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1. Introduction

Let E be an elliptic curve over Q and p > 2 be a prime of good reduction. The Iwasawa 
theory for elliptic curves is suitable for shedding light on the p-primary part of the 
BSD formula (BSDp), which appears in the refined conjecture of Birch and Swinnerton-
Dyer concerning the leading term of the Hasse–Weil L-function. The main conjecture of 
Iwasawa theory is mostly known in the case of ordinary reduction [25,63]. In this paper, 
we focus on the case of supersingular reduction, i.e. we require p|ap := p + 1 − #Ẽ(Fp)
and investigate three Iwasawa main conjectures:

(i) a Greenberg-type main conjecture (representation-theoretic)
(ii) a formulation in terms of integral cohomology classes
(iii) the chromatic formulation (involving the chromatic, i.e. !/"-objects)

These three conjectures are main conjectures for Z2
p-extensions of imaginary quadratic 

fields (also known as “two-variable main conjectures”), taking as additional ingredient a 
quadratic imaginary field K in which p is split. The last main conjecture (iii) is closest to 
BSDp, and the finale of the paper is the implication (iii) =⇒ BSDp when the analytic 
rank is at most one, and is intended to be readable in its own right.1

The main part of the paper proves two equivalences

(i) ⇐⇒ (ii) ⇐⇒ (iii),

under the assumption:
Conjecture (*) There exist appropriate two-variable Beilinson–Flach classes. Here, 

‘appropriate’ means that the Beilinson–Flach classes satisfy certain reciprocity laws at 
the two primes above p. See Conjecture 3.33 in the main part for the precise formulation.2

In fact, our conclusion is stronger: Each of the three main conjectures is an equality 
of ideals of the form (analytic object) = (algebraic object), and we prove that the three 
statements of the form (analytic object) ⊂ (algebraic object) are equivalent to each 
other. We also prove that the three statements concerning the reverse conclusion are 
equivalent to each other. The inclusion (analytic object) ⊃ (algebraic object) in the 
context of (i) follows from a recent result of [11], originally announced in [74]. What 
our paper accomplishes under Conjecture (*) is then to transfer their result over to the 
context of (iii): We have (analytic object) ⊃ (algebraic object) in a chromatic formulation 
of the two-variable Iwasawa main conjecture, which we recall concerns the Z2

p-extension of 
an imaginary quadratic field K. By choosing this K judiciously, we use this to conclude 
that (analytic object) ⊃ (algebraic object) holds for the one-variable chromatic main 

1 We invite the interested reader to study this two-dimensional argument first, reflecting the arithmetic 
of elliptic curves as two-dimensional Galois representations.
2 These are believed to exist, and according to referee#2, a construction in the ordinary case and the case 

ap = 0 is currently in progress (joint work of Burungale, Skinner, Tian, and Wan).
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conjecture [64, Conj. 7.21] over Q. Together with the known inclusion (analytic object) ⊂
(algebraic object) due to Kato [25], we conclude that the one-variable chromatic main 
conjecture holds under Conjecture (*) and some mild assumptions.

As for the applications to (BSDp), the general supersingular case is more involved 
than the ap = 0 case: In the ap = 0 subcase, the ±-theory reduces the result in essentially 
two lines [74] to an argument of Greenberg [18]. When ap &= 0, in which case p = 3, the 
analogue of these two lines is the last subsection of this paper before the coda, reflecting 
the complexity for the general supersingular case.

The main results in the context of classical results. One important consequence of 
the Iwasawa main conjecture for a prime p in its classical form (analytic object)=
(algebraic object) is the p-part of the Birch and Swinnerton-Dyer Formula, when the 
rank part of the conjecture is known (currently in the case of analytic rank at most one). 
See [75, page 32] for a description of the full Birch and Swinnerton-Dyer conjectures. 
One strategy for proving the Birch and Swinnerton-Dyer Formula is thus to prove the 
main conjecture at every prime p.

When p is of good ordinary reduction (i.e. p ! ap := p + 1 − #Ẽ(Fp)), this program 
is now largely complete. Mazur and Swinnerton-Dyer introduced the analytic object, 
the (ideal generated by) the p-adic L-function in [47]. On the algebraic side, Mazur 
studied the corresponding Selmer group in [44], whose characteristic ideal is the algebraic 
object. In the complex multiplication (CM) case, Rubin [59] proved the main conjecture 
by finding a suitable Euler system. Kato proved half the main conjecture in the non-
CM case by constructing an Euler system (for the cyclotomic Zp-extension of Q) using 
Siegel units, showing that the p-adic L-function is included in the characteristic ideal 
associated to the Selmer group [25]. Finally, Skinner and Urban [63] gave a converse to 
Kato’s theorem via a GU(2,2) Eisenstein series method, settling the main conjecture, for 
a large class of elliptic curves.

The supersingular case (i.e. when p|ap) has been more challenging. The main obstacle 
was that the objects are not well-behaved: The analytic object, either of the two p-adic 
L-functions due to Amice–Vélu [1] and Vishik [70] (see also [45]) is not an element of 
the Iwasawa algebra, and correspondingly the Selmer group is not a cotorsion Iwasawa 
module. Perrin-Riou [51] and Kato [25] made important progress in our understanding 
of the supersingular case, and formulated main conjectures. When ap = 0, the work of 
Pollack and Kobayashi gave rise to a formulation of the main conjecture in the spirit of 
the ordinary case: Pollack [50] found a pair of p-adic L-functions L+ and L− inside the 
Iwasawa algebra, while Kobayashi found two corresponding submodules Sel−(E/Q∞)
and Sel+(E/Q∞) of the classical Selmer group,3 and formulated a pair of main conjec-
tures in terms of these signed p-adic L-functions and signed Selmer groups. Here, Q∞
denotes the cyclotomic Zp-extension of Q. Relying on Kato’s Euler system, he proved one 
inclusion [32]. Pollack and Rubin [54] settled the main conjecture in the case of complex 
multiplication (in which automatically ap = 0) by adapting Rubin’s Euler system [59]. 

3 The reversal of signs is no typo!
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Finally, Wan [74] started a program to settle the main conjecture in the non-CM case 
but assuming that ap = 0 by giving a converse to this theorem via a U(3,1) Eisenstein 
series method. One crucial piece of progress in the program is the main result of [11]. 
Note that the Hasse–Weil bound |ap| ! 2√p implies that for p " 5, p being supersingular 
and ap = 0 are equivalent. This means that the methods for the ordinary case and the 
ap = 0 case are sufficient to formulate and prove the main conjecture when p " 5.

However, we are interested in proving the Birch and Swinnerton-Dyer formula, for 
which every prime is important. In view of recent progress on the 2-part [10] (using non-
Iwasawa theoretic methods specific to p = 2), a complete understanding of the 3-part is 
desirable. As stated above, the current techniques can only handle five out of the seven 
possible a3’s of E – they apply when a3 ∈ {2, 1, 0, −1, −2} but not when a3 ∈ {3, −3}. 
Counting elliptic curves mod 3, we see that 18 out of the possible 162 elliptic curves 
(i.e. a proportion of 1

9) are excluded. The purpose of this paper is to fix this unfortunate 
state of affairs and give a proof of the main conjecture in the general supersingular case, 
at every odd prime, assuming the existence of an Euler system of Beilinson–Flach classes. 
We denote this assumption throughout the paper by (*).

The ±-theory of Pollack and Kobayashi for the case ap = 0 has been generalized by 
the author to the general supersingular case (p|ap). The generalizations of Pollack’s L±

are denoted L!/" [66] and those of Kobayashi’s Sel∓(E/Q∞) are denoted Sel!/"(E/Q∞)
[64]. We call Sel!/"(E/Q∞) the chromatic Selmer groups.4 The main conjecture connects 
L!/"(E) and Sel!/"(E/Q∞), and is the main theorem of this paper:

Theorem 1.1. Let E/Q be an elliptic curve and p > 2 a prime of supersingular reduction. 
Assume that E has square-free conductor and that Conjecture 3.33 holds. Then L!/"(E)
are each characteristic power series of the Iwasawa module Hom(Sel!/"(E/Q∞), Qp/Zp).

Our corollaries concern the leading term formula in the Birch and Swinnerton-Dyer 
conjecture.

Corollary 1.2. Assume that L(E, 1) &= 0. Then under the assumptions of the theorem,

∣∣∣∣
L(E, 1)

Ω

∣∣∣∣
p

=
∣∣∣∣∣#X(E/Q)

∏

l

cl

∣∣∣∣∣
p

.

Without Conjecture (*), we can say

∣∣∣∣
L(E, 1)

Ω

∣∣∣∣
p

!
∣∣∣∣∣#X(E/Q)

∏

l

cl

∣∣∣∣∣
p

.

4 The notation !/" was introduced because Kobayashi’s and Pollack’s sign conventions differed.
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Here, X(E/Q) is the Šafarevič–Tate group of E/Q, cl are the Tamagawa numbers, 
and Ω is the Néron period. The second statement follows from [64, Theorem 7.16], and 
a new argument is needed to deduce (BSDp) from an integral main conjecture, which 
the reader can find in subsection 5.2. (In the ordinary case, the corresponding argument 
is [18, Section 4], and the modification for the ap = 0 case is two lines in [74].)

Combining the first statement with the corresponding result in the ordinary case [63, 
Theorem 3.35], this gives the leading term formula up to powers of 2 and bad primes.

As for the analytic rank one case, we have analogously:

Corollary 1.3. Suppose that ords=1 L(E, s) = 1. Then under the assumption of the theo-
rem,

∣∣∣∣
L′(E, 1)

Reg(E/Q)Ω

∣∣∣∣
p

=
∣∣∣∣
#X(E/Q)

∏
l cl

#E(Q)2tor

∣∣∣∣
p

.

Without Conjecture (*),

∣∣∣∣
L′(E, 1)

Reg(E/Q)Ω

∣∣∣∣
p

!
∣∣∣∣
#X(E/Q)

∏
l cl

#E(Q)2tor

∣∣∣∣
p

.

Here, Reg(E/Q) denotes the regulator of E, and E(Q)tor is the torsion part of E(Q). 
This corollary is [33, Corollary 1.3], where the only assumption is our main theorem.

For a different approach in the rank one case that needs the assumption ap = 0, see 
[24, Theorem 1.2.1].

In the coda, we discuss some numerical examples and infinite families of elliptic curves 
that satisfy the full Birch and Swinnerton-Dyer conjecture:

Corollary 1.4. Assume (*). Then there are infinitely many elliptic curves E with a3(E) =
3 that satisfy the full Birch and Swinnerton-Dyer conjecture, and the same is true for 
a3(E) = −3.

This corollary follows from the main theorem and work of [10] to treat the even prime. 
The explicit algorithm for finding the infinitely many elliptic curves involves quadratic 
twists and was originally developed in [10]. We are grateful to S. Zhai for providing us 
with the Examples A.3 and A.5 of such families.

We note that the case a3 = ±3 is the last theoretical obstacle for finding infinitely 
many families of elliptic curves with a fixed Frobenius trace at some chosen prime. Thus, 
this corollary says that the following holds:

Corollary 1.5. Assume (*). Pick any prime p and any integer n ∈ (p +1 −2√p, p +1 +2√p)
of possible number of solutions of elliptic curves modulo p. Then infinitely many elliptic 
curves with n solutions modulo p satisfy the full Birch and Swinnerton-Dyer conjecture.
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Raw ingredients for the proof. The known inclusion of L!/" into the characteristic 
ideal coming from Sel!/" follows [32,64] from an equivalent inclusion in terms of Kato’s 
Euler system – thus the main goal of this paper is to study the other inclusion.
For the other inclusion, we introduce a quadratic imaginary field K so that (p) = pq

splits, much like [63]. Much of the arithmetic of E along the Z2
p-extension K∞ of K

should be encoded in a pair of cohomology classes – Beilinson–Flach classes ∆α, ∆β

similar to the classes due to Kings, Loeffler, and Zerbes (KLZ), found in [30], cf. also its 
sequel [31] – that generalize Kato’s Euler system.

Conjecture 3.33 This assumption not only encompasses the existence of ∆α and ∆β , 
but also their reciprocity laws. The KLZ reciprocity law connects the q-local component 
of ∆α/β to p-adic L-functions Lαα, Lαβ , Lβα, and Lββ (whose construction goes back to 
Haran [20]) that interpolate twists of the special value of the complex L-function by char-
acters factoring through Gal(K∞/K). Another part of the assumption is a reciprocity 
law that connects the p-local part of ∆α/β to a p-adic L-function L∀0 associated to E
and a Hida family of CM forms associated to K∞/K.

The function L∀0 has bounded coefficients and a main conjecture can be formulated 
in its classical form.
Thus, one may hope to use the reciprocity laws to connect this other inclusion to a 
statement relating Haran’s p-adic L-functions with arithmetic information of E along 
Gal(K∞/K). This statement involving K should project to Q and become the connection 
that is the “hard” inclusion, i.e. (algebraic object) ⊂ (analytic object), of the main 
conjecture over Q. However, there is a crucial obstacle – it is that the Beilinson-Flach 
classes ∆α/β and Haran’s Lαα etc. are not in the classical form since they are not integral, 
i.e. not elements of a ring of power series with bounded coefficients. Pottharst’s theory 
[56] could overcome this obstacle (but this is not the approach we follow).

