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We consider a nematic liquid crystal flow with partially

free boundary in a smooth bounded domain in ℝ2. We

prove regularity estimates and the global existence of

weak solutions enjoying partial regularity properties,

and a uniqueness result.
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1 INTRODUCTION ANDMAIN RESULTS

We consider the following hydrodynamic system modeling the flow of liquid crystal materials in
dimension 2:

⎧
⎪«⎪¬

ÿý + ÿ ⋅∇ÿ − ÿΔÿ + ∇ÿ = −ÿ∇ ⋅ (∇ý ⊙ ∇ý − 1

2
|∇ý|2 ý2)

∇ ⋅ ÿ = 0

ýý + ÿ ⋅∇ý = ÿ(Δý + |∇ý|2ý)
in Ω× (0, ÿ), (1.1)

where domainΩ ⊆ ℝ2 is assumed to be a connected bounded domain with boundary Γ ∶= ÿΩ of
class ÿ∞. Function ÿ(ý, ý) ∶ Ω × (0, +∞) → ℝ2 represents the velocity field of the flow, ý(ý, ý) ∶
Ω × (0, +∞) → ÿ2 ⊆ ℝ3 is a unit vector that represents the director field ofmacroscopicmolecular
orientation of the liquid crystal material, and ÿ(ý, ý) ∶ Ω × (0, +∞) → ℝ represents the pressure
function. Three positive constants ÿ, ÿ, and ÿ, respectively, quantify the viscosity, the competition
between kinetic energy and elastic energy, and the microscopic elastic relaxation time for the
director field. Here, we assume that ÿ = ÿ = ÿ = 1 since the exact values of these constants play
no role in our qualitative results. ∇⋅ denotes the divergence operator, and ∇ý ⊙∇ý denotes the
2 × 2matrix whose (ÿ, ÿ)th entry is given by ÿýÿý ⋅ ÿýÿý for ÿ, ÿ ∈ {1, 2}.
The system (1.1) was first proposed by Lin in [40], and it is a simplified version of the Ericksen–

Leslie system [14, 31]. In fact, these models both share the same type of energy law, coupling
structure, and dissipative properties. There has been growing interest concerning the global exis-
tence of weak solutions, partial regularity results, singularity formation, and others. Lin and Liu
[41] established the global existence of weak and classical solutions in two and three dimensions.
A partial regularity result of Caffarelli–Kohn–Nirenberg type ([9]) for suitable weak solutions was
shown in [42]. In two dimensions, the global existence of Leray–Hopf–Struwe-typeweak solutions
of (1.1) was proved in Lin–Lin–Wang [34], and the uniqueness of such weak solution was later
shown in [37]. See also [30] for the construction of finite-time singularities. Much less is known
in three dimensions due to the supercriticality. In [39], Lin and Wang proved the global existence
of suitable weak solutions that satisfy the global energy inequality, under the assumption that the
initial orientation field ý0(Ω) ⊂ ÿ2

+. There are also blow-up examples and criteria for finite-time
singularities, for instance, [21, 23]. We refer to a comprehensive survey by Lin and Wang [38] for
recent vital developments in the mathematical analysis of nematic liquid crystals.
In this paper, our concern is a free boundary model of (1.1) recently introduced in [35]. We

consider the system (1.1) with partially free boundary conditions

⎧⎪⎪«⎪⎪¬

ÿ ⋅ n̂ = 0

(ÿÿ ⋅ n̂)ÿ = 0

ý(ý, ý) ∈ Σ

∇n̂ý(ý, ý) ⟂ ÿý(ý,ý)Σ

on ÿΩ × (0, ÿ),

where n̂ and ÿ are the unit outer normal vector and tangential vector of ÿΩ, andÿÿ is deformation
tensor associated with the velocity field ÿ

ÿÿ =
1

2
(∇ÿ + (∇ÿ)ÿ),
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and Σ ⊂ ÿ2 is a simple, closed, and smooth curve. The case that Σ is a circle in ÿ2 is physically
relevant. The first two boundary conditions are the usual Navier perfect-slip boundary conditions
for the velocity field, indicating a zero friction along the boundary, and the last two are referred
to as partially free boundary conditions for the map. This boundary condition is physically natural
in that it agrees with the basic energy law (A.1). Let us assume that Σ is the equator for simplicity,
then the partially free boundary condition can be simplified to be

{
(ÿÿ ⋅ n̂)ÿ = ÿ ⋅ n̂ = 0

∇n̂ý1 = ∇n̂ý2 = ý3 = 0
on ÿΩ × (0, ÿ). (1.2)

The free boundary system (1.1)–(1.2) is a nonlinearly coupled system between the incompress-
ible Navier–Stokes equations and the harmonic map heat flow with a partially free boundary
condition. The latter is a geometric flow with the Plateau and Neumann boundary conditions.
The motivation for studying this model stems from a recent surge of interest in geometric vari-
ational problems and the Navier–Stokes equation with Navier boundary condition. The former
includes an interesting and classical topic of the harmonic map heat flow with free boundary. We
refer to Hamilton [19], Struwe [56], Chen–Lin [11], Ma [43], Sire–Wei–Zheng [52], Hyder–Segatti–
Sire–Wang [24], and the references therein for both seminal andmore recent results. On the other
hand, the Navier–Stokes equation with Navier boundary condition is more physical in some con-
texts. See, for instance, [1, 4–6, 10, 12, 26, 32, 44, 57] and their references. As derived and discussed
in [35], the system (1.1) turns out to be physically natural and compatible with the free bound-
ary condition (1.2) imposed, and it enjoys the same dissipative properties as those for the case of
Dirichlet boundary. Moreover, (1.1)–(1.2) may trigger new boundary behaviors of solutions, such
as the finite-time blow-up via bubbling on the boundary (and in the interior) constructed in [35].
This newboundary behaviorwas already observed byChen andLin [11] in the context of harmonic
map heat flow with free boundary.
In this paper, we are interested in the global existence of weak solutions, partial regularity, and

uniqueness of (1.1)–(1.2). The well-posedness under consideration is motivated by the interesting
work of Lin, Lin, andWang [34], which considers the no-slip boundary condition for velocity field
ÿ and Dirichlet boundary condition for director field ý.
Let us first define

ÿ = {ÿ ∈ ÿ2(Ω,ℝ2) ∶ ∇ ⋅ ÿ = 0 in Ω and ÿ satisfies (1.2)1},

ÿ = {ÿ ∈ ÿ1(Ω,ℝ2) ∶ ∇ ⋅ ÿ = 0 in Ω and ÿ satisfies (1.2)1},

ý = {ý ∈ ÿ1(Ω,ℝ3) ∶ ý ∈ ÿ2 a.e. in Ω and ý satisfies (1.2)2}.

We assume that the initial data

(ÿ(ý, 0), ý(ý, 0)) = (ÿ0(ý), ý0(ý)), ý ∈ Ω (1.3)

for (1.1)–(1.2) satisfy

ÿ0 ∈ ÿ and ý0 ∈ ý. (1.4)

SinceΔÿ = ∇ ⋅ (∇ÿ + (∇ÿ)ÿ) = 2∇ ⋅ ÿÿ and partially free boundary condition gives n̂ÿ(ÿÿ)ÿ =

n̂(∇ý ⊙ ∇ý)ÿ = 0, the following weak formulation can help us get rid of boundary terms.
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Definition 1.1 (Weak solution). For 0 < ÿ ⩽ +∞, ÿ ∈ ÿ∞([0, ÿ], ÿ) ∩ ÿ2([0, ÿ],ÿ) and ý ∈

ÿ2([0, ÿ], ý)) is a weak solution of (1.1)–(1.3), if

− ∫Ω×[0,ÿ]
ïÿ, ÿ′ÿð + ∫Ω×[0,ÿ]

[ïÿ ⋅∇ÿ, ÿÿð + ï2ÿÿ, ÿ∇ÿð]

= −ÿ(0)∫Ω
ïÿ0, ÿð + ∫Ω×[0,ÿ]

ï∇ý ⊙∇ý −
1

2
|∇ý|2 ý2, ÿ∇ÿð,

− ∫Ω×[0,ÿ]
ïý, ÿ′ÿð + ∫Ω×[0,ÿ]

[ïÿ ⋅∇ý, ÿÿð + ï∇ý, ÿ∇ÿð]

= −ÿ(0)∫Ω
ïý0, ÿð + ∫Ω×[0,ÿ]

|∇ý|2ïý, ÿÿð

for any ÿ ∈ ÿ∞([0, ÿ]) with ÿ(ÿ) = 0, ÿ ∈ ÿ1(Ω,ℝ2) with ÿ ⋅ n̂ = 0 on ÿΩ, and ÿ ∈ ÿ1(Ω,ℝ3)

with ÿ3 = 0 on ÿΩ. Moreover, (ÿ, ý) satisfies (1.4) in the sense of trace.

Our first regularity theorem for the weak solution is stated as follows.

Theorem 1.2. For 0 < ÿ < +∞, assume ÿ ∈ ÿ∞([0, ÿ], ÿ) ∩ ÿ2([0, ÿ],ÿ) and ý ∈ ÿ2([0, ÿ], ý) is

a weak solution of (1.1)-(1.3) with initial data satisfying (1.4). If ý further belongs to ÿ2([0, ÿ],ÿ2(Ω)),

then (ÿ, ý) ∈ ÿ∞(Ω × (0, ÿ]) ∩ ÿ2,1
ÿ (Ω × (0, ÿ]) for some ÿ ∈ (0, 1).

Our second theorem concerns the existence of global weak solutions that enjoy the partial
smoothness property and a result of uniqueness.

Theorem 1.3. There exists a global weak solution ÿ ∈ ÿ∞([0,∞), ÿ) ∩ ÿ2([0, +∞),ÿ) and ý ∈

ÿ∞([0,∞),ÿ1(Ω,ÿ2)) of (1.1)–(1.3) with (1.4), such that the following properties hold.

(1) There exists ÿ ∈ ℕ depending only on (ÿ0, ý0) and 0 < ÿ1 < ⋯ < ÿÿ, 1 ⩽ ÿ ⩽ ÿ, such that

(ÿ, ý) ∈ ÿ∞(Ω × ((0,∞) ⧵ {ÿÿ}
ÿ
ÿ=1)) ∩ ÿ2,1

ÿ (Ω × ((0, +∞) ⧵ {ÿÿ}
ÿ
ÿ=1)).

(2) Global weak solution (ÿ, ý) is unique in the class of functions that

ý ∈ ÿ∞([0,∞),ÿ1(Ω))

ÿ−1⋂
ÿ=0

∩ÿ>0ÿ
2([ÿÿ , ÿÿ+1 − ÿ],ÿ2(Ω)) ∩ ÿ2([ÿÿ , +∞),ÿ2(Ω))

for some 0 < ÿ1 < ⋯ < ÿÿ < +∞.

(3) Each singular time ÿÿ (1 ⩽ ÿ ⩽ ÿ) can be characterized by

lim inf
ý↗ÿÿ

max
ý∈Ω ∫Ω∩ýÿ(ý)

(|ÿ|2 + |∇ý|2)(ÿ, ý)ýÿ ⩾ 4ÿ, ∀ÿ > 0. (1.5)

Moreover, there exist ýÿ
ÿ → ýÿ

0
∈ Ω, ýÿÿ ↗ ÿÿ , ÿ

ÿ
ÿ ↘ 0 such that
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(a) if ýÿ
0
∈ Ω or ýÿ

0
∈ ÿΩ with limÿ→∞

|ýÿ
ÿ−ýÿ

0
|

ÿÿ
= ∞, then there exists a nonconstant smooth

harmonic map ÿÿ ∶ ℝ2 → ÿ2 with finite energy, such that asÿ → ∞,

(
ÿÿ
ÿ, ýÿ

ÿ

)
→ (0, ÿÿ) in ÿ2

loc
(ℝ2 × [−∞, 0]);

(b) if ýÿ
0
∈ ÿΩ and limÿ→∞

|ýÿ
ÿ−ýÿ

0
|

ÿÿ
< ∞, then there exists a nonconstant smooth harmonic

map ÿ′
ÿ
∶ ℝ2

ÿ → ÿ2 with finite energy for some half plane ℝ2
ÿ, such that asÿ → ∞,

(
ÿÿ
ÿ, ýÿ

ÿ

)
→ (0, ÿ′

ÿ ) in ÿ2
loc

(
ℝ2

ÿ × [−∞, 0]
)
,

where

ÿÿ
ÿ(ý, ý) = ÿÿÿÿ

(
ýÿ
ÿ + ÿÿÿý, ýÿÿ + (ÿÿÿ)2ý

)
, ýÿ

ÿ(ý, ý) = ý
(
ýÿ
ÿ + ÿÿÿý, ýÿÿ + (ÿÿÿ)2ý

)
.

(4) Set ÿ0 = 0. Then, for 0 ⩽ ÿ ⩽ ÿ − 1,

|ýý| + |∇2ý| ∈ ÿ2(Ω × [ÿÿ , ÿÿ+1 − ÿ]), |ÿý| + |∇2ÿ| ∈ ÿ
4
3 (Ω × [ÿÿ , ÿÿ+1 − ÿ])

for any ÿ > 0, and for any 0 < ÿÿ < ÿ < +∞,

|ýý| + |∇2ý| ∈ ÿ2(Ω × [ÿÿ, ÿ]), |ÿý| + |∇2ÿ| ∈ ÿ
4
3 (Ω × [ÿÿ, ÿ]).

Remark 1.4.

(1) Theorem 1.3 is established by using Theorem 1.2, the global and local energy inequalities, and
estimates of the pressure function ÿ in Section 3 below.

(2) Compared to [34], the interior estimates in the proof are similar. However, extra care shall be
taken for the estimates near the boundary.

(3) The global existence of weak solutions for the nematic liquid crystal flow in three dimen-
sions is a notoriously hard problem. In the case of the Dirichlet boundary, it was solved by
Lin and Wang [39] with the restriction ý0(Ω) ⊂ ÿ2

+. The significant difficulties stem from
the energy supercritical harmonic map heat flow and the three-dimensional Navier–Stokes
equation with a supercritical forcing term. The situation might be better for the free bound-
ary system (1.1)–(1.2) since the vorticity ÿ = ∇ × ÿmay have better estimates with the Navier
boundary condition.

When we consider the eternal behavior of solutions to (1.1) with (1.2) as ý → +∞, it turns out
that there are two distinct situations depending onwhether the domain is axisymmetric or not. To
clarify the definition of axisymmetry, here we adopt the convention from Desvillettes and Villani
[13]: A domain inℝ2 is axisymmetric if it has a circular symmetry around some point; a domain in
ℝ3 is axisymmetric if it admits an axis of symmetry (whichmeans that it is preserved by a rotation
of arbitrary angle around this axis).
In particular, becausewe only consider open, bounded, and connected domains inℝ2, through-

out this paper, we mean an axisymmetric domain by either a disk or an annulus, and a
nonaxisymmetric domain by any other open, bounded, and connected domain. We use this
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axisymmetry and nonaxisymmetry in Korn’s inequality 2.12 to study whether a domain permits a
nontrivial fluid flow in the kernel of the symmetrized gradient ÿ. For nonaxisymmetric domains,
one can utilize the stronger Korn’s inequality in Lemma 2.12 to show that the velocity field finally
decays to ÿ∞ ≡ 0. For axisymmetric domains, (1.1)–(1.2), in fact, permit a stationary and circu-
lar velocity field. See [17] for related discussions in three dimensions. It remains a problem what
properties of initial data (ÿ0, ý0) can explain the behavior of eternal weak limit (ÿ∞, ý∞).

Theorem 1.5 (Eternal behavior).

(1) There exist ýý ↗ +∞, ÿ∞ ∈ ÿ1(Ω) with ÿÿ∞ = 0, and a harmonic map ý∞ ∈ ÿ∞(Ω,ÿ2) ∩

ÿ2,ÿ(Ω,ÿ2) with ý∞ satisfies (1.2)2 on ÿΩ such that ÿ(⋅, ýý) ⇀ ÿ∞ weakly in ÿ1(Ω),

ý(⋅, ýý) ⇀ ý∞ weakly in ÿ1(Ω), and there exist ý, ý′ ∈ ℕ, points {ýÿ}
ý
ÿ=1

⊆ Ω, {ÿÿ}
ý′

ÿ=1
⊆ ÿΩ and

{ÿÿ}
ý
ÿ=1

, {ÿ′
ÿ
}ý
′

ÿ=1
⊆ ℕ such that

|∇ý(⋅, ýý)|2ýý ⇀ |∇ý∞|2ýý +

ý∑
ÿ=1

8ÿÿÿÿýÿ +

ý′∑
ÿ=1

4ÿÿ′
ÿÿÿÿ in Radon measure.

Moreover, ifΩ is nonaxisymmetric, we can further conclude that ÿ∞ ≡ 0.

(2) Suppose that (ÿ0, ý0) satisfies

∫Ω
|ÿ0|2 + |∇ý0|2 ⩽ 4ÿ,

then (ÿ, ý) ∈ ÿ∞(Ω, (0, +∞)) ∩ ÿ2,1
ÿ (Ω × (0, +∞)). Moreover, there exist ýý ↗ +∞, ÿ∞ ∈

ÿ1(Ω) with ÿÿ∞ = 0, and a harmonic map ý∞ ∈ ÿ∞(Ω,ÿ2) ∩ ÿ2,ÿ(Ω,ÿ2) with ý∞ satisfies

(1.2)2 on ÿΩ such that (ÿ(⋅, ýý), ý(⋅, ýý)) → (ÿ∞, ý∞) in ÿ2(Ω).

Moreover, ifΩ is nonaxisymmetric, we can further conclude that ÿ∞ ≡ 0.

As a complement of the above theorem, we further describe the eternal weak solution (ÿ∞, ý∞)

in the situation of axisymmetric domains.

Theorem 1.6 (Potential profiles of eternal weak solution in axisymmetric domain). Suppose that
the domain Ω is axisymmetric. There exist ýý ↗ +∞, a nontrivial ÿ∞ and a harmonic map ý∞ ∈

ÿ∞(Ω,ÿ2) ∩ ÿ2,ÿ(Ω,ÿ2) with ý∞ satisfies (1.2)2 on ÿΩ such that (ÿ(⋅, ýý), ý(⋅, ýý)) ⇀ (ÿ∞, ý∞)

weakly inÿ1(Ω). Moreover, (ÿ∞, ý∞) can be classified in the following two cases.

(1) IfΩ is a disk ýÿ, then{
ÿ∞ = ý(ý2, −ý1), ý ≠ 0

ý∞ ≡ (ÿ1, ÿ2, ÿ3), ÿ2
1
+ ÿ2

2
+ ÿ2

3
= 1

ýÿ

{
ÿ∞ ≡ 0

ý∞ is a harmonic map.
(1.6)

(2) IfΩ is an annulus ýÿ2
⧵ ýÿ1

, then

⎧⎪⎪⎪«⎪⎪⎪¬

ÿ∞ = ý(ý2, −ý1)

ý1 = ÿ1 cos
(
ÿ ln

(
ÿ

ÿ1

))

ý2 = ÿ2 cos
(
ÿ ln

(
ÿ

ÿ1

))

ý3 = ÿ3 sin
(
ÿ ln

(
ÿ

ÿ1

))
ýÿ

{
ÿ∞ ≡ 0

ý∞ is a harmonic map,
(1.7)
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where

|ÿ3| = 1, ÿ2
1 + ÿ2

2 = 1, ÿ ln

(
ÿ2
ÿ1

)
= ýÿ, ý ∈ ℤ, ý ∈ ℝ. (1.8)

Remark 1.7.

(1) We emphasize that such nontrivial weak limit for ÿ∞ is a new feature triggered by the partially
free boundary condition (1.2), which is not possible in the case of Dirichlet boundary.

(2) The stability of (ÿ∞, ý∞) in this free boundary model might be an interesting and challenging
problem.

The rest of this paper is devoted to the proof of Theorem 1.2, Theorem 1.3, Theorem 1.5, and
Theorem 1.6.

2 NOTATIONS AND PRELIMINARIES

This section introduces some notations and estimates that will be used throughout this paper.
We use ý ≲ ý to denote ý ⩽ ÿý for some universal constant ÿ > 0. For ý0 ∈ ℝ2, ý0 ∈ ℝ, ÿ0 =

(ý0, ý0), denote

ýÿ(ý0) = {ý ∈ ℝ2 ∶ |ý − ý0| ⩽ ÿ},

ÿÿ(ÿ0) = ýÿ(ý0) × [ý0 − ÿ2, ý0]

to be spatial neighborhood and parabolic cylinder, respectively. We use Ωý to denote Ω× [0, ý].
For ý0 ∈ ÿΩ, we use ýÿ(ÿ0)

+ to denote ÿÿ(ÿ0) ∩ Ωý to denote the parabolic cylinder at boundary.
Denote the boundary of parabolic cylinder ÿýÿÿ(ÿ0) to be

ÿýÿÿ(ÿ0) = (ýÿ(ý0) × {ý0 − ÿ2}) ∪ (ÿýÿ(ý0) × [ý0 − ÿ2, ý0]).

