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CONSENSUS-BASED ADAPTIVE SAMPLING AND
APPROXIMATION FOR HIGH-DIMENSIONAL ENERGY

LANDSCAPES ∗

LIYAO LYU† AND HUAN LEI‡

Abstract. We present a consensus-based framework that unifies phase space exploration with
posterior-residual-based adaptive sampling for surrogate construction in high-dimensional energy
landscapes. Unlike standard approximation tasks where sampling points can be freely queried, sys-
tems with complex energy landscapes such as molecular dynamics (MD) do not have direct access
to arbitrary sampling regions due to the physical constraints and energy barriers; the surrogate con-
struction further relies on the dynamical exploration of phase space, posing a significant numerical
challenge. We formulate the problem as a minimax optimization that jointly adapts both the surro-
gate approximation and residual-enhanced sampling. The construction of free energy surfaces (FESs)
for high-dimensional collective variables (CVs) of MD systems is used as a motivating example to
illustrate the essential idea. Specifically, the maximization step establishes a stochastic interacting
particle system to impose adaptive sampling through both exploitation of a Laplace approximation of
the max-residual region and exploration of uncharted phase space via temperature control. The min-
imization step updates the FES surrogate with the new sample set. Numerical results demonstrate
the effectiveness of the present approach for biomolecular systems with up to 30 CVs. While we focus
on the FES construction, the developed framework is general for efficient surrogate construction for
complex systems with high-dimensional energy landscapes.

Key words. Consensus-based sampling, Adaptive sampling, Minimax optimization, Phase
space exploration, High-dimensional free energy
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1. Introduction. Many problems in computational science rely on the efficient
approximation of physical quantities in systems governed by high-dimensional energy
landscapes, where direct sampling and evaluation are constrained by complex system
dynamics. Canonical examples include the computation of transition paths in gradient
systems [49, 13], the construction of coarse-grained molecular dynamics (MD) models
[35], and uncertainty quantification under energy-induced probability measures [29].
Unlike the standard surrogate construction tasks where the sampling points can be
freely queried, these problems further rely on efficient exploration and sampling over
the phase space, where the thermodynamically accessible regions are often unknown a
priori. There are two essential challenges: (I) the prevalence of energy barriers, which
makes direct sampling inefficient and prone to getting trapped in local minima; various
enhanced sampling strategies are often required; (II) the high dimensionality of the
surrogate model, which generally requires a large number of samples and motivates
adaptive sampling strategies based on the approximation error of the target quantity.
In practice, the efficient surrogate construction should account for both enhanced
sampling with the complex energy landscapes and the residual-based adaptivity in
constrained phase space — yet simultaneously addressing both remains a nontrivial
and open computational challenge.
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In this study, we aim to develop a unified approach that enables both efficient
phase space exploration and residual-based adaptive sampling for constrained phase
space learning problems. As a motivating application, we consider the construction
of free energy surfaces (FESs) with respect to a set of collective variables (CVs) for
MD systems. While this is a long-standing problem in computational science, the
accurate construction of high-dimensional FESs remains a difficult task due to the
aforementioned two challenges. Most existing methods primarily target the first chal-
lenge based on various importance sampling strategies to overcome energy barriers,
such as umbrella sampling [44], histogram reweighting [26], metadynamics [27, 18],
variationally enhanced sampling [46, 40, 4], and adaptive biasing force [10, 11, 28, 9].
Alternatively, temperature-accelerated [32] and adiabatic dynamics [39, 1] introduce
an extended dynamics of the CVs with an artificially high temperature to facilitate
the phase space exploration. Despite their broad applications, the computational ef-
ficiency of these methods generally degrades as the number of CVs increases. More
importantly, these methods do not explicitly address the second challenge. The resid-
ual error is not incorporated into the adaptive sampling and FES construction, which
limits their effectiveness in high-dimensional problems.

From a different perspective, several approaches related to the second challenge
have been developed based on adaptive sampling [42, 51, 43, 16, 14, 23, 20] and ad-
versarial learning [52, 3, 53] for solving high-dimensional partial differential equations
(PDEs). The essential idea is to introduce certain residual-based distributions or weak
formulations, where new collocation points or test basis functions can be adaptively
updated during the training process. While they have shown promising results for
high-dimensional PDEs, these methods rely on the free query of new sample points
and their residual error within the domain. As such, they cannot be directly applied
to the present problem, where the global residual error is unknown a priori. In partic-
ular, the new sample points cannot be freely placed within the phase space but need
to be navigated through dynamical exploration of the thermodynamically accessible
regions. Alternatively, the reinforced dynamics (RiD) [54] (see also Ref. [47]) proposes
using the uncertainty indicator as a proxy for the residual error to bias MD simula-
tions, which, however, relies on calculating the standard deviation of the predictions
from an ensemble of neural network (NN) surrogates trained on the same dataset.
Moreover, the phase space exploration is constrained by the underlying energy land-
scape, which typically requires small time steps due to the stiffness and roughness of
the MD potential function.

To address the above two challenges, we present a consensus-based adaptive sam-
pling (CAS) method to efficiently construct surrogates within high-dimensional en-
ergy landscapes with applications to FES construction in complex MD models. A
unique feature is that the present method enables gradient-free residual-based adap-
tive sampling such that the FES approximation and the phase-space exploration can
be simultaneously optimized. The method is formulated as a minimax optimization
problem. The max-problem seeks a residual-based distribution to establish adaptive
sampling in the vicinity of the explored phase space regime, while the min-problem
optimizes the FES surrogate based on the new samples. For the maximization step,
we emphasize that the establishment of the residual-based distribution is only for-
mal; the analytical form of the distribution is unknown and the value at an arbitrary
point can not be directly obtained. As a result, common sampling approaches based
on Markovian Chain Monte Carlo (MCMC) [37] and Langevin dynamics [38] are not
applicable, as explained in more detail in Sec. 2.2. Instead, we establish a consensus-
based sampling [7] (see also Refs. [6, 8]) in the form of a stochastic interacting particle
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Fig. 1. The workflow of the present CAS-based method. In the minimization step, given a
collection of sampling points, the reference force F (z) (i.e., the gradient of the underlying FES) can
be calculated using the restrained molecular dynamics; a comparison with the force inferred from the
NN surrogate AN (z) yields the loss function LN (z) = |∇zAN (z) + F (z)|2. In the maximization
step, the loss function determines a residual-based distribution with entropy regularization q∗(z) ∝
exp(κhLN (z)). An interacting particle system following the McKean SDE is used to achieve adaptive
sampling of the max-residual region by modulating the exploitation of the Laplace approximation of
q∗(z) and the exploration of the uncharted phase space. The FES can be accurately reconstructed
after several iterations of the minimization and maximization step.

system governed by a McKean stochastic differential equation (SDE). The gradient-
free nature enables us to collect new samples adaptive to the local residual without the
analytical form of the target distribution. Specifically, a quadratic potential is adap-
tively constructed to probe the local max-residual regime by exploiting the Laplace
approximation under a low-temperature limit. Meanwhile, a coherent noise term is
introduced to efficiently explore the full CV space under a high-temperature limit and
yield the updated sampling points used for the subsequent minimization step.

