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1. Introduction

Let F be an elliptic curve over Q and p > 2 be a prime of good reduction. The Iwasawa
theory for elliptic curves is suitable for shedding light on the p-primary part of the
BSD formula (BSD,), which appears in the refined conjecture of Birch and Swinnerton-
Dyer concerning the leading term of the Hasse—Weil L-function. The main conjecture of
Iwasawa theory is mostly known in the case of ordinary reduction [25,63]. In this paper,
we focus on the case of supersingular reduction, i.e. we require pla, :==p+1 — #E(Fp)
and investigate three Iwasawa main conjectures:

(i) a Greenberg-type main conjecture (representation-theoretic)
(ii) a formulation in terms of integral cohomology classes
(iii) the chromatic formulation (involving the chromatic, i.e. f/b-objects)

These three conjectures are main conjectures for Zg—extensions of imaginary quadratic
fields (also known as “two-variable main conjectures”), taking as additional ingredient a
quadratic imaginary field K in which p is split. The last main conjecture (iii) is closest to
BSD,, and the finale of the paper is the implication (ili) = BSD, when the analytic
rank is at most one, and is intended to be readable in its own right.*

The main part of the paper proves two equivalences

(i) = (ii) < (iii),

under the assumption:

Conjecture (*) There exist appropriate two-variable Beilinson—Flach classes. Here,
‘appropriate’ means that the Beilinson—Flach classes satisfy certain reciprocity laws at
the two primes above p. See Conjecture 3.33 in the main part for the precise formulation.?

In fact, our conclusion is stronger: Each of the three main conjectures is an equality
of ideals of the form (analytic object) = (algebraic object), and we prove that the three
statements of the form (analytic object) C (algebraic object) are equivalent to each
other. We also prove that the three statements concerning the reverse conclusion are
equivalent to each other. The inclusion (analytic object) D (algebraic object) in the
context of (i) follows from a recent result of [11], originally announced in [74]. What
our paper accomplishes under Conjecture (*) is then to transfer their result over to the
context of (iii): We have (analytic object) D (algebraic object) in a chromatic formulation
of the two-variable Iwasawa main conjecture, which we recall concerns the Zf,—extension of
an imaginary quadratic field K. By choosing this K judiciously, we use this to conclude
that (analytic object) D (algebraic object) holds for the one-variable chromatic main

L We invite the interested reader to study this two-dimensional argument first, reflecting the arithmetic
of elliptic curves as two-dimensional Galois representations.

2 These are believed to exist, and according to referee#2, a construction in the ordinary case and the case
ap = 0 is currently in progress (joint work of Burungale, Skinner, Tian, and Wan).
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conjecture [64, Conj. 7.21] over Q. Together with the known inclusion (analytic object) C
(algebraic object) due to Kato [25], we conclude that the one-variable chromatic main
conjecture holds under Conjecture (*) and some mild assumptions.

As for the applications to (BSD,), the general supersingular case is more involved
than the a, = 0 case: In the a;, = 0 subcase, the +-theory reduces the result in essentially
two lines [74] to an argument of Greenberg [18]. When a, # 0, in which case p = 3, the
analogue of these two lines is the last subsection of this paper before the coda, reflecting
the complexity for the general supersingular case.

The main results in the context of classical results. One important consequence of
the Iwasawa main conjecture for a prime p in its classical form (analytic object)=
(algebraic object) is the p-part of the Birch and Swinnerton-Dyer Formula, when the
rank part of the conjecture is known (currently in the case of analytic rank at most one).
See [75, page 32] for a description of the full Birch and Swinnerton-Dyer conjectures.
One strategy for proving the Birch and Swinnerton-Dyer Formula is thus to prove the
main conjecture at every prime p.

When p is of good ordinary reduction (i.e. pfa, :==p+1— #E(]Fp)), this program
is now largely complete. Mazur and Swinnerton-Dyer introduced the analytic object,
the (ideal generated by) the p-adic L-function in [47]. On the algebraic side, Mazur
studied the corresponding Selmer group in [44], whose characteristic ideal is the algebraic
object. In the complex multiplication (CM) case, Rubin [59] proved the main conjecture
by finding a suitable Euler system. Kato proved half the main conjecture in the non-
CM case by constructing an Euler system (for the cyclotomic Z,-extension of Q) using
Siegel units, showing that the p-adic L-function is included in the characteristic ideal
associated to the Selmer group [25]. Finally, Skinner and Urban [63] gave a converse to
Kato’s theorem via a GU(2,2) Eisenstein series method, settling the main conjecture, for
a large class of elliptic curves.

The supersingular case (i.e. when p|a,) has been more challenging. The main obstacle
was that the objects are not well-behaved: The analytic object, either of the two p-adic
L-functions due to Amice—Vélu [1] and Vishik [70] (see also [45]) is not an element of
the Iwasawa algebra, and correspondingly the Selmer group is not a cotorsion Iwasawa
module. Perrin-Riou [51] and Kato [25] made important progress in our understanding
of the supersingular case, and formulated main conjectures. When a, = 0, the work of
Pollack and Kobayashi gave rise to a formulation of the main conjecture in the spirit of
the ordinary case: Pollack [50] found a pair of p-adic L-functions L™ and L~ inside the
Iwasawa algebra, while Kobayashi found two corresponding submodules Sel™ (E/Qy)
and Sel™ (F/Q4) of the classical Selmer group,” and formulated a pair of main conjec-
tures in terms of these signed p-adic L-functions and signed Selmer groups. Here, Q.
denotes the cyclotomic Z,-extension of Q. Relying on Kato’s Euler system, he proved one
inclusion [32]. Pollack and Rubin [54] settled the main conjecture in the case of complex
multiplication (in which automatically a, = 0) by adapting Rubin’s Euler system [59].

3 The reversal of signs is no typo!
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Finally, Wan [74] started a program to settle the main conjecture in the non-CM case
but assuming that a, = 0 by giving a converse to this theorem via a U(3,1) Eisenstein
series method. One crucial piece of progress in the program is the main result of [11].
Note that the Hasse-Weil bound |a,| < 2,/p implies that for p > 5, p being supersingular
and a, = 0 are equivalent. This means that the methods for the ordinary case and the
ap = 0 case are suflicient to formulate and prove the main conjecture when p > 5.

However, we are interested in proving the Birch and Swinnerton-Dyer formula, for
which every prime is important. In view of recent progress on the 2-part [10] (using non-
Iwasawa theoretic methods specific to p = 2), a complete understanding of the 3-part is
desirable. As stated above, the current techniques can only handle five out of the seven
possible ag’s of E — they apply when a3 € {2,1,0,—1, —2} but not when a3 € {3,—3}.
Counting elliptic curves mod 3, we see that 18 out of the possible 162 elliptic curves
(i.e. a proportion of %) are excluded. The purpose of this paper is to fix this unfortunate
state of affairs and give a proof of the main conjecture in the general supersingular case,
at every odd prime, assuming the existence of an Euler system of Beilinson—Flach classes.
We denote this assumption throughout the paper by (*).

The *-theory of Pollack and Kobayashi for the case a, = 0 has been generalized by
the author to the general supersingular case (p|a,). The generalizations of Pollack’s L*
are denoted L#° [66] and those of Kobayashi’s Sel™ (E/Qo) are denoted Sel’’(E/Q.)
[64]. We call Sel*’*(E/Q4) the chromatic Selmer groups.* The main conjecture connects
L**(E) and Sel*’”(E/Q4), and is the main theorem of this paper:

Theorem 1.1. Let E/Q be an elliptic curve and p > 2 a prime of supersingular reduction.
Assume that E has square-free conductor and that Congecture 3.33 holds. Then L¥/*(E)

are each characteristic power series of the Iwasawa module Hom(Sel*’” (E/Qo), Qp/Zy).

Our corollaries concern the leading term formula in the Birch and Swinnerton-Dyer
conjecture.

Corollary 1.2. Assume that L(E,1) # 0. Then under the assumptions of the theorem,

1z
Q

= |#HI(E/Q)HCI
p l P

Without Conjecture (*), we can say

<
P

‘L(E, 1)
Q

#(E/Q) [[

l

4 The notation #/b was introduced because Kobayashi’s and Pollack’s sign conventions differed.
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Here, III(E/Q) is the Safarevié¢-Tate group of E/Q, ¢; are the Tamagawa numbers,
and € is the Néron period. The second statement follows from [64, Theorem 7.16], and
a new argument is needed to deduce (BSD,) from an integral main conjecture, which
the reader can find in subsection 5.2. (In the ordinary case, the corresponding argument
is [18, Section 4], and the modification for the a, = 0 case is two lines in [74].)

Combining the first statement with the corresponding result in the ordinary case [63,
Theorem 3.35], this gives the leading term formula up to powers of 2 and bad primes.

As for the analytic rank one case, we have analogously:

Corollary 1.3. Suppose that ords—1 L(E,s) = 1. Then under the assumption of the theo-
rem,

_[#I(E/Q)L, @
, #E(Q)2

‘ L'(B,1)
Reg(E/Q)%

P

Without Conjecture (*),

< #IL(E/Q) [, a
b | #EQ),

‘ L'(B,1)
Reg(E/Q)%

p

Here, Reg(E/Q) denotes the regulator of E, and E(Q)to, is the torsion part of E(Q).
This corollary is [33, Corollary 1.3], where the only assumption is our main theorem.

For a different approach in the rank one case that needs the assumption a, = 0, see
[24, Theorem 1.2.1].