For 1 < ý, ÿ < ∞, denote ÿý,ÿ(ÿÿ(ÿ0)) = ÿÿ([ý0 − ÿ2, ý0], ÿ
ý(ýÿ(ý0)) with norm

‖ÿ‖ÿý,ÿ(ÿÿ(ÿ0))
=

(
∫

ý0

ý0−ÿ2
‖ÿ(⋅, ý)‖ÿ

ÿý(ýÿ(ý0))
ýý

) 1
ÿ

.

Further, denoteÿ1,0
ý,ÿ(ÿÿ(ý0)) = ÿÿ([ý0 − ÿ2, ý0],ÿ

1,ý(ýÿ(ý0))), with norm

‖ÿ‖
ÿ1,0

ý,ÿ(ÿÿ(ý0))
= ‖ÿ‖ÿý,ÿ(ÿÿ(ÿ0))

+ ‖∇ÿ‖ÿý,ÿ(ÿÿ(ÿ0))
.

Denoteÿ2,1
ý,ÿ(ÿÿ(ý0)) = {ÿ ∈ ÿ1,0

ý,ÿ(ÿÿ(ý0)) ∶ ∇2ÿ, ÿýÿ ∈ ÿý,ÿ(ÿÿ(ý0))}, with norm

‖ÿ‖
ÿ2,1

ý,ÿ(ÿÿ(ý0))
= ‖ÿ‖

ÿ1,0
ý,ÿ(ÿÿ(ý0))

+ ‖∇2ÿ‖
ÿ1,0

ý,ÿ(ÿÿ(ý0))
+ ‖ÿýÿ‖ÿ1,0

ý,ÿ(ÿÿ(ý0))
.

If ý = ÿ, then the above notation can be simplified as ÿý,ý = ÿý,ÿ1,0
ý,ý = ÿ1,0

ý ,ÿ2,1
ý,ý = ÿ2,1

ý .
Here are some techniques that we are going to utilize.
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Lemma 2.1 (Gradient estimates for the heat equation). If ý ∶ Ω → ℝý solves heat equation ÿýý −

Δý = 0withDirichlet boundary condition (ý = 0 on ÿΩ) orNeumann boundary condition (n̂ ⋅∇ý =

0 on ÿΩ), then we have the following integral estimates for the gradient ∇ý:

interior: ∫ÿÿý(ÿ1)
|∇ý|4 ≲ ÿ4 ∫ÿý(ÿ1)

|∇ý|4,

boundary: ∫ÿ+
ÿý

(ÿ1)
|∇ý|4 ≲ ÿ4 ∫ÿ+

ý
(ÿ1)

|∇ý|4.

Proof. See [33, Lemma 4.5, Lemma 4.13, Lemma 4.20, Theorem 7.35]. □

Lemma 2.2 (Parabolic Morrey’s decay lemma). Suppose for any ÿ ∈ Ω and any 0 < ÿ <

min(diam(Ω),
√

ÿ), we have

∫ÿÿ(ÿ)∩Ωÿ

|∇ý|ý + ÿý|ýý|ý ≲ ÿÿ+2+(ÿ−1)ý,

then ý ∈ ÿÿ(ÿ 1
2
(ÿ1) ∩ Ωÿ).

Proof. We use the definition of Campanato space and apply Poincaré inequality

ÿ−(ÿ+2+ÿý) ∫ÿÿ(ÿ)∩Ωÿ

|ý − ýÿ,ÿ|ý ≲ ÿ−(ÿ+2+ÿý) ∫ÿÿ(ÿ)∩Ωÿ

ÿý|∇ý|ý + ÿ2ý|ýý|ý ≲ 1.
□

Lemma 2.3 (A variant of Ladyzhenskaya’s inequality). There exists ÿ0 and ý0 depending only on

Ω such that for any ÿ > 0, if ÿ ∈ ÿ2,∞(Ωÿ) ∩ ÿ1,0
2

(Ωÿ), then for ý ∈ (0, ý0),

∫Ωÿ

|ÿ|4 ⩽ ÿ0 sup
(ý,ý)∈Ωÿ

∫Ω∩ýý(ý)
|ÿ|2(⋅, ý)

(
∫Ωÿ

|∇ÿ|2 + 1

ý2 ∫Ωÿ

|ÿ|2
)
.

Proof. See [54, Lemma 3.1]. □

Lemma 2.4 (Refined embedding theorem). For ÿ ∈ ÿ
1,ý
0

(Ω) with 1 ⩽ ý < ÿ and 1 ⩽ ÿ ⩽ ý∗ =
ÿý

ÿ−ý
, we have for any ÿ ∈ [ÿ, ý∗],

‖ÿ‖ÿÿ(Ω) ≲ ‖∇ÿ‖ÿ
ÿý(Ω)

‖ÿ‖1−ÿ
ÿÿ(Ω)

,

where ÿ = ( 1
ÿ
− 1

ÿ
)( 1

ÿ
− 1

ý∗ )
−1.

Lemma 2.5 (ÿý − ÿÿ regularity for Neumann heat equation). Let 1 ⩽ ý ⩽ ÿ ⩽ ∞, (ÿ ≠ 1, ý ≠ ∞).

Let (ÿýΔ)ý⩾0 be the Neumann heat semigroup inΩ, and let ÿ1 > 0 denote the first nonzero eigenvalue

of −Δ inΩ under Neumann boundary conditions. Then, there exist constant ÿ(Ω, ý0) such that

‖ÿýΔÿ‖ÿÿ(Ω) ⩽ ÿ(Ω, ý0)ý
− ÿ

2
( 1
ý
− 1

ÿ
)
ÿ−ÿ1ý‖ÿ‖ÿý(Ω)

‖∇ÿýΔÿ‖ÿÿ(Ω) ⩽ ÿ(Ω, ý0)ý
− 1

2
− ÿ

2
( 1
ý
− 1

ÿ
)
ÿ−ÿ1ý‖ÿ‖ÿý(Ω)

for ý ⩽ ý0.

Proof. See [58, Lemma 1.3]. □
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Lemma 2.6 (ÿý − ÿÿ regularity for Stokes operator with Navier boundary condition). LetΩ ⊆ ℝÿ,

ÿ ⩾ 2 be a bounded ÿ3-smooth domain. Let 1 < ý ⩽ ÿ < ∞, ÿ > 0, let ℙý ∶ ÿý(Ω) → ÿ
ý
ÿ (Ω) denote

the Helmholtz projection, and let ýý = ℙýΔ be the Stokes operator with Navier boundary condition.

Suppose either one of the following two conditions holds.

(1) If ý < ÿ

2
and ý ⩽ ÿ ⩽

ÿý

ÿ−2ý
where 0 ⩽ ÿ = ÿ

2
( 1
ý
− 1

ÿ
) ⩽ 1.

(2) If ý ⩾
ÿ

2
and ý ⩽ ÿ where 1 ⩾ ÿ ⩾ 1 −

ý

ÿ
⩾ 0,

then

‖ÿ−ýýýÿ‖ÿÿ(Ω) ⩽ ÿ(ÿ, ý,Ω)
(
ý + 1

ý

)ÿ
ÿÿý‖ÿ‖ÿý(Ω)

for ÿ ∈ ÿ
ý
ÿ (Ω).

Proof. See [15, Corollary 1.4]. Based on this inequality, one can also utilize interpolation of Sobolev
space to derive

‖ÿ−ýýý∇ÿ‖ÿÿ(Ω) ⩽ ÿ(ÿ, ý,Ω, ý0)ý
− 1

2
−ÿ‖ÿ‖ÿý(Ω)

for ý ⩽ ý0. □

Remark 2.7.

∙ In the setup of the Stokes operator with zero Dirichlet boundary condition, the ÿý − ÿÿ regu-
larity is in the form of Lemma 2.5. This result is proved by showing that the resolvent operator
ý(ÿ,ýý) = (ÿý + ýý)

−1 is sectorial, and then study the fractional and purely imaginary power of
ýý, and finally conclude the ÿ

ý − ÿÿ regularity by using Komatsu semigroup decaying inequal-
ity (cf. [27, Theorem 12.1]). In dimension 3, such scheme also works in the setup of Stokes
operator with Navier-type boundary condition (i.e., ÿ ⋅ n̂ = curl ÿ × n̂ = 0, see [2]), as well as in
the setupNavier slip boundary condition (i.e., 2[(ÿÿ)ÿ]ÿ + ÿÿ ⋅ ÿ = 0, see [3]). In the latter situ-
ation, either a nontrivial friction ÿ is required, or the nonaxisymmetric property of the domain
Ω is required. This requirement suggests that in the current setup of two-dimensional Navier
perfect-slip boundary condition, generally, we have no ∞-calculus (consider the counterex-
ample of stationary vortex flow in disk). Indeed, Lemma 2.6 has no long-time decaying property,
and its proof in [15] is based on equivalent norms on ÿ(ýÿ) and interpolation of Sobolev space,
without using fractional semigroup.

∙ See also [28, Theorem 3.10] for related semigroup estimates.

Lemma 2.8 (Parabolic Sobolev embedding theorem).We have continuous embeddingÿ2ý,ý
ÿ (ýÿ) ⊆

ÿý,ÿ
ý (ýÿ) if 2ý − 2ÿ − ý − ( 1

ÿ
− 1

ý
)(ÿ + 2) ⩾ 0.

Proof. See [29, Lemma 3.3]. □

Lemma 2.9 (Boundary ÿ2,1
ý,ÿ-estimate for Stokes equation). For a homogeneous, nonstationary

Stokes equation ÿýÿ − Δÿ + ∇ÿ = 0 in Ω with Navier boundary condition on ÿΩ. For ý ⩽ ý and
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arbitrary ý0(ý), we have

‖ÿ‖
ÿ2,1

ý,ÿ(ý
+
1
2

)
+ ‖∇ÿ‖ÿý,ÿ(ý+

1
2

) ≲ ‖∇ÿ‖ÿý,ÿ(ý+
1
) + ‖ÿ − ý0‖ÿý,ÿ(ý+

1
).

Proof. For a homogeneous, nonstationary Stokes equation with zero Dirichlet boundary condi-
tion, this boundaryÿ2,1

ý,ÿ-estimate has been proved in [48, Lemma 3.2], using the property of max-
imal ÿý − ÿÿ regularity for Stokes system with nonzero divergence. Such property is intensively
studied by Shibata–Shimizu in [50, 51] and [49]. For maximal ÿý − ÿÿ regularity in the setting of
compressible fluid, see [25]. However, in the setting of the Stokes system with Navier boundary
condition and nonzero divergence, such a maximal regularity is false because there is no control
of the Neumann term as in [50]. Instead, we follow Seregin’s argument in [47] and use maximal
ÿý − ÿÿ regularity for the Stokes system with Navier boundary and zero divergence in [16].
Let ÿ1(ý, ý) = ÿ(ý)ÿ(ý, ý) and ÿ1 = ÿ(ý)(ÿ(ý, ý) − ý0(ý)) for some cutoff function ÿ ≡ 1 on ý+

1
2

,

supp ÿ ⊆ ý+
1
, and n̂ ⋅∇ÿ = 0 on ÿΩ. Then, (ÿ1, ÿ1) solves

⎧
⎪«⎪¬

ÿýÿ1 − Δÿ1 + ∇ÿ1 = g1 in Ω

∇ ⋅ ÿ1 = ÿ ⋅∇ÿ in Ω

ÿ1 satisfies Navier slip boundary condition (1.2)1 on ÿΩ,

where g1 = −2∇ÿ∇ÿ − ÿΔÿ + (ÿ − ý0)∇ÿ.
Further, we let (ÿ2(ý), ÿ2(ý)) solves the following stationary Stokes system:

⎧
⎪«⎪¬

−Δÿ2 + ∇ÿ2 = 0 in Ω

∇ ⋅ ÿ2 = ÿ ⋅∇ÿ in Ω

ÿ2 satisfies (1.2)1 on ÿΩ,

and (ÿýÿ2, ÿýÿ2) solves

⎧
⎪«⎪¬

−Δ(ÿýÿ2) + ∇(ÿýÿ2) = 0 in Ω

∇ ⋅ (ÿýÿ2) = ÿýÿ ⋅∇ÿ in Ω

ÿýÿ2 satisfies (1.2)1 on ÿΩ.

Thus, ÿ3 = ÿ1 − ÿ2 and ÿ3 = ÿ1 − ÿ2 solve

⎧⎪«⎪¬

ÿýÿ3 − Δÿ3 + ∇ÿ3 = g3 = g1 − ÿýÿ2 in Ω

∇ ⋅ ÿ3 = 0 in Ω

ÿ3 satisfies (1.2)1 on ÿΩ.

Let ÿ(ý) ∶ ℝ → [0, 1] be the smooth function such that ÿ ≡ 0 on (−∞,−1) and ÿ ≡ 1 on (− 1

4
,∞).

We see that ÿ4 = ÿ3ÿ and ÿ4 = ÿ3ÿ solve

⎧
⎪⎪«⎪⎪¬

ÿýÿ4 − Δÿ4 + ∇ÿ4 = g4 = ÿg3 + ÿ3ÿýÿ in Ω

∇ ⋅ ÿ4 = 0 in Ω

ÿ = 0 at ý = −1

ÿ satisfies (1.2)1 on ÿΩ.
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By the maximal ÿý − ÿÿ regularity to the Stokes system with Navier perfect slip boundary
condition (see [16, Theorem 2.9]), we have

‖ÿ4‖ÿ2,1
ý,ÿ(Ω×(−1,0))

+ ‖∇ÿ4‖ÿý,ÿ(Ω×(−1,0)) ≲ ‖g4‖ÿý,ÿ(Ω×(−1,0)).

First, we can directly estimate g1 that

‖g1(⋅, ý)‖ÿý(Ω) ≲ ‖ÿ‖ÿ1
ý(ý

+
1
) + ‖ÿ − ý0‖ÿý(ý+

1
).

To estimate ÿýÿ2 in g3, we notice that ÿýÿ ⋅∇ÿ = ∇ÿ + ÿ where ÿ = −(ÿ − ý0)∇ÿ + ∇ÿ∇ÿ and
ÿ = −∇ÿ ∶ ∇2ÿ + (ÿ − ý0)Δÿ, we can check that the duality argument of [53, Theorem 2.4] also
works with Navier boundary condition, and it gives

‖ÿýÿ2‖ÿý(Ω) ≲ ‖ÿ‖ÿý(Ω) + ‖ÿ‖ÿý(Ω) + ‖ÿ ⋅ n̂‖ÿý(ÿΩ),

while the last term can be estimated by

‖ÿ ⋅ n̂‖ÿý(ÿΩ) ≲ ÿ
1
ÿ

(
‖∇2ÿ‖ÿý(ý+

1
) + ‖∇ÿ‖ÿý(ý+

1
)

)
+

(
1

ÿ

) ý′

ýÿ
(
‖ÿ‖ÿ1

ý(ý
+
1
) + ‖ÿ − ý0‖ÿý(ý+

1
)

)
.

We can also use test function ÿ ∈ ÿ∞(Ω) with n̂ ⋅∇ÿ = 0 on ÿΩ to estimate that

‖ÿ2‖ÿ2
ý(Ω) + ‖∇ÿ2‖ÿý(Ω) ≲ ‖∇(ÿ ⋅∇ÿ)‖ÿý(Ω) ≲ ‖ÿ‖ÿ1,ý(ý+

1
).

Combining the above estimates, it follows that

‖ÿ‖
ÿ2,1

ý,ÿ(ý
+
1
2

)
+ ‖∇ÿ‖ÿý,ÿ(ý+

1
2

) ≲ ‖∇ÿ‖ÿý,ÿ(ý+
1
) + ‖ÿ − ý0‖ÿý,ÿ(ý+

1
).

Moreover, for ý ⩽ ý, one can use Sobolev embedding to lift above RHS to terms withÿ2,1
ý,ÿ norm

andÿ1,0
ý,ÿ norm, then apply the above inequality again to deduce that

‖ÿ‖
ÿ2,1

ý,ÿ(ý
+
1
2

)
+ ‖∇ÿ‖ÿý,ÿ(ý+

1
2

) ≲ ‖∇ÿ‖ÿý,ÿ(ý+
1
) + ‖ÿ − ý0‖ÿý,ÿ(ý+

1
). (2.1)

□

Lemma 2.10 (Riesz potential estimates between parabolic Morrey space). Let ý̃ý,ÿ(Ωÿ) and

ý̃ý,ÿ(Ωÿ)∗, respectively, denote the parabolic Morrey space, and the weak parabolic Morrey space,

where 1 ⩽ ý < ∞, 0 ⩽ ÿ ⩽ ÿ + 2, and

‖ÿ‖ý
ý̃ý,ÿ(Ωÿ)

∶= sup
ÿ>0,ÿ∈Ωÿ

ÿÿ−(ÿ+2)‖ÿ‖ý
ÿý(Ωÿ∩ÿÿ(ÿ))

,

‖ÿ‖ý
ý̃

ý,ÿ
∗ (Ωÿ)

∶= sup
ÿ>0,ÿ∈Ωÿ

ÿÿ−(ÿ+2)‖ÿ‖ý
ÿý,∗(Ωÿ∩ÿÿ(ÿ))

.

Let ý̃ÿ(ÿ) denote the parabolic Riesz potential of order ÿ ∈ [0, ÿ + 2],

ý̃ÿ(ÿ) = ∫ℝÿ+1

ÿ(ÿ, ý)

ÿ((ý, ý), (ÿ, ý))ÿ+2−ÿ
ýÿýý,
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where ÿ ∈ ÿý(ℝÿ+1) and parabolic distance ÿ((ý, ý), (ÿ, ý)) = max(|ý − ÿ|,√|ý − ý|). Then, for
any ÿ > 0, 0 < ÿ ⩽ ÿ + 2, 1 < ý < ÿ

ÿ
, if ÿ ∈ ÿý(ℝÿ+1) ∩ ý̃ý,ÿ(ℝÿ+1), then ý̃ÿ(ÿ) ∈ ÿý̃(ℝÿ+1) ∩

ý̃ý̃,ÿ(ℝÿ+1)with ý̃ =
ýÿ

ÿ−ýÿ
. Further, for any 0 < ÿ < ÿ ⩽ ÿ + 2, ifÿ ∈ ÿ1(ℝÿ+1) ∩ ý̃1,ÿ(ℝÿ+1), then

ý̃ÿ(ÿ) ∈ ÿ
ÿ

ÿ−ÿ
,∗
(ℝÿ+1) ∩ ý̃

ÿ
ÿ−ÿ

,ÿ

∗ (ℝÿ+1).

Proof. See [22, Theorem 3.1]. □

Lemma 2.11 (Density of smoothmaps in ÿ and ý). For ÿ = 2, and any givenmap ÿ ∈ ÿ and ÿ ∈ ý,

there exists sequence {ÿý} ⊆ ÿ∞(Ω,ÿ2) ∩ ÿ2,ÿ(Ω,ÿ2) ∩ ÿ and {ÿý} ⊆ ÿ∞(Ω,ℝ2) ∩ ÿ2,ÿ(Ω,ℝ2) ∩ ý

such that

lim
ý→inf

‖ÿý − ÿ‖ÿ2(Ω) = lim
ý→∞

‖ÿý − ÿ‖ÿ1(Ω) = 0.

Proof. For the classical result that smoothmaps are dense in Sobolev maps, see [7]. Since we need
lots of other properties such as Hölder continuity, Navier boundary condition for ÿý, and free
boundary condition for ÿý, our method is to consider the solution of an evolution equation with
initial data ÿ and ÿwith free boundary condition (1.2)1; thenwe take backward slices ÿý = ÿ(⋅, ý =

2−ý) andÿý = ÿ(⋅, 2−ý) as smooth approximations. For director fieldÿ(ý, ý) ∶ Ω × (0, ÿ) → ÿ2, we
consider the heat flow of harmonic map

⎧
⎪«⎪¬

ÿý = Δÿ + |∇ÿ|2ÿ in Ω× (0, ýÿ)

ÿ(⋅, 0) = ÿ0 ∈ ý

∇n̂ÿ1 = ∇n̂ÿ2 = ÿ3 = 0 on ÿΩ × (0, ýÿ).

