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Abstract

The number of standard Young tableaux of a skew shape A/u can be computed as a sum
over excited diagrams inside A. Excited diagrams are in bijection with certain lozenge tilings,
with flagged semistandard tableaux and also nonintersecting lattice paths inside A\. We give
two new proofs of a multivariate generalization of this formula, which allow us to extend
the setup beyond standard Young tableaux and the underlying Schur symmetric polynomials.
The first proof uses multiple contour integrals. The second one interprets excited diagrams as
configurations of a six-vertex model at a free fermion point, and derives the formula for the
number of standard Young tableaux of a skew shape from the Yang-Baxter equation.

1 Introduction

The hook-length formula of Frame-Robinson-Thrall [FRT54] for the number of standard Young
tableaux often goes with the adjective “celebrated”: it is a remarkably rare phenomenon for a
class of partially ordered sets to have a product formula for the number of their linear extensions.
For a partition A, the number f* of standard Young tableaux (SYT) of shape A is given by
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where h(i,j) = A; + A} —i — j + 1 is the hook length of the box (4, j) in the Young diagram of A.
This formula has seen many different proofs, from combinatorial to probabilistic and algebraic,
each bringing out different ideas and properties.

The immediate generalization of standard Young tableaux, the skew standard Young tableaux,
do not have such nice product formulas. The number f** of skew standard Young tableaux of
shape A/u is usually represented via determinants or sums of weighted Littlewood-Richardson
coefficients. Ten years ago Naruse [Narl4], following work in [IN09], announced a remarkable
formula, which directly generalizes (HLF):
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where £(A\/p) is the set of so called excited diagrams of 1 inside A, and h(7, j) is the hook length
of the box (7, j) within A. The origins of this formula lay within equivariant Schubert calculus.



Formula (NHLF) attracted a lot of attention with its elegance and prompted a flurry of
activity bringing in various proofs (including [MPP18b, MPP17, Kon20a, GKMK23]), generaliza-
tions (among them [NO19,MZ20, MPP23,ST21, Par22, KS19, MPP22]), wide-ranging applications
(see e.g. [HKYY19,JM23, MPP18a, FSTV23, CPP21,Pak21]) and other variations on the theme
(e.g. [Kon20b, MPP23]). Its multivariate version appeared in the proofs and applications of
[MPP17, MPP19] in the context of lozenge tilings, but in its most explicit and general form it
was stated and proved via elaborate but elementary combinatorial manipulations in [GKMK23]:
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where 2(D) = >, cp %) for every excited diagram D, H(u) is the hook of u within A, and

> k] = {u € \/u, T(u) > k} is the set of boxes in T occupied by entries > k. In the case of
= & this formula is due to Pak-Postnikov (see [GKMK23] for a detailed account). Setting all
z; = 1 recovers (NHLF).

In the present work, we give two completely self-contained and short proofs of formula (1.1),
which are different in nature from the approaches so far and are not combinatorial. Our central
identity in Theorem 1.1 below is equivalent! to (1.1), and we refer to it as the skew multivariate
hook-length formula (skew-MHLF). Given a Young diagram A with n = ¢(\) nonzero rows and
formal variables ¢1,%2, ..., we set x; == t),4n—i+1 for ¢ =1,...,n, and set the remaining t’s equal
to the variables y: {y1,v2,...} = {t1,t2,...} \ {z1,...,2,}. For example, for A = (2,1), we have
n =2, x1 = t4, xo = t9, and y; = t1, yo = t3, y3 = t5, and so on.

Theorem 1.1. Let p C X be two Young diagrams, and ty,ts, ... be formal variables. Then
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where for a skew Young diagram T[> k] = M\/v occupied by entries > k in a SYT T, we
set T71[< k] = v (by agreement, T~'[< 1] = u), and denote t(v) == > ; ta4n—it1 — tustn—i+1-
Here N is the transpose of \ .

In Sections 2 and 3, we provide the necessary background and a general formalism for obtaining
sums over skew standard Young tableaux from Pieri-type rules.

Our first proof of Theorem 1.1 given in Section 4 evaluates a contour integral of a multivariate
rational function in two different ways. The first evaluation gives a recursion (Pieri-type formula)
which builds up standard Young tableaux one box at a time, and produces the left-hand side
of (MHLF). The second evaluation of that integral gives a determinant of weighted lattice
path counts, which via the Gessel-Viennot formula is equivalent to a weighted enumeration of
non-intersecting lattice paths inside A, themselves equivalent to the excited diagrams in the right-
hand side of (MHLF). We also derive in Proposition 4.12 an analogous multivariate version of
the Okounkov-Olshanski formula studied in [MZ20)].

!By setting z_n4i = tir1 — ti, where n = £()\), see Proposition 4.11.



The second proof of Theorem 1.1 given in Section 5 interprets the identity through integrable
vertex models. More precisely, we interpret the sum over excited diagrams in the right-hand
side of (MHLF) as a partition function in the six-vertex model at a free fermion point. The
vertex model lives inside the Young diagram A, and the boundary conditions depend on pu. Using
the R-matrix and Yang-Baxter equation, we show that this partition function obeys a recursive
formula, building up the SYTs in the left-hand side of (MHLF).

These proofs clear some of the hanging mysteries around the skew hook-length formula (NHLF).
Both methods allow to generalize this formula to a sum over semistandard Young tableaux
(SSYTs) instead of SYTs, as well as to other tableaux. See Appendix A for one possible gen-
eralization. Connecting vertex models to excited diagrams suggests a broad class of boundary
conditions for the six-vertex model. It would be interesting to explore the corresponding parti-
tion functions beyond the free fermion point. Note also that both proofs suggest explicit ways of
generalizing formula (MHLF) to the level of Hall-Littlewood and Macdonald polynomials. As an
illustration, in Appendix B we produce an identity at the Macdonald level.
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2 Background and definitions

2.1 Partitions and Young tableaux

A partition X\ of an integer N is a sequence A = (Aq,...,A\g) of integers \y > Ay > --- > A\ > 0,
summing up to N, ie., [A| == Ay +--- 4+ A\ = N. We denote by ¢(\) = max{i : \; > 0}
the length of the partition, and by A its conjugate transpose, i.e. A, = max{j : \; > i}. We
represent partitions graphically as Young diagrams, with top row having A;, and so on. For
example A\ = (4,2,1) has Young diagram BE‘I‘ We use the same notation X for the partition and
its Young diagram (a set of boxes in Z>; X Z>1), and it would be clear from the context which
one is meant.

A skew shape (diagram) \/p is the set of boxes in the Young diagram of A but not in the
diagram of p when both are drawn with top left corner coinciding. We view skew shapes \/u as
sets of boxes in Z>1 X Z>1. When using the notation \/u, we always assume that p C A, that is,
wi < A; for all i. When p = @, we have A\/u = A. Denote by |A/u| the number of boxes in A/
(called size).

A standard Young tableauxr (SYT) of shape A/ is a bijection T : A/pn — {1,...,|A\/p|}, such
that T'(a,b) < T(c,d) whenever a < ¢,b < d. For example, all SYTs of shape (3,2)/(1) are
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A semistandard Young tableaux (SSYT) of shape A\/p and type aisamap T : A/ p — {1,...,¢(«a)},
such that T(a,b) < T(c,d) for a < ¢, b < d, T(a,b) < T(a,d) for b < d and |T~*(i)| = o;. The
last condition means that the number of boxes filled with i equals «;. Here « is a composition
(i.e., a partition without the ordering condition). A flagged SSYT [Wac85] of shape A and flag
f = (f1,..., feen)) is an SSYT T, such that in addition, T'(i, j) < f; for every i =1,...,£(\). We
denote the sets of SYTs and SSYT's of shape A/ by SYT(M\/u) and SSYT(M\/u) respectively, and
the set of flagged SSYTSs of shape p with flag f by SSYT(u;f). By convention, all tableaux and
skew tableaux are filled with numbers starting from 1.

2.2 Excited diagrams, lozenge tilings and non-intersecting lattice paths

FEzcited diagrams have appeared many times in the literature, including e.g. [IN09, KMY09,
Kre05, Wac85]. One definition uses the following recursive procedure. Let D be a set of boxes in
A. An excited move on a box in D shifts that box by one along its diagonal as long as none of its
immediate neighbors below, to the right or down the diagonal are in D:

-

Then the set £(A/u) is the set of all diagrams in A\ which can be obtained from D = p after
performing a set of the above moves. For example, all excited diagrams in £((3,3,2)/(2,1)) are
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It was observed that excited diagrams in £(A/pu) bijectively correspond to flagged SSYTs of shape
p with the flag condition f; = max{j: \j—j > p; —i}. The correspondence is depicted on the left
side of Figure 2, and is given as follows. For D € £(\/p), create an SSYT T given by T'(i,j) = r,
where 7 is the row index of the location of the initial box (7, j) from p in the excited diagram D.
This is pictured in the second subfigure of Figure 1.
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Figure 1: The many faces of excited diagrams. From left to right: An excited diagram in E(A/pu)
for A = (6,6,5,5,4) and u = (3,3,2); the corresponding flagged SSYT (with f = (3,4,5)); the
nonintersecting lattice paths; and the lozenge tiling.

