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We revisit the phenomenology of dark matter (DM) scenarios within radius-stabilized Randall-Sundrum
models. Specifically, we consider models where the dark matter candidates are Standard Model (SM)
singlets confined to the TeV-brane and interact with the SM via spin-2 and spin-0 gravitational Kaluza-
Klein (KK) modes. We compute the thermal relic density of DM particles in these models by applying
recent work showing that scattering amplitudes of massive spin-2 KK states involve an intricate
cancellation between various diagrams. Considering the resulting DM abundance, collider searches,
and the absence of a signal in direct DM detection experiments, we show that spin-2 KK portal DM models
are highly constrained. In particular, we confirm that within the usual thermal freeze-out scenario, scalar
dark matter models are essentially ruled out. In contrast, we show that fermion and vector dark matter
models are viable in a region of parameter space in which dark matter annihilation through a KK graviton is
resonant. Specifically, vector models are viable for dark matter masses ranging from 1.1 to 5.5 TeV for
theories in which the scale of couplings of the KK modes is of order 40 TeVor lower. Fermion dark matter
models are viable for a similar mass region, but only for KK coupling scales of order 20 TeV. In this work,
we provide a complete description of the calculations needed to arrive at these results and, provide a
discussion of new KK-graviton couplings needed for the computations, which have not previously been
discussed in the literature. Here, we focus on models in which the radion is light, and the backreaction of
the radion stabilization dynamics on the gravitational background can be neglected. The phenomenology of
a model with a heavy radion and the consideration of the effects of the radion stabilization dynamics on the
DM abundance will be addressed in forthcoming work.

DOI: 10.1103/PhysRevD.111.075030

I. INTRODUCTION

Theories of extra dimensions are well-motivated exten-
sions of the Standard Model (SM). Introduced initially by
Kaluza and Klein [1,2] as a means to unify electromagnet-
ism and gravity, such theories have emerged as a solution to
the electroweak hierarchy problem [3–6]. These include
models compactified over a flat extra dimension [3,4], as
well as those with a warped extra dimension based on a slice

of anti–de Sitter (AdS) space, known as Randall-Sundrum
(RS) models [5,6]. Theories of compact extra dimensions
are expected to be viewed as low-energy effective field
theories originating from string theory, with significant
work devoted to the AdS/CFT correspondence [7,8],
especially in RS models [9]. Extradimensional models have
found applications in flavor physics (see, for example,
Refs. [10,11]), studies of the electroweak phase transition
[12,13], cosmological considerations [14,15], and grand
unification [16], as well as in scenarios intended to provide
viable dark matter (DM) candidates [17,18].1
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1Extensive reviews covering a variety of these developments
can be found in, for example, Refs. [19–22].
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In recent years, there has been a surge of interest in dark
matter models within extradimensional theories [23–31].
Specifically, models where the extradimensional gravita-
tional theory provides a portal between the dark sector and
the SM have been the subject of study. These include
models based on an effective theory with a single massive
spin-2 mediator or a full Kaluza-Klein (KK) theory
[25–27,32]. In these models, scattering amplitudes and
squared matrix elements involving massive spin-2 and
spin-0 resonances originating from the compactified grav-
ity sector of the extradimensional model play a key role in
estimating various relevant observables. These observables
include velocity-averaged cross sections hσvi, required to
ascertain the observed DM relic density ΩDM of the
Universe, spin-independent (SI) and spin-dependent (SD)
direct detection rates, and various signatures at high-
energy colliders like the LHC.
Calculations involving massive spin-2 resonances origi-

nating from extra dimensions have been shown to be
plagued by amplitudes that appear to grow (anomalously)
rapidly with the scattering energy

!!!
s

p
, seemingly signaling a

breakdown of the effective field theory at a scale much
lower than the intrinsic scale of the compact extra dimen-
sion. The source of this anomalous growth can be traced
back to the helicity-0 and helicity-1 modes of the massive
spin-2 resonances in the final states. For instance, a power-
counting estimate of the cross section for DM annihilation
into the helicity-0 states grows as Oðs3=ðΛ2M4

KKÞÞ, where!!!
s

p
is the center of mass energy, MKK is the mass of the

Kaluza-Klein particle, and Λ is a characteristic gravitational
scale of the underlying theory [25–27,33]. The conse-
quences of this assumed anomalous growth for the calcu-
lation of DM observables are significant, as the rapid growth
would predict that at large scattering energy

!!!
s

p
, the DM

thermal relic density could be satisfied for small values of
the effective coupling away from the resonant funnel region
[25,26]. It would also predict that the DM annihilation cross
section (or the scattering cross section for direct detection
experiments) would violate perturbative unitarity at scales
much lower than the effective field theory scale.2

In previous work, the authors of this paper and collab-
orators have performed detailed and increasingly more
refined calculations of effective spin-2 KK mode effective
field theory of compactified extradimensional models:

(i) First, it was shown that while amplitudes of indi-
vidual diagrams involving spin-2 KKmodes (as well
as the spin-0 fluctuation, the radion) grew as fast as
Oðs5=ðΛ2M8

KKÞÞ in unitary gauge, intricate cancel-
lations between different diagrams, which are ulti-
mately due to the underlying symmetries of the

higher dimensional theory, ensure that the final
amplitude grows no faster than Oðs=Λ2Þ [34–38].

(ii) Next, this analysis of the spin-2 effective KK
theory was extended to models where the compac-
tification radius was stabilized (i.e., models in
which the spin-0 radion mode obtains a mass) via
the Goldberger-Wise (GW) mechanism [39,40].
In this case, the authors and their collaborators
showed that while the naive introduction of a radion
mass term by hand reintroduces a bad high-energy
growth in the scattering amplitudes, the dynamics,
including the entire GW scalar sector, ensure that
the full spin-2 scattering amplitudes again grow no
faster than Oðs=Λ2Þ [41,42].

(iii) Subsequently, it was shown that the Oðs=Λ2Þ high-
energy behavior of the scattering amplitudes in
the effective KK theory is transparent in ’t Hooft–
Feynman gauge and that this can be understood using
an equivalence theorem which ensures that the
scattering amplitudes of helicity-0 and helicity-1
spin-2 Kaluza-Klein states equal those of the corre-
sponding Goldstone bosons [43]. The properties of
the effective KK theory are, hence, directly the result
of the underlying diffeomorphism symmetry of the
full five-dimensional gravitational theory.

(iv) Finally, the investigation showed that the cancella-
tion properties of the gravitational KK sector
described above extend to the coupling of the
gravitational sector to the matter sector, whether
matter lies in the bulk or is localized to a brane.
Specifically, in the full KK-matter amplitudes, the
leading Oðs3Þ terms in the high-energy expansions
cancel among themselves and the Oðs2Þ terms do
likewise. This behavior of the scattering amplitudes
can also be understood via the equivalence theo-
rem [44].3

In this work, we apply our understanding of the scattering
amplitudes in RS KK theories to provide a comprehensive
analysis of the thermal freeze-out scenario in KK portal DM
models, schematically depicted in Fig. 1. Initial steps
towards a consistent calculation for the KK portal dark
matter model were performed in Ref. [48] for brane-
localized scalar DM. In this work, we provide a compre-
hensive analysis of the spin-2 KK portal model by including
the following:

(i) We extend the analysis of Refs. [32,48] to include
both brane-localized fermion and vector dark matter
candidates and consider all of the annihilation
channels.

2For compactified flat extra dimensions, the scale Λ is simply
the Planck mass MPl. In contrast, for RS models the scale is
Λπ ¼ MPle−krcπ , where k is the curvature and rc the compacti-
fication radius.

3An analogous calculation for scalar brane matter in an
unstabilized RS1 model was performed in Refs. [45,46], follow-
ing the investigations described in the previous paragraph. It was
also shown in Ref. [47] that for a single massive spin-2 model
emission, Ward identities ensure that there is no anomalous
growth, whether in Fierz-Pauli theories or extra dimensions.
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(ii) We include the dynamics of the Goldberger-Wise
[39,40] stabilized RS model in which the back-
ground scalar and metric fields can be determined
exactly [49]. In this paper, we focus on the case of a
light radion, for which the backreaction of the
stabilization sector can be neglected and for which
the effects of this sector on DM relic abundance are
small. In a forthcoming paper, we will describe the
phenomenology of a model with a heavy radion and
show that a massive radion and the Goldberger-Wise
scalar states can be relevant for the relic abundance
of dark matter.

(iii) We extend our previous scattering amplitude
analyses to include final states comprising either
two spin-0 modes or one spin-2 KK mode plus
one spin-0 mode; these have not previously been
discussed in the literature.

(iv) We provide a unified picture of the status of the KK
portal dark matter models using the latest collider
and direct detection constraints.

We find that a combination of relic abundance compu-
tations with collider bounds on the spin-2 KK resonances
from diphoton searches at the LHC [50] place constraints
on the KK portal models, as illustrated in Figs. 15 and 16.
We show that DM candidates within this scenario remain
viable for masses of 1.1 and 5.5 TeV, so long as the scaleΛπ
of the gravitational theory is of order 80 (25) TeVor lower
for vector (fermion) DM candidates. In the case of DM
candidates heavier than 2.3 TeV, dark matter resonant
annihilation occurs for a Kaluza-Klein graviton at level
2 or 3, leading to the possibility of a lighter KK resonance
not directly coupling to dark matter being uncovered by the
high-luminosity LHC (HL-LHC). We further show that
these scenarios can also be probed by direct detection
experiments if the radion mass is of order 1 GeV, with some
regions being excluded by the 2024 LUX-ZEPLIN (LZ)
[51] Experiment, and others potentially observable in the
future.
In this work, we focus on models in which the radion is

light (with a mass of order 100 GeV or lower), and hence,
the backreaction of the radion stabilization dynamics on the

gravitational background can be neglected. We will show in
Sec. VI that the light radion impacts direct detection
constraints severely. The phenomenology of a model with
a heavy radion and the consideration of the effects of the
radion stabilization dynamics on the DM abundance will be
addressed in a forthcoming paper [52].
The rest of this paper is organized as follows: Sec. II

provides the details of the model being considered, includ-
ing a specification of the DeWolfe-Freedman-Gubser-
Karch (DFGK) [49] stabilized RS model, and describes
the corresponding KK decompositions and the masses and
couplings of the spin-2 and spin-0 KK modes. In Sec. III,
we describe the calculation of the various annihilation cross
sections needed for the relic abundance computation. To
perform these calculations, we need the decay widths of the
spin-2 and spin-0 KK modes to SM particles (as described
in Appendixes A and B) and to other spin-2 and spin-0 KK
modes (as described in Appendix C). The entire compu-
tation performed here also requires understanding new
interactions and coupling structures for the KK modes not
previously explored in the literature. These are explained in
Appendix D, and various numerical tests are presented to
show that the amplitudes for these new processes have the
appropriate high-energy behavior (and thereby provide a
check of the accuracy of these new results). We review
and update the collider and direct detection constraints on
KK portal dark matter in Secs. V and VI, respectively.
The allowed region of parameter space for KK portal
DM models is explored in Sec. VII, and we outline our
conclusions in Sec. VIII.

II. THE MODEL

This section specifies our notation and describes the
model we analyze.

A. 5D gravitational and scalar fields

Following Refs. [41,42], we write the Lagrangian for the
stabilized RS model as

S ¼
Z

V
d4x dyðLEH þ Lϕϕ þ Lpot þ LGHY þ ΔLÞ; ð1Þ

where LEH is the usual 5D Einstein-Hilbert term, Lϕϕ and
Lpot are the kinetic and potential energy terms of the GW
bulk scalar field ϕ̂ðx; yÞ, LGHY is the Gibbons-Hawking-
York term [53,54] required for a well-posed variational
problem in the gravitational spin-2 KK and the spin-0 GW
sector, and ΔL is a total derivative term added to the action
to cancel out terms linear in the field fluctuations as well as
to eliminate the mixing between the tensor and scalar 5D
fields.
In unitary gauge, the 5D metric for an RS-like back-

ground is parametrized as [42]

FIG. 1. Pictorial representation of the Randall-Sundrum 1
model with a dark sector localized on the TeV-brane.
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GMN¼
"wgμν 0

0 −v2

#
and GMN¼

"
gμν=w 0

0 −1=v2

#
; ð2Þ

in termsof coordinatesxM ¼ ðxμ; yÞ,wherey∈ð−πrc;þπrc%
parametrizes an orbifolded extra dimension (where y and
−y are identified); for conveniencewe define φ≡ y=rc, and
use y or φ interchangeably as the coordinate of the fifth
dimension. Here

gμν ≡ ημν þ κĥμνðxμ; yÞ; ð3Þ

where ημν is the usual 4D “mostly minus” metric and
ĥμνðx; yÞ parametrizes metric fluctuations. The quantities w
and v are defined as

w ¼ exp
$
−2

"
AðyÞ þ e2AðyÞ

2
!!!
6

p κr̂ðx; yÞ
#%

v ¼
"
1þ e2AðyÞ!!!

6
p κr̂ðx; yÞ

#
; ð4Þ

where the function AðyÞ specifies the background RS-like
geometry4 and r̂ðx; yÞ parametrizes scalarmetric fluctuations
around this background. We normalize the Lagrangian such
that the 5D gravitational coupling κ is related to the 5D
Planck mass M5 according to κ2 ¼ 4=M3

5.
5

The GW stabilization mechanism [39,40] relies on the
existence of a nontrivial background scalar field configu-
ration ϕ0ðyÞ such that the size of the extra dimension is
stabilized by a competition between the kinetic (gradient)
and potential energies of this field, which is “pinned” to
different values at the two ends (branes) of the orbifold. We
expand the bulk scalar ϕ̂ðx; yÞ as

ϕ̂ðx; yÞ≡ 1

κ
ϕ≡ 1

κ
½ϕ0ðyÞ þ f̂ðx; yÞ%; ð5Þ

where scalar fluctuations are encoded in f̂ðx; yÞ.6
The background scalar and metric field configurations

specified by ϕ0ðyÞ and AðyÞ must be found by solving the
coupled gravity/bulk-scalar field equations [49], and
requires that we specify the form of the GW potential in
Lpot. Of note is that there is nontrivial mixing between the
bulk scalar field and the scalar metric fluctuations in the

presence of a nontrivial scalar background. The analysis of
this system can be simplified by imposing the gauge-fixing
constraint [56,57],

ð∂φϕ0Þf̂ðx; yÞ≡ κ
!!!
6

p
e2AðφÞð∂φr̂Þ: ð6Þ

Having imposed this condition, there is only one set
of physical scalar fluctuations, and all fluctuations in
the model are contained in the five-dimensional fields
ĥμνðx; yÞ and r̂ðx; yÞ. In the next subsection, we describe
the effective 4D KK modes that arise from these 5D fields.

