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ABSTRACT: Both absorption and emission of light in semiconductor quantum dots occur
through excitation or recombination of confined electron−hole pairs, or excitons, with tunable
size-dependent resonant frequencies that are ideal for applications in various fields. Some of
these applications require control over quantum dot shape uniformity, while for others, control
over energy splittings among exciton states emitting light in different polarizations and/or
between bright and dark exciton states is of key importance. These splittings, known as exciton
fine structure, are very sensitive to the nanocrystal shape. Theoretically, nanocrystals of
spheroidal shape are often considered, and their nonsphericity is treated perturbatively as
stemming from a linear uniaxial deformation of a sphere. Here, we compare this treatment with
a nonperturbative model of a cylindrical box, free of any restrictions on the cylinder’s aspect
ratio. This comparison allows one to understand the limits of validity of the traditional
perturbative model and offers insights into the relative importance of various mechanisms
controlling the exciton fine structure. These insights are relevant to both colloidal nanocrystals
and epitaxial quantum dots of III−V and II−VI semiconductors.

Recent advances in single quantum dot spectroscopy1 allow
one to study the fine structure of excitons confined in

colloidal nanocrystals with unprecedented precision. The
exciton fine structure is very sensitive to the overall symmetry
of a nanocrystal. When the symmetry of the nanocrystal shape is
lower than that of the underlying crystal lattice, it will be revealed
in the exciton fine structure.2,3

Within the effective-mass approximation, one often considers
nanocrystals of spheroidal1,4−8 or ellipsoidal2,3,8,9 shape due to
the efficiency of the method known as the perturbation theory of
the boundary conditions, originally developed by A.B.
Migdal10,11 and, independently, by S.A. Moszkowski12 to find
energy levels of a deformed atomic nucleus. In this method, a
spheroidal shape results from a uniform uniaxial deformation of
a sphere preserving its volume. Performing a coordinate
transformation, one can regain the spherically symmetric
boundary condition at the expense of an anisotropic addition
to the Hamiltonian, treated as a perturbation.
For a spheroid with semiaxes b and c, whose surface is

described by the equation
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the small parameter of Migdal’s theory is
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(in Migdal’s book and Moszkowski’s article the notations β and
3 d/2, respectively, are used for μz). The spheroid’s aspect ratio
is related to μz through
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Migdal’s theory is linear in μz and valid for |μz|≪ 1.
In this work we will compare this treatment with a

nonperturbative model of cylindrical nanorods, free of any
restrictions on the cylinder’s aspect ratio. This comparison will
allow one to understand the limits of validity of the approach
based on Migdal’s theory, and offer insights into relative
importance of various mechanisms controlling the exciton fine
structure in nanocrystals.
In what follows, we will consider the ground exciton state in a

zincblende nanocrystal of a III−V or II−VI semiconductor
formed by the hole from the valence band Γ8 and the electron
from the conduction band Γ6. For simplicity, we will neglect the
spin−orbit split-off valence band whose role is discussed in
refs.8,13 For a nanocrystal of spheroidal shape, the linear in μz
perturbation splits the ground level of the confined hole,
characterized by the hole total angular momentum 3/2,14 into
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sublevels with the hole angular momentum projections onto the
spheroidal axis of revolution equal to ±3/2 and ±1/2,
respectively. When combined with the isotropic part of the
electron−hole exchange interaction, the effective spin-Hamil-
tonian, describing exciton fine structure, takes the form (see the
Supporting Information for an explicit form of the matrix)
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where η is the exchange energy contributed by both the short-
range and the long-range parts of the electron−hole exchange
interaction,15,16 Jα (α = x, y, z) are the matrices of angular
momentum j = 3/2, σα are the Pauli matrices, and Δsh is a