In [MPP17] and separately in [Kre05], it was observed that excited diagrams are also in
bijection with non-intersecting lattice paths within A which start at the lower border and exit at
the right border of A\. They are formed exactly by the squares in A\ D, as illustrated in the third
subfigure of Figure 1.

It was then observed in [MPP19] that excited diagrams are in a bijective correspondence with
restricted lozenge tilings of a region with lower boundary given by p, which can be viewed in 3D



as a stack of boxes in the corner of a room with base p and height d, which depends on A. To
see this, let T' be the flagged SSYT corresponding to D, we then stack d —T'(i, j) 4+ 7 many boxes
on the square (i, j) of p. The partition A determines how low each column can be, see the last
subfigure in Figure 1.

2.3 Symmetric functions

While the idea of the present paper is not to rely on any symmetric functions formalism and
identities, many of them appear in our applications. For the background definitions we refer
to [Mac95, Sta0l]. The elementary and (complete) homogeneous symmetric polynomials are

er(T1y .. my) = E Tiy Tiy -+ * Ty hi(z, ..., xy) = g Tiy Tig ** * Ty -
1<i << <n 1< << <n

Their generating functions are, respectively,
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The factorial Schur polynomials are defined as follows:
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where a1, as,... is an arbitrary sequence of shifts, and
Az) = H (x; —xj) (2.2)
1<i<j<n

is the Vandermonde determinant. When all a; = 0, we obtain the classical Schur polynomials,
su(xz) = su(x | 0). Factorial Schur polynomials admit many nice properties common with the
Schur polynomials [BL89], [Mac92, 6th variation], [MS99, Mol09]. In particular, there is the
following combinatorial formula:

su(wr, . anla) = D [TErw = or@tew); (2.3)
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where for a box u = (i,7) in the Young diagram of p, the content is ¢(u) = j — 4, and T'(u)
is the value of T in that box. The entries in 7' must be < n.2 We also employ interpolation
Macdonald polynomials in Appendix B which admit a combinatorial formula similar to (2.3), but
not a determinantal formula like (2.1).

It is possible to insert infinitely many variables into s,(--- | a) within the formalism of symmetric functions
and drop the condition 7'(u) < n, but we do not need this here.



3 How to get sums over skew standard Young tableaux

3.1 General formalism

Here we present a general formalism for obtaining summation formulas over skew standard Young
tableaux (SYTs) which come from certain vanishing properties and Pieri rules. The main state-
ment of this subsection, Proposition 3.2, appeared in the particular case of the factorial Schur
functions in [MS99, Proposition 3.2], with essentially the same proof.

Assume that Z,()) is a function of two Young diagrams. It may be complex-valued, and can
in addition depend on some parameters.

Remark 3.1. In applications, we obtain Z,(\) as a specialization of a symmetric polynomial
F,(x1,...,2,) (like the factorial Schur polynomial s,(x1,...,z, | @) (2.1)) into the variables
x; = xi(A), 1 < i < n, which depend on \. See Section 3.2 for a list of examples. However, a
connection to symmetric polynomials is not necessary for the results of the present Section 3.1.

We assume that the quantities Z,,()\) satisfy the following conditions:
o (Vanishing property) Z,,(X) = 0if p € X, and Z,, (1) # 0 for all p.

e (Pieri rule) There exist quantities p,(\) and constants C,,, such that for all ;1 and A we have
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Here the sum is over all v with |v| = |u| + 1 which are obtained from g by adding a box, and
such that v C A. We also assume that p,(\) # 0 for all © C X with ¢ # A. Note that the
vanishing property and the Pieri rule imply that px(A) must be zero.

Proposition 3.2. Under the vanishing property and the Pieri rule (3.1), we have for any pair
of Young diagrams p C A:
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Here, for a skew Young diagram T[> k] = \/v occupied by entries > k in a standard tableau
T € SYT(\/u), we set T~[< k] = v (by agreement, T™1[< 1] = ).

Remark 3.3 (More general Pieri rule). The Pieri rule may be extended to add more than one
box at a time. If S*(u) denotes the set of allowed Young diagrams v D p, then (3.1) can be

generalized to
PN Zu(N) = D CZu(N). (3.3)
vEST (1)

If we apply (3.3) as in Proposition 3.2, we obtain a sum over plane partitions 7" whose equal
entries occupy shapes contained in ST(a)/a. This can produce sums over semistandard Young
tableaux (SSYTSs), strict increasing tableaux (SIT) as in [MPP22], or other types of tableaux of
skew shape A/u. We present an example in Appendix A.



Proof of Proposition 3.2. We have from (3.1):

CV/M
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Continuing this process for each Z,,(\), we add more boxes to the Young diagrams until we reach
the Young diagram A. Then we cannot add any more boxes due to the vanishing property of the
interpolation symmetric functions. As a result, we obtain the desired sum over the skew standard
Young tableaux of shape A/u. This completes the proof. O

Under very general assumptions, Proposition 3.2 represents Z,(\) as a sum over SYTs as
in the left-hand side of the multivariate hook-formula (MHLF). The right-hand side Z,()) in
formulas like (MHLF) usually has a combinatorial interpretation. Finding such an interpretation
is a problem on its own.

3.2 Interpolation symmetric polynomials

Many examples of families {Z,,(\)} satisfying vanishing and Pieri rule are provided by interpola-
tion polynomials F,(x1,...,x,) appearing in the theory of symmetric functions. Specializing the
variables, we obtain

Z,(\) = Fu(x1(\), - .- 2n (V). (3.4)

Interpolation properties of F,(x1,...,xy) lead to the vanishing, and the Pieri rule is inherited
from symmetric polynomials. Examples based on interpolation symmetric polynomials include:

e Factorial Schur polynomials s,(x1,...,z, | a) (2.1) is the main example we consider in the
present paper. Note that in both our approaches (via integrals and vertex models), we reprove
the required properties of factorial Schur polynomials from scratch, without using the theory
of symmetric functions. From this point of view, the essence of the skew hook-length for-
mula (MHLF) is the identification of the specialization Z,(\) (3.4), where z;(\) = a),4+n—i+1,
1 < i < n (the a’s are the shifts in the factorial Schur polynomials), with a sum over excited
diagrams. The two proofs of this identification we present here did not explicitly appear in the
literature.

e Interpolation Macdonald polynomials 1,(x1, ..., xp;q,t) and the corresponding symmetric func-
tions [KS97, Kno97, Sah96, Oko98a, Oko98b], see also [Ols19]. For interpolation Macdonald
polynomials, the quantities

H L@ ). V):a.0) (33)
Mae L™ ), ()i, 1)

are multivariate (g, t)-analogues of the binomial coefficients [Oko97]. Note that the normal-
ization in (3.5) differs from the one in our sum over SYTs (3.2). We discuss the Macdonald
example in further detail in Appendix B. In particular, the specialization which ensures the
interpolation is defined in (B.1).

e Balanced elliptic interpolation functions [Rai06], see also [CGO6].



o Factorial Hall-Littlewood polynomials considered in [NN23].
e Factorial Grothendieck polynomials [McNOG6], see also [MPP22].

e Inhomogeneous spin q- Whittaker polynomials [Kor24].

4 Proof by contour integrals

4.1 A family of integrals

Let f;j(u | a) be a family of polynomials in one variable u depending on parameters a = (a1, ag, . . .).
Define the following n-fold contour integral indexed by a partition p with n > ¢(u):

Fux|a)=Fy(z1,...,2, | a) = (—1) 3) 27“/_ f ?{H f“ﬁ_n ;Zul |j; A(u)duy - - dup,

(4.1)
where ~ is a positively oriented contour which contains all the poles z1,...,x,, and A(u) is the
Vandermonde determinant (2.2).

In this section, we evaluate the integral (4.1) in two ways, via the residues at the x;’s, and via
the residues at u; = 0o, 1 <4 < n. Choosing appropriate polynomials f; produces a proof of the
skew hook-length formula (MHLF) (Theorem 1.1). Namely, throughout the rest of this section,
we set A

J
fi(w) = fi(u | a) = [J(u—a). (4.2)
i=1
Taking other polynomials f; in (4.1) produces generalizations of the skew hook-length for-
mula (MHLF). We discuss one such generalization in Appendix A.

4.2 Determinant in disguise?

The integral F), defined via (4.1)—(4.2) can be identified with the factorial Schur polynomial s,
(2.1). This fact is not needed for our proof of (MHLF), but we include it for completeness.

Theorem 4.1. With f;j(u) defined in (4.2) we have that Fy(x1,...,2n | a) = su(x1,..., 25 | ),
where s,, is the factorial Schur polynomial given by the determinantal formula (2.1).

Proof. We evaluate the integral (4.1) by the residue formula at poles u; = Ty ;) for all possible
assignments of the poles to the variables, which are encoded by o € {1,...,n}". Note that if
o(k) = o(l) for some k # [, then

fuitn—i(To())
Resu:xd = ¢ (xa(z — xa(- ) = O,
Hj;éa(i)(xo(i) — ;) g ) 7

as the Vandermonde factor vanishes. Thus, nonzero residues appear only when o is a permutation.



We then observe that
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and summing over all permutations o gives A( det[ Juign—i(x;)]? 'i—1- ldentifying that determi-
nant with (2.1) and s,(« | a) completes the proof. O

The rest of this section does not rely on Theorem 4.1.