A classical result in short-time existence and regularity shows that if ýÿ is smaller than the
first singular time, then ÿ(ý, ý) ∈ ÿ∞(Ω × (0, ýÿ)), see [55]. That argument is the same as we
shall use to prove Theorem 1.3. Smoothness of solution of equation gives ÿ ∈ ÿ([0, ÿ],ÿ1(Ω))

and thus limý→∞ ‖ÿý − ÿ‖ÿ1(Ω) = 0. Hölder regularity follows easily from an estimation of
Morrey–Campanato norm, and the argument is the same as what we shall do in proving
Theorem 1.2.
Similarly, consider the solution of the Navier–Stokes equation with initial data ÿ0 with Navier-

slip boundary condition (1.2)2.

⎧
⎪⎪«⎪⎪¬

ÿý + ÿ ⋅∇ÿ − Δÿ + ∇ÿ = 0 in Ω× (0, ýÿ)

∇ ⋅ ÿ = 0 in Ω× (0, ýÿ)

ÿ(⋅, 0) = ÿ0

(ÿÿ ⋅ n̂)ÿ = ÿ ⋅ n̂ = 0 on ÿΩ × (0, ýÿ).

We similarly use existence and regularity for two-dimensional Navier–Stokes to show that ÿ ∈

ÿ([0, ÿ], ÿ2(Ω)) and thus limý→∞ ‖ÿý − ÿ‖ÿ2(Ω) = 0, see [26]. Also, Hölder regularity follows from
an estimation of Morrey-Campanato norm, which is the argument we shall use in Theorem 1.2.
Alternatively, since the proof of Theorem 1.2 does not require this lemma, we can also use the
result of Theorem 1.2 with ÿ ≡ 0 or ý ≡ ÿ to obtain the Hölder regularity. □

 1
4
6
9
7
7
5
0
, 2

0
2
4
, 5

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2
/jlm

s.7
0
0
0
8
 b

y
 Y

an
n
ick

 S
ire - Jo

h
n
s H

o
p
k
in

s U
n
iv

ersity
 , W

iley
 O

n
lin

e L
ib

rary
 o

n
 [3

0
/0

6
/2

0
2
5
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d
itio

n
s) o

n
 W

iley
 O

n
lin

e L
ib

rary
 fo

r ru
les o

f u
se; O

A
 articles are g

o
v
ern

ed
 b

y
 th

e ap
p
licab

le C
reativ

e C
o
m

m
o
n
s L

icen
se



NEMATIC LIQUID CRYSTAL FLOWWITH PARTIALLY FREE BOUNDARY 13 of 43

Lemma 2.12 (Korn’s inequality). Let Ω ⊆ ℝÿ with ÿ ⩾ 2 be an open, bounded, and ÿ1-smooth

domain. Let ÿ be a vector field onΩ with ∇ÿ ∈ ÿ2(Ω). Then, there exists ÿ(Ω) > 0 such that

‖ÿ‖ÿ2(Ω) + ‖ÿÿ‖ÿ2(Ω) ⩾ ÿ(Ω)‖∇ÿ‖ÿ2(Ω).

Assume further thatΩ is nonaxisymmetric and ÿ has tangential boundary condition (i.e., ÿ ⋅ n̂ = 0

on ÿΩ), then

‖ÿÿ‖ÿ2(Ω) ⩾ ÿ(Ω)‖∇ÿ‖ÿ2(Ω)

for some constant ÿ(Ω) > 0measuring the deviation of domainΩ from being axisymmetric.

Proof. See [13, Theorem 3]. □

3 HÖLDER REGULARITY OF SOLUTION

This section uses the standard hole-filling argument to obtain the regularity of solution ÿ to a
parabolic system (ÿ). This argument has mainly two parts: first, we cut a hole (e.g., ÿÿ(ý0) or
Ωÿ) and fill it with the solution ÿ′ of a homogeneous system (ÿ′) (e.g., heat equation, Stokes
system, harmonicmap heat flow) with boundary condition inherited from the original solution ÿ.
Then, ÿ − ÿ′ solves the parabolic system (ÿ − ÿ′), which is usually inhomogeneous but has a good
boundary condition on the hole. This good boundary condition gives us more freedom to perform
integration by parts and allows us to handle inhomogeneity only.We leave the boundary condition
to good system (ÿ′) and deal with it independently. Ultimately, we achieve a gradient estimate and
obtain ÿÿ-regularity of ÿ. The next step is to use ÿÿ-regularity to obtain ÿ1,ÿ-regularity for some
ÿ ∈ (0, 1). One approach given by [22] is to analyze the Riesz potential between parabolic Morrey
space.We apply the first part of the hole-filling argument in the following three lemmas and apply
the second part in the proof of Theorem 1.2.

We start with the ÿ
4
3 estimate of |∇ÿ| to the solution (ÿ, ý, ÿ) of the free boundary system (1.1)–

(1.4).

Lemma 3.1 (Estimation of pressure). For 0 < ÿ < ∞, suppose that ÿ ∈ ÿ2,∞ ∩ÿ1,0
2

(Ωÿ) and ý ∈

ÿ∞([0, ÿ],ÿ1(Ω)) ∩ ÿ2([0, ÿ],ÿ2(Ω)) is a weak solution to (1.1)–(1.4). Then, ∇ÿ ∈ ÿ
4
3 (Ωÿ) and we

have the following estimate:

‖ÿ − ÿΩ‖
ÿ
4, 43 (Ωÿ)

≲ ‖∇ÿ‖
ÿ
4
3 (Ωÿ)

≲ ‖ÿ‖ÿ4(Ωÿ)
‖∇ÿ‖ÿ2(Ωÿ)

+ ‖∇ý‖ÿ4(Ωÿ)
‖∇2ý‖ÿ2(Ωÿ)

.

Proof. We write ÿ = ÿ1 + ÿ2 where ÿ1 ∶ Ωÿ → ℝ2 solves homogeneous heat equation ÿýÿ
1 −

Δÿ1 = 0 with initial condition ÿ1 = ÿ0 on Ω× {ý = 0} and partially free boundary condition (ÿ1

satisfies (1.2)1 on ÿΩ). Then ÿ2 = ÿ − ÿ1 solves nonhomogeneous, nonstationary Stokes equa-
tion ÿýÿ

2 − Δÿ2 + ∇ÿ = −ÿ ⋅ ÿ − ∇ ⋅ (∇ý ⊙ ∇ý − 1

2
|∇ý|2 ý2)with initial condition ÿ2 = 0 onΩ×

{ý = 0} and partially free boundary condition ÿ2 satisfies (1.2)1 on ÿΩ). Then, Sobolev inequality

 1
4
6
9
7
7
5
0
, 2

0
2
4
, 5

, D
o
w

n
lo

ad
ed

 fro
m

 h
ttp

s://lo
n
d
m

ath
so

c.o
n
lin

elib
rary

.w
iley

.co
m

/d
o
i/1

0
.1

1
1
2
/jlm

s.7
0
0
0
8
 b

y
 Y

an
n
ick

 S
ire - Jo

h
n
s H

o
p
k
in

s U
n
iv

ersity
 , W

iley
 O

n
lin

e L
ib

rary
 o

n
 [3

0
/0

6
/2

0
2
5
]. S

ee th
e T

erm
s an

d
 C

o
n
d
itio

n
s (h

ttp
s://o

n
lin

elib
rary

.w
iley

.co
m

/term
s-an

d
-co

n
d
itio

n
s) o

n
 W

iley
 O

n
lin

e L
ib

rary
 fo

r ru
les o

f u
se; O

A
 articles are g

o
v
ern

ed
 b

y
 th

e ap
p
licab

le C
reativ

e C
o
m

m
o
n
s L

icen
se



14 of 43 SIRE et al.

andÿ2,1
4
3

-estimate give

‖ÿ − ÿΩ‖
ÿ
4, 43 (Ωÿ)

≲ ‖∇ÿ‖
ÿ
4
3 (Ωÿ)

≲ ‖|ÿ||∇ÿ|‖
ÿ
4
3 (Ωÿ)

+ ‖|∇ý||∇2ý|‖
ÿ
4
3 (Ωÿ)

≲ ‖ÿ‖ÿ4(Ωÿ)
‖∇ÿ‖ÿ2(Ωÿ)

+ ‖∇ý‖ÿ4(Ωÿ)
‖∇2ý‖ÿ2(Ωÿ)

. □

Lemma3.2 (Local smallness).For anyÿ ∈ (0, 1), there exists ÿ0 > 0 such that for ÿ0 = (ý0, ý0) ∈ ℝ3

and ÿ > 0, if (ÿ, ý) ∈ ÿ1,0
2

(ÿ2ÿ(ÿ0)), ÿ ∈ ÿ1, 4
3 (ÿ2ÿ(ÿ0)) is a weak solution to (1.1) and

∫ÿÿ(ÿ0)
|ÿ|4 + |∇ý|4 ⩽ ÿ40, (3.1)

then (ÿ, ý) ∈ ÿÿ(ÿ ÿ
2
(ÿ0),ℝ

2 × ÿ2). Moreover,

[ý]ÿÿ(ÿ ÿ
2
(ÿ0))

⩽ ÿ(‖ÿ‖ÿ4(ÿÿ(ÿ0))
+ ‖∇ý‖ÿ4(ÿÿ(ÿ0))

), (3.2)

[ÿ]ÿÿ(ÿ ÿ
2
(ÿ0))

⩽ ÿ(‖ÿ‖ÿ4(ÿÿ(ÿ0))
+ ‖∇ý‖ÿ4(ÿÿ(ÿ0))

+ ‖∇ÿ‖ 4
3
(ÿÿ(ÿ0))

). (3.3)

Proof. The proof is similar to that of [34, Lemma 2.2]. Here, we give a sketch of proof for self-
containedness.
Step 1: First, we want to have a local growth control of |∇ý| in the following sense:

∫ÿÿ(ÿ1)
|∇ý|4 ⩽

(
ÿ

ý

)4ÿ

∫ÿý(ÿ1)
|∇ý|4 for 0 < ÿ ⩽ ý. (3.4)

To do so, we decompose ý = ý1 + ý2 where ý1 ∶ ÿý(ÿ1) → ℝ3 satisfies the homogeneous
heat equation ÿýý

1 − Δý1 = 0 with Dirichlet boundary condition ý1 = ý on ÿÿý(ÿ1), and ý2 ∶

ÿý(ÿ1) → ℝ3 satisfies the inhomogeneous heat equation ÿýý
2 − Δý2 = −ÿ ⋅ ý + |∇ý|2ý with zero

boundary condition ý2 = 0 on ÿÿý(ÿ1). We test ý
2 equation withΔý2 and apply Hölder inequality

to obtain

sup
ý1−ý2⩽ý⩽ý1

∫ýý(ý1)
|∇ý2|2 + ∫ÿý(ÿ1)

|Δý2|2 ≲ (‖ÿ‖2
ÿ4(ÿý(ÿ1))

+ ‖∇ý‖2
ÿ4(ÿý(ÿ1))

)‖∇ý‖2
ÿ4(ÿý(ÿ1))

.

This, together with Ladyzhenskaya inequality in Lemma 2.3, yields

∫ÿý(ÿ1)
|∇ý2|4 ≲

(
∫ÿý(ÿ1)

|ÿ|4 + ∫ÿý(ÿ1)
|∇ý|4

)
∫ÿý(ÿ1)

|∇ý|4.

We use Lemma 2.1 for ý1 and obtain ‖∇ý1‖ÿ4(ÿÿý)
≲ ÿ‖∇ý1‖ÿ4(ÿý)

, and thus

∫ÿÿý(ÿ1)
|∇ý1|4 ⩽ ÿÿ4 ∫ÿý(ÿ1)

|∇ý|4 + ÿ

(
∫ÿý(ÿ1)

|ÿ|4 + ∫ÿý(ÿ1)
|∇ý|4

)
∫ÿý(ÿ1)

|∇ý|4,

which gives inequality (3.4) if we choose ÿ = ÿ∕ý < ÿ0 and ÿ0 < ÿ0 such that 2ÿÿ
4
0
⩽ ÿ4ÿ

0
.
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Step 2: Next, we want to control the local growth of |ýý|. We test (1.1)3 with ýýÿ
2 with cut-off

function ÿ ∈ ÿ∞
0
(ýÿ(ý0)), 0 ⩽ ÿ ⩽ 1, ÿ ≡ 1 on ý ÿ

2
(ý0), and |∇ÿ| ⩽ 2∕ÿ. It follows that

∫ý ÿ
2
(ý0)

|ýý|2ÿ2 +
ý

ýý ∫ýÿ(ý0)
|∇ÿ|2ÿ2 ≲ ÿ−2 ∫ýÿ(ý0)

|∇ý|2 + ∫ýÿ(ý0)
|ÿ|2|∇ý|2.

We select ý0 ∈ (ý0 − ÿ2 − ý0 −
ÿ2

4
) such that ∫ýÿ(ý0)

|∇(⋅, ý0)|2 ≲ ÿ−2 ∫ÿÿ(ÿ0)
|∇ý|2. As a consequence,

∫ÿ ÿ
2
(ÿ0)

|ýý|2 ≲ (1 + ‖ÿ‖2
ÿ4(ÿÿ(ÿ0))

)‖∇ý‖2
ÿ4(ÿÿ(ÿ0))

≲
(
ÿ

ý

)2ÿ
(
∫ÿý(ÿ0)

|∇ý|4
) 1

2

. (3.5)

Estimations (3.4) and (3.5) imply the Hölder continuity by Lemma 2.2.
Step 3: We will estimate the local growth of |∇ÿ| by separating solution ÿ = ÿ1 + ÿ2 of

(1.1)1 into two functions, where ÿ1 ∶ ÿý(ÿ1) → ℝ2 satisfies homogeneous heat equation ÿýÿ
1 −

Δÿ1 = 0 with Dirichlet boundary condition ÿ1 = ÿ on ÿÿý(ÿ1) and ÿ2 = ÿ − ÿ1 ∶ ÿý(ÿ1) → ℝ2

satisfies inhomogeneous heat equation ÿýÿ
2 − Δÿ2 + ∇ÿ = −∇ ⋅ [ÿ ⊗ (ÿ − ÿÿ1,ý

) + ∇ý ⊙ ∇ý −
1

2
|∇ý|2 ý2] with zero boundary condition ÿ2 = 0 on ÿÿý(ÿ1). We test it with ÿ2 and use Hölder

inequality to estimate

1

2

ý

ýý ∫ýý(ý1)
|ÿ2|2 + ∫ýý(ý1)

|∇ÿ2|2 ≲ ∫ýý(ý1)
|∇ý|4 + |ÿ|2|ÿ − ÿÿ1,ý

|2 + |ÿ2||∇ÿ|.

We integrate over [ý1 − ý2, ý1] and use Hölder inequality to obtain

sup
ý1−ý2⩽ý⩽ý1

∫ýý(ý1)

|ÿ2|2 + ∫ÿý

|∇ÿ2|2 ≲ ∫ÿý

|∇ý|4 + ‖ÿ‖2
ÿ4(ÿý)

‖ÿ − ÿÿ1,ý
‖2
ÿ4 + ‖ÿ2‖ÿ4(ÿý)

‖∇ÿ‖
ÿ

4
3 (ÿý)

,

which, together with Ladyzhenskaya inequality, yields

∫ÿý(ÿ1)
|ÿ2|4 ≲

(
∫ÿý(ÿ1)

|∇ý|4
)2

+ ∫ÿý(ÿ1)
|ÿ − ÿÿ1,ý

|4 ⋅ ∫ÿý(ÿ1)
|ÿ|4 +

(
∫ÿý(ÿ1)

|∇ÿ| 43
)3

.

Collecting the above two estimates gives

(
∫ÿý(ÿ1)

|∇ÿ2|2
)2

≲

(
∫ÿý(ÿ1)

|∇ý|4
)2

+ ∫ÿý(ÿ1)
|ÿ − ÿÿ1,ý

|4 ⋅ ∫ÿý(ÿ1)
|ÿ|4 +

(
∫ÿý(ÿ1)

|∇ÿ| 43
)3

.

Applying Lemma 2.1 to ÿ1, we have ‖ÿ1 − ÿ1
ÿ1,ÿý

‖ÿ4(ÿÿý(ÿ1))
≲ ÿ2‖ÿ1 − ÿ1

ÿ1,ý
‖ÿ4(ÿý(ÿ1))

≲ ÿ2‖ÿ −

ÿÿ1,ý
‖ÿ4(ÿý(ÿ1))

+ ‖ÿ2‖ÿ4(ÿý(ÿ1))
and ‖∇ÿ1‖ÿ2(ÿÿý(ÿ1))

≲ ÿ2‖∇ÿ‖ÿ2(ÿý(ÿ1))
+ ‖∇ÿ2‖ÿ2(ÿý(ÿ1))

. Thus,
we obtain the following estimates for local growth of |ÿ − ÿÿ1,ý

| and |∇ÿ|:

∫ÿÿý(ÿ1)
|ÿ − ÿÿ1,ÿý

|4 ≲ (ÿ8 + ‖ÿ‖4
ÿ4(ÿý(ÿ1))

)∫ÿý(ÿ1)
|ÿ − ÿÿ1,ý

|4 + ‖∇ý‖8
ÿ4(ÿý)

+ ‖∇ÿ‖4
ÿ
4
3 (ÿý)

,

(
∫ÿÿý(ÿ1)

|∇ÿ|2
)2

≲ ÿ8
(
∫ÿý(ÿ1)

|∇ÿ|2
)2

+ ‖ÿ‖4
ÿ4(ÿý) ∫ÿý(ÿ1)

|ÿ − ÿÿ1,ý
|4

+ ‖∇ý‖8
ÿ4(ÿý)

+ ‖∇ÿ‖4
ÿ
4
3 (ÿý)

. (3.6)
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Step 4:We need to estimate ‖∇ÿ‖
ÿ
4
3
. Again, we separate ÿ = ÿ1 + ÿ2 where ÿ1 ∶ ýý(ý1) → ℝ

satisfies Poisson’s equationΔÿ1 = −∇ ⋅ (ÿ ⋅∇ÿ + ∇ ⋅ (∇ý ⊙ ∇ý − 1

2
|∇ý|2 ý2))with zero boundary

condition ÿ1 = 0 on ÿýý(ý1), and harmonic function ÿ2 satisfies Laplace equation with Dirichlet
boundary condition ÿ2 = ÿ on ÿýý(ý1). The Calderon–Zygmund theory, together with interior
ÿ2,1

2
-estimate ‖∇2ý‖ÿ2(ÿ 3

4
) ≲ ‖ÿ‖ÿ4(ÿ1)

+ ‖∇ý‖ÿ4(ÿ1)
for (1.1)3, gives

‖∇ÿ1‖
ÿ
4
3 (ÿ ý

2
(ÿ1))

≲ ‖ÿ‖ÿ4(ÿý(ÿ1))
‖∇ÿ‖ÿ2(ÿý(ÿ1))

+ (‖ÿ‖ÿ4(ÿý(ÿ1))
+ ‖∇ý‖ÿ4(ÿý(ÿ1))

)‖∇ý‖ÿ4(ÿý(ÿ1))
.

We apply Harnack inequality for ∇ÿ2 and use the above estimate to get

∫ÿÿý(ÿ1)
|∇ÿ| 43 ≲ ÿ2 ∫ÿý

|∇ÿ| 43 + ‖ÿ‖
4
3

ÿ4(ÿý)
‖∇ÿ‖

4
3

ÿ2(ÿý)
+

(
‖ÿ‖

4
3

ÿ4(ÿý)
+ ‖∇ý‖

4
3

ÿ4(ÿý)

)
‖∇ý‖

4
3

ÿ4(ÿý)
.

(3.7)
Step 5: Adding the above estimates (3.4)–(3.7) for ∇ý, ýý, ∇ÿ,∇ÿ together, we have

ýÿý ≲ (ÿ6 + ‖ÿ‖4
ÿ4(ÿý)

)ýý + (‖ÿ‖4
ÿ4(ÿý)

+ ‖∇ý‖4
ÿ4(ÿý)

)‖∇ý‖4
ÿ4(ÿý)

≲ ÿ4+4ÿ1ýý + ý4+4ÿ1 ,

where ýÿ = ‖ÿ − ÿÿÿ
‖4
ÿ4(ÿÿ)

+ ‖∇ÿ‖4
ÿ2(ÿÿ)

+ ‖∇ÿ‖44
3
(ÿý)

, and we take ÿ1 = 1+ÿ

4
, ÿ0 ⩽ ÿ

3
2 ⩽ ý ⩽ ÿ.