The present iterative procedure achieves adversarial learning of the FES per-
taining to the thermodynamically important regions. In contrast to existing adaptive
sampling methods for PDE solvers [42, 43, 16], the present method does not rely on the
free query of arbitrary sample points. Instead, it enables us to establish a dynamical
exploration of the phase space along with the surrogate construction. Moreover, unlike
the reinforced dynamics [54] that navigates the sampling points through the biased
MD simulations, the present sampling dynamics is governed by a smooth quadratic
potential irrespective of the roughness of the underlying energy landscape, enabling
much larger time steps and more efficient phase-space exploration. We demonstrate
the effectiveness of the proposed method by constructing the FES of biomolecule sys-
tems involving up to 30 CVs. Fig. 1 sketches the workflow of the proposed method.

2. Methods.

2.1. Free energy and mean forces. We consider a full model with micro-scale
coordinates r ∈ RN whose dynamics is governed by potential U(r) : RN → R under
temperature T . Suppose we are interested in CVs s(r) : RN → Γ with Γ ⊂ RM , the
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FES A(z) of the CVs is defined by

(2.1) A(z) = − 1

β
ln ρ(z),

where β = 1/kBT is the inverse of the thermal temperature,

(2.2) ρ(z) =
1

Z

∫
exp (−βU(r))δ(s(r)− z)dr

is the marginal probability density function (PDF) for s(r) = z, δ(·) represents the
Dirac delta function and Z =

∫
exp (−βU(r))dr is the partition function; we refer

to Ref. [41] for details. For high-dimensional CVs, direct estimation of ρ(z) often
becomes numerically challenging. An alternative approach is to fit the mean force
F(z) := −∇A(z) at various sample points, which can be estimated via the restrained
MD [2] by introducing a harmonic term into the full potential, i.e.,

(2.3) Uk(r, z) = U(r) +
k

2
(s(r)− z)⊤(s(r)− z),

where k represents the magnitude of the restrained potential. As shown in Ref [32],
the mean force can be computed by F(z) = limk→∞ Fk(z), where Fk(z) is defined by

(2.4) Fk(z) =
1

Zk(z)

∫
k(s(r)− z) exp (−βUk(r, z))dr,

and can be sampled as the first-moment estimation.
In principle, given a collection of sample points, A(z) can be re-constructed (up to

a constant) by matching the mean force −∇A(z) at the individual points. However,
for MD systems with complex energy landscape, the sampling over the phase space
could be highly non-trivial due to the prevalence of energy local minima; the training
set is often determined a prior as pre-selected points or in a greedy manner. As the
number of CVs increases, the empirical random samples often introduce pronounced
discretization error. To efficiently construct A(z) in the thermodynamically accessi-
ble region, it is desirable to simultaneously optimize the training set and the FES
surrogate approximation through certain adaptive sampling based on the posterior
residual error. This motivates the present method illustrated below.

2.2. Min-Max formulation. Let AN (z) denote the NN surrogate of the FES
A(z), which is parameterized by minimizing the loss function

(2.5) LN (z) = |∇zAN (z) + F(z))|2

for z ∈ Γ. To solve the minimization problem, we introduce a sampling distribution
q(z) and define the weighted loss

(2.6) (LN , q) =

∫
Γ

LN (z)q(z)dz.

A desired distribution intends to maximize the discrepancy in the dataset for the
current NN surrogate AN (z). Accordingly, we define the maximization problem as

(2.7) J [LN ] = max
q

(LN , q).

Since (LN , q) is always non-negative, a good approximation of the original free energy
surface AN (z) (up to a constant) can be obtained by solving the following problems

(2.8) min
AN

max
q

(LN , q).
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Proposition 2.1. Assuming that there exists a solution of LN (z) = 0 for z ∈ Γ,
then A∗

N is a solution if and only if it solves (2.8).

Proof. Suppose A∗
N is the solution for LN (z) = 0, it satisfies (LN∗ , q) = 0 for

any q, i.e., J [LN∗ ] = 0. Therefore, A∗
N is a solution for the minimax problem (2.8).

On the other hand, if ÂN is the minimizer for problem (2.8) but not the solution for
LN (z) = 0, then there exists q̂ ∈ V such that (LN̂ , q̂) > 0. However, (LN∗ , q) = 0 for

all q, which contradicts the assumption that ÂN is the minimizer.

Proposition 2.1 shows that direct construction of FES A(z) can be reformulated as
an adversarial learning of an optimal solution AN (z) for the min-max problem (2.8).
Accordingly, the training consists of two components: the minimization step optimizes
the NN surrogate with the current training set; the maximization step explores the
largest residual region for the current surrogate and essentially establishes an adaptive
sampling of the training set based on the posterior residual LN (z).

To numerically solve the maximization problem, certain regularization needs to be
introduced. Otherwise, the maximization problem will simply yield a delta measure,
i.e., δ(z−z∗), where z∗ = argmaxLN (z). Since the sampling needs to simultaneously
identify the max-residual regime and explore the uncharted phase space, we introduce
the entropy-based regularization [48, 15] (see also Refs. [19, 34, 43] for gradient-based
regularization), and the max-problem is reformulated by

(2.9) min
q

∫
(−LN (z) + κ−1

h ln q(z))q(z)dz.

This problem is convex with a unique global minimum at q∗(z) = exp(−κhL−
N (z))/Z∗,

where Z∗ =
∫
exp(−κhL−

N (z))dz and L−
N (z) = −LN (z). The parameter κh is a

Lagrangian multiplier, balancing the weight between the max-residual concentration
and the scope of exploration, and can be interpreted as the inverse of temperature
in statistical physics. An elevated κ−1

h induces a distribution closer to a uniform
distribution. Conversely, a diminished κ−1

h induces a distribution concentrated near
the max-residual point.