4.3 Pieri rule

Here we show that the integrals F), (4.1)-(4.2) satisfy a Pieri rule. Let ¢; = (071, 1,0"7) be the
i-th elementary vector.

Proposition 4.2. We have

ZFMJFEZ (x| a) <Z i — Zauﬁ-n Z+1> ul | a), (4.3)

where Fyye, (x| a) =0 if p+ € is not a partition (i.e., does not weakly decrease).

The integral F), (4.1)-(4.2) is defined for any sequence p which not necessarily a partition.
Moreover, note that if pu; + 1 = p;41 for some 4, then p; +n —i = pip1 +n — (i + 1), and
so the product of the f,,;,—;’s contains two identical terms. Therefore, the integrand becomes
antisymmetric in u;, u;+1 thanks to the factor u; —u;+1 coming from the Vandermonde. Since all
integration contours are the same, the integral vanishes when p; + 1 = p;41. Thus, in (4.3), only
the terms for which p + ¢; is a partition survive.

Proof of Proposition 4.2. Identity (4.3) follows from the computation:?

n n
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3Notation 14 means the indicator function of the condition A.




In the first line, we used the fact that

(’U,‘ — Qpi+ —'+1)a if j =1,
fui1izy4n—i(5 | @) = fujan—j(u; | @) x { o £ A

which implies that

ZHfuﬁ-l, j4n—j(uj | a) (Z Ui = Qpitn— z+1) Hfuﬁ-n —j(uj | a). (4.4)

i=1 j=1

In the second line, we used the fact that nonzero residues appear only at permutations: u; = T (;),
1 <4 <n. The latter implies that Y ;" ; u; = > ; ;. This completes the proof. O

The observation (4.4) is the crux of the proof of Proposition 4.2. We use a similar idea to get
a generalization of the Pieri rule (and the skew hook-length formula) in Appendix A.

4.4 Lattice paths and SSYTs

Let us now evaluate the same integral F,(z | a) (4.1)-(4.2) using the residues at u; = co. We then
interpret the result in terms of weighted non-intersecting lattice paths. We consider a slightly
more general setup. Let b = (b1, b2, ...) be a family of parameters, the polynomials f;(z | b) be
defined by (4.2), as before, and m = (mj,ma,...) be a sequence of nonnegative integers. We
define

o g 1 fm—&—mZ L(U‘L|b) Wdu - - - du
Fum(x | b) = (=1) )7(27r\/—_1)"f fl:[ o Aw)duy - du,,  (4.5)

j ‘L])

where the contour v encompasses all the poles 1, ..., x,. We recover the original definition (4.1)
by setting b; = a; and m; = n for all 4, j.

Proposition 4.3. We have

Fum(z | b) = det[P/}™ (x| b)]7j-1, (4.6)
where o
Hitj—1i

PE™a|b) = > (=1 er(br,- -, bprmi—i) Bt jior (1, T, (4.7)
r=0

Proof. The integral (4.5) becomes, after changing the variables u; = 1/v;:

[ yemati/l) o
271’\/_ f f zl;[l (1/1)1 _ m,]) (1/’[))d'l)1 d n

where the integration contour 4" goes around 0 in the negative direction, and leaves the poles

:Ul_l, ...,x, 1 outside. The integrand becomes

—pi—m;+i

(1)) [T b (1 vbemimi)v
i=1 v (1 = wviry) .. (1 — viTm,) ",
‘ 1 (1 —vib1) ... (1 — vibp,sm,—i) '
=(-1)"A - . i i )
(=1)"A(v) £[1 véu-i-n—z—&-l 0= viz1) - (1 — vitm,)
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Expanding the Vandermonde determinant as A(v) = > ¢ sgn(o)vy™ "' ...vp77", and further
using the generating functions for the elementary and complete symmetric functions, we can
continue (4.8) as

n

n 1 - T T
= (—1) Z sgn(a) H W Z Ul+k(—1) er(bl, N 7b#i+mi—i)hk('x17 e ,l’mi).

o€Sn i=1 "4 r,k=0

Taking the residue at all v; = 0 (note that (—1)" is absorbed by changing the orientation of the
contours), we arrive at the condition k = u; +0; —i —r. Replacing o; by j leads to a determinant
of the P/™’s, which coincides with the desired expression. O

Remark 4.4. If b = (0,0,...) and m = (n,n,...), we have Fj, m(z | b) = su(z1,...,2,). Since
in this case PZ“ ]?m = hy;+j—i(x1,...,2,), we recover the classical Jacobi-Trudy identity [Mac95,
(IL3.4)].

Let us interpret (4.7) as a partition function of weighted lattice paths.

Lemma 4.5. Let x1,x0,... be indeterminates and ...,b_1,bgy,b1,... be parameters. Consider
directed lattice paths L starting at (—s + 1,1) and ending at (k + 1,n), which make up and right
steps (several such paths are in Figure 2, right). To each horizontal (right) step (r,t) — (r+1,t)
we assign the weight w(r,t) := x; — byyy. Define the weight of a path by w(L) = [],cp w(u),
where the product is over all horizontal steps of L. Then

k+i
Z ’LU(L) = Z(_l)rer(bfﬂr%---yboabla---abk—f—n)hk—i-i—r(-rl;---axn)- (49)
L:(—s+1,1)—(k+1,n) r=0

Proof. The right-hand side of (4.9) can be rewritten as

> (=1 > biy -+ bi, sy -

r 1< <ip,J1<g2 <o

The indices of the b’s define r diagonal strips Dy = {(u,v) : i — 1 <u+v < ip}. Set D = UyDy.
We create a path L by greedily picking the horizontal steps ji,js,... from the vertical line
at (—s + 1,1) to the right as follows. If (—s+ 1,j1) — (—=s+ 2,71) € D, then we add this
step to L with weight x; and continue. If it is in D, then we find the largest index ¢ < i,
such that (—s+1,71) = (—¢+1,j51) € D, but (=0 +1,j1) = (—¢+2,51) ¢ D, then we add
(=s+1,51) = (=€ +2,j1) to L with weight bj, _;41---bj—¢+12; and note that we must have
i1 = j1—i+1. We then continue with jo starting from (—¢+2, j;) and build up L via its horizontal
steps. We see that the weight we picked up this way is obtained by selecting the corresponding
terms from each of the brackets (x; — b;4;) along the path, picking up a weight b if the horizontal
step is in D and a weight = otherwise.

This is a bijection with the monomials in the left-hand side of (4.9). Indeed, to see the inverse
map, taking a path L we select a term from each bracket. If we select the term b, at the ¢’th
horizontal step (so tth bracket), we set D, = {(u,v) : £ —1 < u+ v < ¢}, where p is the number
of b terms selected so far. We also set i), := . The brackets where x’s were selected then produce
the j indices. O
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Applying Lemma 4.5 with & = p;—1i, s = j and n = m;, we obtain the following interpretation:

Corollary 4.6. With the notation from Lemma 4.5 and (4.7), setting b; = 0 for i <0, we have

P (2| b) = > w(L). (4.10)

L: (=j+1,1) = (pi—i+1,m;)

Theorem 4.7. We have the following combinatorial formula for the functions F, ym (4.5):

Fum(@|0)= > [[Erw = bresew): (4.11)

TeSSYT(p;m) vEQ

where SSYT(u; m) is the set of all flagged semistandard Young tableaux (see Section 2.1) of
shape p and flag m = (my,ma,...).

Proof. The statement follows by combining Proposition 4.3 and Corollary 4.6. Starting from
(4.6), let us rewrite this determinantal formula as a sum over lattice paths. This is possible
thanks to the Lindstrom-Gessel-Viennot lemma [Lin73, GV85]. The lattice paths corresponding
to the determinant have weights P/" (z | b), start at (—i+1,1), and end at (y1;—j+1,m;). These
lattice paths are in a well-known bijection with SSYTs: the path starting at (—i+ 1,1) is the ith
row of the SSYT T, and the entries are the levels of the horizontal steps. The non-intersecting
condition ensures that the columns are strictly increasing. If (7, ) is a cell in an SSYT T, then
T(i,j) is equal to the height of the path starting at (—i + 1,1) at its j'th step. Thus, T'(i,5) =t
if the step is (—i +j,t) — (i +j + 1,t), and the weight of this step is w(—i + j,t) = x4 — b_iyj4¢.
See Figure 2 for an illustration. Since c¢(i,j) = j — i, this weight matches the tableau weight in
the right-hand side of (4.11).

Note that nonintersecting conditions force the lattice path starting at (—i + 1,1) to initially
take i — 1 vertical steps and continue through (—i + 1,4), which ensures that all indices of b

appearing in (4.11) are at least 1. O
11|02 N b7
e &
4 15 T2 " 4;;.-".:():'5
T b1

-2 -1 0 1 2 3

Figure 2: A semistandard tableaux of total weight wt(T") = (z1—b1)(x1 —b2)(xe —by)(x2—b1)(x3—
b3)(zg — bs)(x4 — b2)(x5 — by) and its corresponding non-intersecting lattice path configuration.

As a hint to our final step, and for completeness, let us obtain as a corollary the combinatorial
formula for factorial Schur polynomials (2.3):

12



x1

Ys

Ya
T3

m yz
0 1 2 3 4 5)

Figure 3: The parameter sequence a*. Here A\ = (5,4,3,2) is the blue path, with labels on the
steps giving a® = (y1, 2, %4, Y3, T3, Y4, T2, Y5, r1). The shape u = (3,1) is drawn in red, and the
diagonal lines that start from the end of the rows of y are shown meeting A in rows m; = 2,
mo = 3, m3 = 4.