Figure 1. (a) Fine structure of the ground excitonmultiplet in a spheroidal zincblende CdSe nanocrystal obtained from a uniform uniaxial deformation
of a sphere of radius R = 30 Å, shown as a function of the spheroid aspect ratio and calculated taking into account only the short-range part of the
electron−hole exchange interaction. (b) Same as (a), but calculated taking into account the isotropic part of the electron−hole long-range exchange
interaction and neglecting (dashed lines) and taking into account (solid lines) its anisotropic part. (c) Energy levels of the 8 lowest exciton states in a
zincblendeCdSe cylindrical nanorod of radiusR= 30 Å and heightH shown relative to their average energy position as a function of the nanorod aspect
ratio, H/2R, and calculated taking into account only the short-range part of the electron−hole exchange interaction. (d) Same as (c), but calculated
taking into account both short-range and long-range parts of the electron−hole exchange interaction.
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characteristic energy depending on material parameters (for
CdSe Δsh < 0).8 While the exchange energy η scales as R−3 with
the radius R of the deformed sphere, Δsh scales as R−2.
In order to derive the second term in the right-hand side of eq

2, one has to apply the coordinate transformation x → x b/R≈ x
(1− μz/3), y→ y b/R≈ y (1− μz/3), z→ z c/R≈ z (1 + 2 μz/3)
[or, equivalently, kx,y → kx,y (1 + μz/3), kz → kz (1−2 μz/3)] to

the hole kinetic energy, given by the Luttinger Hamiltonian,17

and evaluatematrix elements of the resulting perturbation on the
multicomponent wave function of the hole confined in the
sphere.4,8

Likewise, the long-range part of the electron−hole exchange
interaction (or its Fourier transform) depends on the
coordinates (wave vectors).15,16 Therefore, a similar coordinate

Figure 2. (a) Oscillator strengths for x-polarized optical transitions to the ±1L and ±1U exciton states in a spheroidal zincblende CdSe nanocrystal
obtained from a uniform uniaxial deformation of a sphere of radius R = 30 Å, shown as functions of the spheroid aspect ratio and calculated taking into
account only the short-range part of the electron−hole exchange interaction. (b) Same as (a) but calculated taking into account both short-range and
long-range parts of the electron−hole exchange interaction. (c)Oscillator strengths for x-polarized optical transitions to the±1L and±1U exciton states
in a zincblende CdSe cylindrical nanorod of radius R = 30 Å and heightH, shown as functions of the nanorod aspect ratio,H/2R, and calculated taking
into account only short-range part of the electron−hole exchange interaction. (d) Same as (c), but calculated taking into account both short-range and
long-range parts of the electron−hole exchange interaction.
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change in the framework of Migdal’s theory, after evaluation of
the corresponding matrix elements (this time on the exciton
wave function), will result in a μz-dependent addition to the
spin-Hamiltonian. This addition takes the form (see the
Supporting Information for derivation and an explicit form of
the matrix)

= + + +
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where Vx = Jx (Jy2 − Jz2) + (Jy2 − Jz2) Jx, while Vy can be obtained by
cyclic permutations of the indices. The coefficients A and B
entering eq 3 can be expressed in terms of the dimensionless
functions I0(y) and I2(y) known from the theory of the long-
range electron−hole exchange interaction in excitons confined
in nanocrystals16
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where ℏωLT is the longitudinal-transverse splitting of the exciton
polariton in the bulk and aB is the bulk exciton Bohr radius.
The ground exciton state in a spheroidal nanocrystal is formed