B. Tensor and scalar KK modes

For any arbitrary potential that stabilizes the RS1
geometry, the quadratic fluctuation terms of the full
Lagrangian in Eq. (1), once compactified with proper
boundary conditions, will generate a pair of Sturm-
Liouville (SL) equations that can be solved to yield the
Kaluza-Klein spectrum of the gravitational (spin-2) sector
and the scalar sector. A full description of the procedure to
bring the KK mode Lagrangian to a quadratic form can be
found in Refs. [41,42], and we quote the results below.7

For the tensor fluctuations, which give the masses and
the wave functions of the spin-2 KK modes, the tensor field
ĥμνðx; yÞ can be decomposed into a tower of 4D KK states

ĥðnÞμν ðxÞ with φ≡ y=rc, as follows:

ĥμνðx; yÞ ¼
1
!!!!
rc

p
Xþ∞

n¼0

ĥðnÞμν ðxÞψnðφÞ; ð7Þ

where, as described earlier, rc is the radius of the compact
extra dimension. Here ψnðφÞ is the 5D wave function of the
nth mode that satisfies the SL differential equation:

∂φ½e−4A∂φψn% ¼ −μ2ne−2Aψn: ð8Þ

These wave functions satisfy the Neumann boundary
conditions where ð∂φψnÞ ¼ 0 at φ∈ f0; πg. The eigenval-
ues μn ¼ mnrc give the masses mn of the nth spin-2 KK
mode. The wave functions are normalized according to

Z
þπ

−π
dφ e−2A ψm ψn ¼ δm;n; ð9Þ

and satisfy the completeness relation

δðφ2 − φ1Þ ¼ e−2A
Xþ∞

j¼0

ψ jðφ1Þψ jðφ2Þ: ð10Þ

4For RS1 [5], in which the extra dimension is unstabilized,
AðyÞ ¼ kjyj as sourced by brane and bulk cosmological
constants.

5This specific form of the metric in Eq. (2) with the definitions
in Eqs. (3) and (4) was used in our previous works [34–36] for the
unstabilized RS1 metric, following Ref. [55], to ensure that the
quadratic gravitational Lagrangian is brought to a canonical form,
free of any mixing between the scalar and tensor parts of the
metric.

6The factors of κ (in units of energy−3=2) included in Eq. (5) are
defined so that ϕ0 and f̂ are dimensionless in natural units.

7For convenience, we have chosen a mode normalization here
that differs slightly from that in Ref. [42] and absorbed a factor of
1=

!!!
π

p
in the definitions of ψnðφÞ and γiðφÞ.
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This form of this SL problem for the spin-2 KK sector is
identical to the unstabilized case. The difference is encoded
in the new background geometry with a modified warp
factor AðyÞ.
The Neumann boundary condition ð∂φψnÞ ¼ 0 implies

that there is always a massless 4D graviton mode (with a
wave function ψ0 which is constant in φ) in the spin-2 KK
sector. From the form of the spin-2 mode expansion in
Eq. (7) and the constant graviton wave function, we
immediately find the relationship between the 5D Planck
mass and the observed 4D mass MPl, as follows:

1

M2
Pl
¼ jψ0j2

rcM3
5

; ð11Þ

and hence, using the normalization condition in Eq. (9),

M2
Pl ¼

rcM3
5

jψ0j2
¼ rcM3

5

Z
þπ

−π
dφ e−2AðφÞ: ð12Þ

For the spin-0 sector, in which the metric fluctuation and
the bulk scalar mix proportional to background scalar field
ϕ0ðφÞ, the KK decomposition of the 5D scalar field r̂ðx; yÞ
into a tower of spin-0 KK modes proceeds by introducing
extradimensional wave functions γiðφÞ and a tower of 4D
scalar fields r̂ðiÞðxÞ parametrized as follows:

r̂ðx; yÞ ¼ 1
!!!!
rc

p
Xþ∞

i¼0

r̂ðiÞðxÞγiðφÞ: ð13Þ

The mode equation that brings the 5D scalar Lagrangian to
canonical form (including the effects of the mixing between
the GW and gravitational sectors) is given by [56,57]

∂φ

$
e2A

ðϕ0
0Þ2

ð∂φγiÞ
%
−
e2A

6
γi

¼−μ2ðiÞ
e4A

ðϕ0
0Þ2

γi

8
<

:1þ 2δðφÞh
2V̈1rc−

ϕ00
0

ϕ0
0

iþ 2δðφ−πÞh
2V̈2rcþ

ϕ00
0

ϕ0
0

i

9
=

;; ð14Þ

where ϕ0
0 ≡ ð∂φϕ0Þ and the eigenvalues μðnÞ ¼ mðnÞrc give

the masses mðnÞ of the nth scalar KK mode. The Dirac
delta-function terms enforce the following (orbifold) boun-
dary conditions:

ð∂φγiÞ
&&&&
φ¼0

¼ −
$
2V̈1rc −

ϕ00
0

ϕ0
0

%−1
μ2ðiÞe

2Aγi

&&&&
φ¼0

;

ð∂φγiÞ
&&&&
φ¼π

¼ þ
$
2V̈2rc þ

ϕ00
0

ϕ0
0

%−1
μ2ðiÞe

2Aγi

&&&&
φ¼π

; ð15Þ

where V̈1;2 are the second functional derivatives of the
brane potentials evaluated at the background-field

configuration. Note that these boundary conditions reduce
to Neumann form in the “stiff-wall” limit, V̈1;2 → þ∞, a
limit which we will use in Sec. II D in the context of the
DFGK [49] method to construct analytic background
solutions. The mixing between the gravitational and bulk
scalar sectors also generates an unconventional normali-
zation of the scalar wave functions to bring the scalar
kinetic energy terms to canonical form [42], as follows:

δmn ¼ 6

Z
þπ

−π
dφ

$
e2A

ðϕ0
0Þ2

γ0mγ0n þ
e2A

6
γmγn

%
: ð16Þ

The scalar wave function completeness relation is then
given by

δðφ2−φ1Þ¼
6e4Aðφ1Þ

ðϕ0
0ðφ1ÞÞ2

(

1þ 2δðφ1Þh
2V̈1rc−

ϕ00
0

ϕ0
0

iþ 2δðφ1−πÞh
2V̈2rcþ

ϕ00
0

ϕ0
0

i
)

×
Xþ∞

j¼0

μ2ðjÞγjðφ1Þγjðφ2Þ: ð17Þ

In the scalar sector, due to the nonconstant expectation
value of the background scalar field, the lightest spin-0
state (identified as the radion with a wave function γ0)
acquires a mass μð0Þ > 0.
Before explaining how we find AðφÞ and ϕ0ðφÞ, which

satisfy the coupled gravity/scalar field equations, we
specify the form of the Lagrangian for the brane-localized
DM and SM fields.

C. The brane-localized dark matter and Standard
Model sectors

We write the Lagrangian of the brane-localized matter
(both dark matter and Standard Model matter) on the TeV-
brane interacting with the spin-2 KK sector as [44]8

Lbrane matter ¼ LS;brane þ LV;brane þ Lχ;brane; ð18Þ

where the Lagrangian for brane-localized scalars, vector
fields, and fermions (which are taken here to include both
the Standard Model fields and a putative DM candidate) are
respectively of the form

LS;brane ¼
Z

π

−π
dφ

!!!!!!!
−Ḡ

p $
1

2
Ḡμν∂μŜ∂νŜ −

1

2
M2

SŜ
2

%

× e2AðϕÞδðϕ − πÞ; ð19Þ

8We follow the notations introduced in Ref. [44]. While this
was written in conformal coordinates in Ref. [44], the conversion
to the coordinate choice used in this paper is straightforward.
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LV;brane ¼
Z

π

−π
dφ

!!!!!!!
−Ḡ

p $
−
1

4
ḠμρḠνσFμνFρσ

þ 1

2
M2

VḠ
μνV̂μV̂ν

%
δðϕ − πÞ; ð20Þ

Lχ;brane ¼
Z

π

−π
dφ

!!!!!!!
−Ḡ

p
½ ¯̂χieμᾱγᾱDμχ̂ −Mχ

¯̂χ χ̂%e3AðϕÞδðϕ− πÞ:

ð21Þ

Here Ḡμν and its determinant are the induced metric on the
TeV-brane

Ḡμν ¼ ½wgμν%φ¼π: ð22Þ

In addition, the vector field strength is FMN ¼
∇MV̂N −∇NV̂M, and the fermion covariant derivative is
defined as

Dμχ̂ ¼ ∂μχ̂ þ
1

2
Ωᾱ β̄

μ σᾱ β̄χ̂; ð23Þ

where σᾱ β̄ ¼ ½γᾱ; γβ̄%=4, with γᾱ being the gamma matrices
defined over the tetrad eμᾱ. For simplicity, we take the
scalar dark matter candidate to be real, while the fermion is
assumed to be Dirac.
Integrating Eqs. (19)–(21) over the fifth dimension, as

enforced by the delta function, the quadratic part of the
action has the following form:

SSS ¼
Z

d4x
$
1

2
∂μŜ∂μŜ −

1

2
M2

Se
−2AðπÞŜ2

%
; ð24Þ

SVV ¼
Z

d4x
$
−
1

4
FμνFμν þ

1

2
M2

Ve
−2AðπÞV̂μV̂μ

%
; ð25Þ

Sχχ ¼
Z

d4x½i ¯̂χ=∂χ̂ −Mχe−AðπÞ ¯̂χ χ̂%; ð26Þ

where the fields are evaluated on the brane, φ ¼ π. In what
follows, we use reparametrized mass terms of the scalar,
fermion, and vector fields, which are

mS ¼ e−AðπÞMS; ð27Þ

mχ ¼ e−AðπÞMχ ; ð28Þ

mV ¼ e−AðπÞMV: ð29Þ

Unlike the situation with bulk fields, there are no inter-
actions of the brane-localized fields that contain an explicit
derivative in the fifth dimension. The 3- and 4-point
interactions of the KK sector and matter are written out
in Sec. IV and Appendix C of Ref. [44].

D. The DFGK model

While the general properties of the KK gravity- (and
gravity-matter) scattering amplitudes do not depend on the
specific form of the GW potential and the background
geometry, the calculation of the DM relic abundance will
require knowing the KK masses and couplings in order to
generate the relevant cross sections, and the masses and
couplings are dependent on the solving the spin-2 and
spin-0 Sturm-Liouville systems described in Sec. II B.
Hence, we will need a method of finding a consistent
set of background AðφÞ and ϕ0ðφÞ fields for a GW-
stabilized RS-like geometry—and from these, we will
(numerically) solve for the KK wave functions and masses,
and compute the needed couplings.
To find consistent background solutions, we will use

the strategy employed in the DFGK model [49], with the
introduction of a superpotential-inspired functionW½ϕ̂% that
can be used to derive a GW potential for which the
background equations can be easily solved. In this formu-
lation, the scalar bulk and brane potentials are parametrized
(in dimensionless form) as

Vr2c ¼
1

8

"
dW
dϕ̂

#
2

−
W2

24
; ð30Þ

φ≡ 0∶ V1rc ¼ þW
2
þ β21½ϕ̂ðφÞ − ϕ1%2;

φ≡ π∶V2rc ¼ −
W
2
þ β22½ϕ̂ðφÞ − ϕ2%2; ð31Þ

and we take the stiff-wall limit: β1;2 → þ∞, so that ϕ1 ≡
ϕ̂ð0Þ and ϕ2 ≡ ϕ̂ðπÞ. The background scalar and Einstein
equations can then be analytically solved to give

ð∂φAÞ ¼
W
12

&&&&
ϕ̂¼ϕ0

signðφÞ; ð∂φϕ0Þ ¼
dW
dϕ̂

&&&&
ϕ̂¼ϕ0

signðφÞ:

ð32Þ

The DFGK analysis [49] then introduces a convenient
W½ϕ̂% with the following specific form:

W½ϕ̂ðφÞ% ¼ 12krc −
1

2
ϕ̂ðφÞ2urc: ð33Þ

Plugging this into Eq. (32), we find solutions for the bulk
scalar vacuum and the warp factor:

ϕ0ðφÞ ¼ ϕ1e−urcjφj; ð34Þ

AðφÞ ¼ krcjφjþ
1

48
ϕ2
1½e−2urcjφj − 1%; ð35Þ

where the parameters u, ϕ1, and ϕ2 are related according to

R. SEKHAR CHIVUKULA et al. PHYS. REV. D 111, 075030 (2025)

075030-6



urc ¼
1

π
log

ϕ1

ϕ2

: ð36Þ

Given these ϕ0ðφÞ and AðφÞ, we solve numerically for the
mass spectrum and wave functions of the spin-2 KK sector
and the spin-0 GW scalar sector.
One convenient feature of this choice of GW potential is

that, in the limit u → 0, it reproduces the unstabilized RS1
model with AðyÞ ¼ krcjφj (and for which ϕ̂ðφÞ≡ ϕ1 ¼ ϕ2

is constant). In addition, for the light radion (small u), the
effect of the backreaction of the GW dynamics on the RS
geometry is small, and we can use the perturbative DFGK
model described in Ref. [42]. In the next section, we will
describe the masses and couplings of the KK modes for the
light radion limit. A study of the model with a heavy radion
will be related in a subsequent work [52].