The characterization of Campanato spaces states that ÿ ∈ ÿÿ1(ÿ 1
2
). □

Lemma 3.3 (Boundary smallness). For any ÿ ∈ (0, 1), there exists ÿ0 such that if for ÿ0 = (ý0, ý0) ∈

ÿΩ+ × ℝ and ÿ > 0, (ÿ, ý) ∈ ÿ1,0
2

(ÿ+
2ÿ
(ÿ0)), ÿ ∈ ÿ1, 4

3 (ÿ+
2ÿ
(ÿ0)) is a weak solution of (1.1), with (ÿ, ý)

satisfies (1.2) on Γ+
2ÿ
(ý0) × [ý0 − ÿ2, ý0] and

∫ÿ+
ÿ (ÿ0)

|ÿ|4 + |∇ý|4 ⩽ ÿ40, (3.8)

then (ÿ, ý) ∈ ÿÿ(ÿ+
ÿ
2

(ÿ0)). Moreover,

[ý]ÿÿ(ÿ+
ÿ
2

(ÿ0))
≲ ‖ÿ‖ÿ4(ÿ+

ÿ (ÿ0))
+ ‖∇ý‖ÿ4(ÿ+

ÿ (ÿ0))
, (3.9)

[ÿ]ÿÿ(ÿ+
ÿ
2

(ÿ0))
≲ ‖ÿ‖ÿ4(ÿ+

ÿ (ÿ0))
+ ‖∇ý‖ÿ4(ÿ+

ÿ (ÿ0))
+ ‖∇ÿ‖

ÿ
4
3 (ÿ+

ÿ (ÿ0))
. (3.10)

Proof. Step 1: First, we estimate boundary growth for ∇ý. Consider ÿ1 = (ý1, ý1) ∈ Γ 1
2
×

[− 1

4
, 0] and 0 < ý ⩽

1

4
. We separate ý = ý1 + ý2, where ý1 ∶ ÿ+

ý
(ÿ1) → ℝ3 solves homogeneous

heat equation ÿýý
1 − Δý1 = 0 in ÿ+

ý
(ÿ1) with mixed boundary condition ý1 = ý on ÿý(ý1) ×

[ý1 − ý2, ý1], ý
1 = ý on ý+

ý
(ý1) × {ý = ý1 − ý2}, and ý1 satisfies (1.2) on Γý(ý1) × [ý1 − ý2, ý1]. And

ý2 = ý − ý1 solves inhomogeneous heat equation ÿýý
2 − Δý2 = −ÿ ⋅∇ý + |∇ý|2ý in ÿ+

ý
(ÿ1)with

mixed boundary condition ý2 = 0 on ý+
ý
(ý1) × {ý = ý1 − ý2}, ý2 = 0 on ÿý(ý1) × [ý1 − ý2, ý1], and

ý2 satisfies (1.2) on Γý(ý1) × [ý1 − ý2, ý1]. Same as in Lemma 3.2, we test equation with Δý2, and
in the end, we obtain

∫ÿ+
ý
(ÿ1)

|∇ý2|4 ≲

(
∫ÿ+

ý
(ÿ1)

|ÿ|4 + |∇ý|4
)
∫ÿ+

ý
(ÿ1)

|∇ý|4.
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We apply Lemma 2.1 to components of ý1 and follow the same argument in Lemma 3.2 to obtain

∫ÿ+
ÿý

(ÿ1)
|∇ý|4 ⩽ ÿ(ÿ4 + ÿ40)∫ÿ+

ý
(ÿ1)

|∇ý|4 ⩽ ÿ4ÿ0 ∫ÿ+
ý
(ÿ1)

|∇ý|4, (3.11)

given that ÿ ⩽ ÿ0 with 2ÿÿ4
0
⩽ ÿ4ÿ

0
and ÿ0 ⩽ ÿ0.

Step 2: Then, we estimate boundary growth for |ýý|. Because components of ýý satisfy either
Neumann boundary condition or zero Dirichlet boundary condition, we test (1.1)3 by ýýÿ

2 where
the cut-off function ÿ ∈ ÿ∞

0
(ýý(ý1)) is such that 0 ⩽ ÿ ⩽ 1, ÿ ≡ 1 on ý ÿ

2
(ý1), and |∇ÿ| ≲ 1

ÿ
. The

same computation as in Lemma 3.2 yields

∫ÿ+
ÿ
2

(ÿ1)
|ýý|2 ≲ ÿ2 +

(
ÿ

ý

)2ÿ‖∇ý‖2
ÿ4(ÿ+

ý
(ÿ1))

. (3.12)

Estimations (3.11) and (3.12), together with parabolic Morrey’s lemma, imply that ý ∈ ÿÿ(ÿ+
1
2

).

Step 3: Now we estimate the boundary local growth for |∇ÿ|. Let ÿ ⊆ ℝ2 be a bent half-plane
such that ÿ+

ý
(ÿ1) ⊆ ÿ and Γý(ÿ1) ⊆ ÿÿ. Let ÿ1 ∶ ÿ × [−1, 0] → ℝ2 solve nonhomogeneous, non-

stationary Stokes equation ÿýÿ
1 − Δÿ1 + ∇ÿ1 = −(ÿ ⋅∇ÿ + ∇ ⋅ (∇ý ⊙ ∇ý − 1

2
|∇ý|2 ý2))ÿÿ+

ý
with

Navier perfect-slip boundary condition (ÿ1 satisfies (1.2)1 on ÿÿ) and zero initial condition. Then,
ÿ2 = ÿ − ÿ1 ∶ ÿ+

ý
(ÿ1) → ℝ2 solves homogeneous, nonstationary Stokes equation ÿýÿ

2 − Δÿ2 +

∇ÿ2 = 0with partially free boundary condition (ÿ2 satisfies (1.2)1 on Γý(ÿ1)) and initial condition
ÿ2 = ÿ at ý = ý1 − ý2.
We apply parabolic Sobolev inequality Lemma 2.8 to ÿ1 and use ÿ2,1

4
3

-estimates for ÿ1 (cf. [8,

Theorem 2.3]), together with Hölder inequality to obtain

‖∇ÿ1‖ÿ2(ÿ+
ý
) + ‖ÿ1‖ÿ4(ÿ+

ý
) + ‖∇ÿ1‖

ÿ
4
3 (ÿ

+
ý
)
≲ ‖ÿ‖ÿ4(ÿ+

ý
)‖∇ÿ‖ÿ2(ÿ+

ý
) + ‖∇2ý‖ÿ2(ÿ+

ý
)‖∇ý‖ÿ4(ÿ+

ý
).

We apply Lemma 2.9 to ÿ2 and have, for any ÿ > 4,

ý
3
2
− 2

ÿ

(
‖ÿ2‖

ÿ2,1

ÿ, 43

(ÿ+
ý
2

(ÿ1))
+ ‖∇ÿ2‖

ÿ
4
3 (ÿ

+
ý
(ÿ1))

)
≲ ‖∇ÿ2‖ÿ2(ÿ+

ý
(ÿ1))

+ ‖∇ÿ2‖ 4
3
(ÿ+

ý
(ÿ1))

≲ ‖∇ÿ‖ÿ2(ÿ+
ý
(ÿ1))

+ ‖∇ÿ‖
ÿ
4
3 (ÿ+

ý
(ÿ1))

+ ‖ÿ‖ÿ4(ÿ+
ý
(ÿ1))

‖∇ÿ‖ÿ2(ÿ+
ý
(ÿ1))

+ ‖∇2ý‖ÿ2)ÿ+
ý
(ÿ1)

‖∇ý‖ÿ4(ÿ+
ý
(ÿ1))

.

Moreover, we use the Sobolev inequality and Hölder inequality to see that for any ÿ ∈ (0, 1
4
),

‖ÿ2 − ÿ2
ÿ1,ÿý

‖ÿ4(ÿ+
ÿý

(ÿ1))
+ ‖∇ÿ2‖

ÿ
4
3 (ÿ+

ÿý
(ÿ1))

≲ (ÿý)
3
2
− 2

ÿ

(
‖ÿ2‖

ÿ2,1

ÿ, 43

(ÿ+
ý
2

(ÿ1))
+ ‖∇ÿ2‖

ÿ
4
3 (ÿ

+
ý
(ÿ1))

)

≲ ÿ
3
2
− 2

ÿ

(
‖∇ÿ‖ÿ2(ÿ+

ý
) + ‖∇ÿ‖

ÿ
4
3 (ÿ+

ý
)
+ ‖ÿ‖ÿ4(ÿ+

ý
)‖∇ÿ‖ÿ2(ÿ+

ý
) + ‖∇2ý‖ÿ2(ÿ+

ý
)‖∇ý‖ÿ4(ÿ+

ý
)

)
.
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To estimate ‖∇ÿ2‖ÿ2 , let ÿ ∈ ÿ1
0
(ýÿý(ý1)) be such that 0 ⩽ ÿ ⩽ 1, ÿ ≡ 1 on ý ÿý

2

(ý1), and |∇ÿ| ⩽
2

ÿý
. Multiplying the equation of ÿ2 by (ÿ2 − ÿ2

ÿ1,ÿý
)ÿ2 and integrating over ý+

ÿý
(ý1), we obtain

ý

ýý ∫ý+
ÿý

(ý1)
|ÿ2 − ÿ2

ÿ1,ÿý
|2ÿ2 + ∫ý+

ÿý
(ý1)

|∇ÿ2|ÿ2 ≲
1

(ÿý)2 ∫ý+
ÿý

|ÿ2 − ÿ2
ÿ1,ÿý

|2

+ ∫ý+
ÿý

|∇ÿ2||ÿ2 − ÿ2
ÿ1,ÿý

|.

Integrating over [ý0, ý1], where ý0 ∈ [ý1 − (ÿý)2, ý1 −
1

2
(ÿý)2] is such that

∫ý+
ÿý

(ý1)×{ý0}
|ÿ2 − ÿ2

ÿ1,ÿý
|2 ≲ (ÿý)−2 ∫ÿ+

ÿý
(ÿ1)

|ÿ2 − ÿ2
ÿ1,ÿý

|2,

we obtain

∫ÿ+
ÿý
2

(ÿ1)
|∇ÿ2|2 ≲ (ÿý)−2 ∫ÿ+

ÿý
(ý1)

|ÿ2 − ÿ2
ÿ1,ÿý

|2 + ∫ÿ+
ÿý

(ý1)
|∇ÿ2||ÿ2 − ÿ2

ÿ1,ÿý
|

≲ ‖ÿ2 − ÿ2
ÿ1,ÿý

‖2
ÿ4(ÿ+

ÿý
(ÿ1))

+ ‖∇ÿ2‖
ÿ
4
3 (ÿ+

ÿý
(ÿ1))

‖ÿ2 − ÿ2
ÿ1,ÿý

‖ÿ4(ÿ+
ÿý

(ÿ1))

≲ ‖ÿ2 − ÿ2
ÿ1,ÿý

‖2
ÿ4(ÿ+

ÿý
(ÿ1))

+ ‖∇ÿ2‖2
ÿ
4
3 (ÿ+

ÿý
(ÿ1))

.

Collecting the above estimates and we set ÿ = 8, we arrive

‖ÿ − ÿÿ1,ÿý
‖ÿ4(ÿ+

ÿý
(ÿ1))

+ ‖∇ÿ‖ÿ2(ÿ+
ÿý

(ÿ1))
+ ‖∇ÿ‖

ÿ
4
3 (ÿ+

ÿý
(ÿ1))

≲
(
ÿ

5
4 + ‖ÿ‖ÿ4(ÿ+

ý
(ÿ1))

)(
‖ÿ − ÿÿ1,ý

‖ÿ4(ÿ+
ý
(ÿ1))

+ ‖∇ÿ‖ÿ2(ÿ+
ý
(ÿ1))

+ ‖∇ÿ‖
ÿ
4
3 (ÿ+

ý
(ÿ1))

)

+ ‖∇2ý‖ÿ2(ÿ+
ý
2

(ÿ1))
‖∇ý‖ÿ4(ÿ+

ý
(ÿ1))

,

and we haveÿ2,1
2
-estimate for ý that

‖∇2ý‖ÿ2(ÿ+
ý
2

(ÿ1))
≲ ‖ÿ‖ÿ4(ÿ+

ý
(ÿ1))

+ ‖∇ý‖ÿ4(ÿ+
ý
(ÿ1))

.

Step 4: By choosing ÿ = ÿ0 sufficiently small and ÿ0 ⩽ ÿ0, we obtain for 0 < ÿ ⩽
1

4
,

Θ+(ÿ1, ÿý) ⩽ ÿΘ+(ÿ1, ý) + ÿ(ÿ + ýÿ)ýÿ,

where

Θ+(ÿ1, ÿ) ∶= ‖ÿ − ÿÿ1,ÿ
‖ÿ4(ÿ+

ÿ (ÿ1))
+ ‖∇ÿ‖ÿ2(ÿ+

ÿ (ÿ1))
+ ‖∇ÿ‖

ÿ
4
3 (ÿ+

ÿ (ÿ1))
.

We repeat the same argument as in Lemma 3.2 combined with the characterization of Campanato
space and conclude that ÿ ∈ ÿÿ(ÿ+

1
2

). □
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Proof of Theorem 1.2

Proof. Assumption ÿ ∈ ÿ∞([0, ÿ], ÿ2(Ω)) ∩ ÿ2([0, ÿ],ÿ1(Ω)) and Ladyzhenskaya inequality give
ÿ ∈ ÿ4(Ωÿ). Equation (1.1)3 and the fact that |ý| = 1 give ýΔý + |∇ý|2 = 0, which, together
with assumption∇ý ∈ ÿ2([0, ÿ],ÿ1(Ω)), gives |∇ý| ∈ ÿ4(Ωÿ) and hence ÿ ⋅∇ÿ,∇ ⋅ (∇ý ⊙ ∇ý −
1

2
|∇ý|2 ý2) ∈ ÿ

4
3 (Ωÿ). It follows from absolute continuity of ∫ |ÿ|4 + |∇ý|4 that if ÿ0 = (ý0, ý0) ∈

Ω × (0, ÿ], there exists ÿ0 > 0 such that for ÿ < ÿ0,

∫ÿÿ(ý0)∩Ωÿ

|ÿ|4 + |∇ý|4 ⩽ ÿ40,

where ÿ0 is given in Lemma 3.2 and Lemma 3.3. Hence, we deduce that (ÿ, ý) ∈ ÿÿ(ÿ ÿ0
2
(ÿ0) ∩ Ω ×

(0, ÿ]). Consequently, we have (ÿ, ý) ∈ ÿÿ(Ω × (0, ÿ]).
For the higher order regularity, we use Lemma 2.10: for interior point (ý0, ý0) ∈ Ω × (0, ÿ),

pick ÿ0 > 0 sufficiently small as above and also ÿÿ0
(ý0) ⊆ Ω × (0, ÿ). Previous estimates give

∇ý ∈ ý2,2−2ÿ(ÿ ÿ0
2
(ý)) for any ÿ ∈ (0, 1). Consider ý̃ = ýÿ ∶ ÿÿ0

(ý0) → ℝ3 where the cutoff ÿ ∈

ÿ∞
0
(ÿÿ0

(ý0)), 0 ⩽ ÿ ⩽ 1, ÿ ≡ 1 on ÿ ÿ0
2
(ý0), and |ÿý|, |∇ÿ|, |∇2ÿ| ≲ 1∕ÿ2

0
. Then, ý̃ solves ÿýý̃ − Δý̃ =

ý where

ý = (ÿ|∇ý|2ý − ý(ÿý − Δÿ) − 2∇ÿ ⋅∇ý − ÿ ⋅∇ýÿ)ÿÿÿ0
(ý0)

.

Since ∇ý ∈ ÿ4(Ωÿ), ÿ ∈ ÿÿ(Ω × (0, ÿ]), and (3.4), we can check that ý ∈ ÿ1(ℝÿ+1) and ý ∈

ý̃1,2−2ÿ(ℝÿ+1). Because we have ý̃ = ÿ ∗ ý and thus ∇ý̃ = ∇ÿ ∗ ý where ÿ is the fundamental
solution of the heat equation on ℝÿ, and |∇ÿ(ý, ý)| ≲ 1

ÿ((0,0),(ý,ý))1+ÿ , direct computation together

with Lemma 2.10 yields

|∇ý̃(ÿ)| ≲ ý̃1(|ý|)(ÿ) ∈ ÿ
2−2ÿ
1−2ÿ

,∗(ℝÿ+1).

Notice that 2−2ÿ

1−2ÿ
→ +∞ as ÿ ↗ 1

2
. Thus, we use interpolation of (weak) ÿý spaces to get ∇ý̃ ∈

ÿÿ(ℝÿ+1) for any ÿ > 1. Hence,ÿ2,1
ÿ -estimate for the heat equation gives ý̃ ∈ ÿ2,1

ÿ (ÿÿ0
(ý0)) and

thus ý ∈ ÿ2,1
ÿ (ÿ ÿ0

2
(ý0)). Sobolev inequality then gives ∇ý ∈ ÿÿ(ÿ ÿ0

2
(ý0)) for any ÿ ∈ (0, 1).

Consequently, we apply Schauder estimate to system (1.1)3 to obtain ý ∈ ÿ2,1
ÿ (Ω × (0, ÿ)). This

gives theHölder regularity of external forces in (1.1)1, and thus, the standardÿ
2,1
ÿ -regularity theory

implies that ÿ ∈ ÿ2,1
ÿ (Ω × (0, ÿ)). Starting from ÿ2,1

ÿ -regularity for pair (ÿ, ý), we use the standard
boot-strap argument to conclude that (ÿ, ý) ∈ ÿ∞(Ω × (0, ÿ)). Boundary ÿ2,1

ÿ -regularity for (ÿ, ý)
can be obtained similarly, by taking instead ý̃ = (ý − ý′)ÿ where ý′ ∶ ÿÿ(ý0)

+ → ℝ3 solves heat
equation and ý′ = ý on Γÿ(ý0) × (ý0 − ý2, ý0) ∪ ÿÿ(ý0) × (ý0 − ý2, ý0). □

4 EXISTENCE OF SHORT-TIME SMOOTH SOLUTIONS

We would like to show that short-time smooth solutions to (1.1)–(1.3) exist for smooth initial and
boundary data. Later, in the proof of Theorem 1.3, we shall use an approximation of smooth data
and then show the existence. The argument to show the short-time existence in this section also
applies to the case of three dimensions.
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Theorem 4.1. For any ÿ > 0, if ÿ0 ∈ ÿ2,ÿ(Ω,ℝ2) ∩ ÿ and ý0 ∈ ÿ2,ÿ(Ω,ÿ2) ∩ ý, then there exists

ÿ > 0 depending on ‖ÿ0‖ÿ2,ÿ(Ω), ‖ý0‖ÿ2,ÿ(Ω) such that there is a unique smooth solution (ÿ, ý) ∈

ÿ2,1
ÿ (Ω × [0, ÿ),ℝ2 × ÿ2) to the initial-boundary value problem (1.1)–(1.3).

Proof. We will use the contraction mapping principle in a similar spirit as [34]. For ÿ > 0 and
ÿ > 0 to be chosen later, denote

ÿ = {(ÿ, ÿ) ∈ ÿ2,1
ÿ (Ωÿ ,ℝ

2 × ℝ3)|∇ ⋅ ÿ = 0, (ÿ, ÿ)|ý=0

= (ÿ0, ý0), ‖ÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ − ý0‖ÿ2,1
ÿ (Ωÿ)

⩽ ÿ}.

Equip ÿ with the norm

‖(ÿ, ÿ)‖ÿ ∶= ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

.

Then, we can show that (ÿ, ‖ ⋅ ‖ÿ) is a Banach space. For any (ÿ, ÿ) ∈ ÿ, let (ÿ, ý) be the unique
solution to the following mixed system (inhomogeneous Stokes system with initial condition
and Navier-slip boundary condition; inhomogeneous heat equation with initial condition and
Neumann boundary condition 1.2):

ÿýÿ − Δÿ + ∇ÿ = −ÿ ⋅∇ÿ − ∇ ⋅

(
∇ý ⊙∇ý −

1

2
|∇ý|2 ý2

)
in Ωÿ

∇ ⋅ ÿ = 0 in Ωÿ

ÿýý − Δý = |∇ÿ|2ÿ − ÿ ⋅∇ÿ in Ωÿ

(ÿ, ý) = (ÿ0, ý0) on Ω× {ý = 0}

(ÿ, ý) satisfies 1.2 on ÿΩ × (0, ÿ).