Although q∗(z) = exp(−κhL−
N (z))/Z∗ solves Eq. (2.9), we emphasize that this

solution is only formal. In particular, the analytical formulation is unknown since it
further depends on the residual LN (2.5) and the exact FES A(z). Unfortunately, the
numerical evaluation of ∇zA(z

∗) at an arbitrary point relies on conducting restrained
MD at z = z∗, which can be computationally expensive or even thermodynamically
inaccessible. This constraint differs from conventional high-dimensional regression or
PDE problems, where the residual can be freely queried within the domain. Conse-
quently, common sampling approaches based on the MCMC [37] and Langevin dynam-
ics [38] can not be directly used. Specifically, the effectiveness of the MCMC method
relies on the variance of the underlying distribution. However, most configurations in
the MD phase space are thermodynamically inaccessible, resulting in large variance
and extremely low sampling efficiency. On the other hand, the Langevin-based sam-
pling method depends on −∇z ln q

∗(z), which, in turn, relies on computing ∇zL−
N (z)

and essentially the gradient of the mean force, i.e., ∇zF (z) = −∇z ⊗ ∇zA(z) from
restrained MD simulations. However, we can only sample the value of the mean force
F (z) rather than its gradient.

Inspired by the consensus-based sampling method [7], we propose a modified in-
teracting particle system governed by the McKean SDE. The gradient-free nature
enables us to efficiently construct the mean-field non-local conservative potential and
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the coherent noise without the evaluation of ∇zF (z), and sample the particle distri-
bution as an accurate approximation of q∗(z) illustrated below.

2.3. Exploitation and exploration in the max-problem. To approximate
the target distribution q∗(z), particularly in the vicinity of the max-residual point z∗,
we exploit Laplace’s principle in the large deviations theory, i.e.,

(2.10) lim
κ→∞

(
− 1

κ
log

(∫
exp (−κf(z))dρ∗(z)

))
= f(z∗),

which holds true for any compactly supported probability measure ρ∗, where z∗ ∈
supp(ρ∗) uniquely minimizes the function f . This enables us to identify the max-

residual point from a collection of samples
{
zi
}Nw

i=1
by the first-order moment under

the weighted density function p(z), i.e.,

(2.11) mκl
=

∫
z

p(z)∫
p(z′)ρ(dz′)

ρ(dz) ≈
Nw∑
i=1

zip̂(zi) p̂(z) =
exp (−κlL−

N (z))∑Nw

i=1 exp (−κlL
−
N (zi))

where κ−1
l represents a low temperature limit, p(z) = exp(−klL−

N (z)) and ρ =
1

Nw

∑Nw

i=1 δzi is the empirical measure. In order to sample the empirical measure

towards q∗, we treat each sampler zi as a random walker zit governed by the following
McKean SDE

(2.12) dzit = −
1

γ
∇zG(z

i
t)dt+

√
2

κhγ
dWi

t, i = 1, · · · , Nw,

where G(zt) = 1
2 (zt − mκl,t)

⊤V −1
κl,t

(zt − mκl,t) denotes an adaptively constructed
mean-field conservative potential function. The formulations of mκl,t, Vκl,t are spec-
ified in (2.13) with the rationale discussed in the next section. Consequently, G(zt)
navigates the random walkers (i.e., individual particles) towards mκl,t, which repre-
sents the region of large residual error. The second term in Eq. (2.12) represents a
noise term where γ represents the friction coefficient and Wi

t represents the standard
M -dimensional Brownian motion.

The coupling of the conservative and stochastic terms maintains a relatively high
temperature κ−1

h . Also, a large friction coefficient γ is applied such that the distri-
bution of walkers qt(z) is almost always Gaussian during the evolution. As shown
in Prop. 2.3, by properly choosing the form of Vκl,t, the distribution qt(z) converges
to ∝ exp(−κhG(z)) characterized by mκl,∞ and Vκl,∞. Accordingly, the balance be-
tween exploitation and exploration is controlled using two temperatures κ−1

l and κ−1
h .

As κ−1
l decreases, the distribution concentrates near the max-residual points, reflect-

ing the role of exploitation. Conversely, as κ−1
h increases, the distribution smoothens

progressively, enhancing the exploration of the uncharted regions.

Remark 2.2. The present sampling dynamics (2.12) takes a different form from
the one proposed in Ref. [7]. Specifically, the conservative potential G(z) is construc-
ted by both the first and second moment which enables us to conveniently characterize
LN (z) near the max-residual region with Laplace’s approximation, whereas it is only
determined by the first moment in Ref. [7]. Also, κh is introduced as an independent
parameter to modulate the exploration of the phase space. In principle, the consensus
dynamics in Ref. [7] could be also used for adaptive sampling with the proper choice
of the multiplicative noise term. We proposed the modified form (2.12) such that the
sampling parameters can be chosen with a clear physical interpretation.
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2.4. Convergence analysis. In this subsection, we analyze the long-time be-
havior of the sampling dynamics (2.12). We show that the particle distribution con-
verges exponentially fast to a steady state as an approximation of the target residual-
based distribution q∗(z) ∝ exp(−κhL−

N (z)) under mild conditions. Specifically, we
choose mκl,t and Vκl,t in the form of

(2.13) mκl,t =Mκl
(ρt) Vκl,t = Vκl

(ρt),

where ρt =
1

Nw

∑Nw

i=1 δzi
t
is the empirical measure and

(2.14)

Mκl
(ρ) =

∫
z

p(z)∫
p(z′)ρ(dz′)

ρ(dz),

Vκl
(ρ) = κt

∫
(z−Mκl

(ρ))⊗ (z−Mκl
(ρ))

p(z)∫
p(z′)ρ(dz′)

ρ(dz).

In particular, we show that by choosing κt = κl + κh, Eq. (2.12) converges to the
target distribution q∗(z).

Proposition 2.3. Suppose L−
N (z) takes a local quadratic approximation in form

of 1
2 (z− µ)

⊤Σ−1(z− µ). If the dynamics converge to an invariant distribution, then
the stationary density is given by

(2.15) q∞ =
exp (−κhL−

N (z))∫
exp (−κhL−

N (z))dz
,

by choosing κt = κl + κh.