Wan’s contributions (ap = 0). Motivated by Pollack’s construction of integral power 
series L±, Wan took a normalized average of ∆α and ∆β to arrive5 at integral classes. 
Under a map Col+q due to BD Kim [28], the q-local image of ∆+ maps to an Iwasawa 
function L++ due to Loeffler [42]. This integral L++ is a normalized average of Haran’s 
functions, and the work of Kim and Loeffler supplies us with the integral ‘++ main 
conjecture’ relating L++ and the arithmetic of E along K∞/K in the form of an integral 
Selmer group whose local condition at q (resp. p) comes from kerCol+q (resp. ker Col+p ).
Recall that for Q∞/Q, there were two equivalent formulations of main conjectures; in 
terms of (Kato’s) Euler systems, and in terms of p-adic L-functions (the L!/"). Taking 
this as a hint, Wan formulated a main conjecture for K∞/K in terms of ∆+ and showed 
equivalence to the ++ main conjecture. Relying on an explicit description of ∆+ and 
ker Col+p at finite layers in the local Z2

p-extension, he was able to define a map LOG+

[74, Definition 2.9] that sends ∆+ to L∀0, which can be regarded as an integral version 
of the reciprocity law in [40, Theorem 7.1.4 and 7.1.5]. Via his map LOG+, he showed 

5 Here, Wan implicitly assumed that ∆α and ∆β existed, i.e. Wan assumed Conjecture (*).
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that the integral main conjecture involving L∀0 is equivalent to the one in terms of ∆+, 
obtaining in summary an equivalence of main conjectures (MC)

++MC
Kim’s Col+q⇐======⇒ MC in terms of ∆+

Wan’s LOG+
⇐=======⇒ MC in terms of L∀0.

He then used this equivalence to carry the known inclusion of the MC involving L∀0

over to a corresponding inclusion of the ++ MC, and specialized from K to Q to prove 
the ‘other inclusion’ of the +main conjecture of Kobayashi. A completely analogous 
construction lets one prove Kobayashi’s −main conjecture.

Analogy with classical Iwasawa theory. The equivalence of the three main conjectures 
above has an analogue in classical Iwasawa theory:

( MC involving
Kubota–Leopoldt
p-adic L-function

)
⇐==⇒

(
MC in terms of
cyclotomic units

)
⇐==⇒

( Greenberg’s
formulation of MC

)
.

Greenberg’s formulation of the classical main conjecture is representation-theoretic [18], 
as is the main conjecture in terms of the Greenberg-type p-adic L-function L∀0

p .
New ideas (p|ap). The idea for p|ap is to come up with a similar equivalence as in the 

ap = 0 case, but a crucial difference with both classical Iwasawa theory and with the 
ap = 0 theory is that the number of main conjectures in each of the three categories is 
important: There are four (=two squared), two, and one.

To handle the general supersingular case, four sets of ideas must be introduced. These 
are the !/" Coleman maps, 2-dimensionality, zero-function avoidance, and most impor-
tantly the !/" Perrin-Riou–Wan logarithm maps6 L !/".

!/" Coleman maps: Kim’s construction of ±Coleman maps relied on ap = 0 [28]. We 

generalize this to the p|ap case by constructing Col!/" at p and q, much in the spirit of [64], 
and use these maps to define four doubly-chromatic Selmer groups Sel!!, Sel!", Sel"!, Sel"". 
We formulate four analogues of the ++ main conjectures. These are the !!, !", "!, and ""
main conjectures that relate the doubly-chromatic Selmer groups to doubly-chromatic p-
adic L-functions L!!, L!", L"!, L"" due to Lei [35], which generalize Loeffler’s construction 
to p|ap.

2-dimensionality: Recall that the analytic arithmetic information of E along K∞/K

was packaged into Haran’s four p-adic L-functions Lαα etc. A theorem of Lei says that 
his doubly chromatic functions can be linearly recombined to obtain those of Haran [35, 
Theorem 2.2]. One idea of this paper is a simpler formulation of Lei’s theorem in the 
form

(
Lαα Lβα

Lαβ Lββ

)
= Log(Y )T

(
L## L$#

L#$ L$$

)
Log(X).

Thus, Lei’s doubly-chromatic functions should be thought of as a 2 × 2 matrix, and 
the linear combinations can be described by multiplying by the logarithm matrices Log

6 We called these Wan maps Wan#/$ in an earlier version of this paper.
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(which are explicit 2 × 2 matrices, see e.g. [66, Section 4.1]) on both sides. When ap = 0, 
these logarithm matrices are essentially diagonal, which is why Wan was able to avoid 
this matrix formulation of affairs completely and only consider the function L++ without 
losing information. For the general case p|ap, the entries in the middle matrix can not 
be constructed separately, so that we need to consider all of them. Taking this matrix as 
a hint, we construct an analogue of Wan’s integral cohomology class ∆+. Our analogue 
is a row vector (∆!, ∆") of integral cohomology classes that factors out the non-integral 
part from a vector (∆α, ∆β) consisting of the Beilinson-Flach classes. The reason this is 
the correct analogue is that the statement ‘Kim’s Col+q sends the q-local image of Wan’s 
∆+ to Loeffler’s L++’ becomes the following 2-dimensional statement when p|ap7: Up to 
some controllable constants,

(
L## L$#

L#$ L$$

)
=

(
Col#q(∆#) Col#q(∆$)
Col$q(∆#) Col$q(∆$)

)
= “

(
Col#q
Col$q

)
◦ (∆!,∆").”

These ideas are then developed further to show an ‘equivalence8’ of sets of main conjec-
tures

four MC’s (!!, !", "!, and "")

(
Col#q
Col$q

)

⇐====⇒ two MC’s (in terms of ∆! resp. ∆"),

where each Coleman map provides an equivalence between two MC’s on the left and 
one on the right.9 Below we will see that the two MC’s on the right are equivalent to 
each other as well, so that all six conjectures encode the same statement. However, this 
equivalence only works for objects that are non-zero.

Zero-function avoidance: When ap &= 0, we can only say that at least one of the 
four functions L!!, L!" etc. is nonzero. Thus, we are only guaranteed that one of the 
integral cohomology classes ∆! and ∆" is nonzero, unlike in the case ap = 0, where both 
are nonzero. This becomes an issue when specializing from the Z2

p-extension of K to 
the cyclotomic Zp-extension, where we need either L!! or L"" to be nonzero. We can 
guarantee this by choosing K so that L(E(K), 1) &= 0, invoking results of Waldspurger 
or Bhargava–Shankar.

The !/" Perrin-Riou–Wan logarithm maps L !/" are needed for the ‘equivalence’ be-
tween the main conjectures involving ∆!/" and the main conjecture involving L∀0:

any of the MC’s in terms of ∆! resp. ∆"
L # resp. L $

⇐=======⇒ the MC involving L∀0,

but a crucial difficulty arises in the case ap &= 0. For ap = 0, Wan connected the integral 
cohomology classes ∆! and ∆" to the Greenberg-type p-adic L-function L∀0 by ‘evaluat-

7 Here, we abuse notation a bit and denote by ∆#/$ their q-local images.
8 Equivalence up to some controllable primes, as explained at the end of the introduction.
9 For example, the !!-MC and !"-MC on the left are equivalent to the MC in terms of ∆#, and thus 

equivalent to each other.



F. Ito Sprung / Advances in Mathematics 449 (2024) 109741 9

ing’ it – invoking a KLZ reciprocity law. This was possible because the domain of ∆! and 
∆" could be described explicitly at the finite layers of the associated tower of number 
fields, and so could the coordinates of ∆! and ∆". This gave rise to a quick and natural 
construction of his connecting map LOG+. None of this is possible when ap &= 0.

We overcome these difficulties as follows: First, we perform a guess for indirectly 
describing the domain of ∆! and ∆" at the infinite layer, and prove this guess is the 
right one. This information may not allow us to explicitly describe the domain at finite 
level, but it provides us with coordinates of the vector (∆!, ∆") at finite level.

The second difficulty was the inability to ‘evaluate’ the coordinates of (∆!, ∆") at 
finite characters. The reason for this difficulty is that the evaluation of coordinates is 
indirect to begin with, as ‘evaluation’ means ‘taking the image under the KLZ reciprocity 
map.’ The reciprocity map does not evaluate the coordinates themselves, but rather their 
product with a certain 2 ×2 matrix Hn. When ap = 0, this is no problem, since the matrix 
is diagonal or antidiagonal, so that Wan can easily get a handle on the coordinates. The 
reason the case ap &= 0 is hard is that in general, all entries of Hn are non-zero (for 
n > 0).
We overcome this difficulty by showing that the two coordinates of the integral cohomology 
classes are equal, and thus can be thought of as one scalar matrix. The coordinates thus 
commute with Hn, allowing us to shift the difficulty over into a setting that allows us 
to invoke the Kings–Loeffler–Zerbes reciprocity law. At heart lies a trace computation 
in the form of a matrix identity that makes use of a six-periodicity coming from the fact 
that the roots of the Hecke polynomial X2 − apX + p are normalized fourth or sixth 
roots of unity.

The reason we put the term ‘equivalence’ in quotes is that the equivalences only 
hold up to certain prime factors. Invoking a result of Pollack and Weston, we are able to 
control these primes. Combined with the right choice of K, we obtain enough information 
about the doubly-chromatic main conjecture so that projecting down to Q results in our 
main theorem.

Outlook. Since earlier versions of this paper were made available (e.g. the arxiv post 
[67]), our results and ideas have been generalized in various directions. Büyükboduk 
and Lei [5] have adapted the ideas of this paper, e.g. the construction of integral !/"
cohomology classes to formulate a two-variable main conjecture for weight two modular 
forms and prove one inclusion, using the theory of Wach modules.

In a beautiful development, Büyükboduk, Lei, Loeffler, and Venkat [7] have been 
developing an Iwasawa theory of Ranking-Selberg products of p-supersingular modular 
forms, in which they give an algebraic construction of non-bounded Beilinson-Flach 
elements, and work towards constructing their doubly-chromatic integral versions in the 
spirit of this paper. (See also partial results towards this in the case ap = 0 in [6]).

For some ingredients towards a proof of the chromatic main conjectures in the case 
of modular forms of weight two relying on some of the methods in this paper, see [12].
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2. Notation

Notation first used in section 3.1
Q∞ the cyclotomic Zp-extension of Q
Φpn (Y ) the pnth cyclotomic polynomial ∑p−1

i!0 Y pn−1i

ζpn a primitive pnth root of unity
γ a topological generator of 1 + 2pZp, or its image in a quotient
α and β the roots of the Hecke polynomial Y 2 − apY + p
ΩE the real Néron period of E
T and V T = the p-adic Tate-module for E, and V = Qp ⊗ T
Qp,n the nth layer in the cyclotomic Zp-extension of Qp

Notation first used in section 3.2
K a quadratic imaginary field in which p splits as pq

K∞, Kcyc , Kanti the Z2
p-extension, the cyclotomic Zp-extension, and the anticyclotomic 

Zp-extension of K
Ω+

E and Ω−
E the real and imaginary periods of E

K(p∞); K(q∞) the p∞ ray class field; the q∞ ray class field
ΛK Zp[[Gal(K∞/K)]] ∼= Zp[[X, Y ]]. We identify 1 + X with a generator of 

Gal(K(p∞) ∩ K∞/K) and 1 + Y with one for Gal(K(q∞ ∩ K∞)/K).
k,Ok an unramified extension of Qp and its ring of integers
k0,m the degree pm unramified extension of Qp

kn,mn the Z/pnZ-subextension of k(ζpn+1 ), the maximal ideal in its integer 
ring

kn,m,mn,m the objects above with k = k0,m
U the unramified variable, i.e. 1 + U is identified with a topological 

generator of lim←−−m
Gal(k0,m/k).

Λn,m Zp[Gal(kn,m/Qp)]
Λ Zp[[X]] ∼= Zp[[Gal(Q∞/Q)]]

tanti the anticyclotomic variable
Notation first used in sections 3.3 and 3.4
Up the group Gal(K∞,p/Kcyc,p) ∼= Zp; Kcyc is the cyclotomic 

Zp-extension of K
Λ∗

K the Pontryagin dual of ΛK

Ψ the character Gal(K/K) → Gal(K∞/K) → Λ×
K

Λ∗
K(Ψ) Λ∗

K twisted by Ψ
W and T T ⊗ Λ∗

K(Ψ) and T ⊗ ΛK(−Ψ)
S a finite set of places containing p, ∞, and the bad primes of E
LS the maximal extension of a number field L that is unramified outside S

Notation first used in section 4
Γn,q the Galois group of the cyclotomic Z/pnZ-extension of Kq

Um,q the Galois group of the unramified Z/pmZ-extension of Kq

3. Main conjectures

Iwasawa main conjectures relate analytic objects to algebraic objects. The goal of this 
section is to state four such main conjectures. The first one (subsection 3.1) is the main 
conjecture concerning the cyclotomic Zp-extension of Q, which we want to prove. The 
other three main conjectures concern Zp-extensions of imaginary quadratic fields. They 
are the “doubly-chromatic main conjectures” (or “!/"-!/" main conjectures” – subsection 
3.2), the Greenberg-type main conjecture (subsection 3.3), and the main conjecture in-
volving integral cohomology classes of !/"-Beilinson-Flach elements (subsection 3.4). In 
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section 4, we will prove that the !/"-!/" main conjectures and the Greenberg-type main 
conjecture are equivalent to the !/"-Beilinson-Flach element main conjecture, and that 
the same can be said about either halves (i.e. inclusion in one fixed direction between 
the algebraic and analytic sides). The known inclusion of the Greenberg-type main con-
jecture (including the algebraic objects in the analytic object) then yields an inclusion 
in the statement of the !/"-!/" main conjecture which implies the main theorem.