(4.1)

We define the operator ÿ ∶ ÿ → ÿ2,1
ÿ (Ωÿ ,ℝ

2 × ℝ3) to be ÿ(ÿ, ÿ) = (ÿ, ý). In the following two
lemmas, we will show that for ÿ > 0 sufficiently small and ÿ > 0 sufficiently large, ÿ ∶ ÿ → ÿ

and ÿ is a contraction map. Then, there exists a unique solution (ÿ, ý) ∈ ÿ2,1
ÿ (Ω × [0, ÿ),ℝ2 × ℝ3)

to (1.1)–(1.4). It remains to show that |ý| = 1. In fact, this can be done by applying the maximum
principle to the equation for |ý|2. □

Lemma 4.2. There exist ÿ > 0 and ÿ > 0 such that ÿ ∶ ÿ → ÿ.

Proof. For any (ÿ, ÿ) ∈ ÿ. Let (ÿ, ý) = ÿ(ÿ, ÿ) be the unique solution to system (4.1).Weuseÿ0 > 0

to denote constants depending only on ‖ÿ0‖ÿ2,ÿ and ‖ý0‖ÿ2,ÿ .
Step 1: Estimation of ‖ý − ý0‖ÿ2,1

ÿ (Ωÿ)
. Assume ÿ ⩾ ÿ0. By the Schauder theory of parabolic

systems, we have

‖ý − ý0‖ÿ2,1
ÿ (Ωÿ)

≲ ‖ÿ ⋅∇ÿ‖ÿÿ(Ωÿ)
+ ‖|∇ÿ|2ÿ‖ÿÿ(Ωÿ)

. (4.2)

And we can estimate the first term in (4.2) as

‖ÿ ⋅∇ÿ‖ÿÿ(Ωÿ)
⩽ ‖ÿ ⋅∇ÿ − ÿ0 ⋅∇ý0‖ÿÿ(Ωÿ)

+ ‖ÿ0 ⋅∇ý0‖ÿÿ(Ω)

⩽ ‖(ÿ − ÿ0) ⋅∇ÿ‖ÿÿ(Ωÿ)
+ ‖ÿ0 ⋅∇(ÿ − ý0)‖ÿÿ(Ωÿ)

+ ÿ0

⩽ 2ÿ(‖ÿ − ÿ0‖ÿ0(Ωÿ)
+ ‖ÿ − ÿ0‖ÿÿ(Ωÿ)

) + ÿ0(1 + ‖∇(ÿ − ý0)‖ÿ0(Ωÿ)
+ ‖∇(ÿ − ý0)‖ÿÿ(Ωÿ)

).
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Since ÿ − ÿ0 = ÿ − ý0 = 0 at ý = 0, it is easy to see

‖ÿ − ÿ0‖ÿ0(Ωÿ)
⩽ ÿÿ, ‖∇(ÿ − ý0)‖ÿ0(Ωÿ)

⩽ ÿÿ.

Meanwhile, we use interpolation inequality (see [18, Lemma 6.32]) to control terms with
ÿÿ-norm:

‖ÿ − ÿ0‖ÿÿ(Ωÿ)
≲

1

ÿ
‖ÿ − ÿ0‖ÿ0(Ωÿ)

+ ÿ‖ÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

≲
(
ÿ +

1

ÿ

)
ÿ,

‖∇(ý − ÿ)‖ÿÿ(Ωÿ)
≲

1

ÿ
‖∇(ý − ÿ)‖ÿ0(Ωÿ)

+ ÿ‖ý − ÿ‖
ÿ2,1
ÿ (Ωÿ)

≲
(
ÿ +

1

ÿ

)
ÿ.

Collecting the above estimates together, we obtain

‖ÿ ⋅∇ÿ‖ÿÿ(Ωÿ)
(ÿ0ÿ + ÿÿ2)

(
ÿ + ÿ +

ÿ

ÿ

)
+ ÿ0 ⩽

√
ÿ

4

with ÿ = 16ÿ2
0
, ÿ ≲ ((ÿ0 + ÿ2ÿ)

√
ÿ)−1, and ÿ = ÿ2.

Then, we will estimate the second term in (4.2). Notice that

‖|∇ÿ|2ÿ‖ÿÿ(Ωÿ)
⩽ ‖|∇ÿ|2ÿ − |∇ý0|2ý0‖ÿÿ(Ωÿ)

+ ‖|∇ý0|2ý0‖ÿÿ(Ωÿ)

⩽‖|∇ÿ|2(ÿ − ý0)‖ÿÿ(Ωÿ)
+ ‖ý0(|∇ÿ|2 − |∇ý0|2)‖ÿÿ(Ωÿ)

+ ÿ0 ∶= ý1 + ý2 + ÿ0,

where ý1 can be estimated by

ý1 ⩽ ‖ÿ − ý0‖ÿÿ(Ωÿ)
‖∇ÿ‖2

ÿ0(Ωÿ)
+ ‖ÿ − ý0‖ÿ0(Ωÿ)

‖∇ÿ‖2
ÿÿ(Ωÿ)

≲ ÿ2(‖ÿ − ý0‖ÿ0(Ωÿ)
+ ‖ÿ − ý0‖ÿÿ(Ωÿ)

)

≲ ÿ2
((

1 +
1

ÿ

)
‖ÿ − ý0‖ÿ0(Ωÿ)

+ ÿ‖ÿ − ý0‖ÿ2,1
ÿ (Ωÿ)

)
≲ ÿ3

(
ÿ

ÿ
+ ÿ

)
,

and ý2 can be estimated by

ý2 ⩽ ‖|∇ÿ|2 − |∇ý0|2‖ÿÿ(Ωÿ)
+ ‖|∇ÿ|2 − |∇ý0|2‖ÿ0(Ωÿ)

‖ý0‖ÿÿ(Ωÿ)

⩽‖(|∇ÿ| + |∇ý0|)|∇(ÿ − ý0)|‖ÿÿ(Ωÿ)
+ ÿ0‖(|∇ÿ| + |∇ý0|)|∇(ÿ − ý0)|‖ÿ0(Ωÿ)

≲(1 + ÿ0)ÿ(‖∇(ÿ − ý0)‖ÿ0(Ωÿ)
+ ‖∇(ÿ − ý0)‖ÿÿ(Ωÿ)

) ≲ (1 + ÿ0)ÿ
2
(
ÿ + ÿ +

ÿ

ÿ

)
.

Therefore, we collect the above estimates together and conclude

‖|∇ÿ|2ÿ‖ÿÿ(Ωÿ)
≲ ÿ3

(
ÿ

ÿ
+ ÿ

)
+ (1 + ÿ0)ÿ

2
(
ÿ + ÿ +

ÿ

ÿ

)

with ÿ = 16ÿ2
0
, ÿ ≲ ((1 + ÿ0)ÿ

5
2 )−1, and ÿ = ÿ2.

As a consequence, we can simplify (4.2) to be

‖ý − ý0‖ÿ2,1
ÿ (Ωÿ)

⩽

√
ÿ

2
. (4.3)
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Step 2:We estimate ‖ÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

is a similar way. By the Schauder theory for nonhomoge-

neous, nonstationary Stokes equations, we have

‖ÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

≲ ‖ÿ ⋅∇ÿ‖ÿÿ(Ωÿ)
+ ‖∇ ⋅ (∇ý ⊙ ∇ý −

1

2
|∇ý|2 ý2)‖ÿÿ(Ωÿ)

(4.4)

and estimate the first term in (4.4) as

‖ÿ ⋅∇ÿ‖ÿÿ(Ωÿ) ⩽ ‖(ÿ − ÿ0) ⋅∇ÿ‖ÿÿ(Ωÿ)
+ ‖ÿ0 ⋅∇(ÿ0 − ÿ0)‖ÿÿ(Ωÿ)

+ ‖ÿ0 ⋅∇ÿ0‖ÿÿ(Ωÿ)

⩽ÿ(‖ÿ − ÿ0‖ÿ0(Ωÿ)
+ ‖ÿ − ÿ0‖ÿÿ(Ωÿ)

) + ÿ0(‖∇(ÿ − ÿ0)‖ÿ0(Ωÿ)
+ ‖∇(ÿ − ÿ0)‖ÿÿ(Ωÿ)

+ ÿ0)

≲(ÿ0ÿ + ÿ2)
(
ÿ + ÿ +

ÿ

ÿ

)
+ ÿ0 ⩽

ÿ

4

with ÿ = 8ÿ0, ÿ ≲ ((1 + ÿ0)ÿ)−1, and ÿ = ÿ2.
For the second term in (4.4), we have

‖∇ ⋅

(
∇ý ⊙∇ý −

1

2
|∇ý|2 ý2

)
‖ÿÿ(Ωÿ)

⩽ ‖|∇2(ý − ý0)||∇ý|‖ÿÿ(Ωÿ)
+ ‖|∇2ý0||∇(ý − ý0)|‖ÿÿ(Ωÿ)

+ ‖|∇2ý0||∇ý0|‖ÿÿ(Ωÿ)
⩽ ÿ0 + ‖ý − ý0‖ÿ2,1

ÿ (Ωÿ)
‖ý‖

ÿ2,1
ÿ (Ωÿ)

+ ÿ0‖ý − ý0‖ÿ2,1
ÿ (Ωÿ)

⩽ ÿ0 +

√
ÿ

2

(
ÿ0 +

√
ÿ

2

)
+ ÿ0

√
ÿ ⩽

ÿ

2
.

Combining the above estimates, we have ‖ÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

⩽
3

4
ÿ, which together with (4.4),

yields

‖ÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

+ ‖ý − ý0‖ÿ2,1
ÿ (Ωÿ)

⩽ ÿ.

Consequently, ÿ ∶ ÿ → ÿ. □

Lemma 4.3. There exist sufficiently large ÿ > 0 and sufficiently small ÿ > 0 such that ÿ ∶ ÿ → ÿ

is a contraction map.

Proof. For any (ÿÿ , ÿÿ) ∈ ÿ, ÿ = 1, 2, let (ÿÿ , ýÿ) = ÿ(ÿÿ , ÿÿ) ∈ ÿ. Denote ÿ = ÿ1 − ÿ2, ý = ý1 −

ý2, ÿ = ÿ1 − ÿ2, ÿ = ÿ1 − ÿ2, ÿ = ÿ1 − ÿ2. Then, (ÿ, ý) solves the following mixed system:

ÿýÿ − Δÿ + ∇ÿ = ÿ in Ωÿ

∇ ⋅ ÿ = 0 in Ωÿ

ÿýý − Δý = ÿ in Ωÿ

(ÿ, ý) = (0, 0) on Ω× {ý = 0}

(ÿ, ý) satisfies (1.2) on ÿΩ × (0, ÿ),

(4.5)

where

ÿ = −(ÿ ⋅∇ÿ1 + ÿ2 ⋅∇ÿ) − ∇ ⋅ (∇ý ⊙ ∇ý1 + ∇ý2 ⊙∇ý),
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and

ÿ = |∇ÿ1|2ÿ + ∇(ÿ1 + ÿ2) ⋅∇ÿÿ2 − (ÿ ⋅∇ÿ1 − ÿ2 ⋅∇ÿ).

By the previous lemma, we know that for ÿ = 1, 2,

‖ÿÿ − ÿ0‖ÿ2,1
ÿ (Ωÿ)

+ ‖ýÿ − ý0‖ÿ2,1
ÿ (Ωÿ)

⩽ ÿ.

We apply the Schauder theory of parabolic systems for (4.5)3, and we have

‖ý‖
ÿ2,1
ÿ (Ωÿ)

≲ ‖ÿ‖ÿÿ(Ωÿ)
≲ ‖|ÿ ⋅∇ÿ1| + |ÿ2 ⋅∇ÿ| + |∇ÿ1|2|ÿ| + |ÿ2|(|∇ÿ1| + |∇ÿ2|)|∇ÿ|‖ÿÿ(Ωÿ)

≲ ÿ2(‖ÿ‖ÿÿ(Ωÿ)
+ ‖ÿ‖ÿÿ(Ωÿ)

+ ‖∇ÿ‖ÿÿ(Ωÿ)
)

≲ ÿ2
(
ÿ(‖ÿ‖

ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

) +
1

ÿ
(‖ÿ‖ÿÿ(Ωÿ)

+ ‖ÿ‖ÿÿ(Ωÿ)
)
)

≲ ÿ2
(
ÿ +

ÿ

ÿ

)
(‖ÿ‖

ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

), (4.6)

where we have used ‖ÿ‖ÿÿ(Ωÿ)
+ ‖ÿ‖ÿÿ(Ωÿ)

≲ (‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

)ÿ that originates from

the fact that ÿ = ý = 0 at ý = 0.
We apply the Schauder theory of nonhomogeneous, nonstationary Stokes system for (4.5)1–

(4.5)2, and we have

‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

≲ ‖ÿ‖ÿÿ(Ωÿ)
≲ ‖|ÿ||∇ÿ1| + |ÿ2||∇ÿ| + |∇2ý||∇ý1| + |∇2ý2||∇ý|‖ÿÿ(Ωÿ)

≲ ÿ‖ý‖
ÿ2,1
ÿ (Ωÿ)

+ ÿ(‖ÿ‖ÿÿ(Ωÿ)
+ ‖∇ÿ‖ÿÿ(Ωÿ)

)

≲ ÿ3
(
ÿ +

ÿ

ÿ

)
(‖ÿ‖

ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

) + ÿ2
(
ÿ +

ÿ

ÿ

)
‖ÿ‖

ÿ2,1
ÿ (Ωÿ)

≲ ÿ3
(
ÿ +

ÿ

ÿ

)
(‖ÿ‖

ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

).

(4.7)

It follows from (4.6) and (4.7) that

‖ÿ(ÿ1, ÿ1) − ÿ(ÿ2, ÿ2)‖ÿ ≲ ÿ3
(
ÿ +

ÿ

ÿ

)
(‖ÿ‖

ÿ2,1
ÿ (Ωÿ)

+ ‖ÿ‖
ÿ2,1
ÿ (Ωÿ)

)
1

2
‖(ÿ1, ÿ1) − (ÿ2, ÿ2)‖ÿ ,

provided that ÿ andÿ are sufficiently small. Then, ÿ ∶ ÿ → ÿ is a contractionmap as desired. □

5 ENERGY ESTIMATION

Lemma 5.1 (Global energy). For 0 < ý < +∞, suppose ÿ ∈ ÿ2,∞(Ω × [0, ÿ]) ∩ ÿ1,0
2

(Ωÿ), ý ∈

ÿ∞([0, ÿ],ÿ1(Ω)) ∩ ÿ2([0, ÿ],ÿ2(Ω)), and∇ÿ ∈ ÿ
4
3 (Ωÿ) is a weak solution to (1.1)–(1.4). Then, for

any 0 < ý ⩽ ÿ, we have

∫Ω
(|ÿ|2 + |∇ý|2)(⋅, ý) + ∫Ωý

(4|ÿÿ|2 + 2|Δý + |∇ý|2ý|2) = ∫Ω
(|ÿ0|2 + |∇ý0|2). (5.1)
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Proof. Partially free boundary condition (1.2) permits

∫Ω
(ÿ ⋅∇ÿ) ⋅ ÿ = 0, ∫Ω

∇ÿ ⋅ ÿ = 0, ∫Ω
ýý ⋅ Δý = −

ý

ýý ∫Ω

1

2
|∇ý|2

∫ÿΩ
(n̂ ⋅∇)ý ⋅ (ÿ ⋅∇)ý = 0, ∫Ω

(ÿ ⋅∇)(|∇ý|2) = 0.

Assumption ÿ ∈ ÿ∞([0, ÿ], ÿ2(Ω)) ∩ ÿ2([0, ÿ],ÿ1(Ω)) and Ladyzhenskaya inequality yield ÿ ∈

ÿ4(Ωÿ). Equation (1.1)3 and the fact that |ý| = 1 gives ýΔý + |∇ý|2 = 0, which, together with
assumption ∇ ∈ ÿ2([0, ÿ],ÿ1(Ω)), gives |∇ý| ∈ ÿ4(Ωÿ). Now we test (1.1)1 with ÿ and get

1

2

ý

ýý ∫Ω
|ÿ|2 + 2∫Ω

|ÿÿ|2 = ∫Ω
∇ý ⊙∇ý ∶ ∇ÿ,

where the operator: stands for the inner product of two matrices.
Testing (1.1)3 with Δý + |∇ý|2ý, we obtain

∫Ω
(ýý + ÿ ⋅∇ý) ⋅ Δý = ∫Ω

|Δý + |∇ý|2ý|2.

Further, we can compute that

∫Ω
Δý ⋅ (ÿ ⋅∇ý) = −∫Ω

∇ý ∶ ∇((ÿ ⋅∇)ý) = −∫Ω
∇ý ⊙∇ý ∶ ∇ÿ − (ÿ ⋅∇)|∇ý|2

= −∫Ω
∇ý ⊙∇ý ∶ ∇ÿ.

Adding the above equations together implies the global energy equality (5.1). □

Lemma 5.2 (Interior and boundary energy inequalities). For 0 < ý < +∞, suppose ÿ ∈ ÿ2,∞(Ω ×

[0, ÿ]) ∩ ÿ1,0
2

(Ωÿ), ý ∈ ÿ∞([0, ÿ],ÿ1(Ω)) ∩ ÿ2([0, ÿ],ÿ2(Ω)), and ∇ÿ ∈ ÿ
4
3 (Ωÿ) is a weak solu-

tion to (1.1)-(1.4). Then, for any nonnegative ÿ ∈ ÿ∞(Ω) and 0 < ý < ý ⩽ ÿ, it holds that

∫Ω
ÿ(|ÿ|2 + |∇ý|2)(ý) + ∫

ý

ý ∫Ω
ÿ(4|ÿÿ|2 + 2|Δý + |∇ý|2ý|2) ⩽

∫Ω
ÿ(|ÿ|2 + |∇ý|2)(ý) + ÿ ∫

ý

ý ∫Ω
|∇ÿ|(|ÿ|3 + |ÿ − ÿΩ||ÿ| + |ÿÿ||ÿ| + |∇ý|2|ÿ| + |ýý||∇ý|),

(5.2)

where ÿΩ is the average of ÿ overΩ.

Proof. Testing (1.1)1 by ÿÿ, we have

1

2

ý

ýý ∫Ω
|ÿ|2ÿ + ∫Ω

2|ÿÿ|2ÿ = ∫Ω
−ÿ ⋅∇ÿ ⋅ ÿÿ − 2ÿÿ ⋅ ÿ ⋅∇ÿ + (ÿ − ÿΩ) ⋅ ÿ ⋅∇ÿ

+ (∇ý ⊙ ∇ý −
1

2
|∇ý|2 ý2) ∶ ∇(ÿÿ),
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and notice that

∫Ω
−ÿ ⋅∇ÿ ⋅ ÿÿ =

1

2 ∫Ω
|ÿ|2ÿ ⋅∇ÿ

∫Ω
(∇ý ⊙ ∇ý −

1

2
|∇ý|2 ý2) ∶ ∇(ÿÿ) = ∫Ω

(∇ý ⊙ ∇ý) ∶ ∇ÿÿ + ∫Ω
ÿ ⋅∇ý ⋅∇ý∇ÿ −

1

2
|∇ý|2ÿ ⋅∇ÿ.

Hence, (1.1)1 gives energy estimates for ÿ:

1

2

ý

ýý ∫Ω
|ÿ|2ÿ + ∫Ω

2|ÿÿ|2ÿ ⩽ ∫Ω
(∇ý ⊙ ∇ý) ∶ ∇ÿÿ

+
(
1

2
|ÿ|3 + |ÿ||2ÿÿ| + |ÿ − ÿΩ||ÿ| + 3

2
|∇ý|2|ÿ|

)
|∇ÿ|. (5.3)

We test (1.1)3 with (Δý + |∇ý|2ý)ÿ to get

∫Ω
(ýý + ÿ ⋅∇ý) ⋅ Δýÿ = ∫Ω

|Δý + |∇ý|2ý|2ÿ,

and notice that

∫Ω
ýý ⋅ Δýÿ = −

1

2

ý

ýý ∫Ω
|∇ý|2ÿ − ∫Ω

ýý ⋅∇ý ⋅∇ÿ

∫Ω
ÿ ⋅∇ý ⋅ Δýÿ = −∫Ω

1

2
ÿÿÿÿ(|∇ý|2)ÿ + ∇ý ⊙∇ý ∶ ∇ÿÿ + (ÿ ⋅∇)ý(∇ÿ ⋅∇ý)

= ∫Ω

1

2
|∇ý|2ÿ ⋅∇ÿ − ∇ý ⊙∇ý ∶ ∇ÿÿ − (ÿ ⋅∇ý)(∇ÿ ⋅∇ý).