Proof. Let q∞(z) denote the invariant distribution of Eq. (2.12). Then q∞(z)
must be the invariant distribution of the following SDE

(2.16) dz = − 1

γ
V −1
κl,∞(z−mκl,∞)dt+

√
2

γκh
dWt,

where mκl,∞ and κ−1
t Vκl,∞ are the mean and the covariance matrix of the re-weighted

density ∝ q∞(z)e−κlL−
N (z). With the fluctuation-dissipation relation for Eq. (2.16),

we can show q∞(z) follows the Gaussian distribution with mean mκl,∞ and covariance
matrix κ−1

h Vκl,∞.
Since LN (z) = 1

2 (z − µ)
⊤Σ−1(z − µ) is quadratic, the re-weighted density of a

Gaussian distribution q(z) ∼ N (m, V ) remains Gaussian, i.e.,

q(z)e−κlL−
N (z) ∝ N (mκl

, Vκl
),

where mκl
and Vκl

are defined by

mκl
(m, V ) = (V −1 + κlΣ

−1)−1(κlΣ
−1µ+ V −1m),

Vκl
(m, V ) = (V −1 + κlΣ

−1)−1.
(2.17)

Therefore, the mean and covariance of the steady-state Gaussian distribution satisfies

mκl,∞ = (κhV
−1
κl,∞ + κlΣ

−1)(κlΣ
−1µ+ κhV

−1
κl,∞mκl,∞),

Vκl,∞ = κt(κhV
−1
κl,∞ + κlΣ

−1)−1.

It is easy to show that by choosing κt = κl + κh, mκl,∞ and Vκl,∞ recovers µ and Σ,
respectively, and the invariant distribution takes the form

q∞(z) ∼ N
(
µ, κ−1

h Σ
)
.
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We emphasize that Eqs. (2.12) and (2.13) differ from the standard Langevin
dynamics; the sampling relies on neither the explicit knowledge of the target distribu-
tion q∗(z) ∝ exp(−κhL−

N (z)) nor the numerical evaluation of ∇zq
∗(z) for individual

sampling points. The quadratic assumption of the loss function L−
N (z) is due to the

fact that we are mainly interested in the thermodynamically accessible region near
the max-residual point. Under the low-temperature limit, the local regime can be well
characterized by the first and second moment following Laplace’s principle.

Next, we show that, under appropriate conditions, the sampling dynamics (2.12)
converges to the target distribution exponentially fast. In particular, we consider the
time discretization given by

(2.18) zit+1 = zit −
κ−1
t V−1

κl
(ρt)

γ

(
zit −Mκl

(ρt)
)
δt+

√
2δt

γκh
ηit,

where ηit are independent N (0, IM ) random variables and δt is the time step.

Lemma 2.4. If the initial law ρ0 for (2.18) is Gaussian, so is the law for any
t ∈ N>0. Also, its evolution is characterized by the first and second moments (mt, Vt)
of ρt, which are governed by the recurrence relation

(2.19)

mt+1 =

(
IM −

δtκ−1
t V −1

kl
(mt, Vt)

γ

)
mt +

δtκ−1
t V −1

kl
(mt, Vt)

γ
mkl

(mt, Vt),

Vt+1 =

(
IM −

δtκ−1
t V −1

kl
(mt, Vt)

γ

)2

Vt +
2δt

γκh
,

where mkl
(m, V ) =Mκl

(g(·;m, V )) and Vkl
(m, V ) = Vκl

(g(·;m, V )).

Proof. The time evolution of the law of the solution (2.18) is governed by the
following discrete-time dynamics on probability density:

(2.20) ρt+1(z) =

∫
RM

g

(
z; z′ −

δtκ−1
t V −1

κl
(ρt)

γ
(z′ −Mκl

(ρt)) ,
2δt

γκh

)
ρt(z

′)dz′,

where g(z;m, V ) = 1√
(2π)M det(V )

exp(− 1
2

(
z−m)⊤V −1(z−m)

)
. Since both ρt and

g are Gaussian, the convolution in (2.20) results in another Gaussian distribution.
Therefore, ρt remains Gaussian for all t > 0. The update rules for the mean and
covariance can be derived by explicitly computing the first and second moments of
ρt+1 from the integral form (2.20).

Proposition 2.5. Assume that L−
N (z) takes a local quadratic approximation in

form of 1
2 (z−µ)

⊤Σ−1(z−µ) and initial condition (m0, V0) ∈ RM ×SM
++, where S

M
++

denotes the set of symmetric strictly positive definite matrices in RM×M . Then the
first and second moment of the empirical distribution mt and Vt converge to µ and
κ−1
h Σ exponentially fast if δt is sufficiently small. To be more specific, we have

(2.21)

mt = µ+

(
IM −

δtκ−1
t κlΣ

−1

γ

)t

(m0 − µ)

Vt = κ−1
h Σ+ Σ

(
IM −

2δtκlΣ
−1

γ(κl + κh)

)t (
Σ−1V0 − κ−1

h IM
)
.
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Proof. For the first moment, we have the following recurrence relation
(2.22)

mt+1 = mt −
δtκ−1

t (V −1
t + κlΣ

−1)

γ

(
mt − (V −1

t + κlΣ
−1)−1(κlΣ

−1µ+ V −1
t mt)

)
=

(
IM −

δtκ−1
t κlΣ

−1

γ

)
mt +

δtκ−1
t κlΣ

−1

γ
µ.

Therefore, we have that

(2.23)

mt+1 − µ =

(
IM −

δtκ−1
t κlΣ

−1

γ

)
(mt − µ)

=

(
IM −

δtκ−1
t κlΣ

−1

γ

)t+1

(m0 − µ).

By chossing the timestep δt ∈
(
0, γ

κ−1
t κle(Σ)−1

)
, where e(Σ) denote the smallest ei-

genvalue of Σ, the first moment will converge to µ exponentially fast. For the second
moment, we have that

(2.24) Vt+1 =

(
IM −

δtκ−1
t (V −1

t + κlΣ
−1)

γ

)2

Vt +
2δt

γκh

By assuming that δt is small, we have the following approximation

(2.25)

Vt+1 =

(
IM −

2δtκ−1
t (V −1

t + κlΣ
−1)

γ

)
Vt +

2δt

γκh

= Vt −
2δtκlΣ

−1Vt
γ(κl + κh)

+
2δtκl

γκh(κl + κh)

= Vt −
2δtκl

γ(κl + κh)

(
Σ−1Vt − κ−1

h IM
)
.