Corollary 4.8. For m = (n,n,n,...) and p a partition, formula (4.11) reduces to the one for
the factorial Schur polynomials (2.3):

su(w|a)=Fum(@la)= D [[@rw = or@icw):

TeSSYT () vER

Proof. Theorem 4.7 applied to parameters a with m; = n gives the desired right side, as the flag
condition becomes trivial and we are summing over all SSYT of shape u. To see the left side, we
invoke Theorem 4.1 with m; = n, and observe that integral matches (4.5). O

4.5 Partition functions of excited diagrams

Here we specialize the parameters a in the integral F},(z | a) (4.1) into a sequence containing z’s
and y’s, where the order of the variables is determined by another Young diagram A. Namely,
let the boundary of A be a lattice path L from (0,1) to (A1,n), encoded as a sequence of U(p)
and H(orizontal) steps, so Ly, yn—i+1 = U are the vertical (up) steps for i = 1,...,n. We write
a variable y; for a horizontal step at column j and a variable z; for the vertical step at height i.
See Figure 3 for an illustration. In detail, reading along L, we record a sequence of x’s and y’s
as the entries for a:

a§i+n—i+1 =wx;, and ap =y, for i1 +n—i+1<r<N+n—i, setting j, =7 —i. (4.12)
We now consider the combinatorial interpretation of F},(z | a*) as excited diagrams.

Proposition 4.9. Let E(\/u) be the set of excited diagrams of u inside A. Then

Fulz|a)y= > [ (@i-w)

De&(M p) (i,5)€EXN\D
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Proof. Substituting ¢ into the initial integral formula (4.1), we obtain many cancellations. De-
note m; = min{¢ : \y < p; + ¢ — i} — 1, so m; is the row index where the diagonal from (i, y;)
meets the outer boundary of the Young diagram X (see Figure 3). We then observe that

(ai‘, aé\, o ,aﬁﬁn_i) = (Y1 Try e oo s Tt Ly -+ > Ypuimi—i )
that is, the last = variable appearing is ,,,+1. We can cancel some of the terms in the integrand
of formula (4.1) of F, as

(wg —y1) - (ug — @) - (Ui — Tor1) - (W — Yppmi—i) (Wi — Y1) - (Ui — Yusmy—i)

(u; —an) - (u; — 21) (u; — Tm;) - (ug — 1)

Then the integral formula becomes

_ (-nl) (ui —y1) - (Ui — Yrm—i) B
Fu(xa’\)mﬁ...ﬁg ( £ Au)duy ... dun = Fym(z | y),

Ui — ) - (i — 1)

where Fj, m(x | y) is the generalized integral (4.5), with parameters b replaced by y.

We can now apply Theorem 4.7 to interpret F), m as a sum over flagged SSYT. Our final step
is to identify these flagged SSYT with excited diagrams with the corresponding weight. The map
from an excited diagram D € £(A/u) to a flagged SSYT T of shape p and flag f; = max{j :
\j —j > pi — i} was discussed in Section 2.2. We observe that f; = m;, so we have the same set
of SSYTs. Finally, if for a box v = (i,5) € u we have T(i,j) =t, then T'(i,7) + c(i,j) =t+j —i
is the column index of the corresponding excited box and T7(y) — Yr(v)4e(w) = Tt — Yi+j—i and
(t,t+j—1i) € A\ D is the corresponding box. This completes the proof. O

The interpolation property of the factorial Schur polynomials s,(x | a) = Fu(x | a) (see
Theorem 4.1) can be derived directly from Proposition 4.9. This property is originally due to
[Oko98a] (see also [Oko96,0097]), and can be alternatively shown using the double alternant
formula (2.1).

Corollary 4.10. Let \ be a partition and a* be defined in (4.12). Then

F(x la)=0ifpZ N and Fy(z|ad) = H (i — yj)-
(1,7)EAX

Proof. For i € A, there are no allowable flagged SSYT/excited diagrams, and thus F,,(z | a*) = 0.
For A\ = pu, the only possible flagged tableau is the one with T'(, j) = i, whose weight for the box
(4,7) is x; — y;j. This completes the proof. O

4.6 Proof of the generalized hook-length formula and Theorem 1.1
The generalized (multivariate) skew hook-length formulas (1.1), (MHLF) follow from evaluating

Fu(x | a*) in two different ways. One is recursively by the Pieri rule adding boxes to p until
it reaches A, and the other is the combinatorial interpretation for s, given in Proposition 4.9.
This approach closely follows the general formalism of Section 3.1. First, let us establish the

equivalence of the two formulas:
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Proposition 4.11. Formulas (1.1) and (MHLF) are equivalent.

Proof. Throughout the proof, we use the notation from the Introduction (Section 1), more pre-
cisely, the definitions after formula (1.1) and in Theorem 1.1.

We start from the right-hand sides. Given shapes u C A, set n = ¢(\) and N = |\/pl.
Given z_p41,...,25-1 as in (1.1), set g = 0 and t; = z_y, + -+ + 2_p4i—1 for i > 1, so that
Z_pyi = tit1 — ;. Next, rename ty,4pn41-; = x;, and denote the rest of ¢1,t2... by y1,y2,....
That is, t = a* (4.12). Observe that with this notation, if u = (4, ) is a box in ), then we have
telescoping along the hook:

z(H(u)) = =Xt Zjexpr o 2
= ti—it1 — Dyn—i t Ditn—i — Iytn—im1 = — Lipnox
=Ti—Yj-
In the last equality, we noted that ¢;.,, N, = Yj, as this is the jth horizontal step of L, the outer
boundary of the Young diagram .

For the left-hand sides, pick T € SYT(A/u), and let v = T~![< k] be an intermediate shape
occupied by the entries < k in T. We have

n

(@i — tyan—it1) = > (Tni1-i — tupn—it1)
i=1

t(v) =

-

s
Il
—

n

(Ean—it1 — brgm—it) = D (Zu—ips + -+ 2x,-0) = 2(A/v),
=1

I
'Mﬁ

&
I
—

which completes the proof. O

Applying Proposition 3.2 with the Pieri rule and the vanishing property for Fj, given in
Proposition 4.2 and Corollary 4.10, respectively, we obtain (with ¢ = a’):

1 €z = x| at
ucmc;cw:ﬁ(u)t(ul)---t(uNl)F“ [ 8) = Fu(z | a®), (4.13)

where p/pi~! = (1) for all i, and so each such sequence corresponds to a standard Young tableau
of shape \/u. Dividing both sides by Fy(z | @) (given by Corollary 4.10), we identify the ratio
F.(z | a)/Fx(z | a*) as a sum over excited diagrams £(\/u), thanks to Proposition 4.9. This
completes the proof of Theorem 1.1.

4.7 The generalized Okounkov-Olshanski formula

In [MZ20], Morales and Zhu obtained a variant (via reverse excited diagrams in a shifted shape,
or certain SSYTs) of (NHLF) which they coined as the Okounkov-Olshanski formula (OOF).
The derivations above can be used to give a multivariate version of formula (4.13), too. This
derivation was suggested by Alejandro Morales.
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We start with equation (4.13) and the same notation. Let us apply the combinatorial formula
(Corollary 4.8) to Fy(x | a) = su(x | a) = su(xn,...,21 | a), where the variables can be reversed
because these polynomials are symmetric in the z’s. Then, let us substitute a = a*. We obtain:

1
2 el = 3 T ennerw = o)

uCpul Cu--cuN=> TESSYT(u) u€p

The terms in the product on the RHS can be written in terms of the parameters ¢;:

1
2 t(u)t(ﬂl)---t(ﬂN‘l)FA(x‘GA): > s = tronrew):

uCplcu2--CcuN=>x TeSSYT(u) uep

Substituting the value for Fy(z | a*) from Corollary 4.10 we arrive at the following formula.
Proposition 4.12. Let u C A be two Young diagrams and t1,to, ... formal variables. Then
[A/ 1l
1 1
> M- 1 —

txidn—icl — binm
TeSYT(\/p) k=1 (i,7)EN Ait+n—i+1 jn—X,

X ( Z H Ap1-T(u)+T(w) _tT(U)+0(U))>7

TeSSYT(u) uEp

(MOOF)

where the notation follows Theorem 1.1.

The tableaux appearing in the Okounkov-Olshanski formula are not all SSYT(u), as the terms
involved vanish for some of them. Morales and Zhu have found several different characterizations
of these tableaux and it remains to be understood whether any of these interpretation have nice
meanings for the indices A\, 1_p(,) + T(u) and T(u) + c(u). When we substitute ¢; = i, then
Ot — 1y +T(w) — DT () te(u) = Ant1—7(u) — ¢(u) are the arm lengths of certain cells in the reversed
shifted excited diagrams of [MZ20]. The multivariate formula above reduces to the original
Okounkov-Olshanski formula for f*# in [Oko98b].

5 Proof via free fermion five-vertex model

In this section, we present the proof of Theorem 1.1 using the free fermion five-vertex model. This
proof is completely independent of the one by contour integrals (Section 4), but we comment on
the identification of certain quantities arising in both approaches.