In the coda, we discuss some numerical examples and infinite families of elliptic curves
that satisfy the full Birch and Swinnerton-Dyer conjecture:

Corollary 1.4. Assume (*). Then there are infinitely many elliptic curves E with a3(E) =
3 that satisfy the full Birch and Swinnerton-Dyer conjecture, and the same is true for

ag(E) = 3.

This corollary follows from the main theorem and work of [10] to treat the even prime.
The explicit algorithm for finding the infinitely many elliptic curves involves quadratic
twists and was originally developed in [10]. We are grateful to S. Zhai for providing us
with the Examples A.3 and A.5 of such families.

We note that the case ag = +3 is the last theoretical obstacle for finding infinitely
many families of elliptic curves with a fixed Frobenius trace at some chosen prime. Thus,
this corollary says that the following holds:

Corollary 1.5. Assume (*). Pick any prime p and any integern € (p+1—2/p,p+1+2./D)
of possible number of solutions of elliptic curves modulo p. Then infinitely many elliptic
curves with n solutions modulo p satisfy the full Birch and Swinnerton-Dyer conjecture.
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Raw ingredients for the proof. The known inclusion of L!/* into the characteristic

ideal coming from Sel*’” follows [32,64] from an equivalent inclusion in terms of Kato’s
FEuler system — thus the main goal of this paper is to study the other inclusion.
For the other inclusion, we introduce a quadratic imaginary field K so that (p) = pq
splits, much like [63]. Much of the arithmetic of E along the ZZ—extension Ko of K
should be encoded in a pair of cohomology classes — Beilinson—Flach classes Ay, Ag
similar to the classes due to Kings, Loeffler, and Zerbes (KLZ), found in [30], cf. also its
sequel [31] — that generalize Kato’s Euler system.

Conjecture 3.33 This assumption not only encompasses the existence of A, and Ag,
but also their reciprocity laws. The KLZ reciprocity law connects the g-local component
of A, /s to p-adic L-functions Laa, Lag, Lo, and Lgg (whose construction goes back to
Haran [20]) that interpolate twists of the special value of the complex L-function by char-
acters factoring through Gal(K./K). Another part of the assumption is a reciprocity
law that connects the p-local part of A, /g to a p-adic L-function L associated to E
and a Hida family of CM forms associated to K /K.

The function L0 has bounded coefficients and a main conjecture can be formulated

in its classical form.
Thus, one may hope to use the reciprocity laws to connect this other inclusion to a
statement relating Haran’s p-adic L-functions with arithmetic information of E along
Gal(K/K). This statement involving K should project to Q and become the connection
that is the “hard” inclusion, i.e. (algebraic object) C (analytic object), of the main
conjecture over Q. However, there is a crucial obstacle — it is that the Beilinson-Flach
classes A, /3 and Haran’s L, etc. are not in the classical form since they are not integral,
i.e. not elements of a ring of power series with bounded coefficients. Pottharst’s theory
[56] could overcome this obstacle (but this is not the approach we follow).

Wan’s contributions (a, = 0). Motivated by Pollack’s construction of integral power
series L™, Wan took a normalized average of A, and Ap to arrive’ at integral classes.
Under a map Colj‘ due to BD Kim [28], the g-local image of Ay maps to an Iwasawa
function LT* due to Loeffler [42]. This integral L™ is a normalized average of Haran’s
functions, and the work of Kim and Loeffler supplies us with the integral ‘++ main
conjecture’ relating LT and the arithmetic of E along K., /K in the form of an integral
Selmer group whose local condition at q (resp. p) comes from ker Colzl|r (resp. ker Col;f).
Recall that for Q. /Q, there were two equivalent formulations of main conjectures; in
terms of (Kato’s) Euler systems, and in terms of p-adic L-functions (the L!/*). Taking
this as a hint, Wan formulated a main conjecture for K,/K in terms of A, and showed
equivalence to the ++ main conjecture. Relying on an explicit description of A} and
ker Col;r at finite layers in the local ZZ—extension, he was able to define a map LOG™
[74, Definition 2.9] that sends A, to L0, which can be regarded as an integral version
of the reciprocity law in [40, Theorem 7.1.4 and 7.1.5]. Via his map LOG™, he showed

5 Here, Wan implicitly assumed that A, and Ag existed, i.e. Wan assumed Conjecture (*).
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that the integral main conjecture involving L"° is equivalent to the one in terms of A,
obtaining in summary an equivalence of main conjectures (MC)

Kim’s Col ) +
++MC —————= MC in terms of A Mens LOC, MC in terms of LY.

He then used this equivalence to carry the known inclusion of the MC involving L"°
over to a corresponding inclusion of the ++ MC, and specialized from K to Q to prove
the ‘other inclusion’ of the +main conjecture of Kobayashi. A completely analogous
construction lets one prove Kobayashi’s —main conjecture.

Analogy with classical Iwasawa theory. The equivalence of the three main conjectures
above has an analogue in classical Iwasawa theory:

MC involving . ,
(oo ) e (JEREI) e ().
Greenberg’s formulation of the classical main conjecture is representation-theoretic [18],
as is the main conjecture in terms of the Greenberg-type p-adic L-function LZO.

New ideas (p|a,). The idea for p|a, is to come up with a similar equivalence as in the
ap = 0 case, but a crucial difference with both classical Iwasawa theory and with the
ap = 0 theory is that the number of main conjectures in each of the three categories is
important: There are four (=two squared), two, and one.

To handle the general supersingular case, four sets of ideas must be introduced. These
are the /b Coleman maps, 2-dimensionality, zero-function avoidance, and most impor-
tantly the #/b Perrin-Riou-Wan logarithm maps® .2#/°.

#/b Coleman maps: Kim’s construction of £Coleman maps relied on a, = 0 [28]. We

generalize this to the p|a, case by constructing Col*’" at p and g, much in the spirit of [64],
and use these maps to define four doubly-chromatic Selmer groups Sel**, Selm’, Selbn, Sel”.
We formulate four analogues of the ++ main conjectures. These are the #f, b, bff, and bb
main conjectures that relate the doubly-chromatic Selmer groups to doubly-chromatic p-
adic L-functions L# L L’ L due to Lei [35], which generalize Loeffler’s construction
to plap.

2-dimensionality: Recall that the analytic arithmetic information of E along K /K
was packaged into Haran’s four p-adic L-functions L., etc. A theorem of Lei says that
his doubly chromatic functions can be linearly recombined to obtain those of Haran [35,
Theorem 2.2]. One idea of this paper is a simpler formulation of Lei’s theorem in the
form

(Fon b ) = Logn)T (10 220) Log(20).

Thus, Lei’s doubly-chromatic functions should be thought of as a 2 x 2 matrix, and
the linear combinations can be described by multiplying by the logarithm matrices Log

6 We called these Wan maps Wan®/" in an earlier version of this paper.
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(which are explicit 2 x 2 matrices, see e.g. [66, Section 4.1]) on both sides. When a, = 0,
these logarithm matrices are essentially diagonal, which is why Wan was able to avoid
this matrix formulation of affairs completely and only consider the function L*+ without
losing information. For the general case p|a,, the entries in the middle matrix can not
be constructed separately, so that we need to consider all of them. Taking this matrix as
a hint, we construct an analogue of Wan’s integral cohomology class A . Our analogue
is a row vector (Ay, A,) of integral cohomology classes that factors out the non-integral
part from a vector (An, Ag) consisting of the Beilinson-Flach classes. The reason this is
the correct analogue is that the statement ‘Kim’s Colj‘ sends the g-local image of Wan’s
A to Loeffler’s LT becomes the following 2-dimensional statement when p|a,”: Up to
some controllable constants,

it ot Coli(Ay) Colf(A,) ) [ Colf »
(Lﬁ" L"b) - (001E[(An) Col’ () )~ \ Colt ° (A Ap).
These ideas are then developed further to show an ‘equivalence®’ of sets of main conjec-

Colﬁl
Col’,

four MC’s (8, b, bf, and bb) === two MC’s (in terms of Ay resp. A,;),

tures

where each Coleman map provides an equivalence between two MC’s on the left and
one on the right.” Below we will see that the two MC’s on the right are equivalent to
each other as well, so that all six conjectures encode the same statement. However, this
equivalence only works for objects that are non-zero.

Zero-function avoidance: When a, # 0, we can only say that at least one of the

four functions L, L etc. is nonzero. Thus, we are only guaranteed that one of the
integral cohomology classes Ay and A, is nonzero, unlike in the case a, = 0, where both
are nonzero. This becomes an issue when specializing from the Zg—extension of K to
the cyclotomic Z,-extension, where we need either L or L” to be nonzero. We can
guarantee this by choosing K so that L(E(K ), 1) # 0, invoking results of Waldspurger
or Bhargava—Shankar.

The #/b Perrin-Riou-Wan logarithm maps £#/* are needed for the ‘equivalence’ be-

tween the main conjectures involving Ay, and the main conjecture involving LY.

Y resp. &L
>

any of the MC’s in terms of Ay resp. A, the MC involving L"°,

but a crucial difficulty arises in the case a,, # 0. For a,, = 0, Wan connected the integral
cohomology classes Ay and A, to the Greenberg-type p-adic L-function LY by ‘evaluat-

7 Here, we abuse notation a bit and denote by Ay yp their g-local images.

8 Equivalence up to some controllable primes, as explained at the end of the introduction.

9 For example, the ##-MC and #b-MC on the left are equivalent to the MC in terms of Ay, and thus
equivalent to each other.
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ing’ it — invoking a KLZ reciprocity law. This was possible because the domain of Ay and
A, could be described explicitly at the finite layers of the associated tower of number
fields, and so could the coordinates of Ay and A;,. This gave rise to a quick and natural
construction of his connecting map LOG™. None of this is possible when a, # 0.