Therefore, we have that

(2.26)

Σ−1Vt+1 − κ−1
h IM =

(
IM −

2δtκlΣ
−1

γ(κl + κh)

)(
Σ−1Vt − κ−1

h IM
)

=

(
IM −

2δtκlΣ
−1

γ(κl + κh)

)t+1 (
Σ−1V0 − κ−1

h IM
)
.

By choosing the timestep δt ∈
(
0, γ

2κ−1
t κle(Σ)−1

)
, the second moment will converge to

κ−1
h Σ exponentially fast.

2.5. Practical stabilization modifications. In this study, for the sake of com-
putational efficiency, we further simplify V by only considering the diagonal entries
denoted as v. Moreover, we utilize a moving average to ensure stable estimation

(2.27)

mt+1 = β1mt + (1− β1)
Nw∑
i=1

zitp̂(z
i
t),

vt+1 = β2vt + (1− β2)κt
Nw∑
i=1

(zit −m)⊙ (zit −m)p̂(zit),

9



where β1 and β2 are hyper-parameters. To maintain unbiased estimation, normaliza-
tion is implemented as follows: m = mt

1−βt
1
and v = vt

1−βt
2
.

Furthermore, we note that the kinetic processes of a molecular system are gen-
erally characterized by the local minima and saddle points of the FES. On the other
hand, the regimes of high free energy are less relevant. To accurately construct these
thermodynamically accessible regimes, we modify the loss function as

(2.28) LN (z) =
|∇zAN (z) + F(z)|2

|F(z)|2 + e
,

for all the biomolecule systems except the toy example of the 1D Rastrigin function.
e is a small value to regularize the denominator.

With the training samples obtained from the aforementioned maximization step,
the NN surrogate is optimized using the Adam stochastic gradient descent method
[25] for the minimization step. The loss function of the updated AN (z), in turn,
navigates the consensus-based adaptive sampling for the updated maximization step.
The min-max problem is solved iteratively to achieve comprehensive sampling of the
full phase space. A detailed algorithm is presented in Alg. 2.1.

Algorithm 2.1 Consensus-based adaptive sampling.

Require: Initial sampling point zi0, for i = 1, . . . , Nw

Require: Initial NN parameter θ0
Require: The number of training iterations Ntrain

Require: The number of data collected Ndata in each training iteration
j ← 0, t← 0
T ← ⌈Ndata

Nw
⌉

while j < Ntrain do
while t ≤ T do
calculate the mean force Fi

t at z
i
t

calculate the predicted force Fθ(z
i
t) = ∇zAN (zit; θj)

Li ← LN (zit)

wi ← exp (κlL
i)∑

i exp (κlLi)

mt+1 ← β1mt + (1− β1)
∑

i z
i
tw

i

vt+1 ← β2vt + (κl + κh)(1− β2)
∑

i(z
i
t −mt)

2wi

m← mt+1

1−βt
1

v← vt+1

1−βt
2

zit+1 ← zit − δt
γ (z

i
t −m) c v +

√
2δt
γκh

ηit, η
i
t ∼ N (0, 1)

t← t+ 1
end while
Save the training dataset Dj = {zit,Fi

t}Tt=0

Optimize θj+1 using the generated training set Dl for l = 0, . . . , j.
j ← j + 1

end while

2.6. Related methods. Before we present the numerical results, we further
discuss the differences between the present CAS method and the existing approaches.
Since the standard sampling methods such as MCMC [37], Langevin dynamics [38],
and generative model [12, 42] are not applicable, we focus on two major approaches
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based on the enhanced sampling such as the VES method [4] as well as the active
learning such as the RiD method [54].

The VES method provides an efficient approach to establish the re-weighted sam-
pling of the phase space. However, the surrogate construction of the FES A(z) further
relies on the estimation of the PDF ρ(z) from the obtained reweighted samples, which
could become computationally expensive for high-dimensional problems. In contrast,
the present method circumvents the PDF estimation and directly constructs A(z)
through the adaptive sampling of the mean force F (z) = −∇A(z).

Furthermore, the present method differs from the RiD method in the following
two aspects: (I) The present method imposes the sampling adaptivity by explicitly
using the residual error LN (z) while the RiD method does not directly account for
the approximation error. Instead, the RiD method trains a replica of NNs on the
same sample set and uses the standard deviation of multiple NN predictions as an
indirect measure of the LN (z). As a result, the sampling error of the mean force F (z)
may lead to a consistent biased prediction among multiple NNs with a small standard
deviation. (II) The RiD method drives the sampling dynamics with a biased MD
potential U(r) similar to Eq. (2.3). Accordingly, the time step needs to be sufficiently
small due to the stiffness of U(r). In contrast, the dynamics of the random walkers
for the present method is governed by a mean-field quadratic potential G(z) in Eq.
(2.12). In particular, G(z) is decoupled from the MD potential U(r). This enables us
to choose a much larger time step irrespective of the roughness of U(r) and achieve a
more efficient exploration of the phase space. Below we compare the performance of
the present method with these two methods in more detail.

3. Numerical Results.

3.1. One-dimensional Rastrigin function. To illustrate the essential idea of
the present method, we start with the one-dimensional Rastrigin function:

(3.1) f(z) = z2 − cos(2πz), z ∈ [−3, 3].

Instead of a neural network, we simply use a piecewise polynomial function fθ(z)
for this 1D problem. Accordingly, the residual is directly defined as |f − fθi |, where
θi represents the fitting parameters for the i-th iteration. Initially, we set fθ0(z) ≡ 8
with consistent boundary condition. We use the proposed sampling method with
10 walkers to estimate the first and second moments, yielding m1 = 1 × 10−4 and
V1 = 0.022 and therefore the first and second derivative f ′(m1) = 0 and f ′′(m1) =
V −1
1 = 40.97. The obtained m1 is very close to the true values of the max-residual

point z∗1 = 0 and the second derivative f ′′(z∗1) = 41.47. Accordingly, we add new
data points near x = 1× 10−4 into the training set, which enables us to construct an
updated approximation fθ1(z). Similarly, with the approximation fθi(z), we conduct
the sampling process (i.e., the maximization step) and include the obtained samples
near mi+1 into the training set, yielding an updated approximation fθi+1

(z). As
shown in Fig. 2, for each iteration, the sampling step can accurately pinpoint the
max-residual region. Furthermore, as shown in Appendix C.1, the second moment Vi
yields a consistent estimation of the second derivative near the max-residual region.
The underlying function f(z) can be accurately constructed after 12 iterations.