Therefore, (1.1)3 gives energy estimates for ∇ý:

1

2

ý

ýý ∫Ω
|∇ý|2ÿ + ∫Ω

|Δý + |∇ý|2ý|2ÿ = ∫Ω
−ýý ⋅∇ý ⋅∇ÿ +

1

2
|∇ý|2ÿ ⋅∇ÿ

− ∇ý ⊙∇ý ∶ ∇ÿÿ − (ÿ ⋅∇ý)(∇ÿ ⋅∇ý). (5.4)

Adding energy estimates (5.3) and (5.4) yields (5.2). □

Remark 5.3. By virtue of Lemma 2.12 for nonaxisymmetric domain, ‖∇ÿ‖ÿ2(Ω) and ‖ÿÿ‖ÿ2(Ω)

are equivalent norms; thus, Lemma 5.1 and Lemma 5.2 can have corresponding inequalities with
|ÿÿ|2 replaced by |∇ÿ|2. We shall use this variant in the proof of Theorem 1.3 because we need to
use the convergence of ÿ2-norm of∇ÿ to zero in some domain in order to conclude that ÿ → 0 in
ÿ1. The original version of energy estimates in terms of ÿÿ is insufficient.

6 GLOBALWEAK SOLUTION AND PROOF OF THEOREM 1.3

We now derive the life span estimate for smooth solutions in terms of Sobolev space norms of
initial data.
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Lemma 6.1. Let ÿ0 > 0 be given in Lemmas 3.2 and 3.3. There exist 0 < ÿ1 ≪ ÿ0, 0 < ý0 ⩽ 1, and

ÿ0 = ÿ0(ÿ1, ý0) ∈ (0, 1
4
) with ý0 = ∫Ω |ÿ0|2 + |∇ý0|2, such that if ÿ0 ∈ ÿ2,ÿ(Ω,ℝ2) ∩ ÿ and ý0 ∈

ÿ2,ÿ(Ω,ÿ2) ∩ ý satisfy

sup
ý∈Ω

∫Ω∩ý2ý0
(ý)

|ÿ0|2 + |∇ý0|2 ⩽ ÿ21, (6.1)

then there exist ÿ0 ⩾ ÿ0ý
2
0
and a unique solution (ÿ, ý) ∈ ÿ∞(Ω × (0, ÿ0),ℝ

2 × ÿ2) ∩ ÿ2,1
ÿ

(Ω ×

[0, ÿ0),ℝ
2 × ÿ2) to (1.1)–(1.4) satisfying

sup
(ý,ý)∈Ωÿ0

∫Ω∩ýý0
(ý)

(|ÿ|2 + |∇ý|2)(⋅, ý) ⩽ 2ÿ21. (6.2)

Proof. Theorem 4.1 states the existence of ÿ0 > 0 such that there exists a unique smooth solution
(ÿ, ý) ∈ ÿ∞(Ω × (0, ÿ0),ℝ

2 × ÿ2) ∩ ÿ2,1
ÿ (Ω × [0, ÿ0),ℝ

2 × ÿ2) to (1.1)–(1.2). Let 0 < ý0 ⩽ ÿ0 be the
maximal times such that

sup
0⩽ý⩽ý0

sup
ý∈Ω

∫Ω∩ýý0
(ý)

(|ÿ|2 + |∇ý|2)(⋅, ý) ⩽ 2ÿ21. (6.3)

Since ý0 is defined to be the maximal time, we have

sup
ý∈Ω

∫Ω∩ýý0
(ý)

(|ÿ|2 + |∇ý|2)(⋅, ý0) = 2ÿ21.

Now, we estimate the lower bound of ý0 as follows. Assume ý0 ⩽ ý2
0
⩽ 1 (otherwise, we have

finished the proof). Set

ý(ý) = ∫Ω
(|ÿ|2 + |∇ý|2)(⋅, ý),

ý0 = ∫Ω
(|ÿ0|2 + |∇ý0|2).

Observe the energy inequality in Lemma 5.1: for 0 < ý ⩽ ý0,

ý(ý) + ∫Ωý

(|ÿÿ|2 + |Δý + |∇ý|2ý|2) ⩽ ý0.

Lemma 2.12 allows us to deduce that

∫Ωý

|∇ÿ|2 ≲ ∫Ωý

|ÿ|2 + ∫Ωý

|ÿÿ|2 ⩽ (ý0 + 1)ý0 ⩽ 2ý0.

Also, we use the Ladyzhenskaya inequality in Lemma 2.3, and it follows that

∫Ωý

|∇ý|4 ≲ 2
ý0
(ý)

(
∫Ωý

|Δý|2 + ýý0

ý2
0

)
,
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where

2
ý0
(ý) = sup

(ý,ý)∈Ωý
∫Ω∩ýý0

(ý)
|∇ý|2(⋅, ý)

1
ý0
(ý) = sup

(ý,ý)∈Ωý
∫Ω∩ýý0

(ý)
|ÿ|2(⋅, ý)

ý0
(ý) = 1

ý0
(ý) + 2

ý0
(ý).

By (6.3), we have ý0
(ý) ⩽ 4ÿ2

1
for all 0 ⩽ ý ⩽ ý0. As a consequence,

∫Ωý0

|∇ý|4 ≲ ÿ21

(
∫Ωý0

|Δý|2 + ý0ý0

ý2
0

)
.

The above inequality, together with the energy inequality and the fact that |Δý|2 ⩽ 2(|Δý +

|∇ý|2ý| + |∇ý|4), implies

∫Ωý0

|Δý|2 ⩽ ý0 + ÿ0ÿ
2
1

(
∫Ωý0

|Δý|2 + ý0ý0

ý2
0

)
.

Therefore, by taking 0 < ÿ2
1
⩽ min(1, 1

2ÿ0
), we have

∫Ωý0

|Δý|2 ⩽ ÿ0ý0,

and hence,

∫Ωý0

|∇ý|4 ⩽ ÿ0ÿ
2
1ý0. (6.4)

Similarly, we apply Lemma 2.3 to ∫Ωý0
|ÿ|4 and get

∫Ωý0

|ÿ|4 ≲ 1
ý0
(ý0)

(
∫Ωý0

|∇ÿ|2 + 1

ý2
0
∫Ωý0

|ÿ|2
)

≲ 1
ý0
(ý0)

(
∫Ωý0

|∇ÿ|2 + ý0ý0

ý2
0

)

≲ ÿ21

(
ý0 +

ý0

ý2
0

ý0

)
⩽ ÿ0ÿ

2
1ý0.

(6.5)

Wewould like to estimate ý0
(ý). For any ý ∈ Ω, let cut-off function ÿ ∈ ÿ∞

0
(ý2ý0

(ý)) such that
0 ⩽ ÿ ⩽ 1, ÿ ≡ 1 on ýý0

(ý), and |∇ÿ| ≲ 1∕ý0. Then, by interior and boundary energy inequalities
(5.2), we have

sup
0⩽ý⩽ý0

∫Ω∩ýý0
(ý)

(|ÿ|2 + |∇ý|2) − 2ý0
(0) ⩽ sup

0⩽ý⩽ý0
∫Ω∩ý2ý0

(ý)
(|ÿ|2 + |∇ý|2)ÿ − 2ý0

(0)

≲ ∫Ωý0

|∇ÿ|(|ÿ|3 + |ÿ − ÿΩ||ÿ| + |∇ÿ||ÿ| + |ýý||∇ý|)
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≲

(
ý0

ý2
0

) 1
4 (

‖ÿ‖3
ÿ4(Ωý0

)
+ ‖∇ÿ‖ÿ2(Ωý0

)‖ÿ‖ÿ4(Ωý0
) + ‖∇ý‖2

ÿ4(Ωý0
)
‖ÿ‖ÿ4(Ωý0

)

+ ‖ýý‖ÿ2(Ωý0
)‖∇ý‖ÿ4(Ωý0

)

)
+ ‖ÿ − ÿΩ‖

ÿ
4, 43 (Ωý0

)
‖ÿ‖ÿ4(ý2ý0

(ý)×(0,ý0)∩Ωý0
). (6.6)

Notice that ‖ÿ‖ÿ2(Ωý0
) ⩽ (ý0ý0)

1
2 ⩽ ý

1
2
0
. To estimate ýý, we test (1.1)3 with ýý and use (6.4)–(6.5) to

obtain

∫Ωý0

|ýý|2 ≲ ∫Ω
|∇ý0|2 + ∫Ωý0

|ÿ|2|∇ý|2 ≲ ý0 + ‖ÿ‖2
ÿ4(Ωý0

)
‖∇ý‖2

ÿ4(Ωý0
)
⩽ ÿ0ý0.

The above inequality, together with Lemma 3.1, (6.4), (6.5), into (6.6), yields

2ÿ21 = sup
0⩽ý⩽ý0

∫Ω∩ýý0
(ý)

(|ÿ|2 + |∇ý|2) ⩽ ÿ21 + ÿ0

(
ý0

ý2
0

) 1
4

ÿ
1
2
1
ý

3
4
0
+ (ý0)ÿ

1
2
1
ý

3
4
0
,

where term ‖ÿ‖ÿ4(ýý0
(ý))×(0,ý0)∩Ωý0

in (6.6) gives higher order term of ý0 that becomes negligible if

we take ý0 ⩽ ÿ2
1
. This implies

ý0 ⩾
ÿ6
1

ÿ4
0
ý3
0

ý2
0 ∶= ÿ0ý

2
0 .

The proof is thus complete by taking ÿ0 = ý0. □

Proof of Theorem 1.3

Proof. We follow the argument in [34].
Step 1: Approximation of initial data. Because we only assume initial condition ÿ0 ∈ ÿ and ý0 ∈

ý, we need to approximate them by smooth functions so that we can utilize Lemma 6.1. By density
of smooth maps ÿ2(Ω,ℝ2) and by Lemma 2.11, we assume that there exist {ÿý

0
}∞
ý=1

⊆ ÿ∞(Ω,ℝ2) ∩

ÿ2,ÿ(Ω,ℝ2) ∩ ÿ and {ýý
0
} ⊆ ÿ∞(Ω,ÿ2) ∩ ÿ2,ÿ(Ω,ÿ2) ∩ ý such that

lim
ý→∞

‖ÿý
0 − ÿ0‖ÿ2(Ω) = 0,

lim
ý→∞

‖ýý
0 − ý0‖ÿ1(Ω) = 0.

By the absolute continuity of ∫ |ÿ0|2 + |∇ý0|2, there exists ý0 > 0 such that

sup
ý∈Ω

∫Ω∩ý2ý0
(ý)

|ÿ0|2 + |∇ý0|2 ⩽
ÿ2
1

2
,
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where ÿ1 > 0 is given in Lemma 6.1. By the strong convergence of (ÿý
0
, ∇ýý

0
) → (ÿ0, ∇ý0) in ÿ2(Ω),

it follows that

sup
ý∈Ω

∫Ω∩ý2ý0
(ý)

|ÿý
0 |2 + |∇ýý

0 |2 ⩽ ÿ21 for ý sufficiently large.

By discarding finitely many ý’s and taking the rest as a subsequence, wemay assume without loss
of generality that the above holds for ý ⩾ 1. As a consequence, Lemma 6.1 states that there exists
ÿ0 = (ÿ1, ý0) ∈ (0, 1) and life spans ÿý

0
⩾ ÿ0ý

2
0
such that each initial condition (ÿý

0
, ýý

0
) admits a

(ÿý, ýý) ∈ ÿ∞(Ω × (0, ÿý
0
),ℝ2 × ÿ2) ∩ ÿ2,1

ÿ (Ω × (0, ÿý
0
),ℝ2 × ÿ2) as a solution to (1.1)–(1.4).

Moreover, we have

sup
(ý,ý)∈Ω

ÿý
0

∫Ω∩ýý0
(ý)

(|ÿý|2 + |∇ýý|2)(⋅, ý) ⩽ 2ÿ21, (6.7)

and Lemma 5.1 gives energy estimate

sup
0⩽ý⩽ÿý

0

∫Ω
(|ÿý|2 + |∇ýý|2)(⋅, ý) + ∫Ω

ÿý
0

(4|ÿÿý|2 + 2|Δýý + |∇ýý|2ýý|2) ≲ ∫Ω
|ÿý

0 |2 + |∇ýý
0 |2 ≲ ý0.

(6.8)
The above two estimates, together with Lemma 2.3, imply that

∫Ω
ÿý
0

|ÿý|4 + |∇ýý|4 ≲ ÿ21ý0, (6.9)

∫Ω
ÿý
0

|ýý
ý |2 + |∇2ýý|2 ≲ ý0. (6.10)

We use Lemma 3.1 and estimates (6.7), (6.9), and (6.10) to conclude that

‖∇ÿý‖
ÿ
4
3 (Ω

ÿý
0
)
≲ ‖∇ÿý‖ÿ2(Ω

ÿý
0
)‖ÿý‖ÿ4(Ω

ÿý
0
) + ‖∇2ýý‖ÿ2(Ω

ÿý
0
)‖∇ýý‖ÿ4(Ω

ÿý
0
) ≲ ÿ

1
2
1
ý

3
4
0
. (6.11)

We collect estimates (6.9)–(6.11) and apply Theorem 1.2 to obtain that for any ÿ > 0,

‖(ÿý, ýý)‖
ÿ2,1
ÿ (Ω×[ÿ,ÿý

0
])

⩽ ÿ

(
ÿ, ý0, ‖ÿý‖ÿ4(Ω

ÿý
0
), ‖∇ýý‖ÿ4(Ω

ÿý
0
), ‖∇ÿý‖

ÿ
4
3 (Ω

ÿý
0
)

)
.

⩽ ÿ(ÿ, ý0, ÿ1).

(6.12)

Furthermore, for any compact subdomain ÿ ⋐ Ω and ÿ > 0,

‖(ÿý, ýý)‖ÿý(ÿ×[ÿ,ÿý
0
]) ⩽ ÿ(dist(ÿ, ÿΩ), ÿ, ý, ý0).

Hence, after possibly passing to subsequences, there exist ÿ0 ⩾ ÿ0ý
2, ÿ ∈ ÿ1,0

2
(Ωÿ0

,ℝ2), and ý ∈

ÿ2,1
2

(Ωÿ0
,ÿ2) such that

ÿý ⇀ ÿ weakly inÿ1,0
2

(Ωÿ0
,ℝ2), ýý ⇀ ý weakly inÿ2,1

2
(Ωÿ0

,ÿ2),
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lim
ý→∞

‖ÿý − ÿ‖ÿ4(Ωÿ0
) = 0,

lim
ý→∞

‖ýý − ý‖ÿ4(Ωÿ0
) + ‖∇ýý − ∇ý‖ÿ2(Ωÿ0

) = 0,

and for any ý ⩾ 2, ÿ > 0, ÿ < ÿ, and compact ÿ ⋐ Ω,

lim
ý→∞

‖(ÿý, ýý) − (ÿ, ý)‖ÿý(ÿ×[ÿ,ÿ0])
= 0,

lim
ý→∞

‖(ÿý, ýý) − (ÿ, ý)‖
ÿ2,1
ÿ (Ω×[ÿ,ÿ0])

= 0.

As a result, (ÿ, ý) ∈ ÿ∞(Ω × (0, ÿ0],ℝ
2 × ÿ2) ∩ ÿ2,1

ÿ
(Ω × (0, ÿ0],ℝ

2 × ÿ2) solves (1.1)–(1.3) in Ω×

(0, ÿ0] and satisfies the boundary condition.
By (1.1)1, ÿ

ý
ý ∈ ÿ2([0, ÿý

0
], ÿ−1(Ω)) and ‖ÿý

ý ‖ÿ2([0,ÿý
0
],ÿ−1(Ω)) ⩽ ÿý0, this together with (6.10)

states that after possibly passing to a subsequence, (ÿ, ∇ý)(⋅, ý) ⇀ (ÿ0, ∇ý0) weakly in ÿ2(Ω) as
ý → 0. Consequently,

ý(0) ⩽ lim inf
ý→0

ý(ý).

On the other hand, steps in energy estimates (6.8) give

ý(0) ⩾ lim sup
ý→0

ý(ý).

This implies that (ÿ, ∇ý)(⋅, ý) converges to (ÿ0, ∇ý0) strongly inÿ2(Ω). Hence, (ÿ, ý) satisfies initial
condition (1.3).
Step 2: weak extension beyond singular time. Let ÿ1 ∈ (ÿ0,∞) be the first singular time of (ÿ, ý),

that is,

(ÿ, ý) ∈ ÿ∞(Ω × (0, ÿ1),ℝ
2 × ÿ2) ∩ ÿ2,1

ÿ
(Ω × (0, ÿ1),ℝ

2 × ÿ2),

but

(ÿ, ý) ∉ ÿ∞(Ω × (0, ÿ1],ℝ
2 × ÿ2) ∩ ÿ2,1

ÿ
(Ω × (0, ÿ1],ℝ

2 × ÿ2).

Now, we would like to extend this weak solution in time. To do so, we shall investigate and define
new <initial= data at ý = ÿ1.
We claim that (ÿ, ý) ∈ ÿ0([0, ÿ1], ÿ

2(Ω)). Indeed, we test (1.1)3 with ÿ ∈ ÿ2
0
(Ω,ℝ3) and obtain

|ïýý, ÿð| ≲ ‖∇ý‖ÿ2(Ω)‖∇ÿ‖ÿ2(Ω) + (‖ÿ‖ÿ2(Ω)‖∇ý‖ÿ2(Ω) + ‖∇ý‖2
ÿ2(Ω)

)‖ÿ‖ÿ0(Ω)

≲ (‖∇ý‖ÿ2(Ω) + ‖ÿ‖ÿ2(Ω)‖∇ý‖ÿ2(Ω) + ‖∇ý‖2
ÿ2(Ω)

)‖ÿ‖ÿ2(Ω),

where we have used ‖ÿ‖ÿ0(Ω) ≲ ‖ÿ‖ÿ2(Ω) by the fact that ÿ2
0
(Ω) ⊆ ÿ0(Ω). Therefore, ýý ∈

ÿ2([0, ÿ1], ÿ
−2(Ω)), which together with the fact that ý ∈ ÿ2([0, ÿ1], ÿ

1(Ω)), implies that ý ∈

ÿ0([0, ÿ1], ÿ
2(Ω)). Similarly, we test (1.1)1 with ÿ ∈ ÿ3

0
(Ω,ℝ2) and ∇ ⋅ ÿ = 0 to obtain

|ïÿý, ÿð| ≲ ‖∇ÿ‖ÿ2(Ω)‖∇ÿ‖ÿ2(Ω) + ‖ÿ‖ÿ2(Ω)‖∇ÿ‖ÿ2(Ω)‖ÿ‖ÿ0(Ω) + ‖∇ÿ‖2
ÿ2(Ω)

‖∇ÿ‖ÿ0(Ω)

≲ (‖∇ÿ‖ÿ2(Ω) + ‖ÿ‖ÿ2(Ω)‖∇ÿ‖ÿ2(Ω) + ‖∇ÿ‖2
ÿ2(Ω)

)‖ÿ‖ÿ3(Ω),
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where we have used ‖ÿ‖ÿ1(Ω) ≲ ‖ÿ‖ÿ3(Ω) by the fact thatÿ
3
0
(Ω) ⊆ ÿ1(Ω). Since ∇ ⋅ ÿý = 0, it fol-

lows thatÿý ∈ ÿ2([0, ÿ1], ÿ
−3(Ω)). This, togetherwith the fact thatÿ ∈ ÿ2([0, ÿ1], ÿ

1(Ω)), implies
that ÿ ∈ ÿ0([0, ÿ1], ÿ

2(Ω)), and thus the claim is valid.
Now (ÿ, ý) ∈ ÿ0([0, ÿ1], ÿ

2(Ω))means that we can define

(ÿ(ÿ1), ý(ÿ1)) = lim
ý↗ÿ1

(ÿ(ý), ý(ý)) in ÿ2(Ω).

Then, the energy estimate in Lemma 5.1 yields ∇ý ∈ ÿ∞([0, ÿ1], ÿ
2(Ω)). Thus, we have the weak

convergence ∇ý(ý) ⇀ ∇ý(ÿ1) in ÿ2(Ω). In particular, ÿ(ÿ1) ∈ ÿ and ý(ÿ1) ∈ ÿ1(Ω). Moreover,
ÿ(ÿ1) and ý(ÿ1) satisfy the partially free boundary condition (1.2) since ÿ(ý) and ý(ý) satisfy it.
Nowwe can use (ÿ(ÿ1), ý(ÿ1)) as initial data in the above procedure to obtain a weak extension

of (ÿ, ý) beyond ÿ1 that solves (1.1)–(1.4). We may be confronted with another singular time, and
we will continue to process a weak extension in this scheme. We want to show that there can
be, at most finitely many, such singular times, and we can construct an external weak solution
beyond afterward.
Notice that in the study of heat flow of harmonic maps, each singularity carries a loss of energy.