E. Masses and matter couplings in the light radion limit

In this section, we will exploit the light radion limit to
explain the general features of the KK masses and their
couplings with brane-localized matter. We note, however,
that all of the numerical analyses presented later incorpo-
rate numerical solutions whose accuracy goes beyond the
perturbative analysis given in this section. Expanding the
solutions given in Eqs. (34) and (35) for small u, and
solving the Sturm-Liouville equation for the radion [the
lightest spin-0 KK mode with wave function γð0ÞðφÞ]
perturbatively, we find that the warp factor and the radion
mass can be expressed [42] in terms of three parameters
fk̃; rc; ϵg as

AðφÞ ¼ k̃rcjφjþOðϵ2jφj2Þ; ð37Þ

m2
r ¼

8ϵ2

r2cð1þ e2πk̃rcÞ
þOðϵ3Þ; ð38Þ

where the two parameters k̃ and ϵ are related to the original
three potential parameters fk; u;ϕ1g by

k̃ ¼ k −
ϕ2
1u
24

; ð39Þ

ϵ ¼ ϕ1urc!!!!!
24

p : ð40Þ

To leading order in this limit, from Eq. (12) we find the
usual RS relation between the 5D and 4D Planck masses:

M2
Pl ¼

M3
5

k̃
ð1 − e−2k̃πrcÞ: ð41Þ

For large k̃rc, we also find the usual masses of the spin-2
KK modes as in Ref. [42]:

mn ¼ xnk̃e−k̃πrc ; ð42Þ

where xn are zeroes of the Bessel function of the first kind.
The spin-2 KK modes couple to the energy-momentum
tensor of the TeV-brane localized matter through the
induced 4D metric on the brane, Ḡμν ¼ ½wgμν%φ¼π , as
follows:

Lspin−2 couplings ¼
1

!!!!
rc

p
M3=2

5

X

n

ĥðnÞμν ðxÞψnðφ¼ πÞTμν; ð43Þ

and we find immediately, from Eq. (12), that the graviton
couples with strength proportional toM−1

Pl . The coupling of
spin-2 KK modes can be rewritten as

Lspin−2 couplings ¼
1

ψ1ðφ ¼ πÞΛπ

X

n

ĥðnÞμν ðxÞψnðφ ¼ πÞTμν;

ð44Þ

where Λπ characterizes the coupling to the first spin-2 KK
mode. In the large k̃rc limit, Λπ is given by

Λπ ¼
ψ0

ψ1ðφ ¼ πÞ
MPl ≈ e−k̃rcπMPl: ð45Þ

Thus, in the light radion limit, we may trade the para-
meters fk̃; rc; ϵg in favor of three physical parameters
fΛπ; m1; mrg in the gravitational sector.
For the spin-0 GW sector, as we noted in Ref. [42], the

masses of the GW scalars for large k̃rc can be expressed as

mðnÞ ¼ znk̃e−k̃πrc ; ð46Þ

where zn are the roots of the Bessel functions of the second
kind. From Eq. (4), we see that the scalar fields couple to
the trace of the TeV-brane matter energy-momentum tensor,

Lspin−0 couplings ∝ −
e2Aðφ¼πÞ

!!!!
rc

p
M3=2

5

X

i

r̂ðiÞðxÞγiðφ ¼ πÞTμ
μ

¼ −
e2Aðφ¼πÞ

ψ1ðφ ¼ πÞΛπ

X

i

r̂ðiÞðxÞγiðφ ¼ πÞTμ
μ:

ð47Þ

For brevity of notation, in the following sections, we will
use these definitions for couplings of the spin-2 and spin-0
KK modes to TeV-brane matter, =-1

κm ≡ ψmðπÞ
ψ1ðπÞ

1

Λπ
and κðmÞ ≡ 1

Λπ

γmðπÞ
ψ1ðπÞ

e2Aðφ¼πÞ: ð48Þ

From the form of couplings, it is not obvious that κðmÞ is
suppressed relative to κm. However, there is an exponential
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suppression of γmðπÞe2AðπÞ, relative to ψmðπÞ, which leads
to the spin-0 couplings being orders of magnitude smaller
than the spin-2 couplings. More physically, since the
mixing between the tower of scalar states and the gravi-
tational sector vanishes in the limit of a massless radion,
μð0Þ → 0, when the background scalar field configuration
becomes trivial (flat), the scalar couplings are suppressed in
the light radion limit. The suppression of the couplings κðiÞ
is illustrated in Fig. 2, where we plot the ratio of the GW
scalar couplings to the spin-2 KK couplings κðiÞ=κi,
corresponding to Eq. (48).
Thus, for given values of fΛπ; m1; mrg, we can deter-

mine the masses, wave functions, and couplings of all KK
modes. Using this input, we can compute the DM anni-
hilation cross sections and consider the thermal relic
abundance of these particles; that is the subject of the next
section.

III. DARK MATTER ANNIHILATION
CROSS SECTIONS

In order to compute the relic abundance of the freeze-out
process, we require the velocity-averaged cross sections

governing the thermal equilibrium abundance of dark
matter in the early Universe. In the Kaluza-Klein portal
dark matter models we are considering, we need the
amplitudes for three distinct types of processes:

(i) Annihilation of the dark sector particles to SM via
the KK portal propagators, which includes the spin-2
KK modes, the massive radion, and the GW scalars,
described in Fig. 3.

(ii) Annihilation of dark sector particles into the spin-2
KK sector, described in Fig. 4.

(iii) Annihilation to one or two GW scalar sector modes,
including the now massive radion, described in
Figs. 5 and 6.

The potentially problematic high-energy scattering
behavior is intrinsic to the diagrams involving spin-2
KK mode self-couplings, and hence in the last two classes
of contributions illustrated in Figs. 4–6—but are absent
from the s-channel spin-2 diagrams in Fig. 3 since the
energy-momentum tensors of the DM and SM sectors are
conserved (to this order in perturbation theory).
We describe each of these annihilation channels in the

subsections that follow.

A. Annihilation to SM particles via the KK portal

For the KK portal DM scenario, the spin-2 and the
spin-0 KK modes mediate the only interactions linking the
SM and DM sectors. The couplings of the gravity sector
are, as described above, proportional to the energy-
momentum tensors of these TeV-brane localized sectors.
The Feynman diagrams for dark matter annihilation to SM
particles are depicted in Fig. 3. The first two diagrams
describe the dark species [Φ ¼ ðS; V; χÞ] annihilating via
the massless graviton hð0Þ and the tower of spin-2 KK
modes hðkÞ. The third diagram depicts the annihilation via
the scalar sector rðlÞ, of which the l ¼ 0 state describes the
massive radion, while the l ≠ 0 state describes the GW
scalars. All final-state SM species are included: the Higgs,
the SM fermions, the massive weak-gauge bosons, the
photons, and the gluons.
As an example, for scalar DM annihilating to the Higgs

final state, the matrix element of the processes in Fig. 3 are
given by

FIG. 3. Diagrams for brane dark matter annihilating into Standard Model modes via the exchange of the massless graviton (hð0Þ), spin-
2 KK modes (hðkÞ), or scalar sector modes (rðlÞ). Φ denotes all possible types of brane dark matter: scalars S, vectors V, and fermions χ;
SM, likewise, denotes all Standard Model modes.

FIG. 2. Ratio of the GW scalar couplings (κðiÞ) to the spin-2 KK
mode couplings (κi), starting at mode number i ¼ 1: See Eq. (48),
and the corresponding discussion in the text.
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MSS ¼ i
24

$
3κ0
s

ðsð4ðm2
h þm2

SÞ þ sÞ þ ð4m2
h − sÞðs − 4m2

SÞ cos 2θÞ

þ ð4m2
h − sÞðs − 4m2

SÞ
X∞

k¼1

κ2k
s −m2

k þ imkΓhðkÞ
− 4ð2m2

h þ sÞð2m2
S þ sÞ

X∞

n¼0

κ2ðnÞ
s −m2

ðnÞ þ imðnÞΓrðnÞ

%
; ð49Þ

where
!!!
s

p
and θ are the center-of-mass (COM) energy squared and scattering angle. Here mk and mðnÞ are masses of the

intermediate spin-2 and spin-0 KK modes, respectively, and the κk and κðnÞ are the corresponding couplings as defined in

FIG. 4. Brane-localized dark matter [Φ ¼ ðS; V; χÞ, as in Fig. 3] annihilating to spin-2 KK modes (hðkÞ). Here rðiÞ represents the ith
spin-0 (radion or GW scalar) KK mode.

FIG. 5. Diagrams for brane dark matter annihilating to a mixed final state: one spin-2 and one spin-0 KK mode. As in Fig. 3,
Φ ¼ ðS; V; χÞ represents the brane dark matter particle (scalar, vector, boson), while hðiÞ denotes the ith spin-2 KKmode and rðiÞ denotes
the ith spin-0 KK mode (only relevant for the brane-stabilized RS model).
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Eq. (48). Furthermore, the ΓhðkÞ and ΓrðnÞ are the decay
widths of the KK modes, expressions for which are
provided in Appendix A.9 Similar expressions are found
for brane scalar annihilation to SM vectors and fermions.
The decay width of the kth spin-2 KK mode ΓhðkÞ

depends on the quantity κ2km
3
k as can be seen from

Appendix A 1, and therefore the matrix element in
Eq. (49) when evaluated on the kth spin-2 resonance
(s ¼ m2

k) is independent of the coupling constant κk and
the mass mk. Hence, due to the phase-space prefactor, the
corresponding cross section evaluated at the kth spin-2
resonance scales as ≃1=m2

k.

For a given choice of model parameters fΛπ; m1; mrg we
numerically solve for the KKmode masses, wave functions,
and couplings (which we do without recourse to the light
radion or large k̃rc approximations). Then, we compute the
scalar DM annihilation cross sections for any scalar DM
mass. In the left panel of Fig. 7, we plot the behavior of the
cross section of the dark matter particle annihilation S S →
SMSM for Λπ¼ 40 TeV, m1¼ 1 TeV, and mr ¼ 1 GeV
(from which we find that mð1Þ ≃ 1.4 TeV, where mð1Þ
denotes the mass of the first GW scalar). We plot both
the total annihilation cross section and those to particular
SM final states. We analogously compute the annihilation of
vector or fermion dark matter particles, with an example of
vector DM annihilation V V → SMSM plotted in the right
panel of Fig. 7.

FIG. 7. Individual contributions to the cross section for the scalar dark matter process SS → SMSM (left panel) and vector process
V V → SMSM (right panel) for a dark matter mass of 100 GeV. The cross section is obtained via a sum over a truncated tower of 25
internal KK states. Here γ corresponds to a photon, g to a gluon,H to Higgs, f is a placeholder for the SM fermion with

P
f denoting the

sum over all SM fermions.

FIG. 6. Diagrams for brane dark matter annihilating to two spin-0 KK modes. As in Fig. 3, Φ ¼ ðS; V; χÞ represents the brane dark
matter particle (scalar, vector boson), while hðiÞ denotes the ith spin-2 KK mode and rðiÞ denotes the ith spin-0 KK mode.

9The expressions we find agree with those provided in
Ref. [58].

R. SEKHAR CHIVUKULA et al. PHYS. REV. D 111, 075030 (2025)

075030-10



We observe that the scalar and vector annihilation cross
sections are very similar and, as might be expected,
maximally enhanced on the KK resonances. Furthermore,
the vector annihilation cross section resonance peak heights
are slightly larger than the corresponding scalar peak
heights. Correspondingly, we find that fermion DM anni-
hilation results in a cross section (which is not shown here)
with resonance peak heights between those found for scalars
and vectors.
In addition, while the GW scalar resonances are also

present, their contribution to the total cross sections is
significantly smaller. This is a consequence of the light
radion parameter space investigated here. The GW scalars
have no direct coupling to DM; rather, the GW scalar
contribution to the DM annihilation cross section comes
entirely from the “mixing” of the GW scalars with the
gravity sector, a mixing that vanishes in the limit of zero
radion mass.

B. Annihilation to spin-2 KK graviton

The second set of processes we are interested in is DM
annihilations to spin-2 KK gravitons, depicted in Fig. 4.
These processes are calculated in Ref. [44] in unitary
gauge10 and, as a check of the numerical unitary-gauge
computations in this work, we verified the cancellation of
the bad high-energy behavior between the different dia-
grams. We briefly review the behavior of these scattering
amplitudes below and then provide illustrative examples of
the behavior of the corresponding cross sections.
Consider the scattering of a pair of brane-localized

matter fields Φ̄ into a pair of longitudinally polarized
KK gravitons,

ΦλΦ̄λ̄ → hðiÞL hðjÞL ; ð50Þ

where the Φ represent incoming brane matter fields with
Φ ¼ S, V, χ; here λ, λ̄ denote their helicities. The compu-
tation of these contributions involves the self-couplings of
the spin-2 KK modes (including the graviton) and the
couplings between a spin-0 mode (the radion or GW
scalars) and two KK modes. The form of the self-couplings
of the gravity KK sector are the same as those in the
unstabilized RS1 model [34–37]. The inclusion of the GW
sector introduces a new set of coupling structures, which
were discussed in Refs. [41,42].
There are two regimes of interest in analyzing the

behavior of this class of amplitudes and their contribution
to the relic density. First, the resonance or “funnel” region,
with mi;mðrlÞ ≃ 2mΦ̄, where the intermediate KK graviton
or the (massive) scalar propagator goes on resonance.
Accurate computations in this regime require numerical

computations of sufficient accuracy for all of the spin-2 and
spin-0 mode masses, wave functions, and couplings.
The second region of interest is the high-energy!!!
s

p
→ ∞ limit, where individual diagrams in the amplitude

would naively seem to grow as M ∝ Oðs3=m4
iΛ2

πÞ due to
the longitudinal polarizations of the external KK states.
This growth is, however, unphysical, and when the full set
of diagrams is taken into account (including intermediate
GW states), the amplitude grows as Oðs=Λ2

πÞ [44]. For
example, at high energies, the leading order contribution to
the annihilation amplitude reads,

Mð1Þ
00 ðSS → hðiÞhðjÞÞ ¼ −

iκiκj
24

ð1þ 3 cos 2θÞ; ð51Þ

where we expand the matrix element Mλ;λ̄ in powers of s,

Mλλ̄ðs; θÞ ¼
X

σ ∈Z

Mðσ=2Þ
λλ̄

ðθÞsσ=2: ð52Þ

As another example, the leading order scattering amplitude
for helicity-0 vector DM annihilation is given by

Mð1Þ
00 ðV0V0 → hðiÞhðjÞÞ ¼ 1

24
½κiκjð1þ 3 cos 2θÞ%: ð53Þ

Note that these leading order contributions can be written in
terms of the KK-DM couplings κi directly, without refer-
ence to the rather more complicated KK mode self-
coupling structures that appear in individual diagrams.
The ability to express the leading order growth in the
scattering amplitude entirely in terms of the κi parameters is
a result of the “sum rules” which enforce cancellations
found in Refs. [43,44].
We numerically evaluate the DM to KK mode cross

sections so that all wave functions and the masses of the
spin-2 KK sector states and GW scalar sector states are
obtained to the required precision. The numerical demon-
stration that resulting overall amplitudes grow linearly with
s (and the corresponding cross sections like s2) at high
energy represents a check of the numerical accuracy of our
results. In the left panel of Fig. 8, we plot the illustrative
behavior of various scalar DM to KK mode cross sections
for the model parameters shown. We observe the resonances
when

!!!
s

p
≃ 2mi, and also see that the cancellations at high

energy lead to small (relative to the resonant peaks) cross
sections which grow only linearly with s at high energy. We
also note that the resonances occurring due to the inter-
mediate GW scalars are significantly suppressed compared
to those due to spin-2 KK states; only resonances due to the
exchange of spin-2 KK states are visible in the figure.
Similar behavior can be observed for the initial state of
brane-localized fermions and vectors. In the right panel of

10These processes were also analyzed in Ref. [43] using
’t Hooft–Feynman gauge and the Goldstone boson equivalence
theorem.
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Fig. 8, we present the annihilation to spin-2 KK modes via
the diagrams in Fig. 4 for vector DM candidates. Again, we
notice that the cross sections for the vector-initiated states
are larger than the corresponding scalar-initiated states due
to the polarization states of the massive vector, and we find
that the fermion case is intermediate.
Finally, comparing Figs. 7 and 8, we note that once all of

the proper cancellations have been taken into account, the
cross sections corresponding to the DM annihilation to KK
mode processes are always substantially smaller (both on
resonance and at high energies) than the corresponding DM
annihilation cross sections to SM particles.