We overcome these difficulties as follows: First, we perform a guess for indirectly
describing the domain of Ay and A, at the infinite layer, and prove this guess is the
right one. This information may not allow us to explicitly describe the domain at finite
level, but it provides us with coordinates of the vector (Ay, Ay) at finite level.

The second difficulty was the inability to ‘evaluate’ the coordinates of (Ay, A,) at

finite characters. The reason for this difficulty is that the evaluation of coordinates is
indirect to begin with, as ‘evaluation’ means ‘taking the image under the KLZ reciprocity
map.” The reciprocity map does not evaluate the coordinates themselves, but rather their
product with a certain 2 x 2 matrix H,,. When a, = 0, this is no problem, since the matrix
is diagonal or antidiagonal, so that Wan can easily get a handle on the coordinates. The
reason the case a, # 0 is hard is that in general, all entries of #,, are non-zero (for
n > 0).
We overcome this difficulty by showing that the two coordinates of the integral cohomology
classes are equal, and thus can be thought of as one scalar matrix. The coordinates thus
commute with H,,, allowing us to shift the difficulty over into a setting that allows us
to invoke the Kings—Loeffler—Zerbes reciprocity law. At heart lies a trace computation
in the form of a matrix identity that makes use of a siz-periodicity coming from the fact
that the roots of the Hecke polynomial X2 — apX + p are normalized fourth or sixth
roots of unity.

The reason we put the term ‘equivalence’ in quotes is that the equivalences only
hold up to certain prime factors. Invoking a result of Pollack and Weston, we are able to
control these primes. Combined with the right choice of K, we obtain enough information
about the doubly-chromatic main conjecture so that projecting down to Q results in our
main theorem.

Outlook. Since earlier versions of this paper were made available (e.g. the arxiv post
[67]), our results and ideas have been generalized in various directions. Biiyiikboduk
and Lei [5] have adapted the ideas of this paper, e.g. the construction of integral £/b
cohomology classes to formulate a two-variable main conjecture for weight two modular
forms and prove one inclusion, using the theory of Wach modules.

In a beautiful development, Biiyiikboduk, Lei, Loeffler, and Venkat [7] have been
developing an Iwasawa theory of Ranking-Selberg products of p-supersingular modular
forms, in which they give an algebraic construction of non-bounded Beilinson-Flach
elements, and work towards constructing their doubly-chromatic integral versions in the
spirit of this paper. (See also partial results towards this in the case a, = 0 in [6]).

For some ingredients towards a proof of the chromatic main conjectures in the case
of modular forms of weight two relying on some of the methods in this paper, see [12].
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2. Notation

Notation first used in section 3.1

Qs the cyclotomic Z,-extension of Q

Ppn (Y) the p"th cyclotomic polynomial Ep Lypnh

Cpn a primitive p™th root of unity

~ a topological generator of 1 4 2pZ,, or its image in a quotient
a and B the roots of the Hecke polynomial Y2 — apY +p

[975) the real Néron period of E

T and V T = the p-adic Tate-module for E, and V =Q, ® T

Qp.n the nth layer in the cyclotomic Z,-extension of Q,

Notation first used in section 3.2

K a quadratic imaginary field in which p splits as pq
Koo, Keye , Kanti the Zi—extension, the cyclotomic Z,-extension, and the anticyclotomic
Z p-extension of K

QE and Q the real and imaginary periods of E
K(p>); K(q*) the p™° ray class field; the q°° ray class field
Ak Z [[Gal(K /K)]] 2 Z,[[X,Y]]. We identify 1 + X with a generator of
Gal(K )N Ko /K) and 1 4+ Y with one for Gal(K(q™ N K )/K).
k, Ok an unramified extension of Q, and its ring of integers
ko,m the degree p"™ unramified extension of Q,
kn, My, the Z/p" Z-subextension of k({,n+1), the maximal ideal in its integer
ring
En,m,Mn,m the objects above with k = ko, m

the unramified variable, i.e. 1 + U is identified with a topological
generator of lim  Gal(ko,m /k).

Anym Zyp[Gal(kn, m/Q 9
A Zp[[ ]l = Z,[[Gal(Que /Q)]]
tanti the anticyclotomic variable

Notation first used in sections 3.3 and 3./

U, the group Gal(Koo,p/Keye,p) = Zp; Keye is the cyclotomic
Z p-extension of K
A% the Pontryagin dual of Ax
v the character Gal(K/K) — Gal(Ko /K) — A%
A% () A% twisted by ¥
Wand T T QAK(¥)and T Q@ Ax(—V)
S a ﬁnlte set of places containing p, oo, and the bad primes of E
LS the maximal extension of a number field L that is unramified outside S

Notation first used in section /

| the Galois group of the cyclotomic Z/p™ Z-extension of K,
Um,q the Galois group of the unramified Z /p™ Z-extension of K4

3. Main conjectures

Iwasawa main conjectures relate analytic objects to algebraic objects. The goal of this
section is to state four such main conjectures. The first one (subsection 3.1) is the main
conjecture concerning the cyclotomic Z,-extension of Q, which we want to prove. The
other three main conjectures concern Z,-extensions of imaginary quadratic fields. They
are the “doubly-chromatic main conjectures” (or “#/b-#/b main conjectures” — subsection
3.2), the Greenberg-type main conjecture (subsection 3.3), and the main conjecture in-
volving integral cohomology classes of f/b-Beilinson-Flach elements (subsection 3.4). In
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section 4, we will prove that the #/b-f/b main conjectures and the Greenberg-type main
conjecture are equivalent to the #/b-Beilinson-Flach element main conjecture, and that
the same can be said about either halves (i.e. inclusion in one fixed direction between
the algebraic and analytic sides). The known inclusion of the Greenberg-type main con-
jecture (including the algebraic objects in the analytic object) then yields an inclusion
in the statement of the #/b-f/b main conjecture which implies the main theorem.

We first recall in subsection 3.1 the statement of the main conjecture from [64]. In
subsection 3.2, we recall the analytic theory of Lei and Loeffler, and the algebraic theory
due to Kim in the case a, = 0, before developing it further to include the case a, # 0.
Subsection 3.3 is a short exposition on the Greenberg-type main conjecture, and one
inclusion of it [11, Theorem 8.2.1]. In subsection 3.4, we construct §/b-Beilinson-Flach
elements. These are modified versions of the Beilinson-Flach elements due to Kings,
Loeffler, and Zerbes [30]. While the appropriate modification in the case a, = 0 is due
to Wan, a new idea is needed for the case a, # 0. Once they are defined, we are in good
shape to formulate the #/b-Beilinson-Flach element main conjecture.

3.1. Statement of the cyclotomic /b main conjecture

We now recall the main conjecture of [64] (cf. [32] for the case a, = 0).
The analytic side.

We denote by (,» a primitive p”th root of unity, v a topological generator of 1+ 2pZ,
(or its image in a quotient), by @ and /3 the roots of the Hecke polynomial Y2 — apY +p,
and by QE the real Néron period of E.

Theorem 3.1. (Amice and Vélu [1], Visik [70]) Let x be a character of (Z/p"t1Z)* into
tpoe sending v to Cpn that is trivial on the tame part, and let T(x) be the Gauff sum
Yae@ prrzyx X(@)Cpnir. There are p-adic power series Lo(X) and Lg(X) converging
on the open unit disk so that for ¢ € {a, 8},

p”+1 L E,X_l,l
Le(Gn — 1) = i’ (x) %
E

Le(0) = <1 - %)2 L(S;EE’”.

These power series live in a subset H1 of Cp[[X]]. This subring is defined by growth

if 0# Gn — 1, and

properties.

Definition 3.2. Fix 0 < r < 1. For f(X) € C,[[X]] convergent on the open unit disc of
C, with normalization |p|, = zl?’ let

|f(X)]r == sup [f(2)]p-

|z|p<r
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Definition 3.3. Let f(X), g(X) € Cp[[X]] converge on the open unit disc of C,. Then we
say that f(X) is O(g(X)) if

|f(X)], is O(|g(X)|,) asr — 1.
If in addition, g(X) is O(f(X)), then we say that f(X) ~ g(X).

Elements in H 1 are the analytic functions converging on the open unit disk and are

uniquely determined under the condition that they are O(log,(1 + X )2), ie H 1 is the
set of 2-admissible measures, cf. [52, 1.1.1] and [50, p. 528]. We denote by ®,n(Y) the

p"th cyclotomic polynomial Y7~/ YP"T We let

Cn(X) = (,q>pf(p1+X) (IJ) ’

and put

Log(X) = lim Cu(X)Ca(X) -+ Cu(x) (2 8) " ().
Theorem 3.4. ([50] when a, =0, [66] for general p | a;)
There is a wvector of p-adic L-functions (L*(X),L’(X)) € Z,[X]]®? so that
(Lo(X), Lg(X)) := (LX(X), L*(X))Log(X). Further, we have (L¥(X), L’(X)) # (0,0).

Alternatively, the pair of Iwasawa functions is the image of Kato’s zeta element under
a pair of Coleman maps, i.e. (Lf(X), L’(X)) = (Colf,(z), Col?)(z)), where

z= (Zrt)n € Hllw(T) = lgr_nHl(Qp,an)

is Kato’s zeta element [25, Theorem 12.5]. Here, T is the p-adic Tate module of E. The
Coleman maps Colg and Col; are maps from H} (T) to Z,[[X]] constructed in [64,
Section 5] and will be defined more generally in subsection 3.2, with respect to any of
the primes p or ¢ above p.

