the gradient of wu, cf.
Appendix C. Pushing r — 07 above yields that

lim (00) - vi, TrudH? = / (09) - vs, Tru dH?. (4.3)
by

r—0+t Gr

i
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Direct computations show

Joo-apsi= 3 [ o-apsi+ [ oo)-aps

] A\(UFUUY)
~ [ (6)-ain1) - ;;F/ (6) - d[D ) - ;;r/ ORI
1%[% D(f - 1)

/9d|Df |—120:1/ (04) - d[Df] — Z/( ¢) - d[Df]
- X [ 00w -5

3=0,1

It follows from (4.3) that

—Z/% dDf] - Z/% D(f — 1)

1=0,1 1=0,1
72/ (09) - vs, (i — Ty f) dH>* — Z/ (09) - vir(i — T, f) dH? — 0
i=0,1 i=0,1797

as 7 — 0T. See the proof of [26, Theorem 5.4.1]. We clearly have lim fm (09) - d[Df] = 0. Therefore, we
can infer from (2.3) and [26, Theorem 5.3.1] that

limsup/9d|DfT |</0d|Df

r—0t

This proves the assertion O
Proposition 4.7. Assume that T' = (X9, %) € MH? and T, = (B0, 1,0) € MH' satisfy (4.2). If

Qir, 2Q%ir and Qer, 2 Qor,
then lim &(T,) = &(T).

n—roo

Proof. Let r,, = dpqq1 (', I'). For sufficiently large n € N, we define

1, r e U Br"(21>7
unp(z) =<0, x € Q. UB, (X0),

Umin (), elsewhere.
Since uy, € AT, and Umin;n € A, We have
(9@(1—‘) < gmd,F(umin;n) = gmd,Fn (umin;n) = g(rn) < 5md,F,L (un) = gmd,F(Un)- (44)

Lemma 4.6 implies that as n — oo
Uy — Upin 1D LI(Q) and / 0d|Du.,| — / 0d| Duin |-
Q Q

Using the dominated convergence theorem and Lemma A.2 yields 1i_>rn Emd,r (Un) = Emar(Umin) = &(T).
n (oo}
Then the asserted statement follows by pushing n — oo in (4.4). O
Proof of Theorem 4.4. Now we assume that ', € MH? and
L= (Z0mS1n) = T in MH2

Let 7, = dpge(Tn,T). Then GE™ = (GF™ GF™) € MH'. We denote by uf a global minimizer of
Emd.grn N Xgtr, . Because Umin;, € Xg-r. and u;f € A, , we infer that

g(girn) < gmd,g*Tn (Umin;n) = gmd,l"n (Umin;n) = g(rn) < gmd,l"n, (u:) = gmd,QJrrn (u:) = éo(ngrn).
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Propositions 4.5 and 4.7 show that
lim £(G7"™) = lim éo(g+’"”) =&().

n—oQ n—oo

Therefore, lim &(T,) = &(T). O

n—oo

5. CONCLUSION

Variational implicit solvation models (VISM) have been successful in the computation of solvation energies.
However, traditional sharp-interface VISMs do not account for the inherent randomness of the solute-solvent
interface, stemming from thermodynamic fluctuations. It has been demonstrated that neglecting these
fluctuations can lead to substantial errors in predicting solvation free energies [47].

In this work, a new approach to calculating ensemble averaged solvation energy (EASE) is developed
using diffuse-interface VISM. Grounded in principles of statistical mechanics and geometric measure theory,
the method effectively captures EASE during the solvation process by employing a novel diffuse-interface
profile u(x), which represents the probability of finding a point = in the solute phase across all microstates
within the grand canonical ensemble. To showcase the versatility of our modeling paradigm, we formulate
two EASE functionals: one within the classic Poisson-Boltzmann (PB) framework and another within the
framework of size-modified PB theory, accounting for finite-size effects of mobile ions and solvent molecules.

In the routine calculation of the EASE, one needs to carry out molecular dynamics (MD) simulations to
obtain thousands of solute-solvent configures (snapshots) and perform energy calculations for each snapshot.
By meticulously modeling the impact of conformational changes in the solvent medium, the proposed model
can reproduce EASE with just one diffuse-interface configuration. Compared with ensemble-averaging ener-
gies from thousands of snapshots, the alternative approach provided by our EASE models has the potential
to improve the efficiency of EASE calculations.. The recent work [11] provides some partial support for the
effectiveness of the proposed approach, where it is shown that ensemble average polar solvation energy can
be approximated by using one Gaussian-based smooth dielectric function.

Preliminary analyses of the proposed EASE models indicate that the size-modified EASE functional
outperforms the EASE functional in the classic PB theory in various analytical aspects. More precisely,
we show that the size-modified EASE functional enjoys lower semicontinuity, a property that the classic
EASE functional fails to have. This guarantees the existence of a global minimizer of the size-modified
EASE functional. Further, the predicted solvation energy by the size-modified EASE functional depends
continuously on the model constraints. Motivated by these observations, we plan to conduct numerical
implementations and further theoretical analyses of the size-modified EASE functional in future work.

APPENDIX A. A CLASS OF STRICTLY CONVEX FUNCTIONALS

In this section, we collect some results concerning a class of strictly convex functionals associated with
the polar solvation energy . These results can be proved by following the proofs of [16, Propositions 3.1 and
3.2] line by line. We will thus omit their proofs.