by a hole with the total angular momentum projections ±3/2, ±
1/2 and an electron with spin projections ±1/2. For a sphere
with μz = 0 and the aspect ratio c/b = 1, both the second term in
the right-hand side of eq 2 and the anisotropic correction (3) are
zeros, while the isotropic exchange interaction splits the exciton
state into a bright triplet with the exciton total angular
momentum 1 and a dark 5-fold degenerate state with the
exciton total angular momentum 2. When μz ≠ 0, the exciton
total angular momentum is no longer a good quantum number,
unlike the absolute values of its projections onto the axis z, which
can still be used to characterize the exciton states in a nanocrystal
with an axially symmetric shape. The second term in the right-
hand side of eq 2 lowers (raises) the M = ± 3/2 hole level with
respect to that with M = ± 1/2 when μz < 0 (μz > 0), leading to
changes in the exciton fine structure. This is illustrated in Figure
1, (a), (b), where the energy levels of a spheroidal zincblende
CdSe nanocrystal are shown as functions of the spheroid’s aspect
ratio when only the short-range electron−hole exchange
contribution to the parameter η is taken into account (Figure
1, (a)), and when both the short-range and the long-range parts
of the electron−hole exchange interaction are accounted for
(Figure 1, (b)). In the latter case, dashed (solid) lines show
energy levels calculated neglecting (taking into account) the
contribution of eq 3. As expected,18 when it is taken into
account, the exciton states, strongly polarized along the axis of
revolution (0U) and in the plane perpendicular to it (±1U),
effectively repel one another, when the anisotropy increases.
For simplicity, in our calculations we neglected the difference

in dielectric permittivities of the nanocrystal and its environment
affecting the long-range electron−hole exchange contribution.16

One of the advantages of the effective-mass approximation is
that it allows one to predict the properties of nanostructures
based on the parameters which can be obtained from the
measurements on bulk materials. However, while zincblende

CdSe nanocrystals can be synthesized along with their wurtzite
counterparts, bulk CdSe only crystallizes as wurtzite. For-
tunately, within the effective-mass approximation, the electronic
structure of the wurtzite crystal can be obtained from its
zincblende counterpart, introducing the crystal field which splits
the hole energy dispersion in a zincblende crystal, degenerate at
the Γ point of the Brillouin zone, into subbands of the light and
heavy holes. Thus, one can describe the zincblende CdSe by
taking the parameters of wurtzite CdSe and setting the crystal-
field splitting equal to zero. These parameters are known from
the experimental investigation of the exciton polariton
dispersion in bulk CdSe.19 The values of the parameters used
in our calculations can also be found in ref.16

While electron−hole exchange interaction splits the exciton
state of a sphere (μz = 0, aspect ratio c/b = 1) into a radiative
triplet and a 5-fold degenerate dark state, μz ≠ 0 induces mixing
between the lower ±1L and upper ±1U exciton doublets, as
illustrated in Figure 2, (a), (b) where we show oscillator
strengths of the optical transitions linearly polarized in the x
direction as functions of the aspect ratio.
Note, however, that Migdal’s theory is not valid for

significantly low or significantly high aspect ratios, and Figures
1, (a), (b) and 2, (a), (b) should be considered as extrapolations.
Indeed, when |μz| = 0.32 (aspect ratios of 1.38 or 0.72), μz

2 ≈ 0.1,
and, strictly speaking, terms of higher orders in μz can no longer
be neglected.
Thus, far, we have not mentioned the direct Coulomb

interaction between the electron and the hole. As this interaction
does not affect the spin degrees of freedom, in the regime of
strong confinement of charge carriers it merely shifts the “center
of gravity” of the excitonic multiplet without affecting its fine
structure splittings.
Now let us consider a nanorod in the shape of a circular

cylinder of radius R and height H. The states of a confined hole
from the valence band Γ8 can be written in the basis of four
cylindrically symmetric wave functions of the form

=
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Here, |Γ8,ν⟩ is the Bloch function at the top of the valence band
corresponding to the hole spin projection ν onto the cylindrical
axis of the nanorod (ν = 3/2, 1/2, − 1/2, − 3/2), xL,n is the n-th
zero of the Bessel function, JL(x)