The algebraic side. The algebraic object in the main conjecture is any of two modified
(‘chromatic’) Selmer groups. They generalize the constructions of the signed Selmer
groups of Kobayashi (whose definition needed a, = 0.) Let x € {t,b}. Denote by Qo
(resp. Qp,o0) the cyclotomic Z,-extension of Q (resp. Q,). We put

Sel*(E/Qu) := ker <Se1(E/QOO) L BQpe) ® Qp/zp) ,

E*

where E* is the exact annihilator of ker Col; under the local Tate pairing

s
n

lim HY(Qp.n, T) x lim H'(Qp,n, V/T) = Qp/Zyp,
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where V = Q, ® T and Q,,, the nth layer in the cyclotomic Z,-extension of Q,.
We let X*(E/Qs) := Hom(Sel"(E/Qu),Qp/Z,), ie. the Pontryagin dual of
Sel*(F/Qeo)-

The main conjecture. Putting these together, the Iwasawa main conjecture then states:

Conjecture 3.5. ([32], [64, Main Conjecture 7.21]) Choose x € {f,b} so that L*(X) # 0.
Then we have an equality of Z,[[X]]-ideals

Char(X*(E/Qu)) = (L*(X)).

This is the conjecture we want to prove. Half of this conjecture follows from work of
Kato:

Theorem 3.6. ([6/, Theorem 7.16]) Choose x € {f,b} so that L*(X) # 0. Then for some
integer n > 0, we have

Char(X*(E/Qs)) 2 (p"L*(X)).

If the p-adic representation Gal(Q/Q) — GLz,(T) on the automorphism group of the
Tate-module is surjective, we may take n = 0.

3.2. The t/b-4/b main conjectures for imaginary quadratic fields

In this subsection, we recall the analytic theory of Antonio Lei (which generalizes
that of Haran/Loeffler ([20, Theorem 2] and [42, Corollary 2]) for the case a, = 0), and
then generalize the algebraic theory of B.D. Kim (who also worked with the assumption
a, = 0). We then put the two sides together via a main conjecture. We denote by K a
quadratic imaginary field and for the rest of the article, we assume p splits as pq with
p # q. We denote by Ko, the Zf,—extension of K. We let K(p>) and K(q°°) be the p=°
ray class field; the q* ray class field, and let Ax equal to Z,[[Gal(K /K)]] = Z,[[ X, Y]].
We identify 1 + X with a generator of Gal(K (p™) N K /K) and 1 + Y with one for
Gal(K(q™* N Ky)/K).

The analytic side.

Definition 3.7. We denote by DY the distributions of Z2 ~ Gal(K/K) of order z,y
for non-negative real numbers z,y in the variables X and Y, i.e. power series convergent
on the open unit disk which are O(log”) in the variable X and O(log¥) in the variable
Y. Equivalently, D7;Y is the completed tensor product of the one-variable power series
with their respective growth conditions. (See Definition 3.3 for the definition of growth,
and also [35, Discussion before Lemma 2.1].)

We use the same symbol for the local distributions, i.e. for those on the Zf,—extensions
of K, and Kg, which Wan in [74] denotes by H™Y.
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11
Let &,n € {«, B}, and denote by L¢ ,,(X,Y) € DZ'? the p-adic L-functions of Haran
[20] and Loeffler [42], normalized so that they interpolate the special values

(1) - (1) N LB

3 77 7001 QEQE

at a character y of Gal(K,./K), where the conductor f, is of the form p™q" for n,n’ > 1
and Q is the imaginary period of E.

Theorem 3.8 (Lei, [35]). There exist L L¥ L% [** € A @ Q so that

(72 0m) = Logn)™ (40 11 ) Log(X).

La,p Lp,g

. . ot
Proposition 3.9. The matriz (éub éw) is not zero.

Proof. This follows from applying a theorem of Rohrlich found in [58, page 1], combined
with the above interpolation. O

Proposition 3.10. The functions L L® [P LY are in Ak.

Proof. From integrality of the interpolating values [43, page 375], we know that the
entries of the matrix NV;; all have p-adic valuation > 0, where

N, — ali+1) 0 Loa Lg,o ot 0
VAN 0 5(J+1) Lo Lg,g 0 B(1+1) .

)’X:gpiq,ychj ~1 (

We would like to prove that if any of the our chromatic functions were not in Ak, then
some entry of N;; would have p-adic valuation < 0 for some ¢, j, deriving a contradiction.
To analyze the p-adic valuations of the entries, we recall just enough of the discussion of
[65, Section 4.1 on Valuation Matrices]:

Given a matrix M with entries in C,, denote by [M] it valuation matrix, i.e. the
matrix consisting of the p-adic valuation of the entries of M, as first defined in [65,
Definition 4.4] (see also [66, Definition 4.9]).

Denote a matrix M with entries in C,[[s]] evaluated at s = (,: — 1 by M.

We have that

' : ~(5+2)
Eogizcl(l)...ci(l)(ap *1) <—ﬁ1 —al>

p O

i D1 o= GD
201()"'05)1(01 Ol)( . B_((2+1)).

By Theorem 3.8, we thus have that

. . T . .
[Ny) = [(C{” e (3 ) (i o0 ()

) ’X:Cpi—l,Y:Cp]-—l
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The valuation matrix of C{"-..C{", (') is of the form (7 %), where
. foroddi,wehaveei<%+I%<%<fi and
° foreveni,wehavefi<%+p%<%<ei,

see [65, Lemma 4.5].1°
Recall that we want to derive a contradiction, assuming that at least one of the four

chromatic functions is not in Ax. We define a p-invariant: For {e o} € {#,b}, write
L* =3, ;a?5X'Y7 with a; j € Z, and define

p*°(E, K) := minordy(a;5). (2)
%,J ’
We also define
W(B,K) == min u*(E,K). 3)
e 0c{t,b}

Our task is now to show that u(E, K) > 0.
Assume on the contrary that pu(E, K) < —1 — without loss of generality, assume that
we have

WE, K) = u? (B, K) < 0.
Evaluating L at X = (pi —land Y = (,; —1, we then have for all but possibly finitely

many 4, j that ord, (L (G —1, G —1)) = p(E, K) + s=rfymy + proy-
i and j, we have infinitely many choices for which ¢ > 3 is odd and j > 3 even. For any

Among those

such i and j, the entry in the first column and second row'! of NN;; then has valuation

1

n(E, K) + pi(p—1) * pPtp—1)

+€i+fj

by minimality of uf’(E, K) and the fact that ej — fj > % — (% + p%) and the same

estimate for f; — e;. But

e 2.2, 1 1, 1 1
€; i< -+ —5<1- — <1—— - — .
T op o p? p(p—1) p3(p—-1) pip—1) plp-1)

Thus, this would imply that the entry of N;; in question has negative p-adic valuation,
QEA. O

10 The exact values, which [65, Lemma 4.5] gives, do not matter in our proof.

1 je. the same position as L.
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Given a quadratic imaginary field K, we denote by LuK and La( the p-adic L-functions
corresponding to the elliptic curve E5) which is the quadratic twist of E by the character
corresponding to K.

Lemma 3.11. For at least one o € {#,b}, there is a quadratic imaginary field K so that
both one-variable p-adic L-functions L® and LS. are non-zero.

Proof. From [64, Proposition 6.14], we see that for a choice e € {fi,b}, the one-variable
p-adic L-function L*® is non-zero. To pick K so that L} is also not zero, we pick K so
that £(5) has analytic rank zero, and use [64, Table before Proposition 6.14]. This is
possible in view of [4, Theorem ii], where the set denoted S of split primes consists of
p, or [13] (for a direct proof using multiple Dirichlet series), see also [72,71] and [49,23].
Alternatively, use the fact that a positive proportion of elliptic curves has rank 0 [8]
even when restricting to congruence conditions, combined with a positive proportion
satisfying the Birch and Swinnerton-Dyer conjecture [9]. O

Choice 3.12. Following Lemma 5.11, we choose ® € {#,b} and K so that both L* and LY,
are non-zero.

The algebraic side.

Given an unramified extension £ of Q, we denote by O its ring of integers. We
denote by ko, the degree p™ unramified extension of Q,, k, the Z/p™Z-subextension
of k((pn+1), and by m,, the maximal ideal in its integer ring. We let k,, ,,, and m,, ,,, be
the objects above with k = kg ,,. Finally, we let A, ,,, be equal to Z,[Gal(ky .m/Qp)].

Lemma 3.13. Let n,m > 0. The A, ,,,-modules E\(mmm) are each generated by two ele-
ments ¢m € E(Wym) and cp_1,m € E(My_1.4,) C E(my, ) (where we let (m_q ) =
(Mo,m) ), and which satisfy for n >0 and m >0

W s /o Cnomtl = Cnym, GNA

trknym,/kn_lym Cnym = QpCn—1,m — Cn—2,m-

This lemma generalizes [74, Lemma 2.2] and the constructions in [27, Proposition
3.12], both of which treat the a, = 0 case. Its proof needs the following definitions.
Given v € Of , put fu(X):= (u+ X)? —uP. Also, we let

1
(z, zr_1) == (1,0) A% x Efor k>0,
where A = (2 ¢) as in [64, Definition 2.1]. We let ¢ be the Frobenius on ko, and let

2

S = BP0 = £ o g o0
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where k is an integer.
The logarithm giving rise to our formal group via Honda theory is the power series

logy, (X) =Y axfP(X).
k>0

Now define a sequence b; via
bl = 1,b2 = Qp, and bi+2 = apbi+1 — bi.