Throughout this appendix, we assume that F' € C*°(R) is a strictly convex function with F’(0) = 0 and
F(0)=0.

Lemma A.1l. Assume that a,b,c € L () satisfy
0<Ly<a<Liy 0<b<Ly |efo <Ls (A1)

for some constants L;. Then the functional
a
G(w) = [ 3196 +bF(w) - 0] do
Q

has a unique minimizer 1 € A for every p € WH(Q), c.f. (2.9), or equivalently, 1 weakly solves
V- (aVY) —bF' () +c=0 in O
Y=1p on ON.

Moreover, for some constant Co, depending only on L; and ¥p

[Pl + 9]~ < Coo.
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Lemma A.2. Let an,by,c € L>®(Q) satisfy (A.1), n=0,1,---. Assume that 1, is the unique minimizer of
an 5
o) = | [SHVEL +b,F () = v da
Q

in A for some ¥p € WH2(Q). If a, — ag and b, — by in L*(Q) as n — oo, then

Vn =y in HY(Q), and lim G, (n) = Go(vo).

n—oo

APPENDIX B. A cOMPARISON WITH GFBVISM

In this section, we will conduct a comparative analysis of the proposed models (3.11) and (3.18) with a
closely related VISM known as the Geometric Flow-Based VISM (GFBVISM), which is rooted in classic PB
theory. GFBVISM [15] is defined as follows:

EP(u) = Lp(u) + I (u, ), (B.1)
where
1) = [ o= S200r - 1= 0B e (B.2)
and ¢ € A solves
V- [e(u)V] —dn(1 —u)B' () + 4mp =0 in Q. (B.3)

Despite certain similarities between (3.11) and (3.18) and GFBVISM, there exist fundamental distinctions
between them.

First, (B.1) was introduced in an ad hoc way to create a transition region between the solute and solvent,
lacking an explanation of the physical meanings of the transition parameter v and the predicted energy.

Second, it has come to attention that the original formulation of GFBVISM [15] does not incorporate
Constraints (3.1) and (3.2). This absence of constraints introduces the possibility of nonphysical minimizers
within the GFBVISM model. For instance, it may allow for trivial values of u or even negative values, which
are not physically meaningful in the given context. Therefore, including these constraints becomes crucial
to ensure the model’s solutions align with physical principles.

Third and most importantly, the proposed models correct and improve the derivation of the ensemble
average polar energy. Due to Proposition 3.1, one may guess that II(JQ) approximates the ensemble average
polar energy. However, Formulation (B.2) is questionable in the sense that it is derived from an erroneous
“entropy” formulation. To see this, on a heuristic level, one can ensemble average the entropy and obtain

-T(S) = —TZkak =p! z:pk/gz(:cé€ [ln(vc§) — 1] de and (H):=(E)—-T(S),

ke keK

where Sy, is defined in (2.14). By taking the first variations of (H) with respect to all cé‘?, a similar argument
to Remark 2.1 gives (2.15). It follows from (3.4) that

cj(x) =Y peej (@) = Y prxv ()¢ (2) = (1 = u(x))ejee M), (B.4)
kex kex

See (2.14) for the definition of Si. Plugging (B.4) into (2.10) yields (B.3). Using the expression (B.4)
of ¢; in (H) and adding a constant term 7! Z§V:01 ¢5° Jo(1 = u)dz to adjust the state of zero energy as
in (3.16) give the polar energy formulation (B.2). From a statistical mechanics perspective, it is indeed
important to note that the choice of the “entropy” (S) and “Helmholtz free energy” (H) in the previous
derivation is incorrect. Consequently, (3.11) corrects the polar energy formulation within the classical PB
theory framework, albeit introducing a discontinuous term x{,<13. It is crucial to adhere to the correct
statistical mechanics principles when formulating the ensemble averages. Moreover, (3.18) further refines
the EASE formulation by accounting for the finite size effects and eliminate the discontinuous term xf,<1)-
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APPENDIX C. GEOMETRIC MEASURE THEOREM

In this section, we will introduce some concepts from geometric measure theory used in this article.
Throughout, we assume that U is an open set of RY. The main reference is [15].

Definition C.1. A function f € L' (U) has bounded variation in U if

IDFU) = sup{/va-wx 6 € CHUSRY), 6]l < 1} < oo,

We denote by BV (U) the space of all functions of bounded variation in U. BV (U) is a Banach space equipped
with the norm

Ifllvw) = I fler@) + IDFID).
An LN -measurable subset E C U is a Caccioppoli subset of U if xg € BV(U). For each V € U, we write

oE(v)i=suw{ [ V-6 oe CHVIRY). Jolle <1}
E
The following result is called the structure theorem for BV -functions.

Theorem C.2. Let f € BV(U). Then there exist a Radon measure p on U and a p-measurable function
o:U — RN such that

(i) |o(x)] =1 p-a.e., and
(i) for every ¢ € CHU;RY)

/ fV~qbdx:—/ ¢ - odu.
U U
The measure p is denoted by |Df|. If f = xg for a Caccioppoli subset E of U, we write vp = —0o.

The (vector-valued) measurable with density function o with respect to p is denoted by [D f].

Definition C.3. Let E C RY be a Caccioppoli set and x € RY. We say x € 0*E, the reduced boundary of
E, if
(1) [|[Dxel(B(z,r)) >0 for all ™ > 0, and

r—0t

(it) ve() = 1.
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