We first recall in subsection 3.1 the statement of the main conjecture from [64]. In 
subsection 3.2, we recall the analytic theory of Lei and Loeffler, and the algebraic theory 
due to Kim in the case ap = 0, before developing it further to include the case ap &= 0. 
Subsection 3.3 is a short exposition on the Greenberg-type main conjecture, and one 
inclusion of it [11, Theorem 8.2.1]. In subsection 3.4, we construct !/"-Beilinson-Flach 
elements. These are modified versions of the Beilinson-Flach elements due to Kings, 
Loeffler, and Zerbes [30]. While the appropriate modification in the case ap = 0 is due 
to Wan, a new idea is needed for the case ap &= 0. Once they are defined, we are in good 
shape to formulate the !/"-Beilinson-Flach element main conjecture.

3.1. Statement of the cyclotomic !/" main conjecture

We now recall the main conjecture of [64] (cf. [32] for the case ap = 0).

The analytic side.

We denote by ζpn a primitive pnth root of unity, γ a topological generator of 1 +2pZp

(or its image in a quotient), by α and β the roots of the Hecke polynomial Y 2−apY +p, 
and by Ω+

E the real Néron period of E.

Theorem 3.1. (Amice and Vélu [1], Višik [70]) Let χ be a character of (Z/pn+1Z)× into 
µp∞ sending γ to ζpn that is trivial on the tame part, and let τ(χ) be the Gauß sum ∑

a∈(Z/pn+1Z)× χ(a)ζapn+1 . There are p-adic power series Lα(X) and Lβ(X) converging 
on the open unit disk so that for ξ ∈ {α, β},

Lξ(ζpn − 1) = pn+1

ξn+1 τ
(
χ−1) L

(
E,χ−1, 1

)

Ω+
E

if 0 &= ζpn − 1, and

Lξ(0) =
(

1 − 1
ξ

)2 L(E, 1)
Ω+

E

.

These power series live in a subset H 1
2

of Cp[[X]]. This subring is defined by growth 
properties.

Definition 3.2. Fix 0 < r < 1. For f(X) ∈ Cp[[X]] convergent on the open unit disc of 
Cp with normalization |p|p = 1

p , let

|f(X)|r := sup
|z|p<r

|f(z)|p.
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Definition 3.3. Let f(X), g(X) ∈ Cp[[X]] converge on the open unit disc of Cp. Then we 
say that f(X) is O(g(X)) if

|f(X)|r is O(|g(X)|r) as r → 1−.

If in addition, g(X) is O(f(X)), then we say that f(X) ∼ g(X).

Elements in H 1
2

are the analytic functions converging on the open unit disk and are 

uniquely determined under the condition that they are O(logp(1 + X) 1
2 ), i.e. H 1

2
is the 

set of 1
2 -admissible measures, cf. [52, 1.1.1] and [50, p. 528]. We denote by Φpn(Y ) the 

pnth cyclotomic polynomial 
∑p−1

i=0 Y pn−1i. We let

Cn(X) :=
(

ap 1
−Φpn (1+X) 0

)
,

and put

Log(X) := lim
n→∞

C1(X)C2(X) · · ·Cn(X)
(

ap 1
−p 0

)−(n+2) (−1 −1
β α

)
.

Theorem 3.4. ([50] when ap = 0, [66] for general p | ap)
There is a vector of p-adic L-functions (L!(X), L"(X)) ∈ Zp[[X]]⊕2 so that 

(Lα(X), Lβ(X)) := (L!(X), L"(X))Log(X). Further, we have (L!(X), L"(X)) &= (0, 0).

Alternatively, the pair of Iwasawa functions is the image of Kato’s zeta element under 
a pair of Coleman maps, i.e. (L!(X), L"(X)) = (Col!p(z), Col"p(z)), where

z = (z+
n )n ∈ H1

Iw(T ) := lim←−−H1(Qp,n, T )

is Kato’s zeta element [25, Theorem 12.5]. Here, T is the p-adic Tate module of E. The 
Coleman maps Col!p and Col"p are maps from H1

Iw(T ) to Zp[[X]] constructed in [64, 
Section 5] and will be defined more generally in subsection 3.2, with respect to any of 
the primes p or q above p.

The algebraic side. The algebraic object in the main conjecture is any of two modified 
(‘chromatic’) Selmer groups. They generalize the constructions of the signed Selmer 
groups of Kobayashi (whose definition needed ap = 0.) Let * ∈ {!, "}. Denote by Q∞
(resp. Qp,∞) the cyclotomic Zp-extension of Q (resp. Qp). We put

Sel((E/Q∞) := ker
(

Sel(E/Q∞) → E(Qp,∞) ⊗Qp/Zp

E(

)
,

where E( is the exact annihilator of ker Col(p under the local Tate pairing

lim←−−
n

H1(Qp,n, T ) × lim−−→
n

H1(Qp,n, V/T ) → Qp/Zp,
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where V = Qp ⊗ T and Qp,n the nth layer in the cyclotomic Zp-extension of Qp.
We let X ((E/Q∞) := Hom(Sel((E/Q∞), Qp/Zp), i.e. the Pontryagin dual of 

Sel((E/Q∞).
The main conjecture. Putting these together, the Iwasawa main conjecture then states:

Conjecture 3.5. ([32], [64, Main Conjecture 7.21]) Choose * ∈ {!, "} so that L((X) &= 0. 
Then we have an equality of Zp[[X]]-ideals

Char(X ((E/Q∞)) = (L((X)).

This is the conjecture we want to prove. Half of this conjecture follows from work of 
Kato:

Theorem 3.6. ([64, Theorem 7.16]) Choose * ∈ {!, "} so that L((X) &= 0. Then for some 
integer n " 0, we have

Char(X ((E/Q∞)) ⊇ (pnL((X)).

If the p-adic representation Gal(Q/Q) → GLZp
(T ) on the automorphism group of the 

Tate-module is surjective, we may take n = 0.

3.2. The !/"-!/" main conjectures for imaginary quadratic fields

In this subsection, we recall the analytic theory of Antonio Lei (which generalizes 
that of Haran/Loeffler ([20, Theorem 2] and [42, Corollary 2]) for the case ap = 0), and 
then generalize the algebraic theory of B.D. Kim (who also worked with the assumption 
ap = 0). We then put the two sides together via a main conjecture. We denote by K a 
quadratic imaginary field and for the rest of the article, we assume p splits as pq with 
p &= q. We denote by K∞ the Z2

p-extension of K. We let K(p∞) and K(q∞) be the p∞

ray class field; the q∞ ray class field, and let ΛK equal to Zp[[Gal(K∞/K)]] ∼= Zp[[X, Y ]]. 
We identify 1 + X with a generator of Gal(K(p∞) ∩ K∞/K) and 1 + Y with one for 
Gal(K(q∞ ∩K∞)/K).

The analytic side.

Definition 3.7. We denote by Dx,y
K the distributions of Z2

p 0 Gal(K∞/K) of order x, y
for non-negative real numbers x, y in the variables X and Y , i.e. power series convergent 
on the open unit disk which are O(logx) in the variable X and O(logy) in the variable 
Y . Equivalently, Dx,y

K is the completed tensor product of the one-variable power series 
with their respective growth conditions. (See Definition 3.3 for the definition of growth, 
and also [35, Discussion before Lemma 2.1].)

We use the same symbol for the local distributions, i.e. for those on the Z2
p-extensions 

of Kp and Kq, which Wan in [74] denotes by Hx,y.
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Let ξ, η ∈ {α, β}, and denote by Lξ,η(X, Y ) ∈ D
1
2 ,

1
2

K the p-adic L-functions of Haran 
[20] and Loeffler [42], normalized so that they interpolate the special values

(1
ξ

)ordp fχ (1
η

)ordq fχ L(E,χ, 1)
τ(χ)|fχ|Ω+

EΩ−
E

at a character χ of Gal(K∞/K), where the conductor fχ is of the form pnqn
′ for n, n′ " 1

and Ω−
E is the imaginary period of E.

Theorem 3.8 (Lei, [35]). There exist L!!, L!", L"!, L"" ∈ ΛK ⊗Q so that
(

Lα,α Lβ,α

Lα,β Lβ,β

)
= Log(Y )T

(
L## L$#

L#$ L$$

)
Log(X).

Proposition 3.9. The matrix 
(

L## L$#

L#$ L$$

)
is not zero.

Proof. This follows from applying a theorem of Rohrlich found in [58, page 1], combined 
with the above interpolation. !

Proposition 3.10. The functions L!!, L!", L"!, L"" are in ΛK .

Proof. From integrality of the interpolating values [43, page 375], we know that the 
entries of the matrix Nij all have p-adic valuation " 0, where

Nij :=
(

α(j+1) 0
0 β(j+1)

) (
Lα,α Lβ,α

Lα,β Lβ,β

)∣∣∣
X=ζpi−1,Y =ζpj−1

(
α(i+1) 0

0 β(i+1)

)
.

We would like to prove that if any of the our chromatic functions were not in ΛK, then 
some entry of Nij would have p-adic valuation < 0 for some i, j, deriving a contradiction. 
To analyze the p-adic valuations of the entries, we recall just enough of the discussion of 
[65, Section 4.1 on Valuation Matrices]:

Given a matrix M with entries in Cp, denote by [M ] it valuation matrix, i.e. the 
matrix consisting of the p-adic valuation of the entries of M , as first defined in [65, 
Definition 4.4] (see also [66, Definition 4.9]).

Denote a matrix M with entries in Cp[[s]] evaluated at s = ζpi − 1 by M (i).
We have that

Logi = C(i)
1 · · ·C(i)

i

(
ap −1
p 0

)−(i+2) (−1 −1
β α

)

= C(i)
1 · · ·C(i)

i−1
(−1 −1

0 0
) (

α−(i+1) 0
0 β−(i+1)

)
.

(1)

By Theorem 3.8, we thus have that

[Nij ] =
[(

C(j)
1 · · ·C(j)

j−1
(−1 −1

0 0
))T (

L## L$#

L#$ L$$

)∣∣∣
X=ζpi−1,Y =ζpj−1

C(i)
1 · · ·C(i)

i−1
(−1 −1

0 0
)]

.
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The valuation matrix of C(i)
1 · · ·C(i)

i−1
(−1 −1

0 0
)

is of the form 
( ei ei
fi fi

)
, where

• for odd i, we have ei < 1
p + 1

p2 < 1
2 < fi and

• for even i, we have fi < 1
p + 1

p2 < 1
2 < ei,

see [65, Lemma 4.5].10
Recall that we want to derive a contradiction, assuming that at least one of the four 

chromatic functions is not in ΛK . We define a µ-invariant: For {•, ◦} ∈ {!, "}, write 
L•◦ =

∑
i,j a

•◦
i,jX

iY j with ai,j ∈ Zp and define

µ•◦(E,K) := min
i,j

ordp(a•◦i,j). (2)

We also define

µ(E,K) := min
•,◦∈{!,"}

µ•◦(E,K). (3)

Our task is now to show that µ(E, K) " 0.
Assume on the contrary that µ(E, K) ! −1 – without loss of generality, assume that 

we have

µ(E,K) = µ!"(E,K) < 0.

Evaluating L!" at X = ζpi−1 and Y = ζpj−1, we then have for all but possibly finitely 
many i, j that ordp(L!"(ζpi −1, ζpj −1)) = µ(E, K) + 1

pi−1(p−1) + 1
pj−1(p−1) . Among those 

i and j, we have infinitely many choices for which i > 3 is odd and j > 3 even. For any 
such i and j, the entry in the first column and second row11 of Nij then has valuation

µ(E,K) + 1
pi−1(p− 1) + 1

pj−1(p− 1) + ei + fj

by minimality of µ!"(E, K) and the fact that ej − fj > 1
2 −

(
1
p + 1

p2

)
and the same 

estimate for fi − ei. But

ei + fj <
2
p

+ 2
p2 ! 1 − 1

p2(p− 1) − 1
p2(p− 1) ! 1 − 1

pi−1(p− 1) − 1
pj−1(p− 1) .

Thus, this would imply that the entry of Nij in question has negative p-adic valuation, 
QEA. !

10 The exact values, which [65, Lemma 4.5] gives, do not matter in our proof.
11 i.e. the same position as L#$.
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Given a quadratic imaginary field K, we denote by L!
K and L"

K the p-adic L-functions 
corresponding to the elliptic curve E(K) which is the quadratic twist of E by the character 
corresponding to K.

Lemma 3.11. For at least one • ∈ {!, "}, there is a quadratic imaginary field K so that 
both one-variable p-adic L-functions L• and L•

K are non-zero.

Proof. From [64, Proposition 6.14], we see that for a choice • ∈ {!, "}, the one-variable 
p-adic L-function L• is non-zero. To pick K so that L•

K is also not zero, we pick K so 
that E(K) has analytic rank zero, and use [64, Table before Proposition 6.14]. This is 
possible in view of [4, Theorem ii], where the set denoted S of split primes consists of 
p, or [13] (for a direct proof using multiple Dirichlet series), see also [72,71] and [49,23]. 
Alternatively, use the fact that a positive proportion of elliptic curves has rank 0 [8]
even when restricting to congruence conditions, combined with a positive proportion 
satisfying the Birch and Swinnerton-Dyer conjecture [9]. !

Choice 3.12. Following Lemma 3.11, we choose • ∈ {!, "} and K so that both L• and L•
K

are non-zero.