This allows us to define the following.

Jnﬂﬂ)p[%] for n > 0.

Definition 3.14. We put A, ,, := 231 biu?
As in [27, page 54], these elements give rise to points'? ¢! € E (mko,m(cpn)) forn >0
so that

logp(ct) = A+ logff_n (u“f" (Cpn — 1))

So
= )\n,u + Zk>0 TETn—k,u

for trace-compatible uniformizers m,_gu = Tp_gu In My, (¢,n), Where m,_p =
(Cpn—k - 1) .

We let U be the unramified variable, i.e. 14U is identified with a topological generator
of lim  Gal(kom/k).

—m )

Proof of Lemma 3.13. To make the first trace relation work, choose a Z,[[U]]-generator
d:={dm}m € lim_ Oy, asin [74, Proof of Lemma 2.2]. The calculations in the proof
of [74, Lemma 2.2] with the d,,, expressed as sums of roots of unity then work to produce
elements that are trace-compatible in the m-direction, except the coefficients of logz
are appropriately modified (to remove the a, = 0 assumption): If d,,, = > ; @m,;C; with
@m,j € Zp, note that for n > 0

, —(ntit1) i —n
logp | Y amges | =3 bz, P £ 3wy (G — 1))
J i k<n

is trace-compatible with respect to the map try, . (¢,n)/ko.m_1(Cpn)- WE CaL NOW argue as
in [27, Discussion before Proposition 3.12] and put tra := try, . (¢,n)/k to define

n—1,m

Cn—1,m = g QA j trAchj
J

12 For BD Kim’s notation, the analogue of A, is denoted A,, and that of ¢ is denoted b,,. The analogue
of ¢y,m is en.
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which are trace-compatible in the m-direction.

(Note that [74] calls both 3~ am, jcff and 3 am,j tra c5/ by the same symbol, namely
Cn,m, cf. [74, Discussion after Lemma 2.1]. We have opted to follow Kim’s convention
instead.)

In particular, this gives that

et =[P =11 am ey
j

where we made the convention that k_1 ., = ko m.
For the second trace relation, we refer to the calculations in [27, page 54]. To make
them work for the case a, # 0, note that (denoting try, . (¢,n)/kom (¢ by tr)

1)

trlogp(ch) = tr(Apu + Mo + ZZ;I TkTn—ku)
—_n
= p)\n,u —u? p+ Zz;l TEeTn—k,u
= ap(/\n—LU + ZZ;1 xk—lﬂ-n—k,u) - /\n—2,u - 2;022 Tr—2Tn—k,u

aplogp(cy_1) —logg(cp_o)-

Finally, the fact that ¢, ., and c,_1,, generate E(mnm) as a A, ,,-module follows
from combining [64, Theorem 2.2] with [27, Discussion after 3.12] and [28, Proof of
Proposition 2.6]. O

Definition 3.15. We define a pairing P, m) 2 : HY (kpm, T) = Ay by

Z Z (27, 2)p,mo for x € E‘(m,mn), where
o€Gal(kn.m/Qp)

(Y Dum: E‘(mn’m) X H'(kp,T) — H?(kpm, Zp(1)) = Z,, is the pairing coming from
the cup product.

Definition 3.16. Put ,,(X) := —C} (X)Co(X) - - Crr_1(X) ( o501 +X)) and define the

endomorphism h,, ,, by

An,m 3] An,m M) An,m 3] Aann C An,m 53] An,m
(a,b) = (a,0)Hy.

Remark 3.17. The minus sign ensures that our conventions agree with the original ones
of Kobayashi, see e.g. [64, Definition 3.8].

Proposition 3.18. There exists a unique A-linear map Col,, ., so that the following com-
mutes:
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IERP—— Bom Ao @ Aryooms
H (k. T) (A @ M) > Anam & An,

ker by m
Proof. [64, Proposition 5.3] proves this in the case in which ko, = Q,, relying on the
arguments from [64, Section 3]. These arguments work for our purposes since the pairing

P,m), 1s available in the ko ,, case as well. O

Lemma 3.19. The Coleman maps are compatible in the unramified direction, i.e. the
following diagram commutes:

Colnmt1  Ap a1 @ Apmst

Hl (kn,m+17 T)

ker hy, 41
cor O l proj
Colyp,m A A
H* (kp,m, T) e

Proof. This follows from the first trace-compatibility stated in Lemma 3.13. O

Proposition 3.20. The Coleman maps are compatible in the totally ramified direction, i.e.
the following diagram also commutes:

Colpt1,m A A
1 > n+1lm n+1lm
H (kn+1,m7T)

ker hn+1,7n
cor O l proj
H! (k T) colnm A”am ® An,m
n,m
’ ker gy m

Proof. This is [64, Corollary 5.6] in the case kg, = Q,. We note that the arguments for
this corollary apply in the kg ,, case as well. O

We denote by A the Iwasawa algebra Z,[[Gal(Qo/Q)]].

Lemma 3.21. We have lim_ lim % =~ ADA.
——m—n er R m

Anm®Anm o A @ A, This

Proof. The arguments in [64, Proposition 5.7] show that lim ==

is enough since Gal(ky m/ko,m) = Gal(Qp/Qp). O
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Definition 3.22. We define the pair of Coleman maps as

(Colf, Col’) := lim lim Col,, ,, : lim lim H* (ky pn, T) — A & A.

— — ) — —
n m n m

Definition 3.23. Let x € {f,b}. We denote by E* the exact annihilator of ker Col* under
the Tate pairing

lim lim H' (kym, T) x lim lim H* (kym, V/T) = Q,/Z,.

e J —
n m n m

—_—

We denote by Ky m(p) (vesp. knm(q)) the local field isomorphic to k., with initial
layer koo obtained by completing K at p (resp. q) and climbing up to the appropriate
layer of the cyclotomic extension and the unramified tower.

Definition 3.24. We now define the four Selmer groups Sel**(E/Ky.), Sel®(E/K..),
Sel’®(E/Ks), and Sel” (E/K ). For *,0 € {#,b}, put Sel**(E/K.) :=

ker | Sel(E/K ) —>@ ‘ém” (ka, ( ), V/T) @@h‘lgm’nHl(sz(q),V/T)

vlp vlq

To handle all of the places v|p in Ko as in the direct sum above, we make the
convention that the map Col stands for a direct sum of Coleman maps of the primes
above p or q, e.g. for the prime p, we make the following definition:

Definition 3.25. Let {7, },|, be representatives of the p-group Gal(K./K)/D,, where
D,, is the decomposition group at p. For x € {f,b}, we put Col}(x) := Zvlp Col*(zy) - Vo,
where x, is the v-local component of = via the isomorphism

Hl(vaT ®Ag) = @Hl(KpaT ® Zp[[Dp]])vo-
vlp

Definition 3.26. Given x,0 € {f,b}, put X*° := Hom(Sel**(E/Kx ), Q,/Z,).
The main conjecture.

Conjecture 3.27. For x,0 € {#,b} so that L*°(X,Y) # 0, X*° is Ak -torsion and we have
the equality of Ak -ideals

Char(X*°) = (L*°(X,Y)).
3.83. A Greenberg-type main conjecture

The analytic side. From [15], it follows that there is a p-adic L-function in Frac Ag
interpolating p-adic avatars of Hecke characters associated to K, cf. [11, (1.0.3)]. We
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denote it by LZO to reflect the corresponding conditions on the algebraic side at p and
q. (In [74, discussion before Theorem 2.15], this is denoted by L’ ;)

The algebraic side. The algebraic object is the following “coarse at p but fine at ¢q”
Selmer group. Here, I, is the inertia group at the place v. We let W := T@ A% (¥), where
A% is the Pontryagin dual of Ak, ¥ the character Gal(K/K) — Gal(K/K) — A%,
and A% (0) is A} twisted by P.

Definition 3.28.

Sel;*(K, W) :=ker | H'(K,W) — [[ H(I,,W) x H' (K;, W)

vip
We then put X7 := Hom(Sel’)’, Q,/Z,).

The reason we work with W, a deformation of V/T (which is often denoted by W)
is for that it allows for more convenient local conditions because of the absence of an
inverse limit, cf. e.g. [18, Proposition 3.2].

The Greenberg-type main conjecture. The Greenberg-type main conjecture is full
equality in the following theorem.

Theorem 3.29. [11, Theorem 8.2.1][7/, Theorem 2.15] Let E have square-free conductor
N that has at least one prime divisor [|N not split in K, and suppose that E[p]|g, s
absolutely irreducible. Then as Ax @ Qp-ideals of Frac Ax, we have

(a) Char(X™) C (L"),

for some a € Ak satisfying (a) = [[B:, where the prime ideals B; of Ak are all pullbacks
of height one primes of Z,[[Gal(Ks/Kant)]]-

3.4. The t/b-Beilinson-Flach main conjectures

The analytic side.

Convention 3.30. Given a column vector of functions g) and a row vector of elements
1
1

z1) f1($2))'

(z1,12), we denote by (ﬁ) o (z1,r2) the matriz (ﬁgx ) f2(22)

We now construct integral cohomology classes Ay, A, assuming the existence of certain
Beilinson-Flach classes A, Ag which should compare favorably to those due to Lei,
Loeffler, and Zerbes, constructed from the p-stabilizations f, and fg of the normalized
weight two eigenform f (see [38, 6.4.4] and [40, Thm A]).