5.1 Vertex weights and the Yang—Baxter equation

We begin by recalling the five-vertex weights which are related to the factorial Schur polyno-
mials [Las07, McN09, BMN14]. See also [ABPW23, Section 4.1] and [Nap24] for generalizations
connecting free fermion six-vertex model to most known Schur-type functions.

Consider the following vertex weights w,:

W () =wa(0,0,0,0) =7, wa () = wa(1L, 111 =0, wy (o) = wa(1,0:1,0) = 1,
wo(—=) = wp(0,1,0,1) = 1, wy(—4) =w,(0,131,0) = 1, wx(---i—) — wy(1,0;0,1) =
(5.1)
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We also need the following dual weights ,:

Wy () = 13,(0,0;0,0) = 1, uvy(—|—) =, (1,1;1,1) = 0, uvy(---|---) = w,(1,0;1,0) = 1,

iy () = @y (0,1:0,1) = L,y (—d) = @, (0,131,0) = L, iy (=) = w,(1,0,0,1) = .

(5.2)
We set wy (i1, j1;%2, j2) = Wy(i1, J1; 42, j2) = 0 for all choices of i1, ji1,42,j2 € {0,1} not listed in
(5.1) and (5.2). Clearly, 1wy (i1, ji;i2,j2) = y ‘wy(i1, j1;42, j2), but these weights play two very

different roles, so we will keep this separate notation.
The weights (5.1)—(5.2) satisfy the Yang—Baxter equation with the following weights r = r:

P () =(0,0:0,00 =1, () = (L1 =1, (o) = (101,00 = 2,

) . (5.3)

r(—) = (0,150, =0, ra(—) =r(0, 151,00 =1, () =7a(1,0;0,1) = 1.
Like for (5.1)—(5.2), the weights r, (5.3) are nonzero on five out of six configurations which
conserve the total number of incoming and outgoing paths at a vertex (that is, i1 + j1 = i2 + Jo).
However, under r,, the paths are allowed to meet at a vertex.

Remark 5.1. Each of the weights w,, w,, and r, satisfies the free fermion condition
w(0,0;0,0)w(1,1;1,1) + w(1,0;1,0)w(0,1;0,1) = w(0,1;1,0)w(1,0;0,1),

which allows to write many partition functions (i.e., sums of products of vertex weights over all
configurations of paths in a region with fixed boundary conditions) as determinants. See [Nap24|
for the most general case of free fermion six-vertex model. Note that partition functions for the
general six-vertex model also take determinantal form for special boundary conditions. The most
well-known example of this phenomenon is the Izergin—Korepin determinant [Kor82, Ize87].

The spectral parameters x,y, z in (5.1)—(5.3) may be thought of as generic complex numbers,
and the Yang-Baxter equation holds under the condition that z =y — x:

Proposition 5.2 (Yang-Baxter equation). For any i1,i2,13, j1, j2, js € {0,1} and all z,y,t with
x # t, we have

Zk We—y(i3, k15 k3, 1) Wa—t(i2, i1; ko, k1) Ty—t (K3, k23 J3, 52)

1,k2,k3 (5 4)

= Zk, . We—y (k3,013 J3, k) We—it (Ky, K3 2, 51) Ty—i (i3, i2; k3, K5).
1°7v2°v3

where all sums are over ki, ko, ks € {0,1} or k|, kb, k5 € {0,1}. See Figure 4 for illustration.

Proof. For each iy,19,13, j1,j2,J3 € {0,1}, equation (5.4) is an identity of rational functions in
x,1,t which is directly checked. O
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Figure 4: Graphical representation of the Yang-Baxter equation (5.4) which states that for any
fixed boundary conditions i1, 19, i3, j1, j2,j3 € {0,1}, the partition functions on the left and on
the right are equal. The Yang-Baxter equation is nontrivial only if i1 + is + i3 = j1 + j2 + Jj3.

5.2 Excited diagrams as configurations of the five-vertex model

Fix two Young diagrams g and A such that g C A. Recall the set of excited diagrams E(A/u)
described in Section 2.2. Let x1,x2,...,91,¥2,... be generic complex numbers such that z; # y;
for all 4, j. Define the following sum over excited diagrams:

ZM()\) = Z H (.’L‘Z — yj). (5.5)

DEE(N/w) (i)eD

When 1 Z A, we set Z,(\) =0.

Clearly, .
0= @-w ¥ ]I , (5.6)

(if)en DeEO ) (e ¢ Y

and the sum in the right-hand side is the same as the right-hand side of the multivariate hook-
length formula (MHLF). Our goal in the present Section 5 is to find a representation of Z,,(\) as
a sum over skew standard Young tableaux. For this, we will verify the vanishing property and a
Pieri rule for Z,,(\), following the general strategy outlined in Section 3.1.

Remark 5.3 (Connection to factorial Schur polynomials). The argument in this section is inde-
pendent from the rest of the paper, and does not rely on properties of factorial Schur polynomials.
More precisely, Z,,()) is a specialized factorial Schur polynomial s, (x | a*) = F,,(z | a’). Here we
use only these specialized quantities, and not the general parameters a.

Remark 5.4. The vanishing property Z,,(\) = 0 for u Z X is a part of the definition (5.5), and
we also immediately have

2N = [ @) (5.7)

(4,7)EA

which is nonzero by our assumptions.

In the present Section 5.2, we identify the sum Z,()) in (5.5) as a partition function of the
five-vertex model with the weights (5.1). This is done in several steps.
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Domain. Let Q = {(i,7): i,7 > 1} be the set of all boxes in the bottom right quadrant. Here
1 and j are the row and column coordinates, with ¢ increasing down, and j increasing to the
right. We will represent boxes by vertices in the five-vertex model, and in this way the domain
Q becomes the quadrant Z2 | in the square grid. Let

M ={0,j):1<j<)Nforali>1} CQ

be the set of all boxes in the Young diagram A, identified with a subset of the square grid. See
Figure 5, right, for an illustration of Q2 for A = (6,6,5,5,4).

Weights. Assign spectral parameters x1, o, ... to the rows 4, and spectral parameters y1, 92, .. .
to the columns j. Let the weight at each vertex (i,7) € Qy be wy, ;.

Consider a configuration of paths of the five-vertex model in 2, such that the paths travel in
the up-right direction and are allowed to enter and exit {2 only through the southeast broken line
border of the Young diagram A (i.e., not through the west and north straight boundaries of the
quadrant € in which X is placed). Two paths are nonintersecting; that is, they are not allowed
to pass through the same vertex because wy, (1,151, 1) = 0. Each configuration of paths is
identified with an excited diagram D whose boxes are precisely the empty vertices (0,0;0,0).
Recall that wg,;—y; (0,0;0,0) = z; — yj, and the weights of all other vertices are 1. Thus, the
weight of a five-vertex path configuration is equal to H(i,j)e p(xi —y;). See Figure 5 for an
illustration.

Y1 Y2 Y3 Y4 Ys Yo

> r1 —)
> T2 >
r3
T4

xIs5 r
Figure 5: A configuration of the five-vertex model in the domain 2 for A = (6,6,5,5,4) super-
imposed on an excited diagram (left), and the same path configuration in the domain Q) (right).
In the right picture, we also indicated the spectral parameters x;,y; along the lines. The weight

of this configuration is (1 — y1)(z1 — y2) (22 — y1) (w2 — ya) (x5 — y3) (T4 — y2) (24 — y5)(z5 — ya).
The left picture is essentially the same as the third picture in Figure 1.

Boundary conditions. An elementary diagonal move (Section 2.2) of a box in an excited
diagram is the same as the flip (right,up) — (up,right) of a path in the vertex model path
configuration. Therefore, the set of all excited diagrams D € £(A\/u) (for some g C A) is in
bijection with the set of all path configurations in 2, with a fixed boundary condition. Here by
a boundary condition we mean a binary string along the southeast border of A, where 1 encodes
a entering/exiting path, and 0 means no path. For example, the boundary condition for the
five-vertex model in Figure 5 is 11000000011.

19



For an arbitrary Young diagram g, let us define a rim-hook decomposition of Q \ €2, into
parallel translations of the first (infinite) outer rim-hook

RY = J{Gg): i+ 1 <5 < pica +1},
=1

where, by agreement, pug = +00. Define by Rﬂc), k > 2, the parallel translation of Rl(tl) by the

vector (i,j) = (k — 1,k — 1) (that is, by £ — 1 in the southeast direction). We refer to the R,(Lk)’s
as the p-rim-hooks. We have

o)
o\, = JRP.
k=1
See Figure 6 for an illustration.

Yi Y2 Y3 Y4 Ys Ys Y7 Ys ...

z1

2

x3

T4

5

Zg

Figure 6: Rim-hook decomposition of the part of the square lattice €2\ €2, into the union of Rfﬁ),

k > 1. Here Here pn = (5,4,1). The dotted line indicates the southeast border of another Young
diagram, A = (6,6,5,5,4).

Definition 5.5. For two Young diagrams p C A, the p-boundary condition on €2y is a binary
string B(A/p) of length Aj +¢(\) which records intersections of of the southeast border of A with

the p-rim-hooks Rff), k > 1. Namely, when a length 1 segment of the boundary of A intersects any

p-rim-hook Rﬂﬂ), we put 1 in the position of the string B(A/u) corresponding to this boundary
segment. When a A\-boundary segment does not intersect a p-rim-hook, we put 0 in B(\/pu).