The algebraic side.
Given an unramified extension k of Qp we denote by Ok its ring of integers. We 

denote by k0,m the degree pm unramified extension of Qp, kn the Z/pnZ-subextension 
of k(ζpn+1), and by mn the maximal ideal in its integer ring. We let kn,m and mn,m be 
the objects above with k = k0,m. Finally, we let Λn,m be equal to Zp[Gal(kn,m/Qp)].

Lemma 3.13. Let n, m " 0. The Λn,m-modules Ê(mn,m) are each generated by two ele-
ments cn,m ∈ Ê(mn,m) and cn−1,m ∈ Ê(mn−1,m) ⊂ Ê(mn,m) (where we let (m−1,m) :=
(m0,m)), and which satisfy for n > 0 and m " 0

trkn,m+1/kn,m
cn,m+1 = cn,m, and

trkn,m/kn−1,m cn,m = apcn−1,m − cn−2,m.

This lemma generalizes [74, Lemma 2.2] and the constructions in [27, Proposition 
3.12], both of which treat the ap = 0 case. Its proof needs the following definitions.

Given u ∈ O×
k0,m

, put fu(X) := (u + X)p − up. Also, we let

(xk, xk−1) := (1, 0)Ak × 1
pk

for k " 0,

where A =
( ap p
−1 0

)
as in [64, Definition 2.1]. We let ϕ be the Frobenius on k0,m and let

f (k)
u := f (k)

u (X) := fϕk−1

u ◦ fϕk−2

u ◦ · · · ◦ fu,



F. Ito Sprung / Advances in Mathematics 449 (2024) 109741 17

where k is an integer.
The logarithm giving rise to our formal group via Honda theory is the power series

logfu(X) :=
∞∑

k!0
xkf

(k)
u (X).

Now define a sequence bi via

b1 = 1, b2 = ap, and bi+2 := apbi+1 − bi.

This allows us to define the following.

Definition 3.14. We put λn,u :=
∑∞

i!1 biu
ϕ−(n+i+1)

p/
i
2 0 for n " 0.

As in [27, page 54], these elements give rise to points12 cun ∈ Ê
(
mk0,m(ζpn )

)
for n " 0

so that

logÊ(cun) = λn,u + log
fϕ−n
u

(uϕ−n · (ζpn − 1))
= λn,u +

∑∞
k!0 xkπn−k,u

for trace-compatible uniformizers πn−k,u = πn−ku in mk0,m(ζpn ), where πn−k =(
ζpn−k − 1

)
.

We let U be the unramified variable, i.e. 1 +U is identified with a topological generator 
of lim←−−m Gal(k0,m/k).

Proof of Lemma 3.13. To make the first trace relation work, choose a Zp[[U ]]-generator 
d := {dm}m ∈ lim←−−m Ok0,m as in [74, Proof of Lemma 2.2]. The calculations in the proof 
of [74, Lemma 2.2] with the dm expressed as sums of roots of unity then work to produce 
elements that are trace-compatible in the m-direction, except the coefficients of logÊ
are appropriately modified (to remove the ap = 0 assumption): If dm =

∑
j am,jζj with 

am,j ∈ Zp, note that for n " 0

logÊ




∑

j

am,jc
ζj
n



 =
∑

i

bid
ϕ−(n+i+1)

m p/
i
2 0 +

∑

k<n

xk(ζpn−k − 1)dϕk−n

m

is trace-compatible with respect to the map trk0,m(ζpn )/k0,m−1(ζpn ). We can now argue as 
in [27, Discussion before Proposition 3.12] and put tr∆ := trk0,m(ζpn )/kn−1,m to define

cn−1,m :=
∑

j

am,j tr∆ cζjn

12 For BD Kim’s notation, the analogue of λn,u is denoted λn and that of cun is denoted bn. The analogue 
of cn,m is en.
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which are trace-compatible in the m-direction.
(Note that [74] calls both 

∑
j am,jc

ζj
n and 

∑
j am,j tr∆ c

ζj
n by the same symbol, namely 

cn,m, cf. [74, Discussion after Lemma 2.1]. We have opted to follow Kim’s convention 
instead.)

In particular, this gives that

c−1,m = [p− 1]
∑

j

am,jc
ζj
0 ,

where we made the convention that k−1,m = k0,m.
For the second trace relation, we refer to the calculations in [27, page 54]. To make 

them work for the case ap &= 0, note that (denoting trk0,m(ζpn )/k0,m(ζpn−1 ) by tr)

tr logÊ(cun) = tr(λn,u + πn,u +
∑∞

k!1 xkπn−k,u)
= pλn,u − uϕ−n

p +
∑∞

k!1 xkπn−k,u

= ap(λn−1,u +
∑∞

k!1 xk−1πn−k,u) − λn−2,u −
∑∞

k!2 xk−2πn−k,u

= ap logÊ(cun−1) − logÊ(cun−2).

Finally, the fact that cn,m and cn−1,m generate Ê(mn,m) as a Λn,m-module follows 
from combining [64, Theorem 2.2] with [27, Discussion after 3.12] and [28, Proof of 
Proposition 2.6]. !

Definition 3.15. We define a pairing P(n,m),x : H1(kn,m, T ) → Λn,m by

z 1→
∑

σ∈Gal(kn,m/Qp)
(xσ, z)n,mσ for x ∈ Ê(mn,m), where

( , )n,m : Ê(mn,m) ×H1(kn, T ) → H2(kn,m, Zp(1)) ∼= Zp is the pairing coming from 
the cup product.

Definition 3.16. Put Hn(X) := −C1(X)C2(X) · · ·Cn−1(X) 
(

1 0
0 Φpn (1+X)

)
and define the 

endomorphism hn,m by

Λn,m ⊕ Λn,m
hn,m−−−→ Λn,m ⊕ Λn,mHn ⊂ Λn,m ⊕ Λn,m

(a, b) 1→ (a, b)Hn.

Remark 3.17. The minus sign ensures that our conventions agree with the original ones 
of Kobayashi, see e.g. [64, Definition 3.8].

Proposition 3.18. There exists a unique Λ-linear map Coln,m so that the following com-
mutes:
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H1(kn,m, T )

∃! Coln,m

(
P(n,m),cn,m ,P(n,m),cn−1,m

)

(Λn,m ⊕ Λn,m) Λn,m ⊕ Λn,m

kerhn,m

hn,m

Proof. [64, Proposition 5.3] proves this in the case in which k0,m = Qp, relying on the 
arguments from [64, Section 3]. These arguments work for our purposes since the pairing 
P(n,m),x is available in the k0,m case as well. !

Lemma 3.19. The Coleman maps are compatible in the unramified direction, i.e. the 
following diagram commutes:

H1(kn,m+1, T )
Coln,m+1

cor "

Λn,m+1 ⊕ Λn,m+1
kerhn,m+1

proj

H1(kn,m, T )
Coln,m Λn,m⊕Λn,m

kerhn,m

Proof. This follows from the first trace-compatibility stated in Lemma 3.13. !

Proposition 3.20. The Coleman maps are compatible in the totally ramified direction, i.e. 
the following diagram also commutes:

H1(kn+1,m, T )
Coln+1,m

cor "

Λn+1,m ⊕ Λn+1,m
kerhn+1,m

proj

H1(kn,m, T )
Coln,m Λn,m ⊕ Λn,m

kerhn,m

Proof. This is [64, Corollary 5.6] in the case k0,m = Qp. We note that the arguments for 
this corollary apply in the k0,m case as well. !

We denote by Λ the Iwasawa algebra Zp[[Gal(Q∞/Q)]].

Lemma 3.21. We have lim←−−m lim←−−n
Λn,m⊕Λn,m

kerhn,m

∼= Λ ⊕ Λ.

Proof. The arguments in [64, Proposition 5.7] show that lim←−−n
Λn,m⊕Λn,m

kerhn,m

∼= Λ ⊕Λ. This 
is enough since Gal(kn,m/k0,m) ∼= Gal(Qp,n/Qp). !
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Definition 3.22. We define the pair of Coleman maps as

(Col!,Col") := lim←−−
n

lim←−−
m

Coln,m : lim←−−
n

lim←−−
m

H1(kn,m, T ) → Λ ⊕ Λ.

Definition 3.23. Let * ∈ {!, "}. We denote by E( the exact annihilator of kerCol( under 
the Tate pairing

lim←−−
n

lim←−−
m

H1(kn,m, T ) × lim−−→
n

lim−−→
m

H1(kn,m, V/T ) → Qp/Zp.

We denote by kn,m(p) (resp. kn,m(q)) the local field isomorphic to kn,m with initial 
layer k0,0 obtained by completing K at p (resp. q) and climbing up to the appropriate 
layer of the cyclotomic extension and the unramified tower.

Definition 3.24. We now define the four Selmer groups Sel!!(E/K∞), Sel!"(E/K∞), 
Sel"!(E/K∞), and Sel""(E/K∞). For *, ◦ ∈ {!, "}, put Sel(◦(E/K∞) :=

ker



Sel(E/K∞) →
⊕

v|p

lim−−→m,n H
1(kn,m(p), V/T )
E(

⊕
⊕

v|q

lim−−→m,n H
1(kn,m(q), V/T )
E◦



 .

To handle all of the places v|p in K∞ as in the direct sum above, we make the 
convention that the map Col stands for a direct sum of Coleman maps of the primes 
above p or q, e.g. for the prime p, we make the following definition:

Definition 3.25. Let {γv}v|p be representatives of the p-group Gal(K∞/K)/Dp, where 
Dp is the decomposition group at p. For * ∈ {!, "}, we put Col(p(x) :=

∑
v|p Col((xv) ·γv, 

where xv is the v-local component of x via the isomorphism

H1(Kp, T ⊗ ΛK) ∼=
⊕

v|p

H1(Kp, T ⊗ Zp[[Dp]])γv.

Definition 3.26. Given *, ◦ ∈ {!, "}, put X (◦ := Hom(Sel(◦(E/K∞), Qp/Zp).

The main conjecture.

Conjecture 3.27. For *, ◦ ∈ {!, "} so that L(◦(X, Y ) &= 0, X (◦ is ΛK-torsion and we have 
the equality of ΛK-ideals

Char(X (◦) = (L(◦(X,Y )).

3.3. A Greenberg-type main conjecture

The analytic side. From [15], it follows that there is a p-adic L-function in FracΛK

interpolating p-adic avatars of Hecke characters associated to K, cf. [11, (1.0.3)]. We 
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denote it by L∀0
p to reflect the corresponding conditions on the algebraic side at p and 

q. (In [74, discussion before Theorem 2.15], this is denoted by L′
f,K .)

The algebraic side. The algebraic object is the following “coarse at p but fine at q” 
Selmer group. Here, Iv is the inertia group at the place v. We let W := T⊗Λ∗

K(Ψ), where 
Λ∗
K is the Pontryagin dual of ΛK , Ψ the character Gal(K/K) → Gal(K∞/K) → Λ×

K , 
and Λ∗

K(Ψ) is Λ∗
K twisted by Ψ.

Definition 3.28.

Sel∀0
p (K,W) := ker



H1(K,W) →
∏

v!p
H1(Iv,W) ×H1(Kq,W)



 .

We then put X ∀0 := Hom(Sel∀0
p , Qp/Zp).

The reason we work with W, a deformation of V/T (which is often denoted by W ) 
is for that it allows for more convenient local conditions because of the absence of an 
inverse limit, cf. e.g. [18, Proposition 3.2].

The Greenberg-type main conjecture. The Greenberg-type main conjecture is full 
equality in the following theorem.

Theorem 3.29. [11, Theorem 8.2.1][74, Theorem 2.15] Let E have square-free conductor 
N that has at least one prime divisor l|N not split in K, and suppose that E[p]|GK is 
absolutely irreducible. Then as ΛK ⊗Qp-ideals of FracΛK , we have

(a) Char(X ∀0) ⊆ (L∀0
p ),

for some a ∈ ΛK satisfying (a) =
∏

Pi, where the prime ideals Pi of ΛK are all pullbacks 
of height one primes of Zp[[Gal(K∞/Kanti)]].

3.4. The !/"-Beilinson-Flach main conjectures

The analytic side.

Convention 3.30. Given a column vector of functions 
(

f1
f2

)
and a row vector of elements 

(x1, x2), we denote by 
(

f1
f2

)
◦ (x1, x2) the matrix 

(
f1(x1) f1(x2)
f2(x1) f2(x2)

)
.

We now construct integral cohomology classes ∆!, ∆" assuming the existence of certain 
Beilinson–Flach classes ∆α, ∆β which should compare favorably to those due to Lei, 
Loeffler, and Zerbes, constructed from the p-stabilizations fα and fβ of the normalized 
weight two eigenform f (see [38, 6.4.4] and [40, Thm A]).

We now let T := T ⊗ ΛK(−Ψ). The images of the Néron differential in the α- and 
β-eigenspaces in Dcris(V ) of the action of Frobenius ϕ give us a basis with respect to 
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which we can consider projections πα and πβ. Here, Dcris(V ) is the filtered ϕ-module 
associated to V by the theory of Fontaine, see e.g. [3, Section 2.1] and [16, 2.3]. Now 
let Lα := πα ◦ L, where L is as in [41, Theorem 4.7], but where we abuse notation as 
in Definition 3.25, i.e. we let the symbol L (and consequently Lα) stand for its direct 
sum along v-components. Also, we put (∆α)q := locq(∆α), and define Lβ and (∆β)q

similarly.
Below, we let Γn,p be the Galois group of the cyclotomic Z/pnZ-extension of Kp, Um,p

be the Galois group of the unramified Z/pmZ-extension of Kp, and we denote by γ a 
topological generator of lim←−−n Γn,p, and by u a topological generator of Υ := lim←−−m Um,p.