We now let T := T ® Ag(—%). The images of the Néron differential in the a- and
B-eigenspaces in Des(V') of the action of Frobenius ¢ give us a basis with respect to
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which we can consider projections m, and mg. Here, Ds(V) is the filtered p-module
associated to V' by the theory of Fontaine, see e.g. [3, Section 2.1] and [16, 2.3]. Now
let Lo := 74 o L, where L is as in [41, Theorem 4.7], but where we abuse notation as
in Definition 3.25, i.e. we let the symbol £ (and consequently L) stand for its direct
sum along v-components. Also, we put (Ay)q = locq(As), and define L5 and (Ag)q
similarly.

Below, we let I', , be the Galois group of the cyclotomic Z /p" Z-extension of K, Up, p
be the Galois group of the unramified Z/p™Z-extension of K,, and we denote by v a
topological generator of lim I', ,, and by u a topological generator of T :=lim_ Up, p.

Convention 3.31. For ¢ a finite order character so that ¢(7) and o(u) are primitive p™th
and p™th roots of unity, we put

p)= 3 log()7¢(0),

ocln,pXUm,p

where log is the formal group logarithm. If ¢ is defined on components of a vector (z,y),
we denote (¢(x), §(y)) simply by ¢(z,y).
Definition 3.32. Letting A’ := Z,[[Gal(Koo/Kcye)]], we define:

R :={x € FracA’ : ordg(x) < 0 for any height one prime P # (p) of Ax so that P
is not the pullback to Ax of the augmentation ideal of A’}.

1
Conjecture 3.33. There are elements Ay, Ag € H' (K, T) ® Df(’o so that:

(*exp,) the images under

(£2) o (@ (B = (39).

(*log,) For a finite-order character p of Gal(K/K) of conductor p"™ at p, we have

((Aa)p, (Ag)g) = (™™, B7™) x @(LIH) x 7(¢

Fn,p)’

where T(p|r,, ) is the Gaufisum and H € R.
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Remark 3.34.

11

(i) In (*exp,), the image is in Dz’* by [41, Proposition 4.9].

(ii) The reason for the name (*logp) is that we expect there to be a logarithm map log,
so that we have the (stronger) reciprocity law

(Ing (Aa)ps Ing(Aﬁ)P) = (LZO’ LZO)'

(iii) In the (*log,) part of the conjecture, we allowed an error coefficient H € A’. We
expect this A’ to be the coefficient ring of a suitable Hida family.'?

Remark 3.35. A related reciprocity law of Loeffler and Zerbes [40, Theorem B, 7.1.5]
states that there are appropriate classes ALZ and Aéz which can be related in (Coleman)
families to Urban’s 3-variable p-adic L-function constructed in [68].

We let S be a finite set of places containing p, oo, and the bad primes of E, and L°
be the maximal extension of a number field L that is unramified outside S.

Proposition 3.36. Assume Conjecture 3.55. Then there exist integral (up to the factor v)
cohomology classes

Ay, A, € %Hl (K5, T)

so that

h-(Aa, Ag) = (Ay, &) Log(X)
for some element h € Ak.

Before proving this proposition, we make an observation and fix some notation.

Lemma 3.37. The entries of Log(X) are O(log,(1 + X)2).
Proof. [66, Proposition 4.20 (Growth Lemma)]. O
Lemma 3.38. The Ay -module H' (K4, T) is free of rank two.

Proof. This follows from [74, Lemma 2.7], which proves that lim lim H Ykpm,T) is a
free Z,[[I'p]]-module, combined with the isomorphism from Definition 3.25."* 0O

13 in view of [73], which scrutinizes [21] and [26].

14 We briefly sketch the proof of [74, Lemma 2.7]. Since T/pT is irreducible, H'(kn, m,T) surjects onto
Hl(kn_17m_1, T), so that the assertion follows from Hl(kn7m, T) being a free A,, ,,-module. To prove this
assertion, one employes an Euler characteristic formula to prove that H'(Q,, T/pT) is a rank two F,-vector
space, and then deforms by replacing T'/pT by T'/p"T and Q,, by ky, m to obtain the result.
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Definition 3.39. We now choose a Ag-basis (vi,v2) of H' (K4, T).

Definition 3.40. Choose £ € {«, 8}. We fix integral (v, v2)-coordinates of the g-localized
Beilinson-Flach element (A¢)q = locq(A¢) denoted d¢; (for i € {1,2}) satisfying

((Ba)g: (Ag)q) = (vr,va) (57 321 ) where
551' € Df(’o.

Proof of Proposition 3.36. We follow the strategy of [74, Lemma 3.8]. From Theorem 3.8
and Proposition 3.10, we know that

L ot Lo L c

T aa Lga o

Log(Y) <Lﬁb o | Log(X) = (7o) = () o (AasA),
_ [ La da1 0p1\ _ [ La(vi) La(v2) da1 0p1
- (ﬂzs) o (v1,v2) (5u2 552) - (Lg('ul) gﬁ(m)) (zsaz 5ﬂ2> :

By [41, Proposition 4.9],

Lo (v1) Lao(ve) 0,4
(zmvl) cmz)) € My (DK2> )

so that we can choose h € Ak so that the entries of h x (g"‘; ggi ) Log(X) are multiples

of log, (X)) and elements of Q, ® (Ak), where Log(X)*® denotes the adjugate of Log(X).
Thus, the coordinates of the Beilinson-Flach elements are divisible by Log(X) after
correcting by h, i.e.

da1 dp1 041 Op1
h (5(12 5732) = (522 5z2) [,og(X)
for some d,; € Ax ® Q for x € {f,b} and i € {1,2}. O

Corollary 3.41. Assume Conjecture 3.33. Then the elements (Ay,A,) = h(Aq,
Ag)Log(X)~! are well-defined as elements of L H? (KS,T).

Proof. This follows from Proposition 3.36. O
The algebraic side. The objects here are the “f/b at p but fine at q” Selmer groups:

Definition 3.42. For ¢ € {#,b}, put

HY(K,, W
Sel® = ker | 1 (K, W) = [[ 1 (. w) < eEe V)

vip

X H;<KCI7W)
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We then put
x°0 .= Hom(Sel®, Q, /Z,,).

The main conjecture. To set up the main conjecture, we need one more definition on
the analytic side (i.e. the side in which the Beilinson-Flach elements live): These are the
“dual /b at p but coarse at q” Selmer groups.

Definition 3.43. Let K be so that we can choose e € {#,b} as in Choice 3.12. Put

Hl(KP?T)

o . L(KS !
X =ker | H' (K°,T) = [[H' (1., T) x ker(Coll)

vip

Proposition 3.44. Assume Corollary 3./1. Then with the above choice, X*V is a free rank
one A -module.

Proof. For the freeness, we argue as in [22, Lemma 2.2.9]: From [52, beginning of Section
1.3.3], it suffices to see that E(K)[p] = 0. This is proved in [64, Lemma 2.3].

For the rank being one, we first show that the Ag-rank of X*¥ is at most one. We
know from the construction of Coleman maps that

HI(KCHT)

Ky el
HoA ker(Colg)

But again from the construction of the Coleman maps, we see that the specialization of

N := ker <X‘V - _Hl(vaT)>

ker(Colg)

to the Q-cyclotomic line has rank zero, by equation (3) in [64, Proof of Theorem 7.14].
Now if A as a Ax-module were not torsion, then the specialization to the cyclotomic
line of N would also be non-torsion, which contradicts the previous sentence. Thus N
itself must be of rank zero, whence X'*¥ has rank at most one.

To see that the rank is at least one, consider the composed map

R HY(K,,T) Col}
X.V 9 g A
- ker(Colg) Ak

and note that we have chosen e so that Colg(vA,) #0. O

We will see in the next section that vA, € X*Y (see the proof of Proposition 4.15
and the discussion before that) and that X* is a finitely generated torsion Ax-module
if one chooses e € {#,b} as in Choice 3.12. Assuming this for now, we can formulate the
main conjecture of this subsection:



26 F. Ito Sprung / Advances in Mathematics 449 (2024) 109741

Conjecture 3.45. (The #/b Beilinson-Flach element main conjecture) Assume Corol-
lary 3.41. Choose ® € {t,b} so that X*° and X*¥ /vAAx are finitely generated torsion
as N -modules. We then have

Char(X*" /vA4Ak) = (v) Char(X*).
4. Connecting the main conjectures together
4.1. The §/b-Beilinson-Flach conjectures and the Greenberg-type conjecture

The aim of this subsection is to prove equivalence of slightly modified main conjec-
tures, where instead of ideals in the ring Ay, we instead work with fractional A k-ideals
for which we have controllable denominators. We do this by constructing maps .#* and
& which generalize Wan’s map LOG™. Put

ng q)ingz—l
Ho(X) =: ( ; ) .

b
wn ‘I)pnwn71

We can describe ker(hy, ., ), defined in Definition 3.16, explicitly by ker(hy, m) = (Apm &
Apm)Hi, where

b §
w —Ww

}[T# X o » o o :
pWy_1 —PpnWy

(See [64, Lemma 5.8] for the A,-module case. The same arguments apply to the A, -
module case as well.)

Remark 4.1. Similarly, the kernel of multiplying by H;- is (Aym @ Apn) Ho-
Lemma 4.2. We have (¢, m, cn—1.m)Hy = (0,0).