For example, in Figure 6 the py-boundary condition is B(66554/541) = 11011010001. Note
that the diagram p = (5,4, 1) in Figure 6 differs from the inner diagram in Figure 5, which results
in a different binary string B(66554/332) = 11000000011.

Clearly, the boundary of A intersects each rim-hook Rﬂﬁ) an even number of times. However,
not every binary string of length A\; 4+ ¢(\) with an even number of 1’s is a valid p-boundary
condition (see Proposition 5.13 below for a precise description).

Proposition 5.6. For any p C X, the sum over excited diagrams Z,(\) (5.5) is equal to the
partition function of the five-vertex model in ) with the weight wy, . (5.1) at each vertex
(1,7) € Qy, boundary conditions B(A/p) along the southeast border of 2y, and empty boundary
conditions along its west and north boundaries.
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Proof. This statement follows from the discussion above in the present Section 5.2. Indeed,
observe that the configuration of rim-hooks R,Sk) inside §2) is the same as a distinguished five-
vertex model paths configuration. This distinguished configurations is minimal in the sense that
all empty vertices are pushed in the northwest direction. The minimal configuration is identified
with an initial excited diagram D = p € £(A/u). A move of a box in an excited diagram
(Section 2.2) corresponds to a flip of a path in the five-vertex model. All five-vertex model path
configurations are obtained from the minimal one by a sequence of flips. Thus, the five-vertex
model partition function is equal to the sum over all D € £(A/u). This completes the proof. O

Remark 5.7. The five-vertex model configurations in Proposition 5.6 are the same as the non-
intersecting lattice path configurations discussed in Section 4.4 (and which we enumerated by
a determinantal formula). Note that in the present Section 5, a key role in the analysis of the
five-vertex model is played by the boundary conditions along the southeast border of €2,. In
particular, the dependence of these boundary conditions on p is crucial for the Pieri rule.

5.3 Yang-Baxter moves sweeping a Young diagram

In this subsection, we apply the Yang-Baxter equation (Proposition 5.2) to express Z,(\) as a
partition function in a larger domain with an additional strand of vertices along its southeast
border. Throughout this subsection, ¢ is an auxiliary spectral parameter assumed to be a generic
complex number. First, let us add a strand to the northwest boundary of 2.

Definition 5.8 (Domain Q&) Fix pu C A, and consider a larger domain Q':\ obtained by adding
a single new strand of A1 + ¢(\) vertices along the northwest boundary of 2). Let the additional
vertices (7,0), 1 <14 < £()), have weights t,, ¢, and (0,7), 1 < j < Ay, have weights r,, ;. The
northwest boundary of Q':\ and the boundary conditions on the new strand are empty, while the
southeast border carries the binary string B(A/u). Inside €2y, the weights are Wz, —y;, as before.
See Figure 7, left, for an illustration.

Wei—t Y1 Y2 Y3 Y4 Y5 Y6 Tve—t Y1 Y2 Ys Y4 Ys Ye

\ e o o o o o/ T e e o o o o o=
] e e e o o o o= T2 e e e o o o .
o e e e o o o o T3 e e e e o

o vt
Ir3 e e e o o o T4 ®© o o o o of\
T4 o o o o o o= Ts o e e @ ° .\‘ W=t
.
T o e o o o= e o o oo \
ol 1+ O 1+

Figure 7: The domains € (left) and Qf (right), see Definitions 5.8 and 5.10. The partition
functions in these domains depend on w;,y;, and t. They are equal to each other by the Yang-
Baxter equation. Here A = (6,6,5,5,4), u = (5,4, 1), and the boundary binary string is B(A/u) =
11011010001. For each 1 in the binary string, we draw an incoming or an outgoing arrow for,
respectively, a vertical or a horizontal edge. In Qf , we modified the way to draw the southeast
border (while preserving the same intersections) for better visibility.
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Lemma 5.9. The partition function of the vertex model in Qf\ is equal to Z,,(X).

Proof. Due to the arrow preservation at each vertex (i,0), 1 < i < ¢(X), the empty boundary
conditions along the west boundary of Q& lead to the empty boundary conditions entering 2.
Note that w,,—¢(0,0;0,0) = 1, so the extra vertices at (¢,0) contribute a factor of 1 to the partition
function. Similarly, the arrow preservation and the fact that ryj_t(O, 0;0,0) = 1 imply that the
north boundary of ) gets an empty boundary condition, and the extra vertices at (0,7) also
contribute a factor of 1. Thus, the partition function in Q& reduces to the one in 2y, which is

equal to Z,(\). O

The lattice configuration in the extended domain Q':\ now allows to apply the Yang—Baxter
equation (Proposition 5.2). That is, we start in Q& at the triangle formed by the vertices
(1,1),(0,1), and (1,0), and apply the Yang-Baxter equation to move the new strand one step
in the southeast direction. Continuing in this way, the strand sweeps the Young diagram A, and
in the end it is located below the southeast border of €2. This results in a new domain for the
vertex model:

Definition 5.10 (Domain QF). Let Qf be obtained from the domain 2 by adding one more
vertex to each horizontal and vertical edge along the southeast border of A. Let these new vertices
be connected by a single new strand. When the new strand intersects a horizontal edge carrying
a spectral parameter x; or a vertical edge carrying a spectral parameter y;, we assign the weight
Wy, —¢ OF Ty, ¢, Tespectively, to the new vertex on this edge. The southeast border of the new
domain Qf carries the binary string B(A\/p), while the northwest boundary and the boundary
conditions on the new strand are empty. The weights inside {2 are wy,,,, as before. See Figure 7,
right, for an illustration.

Combining Lemma 5.9 with the Yang-Baxter equation, we immediately obtain:
Proposition 5.11. The partition function of the vertexr model in Qf\ is equal to Z,,(X).

Remark 5.12. In QE\, the new strand may be thought of as the boundary of an empty Young
diagram k. Each application of the Yang-Baxter equation when passing from Q& to Qf may
be thought of as adding a box to k. When x becomes A, the new strand is located below the
southeast border of ). Since the Yang—Baxter equation is a local transformation, the order of
adding boxes to k in this growing process is irrelevant.
5.4 Boundary binary strings via Maya diagrams
For a Young diagram X, denote

I\) ={—tN\),—t(\)+1,....0 —2,\ — 1} C Z, [T(N)| = A1+ £()N). (5.8)
Encode the southeast border of A via its (zero-charge) Maya diagram

X)) ={N—i: 1<i <N} CI(N). (5.9)

The vertical and horizontal edges along the southeast border of A correspond, respectively, to the
elements of X¢(\) := I'(\) \ X(A) and X (A). It is well-known that

X)) ={-Nj+7-1:1<j< A}, (5.10)
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where X is the transposed Young diagram of \.
We have Iz = X (&) = @. For our running example A = (6,6,5,5,4), we have

I(A\) ={-5,-4,...,4,5}, X(\) =1{5,4,2,1,—1}, X°(\) ={-5,-4,-3,-2,0,3}.
Maya diagrams help demystify the boundary binary string B(A/u) from Definition 5.5:

Proposition 5.13. For any u C X\, we have
BOVi) = X(\) A X () € IV, (5.11)

where A denotes the symmetric difference of sets, and we interpret the binary string as a subset
of I(\).

Remark 5.14. In (5.11) and throughout the rest of Section 5, we slightly abuse the notation by
appending p C X by zeros, if necessary, such that the set X (u) = {u; —i:i=1,2,...} is treated
a subset of I(\). Note that I(x) may be strictly inside I(\), but we never deal with the set I(u)
of the inner Young diagram .

The number of elements in X () is equal to ¢(\). One can check that for any p C A, the
number of elements of X (u) (viewed as a subset of I())) is also equal to £(\).

Continuing with our example A = (6,6,5,5,4), u = (5,4, 1), we have
X(p) =1{4,2,-2,—4,—-5} C I(N), XN AX(p)={-5,-4,-2,—-1,1,5},
which agrees with B(\/u) = 11011010001.

Proof of Proposition 5.13. Throughout the proof, we treat all equalities between subsets of Z as
valid only when intersecting with I(\) = {—¢(\),..., A1 — 1, A1} (but do not explicitly include
this intersection in the notation).

We argue by induction, by adding one box to u. The base case is © = @. The binary string
B(A\/@) arises from the usual hook decomposition of A (cf. Figure 6). One readily sees that

BA@)={X—i:N—i>0 U{i—1-X:Aj—i+1>1} = X(\)AZx,

as desired.
Now let p,v C X are such that v = p + . In terms of Maya diagrams, this means that for
some k,

keX(p), k+1¢X(n), X)) =X U{k+1})\{k}. (5.12)

There are four cases depending on whether k£ and k£ + 1 belong to X (). They are illustrated by
local pictures in Figure 8 (an example of a global rim-hook configuration is in Figure 6). The
four cases correspond to four possible directions of the southeast border of A through k and k+1.
Indeed, in (a) we have k,k +1 ¢ X ()), and the boundary goes horizontally. The other cases are
(b)) k¢ X(N\),k+1€X(N\); (c) ke X(N\),k+1¢ X(A\);and (d) k,k+ 1€ X(N).