3.2. Two-dimensional FES. We use the alanine dipeptide (Ace-Ala-Nme),
referred to as Ala2, as a benchmark problem. The molecule is solvated in 383 TIP3P
water molecules similar to Ref. [54]. The full MD system is simulated in a canonical
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Fig. 2. Adaptive sampling and construction of the 1D Rastrigin function. Left: The reference
function f(z) and the constructed approximations fθi (z) obtained at different iteration steps. The
relative l2 error is less than 6×10−3 after 12 iterations. Right: The residual function |f(z)−fθi (z)|.
The symbols represent the locations identified by each adaptive sampling (i.e., the maximization) step
where new points will be added for the next training (i.e., the minimization) step.

ensemble under temperature 300K using the Amber99-SB force field [22] with a time
step 2 fs. We refer to Appendix A for the simulation details.

We choose the CVs as the two torsion angles ϕ (C, N, Cα, C) and ψ (N, Cα, C, N).
For comparison, we also construct the FESs using the VES [4] and RiD [54] method
with the same setup parameters presented therein. For the present CAS method, we
use 10 walkers to explore the configuration space. The initial points of the walkers at
the k-th iteration are chosen to be the final states of the previous iteration. In the
sampling stage, the inverse of the low and high temperatures are set to be κl = 10
and κh = 1, respectively. For each sample point, restrained MD is conducted with
κ = 500 for 5000 steps to compute the average force. The time step for the dynamics
of the random walkers (2.12) is set to be 0.1. Fig. 3 shows the FESs constructed
by the three different methods and the reference obtained by the metadynamics [27]
using a long simulation time. As shown in Tab. 1, the present CAS method yields
a smaller approximation error and meanwhile requires lower computational cost than
the VES and the RiD method.

Table 1
The accuracy of the constructed 2D FES (the Ala2 molecule) and computational time (in hours,

the same below) for the VES, RiD, and CAS methods. The l2 and l∞ error are computed up to 40
KJ/mol. The reference solution is constructed by the metadynamics. The simulation time of the
CAS method is multiplied by 10 since 10 random walkers are used.

Method
Accuracy Time

l2 error l∞ error Simulation Train
VES 5.39 21.03 47.5
RiD 3.15 11.04 17.98 0.22 (GPU)

CAS 1.88 10.68 0.23× 10
0.18 (CPU)
0.13 (GPU)

3.3. Three-dimensional FES. Next, we consider a s-(1)-phenylethyl (s1pe)
peptoid in an aqueous environment similar to Refs. [50, 48]. The full system consists
of one biomolecule and 546 water molecules in a (2.9nm)3 dodecahedron box. The
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Fig. 3. The 2D FES for the Ala2 molecule on the ϕ−ψ plane constructed by (a) Metadynamics
(reference) (b) VES (c) RiD (d) CAS (the present method). The accuracy and the computational
cost are shown in Table 1.

CHARMM general force field (CGenFF) [50] is used for the biomolecule and the
TIP3P model [24] is used for the water molecules; see Appendix A for details.

The CVs are the three torsion angles ω spanned by atoms (Cα, C, N, Cα), ϕ, and
ψ, where the latter two are the same as the Ala2 molecule. The FES is constructed
by both the RiD and CAS methods. The setup of the RiD method is the same as
[48]. For the CAS method, we use 20 walkers and set the inverse of the low and
high temperatures to be κl = 10 and κh = 2, respectively. The initial points of
these walkers at each iteration are chosen in the same method as the two-dimensional
problem. The timestep δt for the dynamics of the random walkers (2.12) is set to be
0.1. For each sample point, restrained MD with κ = 500 is conducted for 10000 steps
to compute the mean force.

For visualization, we project the constructed FES onto a two-dimensional plane
and fix the third variable. Fig. 4 shows the projected FES on the ω − ϕ and ϕ − ψ
plane obtained from the CAS and the RiD methods. For each projection, the reference
is constructed as a 2D FES using the metadynamics [27]. Similar to the previous 2D
case, the present CAS method yields higher accuracy with lower computational cost.

3.4. Nine-dimensional FES. Furthermore, we consider a more complex mol-
ecule, the peptoid trimer (s1pe)3, solvated in a (4.2 nm)3 dodecahedron box with
1622 TIP3P water molecules. The chosen CVs consist of the 9 torsion angles ω, ϕ, ψ
that are defined in s1pe case, associated with the different Cα atoms and denoted as
ω1, ϕ1, ψ1, ω2, ϕ2, ψ2, ω3, ϕ3, ψ3. We use 64 walkers for this case and the initial condi-
tions of the walkers at each iteration are chosen with the same method as the previous
cases. The inverse of the low and the high temperature are set to be κl = 100 and
κh = 2, respectively. The timestep δt of the dynamics of the random walkers is set to
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Fig. 4. The 3D FES for molecule s1pe projected on the ω − ϕ plane by fixing ψ = 1.5 (first
row) and the ϕ − ψ planes by fixing ω = 1.5 (second-row). (a-d) The 2D FES constructed using
metadynamics with the third variable restrained (reference); (b-e) 2D projection of the 3D FES
constructed by the RiD method; (c-f) 2D projection of the 3D FES constructed by the present CAS
method.

2

0

2 (a)

2 0 2
2

0

2 (d)

(b)

2 0 2

(e)

(c)

2 0 2

(f)

0

10

20

30

40

50

60

Fig. 5. The 9D FES for molecule (s1pe)3 projected on the ω1 − ϕ1 (first row) and ω1 − ψ1

plane (second row). (a-d) The 2D FES constructed using metadynamics with the remaining variable
restrained (reference solution); (b-e) 2D projection of the 9D FES constructed by the RiD method;
(c-f) 2D projection of the 9D FES constructed by the present CAS method.

be 0.1. The FES is constructed by the CAS method using 28 iterations of sampling
and training, which requires 225.53 × 64 = 14434.35 CPU hours for simulation and
6.06 GPU hours for training. For comparison, the RiD method uses 17900 CPU hours
for simulation and 15.44 GPU hours for training. Similar to the above 3D problem,
the constructed 9D FES is projected onto various 2D planes with the remaining vari-
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Fig. 6. The 30D FES for molecule Ala16 projected on various 2D planes. (a-d) ϕ1 − ψ1 (b-
e) ϕ2 − ϕ3 (c-f) ψ2 − ψ3. (a-b-c) 2D FES constructed by metadynamics (reference); (d-e-f) 2D
projection of the 30D FES constructed by the present CAS method.

ables fixed. For each 2D projection, the reference is constructed as a 2D FES using
metadynamics. Fig. 5 shows the projection on the ω1 − ϕ1 and ω1 − ψ1 plane (see
Appendix C.4 for other 2D projections). Compared with the Rid method, the present
CAS method yields higher accuracy and lower computational cost.