Convention 3.31. For ϕ a finite order character so that ϕ(γ) and ϕ(u) are primitive pnth 
and pmth roots of unity, we put

ϕ̃(_) :=
∑

σ∈Γn,p×Um,p

log(_)σϕ(σ),

where log is the formal group logarithm. If ϕ̃ is defined on components of a vector (x, y), 
we denote (ϕ̃(x), ϕ̃(y)) simply by ϕ̃(x, y).

Definition 3.32. Letting Λ′ := Zp[[Gal(K∞/Kcyc)]], we define:
R := {x ∈ FracΛ′ : ordP(x) ! 0 for any height one prime P &= (p) of ΛK so that P

is not the pullback to ΛK of the augmentation ideal of Λ′}.

Conjecture 3.33. There are elements ∆α, ∆β ∈ H1(K, T ) ⊗D
1
2 ,0
K so that:

(*expq) the images under

Lα,Lβ : 1
ν
H1(Kq, T ) ⊗D

1
2 ,0
K → D

1
2 ,

1
2

K satisfy
(

Lα

Lβ

)
◦ ((∆α)q, (∆β)q) =

(
Lαα Lβα

Lαβ Lββ

)
.

(*expp) The p-local images are geometric, i.e. we have

(
Lα

Lβ

)
◦ ((∆α)p, (∆β)p) =

( 0 0
0 0

)
.

(*logp) For a finite-order character ϕ of Gal(K∞/K) of conductor pn at p, we have

ϕ̃((∆α)p, (∆β)p) =
(
α−n,β−n

)
× ϕ(L∀0

p H) × τ(ϕ|Γn,p),

where τ(ϕ|Γn,p) is the Gaußsum and H ∈ R.



F. Ito Sprung / Advances in Mathematics 449 (2024) 109741 23

Remark 3.34.

(i) In (*expq), the image is in D
1
2 ,

1
2

K by [41, Proposition 4.9].
(ii) The reason for the name (*logp) is that we expect there to be a logarithm map logp

so that we have the (stronger) reciprocity law
(
logp(∆α)p, logp(∆β)p

)
= (L∀0

p , L∀0
p ).

(iii) In the (*logp) part of the conjecture, we allowed an error coefficient H ∈ Λ′. We 
expect this Λ′ to be the coefficient ring of a suitable Hida family.13

Remark 3.35. A related reciprocity law of Loeffler and Zerbes [40, Theorem B, 7.1.5]
states that there are appropriate classes ∆LZ

α and ∆LZ
β which can be related in (Coleman) 

families to Urban’s 3-variable p-adic L-function constructed in [68].

We let S be a finite set of places containing p, ∞, and the bad primes of E, and LS

be the maximal extension of a number field L that is unramified outside S.

Proposition 3.36. Assume Conjecture 3.33. Then there exist integral (up to the factor ν) 
cohomology classes

∆!,∆" ∈
1
ν
H1 (KS , T

)

so that

h · (∆α,∆β) = (∆!,∆")Log(X)

for some element h ∈ ΛK .

Before proving this proposition, we make an observation and fix some notation.

Lemma 3.37. The entries of Log(X) are O(logp(1 + X) 1
2 ).

Proof. [66, Proposition 4.20 (Growth Lemma)]. !

Lemma 3.38. The ΛK-module H1(Kq, T ) is free of rank two.

Proof. This follows from [74, Lemma 2.7], which proves that lim←−−n lim←−−m H1(kn,m, T ) is a 
free Zp[[Γp]]-module, combined with the isomorphism from Definition 3.25.14 !

13 in view of [73], which scrutinizes [21] and [26].
14 We briefly sketch the proof of [74, Lemma 2.7]. Since T/pT is irreducible, H1(kn,m, T ) surjects onto 
H1(kn−1,m−1, T ), so that the assertion follows from H1(kn,m, T ) being a free Λn,m-module. To prove this 
assertion, one employes an Euler characteristic formula to prove that H1(Qp, T/pT ) is a rank two Fp-vector 
space, and then deforms by replacing T/pT by T/pnT and Qp by kn,m to obtain the result.
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Definition 3.39. We now choose a ΛK-basis (v1, v2) of H1(Kq, T ).

Definition 3.40. Choose ξ ∈ {α, β}. We fix integral (v1, v2)-coordinates of the q-localized 
Beilinson–Flach element (∆ξ)q = locq(∆ξ) denoted δξi (for i ∈ {1, 2}) satisfying

((∆α)q, (∆β)q) = (v1, v2)
(

δα1 δβ1
δα2 δβ2

)
, where

δξi ∈ D
1
2 ,0
K .

Proof of Proposition 3.36. We follow the strategy of [74, Lemma 3.8]. From Theorem 3.8
and Proposition 3.10, we know that

Log(Y )T
(
L!! L"!

L!" L""

)
Log(X) =

(
Lαα Lβα

Lαβ Lββ

)
=

(
Lα

Lβ

)
◦ (∆α,∆β)q

=
(

Lα

Lβ

)
◦ (v1, v2)

(
δα1 δβ1
δα2 δβ2

)
=

(
Lα(v1) Lα(v2)
Lβ(v1) Lβ(v2)

)(
δα1 δβ1
δα2 δβ2

)
.

By [41, Proposition 4.9],
(

Lα(v1) Lα(v2)
Lβ(v1) Lβ(v2)

)
∈ M2

(
D

0, 12
K

)
,

so that we can choose h ∈ ΛK so that the entries of h ×
(

δα1 δβ1
δα2 δβ2

)
Log(X)ad are multiples 

of logp(X) and elements of Qp⊗(ΛK), where Log(X)ad denotes the adjugate of Log(X).
Thus, the coordinates of the Beilinson-Flach elements are divisible by Log(X) after 

correcting by h, i.e.

h
(

δα1 δβ1
δα2 δβ2

)
=

(
δ#1 δ$1
δ#2 δ$2

)
Log(X)

for some δ∗i ∈ ΛK ⊗Q for ∗ ∈ {!, "} and i ∈ {1, 2}. !

Corollary 3.41. Assume Conjecture 3.33. Then the elements (∆!, ∆") := h(∆α,

∆β)Log(X)−1 are well-defined as elements of 1
νH

1 (KS , T
)
.

Proof. This follows from Proposition 3.36. !

The algebraic side. The objects here are the “!/" at p but fine at q” Selmer groups:

Definition 3.42. For 6 ∈ {!, "}, put

Sel20 := ker



H1(K,W) →
∏

v!p
H1(Iv,W) ×

H1
p(Kp,W)

E2 ×H1
q (Kq,W)



 .
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We then put

X 20 := Hom(Sel20,Qp/Zp).

The main conjecture. To set up the main conjecture, we need one more definition on 
the analytic side (i.e. the side in which the Beilinson-Flach elements live): These are the 
“dual !/" at p but coarse at q” Selmer groups.

Definition 3.43. Let K be so that we can choose • ∈ {!, "} as in Choice 3.12. Put

X •̂∀ := ker



H1 (KS , T
)
→

∏

v!p
H1(Iv, T ) × H1(Kp, T )

ker(Col•p)



 .

Proposition 3.44. Assume Corollary 3.41. Then with the above choice, X •̂∀ is a free rank 
one ΛK-module.

Proof. For the freeness, we argue as in [22, Lemma 2.2.9]: From [52, beginning of Section 
1.3.3], it suffices to see that E(K∞)[p] = 0. This is proved in [64, Lemma 2.3].

For the rank being one, we first show that the ΛK-rank of X •̂∀ is at most one. We 
know from the construction of Coleman maps that

rkΛK

H1(Kq, T )
ker(Col•q)

= 1.

But again from the construction of the Coleman maps, we see that the specialization of

N := ker
(
X •̂∀ → H1(Kq, T )

ker(Col•q)

)

to the Q-cyclotomic line has rank zero, by equation (3) in [64, Proof of Theorem 7.14]. 
Now if N as a ΛK-module were not torsion, then the specialization to the cyclotomic 
line of N would also be non-torsion, which contradicts the previous sentence. Thus N
itself must be of rank zero, whence X •̂∀ has rank at most one.

To see that the rank is at least one, consider the composed map

X •̂∀ −→ H1(Kq, T )
ker(Col•q)

Col•q−→ ΛK

and note that we have chosen • so that Col•q(ν∆•) &= 0. !

We will see in the next section that ν∆• ∈ X •̂∀ (see the proof of Proposition 4.15
and the discussion before that) and that X •0 is a finitely generated torsion ΛK-module 
if one chooses • ∈ {!, "} as in Choice 3.12. Assuming this for now, we can formulate the 
main conjecture of this subsection:
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Conjecture 3.45. (The !/" Beilinson-Flach element main conjecture) Assume Corol-
lary 3.41. Choose • ∈ {!, "} so that X •0 and X •̂∀/ν∆•ΛK are finitely generated torsion 
as ΛK-modules. We then have

Char(X •̂∀/ν∆•ΛK) = (ν) Char(X •0).

4. Connecting the main conjectures together

4.1. The !/"-Beilinson-Flach conjectures and the Greenberg-type conjecture

The aim of this subsection is to prove equivalence of slightly modified main conjec-
tures, where instead of ideals in the ring ΛK , we instead work with fractional ΛK-ideals 
for which we have controllable denominators. We do this by constructing maps L ! and 
L " which generalize Wan’s map LOG+. Put

Hn(X) =:
(

ω#
n Φpnω#

n−1

ω$
n Φpnω$

n−1

)
.

We can describe ker(hn,m), defined in Definition 3.16, explicitly by ker(hn,m) = (Λn,m⊕
Λn,m)H⊥

n , where

H⊥
n = X

(
ω$

n −ω#
n

Φpnω$
n−1 −Φpnω#

n−1

)
.

(See [64, Lemma 5.8] for the Λn-module case. The same arguments apply to the Λn,m-
module case as well.)

Remark 4.1. Similarly, the kernel of multiplying by H⊥
n is (Λn,m ⊕ Λn,m)Hn.

Lemma 4.2. We have (cn,m, cn−1,m)H⊥
n = (0, 0).

Proof. This follows from Λn,m-bilinearity of the pair of pairings (Pn,m,cn,m ,

Pn,m,cn−1,m). !

Proposition 4.3. We can choose (b!n,m, b"n,m) ∈ H1(kn,m, T )⊕2 so that

(i) (b!n,m, b"n,m)Hn = (cn,m, cn−1,m), and

(ii) trkn,m/kn−1,m b!/"n,m = b!/"n−1,m, and trkn,m/kn,m−1 b
!/"
n,m = b!/"n,m−1.

Proof. The existence of such (b!n,m, b"n,m) satisfying (i) follows from Lemma 4.2 and 
Remark 4.1. For (ii), the trace compatibility with respect to m follows from that of 
(cn,m, cn−1,m). For that with respect to n, note that
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trn/n−1
(
(b!n,m, b"n,m)Hn

)
=

(
trn/n−1 b

!
n,m, trn/n−1 b

"
n,m

)
Hn−1

( ap p
−1 0

)
,

while trn/n−1 (cn,m, cn−1,m) = (cn−1,m, cn−2,m)
( ap p
−1 0

)
. !

Definition 4.4. We denote by H1
! (kn,m, T ) the rank one Λn,m-submodule of H1(kn,m, T )

generated by b!n,m, and define H1
" (kn,m, T ) analogously.

Note that the definition of H1
! (kn,m, T ) and H1

" (kn,m, T ) depends on the choice of 
b!n,m and b"n,m. The next proposition shows that this dependence goes away in the limit.

Proposition 4.5. We have H1
!/" := lim←−−n,m H1

!/"(kn,m, T ) = kerCol!/".

Proof. For (b!n,m, b"n,m) ∈ H1(kn,m, T )2, we have Coln,m(b!n,m, b"n,m) = 0 in Λn,m⊕Λn,m

kerHn

by construction. Thus, we have H1
! ⊂ ker Col! and H1

" ⊂ ker Col". To prove equality, we 

show that kerCol#
H1

#
= 0. By Nakayama’s lemma, it suffices to do this for the Coleman map 

at level 0: By [64, discussion before Definition 7.2], we have

Col0,m = (Col!0,m,Col"0,m) = (−apP0,m,c0,m + P0,m,c0,m ,−Pc0,m) =
(
P0,m,b#0

, P0,m,b$0

)
.

But b!/"0 annihilate themselves under the cup product, so kerCol!0,m is generated by b!0,m. 
The " case is proved similarly. !

Denote by tanti the anticyclotomic variable. If we pick K and • ∈ {!, "} as in our 
Choice 3.12, denote by X •

K the •-Selmer group dual of the elliptic curve E(K).

Proposition 4.6. For the above choice, we have X •• ⊗ ΛK/(tanti) ∼= X • ⊕ X •
K

Proof. Construct the dual XKcyc/K of the •-Selmer group in the cyclotomic variable with 
base field K by restricting the construction of Col! and Col" to m = 0, employing the 
compatibility in the ramified direction (Proposition 3.20): We put

(Col!ram,Col"ram) := lim←−−
n

Coln,0

and denote the resulting local condition by E!
ram and E"

ram. (In other words, we repeat 
Definitions 3.22 and 3.23, setting m = 0.)