C. Annihilation to GW scalar final states

The final set of processes includes the mixed spin-2 KK
mode and the spin-0 (radionþ GW scalar) modes hðiÞrðjÞ in
the final state, corresponding to the Feynman diagrams in
Fig. 5, as well as a pair of spin-0 modes rðiÞrðjÞ in the final
state, as illustrated in Fig. 6.
These diagrams require new sets of interactions involving

one spin-2 KKmode and two (massive) radion/GW states or
three radion/GW states; none of these were required in
previous work, so this is the first time they are being
calculated and studied. We expand the Lagrangian to the
appropriate order in coupling to extract these interactions
and derive the corresponding Feynman rules. We document
the corresponding Lagrangians, interactions, and Feynman
rules in Appendix D 2. As an example, we briefly summa-
rize the calculation of S S → hðiÞrðjÞ. As before, there are
two regions of interest: the funnel region where the internal
spin-2 KK modes or the radion goes on shell, and the high-
energy limit where an anomalous growth would naively
seem to be present. In Appendix D 4, we present a sketch of
the calculation for the process SS → hðiÞrðjÞ. We find that
all anomalously growing terms are canceled out and

the residual high-energy terms linear in COM energy
squared11 are

Mð1Þ
0 ðSS → hðiÞrðjÞÞ ¼

iκiκðjÞ
24

ð1þ 3 cos 2θÞ: ð54Þ

Again, the fact that the leading high-energy behavior of this
scattering amplitude can be written purely in terms of the
couplings of the modes to brane-localized particles, the κi
and κðjÞ parameters, is a result of a (new) sum rule as
explained in Appendix D 4.
The resulting cross section for the process in question is

obtained numerically by summing over the truncated spin-0
and spin-2 towers as presented in the left panel of Fig. 9.
From Fig. 9, we note that since the coupling constants of
higher spin-0 modes are several orders of magnitude
smaller than those of the zeroth spin-0 mode, the cross
section of processes with higher spin-0 modes in the final
state is suppressed compared to the processes with the
zeroth spin-0 mode in the final state. A sketch of the
calculation for vector and fermion dark matter candidates is
documented in Appendix D 4.
Finally, there are processes with two massive radions

(rð0Þrð0Þ), two GW scalars rðiÞrðjÞ, or GW scalar massive
radion final states rð0ÞrðiÞ, as depicted in Fig. 6. In the
stabilized RS1 model, the three scalar vertex is complicated,
and the resulting amplitudes involve many coupling struc-
tures. These structures are summarized in Appendix D 2.
After a series of complex calculations, we are left with a
leading order high-energy amplitude that can be simply
written as

FIG. 8. Cross section for the scalar process SS → hðiÞhðjÞ (left panel) and vector process VV → hðiÞhðjÞ (right panel) for a dark matter
mass of 100 GeV. The cross sections are computed by summing over a truncated KK tower of 25 internal spin-0 and 25 internal spin-2
KK modes.

11In the numerical evaluation, we evaluate terms to subleading
orders with sufficient numerical precision.
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Mð1Þ
0 ðSS → rðiÞrðjÞÞ ¼ −

iκðiÞκðjÞ
24

ð1þ 3 cos 2θÞ: ð55Þ

Again, the high-energy behavior of this amplitude is
determined entirely by the couplings κðiÞ due to a sum rule
examined in Appendix D 2.
The resulting cross section for the process in question

obtained numerically by summing over the truncated
spin-0 and spin-2 towers are presented in the right panel
of Fig. 9. We have set the effective scale Λπ ¼ 40 TeV and
adjusted the parameters of the stabilizing potential to
obtain m1 ¼ 1 TeV, mð1Þ ≃ 1.4 TeV, mr ¼ 1 GeV for a
choice of scalar DM mass of 100 GeV. We also note that
the cross sections SS → hðiÞrð0Þ are enhanced compared to
SS → hðiÞrðj≠0Þ. The most intuitive way of thinking about
the qualitative difference between the cross sections for the
hðiÞrð0Þ and hðiÞrðj≠0Þ is that any interactions terms between
the RS and GW sectors come suppressed by the Vacuum
Expectation Value (VEV) of the bulk scalar and are
suppressed by OðukÞ [20,44]. As before, the calculation

with vector and fermion DM initial states are documented
in Appendix D 2.
Finally, by comparing Figs. 7 and 9, we see that the

mixed DM to KK=GW and GW=GW annihilation cross
sections (once all anomalous high-energy growth has been
tamed) are significantly smaller than the DM to SM cross
sections. Note here that the portion of the amplitude scaling
like s1, shown in Eq. (55), is suppressed by the product of
small couplings κðiÞκðjÞ, and instead contributions which are
proportional to s0 dominate until COM energies as large
as

!!!
s

p
≃ 103 TeV.

D. Cross section summary

In the left panel of Fig. 10, we present the annihilation
cross sections of brane-localized scalars, vectors, and
fermions, respectively, to SM final states. While annihila-
tion into SM particles from vector initial states is slightly
larger than that from fermion or scalar initial states, the
difference is at most a factor of 2–3, even at resonance; all of

FIG. 10. Left: contributions to the SM annihilation cross section of brane-localized matter for each species of dark matter. Right: for
the case of scalar DM, we compare the different annihilation channels and illustrate the dominance of the annihilation into SM final
states.

FIG. 9. Cross section for the process SS → hðiÞrðjÞ (left panel), and SS → rðiÞrðjÞ (right panel) for the mass of the brane scalar of
0.5 TeV mr ¼ 1 GeV. The cross sections are computed by summing over a truncated KK tower of 25 internal spin-0 and 25 internal
spin-2 KK modes.
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the cross sections behave very similarly. On the right panel
of Fig. 10, we compare the cross sections for brane-
localized scalars annihilating into various final states and
note that, as described above, the annihilation cross section
into KK final states is well behaved and is smaller than
that for SM final states. As mentioned previously, neither
the light radion nor large k̃rc approximations are used in the
results presented here, and all contributions (including the
SM and spin-2 KKþ GW sector) have been considered in
the full numerical evaluation.

IV. VELOCITY-AVERAGED CROSS SECTIONS
AND RELIC DENSITY

In order to compute the relic density of DM particles, we
require the thermal velocity-averaged cross section, which
can be expressed as [59,60]12

hσΦΦ→ffvi¼
2π2T

R∞
4m2

Φ
ds

!!!
s

p
ðs−4m2

ΦÞK1

' !!
s

p

T

(
σΦΦ→ffðsÞ

'
4πm2

ΦTK2

'
mΦ
T

((
2

:

ð56Þ

In the above expression, K1, K2 are, respectively, the first
and second modified Bessel functions of the second kind,
T is the temperature of the thermal bath, and f represents
the particles that the DM particle Φ annihilates to, i.e.,
S; V; χ; hi; rj. Assuming standard thermal weakly interact-
ing massive particle freeze-out relic abundance, with a
typical freeze-out temperature of order mΦ=20, we esti-
mate that a velocity-averaged cross section of hσvreli ≃
10−26 cm3=s can provide for the observed Planck-inferred
relic density of the Universe [61].
In separate panels of Fig. 11, we plot the total velocity-

averaged cross section (blue curve) resulting from the
annihilation of scalar, vector, and fermion dark matter
candidates as a function of the mass of the dark matter
species. We also show the contributions to the total from
various final states; note that the total (blue) curve tends to
overlap the (orange) curve for SM final states in most
panels. In the plots in Fig. 11, we take representative values
of the model parameters; specifically, we fix m1 ≃ 1 TeV,
andmr ¼ 1 GeV (for which we obtainmð1Þ ≃ 1.4 TeV) for
several choices of Λπ: 20 and 40 TeV for all dark matter
species, and also 60 and 80 TeV for vector dark matter.
One may observe that, in all cases shown, the resonant

peak heights of the velocity-averaged cross sections fall as
Λπ increases. This dependence is phenomenologically
important since it controls the region of Λπ that yields
an appropriate dark matter relic abundance. This depend-
ence on Λπ , the interaction strength of the KK graviton, is

counterintuitive since resonant amplitudes saturate the
unitarity bound on the peak. The corresponding particle
cross sections on the peak would be strictly independent of
the total decay width (depending only on the mass of the
resonance and the branching ratios for the incoming and
outgoing states) in the zero-width approximation. However,
this behavior is modified for the velocity-averaged cross
sections.
We illustrate the origin of this dependency of the

annihilation cross section on Λπ for the contribution to
the annihilation cross section of a brane-localized vector
boson to Higgs bosons via the first spin-2 mode with mass
m1. Near the peak, the corresponding matrix element is of
the Breit-Wigner form,

M ≃
i
24

κ21sðsþ 4m2
VÞ

s −m2
1 þ im1Γhð1Þ

ð1þ 3 cos 2θÞ; ð57Þ

where the decay width of the first KK mode can be
approximated as Γhð1Þ ≃ αm3

1=Λ2
π for some numerical pre-

factor α. Next, we expand the velocity-averaged cross
section [62]

hσvi ¼ aþ bv2 þ cv4 þ…; ð58Þ

in terms of the relative thermal velocity of dark matter
particles

v ¼

!!!!!!!!!
16T
πmV

s

: ð59Þ

Doing so on annihilation resonance peak, evaluated at the
dark matter mass fixed to half of the first KK mode
(mV ¼ m1=2), in the relative thermal velocity up to fourth
order, we get

hσvi ¼ AðvÞ
m2

1

−
Bv4

m2
1

Λ4
π

m4
1

þ…; ð60Þ

where AðvÞ is a positive fourth-degree polynomial in v
corresponding to dominantly the s- and p-wave contribu-
tion, and B is a positive numerical coefficient correspond-
ing to the d-wave coefficient. Note that despite the Λπ

dependent contribution being suppressed by v4, it is still
sizable as it is also enhanced by Λ4

π=m4
1. For the typical

freeze-out temperatures of T ¼ mΦ=20, the DM species’
average relative thermal velocity is v ≃ 1=2. However, for
the set of model parameters considered in this work,
Λπ=m1 ¼ Oð10Þ, leading to an observable suppression
in the annihilation cross section for increasing Λπ . We find
the same pattern repeated for fermions and scalars. For
fermions, where the leading term is p wave, the Λπ

12In the natural units where the Boltzmann constant kB is set
to unity.
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FIG. 11. Contributions to the total velocity-averaged annihilation cross section of brane-localized matter from each of the channels
studied here; note that the total cross section largely overlaps that for SM final states in most panels. The first row shows the velocity-
averaged cross section for scalar dark matter for Λπ ¼ 20 and 40 TeV, respectively, while the second and third rows do the same for
fermion and vector DM, respectively, and the fourth row for vector DM candidates and Λπ ¼ 60 and 80 TeV. As explained in the text, a
thermal annihilation cross section hσvi ≈ 10−26 cm3=s (corresponding to x ¼ mΦ

T ≃ 20) is required to obtain the DM abundance observed
in the Universe today. This cross section is never reached for scalar DM candidates, while it is for fermions and vectors in the case of
(near) resonant DM annihilation.
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dependence in hσvi starts at the v6 coefficient, while for
scalars it starts at v8.13 This analysis explains why hσvi
decreases as a function of Λπ . In our full numerical
evaluation, we calculate every possible annihilation chan-
nel described in the paper. However, the dominant con-
tribution to the cross section originates from SM
annihilation, which has this behavior.
In Fig. 11, we have already noted that the blue and

orange curves almost overlap, indicating that hσvreli is
dominated by the SM contribution. We next note that due to
the s-wave annihilation14 of vector dark matter to SM final
states through spin-2 KK portal annihilation to SM particles
near threshold, they easily satisfy the relic density with
hσvreli ≥ 10−26 cm3=s at resonances of massive KK
modes, i.e., when 2mΦ ≃mKK . In the bottom two rows
of Fig. 11, we present the plots for a vector DM candidate
and show that the observed relic density can be satisfied for
the vector DM candidate on resonance.
The fermions and scalars are suppressed due to a p-wave

and d-wave annihilation, respectively, for the dominant
channel. In general, we find that fermion DM can saturate
DM relic abundance up to Λπ ≤ 25 TeV for resonant DM
annihilation through KK gravitons. For scalars, for the
parameter choices in Fig. 11, the cross section is too small
even on resonance. We can attempt to reduce the effective
scale Λπ to ensure that the scalar DM candidate satisfies the
relic abundance. However, this will be ruled out by collider
constraints on the spin-2 KK modes.
Finally, note that the contributions to the annihilation

cross section from the gravitational scalar modes (radion
and GW scalars) are negligible in the light radion region
investigated in this paper. The situation is quite different for
a heavy radion, will be shown in Ref. [52].

V. COLLIDER CONSTRAINTS

Next, we consider limits on the masses of KK gravitons
in the RS model at high-energy colliders for Λπ in the
20–60 TeV range. KK gravitons can be produced at hadron
colliders like the LHC and detected via their decay to SM
final states. Gluon-initiated states dominate the production,
while the most sensitive channels for detection are high pT
dijet and diphoton resonance searches. The ATLAS and
CMS experiments have searched for high-mass resonances
in both channels mentioned above. The strongest current
constraints on KK gravitons come from diphoton final

states using the full run-2 data of 139 fb−1 at 13 TeV LHC
energy [50]. In this case, therefore, we simply reinterpret
the existing σ × BR (Branching Ratio) limits in terms of the
scale Λπ and the mass of the first (lightest) KK graviton. To
this end, we implement the RS model in FeynRules [63],
followed by a cross section computation using MadGraph 5
[64] at 13 TeV center of mass energy with CTEQ6L parton
distribution functions [65]. The factorization and renorm-
alization scales were chosen to be μf ¼ μr ¼ HT

2 , where HT

is the sum of the transverse momentum of all final-state
particles.
In Fig. 12, we present the production cross section (σ)

multiplied by the branching ratio to diphoton final states as
a function of the mass of the lightest spin-2 KK mode for
various choices of the effective RS scale Λπ . We also plot
the 95% exclusion for spin-2 particle production from the
ATLAS diphoton search [50]. We observe that the lightest
KK graviton masses of m1 ≃ 3.7, 2.8, 2.3 TeV are already
excluded for Λπ ¼ 20, 40, 60 TeV, respectively. We also
provide a simple luminosity scaling to indicate the reach to
constrain m1 at the High-Luminosity LHC with 3000 fb−1

luminosity, for which we observe that the lightest KK
graviton masses ofm1 ≃ 4.6, 3.8, 3.3 TeV could potentially
be excluded by HL-LHC for Λπ ¼ 20, 40, 60 TeV,
respectively.
Finally, we note that the LHC searches also constrain

radion to diphoton final states. However, we find that for our
parameter choices of Λπ ≥ 20 TeV, the σ × BR limits for
the light radion considered here are less constraining than
the corresponding KK graviton bounds discussed above.