From the induction assumption, it follows that the configuration of p-rim-hooks around the
part of the southeast border of A through k and k£ + 1 is the same in all four cases. Adding
a box to pu changes the p-rim-hook configuration to r-rim-hooks in the same way in all cases,
which results in the corresponding change of the boundary binary string B(A/u) — B(A/v). This
completes the proof. O
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Figure 8: Four cases of adding a box v = u + [J in the proof of Proposition 5.13. The dashed
line is the southeast boundary of A, and thick lines are u- or v-rim-hooks. Below each case, we
indicate the local change in the boundary binary string, B(A/u) — B(A/v).

5.5 Vertical strip expansion of the five-vertex partition function

Definition 5.15. Fix a Young diagram . Let us define a transfer matriz R} which depends on
the spectral parameter ¢ (and also on z;,y;, but we suppress this in the notation), and has rows
and columns indexed by Young diagrams p, v C X. The value R (p1, v) is a partition function of
a single-row vertex model whose vertices are indexed by I(\) (5.8). The vertex weight at each
k € I(X) has the form

{rm_t, k=X\—i€ X (5.13)

Tyi—t, k= —A;- +7—1€ X°\).
The boundary conditions on the left and right of the row are empty, and boundary conditions on
the top and bottom are given by X (u) and X (v) (viewed as subsets of I()\)), respectively.

Remark 5.16. The choice of a spectral parameter x; — ¢ or y; — ¢ at a point in k € I(\) can be
uniformly written as

parameter(k) = T|x(x\) "z | Ikex(\) + Yxe(n) nzey Ihexeo) — b

Clearly, for each p, v, there is at most one path configuration with these boundary conditions.
If there are no path configurations, we set R} (i, v) = 0, and otherwise we let RS (i, ) to be the
product of the weights of all vertices along I()). See Figure 9 for an illustration.

Recall that a vertical strip is a skew Young diagram which has at most one box in each row.
We have the following expansion of the five-vertex model partition functions Z,(\):

Proposition 5.17. For any u C X\, we have

1 t
ZM()‘) = (Il — t) L (IZ(/\) — t) l%;\ jQ/\(:LL? V) ZV()‘)? (514)

v=p+vertical strip
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K S

X ()

Figure 9: The one-row partition function for ®Rf (u,v) with A = (6,6,5,5,4), p = (5,4,1), and
v = (5,5,1,1,1). The different colors of the vertical edges correspond to the different spectral
parameters x; —t or y; —t in the vertex weights, see (5.13). The sequence of spectral parameters
depends only on .

where RY is the transfer matriz from Definition 5.15. The vertical strip in (5.14) can be empty.

Proof of Proposition 5.17. We start from Proposition 5.11 which states that Z, () is the partition
function of the vertex model in the domain Q5 (see Definition 5.10), with the boundary conditions
B(A/p) along the extra new strand of vertices carrying the weights 7, and W, (see Figure 7,
right). Peeling off this extra strand and summing over the binary strings between the strand and
the southeast border of A\, we immediately get the following expansion:

Z,(\) =D Th(w ) Zu(N). (5.15)

vCA

Indeed, Z,,()\) is the partition function of the five-vertex model in Q) with some boundary condi-
tions. The coefficients T4 (u, v) are determined from one-row partition functions with the following
data:

e The vertices on the row are indexed by I(\).

e At each \; —i € X(\), we put the reversed weight w,,_;. Namely, paths at this vertex are
oriented down and right.

e At each —)\9 +Jj—1 € X°\), we put the usual weight r,._;, with the up and right path
orientation.

e The boundary conditions on the left and right of the row are empty.

e The boundary conditions on the top and bottom of the row are given by the binary strings
B(A/p) and B(A/v), respectively.

See Figure 10 for an illustration.
In the partition function T%(u, v), we now reverse the orientation of all vertical edges carrying
the weights w,, ;. We obtain new weights which have the form

i1

wxi—t( . ®
J1

i2

J2

) _ Tai—t(1 — 2,715 1 — i1, j2)

’ ilajlaiQanE{O,l}, 1:1,2776()\)
:L'i—t

25
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T T T T W T W w T w w

Figure 10: The one-row partition function for the coefficients T%(y, ) in (5.15) with the same
A, i, v as in Figure 9. The up and down arrows indicate the orientation of the vertical paths at
the vertices. Note that the horizontal paths are always oriented to the right. Zeroes and ones
indicate the boundary conditions B(A/u) and B(A/v).

By Proposition 5.13, this reversal modifies the bottom and top boundary conditions to
BOWAX(N) =X(n),  BO/»AX(N) = X(v).

Thus, we conclude that
R (1, v)
($1 — t) N (.73[()\) — t).

It remains to show that the sum over v C X in (5.15) is restricted to v obtained from pu
by adding a vertical strip. This follows from the fact that r,(0,1;0,1) = 0, which implies that
horizontal paths in Figure 9 cannot travel by more than one horizontal step. This restriction
implies that R (u, ) vanishes unless v = p + vertical strip, and so we are done. O

Th(p,v) =

5.6 Pieri rule and proof Theorem 1.1

We are now ready to establish the Pieri rule for the five-vertex partition functions Z,(X) (5.5).
Together with vanishing (Remark 5.4), the general approach of Section 3.1 then guarantees that
Z,(X) is expressed as a sum over skew standard Young tableaux of shape A/p. This would
complete the proof of the multivariate hook-length formula (MHLF).

Definition 5.18. Let y C A\ be two Young diagrams. Define

PN = D Exnzed — D YIXe()nZel (5.16)
kEX(u)NX(N) kEX (1)NX<(N)

For example, for A = (6,6,5,5,4) and p = (5,4,1), we have
Pu(A) = (@1 + 24+ 25) — (Y1 +y2 + 14).

Proposition 5.19 (Pieri rule for five-vertex partition functions). Let u C X\ be two Young dia-
grams. Then we have
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Proof. We employ Proposition 5.17 and consider the behavior of identity (5.14) as t — oco. Since
Z,(X\) and Z,()\) do not depend on ¢, it suffices to look at the transfer matrix R (11, v) defined as
the one-row partition function (see Figure 9).

Recall (Remark 5.14) that the number of paths in the one-row vertex model for R (u,v) is
equal to £()). First, observe that

R () = ] {x —h o k=hmie X (5.17)
) _ / . c :
rexo W=t k==X +j—1eX),

which behaves as t — 400 as follows:

()" + (—t)w)_l< Z TIX(A)NZsy| T Z 3/|XC(/\)ﬁZSk|> +O0*™W72). (5.18)

kEX (1)NX(N) kEX (L)NXC(N)

Indeed, the factors in (5.17) are in one-to-one correspondence with the summands by (—t)/ 1
n (5.18), cf. Remark 5.16.
Next, for any v with |v| > |u|, we have

R (p,v) = (=) M= ltlel o oA~ IvIFlkl =1y, t = 0o, (5.19)

Indeed, |v| — |p| is the number of occupied horizontal edges in the vertex model for R} (u,v).
Placing each extra occupied horizontal edge exchanges one weight 7, (1,0;1,0) = y; —t or
rz,—¢(1,0;1,0) = z; — t (growing with t) by a product of other r weights. All other  weights are
equal to 0 or 1 (see (5.3)). This produces (5.19).

Let us now combine the asymptotics (5.18), (5.19) with the prefactor in (5.14),

o)

1 —eN) ~1 —o(N)—2
= (—t) 1+t E x;) +O(t ), t — oo.
(.171 *t)(l"/()\) *t) ( i1 )

We see that we can cancel out the overall multiplicative factor (—t)‘®). After that, the constant
terms in both sides are equal to Z,()), which cancel out. Equating the terms of order t1 we
obtain the desired Pieri rule. O

Proof of Theorem 1.1. The Pieri rule of Proposition 5.19 together with the vanishing (Remark 5.4)
and the general result of Proposition 3.2 imply that

[A/ul

>, I - Y I —

TeSYT(A/p) m=1 PT~ 1[<m]( ) De/p) Giyenn Ui Yi

Note that the Pieri coefficients C,/,, are equal to 1 in our case. We also employed the definition
of Z,()\) as a sum over excited diagrams (5.6), and cancelled out the factor Z,(\) (5.7).
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For any m, let us denote T~1[< m] by v. Starting from (5.16), we can rewrite

PN = Y Txmnzed — DL Yxenza

keXe(v)NX(A) keX(v)NXe(A)

£A)

—in—( Yo mxenzsdt Y y|Xc<A>nZ<k|>
i=1 keX(v)NX (M) keX(v)NXe(N)

2(N) 2(N)

= in— E byj_j.
i=1 j=1

Here

with the notation
{m <...< n/\l} = {—f()\),—ﬂ()\) +1,...,A1 =2, — 1} \ {Al — 1,...,)\((,\) —f()\)}
We see that the expressions p,(\) = Zf(:’\l) T — ng\l) by,—j, where  C v C A, coincide with the

factors in the denominator in the left-hand side of the multivariate hook-length formula (MHLF).
This completes the proof of Theorem 1.1. O