This results in a ΛK/(tanti)-module, and in fact we claim that we have

X •• ⊗ ΛK/(tanti) ∼= X •
Kcyc/K

. (4)

Assuming (4), the result follows by Shapiro’s lemma.
To prove the claim (4), we prove the dual statement (Sel••)tanti=0 ∼= Sel•Kcyc/K , where 

Sel•Kcyc/K is the Selmer group introduced at the beginning of the proof. This follows from 
applying the snake lemma to the following commutative diagram of exact sequences:
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0 −−−−−−→ Sel•Kcyc/K
−−−−−−→ Sel(E/Kcyc) −−−−−−→

⊕
v|p H •

v (p) ⊕
⊕

v|q H •
v (q) −−−−−−→ 0

9
9

9

0 −−−−−−→ (Sel••)tanti=0 −−−−−−→ (Sel(E/K∞))tanti=0 −−−−−−→ (H ••
loc )tanti=0,

where

H •
v (p) :=

lim−−→m,n H
1(kn,m(p), V/T )
E•

ram

and H •
v (q) is defined similarly, and H ••

loc is the local condition appearing in Defini-
tion 3.24 with * = ◦ = •. The middle map is an isomorphism by the inflation-restriction 
sequence applied to H1(Kcyc, V/T ) → H1(K∞, V/T ) and noting that the p-power tor-
sion is trivial: E(K∞)p∞ = 0, which can be proved as in [64, Lemma 2.3].

If we could prove that the lower right (horizontal) map injects into H ••
loc , then a poste-

riori, the right map would be an injection. By Definition 3.23 and its restriction to m = 0, 
this would follow if Hom(ker(Col•ram), Qp/Zp) injects into Hom(ker(Col•), Qp/Zp), i.e. 
if ker Col• surjects onto kerCol•ram.

Proposition 4.5 says that kerCol• is the inverse limit of the rank one Λn,m-submodules 
of H1(kn,m, T ) generated by b•n,m: ker Col• = lim←−−n,m Λn,mb•n,m. We can restrict the 
arguments of Proposition 4.5 to m = 0 to obtain that ker Col•ram = lim←−−n Λnb•n,0, where 
we have identified Λn with Λn,0. Proposition 4.3 (ii) and the Mittag-Leffler condition 
provide the desired surjectivity. !

Corollary 4.7. For a choice of K and • ∈ {!, "} as in Choice 3.12, the dual Selmer group 
X •• is torsion as a ΛK-module.

Proof. This follows from Proposition 4.6, since the maximal ΛK -torsion-free quotient of 
X •• maps to the ΛK/(tanti)-free part of X •• ⊗ ΛK/(tanti), where tanti is the anticyclo-
tomic variable. !

Proposition 4.8. Given K and • ∈ {!, "} as in Choice 3.12, X •0 is a finitely generated 
torsion ΛK-module.

Proof. The inclusion Sel•0 ↪→ Sel•• gives rise to a surjection

X •• −→ X •0 −→ 0.

To prove that X •0 is finitely generated torsion, it suffices to prove that X •• is, but this 
is exactly Corollary 4.7. !

Definition 4.9. The maps L !/" map elements of H1
!/" to their coordinates, i.e. we put:

L ! : H1
! = lim←−−

n,m
H1

! (kn,m, T ) → ΛK , (f !/"
n,m · b!n,m)n,m 1→ (f !/"

n,m)n,m
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and define L " similarly.

Definition 4.10. As in Definition 3.25, we let L !
p and L "

p stand for their extensions to 
their sums over representatives {γv}v|p of Gal(K∞/K)/Dp.

Proposition 4.11. Recall we have chosen • ∈ {!, "} so that ∆• &= 0. For such a choice,

L •
p ((ν∆•)p) = L∀0

p × h×H × ν,

where h is the constant chosen in the proof of Proposition 3.36 and H ∈ R.

Lemma 4.12. We have

ϕ̃(cn,m) = τ(ϕ|Γn,q)ϕ(u) ×
∑

υ∈Um,q

ϕ(υ)dυm and

ϕ̃(cn−1,m) = 0.

(Remember that the dm were defined in the proof of Lemma 3.13 after Definition 3.14.)

Proof. This is a calculation similar to [32, Prop 8.26]. Cf. also [74, Prop. 2.10]. !

Denote by x!/"
n,m the image of ν∆!/" in H1

!/"(kn,m, T ). By Assumption 3.33 (∗ expp), 
the Beilinson-Flach elements ∆α, ∆β are geometric, so that

h×
(
x!
n,m, x"

n,m

)
Hn = (cn,m, cn−1,m)

(
g#
n,m r#n,m

g$
n,m r$n,m

)
,

where the elements g!/"n,m and r!/"n,m of the matrix on the very right are in Λn,m.
The above lemma tells us the following:

Corollary 4.13. We have r!n,m = 0.

Proof. By a direct calculation, we have that
(

g#
n−6,m r#n−6,m

g$
n−6,m r$n−6,m

)
= trkn,m/kn−6,m

(
g#
n,m r#n,m

g$
n,m r$n,m

)
.

By induction, r!n,m = trkn+6k,m/kn,m
r!n+6k,m. But by Lemma 4.12, Φpn+6k divides 

r!n+6k,m, contributing a factor of p to r!n,m after taking traces. Now cn,m are six-periodic 
with respect to trace. We refer to [64, Table after Definition 2.4] for a catalogue of these 
traces that relies on the Hasse-Weil bound |ap| ! 2√p [60, Chapter 5]. Thus a factor of 
pk divides r!n,m, for any positive integer k, whence r!n,m = 0.
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Proof of Proposition 4.11. The above Corollary 4.13 tells us that r!n,m = 0, for all n. 
Applying the trace tr = trkn,m/kn−1,m , we obtain that

h× (x!
n,m, x"

n,m)Hn−1
( ap p
−1 0

)
= (cn,m, cn−1,m)

( ap p
−1 0

)( tr g#
n,m 0

tr g$
n,m tr r$n,m

)
.

But by definition,

h× (x!
n,m, x"

n,m)Hn−1 = (cn,m, cn−1,m)
(

g#
n−1,m 0

g$
n−1,m r$n−1,m

)
, so

(
g#
n−1,m 0

g$
n−1,m r$n−1,m

)
=

( ap p
−1 0

)( tr g#
n,m 0

tr g$
n,m tr r$n,m

)( ap p
−1 0

)−1

=
(

tr r$n,m ap tr(r$n,m−g#
n,m)−p tr g$

n,m

0 tr g#
n,m

)

.

We thus conclude that g"n−1,m = 0 for all n, so in particular the coefficient matrix must 
be diagonal. Therefore, ap tr(r"n,m − g!n,m) = 0.

In general, we thus have

h× (x!
n,m, x"

n,m)Hn = (cn,m, cn−1,m)
(

g#
n,m ap tr(r$n,m−g#

n,m)=0
0 r$n,m

)
.

Denote by f !
n,m and f "

n,m the coordinates of x!
n,m and x"

n,m (so that e.g. x!
n,m =

f !
n,mb!n,m).

By Lemma 4.14 below, we have r"n,m = g!n,m and give this element the name fn,m. 
The reason for this name is simply that fn,m = f !

n,m = f "
n,m. We thus have

ϕ̃(cn,m, cn−1,m)ϕ(fn,m)B = ϕ̃
(
h× (x!

n,m, x"
n,m)Hn

)
B

for any B ∈ GL2(Qp(α)) and will now compare the first components of these two vectors 
more explicitly: Since

Logap(ϕ(γ)) = Hn(ϕ(γ))
(

α β
−1 −1

)(
α−n 0

0 β−n

)
,

we can let B =
(

α β
−1 −1

)(
α−n 0

0 β−n

)
and invoke15 Assumption 3.33 (∗ logq) to compare 

the vectors. Thus, we conclude that the limit of the fn,m’s agrees with νL∀0
p at finite 

characters ϕ up to the factors h and H, as desired. !

Lemma 4.14. With the notation as in the previous proof, we have g!n,m = r"n,m.

15 cf. also [74, Proposition 3.14].
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Proof. If ap = 0, Hn is diagonal for even n and antidiagonal for odd n. For even n, we can 
thus directly equate the diagonal coefficients and conclude that f !

n,m = g!n,m and f "
n,m =

r"n,m. The case of odd n is more interesting: Recall that an anti-diagonal matrix anti-
commutes with a diagonal matrix. We thus have that f "

n,m = g!n,m and f !
n,m = r"n,m. By 

trace-compatibility of the f !/"n,m ’s, we conclude that all four elements under discussion 
are equal to each other. When ap &= 0, then we know that trn/n−1(r"n,m − g!n,m) = 0 for 
all n which proves the assertion. !

The following proposition relates the Greenberg-type main conjecture (full equality 
in Theorem 3.29) – modified by the factor hH appearing in Proposition 4.11 – to the 
!/"-Beilinson-Flach main Conjecture 3.45.

Proposition 4.15. The equality of ΛK-ideals

Char(X ∀0) = (hHL∀0
p ) 4 1

ν
ΛK

is equivalent to the !/"-Beilinson-Flach main conjecture Conjecture 3.45. The same can 
be said about any of the two halves (i.e. inclusion in one fixed direction between the 
algebraic and analytic sides) of the statements.

Proof. The localization at p of (∆!, ∆") (defined in Corollary 3.41) lands in

H1
! (Kp, T ) ⊕H1

" (Kp, T ) := kerCol!p ⊕ ker Col"p,

since the image of (∆α, ∆β) = (∆!, ∆")Log at any ϕ ∈ Γn,p × Um is in the kernel of 
the pairing 

(
Pn,m,cn,m , Pn,m,cn−1,m

)
(cf. Proposition 3.18). From the Poitou-Tate exact 

sequence, we have the exact sequence

X •̂∀ −→ H1
• (Kp, T ) −→ X ∀0 −→ X •0 −→ 0.

The first map X •̂∀ −→ H1
• (Kp, T ) is injective – this follows from the nontriviality 

of L •
p (cf. Proposition 4.11), using similar arguments as [32, Proof of Theorem 7.3.i)]: 

By our choice of • ∈ {!, "}, we have Col•(ν∆•) &= 0, so that H1
• &= 0 as well. From 

Proposition 3.44, X •̂∀ is free of rank one, so the composed morphism

X •̂∀ −→ H1
• (Kp, T ) −→ ΛK

is injective if and only if it is a non-zero map.
We then have an exact sequence

0 −→ X •̂∀/ν∆• −→ ΛK/L •
p (ν∆•) −→ X ∀0 −→ X •0 −→ 0.

The theorem follows from multiplicativity of characteristic ideals in exact se-
quences. !



32 F. Ito Sprung / Advances in Mathematics 449 (2024) 109741

Corollary 4.16. Let a ∈ ΛK . The inclusion of fractional ΛK-ideals

(a) Char(X ∀0) ⊆ (L∀0
p ) 4 1

νhH
ΛK

is equivalent to the statement

(ν)(a) Char(X •0) ⊆ 1
hH

Char(X •̂∀/ν∆•ΛK) 4 ΛK ⊗ FracΛ′

about fractional ΛK-ideals (with • ∈ {!, "} so that X •̂∀/ν∆•ΛK is a finitely generated 
torsion ΛK-module).

Proof. We run the arguments of the above Proposition 4.15, but replace ∆• by 1
ahH ∆•. 

For this, we regard Sel•̂∀ as a rank one ΛK-submodule of FracΛK . Then we multiply 
back (a). !

4.2. The !/"-Beilinson-Flach conjectures and the !/"-!/" conjectures

Proposition 4.17. Assume Conjecture 3.33 (∗ expq). Let h ∈ Qp ⊗ Zp[[X, U ]] be the ele-
ment from Proposition 3.36. Then

Col(ν∆) :=
(

Col#q(ν∆#) Col#q(ν∆$)
Col$q(ν∆#) Col$q(ν∆$)

)
= h · ν

(
L## L$#

L#$ L$$

)
.

Proof. It suffices to show that

Log(Y )T Col(ν∆)Log(X) = Log(Y )Th · ν
(
L!! L"!

L!" L""

)
Log(X) = h · ν

(
Lαα Lβα

Lαβ Lββ

)
.

Since the entries of Log(_) are O(log 1
2 (_)), we need to prove that the above holds at 

all cyclotomic points in the variables X and Y , i.e. at X = ζpn − 1 and Y = ζpn′ − 1.
We can relate Log(ζpn′ −1)T Col(ν∆)|Y =ζ

pn
′ −1 to the pairing P (1 or 0)

n (∆!/") for eval-
uation at Y = ζpn′ − 1, by the proof of [64, Proposition 6.5]. Using the relation

h(∆α,∆β) = (∆!,∆")Log(X),

the claim then follows from Proposition 3.18, the identity

Pn,m,x(z) =
(

∑

σ∈Γn×Um

logq(xσ)σ
)(

∑

σ∈Γn×Um

exp∗
q(zσ)σ−1

)
,

the commutative diagram in ([40, Theorem 7.1.4]) that compares expq and L, and Con-
jecture 3.33 (∗ expq). !
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Proposition 4.18. Choose •, 6 ∈ {!, "} so that X •2 is finitely generated ΛK-torsion and 
L•2 &= 0. Then the •6-main conjecture modified by the factor h from Proposition 4.17, 
i.e. the statement

Char(X •2) = (hL•2) 4 ΛK ⊗Qp

is equivalent to the •-Beilinson–Flach main conjecture, Conjecture 3.45.

Corollary 4.7 guarantees that such a choice exists. The idea of the proof of this theorem 
is the same as the one for Proposition 4.15.