Proof. This follows from A, ,,-bilinearity of the pair of pairings (Pn,m,cn,mv
Pnamvcnfl,m)' D

Proposition 4.3. We can choose (b%, ., ) € H (kp.m, T)®? so that

n,m’ “nm

(Z) (bBL,m?bEL,m),HTL = (Cnm% Cn—l,m)7 and

) b b
(i) gy i a OB =000 and try, g OR =0

Proof. The existence of such (b%m,bi’m) satisfying (i) follows from Lemma 4.2 and

Remark 4.1. For (i7), the trace compatibility with respect to m follows from that of
(Cn,m» Cn—1,m)- For that with respect to n, note that
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trn/n—l ((bn mo bEL m)% ) (trn/n 1 bn mo tr"/n—l bz,m) H"*I ( ipl g) ’

Whlle trn/n,1 (Cn,mycn—l,m) - (C’V‘L—l,m7cn—27m) (ipl g) : g

Definition 4.4. We denote by Hnl(k:n,m, T) the rank one A,, ,,-submodule of H(ky, 1, T)
generated by bf

n,m?

and define H}(ky,m,T') analogously.

Note that the definition of Hﬁl(knmmT) and H}(knm,T) depends on the choice of
b?l,m and bi;z,m' The next proposition shows that this dependence goes away in the limit.

Proposition 4.5. We have H} lim Hul/b(kn,m, T) = ker Col*/’.

/b = My

Proof. For (bf .02 ) € H'(kym,T)?, we have Col,, (b5 ., 02 ) = 0 in Anm®hnm

n,m’“n,m n,m’“n,m ker H,

by construction. Thus, we have Hﬁl C ker Col* and Hb1 C ker Col’. To prove equality, we
show that kcrH—ClOlu = 0. By Nakayama’s lemma, it suffices to do this for the Coleman map
i

at level 0: By [64, discussion before Definition 7.2], we have
COlo’m = (COlg m? COI%,m) = (_aPPO,m,Co,m + Po,m,co,m’ _Pco,m) = (Po,m,bg7 PO,m,bB) ’

But bg/ > annihilate themselves under the cup product, so ker Colg’m is generated by bg’m.
The b case is proved similarly. O

Denote by tqne the anticyclotomic variable. If we pick K and e € {#,b} as in our
Choice 3.12, denote by X% the e-Selmer group dual of the elliptic curve EK),

Proposition 4.6. For the above choice, we have X*® @ Ai [ (tanti) = X & Xy

Proof. Construct the dual Xf_,_,x of the e-Selmer group in the cyclotomic variable with
base field K by restricting the construction of Col* and Col’ to m = 0, employing the
compatibility in the ramified direction (Proposition 3.20): We put

Col’,.,) := lim Col,, o

pimininin
n

(Col?

ram’

4 . and E? . (In other words, we repeat

ram-*

and denote the resulting local condition by E
Definitions 3.22 and 3.23, setting m = 0.)
This results in a Ak /(tant;)-module, and in fact we claim that we have

X% 0 A/ (tans) = X i (4)

Assuming (4), the result follows by Shapiro’s lemma.

To prove the claim (4), we prove the dual statement (Sel®®)tanti=0 = Sel., . K> Where
Sel;(cyc /K 18 the Selmer group introduced at the beginning of the proof. This follows from
applying the snake lemma to the following commutative diagram of exact sequences:
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0 —— Sel;@yc/x — Sel(E/Kcye) — D,, () ®D, |, () —— 0
0 —— (Sel**)fanti=0 ——— (Sel(E/Koo))fanti™0 ——— (Hio2)tanti=,
where

li,  H' (knm(p),V/T)
- e

ram

and #°(q) is defined similarly, and J£3° is the local condition appearing in Defini-
tion 3.24 with x = o = . The middle map is an isomorphism by the inflation-restriction
sequence applied to H* (K ye, V/T) — H' (Ko, V/T) and noting that the p-power tor-
sion is trivial: E(Koo)pe = 0, which can be proved as in [64, Lemma 2.3].

If we could prove that the lower right (horizontal) map injects into .#se, then a poste-
riori, the right map would be an injection. By Definition 3.23 and its restriction to m = 0,
this would follow if Hom(ker(Coly, ), Q,/Z,) injects into Hom(ker(Col®), Q,/Z,), i.e
if ker Col® surjects onto ker Col}, .

Proposition 4.5 says that ker Col® is the inverse limit of the rank one A,, ,,,-submodules
of H'(kpm,T) generated by by, m: ker Col® = limnmAn mbe ., We can restrict the
arguments of Proposition 4.5 to m = 0 to obtain that ker Colram = lim Apb;, o, where
we have identified A,, with A, o. Proposition 4.3 (ii) and the Mlttag—Lefﬂer condition

provide the desired surjectivity. O

Corollary 4.7. For a choice of K and e € {t,b} as in Choice 5.12, the dual Selmer group
X*® is torsion as a Ax-module.

Proof. This follows from Proposition 4.6, since the maximal A g-torsion-free quotient of
X*® maps to the Ax /(tanti)-free part of X*®* @ Ak /(tanti), where tqny; is the anticyclo-
tomic variable. 0O

Proposition 4.8. Given K and e € {#,b} as in Choice 3.12, X*° is a finitely generated
torsion A -module.

Proof. The inclusion Sel* < Sel®® gives rise to a surjection
X — x*% —o.

To prove that A'*0 is finitely generated torsion, it suffices to prove that X'*® is, but this
is exactly Corollary 4.7. O

Definition 4.9. The maps .Z#/* map elements of H ¢/ tO their coordinates, i.e. we put:

—_

L% H} =1 H (k. T) = A, (22 0 ) nm = (FE2 )

it
n,m
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and define #” similarly.

Definition 4.10. As in Definition 3.25, we let fpﬁ and fpb stand for their extensions to
their sums over representatives {7, },|, of Gal(Ko/K)/D,.

Proposition 4.11. Recall we have chosen o € {#,b} so that Ae # 0. For such a choice,
Ly (VA)p) = L)° x h x H x v,
where h is the constant chosen in the proof of Proposition 3.36 and H € R.

Lemma 4.12. We have

F(cnm) = T(@lr, Je(w) x Y p(v)dy, and
VEUm q

@(cn—l,m> =0.
(Remember that the d,,, were defined in the proof of Lemma 3.13 after Definition 3.14.)

Proof. This is a calculation similar to [32, Prop 8.26]. Cf. also [74, Prop. 2.10]. O

Denote by xﬁ/?n the image of vA; ), in Hul/b(kn,m,T). By Assumption 3.33 (*exp,,),

the Beilinson-Flach elements A,, Ag are geometric, so that

n,m Tn,m

., P o
h x (xn’m,:cn,m> Mo = (Cnms Cn—1m) | 5" 3 )

where the elements gf/ En and rg/ l:n of the matrix on the very right are in A,, ,,.

The above lemma tells us the following:
Corollary 4.13. We have rﬁhm =0.
Proof. By a direct calculation, we have that
t ¢ TR
gn,fﬁ,m, Tn—G,m . In,m Tn,'m
(g':zﬁ,nz 7“:176,”1 > o trkn”’n/kniam (g:,,'m TEL,7YL ) ’

6o /Knm rfl+6k,7n. But by Lemma 4.12, ®,ntex divides

Ti 6km contributing a factor of p to rﬁl’m after taking traces. Now ¢y, ,,, are six-periodic

By induction, rfhm = tr,

with respect to trace. We refer to [64, Table after Definition 2.4] for a catalogue of these
traces that relies on the Hasse-Weil bound |a,| < 2,/p [60, Chapter 5]. Thus a factor of
p* divides r# for any positive integer k, whence r,ﬁl)m =0.

n,m?
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Proof of Proposition 4.11. The above Corollary 4.13 tells us that rﬁym = 0, for all n.

Applying the trace tr = try, /& we obtain that

n—1,m"?

trgh . 0
h x (Qfgzﬂnvxz,m)%n—l (ipl g) = (C",macn—Lm) (i}i g) ( T gn, : ) .

tr gi,m trr,

But by definition,

ﬁ b — gf},fl,?n 0
h x (xn,m7xn7m>%’ﬂ—1 - (cn,m’cn—lﬂ’ﬂ) b b , SO

In—1,m "Tn—1,m

ggz—l,"m, 0 - (ap p) trgh ., O (ap p)*l
b b - \ - b b _
gnflﬂn Tn—l,m, 1o trgn,m trrn,m 10
o ap () =9k )P G
0 trggb,rn
e thus conclude tha _ = 0 for all n, so in particular the coefficient matrix mus
We th lude that g7,_; ,,, =0 for all n, ticular the coefficient mat t
: b _
be diagonal. Therefore, ap tr(r), ., — g% ,,) = 0.

In general, we thus have

0 T

n,m

b ap (7, =gk ) =0
h x (xyﬁz,maxi,,m)%n = (Cn,macnfl,m) <g o G “ In, ) .

Denote by fﬁ,m and ffl,m the coordinates of zf  and x?hm (so that e.g. xgl}m =

n,m
Fh b m):
By Lemma 4.14 below, we have T%,m = gﬂwn and give this element the name f, n,.
The reason for this name is simply that f,, ,, = fﬁ)m = f,bl)m. We thus have

Sz)(cn,mvcn—Lm)@(fn,m)B =¢ (h X (xgz,mvxz,m)Hn) B

for any B € GL2(Qp()) and will now compare the first components of these two vectors

more explicitly: Since
Loga, (p(1) = Hale) (4 %) (7,0 ).

we can let B = (_0‘1 _ﬁl) (a;n 69") and invoke'? Assumption 3.33 (xlog,) to compare

the vectors. Thus, we conclude that the limit of the f, ,,’s agrees with I/LZO at finite
characters  up to the factors h and H, as desired. 0O

Lemma 4.14. With the notation as in the previous proof, we have gfl)m = rfl,m.