FIG. 12. Production cross section times branching ratio and
corresponding experimental upper limit on the lightest KK
graviton state from the process pp → hð1Þ → γγ from Ref. [50].
The black dotted line represents the current constraints at
139 fb−1 luminosity, while the red dotted line represents the
projected limits at 3000 fb−1 integrated luminosity.

13Note that, because of a discontinuity in the cross section at
the threshold, when v → 0, this expansion breaks down for
extremely narrow resonances at very large values of Λπ=m1, well
beyond the values considered here.

14In the nonrelativistic limit, we can expand hσvi as
hσvi ≃ aþ bv2 þ cv4 þ ' ' '. The pieces with the coefficients
a, b, c are known as s-wave, p-wave, and d-wave contributions,
respectively.
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VI. DIRECT DETECTION VIA RADION
EXCHANGE

Having assessed the relic density and collider con-
straints, we next discuss the direct detection constraints
on KK portal dark matter models, and show that they are
dominated by radion exchange for the model regions
considered here.
In the nonrelativistic limit, the scattering of DM by a

heavy nucleus via the gravity sector can be described by
two components. There is an SI coupling to the energy-
momentum tensor, which at low momentum transfer is
proportional to the dark matter mass; this resolves the entire
nucleus coherently, leading to an enhanced cross section
proportional to the square of the number of scattering
centers (nucleons). There is also an SD term, which couples
to the nucleon spin, typically without any coherent
enhancement. In our case, the SI term is significantly more
constraining than the SD part—and the SI interaction is the
same whether the DM is scalar, fermion, or vector.

We follow the standard prescription for direct detection
as described in Refs. [66–69]. As SM fermions in Fig. 13
correspond to quarks inside the nucleus, we need to
consider their interaction vertices of the form

ð61Þ

ð62Þ

which we need to express in terms of the corresponding
twist-2 and twist-0 nuclear operators. Starting with
Eq. (61), we can separate it into the traceless and scalar
parts [32] as

Vμν
2 ¼

"
Vμν
2 −

1

4
ημνV2

#
þ1

2
ημνV2 ¼ T̃μν

Ψ þ1

4
ημνTΨ; ð63Þ

where we have identified the traceless part of Vμν
2 with the

twist-2 operator and the scalar part with the twist-0
operator. Similarly, for Eq. (62),

V0 ¼ −
1

2

!!!
2

3

r
TΨ: ð64Þ

As the “dark-matter wind” velocity is nonrelativistic, we
can work in the zero momentum transfer approximation
where Q2 ≈ K2.

Using the above information, the resulting nonzero
contribution to the S-matrix element can be approximated as

M(;( ¼ −i
m2

Nm
2
Φ

3

$
ζNΨ
X∞

k¼1

κ2k
m2

k
− 2fNTΨ

X∞

n¼0

κ2ðnÞ
m2

ðnÞ

%
; ð65Þ

where subscripts of the matrix elements denote the spins
of the quark Ψ, and ζNΨ and fNTΨ

are Oð1Þ and Oð0.01Þ
coefficients representing the valence quarks, and the mass
fractions of the quark Ψ in the nucleon N of the nucleus. To
simplify the above result further, we recall that in the light
radion regime, mr ≃Oð1 GeVÞ, m1 ≃Oð1 TeVÞ, and
κð0Þ ¼ κ1 ¼ 1=Λπ . Thus, as fNTΨ

is a numerical quantity
ofOð0.01Þ and ζNΨ is a numerical quantity ofOð1Þ [67], we
can observe that ζNΨ=m

2
1 ≃Oð1 TeV−2Þ and fNTΨ

=m2
r ≃

Oð0.01 GeV−2Þ ¼ Oð104 TeV−2Þ. Therefore, we can
approximate Eq. (65) as

FIG. 13. Diagrams for the brane matter [Φ ¼ ðS; V; χÞ] scatter-
ing off the brane fermion (Ψ) via the exchange of the KK mode.
We ignore purely gravitational interactions, as they are Planck-
suppressed.
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M(;( ≃ −
2m2

Nm
2
Φf

N
TΨ

3

X∞

n¼0

κ2ðnÞ
m2

ðnÞ
: ð66Þ

Furthermore, given that for all n > 0 we have κðnÞ ≪ κð0Þ
and mðnÞ ≫ mr, we conclude that the dominant term in the
above sum arises from the first term. Hence, our approxi-
mation of Eq. (65) is simply

M(;( ≃ −
2fNTΨ

m2
Nm

2
Φ

3

κ2ð0Þ
m2

r
¼ −

2fNTΨ
m2

Nm
2
Φf

N
TΨ

3Λ2
πm2

r
: ð67Þ

Defining the convenient shorthand

M̄N
Ψ ≡ −

2fNTΨ
mΦ

Λ2
πm2

r
; ð68Þ

we can write down the invariant amplitude corresponding
to the interaction of the dark-matter Φ wind with the
nucleus as

X
jMj2 ¼m2

Φ
9

X

Ψ¼fu;d;s;c;bg
ðZm2

pM̄
p
Ψ þ ðA−ZÞm2

nM̄n
ΨÞ2;

ð69Þ

where p denotes the proton, n denotes the neutron, Z
corresponds to the nuclear charge, and A corresponds to the
nuclear mass of the nucleus in question. To relate Eq. (69)
to the spin-independent scattering cross section, we note
that the corresponding phase space factor in the low-
momentum transfer approximation can be written as

1

16πs
≈

1

16πðmΦ þmAÞ2
¼ μ2A

16π
1

m2
Φm

2
A
; ð70Þ

where we introduced the mass of nucleus mA and the
reduced nuclear mass μA ¼ mΦmA=ðmA þmΦÞ. Hence, the
spin-independent cross section relevant to DM direct
detection is

σSIðΦA → ΦAÞ ≈ μ2A
144πm2

A

$ X

Ψ¼fu;d;s;c;bg
ðZm2

pM̄
p
Ψ

þ ðA − ZÞm2
nM̄n

ΨÞ
%
2

: ð71Þ

With the help of Eq. (68), we can write down an
approximation of Eq. (71) in the light radion regime as

σSIðΦA → ΦAÞ ≃ α2

36π
μ2Am

2
Φ

Λ4
πm4

rm2
A
ðZm2

p þ ðA − ZÞm2
nÞ2

≃
α2

36π
μ2Am

2
Φm

2
n

Λ4
πm4

r
; ð72Þ

where we have assumed that fnTΨ
≃ fpTΨ

, and using standard
calculations, these quantities (see, for example, Ref. [68])
can be expressed in terms of a simple numerical coefficient
α ≃ 0.07. Furthermore, we approximated the term in
brackets as m2

Am
2
n as mp ≃mn and m2

A ≃ A2m2
n.

To extract constraints on our model parameters from
Eq. (72), we need to normalize σSI in Eq. (72), to the
proton scattering cross section such that it can be directly
compared against the exclusion plots provided by
Ref. [51]. This can be easily done with the help of the
following equation,

σSIp ðΦA → ΦAÞ ¼ 1

A2

"
μp
μA

#
2

σSIðΦA → ΦAÞ; ð73Þ

where the reduced proton mass is given by μp ¼ mΦmp=
ðmΦ þmpÞ.
We use the latest results from the LZ Experiment [51] to

place constraints on the model parameters relevant to this
work. In Fig. 14, we present the direct detection constraints
in the plane of Λπ −mr. From Eq. (72), we observe that
direct detection cross sections are enhanced in the light
radion regime (σSI ∝ ð1=ðm4

rΛ4
πÞÞ. For a DM mass of order

1 TeV, the LZ Experiment rules out the model up to mr ≤
0.7 GeV for Λπ ¼ 20 TeV, while for Λπ ¼ 60 TeV, the
model is ruled out for mr ≤ 0.2 GeV. Note that for
Λπ ¼ 20ð60Þ TeV, σSI is below the neutrino floor for
mr ≥ 1.3ð0.7Þ GeV, at which point direct detection limits
become insensitive due to the solar neutrino background.
The direct detection bound increases with increasing DM
mass since σSI ∝ m2

Φ, which can be observed from the
plots. For mΦ ¼ 6 TeV, the LZ Experiment rules out the
model up to mr ≤ 1.0ð0.5Þ GeV for Λπ ¼ 20ð60Þ TeV.

VII. CONSTRAINTS ON KK PORTAL
DARK MATTER

In this section, we collect all of the constraints to present
a picture of the KK portal dark matter scenario within a
stabilized RS1 model. In this paper, we restrict our attention
to the case in which the radion is light (mr ≃ 100 GeV or
lower), in which case the backreaction of the GW sector on
the gravitational background is negligible. The case of a
heavy radion with significant changes to the background
geometry will be discussed in Ref. [52].
We focus on the case of Λπ ≃ 20–40 TeV and, as

described above, the region of resonant enhancement
2mΦ ≃mKK, for which the thermal relic abundance of
the dark matter particles can provide the density observed
in the Universe today. For regions in which the DM relic
density constraints are satisfied, we then apply collider-
physics constraints, Sec. V, on the KK graviton mass
which—due to the resonant condition 2mΦ ¼ mKK—
directly constrains the DM mass as well. Finally, we
consider whether the regions of parameter space indicated
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by these considerations can be probed by direction
detection experiments via the radion-exchange interaction,
Sec. VI.
For the different possible dark matter scenarios consid-

ered here, we then find the following:
(1) Scalar DM: from the curves in the top panel of

Fig. 11, we see that for a scalar dark matter candidate
hσvreli ≤ 10−26 cm3=s for Λπ ¼ 20 TeV, indicating
that for this scenario, the Universe is always over-
closed. As we discussed previously, the scalar DM
annihilation cross section is d-wave (v4) suppressed,
and hence would require a large coupling (even
lower values of Λπ) on resonance to saturate the relic
density. However, lower values of Λπ are excluded
by collider constraints.

(2) Fermionic DM: for fermions, the annihilation cross
section at threshold is p-wave, and thus v2, sup-
pressed. Therefore, from Fig. 11, we require Λπ ≃
20 TeV to produce the correct relic density. In the

two panels of Fig. 15, we show a heat map of the
thermal average resonance annihilation cross section
hσvi as a function of the dark matter massmχ (where
we set the lightest KK graviton mass to be 2mχ and
Λπ ¼ 20 TeV). (The two panels differ in the as-
sumed radion mass and the corresponding direct
detection signal, as discussed below.) The lilac
regions in these panels correspond to the cross
section needed to explain the DM relic density.
We see that DM masses up to order 5.5 TeV (and
corresponding [resonant] KK graviton masses of
twice this amount) are allowed. Even higher masses
would naively appear to be allowed, however with
Λπ ¼ 20 TeV, the effective KK theory breaks down
in this region because the KK gravitons become
too heavy.
Shown in dark blue in both panels of Fig. 11 are the
current LHC bounds on the KK graviton mass for
Λπ ¼ 20 TeV. We observe in this case that DM

FIG. 14. The direct detection constraints on the model corresponding to a variety of dark matter massesmΦ ¼ 1–6 TeV (Φ ¼ S, V, χ)
as a function of the radion mass which, in the light-radion limit, dominates the detection cross section. The yellow band corresponds to
the neutrino floor, where the direct detection cross section for the model is unlikely to be tested by the current direct detection
experiments. The red regions in the plots indicate the current constraints from the LZ Experiment [51].
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masses below mχ ≤ 1.8 TeV are ruled out since the
corresponding LHC bound on the mass of the lightest
KK graviton is around 3.6 TeV. We also display that
the lightest KK graviton mass reach (exclusion) of
the HL-LHC should reach approximately 4.6 TeV,
showing there are potential collider signatures of a
model in which the first KK graviton is responsible
for resonant annihilation in the early Universe formχ

up to approximately 2.3 TeV for this value of Λπ .
In addition, there are also potentially viable param-
eters in which resonant DM annihilation occurs
through the second or third KK level graviton
resonances (corresponding to the two lilac curves
at the right side of the panels in Fig. 15), correspond-
ing to DM masses roughly between 3.0–4.0 TeVand
4.5–5.5 TeV, respectively. In this case, there could be
clear HL-LHC collider signals for the lighter KK
graviton(s), though likely not for the heavy KK
graviton responsible for resonant DM annihilation
in the early Universe.
There are also potentially interesting direct detection
signals/constraints for this model if the radion is
sufficiently light. For mr ≃ 1 GeV, current LZ [51]
constraints rule out mχ > 5.5 TeV (region shaded in
salmon in the left panel of Fig. 15). The “neutrino
floor” in this case is at a much lower mass and, as
illustrated in this figure, the region 1.8 TeV ≤ mχ ≤
5.5 TeV is potentially observable in future direct
detection experiments. The direct detection signal is

extremely sensitive to the radion mass, however. In
the right panel of Fig. 15, we consider the case of
mr ≃ 0.75 GeV, and we see that current LZ con-
straints already rule out the fermion DM scenario
with Λπ ¼ 20 TeV. Conversely, for higher radion
masses (not shown in these plots), the DM cross
section becomes smaller and the direct detection
signal will become obscured by the neutrino floor
(though the collider signatures for spin-2 states
discussed above, if accessible, would still be present).
Finally, increasing the scale Λπ we find that these
parameter choices lead to an overclosure of the
Universe (hσvi ≤ 10−26 cm3=s), as illustrated for
Λπ ¼ 40 TeV in the right panel of the second row
of Fig. 11.

(3) Vector DM: we summarize the constraints and pro-
spects for vector DM in Fig. 16 for Λπ ¼ 20 TeV
(upper row) and Λπ ¼ 40 TeV (lower row), using the
same notation and shading as used for fermion DM in
Fig. 15. (The plots in each row differ according to the
radion masses considered, which impacts the direct
detection window.) We have already observed in
Fig. 11 that hσvi ≥ 10−26 cm3=s on resonance for
our parameter choices, thus satisfying the relic
density requirement. This is illustrated in the heat
maps shown, with the purple (and green) colors
indicating the regions where the resonant thermal-
average cross section achieves or exceeds the values
needed to explain the vector DM relic density.