=
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1 ,

is the normalization coefficient, and n, nz, N, and Nz are natural
numbers such that 1 ≤ n ≤ N, 1 ≤ nz ≤ Nz. These four functions
are characterized by the quantum number M, the projection of
the hole total angular momentum onto the cylindrical axis, z, and
they vanish on the surfaces of the nanostructure. Since these
functions for different n and nz are orthogonal, one can achieve
higher numerical precision by taking into account more values
for these indices.
One can calculate matrix elements of the Luttinger

Hamiltonian17 on these functions and perform numerical
diagonalization of the resulting 4 N Nz × 4 N Nz matrix. This
yields single-particle energy levels of the confined hole for each
particular value of the quantum number |M|. The four lowest
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hole levels in a zincblende CdSe nanorod of the radius R = 30 Å
are shown in Figure 3, (a) as functions of the rod’s aspect ratio.
The hole levels are characterized by the absolute values of the
total hole angular momentum projections onto the rod’s axis.
One can see that the two lowest hole levels characterized,
respectively, by |M| = 3/2 (“heavy hole”) and |M| = 1/2 (“light
hole”), are degenerate at the rod’s aspect ratio close to 0.9.
Unlike the case of a spheroidal nanocrystal, where this
degeneracy corresponded to the case of the highly symmetric
spherical shape, here this degeneracy is rather accidental.
The two lowest hole levels, out of the four shown in Figure 3,

(a), are responsible for the fine structure of the lowest excitonic
multiplet [cf. eq 2]. The fine structure results when we take into
account the wave function of the confined electron and
complement the system’s Hamiltonian by the matrix elements
of the electron−hole short-range and long-range exchange
interactions. Since both the indicesM and ν run through ±3/2,
± 1/2, once the electron spin is taken into account, the
dimension of the matrix to be diagonalized becomes 32 N Nz ×
32 N Nz. As light-hole and heavy-hole excitons can have slightly
different binding energies depending on the cylinder’s aspect
ratio, we also take into account the direct Coulomb interaction
between the electron and the hole. The value of ε0 = 9.6 is used
for the static dielectric constant.20 The resulting exciton fine
structure is shown in Figures 1, (c), (d), neglecting and taking
into account the long-range part of the electron−hole exchange
interaction, respectively. The energy levels are shown with
respect to the average energy positions of the eight lowest
exciton states, calculated at each aspect ratio. Although it is no
longer required by the symmetry, the three lowest exciton levels
are degenerate at the rod’s aspect ratio close to 0.9. One can see
in Figures 2, (c), (d), that, similar to the spheroidal case, the
oscillator strength of the lowest radiative doublet ±1L drops to
zero at this point. However, while for the spherical shape [aspect
ratio 1 in Figures 1, (a),(b)] both the upper ±1U and the lower
±1L doublets are degenerate with the states 0U and 0L, ± 2,
respectively, at the same aspect ratio (as required by the

symmetry), in Figure 1, (d) these degeneracies are clearly seen
to occur at different aspect ratios.
In Figure 3, (b) we show all excitonic levels resulting from the

single-particle hole energy levels shown in Figure 3, (a). The
results of the calculations taking into account and neglecting the
direct Coulomb interaction are shown, respectively, by red solid
and black dashed lines. As the exciton binding energy is larger for
lower exciton states, the exciton levels originating from the two
upper hole levels in Figure 3, (a) appear shifted upward. The
relatively large energy gap separating these upper exciton states
allows one to disregard themwhen considering the fine structure
of the lowest excitonic multiplet, as we did for spheroidal
nanocrystals.
To summarize, in this study we have compared the fine