Proof. From the Poitou–Tate sequence, we have

X •̂∀ −→ H1(Kq, T )
H1

2 (Kq, T ) −→ X •2 −→ X •0 −→ 0,

where H1
2 (Kq, T ) := kerCol2. Since L•2 &= 0, neither Col2 nor ∆• are zero. Thus X •̂∀ is 

free of rank 1 (cf. Proposition 3.44), so the first map in the above exact sequence being 
injective as a ΛK-module is equivalent to its non-triviality.

Taking quotients by the !/" Beilinson–Flach elements resp. their images, we have the 
exact sequence

0 −→ X •̂∀/ν∆• −→ ΛK/Col2(ν∆•) −→ X •2 −→ X •0 −→ 0.

The equivalence of main conjectures follows from multiplicativity of characteristic ide-
als. !

Corollary 4.19. Choose •, 6 ∈ {!, "} so that X •2 and X •̂∀/ν∆•ΛK are finitely generated 
ΛK-torsion and L•2 &= 0. Then for a ∈ ΛK , the inclusion of ΛK-fractional ideals

(a) Char(X •2) ⊆
( 1
H

L•2

)
4 ΛK ⊗ FracΛ′

is equivalent to the inclusion

(ν)(a) Char(X •0) ⊆ 1
hH

Char(X •̂∀/ν∆•ΛK) 4 ΛK ⊗ FracΛ′.

(By construction, Choice 3.12 furnishes us with such a choice.)

Proof. We can use similar arguments as in Corollary 4.16 but applied to the above 
Proposition 4.18. The direct analogue would be to multiply ∆• by 1

ah , which would give 
us that

(a) Char(X •2) ⊆ (L•2) 4 ΛK
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is equivalent to the statement

(ν)(a) Char(X •0) ⊆ 1
h

Char(X •̂∀/ν∆•ΛK) 4 ΛK ⊗Qp.

Instead, we multiply ∆• by 1
ah ×

1
H and obtain the desired equivalence of statements. !

4.3. Almost completing the argument

We now bring all the arguments together to deduce an inclusion of two-variable power 
series, before deriving an inclusion of one-variable power series.

Proposition 4.20. Choose K and • ∈ {!, "} as in Choice 3.12. Let E have square-free 
conductor N that has at least one prime divisor l|N not split in K, and suppose that 
E[p]|GK is absolutely irreducible. Then we have

(a) Char(X ••) ⊆
( 1
H

L••

)
.

Here, H ∈ FracΛ′ and a ∈ ΛK are chosen as in Propositions 4.17, 4.11, and Theo-
rem 3.29.

Proof. Corolllary 4.7 guarantees that X •• is torsion. The proposition then follows from 
combining Theorem 3.29 with Corollaries 4.16 and 4.19. !

The idea of the proof is to now project down to the one-variable Iwasawa algebra by 
collapsing along the anticyclotomic line. To do this, we need to deal with the denomina-
tors that could occur when collapsing the right-hand side of the inclusion in the above 
proposition.

We let Kanti be the anticyclotomic Zp-extension of K.

Proposition 4.21. (Q-coprimality of L••) Let K and • ∈ {!, "} be as in Choice 3.12 so 
that L•• &= 0. Furthermore, assume that N is a product of distinct unramified primes in 
K, an odd number of which are inert. Also assume that for any such inert prime q|N , 
the representation E[p]|GQq

is ramified. Then for any height one prime Q of ΛK which 
is the pullback of a height one prime of Zp[[Gal(K∞/Kanti)]], we have

ordQ L•• = 0.

Lemma 4.22. Let Q be as in the above Proposition 4.21. If a power series P ∈ ΛK

satisfies ordQ P > 0, then its specialization to the anticyclotomic line Ptanti satisfies 
ordp(Ptanti) > 0.

Proof. We can evaluate Q by setting the cyclotomic variable to be equal to 0, and obtain 
a (nonzero) positive power of p by the Weierstrass preparation theorem. !
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Proof of Proposition 4.21. By the above Lemma 4.22, this follows from the vanishing of 
the µ-invariants for the specialization of L•• to the anticyclotomic line.16 (The assump-
tions on the divisors of N are used to establish that L•• does not identically vanish there, 
cf. [69].) The assumptions of [55] are not necessary in our case, cf. [74, the discussion 
in Proposition 4.8] and [29, Theorem 1.13]. In the case ap = 0, the vanishing of this 
µ-invariant follows from [55, Theorem 2.5]. Here, the anticyclotomic p-adic L-functions 
L±
anti were constructed by combining sequences {Ln}n!1 (satisfying certain three-term 

relations) with Kobayashi’s construction of the ±-Coleman maps [32, Section 8]. The 
sequences {Ln} have no ap = 0 assumption, so that we can combine their construction 
(word for word in the same way) with that of the •-Coleman maps in [64, Section 5]
to arrive at an anticyclotomic p-adic L-function L•

anti. The arguments in [55, Proof of 
Theorem 2.5] then show that µ(Ln) = 0 for n 7 0. But [53, discussion at the end of 
page 165] shows that the µ•-invariant of Perrin-Riou is then 0. By [66, Corollary 8.9], 
we conclude that the µ-invariant of L•

anti is zero. !

Recall from Choice 3.12 that L•
K is the • p-adic L-function for the elliptic curve E(K).

Lemma 4.23. We have L••|tanti=0 = L•L•
K .

Proof. For ease of notation in the proof, we write restrictions of two-variable p-adic 
L-functions to the cyclotomic line as evaluated at the cyclotomic variable Z, so e.g. 
L••(Z) instead of L••|tanti=0. From [2, Theorem C and the discussion at the end of the 
introduction], we have

Lαα(Z) = Lα(Z)L(K)
α (Z) and Lββ(Z) = Lβ(Z)L(K)

β (Z),

where L(K)
∗ is the L-function of the quadratic twist of E by K. Following [64, Definition 

6.8], we let
(

log#
α(1+Z) log#

β(1+Z)
log$

α(1+Z) log$
β(1+Z)

)
:= Log(Z).

We know that
(

Lα

Lβ

)
= LogT

(
L#

L$

)

and
(
L(K)
α , L(K)

β

)
= (L!

K , L"
K)Log,

so that

16 For the case ap = 0, see [74, Prop. 4.8].
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LαL
(K)
α = (log!α L! + log"α L")(log!α L!

K + log"α L"
K)

= (log!α)2L!L!
K + log!α log"α(L!L"

K + L"L!
K) + (log"α)2L"L"

K .

But restricting 

(
Lαα Lβα

Lαβ Lββ

)
= Log(Y )T

(
L!! L"!

L!" L""

)
Log(X) to the cyclotomic 

line yields

Lαα(Z) = (log!α(1 + Z))2L!!(Z) + log!α(1 + Z) log"α(1 + Z)
(
L!"(Z) + L"!(Z)

)

+ (log"α(1 + Z))2L""(Z).

If we knew that (log!α(1 +Z))2, log!α(1 +Z) log"α(1 +Z), and (log"α(1 +Z))2 are Zp[[Z]]-
linearly independent, the claim would follow.

Note first that log!α(1 +Z) and log"α(1 +Z) have at most finitely many common zeros: 
A common zero ζ satisfies detLog(ζ) = 0, so ζ would be a p-power cyclotomic zero by 
[66, Remark 4.4]. But Lα(Z) = log!α(1 + Z)L!(Z) + log"α(1 + Z)L"(Z) has only finitely 
many p-power cyclotomic zeros by [58, page 1].

Since (log!α(1 + Z)) and (log"α(1 + Z)) have infinitely many zeros, we conclude that 
any Zp[[Z]]-multiple of (log!α(1 + Z))2 is Zp[[Z]]-linearly independent from log!α(1 +
Z) log"α(1 +Z) and (log"α(1 +Z))2, and can make the analogous claim for (log"α(1 +Z))2. 
To see that any Zp[[Z]]-multiple of log!α(1 +Z) log"α(1 +Z) is independent from the other 
two, note that no Zp[[Z]]-linear combination of (log!α(1 + Z))2 and (log"α(1 + Z))2 can 
vanish at all the infinitely many zeros of log!α(1 + Z) log"α(1 + Z). !

Remark 4.24. A. Lei announced a different proof of Lemma 4.23 in [36].

Proposition 4.25. Under the assumptions of Propositions 4.20 and 4.21, we have

Char(X •) Char(X •
K) ⊆ (L•L•

K).

Proof. The left hand side is the Λ-characteristic ideal of X ••/(tanti) by Proposition 4.6.
Correspondingly for the right hand-side, we have L••|tanti=0 = L•L•

K by the above 
Lemma 4.23. We prove the inequality prime by prime.

For primes L in ΛK coprime to a or H, Proposition 4.20 tells us that

ordL Char(X ••) " ordL(L••).

For prime factors L &= (p) of a, we have

ordL Char(X ••) " 0 = ordL(L••)

by integrality of Char(X ••) and Proposition 4.21. For prime factors L &= (p) of H, we 
have similarly
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ordL Char(X ••) " ordL(L••) + ordL

( 1
H

)
" ordL(L••).

By the choice of •, only the above L contribute to prime factors different from p upon 
restricting to tanti = 0, so all that is left to prove is the p-part of the proposition.

First note that since Char(X ••) is an integral ΛK-ideal, ordp Char(X ••) " 0. We also 
know from Proposition 4.20 that ordp Char(X ••) " ordp( 1

aH ) +ordp(L••). Putting these 
and Proposition 4.21 together yields

ordp Char(X ••) " max
(

0, ordp
1
aH

)
. (a)

Until the end of the proof, we let all sums be over the height one prime ideals P in 
ΛK for which vP := ordp(P|tanti=0) > ordp(P). From Proposition 4.20, we know

∑

P

vP · ordP Char(X ••) "
∑

P

vP · ordP L••. (b)

From Proposition 4.21,

ordp(L•L•
K) = ordp L

•• +
∑

P

vP · ordP L•• =
∑

P

vP · ordP L••. (c)

Putting the above (a), (b), and (c) together, we obtain

ordp Char(X •) Char(X •
K) = ordp Char(X ••) +

∑

P

vP · ordP Char(X ••)

" max(0, ordp
1
aH

) +
∑

P

vP · ordP L••

" ordp(L•L•
K). !

5. Conclusion

We have now assembled all the ingredients to prove our main theorem.

Theorem 5.1. Let E/Q be an elliptic curve and p > 2 a prime of supersingular reduction. 
Assume that E has square-free conductor and also that Conjecture 3.33 holds. Choose 
• ∈ {!, "} so that L• &= 0. Then L• is a characteristic power series of the Iwasawa module 
Hom(Sel•(E/Q∞), Qp/Zp).

Proof. From [64, Theorem 7.16], we know that Char(X •) ⊇ (L•) if Gal(Q/Q) surjects 
onto AutE[p]. But this surjectivity assumption can be replaced by the pair of assumption 
that E[p] be irreducible and ramified at a prime q||N different from p, as explained in 
[62, discussion after Theorem 2.5.2].
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This pair of assumptions is indeed satisfied: The irreducibility was originally proved 
by Fontaine. (For a statement of the theorem, see [14, Theorem 2.6], and for the proof, 
see [14, Section 6.8].) Since N is square-free, Ribet’s level-lowering theorem [57, Theorem 
8.2] implies that E[p] ramifies at some prime q|N .

We now choose our K so that similarly E(K)[p] ramifies at q, so that Char(X •
K) ⊇

(L•
K). We can further choose our auxiliary K so that it satisfies Choice 3.12 and the 

assumptions for Proposition 4.21.17 All this only inflicts congruence conditions on the 
choice of K, so that we can choose K so that Proposition 4.25 holds. With such a choice, 
we can combine the pair of inclusions Char(X •) ⊇ (L•) and Char(X •

K) ⊇ (L•
K) with 

the conclusion of Proposition 4.25 that Char(X •) Char(X •
K) = (L•)(L•

K) to conclude 
Char(X •) = (L•). !

5.1. Proof of the Birch and Swinnerton-Dyer formula at p in the rank 1 case

We now prove the corollaries concerning the leading term formula in the Birch and 
Swinnerton-Dyer conjecture.

Theorem 5.2. (Birch and Swinnerton-Dyer formula at p for rank 1)
Let E be an elliptic curve with square-free conductor N with supersingular reduction 

at p &= 2. Suppose that ords=1 L(E, s) = 1 and assume Conjecture 3.33 holds. Then

∣∣∣∣
L′(E, 1)

Reg(E/Q)Ω

∣∣∣∣
p

=
∣∣∣∣
#X(E/Q)

∏
l cl

#E(Q)2tor

∣∣∣∣
p

.

Proof. The Iwasawa main conjecture is the only missing ingredient in the discussion of 
[33, Proof of Corollary 1.3]. !

Theorem 5.3. (Birch and Swinnerton-Dyer formula at p for rank 0)
Let E be an elliptic curve with square-free conductor N with supersingular reduction 

at p &= 2. Assume that L(E, 1) &= 0 and assume also Conjecture 3.33 holds. Then

∣∣∣∣
L(E, 1)

Ω

∣∣∣∣
p

=
∣∣∣∣∣#X(E/Q)

∏

l

cl

∣∣∣∣∣
p

,

Here, X(E/Q) is the Tate–Shafarevich group of E/Q, cl are the Tamagawa numbers, 
and Ω is the Néron period. The proof of this theorem will occupy the final subsection 
of this paper. Combined with the corresponding result in the ordinary case [63, Theo-
rem 3.35], this gives the leading term formula up to powers of 2 and bad primes.