FIG. 15. Combined constraints for fermion dark matter candidates for Λπ ¼ 20 TeV and mr ¼ 1 GeV (left) or 0.75 GeV (right). The
lilac shaded curves represent parameter space combinations where the relic density constraint can be satisfied, corresponding to
hσvi ≥ 10−26 cm3 s−1 (corresponding to x ¼ mΦ

T ≃ 20). In both plots, the lower darker blue region represents the current ATLAS limit on
the first spin-2 KK mode from diphoton searches at 139 fb−1 [50], while the enlarged light blue region represents the projected reach
(exclusion) of the High-Luminosity LHC program. Note that multiple resonances might be detectable at the LHC. The left panel
summarizes limits when mr ¼ 1 GeV. The region marked in salmon at the right of the plot is ruled out by the SI direct detection
experimental results from the LZ Experiment [51]. The region marked in yellow at the left of the plot is impacted by the neutrino fog.
The white region in the middle represents the space that direct detection experiments can cover, i.e., in between the direct detection limits
and the neutrino floor. The left panel summarizes analogous limits when mr ¼ 0.75 GeV, for which the direct detection constraints
entirely exclude the regions which simultaneously satisfy the ATLAS collider limits and the relic density constraint.
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(a) We begin with the case of Λπ ¼ 20 TeV, the
upper row of Fig. 16. As discussed in the case of
fermion dark matter above, the current ATLAS
collider constraints on the lightest graviton KK
mass can again, using the resonance condition
mKK ¼ 2mΦ, be shown to provide a lower bound
mV ≥ 1.9 TeV and a prospective reach (at the
HL-LHC) of up to mV ≃ 2.3 TeV if resonant
with the lightest KK graviton. Also, as in the
fermion case, there is the possibility of a heavier
vector DM candidate resonant with a higher
KK graviton mode: e.g., mV ≃ 3.0–4.0 TeV
resonant with the second KK graviton or
mV ≃ 4.5–5.5 TeV resonant with the third KK
graviton. In this case, the lighter KK state(s) may
be accessible at the HL-LHC, though the heavier
state would likely not be.

Direct detection signals/constraints are also
plotted in Fig. 16, and depend sensitively on
the radion mass precisely as described in the
fermion DM case above. Specifically, for a
radion mass of 1 GeV (upper row, left panel),
the region of allowed vector DM mass should be
visible in future direct detection experiments. On
the other hand, if the radion mass is 0.75 GeV, the
vector DM scenario with Λπ ¼ 20 TeV is ex-
cluded by current LZ [51] constraints (upper row,
right panel). Finally, for heavier radion masses,
the direct detection would be obscured by the
neutrino fog (not illustrated).

(b) In the lower row of Fig. 16, we present the same
scan but for Λπ ¼ 40 TeV. In this case, the KK
gravitons are narrower due to their smaller
couplings, and the parameter regions that satisfy

FIG. 16. Combined constraints for vector DM candidates, for Λπ ¼ 20 TeV (upper row) and 40 TeV (lower row), using the same
shading as in Fig. 15. The lilac and green regions indicate where the resonant DM annihilation cross section equals or exceeds what is
required to produce the correct DM relic density today. The lower darker blue regions represent the ATLAS limits on the first spin-2 KK
mode from diphoton searches [50], while the enlarged region represents the projected reach (exclusion) of the High-Luminosity LHC
program. Note that multiple resonances might be detectable at the LHC. The region marked in salmon is ruled out by the SI direct
detection experimental results from the LZ Experiment [51], while the yellow regions illustrate where the neutrino fog becomes
important for the radion masses specified. The right panels in both rows illustrate parameters for which the direct detection constraints
entirely exclude the regions which simultaneously satisfy the ATLAS collider limits and the relic density constraint.
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the relic density constraint shrink. The collider
signals/constraints (see Fig. 12) are a bit weaker,
and we find that masses below 1.5 TeV are ruled
out (corresponding to a lightest KK graviton
mass of order 3.0 TeV), while one as heavy as
1.9 TeV (corresponding to a lightest KK mass
of 3.8 TeV) should be directly observable at the
HL-LHC. As in the cases discussed above, it
is also possible to accommodate the dark matter
relic abundance via resonance annihilation thro-
ugh the second or third KK gravitons, starting at
vector DM masses of order 2.8 TeV, in which
case the lighter graviton(s) may be accessible at
the HL-LHC.
The direct detection signals/constraints shift
substantially for Λπ ¼ 40 TeV. The salmon-
colored region in the left-hand plot is now for
a radion mass of 0.5 GeV, in which case the
direct detection signal can potentially cover all
of the remaining parameter space. However, for
a radion mass of order 0.35 GeV, the current LZ
[51] constraints exclude this scenario. Finally,
the neutrino floor obscures the direct detection
signal for higher radion masses (not illustrated).

As we have seen previously (see Fig. 11), it is also
possible to achieve the correct relic abundance for
vector DM with substantially higher values of Λπ .
Existing LHC bounds on TeV-scale KK graviton
masses are weaker for larger values of Λπ (see
Fig. 12), and the reach of the HL-LHC extends only
to lower masses. Correspondingly, some narrow
ranges of parameter space for higher values of Λπ
and TeV-scale masses satisfying the DM relic density
constraints will still be present. Depending on the
radion mass, the direct detection signals in this
parameter regime may also be observable. Alter-
natively, for larger values of Λπ , there are regions
KK masses and DM masses satisfying the relic
abundance than those considered here. In this case,
the HL-LHC is unlikely to be able to directly probe
the KK gravitons—though, again, depending on the
radion mass, direct detection signals may be possible.

Finally, we note that while we have illustrated our results
by assuming a radion mass of order 1 GeV, the thermal relic
abundance and collider limits results apply in any case in
which the background geometry (and hence the spin-2 and
spin-1 KK spectra and couplings) are close to AdS—that is,
so long as the backreaction due to the GW sector is small (in
the GW model considered here, massless of order 100 GeV
or lower). When the radion is heavier, the KK spectrum will
shift substantially, modifying both the relic abundance
calculations and collider constraints. In a forthcoming
publication [52], we will investigate models where the
radion becomes heavy (of order several hundred GeV),
and the geometry deviates significantly from AdS.

VIII. CONCLUSION

In this paper, we have revisited dark matter scenarios
within radius-stabilized Randall-Sundrummodels where the
dark matter candidates are StandardModel singlets confined
to the TeV-brane and interact with the SM via spin-2 and
spin-0 gravitational Kaluza-Klein modes. Applying our
previous work, which has shown that scattering amplitudes
of massive spin-2 KK states involve an intricate cancellation
between various diagrams, we compute the thermal relic
density of DM particles in these models, including all
contributions to the annihilation cross sections.
Considering the resulting DM abundance, collider

searches, and the absence of a signal in direct DM detection
experiments, we show that spin-2 KK portal DMmodels are
highly constrained. In particular, we confirm that within the
usual thermal freeze-out scenario, scalar dark matter models
are essentially ruled out and show that fermion dark matter
is constrained to a narrow region of the parameter space,
while vector dark matter models are still viable for a certain
region of parameter space. Specifically, we find that vector
DM models with masses ranging from 1.1 to 5.5 TeV are
phenomenologically viable for theories in which the scale of
couplings of the KK modes is of order 40 TeV or lower,
while fermion DM models are viable for a similar mass
range if the KK coupling scale is of order 20 TeV.
We have focused here on the case where all SM particles

are confined to the IR TeV-brane. We briefly comment on
models in which the light fermions live in the bulk,
potentially closer to the Planck-brane instead. A model
of this sort, in which the right-hand top quark is localized
close to the TeV-brane, can potentially address the fermion
mass hierarchy [70,71]. In this case, the SM gauge fields
must live in bulk, and the graviton KK modes, which are
localized near the TeV-brane, will have (parametrically) the
same interactions with the massless gluon and photon (and
potentially comparable interactions with the weak-scale
massive W and Z bosons) as discussed here. Overall, the
annihilation cross sections in the early Universe will be
dominated by the decay of the KK gravitons to gauge
bosons, resulting in a somewhat lower cross section similar
to those found above.15 Finally, the direct detection bounds
will also change somewhat in the absence of direct quark
couplings, but since the bulk of these couplings arises from
the coupling of the radion to the gluon field strength
squared, which results in a coupling proportional to the
nucleon mass, these results too will not change greatly.
Therefore, while we defer a detailed study of these models
to future work, we do not anticipate that the phenomeno-
logically interesting regions will change significantly from

15The collider bounds for KK gravitons in the context of bulk
SM matter has been considered in Ref. [27], where the authors
found that the bounds are weaker due to suppressed couplings of
the KK modes to photons and gluons.
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those described here for SM particles confined to the
TeV-brane.
Finally, we reiterate that the phenomenology of a model

with a heavy radion and the corresponding consideration of
the effects of the radion stabilization dynamics on the DM
abundance will be covered in a forthcoming paper [52].
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APPENDIX A: DECAY WIDTHS OF KK
GRAVITONS AND RADIONS TO SM PARTICLES

1. Spin-2 modes

For the decay of the massive spin-2 mode of massmi into
Standard Model species localized on the TeV-brane, we
have the following decay widths:

ΓhðiÞ→HH ¼ κ2i
960πm2

i
ðm2

i − 4m2
HÞ

5
2; ðA1Þ

ΓhðiÞ→WW ¼ κ2i
480πmi

!!!!!!!!!!!!!!!!!

1−
4m2

W

m2
i

s

ð56m2
i m

2
Wþ13m4

i þ48m4
WÞ;

ðA2Þ

ΓhðiÞ→ZZ ¼ κ2i
960πmi
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i
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i m

2
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ΓhðiÞ→γγ ¼
κ2i m

3
i

80π
; ðA4Þ

ΓhðiÞ→gg ¼
κ2i m

3
i

10π
; ðA5Þ

ΓhðiÞ→ψψ ¼ Ncκ2i m
3
i

160π

"
1 −

4m2
ψ

m2
i

#3
2
"
1þ

8m2
ψ

3m2
i

#
; ðA6Þ

where ψ is a placeholder for Standard Model fermions, Nc
is the counting factor appearing due to the color charge
[Nc ¼ 3 for quarks, and Nc ¼ 1 for leptons, note that the
counting factor is responsible for a difference by a factor of
8 between Eqs. (A4) and (A5) as there are eight gluons in
QCD], and mH,mW ,mZ are the masses of Higgs,W, and Z
bosons respectively.

APPENDIX B: SPIN-0 MODES

We consider the decay of the spin-0 KK mode of mass
mðnÞ. We note that the interaction vertex with the brane-
localized vector boson is proportional to the mass of the
brane-localized vector boson; hence, at the tree level, there
will be no contribution to the decay width from decays into
γ or g. We have the following decays into the Standard
Model species localized on the TeV-brane:

ΓrðnÞ→HH ¼
κ2ðnÞ

192πmðnÞ

!!!!!!!!!!!!!!!!!
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s
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192πmðnÞ
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ΓrðnÞ→ψψ ¼
Ncκ2ðnÞ
48π

m2
ψmðnÞ

$
1 −

4m2
ψ

m2
ðnÞ

%3
2
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where, once again, ψ is a placeholder for Standard Model
fermions, Nc is the counting factor appearing due to the
color charge (Nc ¼ 3 for quarks and Nc ¼ 1 for leptons),
andmH,mW ,mZ are the masses of Higgs,W, and Z bosons
respectively.

APPENDIX C: DECAY WIDTHS OF KK
GRAVITONS AND RADIONS TO RS PARTICLES

1. Spin-2 modes

For the decay of a spin-2 KK mode into lighter KK
modes, we have three different channels: decay into a pure
spin-2 state, decay into a mixed state, and decay into a pure
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spin-0 state. The corresponding decay widths can be written as

ΓhðiÞ→hðjÞhðkÞ ¼
a2ijk

17280πΛ2
π
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where the a-type overlap integrals are defined as

aijk ¼
1

ψ1ðπÞ

Z
π

−π
dϕe−2AðϕÞψ iðϕÞψ jðϕÞψkðϕÞ; ðC4Þ

ai0j0ðnÞ ¼
1

r2cψ1ðπÞ

Z
π

−π
dϕe−2AðϕÞ∂ϕψ iðϕÞ∂ϕψ jðϕÞγnðϕÞ;

ðC5Þ

and the d-type overlap integrals are defined in Eqs. (D6)
and (D7).

2. Spin-0 modes

Analogously to the decay of a massive spin-2 mode,
there are three different channels for the decay of a massive
spin-0 mode: spin-2 channel, mixed state channel, and
spin-0 channel. The corresponding decay widths are

ΓrðnÞ→hðiÞhðjÞ ¼
a2i0j0ðnÞ

96πΛ2
πm3

ðnÞ

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
ðm2

ðnÞ −m2
i −m2

jÞ2 − 4m2
i m

2
j

q  

76þ
22ðm2

i þm2
j −m2

ðnÞÞ2

m2
i m

2
j

þ
ðm2

i þm2
j −m2

ðnÞÞ4

m4
i m

4
j

!

; ðC6Þ
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ΓrðnÞ→rðmÞrðlÞ ¼
ð

!!!
6

p
ðm2
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ðlÞÞeðnÞðmÞðlÞ − 3ẽðnÞðmÞðlÞÞ2

144πΛ2
1m

3
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where the a-type overlap integral is defined in Eq. (C5),
d-type overlap integral defined in Eqs. (D6) and (D7), and
e-type overlap integrals defined in Eqs. (D14) and (D18).

3. Wave functions and decay widths

This section briefly discusses the properties of the wave
functions and decay widths of the spin-2 KK and GW
scalar sectors. The wave functions and the mass spectrum

of the spin-2 KK modes and the spin-0 GW scalars have
been discussed in detail in Refs. [41,44]. Here, we elucidate
some of their features by numerically solving the Sturm-
Liouville equations for spin-2 KK and spin-0 GW modes.
A plot of the first four modes scaled by the zeroth mode at
the TeV-brane for both spin-0 and spin-2 is depicted in
Fig. 17, where we plot the ratio of wave functions
γiðφÞ=γ0ðπÞ for spin-0 and ψ iðφÞ=ψ0ðπÞ for spin-2 as a
function of the extradimensional coordinate φ. As the
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coupling to the SM is directly proportional to the wave
function on the TeV-brane, we observe that massive spin-2
modes couple to the brane matter more strongly than the
massless mode (graviton). However, the coupling strength
of spin-0 modes decreases with an increase in their mass,
with an initial jump from zeroth to first mode. Furthermore,
we plot the decay widths for each massive mode (plotted
in Fig. 18).