structure of the lowest excitonic multiplet in spheroidal
nanocrystals and cylindrical nanorods of III−V and II−VI
semiconductors. For spheroidal shapes, the treatment of a
nanocrystal’s nonsphericity was perturbative and was based on
Migdal’s theory, which restricted its applicability to nanocrystals
with aspect ratios close to 1. We have demonstrated that its
responsible application is not limited by introduction of a single
perturbation taking care of the shape nonsphericity, but requires
fine-tuning of the perturbations describing interparticle
interactions which are sensitive to the shape anisotropy, such
as the electron−hole long-range exchange interaction. For three-
axial ellipsoids, similar corrections will cause splittings of
radiative doublets. This mechanism of the radiative doublet
splittings, discussed in refs.18,21,22 and stemming from the
anisotropic long-range electron−hole exchange interaction, is
competing with another mechanism, described in refs.8,9 and
based on isotropic exchange interaction and valence-band (i.e.,
light and heavy hole) mixing. Depending on material
parameters, these two competing mechanisms can lead to
splittings of either the same or opposite signs. Although
contributions to the splittings of the radiative doublets caused
by the mechanism leading to eq 3 are negligible for CdSe and
InP colloidal nanocrystals,2,3 this competition is, in fact, behind

Figure 3. (a) Four lowest single-particle energy levels of a hole confined in a zincblende CdSe cylindrical nanorod of radius R = 30 Å and height H
shown as a function of the nanorod aspect ratio,H/2R. The levels characterized by the hole total angular momentum projectionsM=± 3/2 andM=±
1/2 are shown by red and blue lines, respectively. (b) Same as Figure 1, (d) but with more energy levels shown. Also shown with black dashed lines are
results obtained neglecting direct Coulomb interaction.
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recent proposals23,24 and experimental reports25 of fine structure
splitting cancellation in InAs epitaxial quantum dots.
Despite its restrictions, in many cases Migdal’s theory is

capable of producing analytical results4,5,8,9 and is very robust
and convenient. Our treatment of cylindrical nanocrystals was
free of any restrictions on the cylinder’s aspect ratio but involved
rather tedious numerical calculations. Yet, when compared,
Figures 1, 2, (a), (b) and Figures 1, 2, (c), (d), obtained,
respectively, for spheroidal and cylindrical zincblende CdSe
nanocrystals with the circular cross-section of radius R = 30 Å
and various aspect ratios, demonstrate very similar qualitative
behaviors. Thus, it appears that, in some cases, the treatment
based onMigdal’s theory can be used beyond its formal limits of
validity, at least for a qualitative analysis.
For spheroidal nanocrystals, the degeneracy between “light”

and “heavy” holes occurs for the spherical shape and is,
therefore, dictated by the symmetry. For cylindrical shapes, this
degeneracy is rather accidental. As a result, the role of direct
electron−hole Coulomb interaction is different in the two
models. For cylinders, the light- and heavy-hole excitons have
slightly different binding energies and, therefore, the degeneracy
point between light- and heavy-hole exciton levels (when the
exchange interaction is neglected) can be shifted (if the direct
Coulomb is strong enough) with respect to the degeneracy point
between energy levels of the confined light and heavy holes. For
the same reason, the direct Coulomb interaction affects
splittings between sublevels of the lowest excitonic multiplet
in cylindrical nanocrystals [cf. Figure 3, (b)]. For spheroids, the
degeneracy point occurs for the spherical shape whether we take
the direct Coulomb interaction into account or not. This
interaction merely shifts the “center of gravity” of the multiplet
without affecting the splittings between its sublevels.
The approach based on Migdal’s theory assumes that the fine

structure of the lowest excitonic multiplet is only affected by the
four lowest spin states of the confined hole, which might not
always be the case. Our treatment of cylindrical nanocrystals is
more flexible in this respect.
We have tested the model of a cylindrical box for the

structures with aspect ratios close to 1, where the traditional
perturbative model based on Migdal’s theory is valid. However,
the former model should unveil its potential for nanorods which
were defined in a recent review26 as having aspect ratios from 2
to 50.
Finally, we should note that Migdal’s approach can be

employed to address in-plane anisotropy of cylindrical disks or
rods within our treatment.
We believe that insights into exciton fine structure offered by

the comparison of the two models presented here are relevant to
both colloidal and epitaxial quantum dots.
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