A A semistandard variant

Let us modify the polynomials fj(u) (4.2) from Section 4, and investigate the resulting contour
integrals defined in the same way as in (4.1). Denote the integrals by J to avoid confusion. Let
B be a parameter, a = (a1,as,...) be a sequence of parameters as before, and m = (mq,ma,...)
be a sequence of nonnegative integers. Set

r

fu|a)= H(u + a; + Pua;),

i=1

and ) 5
(=1t “r Sipm,—i(ui | @)
Jum(z|a) = ——=—¢ ... Al Au)duy - - - dup,. (A.1)
p.m (271'\/ —l)n 5 o1 1_[1 H;ril(ul - 'r]) "
The contours « are the same as in Section 4, they go around all the poles x; in the positive
direction. Set m; = n for all 7, and omit m from the notation.
Arguing as in Section 4.3, we obtain a Pieri-type rule:

n B
> (@ | @) = _ | [M

ec{0,1}n J=1

n

X H (1 + B(wi + apy414n—i + Buiau+14n—i)) A(u) duy - - - duy,
i1
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H] 1UZ—CCJ i=1

B n
! fuzan—i(ui | @)
(277\/ 7{ j{H itn—i\ i H + Bu;) (1 + Bay,+1+4n—i)A(u) duy - - - duy,
Julw | a) H1+Bwl (14 Bay,+14n—i)-
=1

Here |e| = > " | €. Next, if i = p + € is not a partition, i.e. p; + € < pit1 + €41, we must have
pi = pir1, € = 0 and €41 = 1, and s0 fu,n—i(u | @) = fu,, 4n—@+1)(u | a). This makes the
integral 0 by skew symmetry. Therefore, the Pieri-type rule takes the form:

S dulw | @) = Juw | ) [T+ Bzi) (1 + Bapiain-o) (4.2)
v =1

where the sum is over all partitions v obtained from p by adding a (possibly employ) vertical
strip.
Similarly to Theorem 4.1, integral (A.1) can be rewritten as a determinant of the ff ’s:

n f5+n J(ui | a)
Tl [a) = 2wr 74 f L =y A0

,LL]—l-rL ] n (AS)
1
- Mdet[ H (xi—i-ar—i-ﬁxiar)] -
r=1 i,j=1
In particular, when p© = @ only the maximal degree terms in this determinant survive, so
n .
Jo(z | a) = J](1 + Ba;)" . (A.4)
i=1

Remark A.1. The determinantal formula (A.3) is similar to the one for factorial Grothendieck
polynomials of [McNO6] or [HJK™24]. However in order to obtain the Grothendieck polynomials
one needs to replace the polynomials f n_i(u | @) with (1 + Bu)i—t ?gn_i(u+aj + Buaj). The
approach outlined here would lead to the identities in [MPP22] after some tedious manipulations.

Consider now the vanishing of J,(z | a) for certain values of z. Let z} := —%
Then f0 . _(z}[a)=0if \j+n—j+1+1<p+n—i.

Let A be such that for some ¢, we have \; + n — i < u; +n — i, i.e., A\; < p;. Then we have
fBrJrn (7] A a) =0 for r <iand j >4, which implies that det[fﬂ n_i(® ?‘ | a)li';—; = 0. On the

other hand if A = u, then the matrix is lower triangular. This implies

Lemma A.2 (Vanishing property). Let xf‘ = —1_55;1”% Then
0, if g A
J A a n Hitn
T e e

1 1—{—5(1)\ +n— z—i—l)7

<.
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The Pieri-type rule (A.2) can be rewritten as (---)J, = >, , Ju, where the sum is over all v
such that v/p is a nonempty vertical strip. Iterating this identity as in Section 3.1, we get the
following result.

Theorem A.3. Let p C A and set xf‘ = —M% For a Young diagram v, let

Y@%zIﬂl+ﬁﬁXl+B%ﬁ%0—L

Then we have
[A/ kel

Ju(2 | a) 1

= A5

noTa .2 vag (A5)
€SSYT(N /u')

where the sum is over all SSYT of shape X' /i, and T[< k] = v means that the shape \/v is filled

with entries > k. By agreement, T[< 1] = p

When p = @, the RHS of (A.5) is a sum over SSYT()\'), and the LHS is the product

)\ | a ﬁ 1 + ,BCL,\ +n— H—l) (1 + ﬁai)niz

T oA
(z* | a) pale} HJ 1( — @) tn—it1)

To see excited diagrams in the left-hand side of (A.5), let z; = One can check that

1+Ba

i
H Fua|2)

n
Ju(x | a) :H
—1

A

where F,,(z | ) is the factorial Schur function from Section 4. Then z* = z*, and we can rewrite

(A.5) in terms of excited diagrams:

Theorem A.4. Let x1,xo,...,Yy1,Y2,... be two sets of indeterminates, and set
ax i+1 = — L Qp; = S
e 1+ Ba;’ 71+ By

where £ =[1,...,n+ X — 1]\ {\j +n—j+1:1<j <n}. With this notation, we have

n pitn—i A/l
— A)\;+n— i+1)(1 +/3a])
—1
DEEZ(/\/ [l =1l H (1+ Bax;+n—i+1) Z, H
M)(J)E)\\D i=1 j=1 TESSYT(N /')

Remark A.5. Observe that Y (v) = 831, (2} + ay,+n—i) + O(B%). If we let B — 0, and perform
cancelations with the factors a; — a, which are of the form f(y — x), the surviving terms above
would be the ones where T has a maximal number of different entries, so it is an SYT. This
recovers the original formula of Theorem 1.1. We do not observe any substitutions that directly
connect the formula in Theorem A.4 to the expression in [MPP23, Theorem 9.3].
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B Skew hook-length formula from Macdonald polynomials

Here we consider the example of interpolation Macdonald polynomials [KS97, Kno97, Sah96,
Oko98a, Oko98b], and apply the general formalism of Section 3 to obtain a “skew hook-length
type” formula involving summation over skew standard Young tableaux. The discussion in the
current Appendix B does not rely on contour integral or vertex model techniques of Sections 4
and 5, respectively.

We denote the interpolation Macdonald polynomials by I,,(x1, ..., zy;q,t). Note that we work
only with symmetric polynomials and not symmetric functions, so we drop the index n (which
is fixed) from the notation I, used in [Ols19]. Throughout the current Appendix B, we assume
that n > £(u).

The polynomials I, are inhomogeneous symmetric polynomials of degree |u| whose top de-
gree homogeneous part is the Macdonald symmetric polynomial P,(z1,x2,...,2s;q,t) [Mac95,
Ch. VI]. The substitution which ensures vanishing properties is

K@) (1) = (xgq,t)(/\)’ 2@ N)) = (M g g, (B.1)

Note that here we use the normalization from [Ols19], which means that the substitution must
be as in (B.1) (there are other equivalent variants in the literature).
Let us recall the vanishing property and a tableau formula for I, [Oko98a, Oko98b].

Proposition B.1. 1. We have I,(xX\%Y(\); q,t) = 0 unless u C \.

2. The interpolation Macdonald polynomials I, admit the following tableau formula:

Loy, rnsgt) = Y Cr(gt) [[ (reg — ¢ HR00+2), (B.2)
ReRTab(p,n) (4.5)€n
where the sum is over all reverse semistandard tableauz of shape p with values in {1,...,n}

(that is, the values in the tableau must weakly decay along the rows and strictly decay down
the columns). The coefficients Yr(q;t) (where we view R as a sequence of horizontal strips)
are rational functions in q,t given in [Mac95, Ch. VI, (6.24)(ii) and (7.11’)].

3. We have ‘ o
LN t) = T (a7 =g 7e5 ), (B.3)
(3,9)EN

where X' is the transposed Young diagram of \.
Formula (B.3) follows from (B.2) since for z = x(@!)()), there is a unique reverse tableau
R(i,j) = X; — i+ 1 contributing a nonzero term to the sum, and for it we have 1p(q;t) = 1.

A (one-box) Pieri formula for the (non-specialized) interpolation polynomials 7, has the form

n

Iﬂ(xlv <o Tns qvt) ' Z(wz - q_'uiti_l) = Z @V/M(Q;t)jll(xla <o Tn; qat)a (B4)
i=1 v=p+0

where ¢, /,(q;t) are the rational functions in ¢, given in [Mac95, Ch. VI, (6.24)(i)]. Identity
(B.4) follows by comparing the degrees and top homogeneous components in both sides, and
using the uniqueness of interpolation.
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Remark B.2. The Pieri rule can be generalized to a skew Cauchy type identity (also sometimes
called Pieri rule) involving summation over horizontal strips [Ols19, Lemmas 5.5 and 5.9]:

n
(ziyt; q
I/J(:I}la . xnqu H -
o iy g

q Miti-q
= Z L1, @034, t) - 0uu(@t) y V= MHTl))
v=p+horizontal strip Uq 9o
Applying Proposition 3.2 together with the properties of the interpolation Macdonald poly-

nomials in Proposition B.1, we immediately obtain the following skew hook-length type formula:

Proposition B.3 (Skew hook-length type formula with Macdonald parameters). For any pn C A,

we have
[N/ ul (N ) . -1
> er(gt) ] <Zt”<qki —q T K’“l‘))
TESYT(M\/p) k=1 Ni=1
H —,\th 1 —q —JtA’71> 1 Z H i — R(,j) ql—jti—l)./
L.j)eX RERTab(uvf(/\)) (i.7)€n

where the left-hand sum is over skew standard Young tableaux T of shape \/u, and the right-hand
side sum is over reverse semistandard tableauzr R of shape p with entries in {1,... ¢(\)}.
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