APPENDIX D: INTERACTIONS
AND COUPLING STRUCTURES

This paper required a number of interactions for the spin-
2 KK and the spin-0 GW sector not documented previously
in the literature, including the relevant works of this

collaboration [34–36,38,41,42,44]. These include the inter-
actions corresponding to Figs. 5 and 6, i.e., processes
corresponding to hðiÞrðjÞ, and rðiÞrðjÞ final states. A set of
sum rules in unitary gauge ensures that amplitudes with
these final states do not grow anomalously with the center
of mass energy. We document the interactions relevant for
the fully stabilized model, described in Refs. [41,42].
To calculate the matrix elements required for the cross

section evaluation, we need the cubic and quartic self-
interactions of the 5D tensor field ĥμν, as well as the ĥ ĥ r̂,
ĥ r̂ r̂, and the r̂ r̂ r̂ cubic interactions. As far as ĥ ĥ r̂
interactions are concerned, the tensor structure remains
the same; the only change from our previous works [34–37]
is due to the change in AðyÞ via the stabilizing potential [36].
Thus, the primary difference between the stabilized and
unstabilized cases as far as ĥ ĥ r̂ is concerned relates to the
KK decomposition of the 5D field r̂ðx; yÞ. In the unstabi-
lized case, r̂ generates only the single massless scalar state
r̂ðxÞ, which is referred to as the radion. In the stabilized
case, r̂ mixes with the GW scalar sector proportional to
the VEV of the stabilizing field and develops a nontrivial
y-dependence. The combined scalar system generates an
infinite tower of massive scalars fr̂ðiÞðxÞ, of which the
lightest state is identified as the radion. As such, to extract
the ĥ r̂ r̂, and the r̂ r̂ r̂ interactions, we need to expand the
Lagrangian in the canonical basis of the spin-2 and spin-0
system. This process has been described in great detail in
Ref. [41]. Here, we follow the same procedure to extract the
ĥ r̂ r̂ and the r̂ r̂ r̂ interactions.

1. Coupling definitions

In Ref. [42], we defined generalized “couplings” as
overlap integrals of spin-2 and spin-0 wave functions of
the form

FIG. 18. Plots of the spin-0 (labeled rðiÞ) and spin-2
(labeled hðiÞ) decay widths into brane SM species (labeled
SM) and both brane SM species and other KK modes of the
lower mass (labeled SMþ RS).

FIG. 17. Plots of the spin-0 (left panel) and spin-2 (right panel) wave functions scaled by the corresponding zeroth mode on the
TeV-brane in the vicinity of the TeV-brane.
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xðpÞðk0'''lÞ'''m0'''n ≡
Z

þπ

−π
dφ εpð∂φγkÞ ' ' ' γl ' ' ' ð∂φψmÞ ' ' 'ψn;

ðD1Þ

with AðφÞ being a generalized warp-factor and ε≡
expð−AÞ. Any index in the above definition with a prime
denotes a derivative with respect to the extradimensional
coordinate. We also defined the so-called a-type and b-type
couplings with the exponential prefactors ε−2 and ε−4 as

aðk0'''lÞ'''m0'''n ≡ xð−2Þðk0'''lÞ'''m0'''n bðk0'''lÞ'''m0'''n ¼ xð−4Þðk0'''lÞ'''m0'''n:

ðD2Þ

Additionally, we defined an overlap with the label “c,”
associated with p ¼ −6, with the generic definition,

ck0l0m0n0 ≡ xð−6Þk0l0m0n0 ¼
Z

π

−π
dϕε−6ð∂ϕψkÞð∂ϕψ lÞð∂ϕψmÞð∂ϕψnÞ:

ðD3Þ

In this work, we will introduce further symbols to describe
the interactions ĥ r̂ r̂, and the r̂ r̂ r̂ after KK decomposition,
called d- and e-type couplings.

2. Interactions and Feynman rules

In this section, we will outline the interactions with
ĥ r̂ r̂ and the r̂ r̂ r̂ terms. Focusing on the term containing
two field r̂ and one field ĥμν the situation is a little bit more
complicated, as upon the application of the background
equations of motion and the equation of motion for the
field r̂, with the corresponding boundary conditions, we
are left with

Sĥ r̂ r̂ ¼
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α − 6ĥαβ∂βr̂Þ

þ 3e2A

φ02
0
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#

−
r̂ ĥ
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The object ẑ ¼ 1!!!
rc

p
Pþ∞

i¼0 μ
2
ðiÞr̂

ðiÞðxÞγiðφÞ was introduced an auxiliary field to facilitate manipulations at the 5D level. At
face value, it is worth pointing out that the interaction term Eq. (D4) is different from the interaction terms presented in
Ref. [36] for the unstabilized RS model. This is not surprising, as by introducing brane stabilization though the bulk field
Φ̂, we effectively introduced another coupling between the field ĥμν and the stress-energy tensor of the bulk field Φ̂.16

Similarly to previous interaction terms, the next stage is to KK-expand Eq. (D4) in the stiff-wall limit. KK-decomposing
the various 5D fields and discarding the boundary term, we get
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16We envisage that suitable integration by parts and use of equations of motion followed by additional total derivative terms should
simplify Eq. (D4), to resemble the unstabilized RS1 model just like the ĥ ĥ r̂ terms. We have not pursued this in this paper but have
chosen to verify some additional rules numerically by plugging in solutions to the DFGK model.
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where we can associate the first term in square brackets with the only term appearing in the same interaction term for
the unstabilized RS model presented in Ref. [36]. We proceed to define the d-type overlap integrals (integrals with a factor
of e2A) as

diðnÞðmÞ ¼
1

ψ1ðπÞ

Z
π

−π
dϕe2AðϕÞψ iðϕÞγnðϕÞγmðϕÞ: ðD6Þ

However, clearly, Eq. (D6) is not the only overlap integral appearing in Eq. (D5). Hence, we proceeded by defining a brane
stabilization correction to the overlap integral diðnÞðmÞ as
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we further define auxiliary overlap integrals as

d̄iðnÞðmÞ∶A ¼ 1

ψ1ðπÞ

Z
π

−π
dϕ

e2Am2
ðnÞψ iγn
φ02
0

"
24V̇r2cγ0m

φ0
0

þ 24A0γ0m þ φ02
0 γm − 3e2Am2

ðmÞγm

#
; ðD8Þ

d̄iðnÞðmÞ∶B ¼ 1

ψ1ðπÞ

Z
π

−π
dϕ

ψ iγn
6r2c

"
72V̇r2cγ0m

φ0
0

þ 60A0γ0m þ φ02
0 γm

#
; ðD9Þ

d̄iðnÞðmÞ∶C ¼ 1

ψ1ðπÞ

Z
π

−π
dϕ

2ψ iγ0nγ0m
r2cφ04

0

ð24V̇2r4c þ 48V̇r2cA0φ0
0 þ φ0

0ð6V̇ 0r2c þ 24A02φ0
0 þ φ03

0 ÞÞ; ðD10Þ

where we have used shorthand for the derivatives on the basis functions. With the help of Eqs. (D6)–(D10), we can write
down Eq. (D5) in a concise form:
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Λπ

X∞

i¼0

X∞

n¼0

X∞

m¼0

Z
d4x

$
∂αr̂ðnÞð4r̂ðmÞ∂αĥ

ðiÞ þ 3ĥðiÞ∂αr̂ðmÞ − 4r̂ðmÞ∂βðĥðiÞÞβα − 6ĥðiÞαβ∂
βr̂ðmÞÞ

diðnÞðmÞ

6

þ ∂αr̂ðnÞðĥðiÞ∂αr̂ðmÞ − 2ĥðiÞαβ∂
βr̂ðmÞÞd̃iðnÞðmÞ þ ĥðiÞr̂ðnÞr̂ðmÞðd̄iðnÞðmÞ∶A − d̄iðnÞðmÞ∶B − d̄iðnÞðmÞ∶CÞ

%
; ðD11Þ

where the unstabilized RS model limit is obtained by setting d̃iðnÞðmÞ ¼ 0 and d̄iðnÞðmÞ∶A − d̄iðnÞðmÞ∶B − d̄iðnÞðmÞ∶C ¼ 0.
Lastly, we focus on the interaction terms between three r̂ fields. Analogously to Eq. (D4) upon the application of the

background equations of motion and the equation of motion for the field r̂ with the corresponding boundary conditions, we
are left with an expression of the form

Sr̂ r̂ r̂ ¼
1

M
3
2

5

Z
d4x

Z
π

−π
dϕrc

$
−
2e4A!!!

6
p r̂∂αr̂∂αr̂þ

e2A!!!
6

p
r2cφ02

0

r̂ðφ04
0 r̂

2 − 6e2Aφ02
0 r̂ ẑþ18e2Aẑ2Þ

−
24

!!!
6

p
e4A

r2cφ03
0

ðV̇r2c þ A0φ0
0Þr̂0r̂ ẑþ

!!!
2

3

r
32e2A

r2cφ0
0

ðV̇r2c þ A0φ0
0Þr̂0r̂2

−
2e2A!!!
6

p
r2cφ04

0

ð144V̇2r4c þ 288V̇r2cA0φ0
0 þ φ0

0ð12V̇ 0r2c þ 144A02φ0
0 þ 7φ03

0 ÞÞr̂02r̂

−
X

i¼1;2

ð−1Þi 2
!!!
6

p
e2A

r2cφ03
0

ð8V̇r2cr̂0 þ 8A0r̂0φ0
0 þ φ03

0 r̂ − 2e2Aφ0
0ẑÞr̂0r̂δi

%
: ðD12Þ

Performing KK decomposition of Eq. (D12) and utilizing the stiff-wall limit to remove the boundary term, we are left with

Sr̂ r̂ r̂ ¼
1

Λπ

X∞

n¼0

X∞

m¼0

X∞

l¼0

Z
d4x

$
−

2!!!
6

p r̂ðnÞ∂αr̂ðmÞ∂αr̂ðlÞeðnÞðmÞðlÞ þ r̂ðnÞr̂ðmÞr̂ðlÞẽðnÞðmÞðlÞ

%
; ðD13Þ
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where we have introduced an e-type overlap integral (overlap integral with a factor of e4A) defined as

eðnÞðmÞðlÞ ¼
1

ψ1ðπÞ

Z
π

−π
dϕe4AðϕÞγnðϕÞγmðϕÞγlðϕÞ; ðD14Þ

and the corresponding brane-stabilization correction

ẽðnÞðmÞðlÞ∶A ¼ 1

r2cψ1ðπÞ

Z
π

−π
dϕ ×

$
e2Að144V̇2r4c þ 288V̇r2cA0φ0

0 þ φ0
0ð12V̇ 0r2c þ 144A02φ0

0 þ 7φ03
0 ÞÞ!!!

6
p

φ04
0

γ0nγ0mγl

−
!!!
2

3

r
4e2AðV̇r2c þ A0φ0

0Þð9e2Am2
ðlÞr

2
c − 4φ02

0 Þ
φ03
0

γ0nγmγlþ
e2Að18e4Am2

ðjÞm
2
ðlÞr

4
c − 6e2Am2

ðlÞr
2
cφ02

0 þ φ04
0 Þ

2
!!!
6

p
φ02
0

γnγmγl

%
:

ðD15Þ

The unstabilized limit of interaction term Eq. (D13) is obtained by setting ẽðnÞðmÞðlÞ ¼ 0.
The corresponding Feynman rules can be extracted as

ðD16Þ

ðD17Þ

where

ẽðiÞðjÞðkÞ ¼ ẽðiÞðjÞðkÞ∶A þ ẽðiÞðkÞðjÞ∶A þ ẽðjÞðiÞðkÞ∶A þ ẽðjÞðkÞðiÞ∶A þ ẽðkÞðiÞðjÞ∶A þ ẽðkÞðjÞðiÞ∶A; ðD18Þ

d̄kðiÞðjÞ ¼
1

2
ðd̄kðiÞðjÞ∶A − d̄kðiÞðjÞ∶B − d̄kðiÞðjÞ∶C þ d̄kðjÞðiÞ∶A − d̄kðjÞðiÞ∶B − d̄kðjÞðiÞ∶CÞ: ðD19Þ

3. Relevant sum rules

List of relevant sum rules:

X∞

k¼0

κkai0k0ðjÞ ¼
κiκðjÞ
κ1

m2
i ; ðD20Þ

X∞

n¼0

m2
ðnÞκðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ ¼

κiκðjÞ
κ1

m2
ðjÞ; ðD21Þ

X∞

k¼0

κkdkðiÞðjÞ ¼
κðiÞκðjÞ
κ1

; ðD22Þ

X∞

k¼0

κkd̃kðiÞðjÞ ¼ 0: ðD23Þ

Eqations (D20), (D22), and (D23) can be easily proven
through the application of integration by parts and the
completeness relation of the wave function of spin-2
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modes. The proof of Eq. (D21) is, however, a little more
involved as it requires an application of integration by
parts, completeness relation for the wave functions of the
spin-0 sector, and subsequent insertion of the completeness
relation of the wave functions of the spin-2 sector.

4. Scattering amplitudes for ΦΦ → hðiÞrðjÞ

We briefly summarize the calculation for the scattering
amplitude of SS → hðiÞrðjÞ, as

!!!
s

p
→ ∞. To study the

high-energy behavior of the amplitude, we expand the
S-matrix element for the process in question as a power
series in the COM energy of the form

Mλi ¼
X

p∈Z

Mðp=2Þ
λi

sp=2; ðD24Þ

where λi is the polarization state of the outgoing spin-2
mode hðiÞ. Considering leading order terms, we get

Mð0Þ
(2 ¼ −

iκ1
4

!!!
6

p
$
4ðm2

ðjÞ þ 2m2
SÞ
κiκðjÞ
κ1

− 3
X∞

k¼0

κkai0k0ðjÞð1 − cos 2θÞ
%

¼ −
iκiκðjÞ!!!