Here, we will prove a similar result: at each singular time, the energy is lost by at least ÿ2
1
. By

definition, ÿ1 is the first singular time of (ÿ, ý), and then Lemma 6.1 states that we must have

lim sup
ý↗ÿ1

max
ý∈Ω ∫Ω∩ý2ý0(ý)

(|ÿ|2 + |∇ý|2)(⋅, ý) > ÿ21.

This means that there exists ýÿ ↗ ÿ1 and ý0 ∈ Ω such that for any ý > 0,

lim sup
ýÿ↗ÿ1

∫Ω∩ý2ý0(ý0)

(|ÿ|2 + |∇ý|2)(⋅, ýÿ) > ÿ21.

And we observe that

∫Ω
(|ÿ|2 + |∇ý|2)(⋅, ÿ1) = lim

ý→0∫Ω⧵ýý(ý0)
(|ÿ|2 + |∇ý|2)(⋅, ÿ1)

⩽ lim
ý→0

lim inf
ýÿ↗ÿ1 ∫Ω⧵ýý(ý0)

(|ÿ|2 + |∇ý|2)(⋅, ýÿ)

⩽ lim
ý→0

lim inf
ýÿ↗ÿ1 ∫Ω

(|ÿ|2 + |∇ý|2)(⋅, ýÿ) − lim
ý→0

lim sup
ýÿ↗ÿ1

∫Ω∩ýý(ý0)
(|ÿ|2 + |∇ý|2)(⋅, ýÿ)

⩽ lim inf
ýÿ↗ÿ1 ∫Ω

(|ÿ|2 + |∇ý|2)(⋅, ýÿ) − ÿ21 ⩽ ý0 − ÿ21.

This shows that each singular time takes away energy at least ÿ2
1
, so the number of singular time

is bounded by ý0∕ÿ
2
1
. Let 0 < ÿÿ < ∞ be the last singular time, then we must have

ý(ÿÿ) = ∫Ω
(|ÿ|2 + |∇ý|2)(⋅, ÿÿ) < ÿ21.

Consequently, if we take (ÿ(ÿÿ), ý(ÿÿ)) as the initial condition and construct a weak solution to
(1.1)–(1.3), this weak extension will be an eternal weak solution.
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Step 3: Uniqueness of global weak solution. Uniqueness of regular solution to (1.1) with Dirichlet
boundary condition was shown in [37], and their techniques involve proving

√
ý(‖ÿ(ý)‖ÿ∞(Ω) + ‖∇ý(ý)‖ÿ∞(Ω)) → 0

as ý → 0, the ÿý–ÿÿ regularity of the heat and Stokes operators. We shall follow the same argu-
ment as in [37]. Suppose that there are two weak solutions (ÿÿ , ýÿ), ÿ = 1, 2 to (1.1)–(1.3) with
(1.4) such that ÿÿ ∈ ÿ∞([0, ÿ], ÿ2(Ω,ℝ2)) ∩ ÿ2([0, ÿ],ÿ1(Ω,ℝ2)) and ýÿ ∈ ÿ∞([0, ÿ],ÿ1(Ω,ÿ2)) ∩

ÿ2([0, ÿ],ÿ2(Ω,ÿ2)).
First we claim that ýÿ(ý) = sup0<ý<ý

√
ý(‖ÿÿ(ý)‖ÿ∞(Ω) + ‖∇ýÿ(ý)‖ÿ∞(Ω)) < +∞. For (ý0, ý0) ∈

Ω × (0, ÿ), we take 0 < ÿ ⩽
√

ý0. Since (ÿ, ý) solves (1.1) onΩ× [0, ÿ], by a scaling argument, tak-

ing (ÿ, g)(ÿ, ý) = (ÿÿ, ý)(ý + ÿÿ, ÿ2 + ÿ2ý) for (ÿ, ý) ∈ ÿ′ = [−1, 0] × 1

ÿ
Ω, one has (ÿ, g) solves (1.1)

on ÿ′. Thus, one can apply Theorem 1.2 to conclude that (ÿ, g) ∈ ÿ∞(ÿ′) ∩ ÿ2,1
ÿ (ÿ′). This means

‖ÿ‖ÿ∞(ÿ′) + ‖∇g‖ÿ∞(ÿ′) ⩽ ÿ(ÿ, ý) < +∞, where ÿ(ÿ, ý) is independent of the scaling size ÿ. Back
to the original scales, we obtain

sup
0<ÿ⩽

√
ý0

ÿ(‖ÿ(ÿ2)‖ÿ∞(Ω) + ‖∇ý(ÿ2)‖ÿ∞(Ω)) < +∞.

Next, we claim that ýÿ(ý) = sup0<ý<ý

√
ý(‖ÿÿ(ý)‖ÿ∞(Ω) + ‖∇ýÿ(ý)‖ÿ∞(Ω)) → 0 as ý → 0. From

the global energy equality in Lemma 5.1, we see that the energy ýÿ(ý) = ∫Ω |ÿÿ(ý)|2 + |∇ýÿ(ý)|2
is monotone decreasing with respect to ý ⩾ 0. As a consequence,

lim
ý→0

ýÿ(ý) ⩽ ý(0) = ∫Ω
|ÿ0|2 + |∇ý0|2.

On the other hand, since (ÿÿ(ý), ∇ýÿ(ý)) converges weakly to (ÿ0, ∇ý0) in ÿ2(Ω) as ý → 0, lower
semicontinuity also gives limý→0 ýÿ(ý) ⩾ ý0, and hence,

lim
ý→0

ýÿ(ý) = ý0.

So, we have ýÿ(ý) ∈ ÿ([0, ÿ]). It then follows that

lim
ý→0

sup
ý∈Ω

∫ýý(ý)×[0,ý
2]

2∑
ÿ=1

(|ÿÿ|2 + |∇ýÿ|2) = 0,

and by the smoothness of ÿÿ and ∇ýÿ , we have

lim
ý→0

sup
0<ý<ý

√
ý(‖ÿÿ(ý)‖ÿ∞(Ω) + ‖∇ýÿ(ý)‖ÿ∞(Ω)) = 0.

Finally, we claim that limý→0 ýÿ(ý) = 0 for ÿ = 1, 2 implies that (ÿ1, ý1) ≡ (ÿ2, ý2) on some
Ω× [0, ý0]. Let ÿ̃ = ÿ1 − ÿ2 and ý̃ = ý1 − ý2, then we take the difference of the corresponding
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equations and obtain

ÿýÿ̃ − ýÿ̃ = −ℙ∇ ⋅ (ÿ̃ ⊗ ÿ1 + ÿ2 ⊗ ÿ̃ + ∇ý̃ ⊗ ∇ý1 + ∇ý2 ⊗∇ý̃)

∇ ⋅ ÿ̃ = 0

ÿýý̃ − Δý̃ = [(∇ý1 + ∇ý2) ⋅∇ý̃ý1 + |∇ý2|2ý̃] − [ÿ̃ ⋅∇ý1 + ÿ2 ⋅∇ý̃]

(ÿ̃, ý̃)|ý=0 = 0

(ÿ̃, ý̃) satisfies (1.2).

(6.13)

Now for ÿ ∈ (0, 1), we define

ÿÿ(ý) = ý
1−ÿ
2 (‖ÿ1(ý)‖ÿ2∕ÿ(Ω) + ‖ÿ2(ý)‖ÿ2∕ÿ(Ω) + ‖∇ý1(ý)‖ÿ2∕ÿ(Ω) + ‖∇ý2(ý)‖ÿ2∕ÿ(Ω)).

By the interpolation inequality, we obtain

ÿÿ(ý) ⩽ (ý1(ý) + ý2(ý))
ÿ(ý1(ý) + ý2(ý))

1−ÿ.

Recall that by Duhamel’s formula, we have

ÿ̃(ý) = −∫
ý

0
ÿ−(ý−ý)ýℙ∇ ⋅ (ÿ̃ ⊗ ÿ1 + ÿ2 ⊗ ÿ̃ + ∇ý̃ ⊗ ∇ý1 + ∇ý2 ⊗∇ý̃)(ý),

ý̃(ý) = ∫
ý

0
ÿ−(ý−ý)Δ[(∇ý1 + ∇ý2) ⋅∇ý̃ý1 + |∇ý2|2ý̃ − ÿ̃ ⋅∇ý1 − ÿ2 ⋅∇ý̃](ý).

Thus, we apply Lemma 2.5 with ÿ = 2∕ÿ and ý = 1, together with Hölder inequality, and obtain

‖ý̃(ý)‖ÿ2∕ÿ(Ω) ≲ ∫
ý

0
(ý − ý)−

2−ÿ
2

[
2∑

ÿ=1

‖∇ýÿ(ý)‖ÿ2(Ω) + ‖ÿÿ(ý)‖ÿ2(Ω)

]2

ýý

≲

(
∫

ý

0
(ý − ý)−

2−ÿ
2 ýý

)
sup
0⩽ý⩽ý

(ý1 + ý2)(ý) ≲ ýÿ∕2 sup
0⩽ý⩽ý

(ý1 + ý2)(ý).

Moreover, we can apply Lemma 2.5 with ÿ = 2∕ÿ and ý = 2∕(ÿ + 1), together with the Hölder
inequality, to obtain

‖ý̃(ý)‖ÿ2∕ÿ(Ω)

≲ ∫
ý

0
(ý − ý)−1∕2

[
2∑

ÿ=1

‖∇ýÿ(ý)‖ÿ2∕ÿ(Ω) + ‖ÿÿ(ý)‖ÿ2∕ÿ(Ω)

](‖∇ý̃(ý)‖ÿ2(Ω) + ‖ÿ̃‖ÿ2(Ω)

)

+ ∫
ý

0
(ý − ý)−1∕2‖∇ý2‖ÿ∞(Ω)‖∇ý2‖ÿ2(Ω)‖ý̃(ý)‖ÿ2∕ÿ(Ω)

≲

(
∫

ý

0
(ý − ý)−1∕2ý(ÿ−1)∕2ýý

)(
sup
0<ý⩽ý

ÿÿ(ý)

)(
sup
0⩽ý⩽ý

‖∇ý̃(ý)‖ÿ2(Ω) + ‖ÿ̃(ý)‖ÿ2(Ω)

)

+

(
∫

ý

0
(ý − ý)−1∕2ý(ÿ−1)∕2ýý

)(
sup
0<ý⩽ý

ý2(ý)

)(
sup
0⩽ý⩽ý

(ý1 + ý2)(ý)

)(
sup
0<ý⩽ý

ý−ÿ∕2‖ý̃(ý)‖ÿ2∕ÿ(Ω)

)
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≲ ýÿ∕2
[
sup
0<ý⩽ý

ÿÿ(ý) +

(
sup
0<ý⩽ý

ý2(ý)

)(
sup
0<ý⩽ý

(ý1 + ý2)(ý)

)]

× sup
0<ý⩽ý

[
‖∇ý̃(ý)‖ÿ2(Ω) + ‖ÿ̃(ý)‖ÿ2(Ω) + ý−ÿ∕2‖ý̃(ý)‖ÿ2∕ÿ(Ω)

]
, (6.14)

which converges to 0 as ý → 0. Also, we apply Lemma 2.5 with ÿ = 2 and ý = 2∕(ÿ + 1), together
with Hölder inequality, to obtain

‖∇ý̃(ý)‖ÿ2∕ÿ(Ω)

≲ ∫
ý

0

(ý − ý)−(1+ÿ)∕2
(‖∇ý1(ý)‖ÿ2∕ÿ(Ω) + ‖∇ý2(ý)‖ÿ2∕ÿ(Ω)

)‖∇ý̃(ý)‖ÿ2(Ω)ýý

+ ∫
ý

0

(ý − ý)−(1+ÿ)∕2
(‖∇ý1(ý)‖ÿ2∕ÿ(Ω)‖ÿ̃(ý)‖ÿ2(Ω) + ‖ÿ2(ý)‖ÿ2∕ÿ(Ω)‖∇ý̃(ý)‖ÿ2(Ω)

)
ýý

+ ∫
ý

0

(ý − ý)−(1+ÿ)∕2‖∇ý2(ý)‖ÿ∞(Ω)‖∇ý2(ý)‖ÿ2(Ω)‖ý̃(ý)‖ÿ2∕ÿ(Ω)ýý

≲

(
∫

ý

0

(ý − ý)−(1+ÿ)∕2ý(ÿ−1)∕2ýý

)(
sup
0<ý⩽ý

ÿÿ(ý)

)(
sup
0⩽ý⩽ý

(‖ÿ̃(ý)‖ÿ2(Ω) + ‖∇ý̃(ý)‖ÿ2(Ω))

)

+

(
∫

ý

0

(ý − ý)−(1+ÿ)∕2ý(ÿ−1)∕2ýý

)(
sup
0<ý⩽ý

ý2(ý)

)(
sup
0⩽ý⩽ý

(ý1 + ý2)(ý)

)(
sup
0<ý⩽ý

ý−ÿ∕2‖ý̃(ý)‖ÿ2∕ÿ(Ω)

)

⩽ ÿ

(
sup
0<ý⩽ý

ÿÿ(ý)

)(
sup
0⩽ý⩽ý

(‖ÿ̃(ý)‖ÿ2(Ω) + ‖∇ý̃(ý)‖ÿ2(Ω))

)

+ ÿ

(
sup
0<ý⩽ý

ý2(ý)

)(
sup
0⩽ý⩽ý

(ý1 + ý2)(ý)

)(
sup
0<ý⩽ý

ý−ÿ∕2‖ý̃(ý)‖ÿ2∕ÿ(Ω)

)
, (6.15)

where we have used the fact that ∫ ý
0 (ý − ý)−(ÿ+1)∕2ý(ÿ−1)∕2ýý = ∫ 1

0 (1 − ý)−(1+ÿ)∕2ý(ÿ−1)∕2 < +∞,
and likewise we conclude that it converges to 0 as ý → 0.
Now, we apply Lemma 2.6 with 2 > ÿ = 2

1+ÿ

2

2−ÿ
> ý = 2

1+ÿ
, ÿ = 1 −

ý

ÿ
= ÿ

2
, and obtain

‖ÿ̃‖
ÿ

2
1+ÿ

2
2−ÿ (Ω)

≲ ∫
ý

0
(ý − ý)−(ÿ+1)∕2

(
‖ÿ1(ý)‖ÿ2∕ÿ(Ω) + ‖ÿ2(ý)‖ÿ2∕ÿ(Ω)

)
‖ÿ̃(ý)‖ÿ2(Ω)ýý

+ ∫
ý

0
(ý − ý)−(ÿ+1)∕2

(
‖∇ý1(ý)‖ÿ2∕ÿ(Ω) + ‖∇ý2(ý)‖ÿ2∕ÿ(Ω)

)
‖∇ý̃(ý)‖ÿ2(Ω)ýý

≲

(
∫

ý

0
(ý − ý)−(ÿ+1)∕2ý(ÿ−1)∕2ýý

)(
sup
0<ý⩽ý

ÿÿ(ý)

)(
sup
0⩽ý⩽ý

(‖ÿ̃(ý)‖ÿ2(Ω) + ‖∇ý̃‖ÿ2(Ω))

)

⩽ ÿ

(
sup
0<ý⩽ý

ÿÿ(ý)

)(
sup
0⩽ý⩽ý

(‖ÿ̃(ý)‖ÿÿ(Ω) + ‖∇ý̃(ý)‖ÿ2(Ω))

)
.

(6.16)
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Finally, for 0 < ý ⩽ ý0, we define

Φ(ý) = sup
0<ý⩽ý

(
‖∇ý̃(ý)‖ÿ2(Ω) + ý−

ÿ
2 ‖ý̃(ý)‖

ÿ
2
ÿ (Ω)

+ ‖ÿ̃(ý)‖
ÿ

2
1+ÿ

2
2−ÿ (Ω)

)
.

From estimates (6.14)–(6.16), and the Hölder inequality ‖ ⋅ ‖ÿ2(Ω) ≲ ‖ ⋅ ‖
ÿ

2
1+ÿ

2
2−ÿ (Ω)

, we have

Φ(ý) ⩽ ÿ

[
sup
0<ý⩽ý

ÿÿ(ý) +

(
sup
0<ý⩽ý

(ý1 + ý2)(ý)

)(
sup
0⩽ý⩽ý

(ý1 + ý2)(ý)

)]
Φ(ý) ⩽

1

2
Φ(ý)

as long as ý0 > 0 is sufficiently small such that

ÿ

[
sup
0<ý⩽ý

ÿÿ(ý) +

(
sup
0<ý⩽ý

(ý1 + ý2)(ý)

)(
sup
0⩽ý⩽ý

(ý1 + ý2)(ý)

)]
⩽ ÿ(ÿ1−ÿ + ÿ) ⩽

1

2
.

As a consequence, Φ(ý) ≡ 0 on (0, ý0] and hence (ÿ1, ý1) ≡ (ÿ2, ý2) on Ω× (0, ý0]. Furthermore,
this implies that our choice for weak extension beyond singular time is also unique.
Step 4: Blow-up analysis. We have established (1), (2), (4), and the first half of (3) in Theorem 1.3.

It remains to carry out the blow-up analysis at each singular time. There exists 0 < ý0 < ÿ1, ýÿ ↗

ÿ1, ÿÿ ↘ 0 such that

ÿ21 = sup
ý∈Ω,ý0⩽ý⩽ýÿ

∫Ω∩ýÿÿ
(ý)

(|ÿ|2 + |∇ý|2), (6.17)

and we use Lemma 6.1 in the opposite way to obtain {ýÿ}∞
ÿ=1

⊆ Ω such that

∫Ω∩ý2ÿÿ
(ýÿ)

(|ÿ|2 + |∇ý|2)(⋅, ýÿ − ÿ0ÿ
2
ÿ) ⩾

1

2
max
ý∈Ω ∫Ω∩ý2ÿÿ

(ý)
(|ÿ|2 + |∇ý|2)(⋅, ýÿ − ÿ0ÿ

2
ÿ) ⩾

1

2
ÿ21.

(6.18)
Energy estimate in Lemma 5.1, (6.17), and the Ladyzhenskaya’s inequality states that

∫Ω×[ý0,ý1]
(|ÿ|4 + |∇ý|4) ⩽ ÿ(ÿ1, ý0). (6.19)

Denote Ωÿ = ÿ−1
ÿ (Ω ⧵ {ýÿ}). Define the blow-up sequence (ÿÿ, ýÿ) ∶ Ωÿ × [

ý0−ýÿ
ÿ2ÿ

, 0] by

ÿÿ(ý, ý) = ÿÿÿ(ýÿ + ÿÿý, ýÿ + ÿ2ÿý), ýÿ(ý, ý) = ý(ýÿ + ÿÿý, ýÿ + ÿ2ÿý).

It follows that (ÿÿ, ýÿ) solves (1.1) on Ωÿ × [
ý0−ýÿ
ÿ2ÿ

, 0], and (6.17), (6.18), and (6.19) give us the

following:

∫Ωÿ∩ý2(0)
(|ÿÿ|2 + |∇ýÿ|2)(−ÿ0) ⩾

1

2
ÿ21,

∫Ωÿ∩ý1(ý)
(|ÿÿ|2 + |∇ýÿ|2)(ý) ⩽ ÿ21, ∀ý ∈ Ωÿ,

ý0 − ýÿ
ÿ2ÿ

⩽ ý ⩽ 0,

∫Ωÿ×[−
ý0−ýÿ

ÿ2ÿ
,0]

|ÿÿ|4 + |∇ýÿ|4 ⩽ ÿ(ÿ1, ý0).
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By possibly passing to subsequences, wemay assumewithout loss of generality that ýÿ → ý0 ∈

Ω for some ý0 ∈ Ω.
Case 1: ý0 ∈ Ω. Then, we can assume ÿ0 < dist(ý0, ÿΩ) and Ωÿ → ℝ2. Also, we have

ý0−ýÿ
ÿ2
0

→

−∞. Consequently, regularity result in Theorem 1.2 states that there exists a smooth solution
(ÿ′

∞, ý′
∞) ∶ ℝ2 × (−∞, 0] → ℝ2 × ÿ2 such that it solves (1.1) and

(ÿÿ, ýÿ) → (ÿ′
∞, ý′

∞) in ÿ2
loc

(ℝ2 × [−∞, 0]).