3.5. Thirty-dimensional FES. Finally, we consider the polyalanine-15 (Ace-
(Ala)15-Nme), denoted as Ala16, solvated in 2258 water molecules. The chosen CVs
consist of torsion angles ϕ and ψ, defined in Ala2 case, associated with the different
Cαs, denoted as {ϕi, ψi}15i=1. We use 64 walkers for this case and the initial value of
the walkers at each iteration is given by the biased simulation before. The inverse
of the low and high temperatures are set to be κl = 20 and κh = 5, respectively.
The timestep α for dynamics of the random walkers Eq. (2.12) is set to be 0.1.
The FES is constructed using 100 iterations of sampling and training. Similar to
the previous case, the obtained FES is plotted on a two-dimensional plane while the
remaining variables are fixed and the reference is constructed as a 2D FES using the
metadynamics. Fig. 6 shows the projection on the ϕ1−ψ1, ϕ2−ϕ3 and ψ2−ψ3 plane.
For all the cases, the projection of the 30-dimensional FES shows good agreement with
the 2-dimensional reference solution. We have also examined the projection on other
planes; the prediction shows good agreement with the reference solution as well.

4. Conclusions. We developed a consensus-based sampling approach for adap-
tive surrogate construction in systems with complex energy landscapes. The method
reformulates the construction task as a minimax optimization problem by simultane-
ously optimizing the target function approximation and the training set. A unique fea-
ture of the method is its ability to unify the dynamical exploration of high-dimensional
phase space in the presence of prevalent energy barriers with efficient sampling adap-
tive to the posterior residual error. As a motivating example, we considered the
long-standing problem of constructing high-dimensional FESs for MD systems. Com-
pared with existing approaches [41] focusing on various enhanced sampling strategies
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to overcome energy barriers, the present method further enables the residual-based
adaptive sampling that remains an open problem in FES construction. On the other
hand, unlike the common adaptive sampling strategies based on the generative model
[43] and important sampling [16] used for solving high-dimensional PDEs, the present
method achieves efficient sampling of the max-residual region in the form of an inter-
acting particle system that does not rely on the free query of the arbitrary point in
the phase space and the gradient computation of the residual function. Given the fact
the sampling only relies on the first and second-moment estimation, the method could
be particularly efficient for high-dimensional problems. While the numerical results
of biomolecular systems have demonstrated the effectiveness for the high-dimensional
FES construction, the present method provides a framework for unifying the phase
space exploration and residual-based adaptive sampling, and can be broadly applied to
multiscale systems involving constrained sampling dynamics and surrogate modeling,
such as rare event sampling [13], stochastic reduced dynamics [31, 17] and uncertainty
quantification in high-dimensional constrained phase space [29].
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Appendix A. Simulation setup. All the MD simulations are performed
using the package GROMACS 2019.2 [30] and open-source, community-developed
PLUMED library [45]. The simulation is carried out on Intel(R) Xeon(R) Platinum
8260 CPU.

A.1. ala2. The Ace-Ala-Nme (ala2) molecule is modeled by the Amber99SB
force field [22]. The molecule is solvated in an aqueous environment with 383 TIP3P
water molecules. Periodic boundary conditions are imposed along each direction. The
cut-off radius of the van der Waals interaction is 0.9 nm. The long-range Coulomb
interaction is treated with the smooth particle mesh Ewald method with a real space
cutoff of 0.9 nm and a reciprocal space grid spacing of 0.12 nm. The system is
integrated with the leap-frog scheme at time step 2 fs. The temperature is set to be 300
K by a velocity-rescale thermostat [5] with a relaxation time of 0.2 ps. The Parrinello-
Rahman barostat [36] with a relaxation time scale of 1.5 ps and a compressibility of
4.5 × 10−5 bar−1 is coupled to the system to control the pressure to 1 bar. The
hydrogen atom is constrained by the LINCS algorithm [21] and the H–O bond and
H–O–H angle of water molecules are constrained by the SETTLE algorithm [33].

A.2. s1pe. The s-(1)-phenylethyl (s1pe) molecule is modeled by the CHARMM
general force field (CGenFF) [50]. The molecule is dissolved in 546 TIP3P water
molecules in a (2.69 nm)3 dodecahedron box. The cut-off radius of the van der Waals
interaction is 1 nm. Other setups are similar to the ala2 molecule.

A.3. (s1pe)3. The (s1pe)3 molecule is modeled by the CHARMM general force
field (CGenFF) [50]. The molecule is solvated in a (4.2 nm)3 dodecahedron box with
1622 TIP3P water molecules. Other setups are similar to the ala2 molecule.

A.4. ala16. The Ace-(Ala)15-Nme (ala16) molecule is modeled by the Am-
ber99SB force field [22]. The molecule is solvated in a (4.62 nm)3 dodecahedron
box with 2258 TIP3P water molecules. Other setups are similar to the ala2 molecule.

Appendix B. Training. The training data is collected by restrained molecular
dynamics. The initial 10% steps of the restrained dynamics are used as equilibrium
and the rest 90% steps are used to calculate the mean force. The FES are param-
eterized as a fully connected neural network. The depth and width of the NN are
shown in Table 2. The NNs are trained by Adam for 100000 steps with a learning
rate 1 × 10−3. For each training step, 5000 sampling points are randomly selected
from the data set. All the training processes are conducted using an Nvidia GPU
V100 with 32GB memory.

Table 2
The depth and width of the NN used to parameterize the FES of different molecules.

molecule depth width
ala2 3 48
s1pe 4 64

(s1pe)3 4 512
ala16 4 640

Appendix C. Additional numerical results.

C.1. 1D Rastrigin function. Tab. 3 presents the numerical estimations of the
first and second moments along with the construction of the 1D Rastrigin function.

17



As shown in Prop. 2.3, the first moment mi provides the prediction of the max-
residual point z∗i for the i-th iteration. The second moment Vi characterizes the
second derivative of the residual |f(z)− fθi(z)| at z = z∗i . As shown in Tab. 3, the
predictions of mi and f ′′θi−1

± V −1
i from the present method show good agreement

with the max-residual point z∗i and the second derivative f ′′(z∗i ) for each iteration.