6
p

$
m2

ðjÞ þ 2m2
S −

3

4
m2

i ð1 − cos 2θÞ
%
; ðD25Þ

Mð1=2Þ
(1 ¼ ( iκ1

4mi

!!!
3

2

r
sin 2θ

X∞

k¼0

κkai0k0ðjÞ ¼ (
iκiκðjÞmi

4

!!!
3

2

r
sin 2θ; ðD26Þ

Mð2Þ
0 ¼ iκ1

6m2
i

 
X∞

k¼1

κkai0k0ðjÞ
m2

k
þ
X∞

n¼0

κðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ −
κiκðjÞ
κ1

!
; ðD27Þ

where we have used Eq. (D20) whenever possible. Hence,
to ensure a well-defined limit as Mi approaches zero, we
require

X∞

k¼1

κkai0k0ðjÞ
m2

k
þ
X∞

n¼0

κðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ −
κiκðjÞ
κ1

¼ 0:

ðD28Þ

We resort to numerical verification to demonstrate that
Eq. (D28) holds. Let us start by defining a new function
S̄ðNÞ that would quantify the deviation of the sum rule
Eq. (D28) for truncated KK tower from zero as

S̄ijðNÞ ¼
XN

k¼1

κkai0k0ðjÞ
m2

k
þ
XN

n¼0

κðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ

−
κiκðjÞ
κ1

: ðD29Þ

Evaluating Eq. (D29) as a function of the number of states
in the truncated KK tower is depicted in Fig. 19, verifying
to the numerical precision shown that the sum rule is
satisfied.
To proceed, we focus our attention on the contribution

linear in the COM energy to M0. Applying the relevant
sum rules and coupling identities, whenever possible, we
are left with

Mð1Þ
0 ¼ iκ1

24

$
ð1þ 3 cos 2θÞ

κiκðjÞ
κ1

−
4

m2
i

"
m2

ðjÞ
κiκðjÞ
κ1

−
X∞

n¼0

m2
ðnÞκðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ

#%
: ðD30Þ

FIG. 19. Numerical results for Eq. (D29) given truncated KK
towers for internal spin-0 and spin-2 modes as a function of the
index of the highest KK mode in the internal towers N.
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However, the terms inversely proportional to the mass
of the outgoing spin-2 mode squared are zero as
per Eq. (D21). Hence, the residual terms linear in COM
energy are

Mð1Þ
0 ¼

iκiκðjÞ
24

ð1þ 3 cos 2θÞ: ðD31Þ

The resulting cross section for the process in question
obtained numerically by summing over the truncated spin-0
and spin-2 towers are presented in Fig. 9.
Analogously to the previous case of the SS → hðiÞrðjÞ

process, we consider the high-energy behavior for

VV → hðiÞrðjÞ by expanding the S-matrix elements in a
power series in COM energy of the form

Mλ1;λ2;λi ¼
X

p∈Z

Mðp=2Þ
λ1;λ2;λi

sp=2; ðD32Þ

where λf1;2g are the polarizations of the incoming brane
vector bosons and λi is the polarization of the ith outgoing
spin-2 mode. Focusing our attention on the contributions
of the highest order, we only have one matrix element with
the contribution of quadratic order

Mð2Þ
0;0;0 ¼

iκ1
6m2

i

$
κiκðjÞ
κ1

−
X∞

n¼0

κðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ −
X∞

k¼1

κkai0k0ðjÞ
m2

k

%
: ðD33Þ

However, as verified earlier, the above contribution vanishes by Eq. (D28). Considering the contributions of linear order,
we have

Mð1Þ
(;(;0 ¼

iκ1m2
V

3m2
i

$
κiκðjÞ
κ1

−
X∞

n¼0

κðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ −
X∞

k¼1

κkai0k0ðjÞ
m2

k

%
¼ 0; ðD34Þ

Mð1Þ
(;∓;0 ¼

iκ1
8m2

i
ð1 − cos 2θÞ

X∞

k¼0

κkai0k0ðjÞ ¼
iκiκðjÞ
8

ð1 − cos 2θÞ; ðD35Þ

Mð1Þ
0;0;0 ¼

iκ1
24

$
ð1þ 3 cos 2θÞ

κiκðjÞ
κ1

−
4

m2
i

"
m2

ðjÞ
κiκðjÞ
κ1

−
X∞

n¼0

m2
ðnÞκðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ

#%

¼
iκiκðjÞ
24

ð1þ 3 cos 2θÞ; ðD36Þ

where we have applied Eqs. (D20), (D22), (D23), and (D28). Similarly, at the leading
!!!
s

p
order

Mð1=2Þ
(;0;0 ¼ Mð1=2Þ

0;(;0 ¼ ( iκ1mV!!!
2

p
m2

i

cos θ sin θ
X∞

k¼0

κkai0k0ðjÞ ¼ (
iκiκðjÞ
2

!!!
2

p mV sin 2θ: ðD37Þ

The resulting cross sections for the processes in question, obtained numerically by summing over the truncated spin-0
and spin-2 towers, are presented in Fig. 20, with the corresponding slice of the velocity-averaged cross section at the typical
freeze-out temperatures depicted on the right panel of Fig. 20.
Finally, we repeat our high-energy analysis for χχ → hðiÞrðjÞ in the center of momentum energy s as

Ms1;s2;λi ¼
X

p∈Z

Mðp=2Þ
s1;s2;λi

sp=2; ðD38Þ

where s1;2 are the spins of the incoming brane fermions, and λi is the polarization of the outgoing spin-2 KK mode.
Focusing on the final polarization state of λi ¼ 0, the leading order contributions are

Mð3=2Þ
(;(;0 ¼ (

iκ1mχ

6m2
i

$
κiκðjÞ
κ1

−
X∞

n¼0

κðnÞðdiðnÞðjÞ þ 2d̃iðnÞðjÞÞ −
X∞

k¼1

κkai0k0ðjÞ
m2

k

%
¼ 0; ðD39Þ

Mð1Þ
(;∓;0 ¼

iκ1 sin 2θ
8m2

i

X∞

k¼0

κkai0k0ðjÞ ¼
iκiκðjÞ sin 2θ

8
; ðD40Þ
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where we applied Eqs. (D21) and (D28). The matrix
element is slightly more complicated at the leading

!!!
s

p

order. However, it can be greatly simplified by applying
Eqs. (D21), (D20), and (D28), leaving us with

Mð1=2Þ
(;(;0 ¼ (

imχκ1κ0ai000ðjÞ
6m2

i
(
mχκiκðjÞ

12
ð1þ 3 cos 2θÞ

¼ (
mχκiκðjÞ

12
ð1þ 3 cos 2θÞ; ðD41Þ

where we have recognized that ai000ðjÞ ¼ 0 for any values of
i and j as ∂ϕψ0ðϕÞ ¼ 0. Note that, similarly to the two spin-
2 mode final states, we have a different angular dependency
of the leading term for fermions. The resulting cross
sections for the processes in question, obtained numerically

by summing over the truncated spin-0 and spin-2 towers,
are presented in Fig. 21, with the corresponding slice of the
velocity-averaged cross section at the typical freeze-out
temperatures depicted in Fig. 21.

5. Scattering amplitudes for ΦΦ → rðiÞrðjÞ

In this section, we document the results for the high-
energy amplitudes of ΦΦ → rðiÞrðjÞ, starting with
SS → rðiÞrðjÞ. For scalars in both initial and final states,
we only have a single S-matrix element, which we expand
as a power series in the COM energy analogously to
previous cases

M ¼
X

p∈Z

Mðp=2Þsp=2: ðD42Þ

FIG. 21. Cross section (left panel) and velocity-averaged cross section (right panel) for the process χχ → hðiÞrðjÞ for the mass of the
brane fermion of 0.5 TeV. The cross sections are computed by summing over the truncated KK tower of 50 internal spin-0 and 50
internal spin-2 KK modes.

FIG. 20. Cross section (left panel) and velocity-averaged cross section (right panel) for the process VV → hðiÞrðjÞ for the mass of the
brane vector of 0.5 TeV. The cross sections are computed by summing over the truncated KK tower of 50 internal spin-0 and 50 internal
spin-2 KK modes.

LIMITS ON KALUZA-KLEIN PORTAL DARK MATTER MODELS PHYS. REV. D 111, 075030 (2025)

075030-31



In this case, the leading order contribution is of order s and can be written as

Mð1Þ ¼ iκ1
24

$
8
X∞

n¼0

κðnÞeðiÞðjÞðnÞ − 4

"
κðiÞκðjÞ
κ1

þ κ0ðd0ðiÞðjÞ − 2d̃0ðiÞðjÞÞ
#
−
X∞

k¼0

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ

þ 4

"
ðm2

ðiÞ þm2
ðjÞÞ
X∞

k¼1

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ
m2

k
þ 4

X∞

k¼1

κkd̄kðiÞðjÞ
m2

k

#

− 3 cos 2θ
X∞

k¼0

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ
%
: ðD43Þ

Inserting Eqs. (D22) and (D23) into the above result, we are left with

Mð1Þ ¼ iκ1
6

$
2
X∞

n¼0

κðnÞeðiÞðjÞðnÞ −
κðiÞκðjÞ
κ1

− κ0ðd0ðiÞðjÞ − 2d̃0ðiÞðjÞÞ

þ ðm2
ðiÞ þm2

ðjÞÞ
X∞

k¼1

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ
m2

k
þ 4

X∞

k¼1

κkd̄kðiÞðjÞ
m2

k

%
−
iκðiÞκðjÞ
24

ð1þ 3 cos 2θÞ: ðD44Þ

Focusing our attention on the term in the square brackets, we define a new function S̃ijðNÞ as

S̃ijðNÞ ¼ 2
XN

n¼0

κðnÞeðiÞðjÞðnÞ −
κðiÞκðjÞ
κ1

− κ0ðd0ðiÞðjÞ − 2d̃0ðiÞðjÞÞ þ ðm2
ðiÞ þm2

ðjÞÞ
XN

k¼1

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ
m2

k
þ 4

XN

k¼1

κkd̄kðiÞðjÞ
m2

k
:

ðD45Þ

The values of the above function for several values of N are plotted in Fig. 22.

From Fig. 22, we observe that as we increase the
“height” of the truncated KK tower summed over in the
internal propagators, the value of Eq. (D45) approaches
zero. Hence, we can conclude that we have a new, rather

complicated, sum rule, as follows:

0 ¼ 2
X∞

n¼0

κðnÞeðiÞðjÞðnÞ −
κðiÞκðjÞ
κ1

− κ0ðd0ðiÞðjÞ − 2d̃0ðiÞðjÞÞ

ðD46Þ

þðm2
ðiÞ þm2

ðjÞÞ
X∞

k¼1

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ
m2

k
þ 4

X∞

k¼1

κkd̄kðiÞðjÞ
m2

k
:

ðD47Þ

Inserting Eq. (D47) into Eq. (D44) we are left with

Mð1Þ ¼ −
iκðiÞκðjÞ
24

ð1þ 3 cos 2θÞ: ðD48Þ

As noted previously, the portion of the amplitude scaling
like s1, shown in Eq. (D48), is suppressed by the product of
small couplings κðiÞκðjÞ, and instead contributions which are
proportional to s0 dominate until COM energies as large
as

!!!
s

p
≃ 103 TeV.

The resulting cross sections for the processes in question,
obtained numerically by summing over the truncated spin-0

FIG. 22. Numerical results for function S̃ijðNÞ, as in Eq. (D45),
given truncated KK towers for internal spin-0 and spin-2 modes
as a function of the index of the highest KK mode in the internal
towers N.
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and spin-2 towers, and are presented in Fig. 23, with the
corresponding slice of the velocity-averaged cross section
at the typical freeze-out temperatures depicted on Fig. 23.
We have checked that including up to 30 KK states are
numerically sufficient to accurately compute the relevant
cross sections for our purposes.
Repeating the same process for the case of brane-

localized vector bosons, we expand the S-matrix element

in terms of COM energy as

Mλ1;λ2 ¼
X

p∈Z

Mðp=2Þ
λ1;λ2

sp=2; ðD49Þ

where λf1;2g are the polarizations of the incoming vector
bosons. The corresponding nonzero leading order terms are

Mð1Þ
(;∓ ¼ −

iκ1
8

ð1 − cos 2θÞ
X∞

k¼0

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ ¼ −
iκðiÞκðjÞ

8
ð1 − cos 2θÞ; ðD50Þ

Mð1Þ
0;0 ¼

iκ1
6

$
2
X∞

n¼0

κðnÞeðiÞðjÞðnÞ −
κðiÞκðjÞ
κ1

− κ0ðd0ðiÞðjÞ − 2d0ðiÞðjÞÞ

þ ðm2
ðiÞ þm2

ðjÞÞ
X∞

k¼1

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ
m2

k
þ 4

X∞

k¼1

κkd̄kðiÞðjÞ
m2

k

%
−
iκðiÞκðjÞ
24

ð1þ 3 cos 2θÞ

¼ −
iκðiÞκðjÞ
24

ð1þ 3 cos 2θÞ; ðD51Þ

where we have applied Eqs. (D22), (D23), and (D47).

The resulting cross sections for the processes in
question, obtained numerically by summing over the
truncated spin-0 and spin-2 towers, are presented in
the left panel of Fig. 24, with the corresponding slice
of the velocity-averaged cross section at the typical
freeze-out temperatures depicted on the right panel of this
figure.

Finally, for the case of brane-localized fermion, we
analogously expand the S-matrix element in terms of
COM energy as

Ms1;s2 ¼
X

p∈Z

Mðp=2Þ
s1;s2 s

p=2; ðD52Þ

FIG. 23. Cross section (left panel) and velocity-averaged cross section (right panel) for the process SS → rðiÞrðjÞ for the mass of the
brane scalar of 0.5 TeV. The cross sections are computed by summing over the truncated KK tower of 30 internal spin-0 and 30 internal
spin-2 KK modes.
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where sf1;2g are the spins of the incoming fermions. The
corresponding nonzero leading order terms are

Mð1Þ
(;∓ ¼ −

iκ1
8

sin 2θ
X∞

k¼0

κkðdkðiÞðjÞ þ 2d̃kðiÞðjÞÞ

¼ −
iκðiÞκðjÞ

8
sin 2θ; ðD53Þ

where we have applied the requisite sum rules.
The resulting cross sections for the processes in question,

obtained numerically by summing over the truncated spin-0
and spin-2 towers, are presented in Fig. 25, with the
corresponding slice of the velocity-averaged cross section
at the typical freeze-out temperatures depicted on the left
panel of Fig. 25.

FIG. 25. Cross section (left panel) and velocity-averaged cross section (right panel) for the process χχ → rðiÞrðjÞ for the mass of the
brane fermion of 0.5 TeV. The cross sections are computed by summing over the truncated KK tower of 30 internal spin-0 and 30
internal spin-2 KK modes.

FIG. 24. Cross section (left panel) and velocity-averaged cross section (right panel) for the process VV → rðiÞrðjÞ for the mass of the
brane scalar of 0.5 TeV. The cross sections are computed by summing over the truncated KK tower of 30 internal spin-0 and 30 internal
spin-2 KK modes.
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