Because of the regularity of the two-dimensional Navier–Stokes equation and the phenomenon
of separation of sphere in harmonic map heat flow, we would like to show that the singularity is
attributed to ∇ý. First, we want to show that ÿ′

∞ ≡ 0. Indeed, take any parabolic cylinder ÿý ⊆

ℝ2 × [−∞, 0], since ÿ ∈ ÿ4(Ω × [0, ÿ1]), we have

∫ÿý

|ÿ′
∞|4 = lim

ÿ→∞∫ÿý

|ÿÿ|4 = lim
ÿ→∞∫ýýÿÿ

(ýÿ) ∫[ýÿ−ý2ÿ2ÿ ,ýÿ]
|ÿ|4 = 0.

Next, we claim that ý′
∞ is a nontrivial and smooth harmonic map with finite energy. In fact, since

Δý + |∇ý|2ý ∈ ÿ2(Ω × [0, ÿ1]), we have, for any compact ÿ ⊆ ℝ2,

∫
0

−2ÿ0
∫ÿ

|Δý′
∞ + |∇ý′

∞|2ý′
∞|2 ⩽ lim inf

ÿ ∫
0

−2ÿ0
∫Ωÿ

|Δýÿ + |∇ýÿ|2ýÿ|2

= lim
ÿ→∞∫

ýÿ

ýÿ−2ÿ0ÿ
2
ÿ
∫Ω

|Δý + |∇ý|2ý|2 = 0.

This means ÿýý
′
∞ + ÿ ⋅∇ý′

∞ = 0 on ℝ2 × [−2ÿ0, 0]. Hence, ÿýýÿ = ÿÿ = 0 and ý∞ ∈ ÿ2(ℝ2,ÿ2)

is a harmonic map. Also, notice that

∫ý2

|∇ý′
∞|2 = lim

ÿ→∞∫ý2

(|ÿÿ|2 + |∇ýÿ|2)(⋅, −ÿ0) ⩾
ÿ2
1

4
,

and hence, ý′
∞ is a nontrivial map. By the lower semicontinuity, for any ýý ⊆ ℝ2,

∫ýý

|∇ý′
∞|2 ⩽ lim inf

ÿ→∞ ∫ýý

|∇ýÿ|2(⋅, −ÿ0) = lim inf
ÿ→∞ ∫ýÿÿý(ýÿ)

|∇ý|2(ýÿ − ÿ0ÿ
2
ÿ) ⩽ ý0.

This implies that ý′
∞ has finite energy. Studies of harmonic maps (see, e.g., [54] and [46]) show

that ý′
∞ can be lifted to be a nonconstant harmonic map from ÿ2 to ÿ2. In particular, the degree

of ý′
∞ is nonzero and

∫ℝ2
|∇ý′

∞|2 ⩾ 8ÿ| deg(ý′
∞)| ⩾ 8ÿ.

Case 2: ý0 ∈ ÿΩ. If further limÿ→∞
|ýÿ−ý0|

ÿÿ
= ∞, then Ωÿ → ℝ2. Then, the same reasoning in

Case 1 shows that (ÿÿ, ýÿ) → (0, ý′
∞) in ÿ2

loc
(ℝ2), and ý′

∞ ∈ ÿ∞(ℝ2,ÿ2) is a nontrivial harmonic

map with finite energy. The other situation limÿ→∞
|ýÿ−ý0|

ÿÿ
< ∞ implies that Ωÿ converges to a

half-plane and it will give singularity at boundary: assumewithout loss of generality that
ýÿ−ý0

ÿÿ
→

(0, 0) ∈ ℝ2 and Ωÿ → ℝ2
+ = {(ý1, ý2) ∶ ý2 > 0}. Because ýÿ(ý) = ý(ýÿ + ÿÿý) for ý ∈ ÿΩÿ, we
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can show similarly that (ÿÿ, ýÿ) → (0, ý′
∞) in ÿ2

loc
(ℝ2

+), where ý
′
∞ ∶ ℝ2

+ → ÿ2 is a nontrivial har-
monic map with finite energy and ý′

∞ satisfies (1.2)2 at ÿℝ
2
+ = {(ý1, ý2) ∶ ý2 = 0}. The reflection

given in Appendix A allows us to use reflection to extend ý′
∞ to be a nontrivial harmonic map on

thewhole spaceℝ2.Moreover, the reflection symmetry directly states thatwehave half the energy

∫ℝ2
ÿ

|∇ý′
∞|2 =

1

2 ∫ℝ2
|∇ý′

∞|2 ⩾ 4ÿ| deg(ý′
∞)| ⩾ 4ÿ.

□

7 ETERNAL BEHAVIOR: PROOF OF THEOREMS 1.5 AND 1.6

Proof of Theorem 1.5. To prove (1), Lemma 5.1 states that there exists ýý → ∞ such that for
(ÿý, ýý) = (ÿ(⋅, ýý), ý(⋅, ýý)),

∫Ω
|ÿý|2 + |∇ýý|2 ⩽ ý0,

lim
ý→∞∫Ω

|ÿÿý|2 + |Δýý + |∇ýý|2ýý|2 = 0.

As a consequence, we have ∫Ω |ÿÿý|2 → 0 as ý → ∞, and thus, by weak limit, there exists ýý → ∞

such that ÿý ⇀ ÿ∞ inÿ1(Ω) such that ÿÿ∞ ≡ 0. In the situation of nonaxisymmetric domainΩ,
we use theKorn’s inequality in Lemma 2.12 to deduce that∇ÿ∞ ≡ 0, which togetherwith Poincaré
inequality forÿ1-vector field with tangential boundary condition, that is, ÿ ⋅ n̂ = 0 on ÿΩ, implies
that ÿ∞ ≡ 0 in ÿ1(Ω). Meanwhile, {ýý}

∞
ý=1

⊆ ÿ1(Ω,ÿ2) is a bounded sequence of approximated
harmonic maps from Ω to ÿ2. Also, {ýý}

∞
ý=1

satisfies partially boundary condition (1.2)2, and the
tension field Δýý + |∇ýý|2ýý converges to 0 in ÿ2(Ω). By the energy identity result by Qing [45]
and Lin–Wang [36], we can conclude that there exists a harmonic map ý∞ ∈ ÿ2,ÿ(Ω,ÿ2) with
ý∞ satisfying (1.2)2, and there exist finitely many interior points {ýÿ}

ý
ÿ=1

⊆ Ω and boundary points

{ÿÿ}
ý′

ÿ=1
⊆ ÿΩ such that

|∇ýý|2ýý ⇀ |∇ý∞|ýý +

ý∑
ÿ=1

8ÿÿÿÿýÿ +

ý∑
ÿ=1

4ÿÿ′
ÿÿÿÿ

for some subsequence {ÿÿ}
ý
ÿ=1

, {ÿ′
ÿ
}ý
′

ÿ=1
⊆ ℕ. Note that this ý∞ ∶ Ω → ÿ2 has a different meaning

from ý∞ ∶ ℝ2(or ℝ2
ÿ) → ÿ2 that is used in the blow-up analysis for Theorem 1.3.

In the end, it remains to prove (2). We first observe that the energy is insufficient to evolve
finite time singularities. Suppose for the purpose of contradiction that it blows up near the first
singular time ÿ1. Then, (3) in Theorem 1.3 implies that there exists a nontrivial harmonic map
ý ∈ ÿ∞(ℝ2,ÿ2) and

8ÿ ⩽ ∫ℝ2
|∇ý|2 ⩽ 2 lim

ý↗ÿ1 ∫Ω
(|ÿ|2 + |∇ý|2)(⋅, ý) ⩽ 2∫Ω

|ÿ0|2 + |∇ý0|2 ⩽ 8ÿ, (7.1)

where the factor 2 includes the possibility that we have singularity on the boundary. Thus, there
is no loss of energy, but then Lemma 5.1 implies that

∫
ÿ1

0 ∫Ω
|ÿÿ|2 + |Δý + |∇ý|2ý|2 = 0, (7.2)
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and hence, ÿÿ = ýý ≡ 0 in Ωÿ1
. Therefore, ý(⋅, ý) = ý0 ∈ ÿ2,ÿ(Ω,ÿ2), 0 ⩽ ý ⩽ ÿ1, is a harmonic

map, which contradicts the assumption that ÿ1 is a singular time.
Moreover, we would like to show that there is no blow-up of ÿ(ý) = max

ý∈Ω,ÿ⩽ý
(|ÿ| +

|∇ý|)(ý, ÿ) at infinity. Suppose for the purpose of contradiction that there exists ýý → ∞ and
ýý ∈ Ω, such that

ÿý = ÿ(ýý) = (|ÿ| + |∇ý|)(ýý, ýý) → ∞.

Define Ωý = ÿý(Ω ⧵ {ýý}) and (ÿý, ýý) ∶ Ωý × [−ýýÿ
2
ý
, 0] → ℝ2 × ÿ2 by

ÿý(ý, ý) =
1

ÿý
ÿ

(
ýý +

ý

ÿý
, ýý +

ý

ÿ2
ý

)
, ýý(ý, ý) = ý

(
ýý +

ý

ÿý
, ýý +

ý

ÿ2
ý

)
.

It follows that (ÿý, ýý) solves (1.1) on Ωý × [−ýýÿ
2
ý
, 0] and

1 = (|ÿý| + |∇ýý|)(0, 0) ⩾ (|ÿý| + |∇ýý|)(ý, ý), ∀(ý, ý) ∈ Ωý × [−ýýÿ
2
ý
, 0].

With the same procedure as in Theorem 1.3(3), we conclude that there are two cases: either (i)
Ωý → ℝ2 and (ÿý, ýý) → (0, ý′) in ÿ2

loc
(ℝ2)whereý′ ∈ ÿ∞(ℝ2,ÿ2) is a nontrivial harmonic map

with finite energy, or (ii) Ωý → ℝ2
ÿ for some half-plane ℝÿ ∶= {ÿ1ý1 + ÿ2ý2 > ÿ0} and (ÿý, ýý) →

(0, ý′) in ÿ2
loc

(ℝ2
ÿ) where ý

′ ∶ ℝ2
ÿ → ÿ2 is a nontrivial harmonic map with finite energy and sat-

isfies (1.2)2 at ÿℝ
2
ÿ. Again, reflection symmetry in Appendix A allows us to extend ý′ to be a

nontrivial harmonic map on the whole space ℝ2.
For cases (i) and (ii), we perform the same scheme as in (7.1) and (7.2) (with ÿ1 replaced by∞),

to conclude that

∫
∞

0 ∫Ω
|ÿÿ|2 + |Δý + |∇ý|2ý|2 = 0,

and the same reasoning yieldsÿÿ = ýý ≡ 0 onΩ× [0,∞). So, ý(ý) = ý0 ∈ ÿ2,ÿ(Ω,ÿ2), 0 ⩽ ý < ∞,
is a harmonic map. This implies that ÿ(ý) is constant and contradicts the initial assumption that
ÿ(ýý) → ∞.
We have shown that ÿ(ý) is bounded on ý ∈ (0,∞), and thus regularity results in Theorem 1.2

give that ‖ÿ(⋅, ý)‖ÿ2,ÿ (Ω), ‖ý(⋅, ý)‖ÿ2,ÿ (Ω) stays bounded on ý ∈ (0,∞). It follows that there exists
a sequence ýý → ∞ such that

∫Ω
(|ÿ|2 + |∇ý|2)(ý, ýý) ⩽ ý0,

∫Ω
(|ÿÿ|2 + |Δý + |∇ý|2ý|)(ý, ýý) → 0,

‖ÿ(⋅, ýý)‖ÿ2,ÿ(Ω) + ‖ý(⋅, ýý)‖ÿ2,ÿ (Ω) ⩽ ÿ,

(ÿ(⋅, ýý), ý(⋅, ýý)) → (ÿ∞, ý∞) in ÿ2(Ω,ℝ2 × ÿ2)

for some (ÿ∞, ý∞) ∈ ÿ2,ÿ(Ω,ℝ2) × ÿ2,ÿ(Ω,ÿ2) satisfying partially free boundary condition (1.2)
on ÿΩ. □
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Proof of Theorem 1.6. From ÿÿ∞ ≡ 0 ∈ ÿ2(Ω), one can see immediately that ÿ∞ is a vortex flow
of the form ÿ∞ = ý(ý2, −ý1), and it solves the Navier–Stokes equation (1.1)1. Moreover, we have
ÿ∞ ⋅∇ý∞ = 0. If ý = 0, then we have ÿ∞ = 0 and ý∞ is a harmonic map onΩ. If ý ≠ 0, then (1.2)1
implies ÿΩmust be circles, and if not, then ÿ∞ ≡ 0. Then, from ÿ∞ ⋅∇ý∞ = 0, we know that each
entry of ý∞ is radially symmetric.
We now elaborate in more detail in two cases.
Case 1: If ý ≠ 0 andΩ is a disk, since vortex flow ÿ∞ ⟂ ÿ̂ almost everywhere, we can show that

ý is a constant harmonic map by an Ordinary Differential Equation. Indeed, by writing harmonic
map equation in polar coordinates, we have

ÿÿÿý
ÿ +

1

ÿ
ÿÿý

ÿ + |∇ý|2ýÿ = 0,

and thus,

∑
ÿ

ÿÿÿý
ÿÿÿý

ÿ +
1

ÿ
|ÿÿýÿ|2 + |∇ý|2ýÿÿÿý

ÿ = 0,

where the last term
∑

ÿ ý
ÿÿÿý

ÿ = 0 because |ý|2 ≡ 1. By taking ÿ(ÿ) = |∇ý|2, we have

ÿÿÿ +
2

ÿ
ÿ = 0,

and thus, ÿ = ÿ2

ÿ2
. We have harmonic map ý∞ being smooth so that ÿ(0) < ∞ and thus conclude

that ÿ ≡ 0.

Case 2: If ý ≠ 0 andΩ is an annulus. Then, as above ÿ = |∇ý|2 = ÿ2

ÿ2
, but here ÿ can be nonzero,

so we have

ÿÿÿý
ÿ +

1

ÿ
ÿÿý

ÿ +
ÿ2

ÿ2
ýÿ = 0.

We change the variable ÿ = ÿý. Then, ý

ýÿ
= ÿ−1 ý

ýý
and ý2

ýÿ2
= ÿ−2( ý

ýý
− 1) ý

ýý
, which gives

ÿýýý
ÿ + ÿ2ýÿ = 0,

and hence,

ýÿ = ýÿ sin(ÿý + ÿÿ) = ýÿ sin(ÿ ln(ÿ) + ÿÿ)

for some constant ÿÿ . And the partially free boundary conditions (1.2)2 imply (1.8). □

APPENDIX A: BOUNDARY CONDITION AND THE BASIC ENERGY LAW
We would like to show that the free boundary condition (1.2) is compatible with the basic energy
law for the system (1.1).
We repeat the process in Lemma 5.1 and obtain the basic energy law:

1

2

ý

ýý

(
∫Ω

|ÿ|2 + |∇ý|2
)

= −∫Ω

1

2
|∇ÿ + (∇ÿ)ÿ|2 − ∫Ω

||Δý + |∇ý|2ý||2, (A.1)

which describes the property of energy dissipation for the flow of liquid crystals.
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Note that the system (1.1) has stress tensor

ÿ =
1

2
(∇ÿ + (∇ÿ)ÿ) − ÿ ý2 +∇ý ⊙∇ý −

1

2
|∇ý|2 ý2,

so the physical compatibility condition requires (ÿ ⋅ n̂)ÿ = 0. Considering n̂ ⋅ ÿ = 0 and the Navier
perfect-slip boundary condition (1.2)2, we have

0 = ï(∇ý ⊙ ∇ý)n̂, ÿð = ï∇n̂ý,∇ÿýð,
which gives the free boundary condition (1.2)2 ∶ ∇n̂ý ⟂ ÿýΣ.
In addition, it is worth mentioning that in the case of half-plane Ω = ℝ2

+, the free boundary
condition (1.2) gives a reflection across ÿℝ2

+. First, free boundary condition (1.2) has a simple form
in such case:

{
ÿý2ÿ1 = ÿ2 = 0

ÿý2ý1 = ÿý2ý2 = ý3 = 0
on ÿℝ2

+.

By performing even reflection for ÿ1, ý1, ý2 and odd reflection for ÿ2, ý3, we can use this reflection
symmetry to extend our solution (ÿ, ý) to the whole domain ℝ2. Explicitly,

ÿ̃(ý1, ý2, ý) =

[
ÿ1(ý1, −ý2, ý)

−ÿ2(ý1, −ý2, ý)

]
, ý̃(ý1, ý2, ý) =

£¤¤¤¥

ý1(ý1, −ý2, ý)

ý2(ý1, −ý2, ý)

−ý3(ý1, −ý2, ý)

¦§§§̈
, ý2 < 0.

It turns out that the partially free boundary condition (1.2) is automatically satisfied. We can
further compute that

ÿ̃ ⋅∇ÿ̃ =

[
ÿ1ÿý1ÿ1 + ÿ2ÿý2ÿ1

−(ÿ1ÿý1ÿ2 + ÿ2ÿý2ÿ2)

]
(ý1, −ý2, ý),

ÿ̃ ⋅∇ý̃ =

£¤¤¤¥

ÿ1ÿý1ý1 + ÿ2ÿý2ý1

ÿ1ÿý1ý2 + ÿ2ÿý2ý2

−(ÿ1ÿý1ý3 + ÿ2ÿý2ý3)

¦§§§̈
(ý1, −ý2, ý),

and

∇ ⋅ (∇ý̃ ⊙ ∇ý̃) =

[
2ÿý1ýýÿý1ý1ýý + ÿý2ý2ýýÿý1ýý + ÿý1ý2ýýÿý2ýý

−(2ÿý2ýýÿý2ý2ýý + ÿý1ý1ýýÿý2ýý + ÿý1ý2ýýÿý1ýý)

]
(ý1, −ý2, ý).

Also, observe that the partially free boundary condition (1.2) implies that∇n̂ÿ = 0 on ÿℝ2
+. This

follows from

−ÿý2ÿ = ÿýÿ2 + ÿ1ÿý1ÿ2 + ÿ2ÿý2ÿ2 + Δÿ2 + ÿý2ýýÿý2ý2ýý + ÿý1ý1ýýÿý2ýý

= 0 + ÿý1ý1ÿ2 − ÿý1(ÿý2ÿ1) + ÿý2ý3Δý3

= 0 + ÿý2ý3(ÿýý3 + ÿ1ÿý1ý3 + ÿ2ÿý2ý3 − |∇ý|2ý3) = 0.

Hence, we perform even reflection for ÿ and get ÿ̃(ý1, ý2, ý) = ÿ(ý1, −ý2, ý) for ý2 < 0. Then, we
can then show that the structure of the system is preserved via the reflection (ÿ, ý, ÿ) ↦ (ÿ̃, ý̃, ÿ̃),
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that is,

⎧
⎪«⎪¬

ÿýÿ̃ + ÿ̃ ⋅∇ÿ̃ − Δÿ̃ + ∇ÿ̃ = −∇ ⋅ (∇ý̃ ⊙ ∇ý̃ − 1

2
|∇ý̃|2 ý2)

∇ ⋅ ÿ̃ = 0

ÿýý̃ + ÿ̃ ⋅∇ý̃ = Δý̃ + |∇ý̃|2ý̃.

Such a reflection is not possible if we instead consider Navier no-slip boundary condition ÿ ≡ 0 on
ÿΩ; thus, free boundary condition (1.2) is both physically meaningful and mathematically useful:
it allows us to convert boundary estimates to interior estimates and saves half of our labor. In
particular, Lemma 3.3 follows directly from Lemma 3.2.
However, it is difficult to tackle the general situation with curved boundary ÿΩ. We assume

that ÿΩ is smooth, and we can flatten the boundary in a way such that in the new coordinate,
the velocity field is still divergence-free. One example in [20] is to take a map ÿ ∶ ℝ2

+ ∩ ýÿ(ÿ
′) →

Ω ∩ ýÿ(ÿ) given by ÿ(ý1, ý2) = (ý1, ý2 + ℎ(ý1)), where ℎ(ý1) is locally the graph of the boundary
ÿΩ. Then, we define the transformed vector field ÿ on ℝ2

+ by ÿ = ÿÿ = ÿ◦ÿ − (ÿ◦ÿ) ⋅ (ℎ′, 0)ÿ2.
This transformation has the property that ∇ ⋅ ÿ = 0 implies ∇ ⋅ ÿ = 0 and tangential vector along
ÿΩ still maps to tangential vector along ÿℝ2

+, though the normal vector is not preserved. Thus,
if we want to keep both the divergence-free property and the free boundary condition, we may
think of reflection over a curved boundary or generalize the system (1.1) to non-Euclidean metric
setup; both will produce extra low order terms in the system.
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