17 e.g. so that p and all prime divisors of N different from q split while q is inert.
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5.2. Proof of the Birch and Swinnerton-Dyer formula at p in the rank 0 case

We now prove Theorem 5.3. Recall that the main assumptions are that L(E, 1) &= 0
and that Conjecture 3.33 holds. In view of the first assumption, the ! and " Selmer groups 
from [64, Definition 7.11] are both finitely generated cotorsion Zp[[X]]-modules, cf. [64, 
Theorem 7.14]. We thus are not confined to a particular choice (for which we previously 
reserved the symbol •) and let * denote either ! or " in this final subsection. We now 
define Col!p and Col"p to be the component of the trivial tame character of the maps 
appearing in [64, Definition 7.1], i.e. in the notation of [64], these would be εη Col! and 
εη Col" for η the trivial character. (We add the subscript p to distinguish them from the 
maps appearing in Proposition 4.5). These are the Coleman maps in the one-variable 
Q-cyclotomic case which can also be obtained by proceeding as in Definition 3.22 by 
ignoring the unramified tower indexed by m. We denote by E!

∞,p (resp. E∞,p) the exact 
annihilator of kerCol!p (resp. ker Col"p) under the local Tate pairing, cf. [64, Definition 7.9]. 
Similarly, we let E!

0,p (resp. E"
0,p) be the exact annihilator of kerCol!p,0 resp. kerCol"p,0. 

See [64, Definition 7.2].18 Note that E!
0,p = E"

0,p = E(Qp) ⊗ Qp/Zp. This is because 
the pair of maps (Col!p, Col"p) (thought of as a vector) is constructed as an inverse limit 
of one map at every finite layer of the cyclotomic tower. However, this map splits at 
level infinity and at level n = 0, cf. [64, Proposition 5.7] and [64, Definition 7.2 and the 
preceding discussion]. Thus our description follows from [65, Proposition 4.7].

We let

G((Qn) = Im



H1(Qn, E[p∞]) −→ H1(Qn,p, E[p∞])
E(

n,p

×
∏

v 4=p

H1(Qn,v, E[p∞])
E(Qn,v) ⊗Qp/Zp





for n = 0 or n = ∞ and * ∈ {!, "}. We denote Gal(Q∞/Q) by Γ.

Remark 5.4. Since the analytic rank is 0, we have that L!(0) &= 0 &= L"(0), and X ! and 
X " are both Λ-torsion, by [64, Theorem 7.14]

We then have a commutative diagram with exact sequences with right vertical map g

0 −−−−→ Sel(E,Q) −−−−→ H1(Q, E[p∞]) −−−−→ G((Q) −−−−→ 0
9

9
9g

0 −−−−→ Sel((E,Q∞)Γ −−−−→ H1(Q∞, E[p∞])Γ −−−−→ G((Q∞)Γ.
For convenience, we let

PE(Qn) := H1(Qn,p, E[p∞])
E(

n,p

×
∏

v 4=p

H1(Qn,v, E[p∞])
E(Qn,v) ⊗Qp/Zp

for n = 0 or n = ∞.

18 The maps Colp,0 are denoted simply by Col0 in [64].
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We denote the map PE(Q0) −→ PE(Q∞) by r.

Lemma 5.5. Denote by E(Q)p the p-primary torsion points of E(Q). Also denote by c(p)l

the p-component of the Tamagawa number cl for a prime l at which E has bad reduction. 
That is, we put cl := [E(Ql) : E0(Ql)], where E0(Ql) denotes the subgroup of points of 
nonsingular reduction modulo the bad prime l, and c(p)l is the highest power of p dividing 
cl. Assume (Sel((E,Q∞))Gal(Q∞/Q) is finite. We then have

1∣∣∣(Sel((E,Q∞))Gal(Q∞/Q)

∣∣∣
=

∏

l bad
c(p)l

#E(Q)p
× 1

|ker g| .

Proof. The lemma with the Tamagawa factors “
∏

l bad
c(p)l ” replaced with “|ker(r)|” follows 

from the proof of [18, Lemma 4.7], again with “Sel” replaced with “Sel(”. Thus, it remains 
to prove that

|ker(r)| =
∏

l bad
c(p)l ,

which we do prime by prime. Let rv be the component of r at v.
If v &= p is a good reduction prime, we know that ker(rv) is trivial by [18, Proof of 

Lemma 3.3].
If v = l is a bad reduction prime, [18, discussion after Lemma 3.3] shows that 

|ker(rl)| = c(p)l .
It thus remains to treat the case v = p. (Note that the methods in [18, Lemma 3.4]

do not apply since ordinarity is a key assumption there.) We want to show that the map

H1(Qp, E[p∞])
E(Qp) ⊗Qp/Zp

rp−→ H1(Qp,∞, E[p∞])
E!

∞,p

is injective.
As in [32, Proof of Proposition 9.2], we consider the following commutative diagram 

with exact sequences, were X is the cyclotomic variable:

ker Col'p
X −−−−→ H1

Iw
X −−−−→

(
H1

Iw/ ker Col'p
)

X −−−−→ 0
9

9
9

0 −−−−→ ker Col(p,0 −−−−→ H1(k0, T ) −−−−→ H1(k0,T )
ker Col'p,0

,

where H1
Iw = lim←−−n H

1(Qp,n, T ).
By construction, the right vertical map is an isomorphism. The middle vertical map 

is a surjection by [64, Lemma 2.3]. The snake lemma thus shows that the left vertical 
map is surjective. Taking Pontryagin duals, we see that rp is injective, as claimed. !
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We let X (
0 = Hom(Sel((E, Q), Qp/Zp). Note that by the discussions at the beginning 

of the subsection, we have E!
0,p = E"

0,p = E(Qp) ⊗Qp/Zp. Let

X0 := Hom(Sel(E,Q),Qp/Zp).

Then X (
0 = X0.

Lemma 5.6. (Small Control Theorem) The natural morphism X (/XX ( −→ X (
0 /XX (

0 =
X0 is surjective and has finite kernel.

Proof. The proof of [32, Theorem 9.3] with n = 0 with the adjustment that rp is injective 
(cf. Lemma 5.5) works. (Note that in [32, diagram on top of page 27], the terms on the 
right should be PE(Q) and PE(Q∞) rather than 

∏

v

H +(Kn,v).) !

Lemma 5.7. Sel((E, Q∞)Gal(Q∞/Q) is finite if L(E, 1) &= 0.

Proof. It suffices to prove that X (/XX ( is finite. This follows from the small control 
theorem (i.e. Lemma 5.6) above, which implies that X (/XX ( is finite if and only if 
X (

0 /XX (
0 is. X (

0 /XX (
0 = X0 being finite is automatic by our assumption. One can also 

show that X (/XX ( is finite directly by observing that L(E, 1) &= 0 implies that f((0) &= 0
using [64, table before Proposition 6.14]. !

Lemma 5.8. We have
∣∣∣Sel((E,Q∞)Gal(Q∞/Q)

∣∣∣ = |Sel(E,Q)|
#E(Q)p

× |ker g| .

Proof. The proof of [17, Lemma 4.3] with “Sel” replaced by “Sel(” works, taking into 
account Lemma 5.7. !

Lemma 5.9. Let f( be a generator of the characteristic ideal of X ( and assume that 
Sel((E, Q∞)Gal(Q∞/Q) is finite. Then

|f(0)|p =
∣∣Sel((E,Q∞)Gal(Q∞/Q)∣∣
∣∣∣(Sel((E,Q∞))Gal(Q∞/Q)

∣∣∣
.

Proof. This is a general fact about finitely generated Λ-modules, using the assumption 
that Sel((E, Q∞)Gal(Q∞/Q) is finite, which Lemma 5.7 guarantees. See [18, Lemma 4.2], 
which implies that (Sel((E,Q∞))Gal(Q∞/Q) is finite in this case. !

Proof of Theorem 5.3. The theorem now follows using Lemma 5.9 and multiplying the 
terms in Lemma 5.8 and Lemma 5.5, and noting that since E[p] is irreducible as a Galois 
representation, we necessarily have |E(Q)p| = 1. The fact that we can replace Sel by X
then follows from [34, Sledstvie 2]. !
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Appendix A. Numerical examples and infinite families of elliptic curves satisfying the 
full Birch and Swinnerton-Dyer conjecture

A corollary to our main theorem and its corollaries are:

Corollary A.1. (Assume Conjecture 3.33 holds.) The elliptic curve y2+y = x3−x studied 
by Mordell19 in [48] satisfies the full BSD conjecture.

Proof. The analytic rank is one (cf. [37, label 37.a1]), and the BSD formula is already 
known computationally (see e.g. [46,19] for computer-assisted verification for all curves 
of conductor less than 1000, and for 16714 of the 16725 such curves of conductor less 
than 5000). Theoretically, it is only outstanding at the supersingular primes p = 2 and 
p = 3, since a2 = −2 and a3 = −3. Corollary 1.3 removes the assumption at p = 3, 
(and we expect the techniques in this paper can be generalized to handle a2 = −2 as 
well). Thus, the BSD formula stands up to powers of the single prime 2. It is enough to 
confirm that

1
2 <

L′(E, 1)#E(Q)2tor
Reg(E/Q)Ω#X(E/Q)

∏
l cl

< 2,

for which the computations only have to be accurate to the first leading digit.20 !

19 How many products of two consecutive numbers are products of three consecutive numbers?
20 The approximations L′(E, 1) = 0.305999773834, Reg(E/Q) = 0.05111140824, Ω = 5.98691729246 from 
[37] also suffice.
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An example of an elliptic curve with a3 = 3 which is outside the scope of computation 
of [46,19] for which the Birch and Swinnerton-Dyer formula has non-trivial 3-valuation 
is the curve given by y2 = x3 − 21904x − 810448.

There are only finitely many elliptic curves with a3 = ±3 for which the full BSD 
conjecture is known to hold [46,19]. By contrast for a3 = ±2, ±1 or 0, there exist infinitely 
many: Li, Liu and Tian in [39] have found infinite families of CM elliptic curves satisfying 
full BSD (building on their breakthroughs on the 2-part.) Note that when E has CM , we 
can’t have a3 = ±3 [61, Exercise 2.30]. Wan has found infinitely many non-CM elliptic 
curves in [74] (still assuming a3 ∈ {±2, ±1, 0}) building on work of Cai, Li, and Zhai 
who exhibit an infinite number of quadratic twists at which the 2-part of BSD holds.

We generalize Wan’s theorem to give a criterion for the existence of infinite families 
of elliptic curves (with a3 = ±3 allowed) which satisfy full BSD.

Corollary A.2. (Assume Conjecture 3.33 holds.) Let E be a semistable elliptic curve over 
Q. Assume that for l &= 2, E[l] is absolutely irreducible as an Fl-representation of GQ

and ramified at some prime q &= l of multiplicative reduction, and q is not the only 
multiplicative prime.

Let M be a product of distinct good ordinary primes. Then if

(**) the 2-part of BSD holds for the M th quadratic twist E(M) of E and L(E(M), 1) &= 0,

the full BSD formula holds for E(M).

The condition (**) can be verified thanks to the recent work of Cai, Li, and Zhai for 
a(n infinite) number of elliptic curves. We are grateful to Shuai Zhai for providing us 
with explicit examples of such elliptic curves with a3 = ±3 that satisfy the full Birch 
and Swinnerton-Dyer conjecture. Here is one of them:

Example A.3. (Quadratic twists of 170E1)
The curve E given by y2+xy = x3−x2−10x −10 has a3 = 3 and satisfies the conditions 

for Corollary A.2. The Cai-Li-Zhai condition (**) is satisfied for M = q1q2 · · · qr for 
products of r distinct primes qi in the infinite set S below so that the bad primes of E
— 2, 5, and 17 — all split in Q(

√
M) and M ≡ 1 mod 4.

S = { primes q &= 3 so that aq is odd, E has good reduction at q, and q is inert21
in Q(θ)}

= {13, 19, 29, 31, 47, 53, 59, 61, 71, 73, 89, 97, 109, 113, 127, 199, 223, 227, 233, 263, . . .}
There are infinitely many such M , of which the first few possibilities are 89, 281, 409, 

569, 689 = 13 · 53, 769, 1121 = 19 · 59, 1249, 1361, 1481, 1721, 1769 = 29 · 61, 1801, 
1889, 2089, 2129, 2161, 2609, 3001. The smallest M which is a product of three primes 
is 11609 = 13 · 19 · 47.

21 θ is a root of a 2-division polynomial of E.
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We can now prove the following theorem:

Theorem A.4. (Assume Conjecture 3.33 holds.) Let E be a semistable elliptic curve over 
Q. Assume that for l &= 2, E[l] is absolutely irreducible as an Fl-representation of GQ

and ramified at some prime q &= l of multiplicative reduction, and q is not the only 
multiplicative prime.

Let M be a product of distinct good ordinary primes. Then if

(**) the 2-part of BSD holds for E(M) of E and L(E(M), 1) &= 0,
the full BSD formula holds for E(M), where E(M) is the M th quadratic twist.

Proof. This follows from [74, Theorem 5.3] and the main theorem of this paper, which 
removes the condition a3 &= ±3.

We are grateful to Shuai Zhai for finding all elliptic curves with conductor less than 
604 for which one can construct infinite families of quadratic twists of elliptic curves 
with a3 = ±3 satisfying full BSD analogously to the example above involving 170E1.

Example A.5. Infinitely many quadratic twists of the following elliptic curves with a3 =
±3 satisfy the full Birch and Swinnerton-Dyer conjecture: 170E1, 182D1, 182E1, 323A1, 
434E1, 602C1, 142E1, 574E1.
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