Table 3
The max-residual point z∗i and its second derivative f ′′(z∗i ), as well as their numerical esti-

mations from the present sampling method at each iteration. Specifically, the max-residual point z∗i
can be estimated by mi and the second derivative f ′′(z∗i ) can be estimated by f ′′θi ± V −1.

i 0 1 2 3 4 5 6
z∗i 0.000 2.000 -2.000 0.996 -0.996 2.805 -2.806
mi -0.000 2.000 -2.000 0.996 -0.995 2.805 -2.806

f ′′(z∗i ) 41.478 41.478 41.478 41.468 41.462 15.273 15.539
f ′′θi ± V

−1 40.974 37.442 36.916 38.283 39.519 11.841 13.380

i 6 7 8 9 10 11 12
z∗i -2.806 1.500 -1.502 0.503 -0.501 2.416 -2.413
mi -2.806 1.499 -1.503 0.502 -0.501 2.414 -2.413

f ′′(z∗i ) 15.539 -37.478 -37.473 -37.474 -37.478 -31.901 -31.688

f ′′θi ± V
−1
i 15.380 -36.796 -36.271 -37.515 -37.285 -31.521 -31.189

C.2. The 2D FES for molecule ala2. Tab. 4 shows the approximation error
of the constructed FES surrogate at each iteration. The total computational cost is
presented in Tab. 1 in the main manuscript.

C.3. The 3D FES for molecule s1pe. Fig. 7-9 shows the additional 2D pro-
jections of the 3D FES (molecule s1pe) constructed by the Rid and presented CAS
method. For each case, the reference is constructed as a 2D FES using the metady-
namics. The computational cost and accuracy of CAS and RiD are shown in Tab. 5.
It shows that the CAS method achieves better accuracy with less computational cost.

C.4. The 9D FES for molecule (s1pe)3. The addition 2D projections of the
9D FES for molecule (s1pe)3 are presented in Fig. 10. Similar to the 3D case, the FES
constructed by the present CAS method shows a better agreement with the reference
constructed as a 2D FES using metadynamics.

C.5. The 30D FES for molecule ala16. The addition 2D projections of the
30D FES for molecule ala16 are presented in Fig. 11. We note that the projection
on the ϕ5 − ψ5 plane is significantly different from other projections such as the
ϕ1−ψ1 plane in the main context. While the ala16 molecule consists of 15 sequential
alanine residues, the FES for individual ϕ − ψ projections shows different features.
The numerical results of the present CAS method show good agreement with the
reference.

Appendix D. Code availablity. Python implementation of our codes are avail-
able at github https://github.com/Lyuliyao/consensus-sampling-method-for-expolering-
high-dimensional-energy-surface.
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Table 4
The l2 and l∞ error of the FES surrogate by the present CAS method for each sampling iteration.

iteration 1 2 3 4 5 6 7
l∞ error 35.21 30.62 22.38 16.41 14.83 9.86 10.68
l2 error 9.82 7.52 6.84 3.77 2.36 3.37 1.88
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Fig. 7. The 3D FES for the s1pe molecule projected on the ϕ− ψ plane with the third variable
ω = −1 (first row) and ω = −2 (second row). (a) 2D FES by metadynamics (reference) (b) RiD
(c) CAS.

2 0 2
2

0

2 (a)

2 0 2

(b)

2 0 2

(c)

0
10
20
30
40

2 0 2
2

0

2 (a)

2 0 2

(b)

2 0 2

(c)

0
10
20
30
40

Fig. 8. The 3D FES of the s1pe molecule on the ω−ψ plane with the third variable ϕ = 0 (first
row) and ϕ = −1 (second row). (a) 2D FES by metadynamics (reference) (b) RiD (c) CAS.
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Fig. 9. The 3D FES of the s1pe molecule on the ω−ϕ plane with the third variable ψ = 0 (first
row) and ψ = −1 (second row). (a) 2D FES by metadynamics (reference) (b) RiD (c) CAS.
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Table 5
The accuracy of the constructed 3D FES (the s1pe molecule) and computational time for RiD

and the present CAS method. The l2 and l∞ error are calculated up to 40 KJ/mol. For each
case, the FES is projected onto a 2D plane with the third variable fixed; the reference solution is
constructed as a 2D FES by the metadynamics. The simulation time of the CAS method is multiplied
by 20 since 20 walkers are used.

Method Restraint
Accuracy Time

l2 error l∞ error Sampling Train

RiD
ψ = 1.5 5.76 25.72

423.33 8 (GPU)
ω = 1.5 12.04 49.13

CAS
ψ = 1.5 2.44 11.21

4.81× 20 0.84 (GPU)
ω = 1.5 3.89 28.80
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Fig. 10. The 9D FES for the (s1pe)3 molecule projected on the ω1 − ϕ1, ω2 − ϕ2, ω2 −ψ2, ϕ2 −
ψ2, ω3 − ϕ3, ω3 − ψ3, ϕ3 − ψ3 plane from top to bottom. (a) 2D FES by metadynamics (reference)
(b) RiD (c) CAS.
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Fig. 11. The 30D FES of the ala16 projected on the ϕ5 − ψ5 plane. (a) 2D FES constructed
by metadynamics (reference) (b) 30D FES constructed by the present CAS method.
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for data-driven interatomic potentials, npj Computational Materials, 9 (2023), p. 168.

[48] H. Wang, T. Zariphopoulou, and X. Y. Zhou, Reinforcement learning in continuous time
and space: A stochastic control approach, The Journal of Machine Learning Research, 21
(2020), pp. 8145–8178.

[49] E. Weinan, W. Ren, and E. Vanden-Eijnden, String method for the study of rare events,
Physical Review B, 66 (2002), p. 052301.

[50] L. J. Weiser and E. E. Santiso, A cgenff-based force field for simulations of peptoids with both
cis and trans peptide bonds, Journal of computational chemistry, 40 (2019), pp. 1946–1956.

[51] J. Yu, L. Lu, X. Meng, and G. E. Karniadakis, Gradient-enhanced physics-informed neural
networks for forward and inverse pde problems, Computer Methods in Applied Mechanics
and Engineering, 393 (2022), p. 114823.

[52] Y. Zang, G. Bao, X. Ye, and H. Zhou, Weak adversarial networks for high-dimensional
partial differential equations, Journal of Computational Physics, 411 (2020), p. 109409.
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