15 cf. also [74, Proposition 3.14].
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Proof. If a, = 0, H,, is diagonal for even n and antidiagonal for odd n. For even n, we can

thus directly equate the diagonal coeflicients and conclude that fﬁ’m = grﬁhm and f,bl’m =
b

n,m:*

r The case of odd n is more interesting: Recall that an anti-diagonal matrix anti-

commutes with a diagonal matrix. We thus have that fz,m = g%m and fﬁm = rf%m. By
trace-compatibility of the f#°»m’s we conclude that all four elements under discussion
are equal to each other. When a, # 0, then we know that trn/n_l(rﬁhm - gﬁwm) =0 for

all n which proves the assertion. 0O

The following proposition relates the Greenberg-type main conjecture (full equality
in Theorem 3.29) — modified by the factor hH appearing in Proposition 4.11 — to the
#/b-Beilinson-Flach main Conjecture 3.45.

Proposition 4.15. The equality of Ak -ideals
1
Char(X") = (hHL]®) < — Ak
v

is equivalent to the §/b-Beilinson-Flach main conjecture Conjecture 3.45. The same can
be said about any of the two halves (i.e. inclusion in one fized direction between the
algebraic and analytic sides) of the statements.

Proof. The localization at p of (A, A,) (defined in Corollary 3.41) lands in
H} (K, T) ® H} (K, T) := ker Coll, & ker Coly,,

since the image of (Aq,Ag) = (Ay, Ap)Log at any ¢ € Ty, , x Uy, is in the kernel of
the pairing (Pmm,cn,m, Pmm’cnfl,m) (cf. Proposition 3.18). From the Poitou-Tate exact
sequence, we have the exact sequence

A% — HYK,, T) — &7 — &0 — 0.

The first map X*Y — HI(K,,T) is injective — this follows from the nontriviality

of Z; (cf. Proposition 4.11), using similar arguments as [32, Proof of Theorem 7.3.i)]:
By our choice of e € {f,b}, we have Col®*(vA,) # 0, so that H! # 0 as well. From
Proposition 3.44, X*Y is free of rank one, so the composed morphism

XY — Hy(K,, T) — Ak

is injective if and only if it is a non-zero map.
We then have an exact sequence

0— X% /vAy — A /L3 (vAS) — X0 — X0 — 0.

The theorem follows from multiplicativity of characteristic ideals in exact se-
quences. O
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Corollary 4.16. Let a € Ag. The inclusion of fractional Ak -ideals

1
vhH

(a) Char(x"9) C (LZO) q Ax

is equivalent to the statement
1 .
(v)(a) Char(Xx*%) C i Char(X*Y /uAJA k) < Ax @ Frac A/

about fractional Ay -ideals (with @ € {t,b} so that X*V /uAJAk is a finitely generated
torsion A -module).

Proof. We run the arguments of the above Proposition 4.15, but replace A, by ahLHA..
For this, we regard Sel®” as a rank one Ag-submodule of Frac Ax. Then we multiply
back (a). O

4.2. The §/b-Beilinson-Flach conjectures and the §/b-8/b conjectures

Proposition 4.17. Assume Conjecture 5.33 (xexp,). Let h € Q, ® Z,[[X, U]] be the ele-
ment from Proposition 3.36. Then

[ Colt(vAy) Colt (vA,) | Ly Lyy
Col(vA) := (cmi(mu) Col (va,) | hev (Lﬁb Lw) '

Proof. It suffices to show that

o L L
)T Col(vA X) = Y)Th - X)=h- aa Hha )
Log(Y)" Col(vA)Log(X) = Log(Y) ”(Lﬁ" Lbb>ﬁog( ) V(Lag Lﬁﬁ)

Since the entries of Log(_) are O(log%(i)), we need to prove that the above holds at
all cyclotomic points in the variables X and Y, i.e. at X = (pn —l and Y = (. — 1.

We can relate Log((,. — nT Col(vA)ly_¢ ,_, to the pairing pitero (Ag ) for eval-
uation at ¥ = (. — 1, by the proof of [64, Proposition 6.5]. Using the relation

h(AOM Aﬁ) = (Aﬁa Ab)ﬁOg(X),
the claim then follows from Proposition 3.18, the identity
Ppm.z(2) = ( Z logq(x”)a> ( Z exp;(z”)a_1> ,
o€l xUp, o€l xUp,

the commutative diagram in ([40, Theorem 7.1.4]) that compares exp, and £, and Con-
jecture 3.33 (xexpy). O
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Proposition 4.18. Choose o,¢ € {fi,b} so that X*° is finitely generated Ax-torsion and
Le, # 0. Then the eo-main conjecture modified by the factor h from Proposition /.17,
i.e. the statement

Char(X*°) = (hLeo) <Ax @ Q)
s equivalent to the e-Beilinson—Flach main conjecture, Conjecture 3.45.

Corollary 4.7 guarantees that such a choice exists. The idea of the proof of this theorem
is the same as the one for Proposition 4.15.

Proof. From the Poitou—Tate sequence, we have

Hl(K‘bT)

% WL
Hg(KC{vT)

— X — X0 —0,

where H! (K, T) := ker Col,,. Since Lo # 0, neither Col® nor A, are zero. Thus X*7 is
free of rank 1 (cf. Proposition 3.44), so the first map in the above exact sequence being
injective as a Ax-module is equivalent to its non-triviality.

Taking quotients by the f/b Beilinson—Flach elements resp. their images, we have the
exact sequence

0 — X% /uAy — A/ Col®(vA,) — X*° — X0 — 0.

The equivalence of main conjectures follows from multiplicativity of characteristic ide-
als. O

Corollary 4.19. Choose o, € {f,b} so that X*° and X*¥/uAAk are finitely generated
A -torsion and Les # 0. Then for a € Ak, the inclusion of Ak -fractional ideals

(a) Char(X*°) C (%L) aAx ® Frac A’
s equivalent to the inclusion
(v)(a) Char(Xx*%) C % Char(XW/yA.AK) AAg ® FracA'.
(By construction, Choice 3.12 furnishes us with such a choice.)
Proof. We can use similar arguments as in Corollary 4.16 but applied to the above
Proposition 4.18. The direct analogue would be to multiply A4 by aih, which would give

us that

(a) Char(X*°) C (Leo) <Ax
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is equivalent to the statement

(v)(a) Char(X*°) C % Char(X*7 /vAJAg) <Ax @ Q,.
Instead, we multiply A, by # X % and obtain the desired equivalence of statements. O
4.8. Almost completing the argument

We now bring all the arguments together to deduce an inclusion of two-variable power
series, before deriving an inclusion of one-variable power series.

Proposition 4.20. Choose K and e € {f,b} as in Choice 3.12. Let E have square-free
conductor N that has at least one prime divisor l|N not split in K, and suppose that
Elplla, is absolutely irreducible. Then we have

(a) Char(X**) C (;IL> .

Here, H € Frac A’ and a € A are chosen as in Propositions /.17, 4.11, and Theo-
rem 5.29.

Proof. Corolllary 4.7 guarantees that X'*® is torsion. The proposition then follows from
combining Theorem 3.29 with Corollaries 4.16 and 4.19. O

The idea of the proof is to now project down to the one-variable Iwasawa algebra by
collapsing along the anticyclotomic line. To do this, we need to deal with the denomina-
tors that could occur when collapsing the right-hand side of the inclusion in the above
proposition.

We let Kyt be the anticyclotomic Z,-extension of K.

Proposition 4.21. (Q-coprimality of L*®) Let K and o € {f,b} be as in Choice 3.12 so
that L*® # 0. Furthermore, assume that N is a product of distinct unramified primes in
K, an odd number of which are inert. Also assume that for any such inert prime q|N,
the representation E[p]\g@q is ramified. Then for any height one prime Q of Ak which
is the pullback of a height one prime of Z,[|Gal(Koo/Kanti)]], we have

ordQ L** =0.

Lemma 4.22. Let Q be as in the above Proposition 4.21. If a power series P € Ak
satisfies ordq P > 0, then its specialization to the anticyclotomic line Py satisfies

ord,(Ps,,...) > 0.

anti

Proof. We can evaluate £ by setting the cyclotomic variable to be equal to 0, and obtain
a (nonzero) positive power of p by the Weierstrass preparation theorem. O
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Proof of Proposition 4.21. By the above Lemma 4.22, this follows from the vanishing of
the p-invariants for the specialization of L*® to the anticyclotomic line.'® (The assump-
tions on the divisors of N are used to establish that L*® does not identically vanish there,
cf. [69].) The assumptions of [55] are not necessary in our case, cf. [74, the discussion
in Proposition 4.8] and [29, Theorem 1.13]. In the case a, = 0, the vanishing of this
p-invariant follows from [55, Theorem 2.5]. Here, the anticyclotomic p-adic L-functions
L:t

anti Were constructed by combining sequences {L, },>1 (satisfying certain three-term

relations) with Kobayashi’s construction of the +-Coleman maps [32, Section 8]. The
sequences {L,} have no a, = 0 assumption, so that we can combine their construction
(word for word in the same way) with that of the e-Coleman maps in [64, Section 5]
to arrive at an anticyclotomic p-adic L-function L, ,.. The arguments in [55, Proof of
Theorem 2.5] then show that p(L,) = 0 for n > 0. But [53, discussion at the end of

page 165] shows that the pe-invariant of Perrin-Riou is then 0. By [66, Corollary 8.9],

anti 15 zero. O

we conclude that the p-invariant of L
Recall from Choice 3.12 that L% is the  p-adic L-function for the elliptic curve E(<).
Lemma 4.23. We have L*®|;, ,,—0 = L*L%.

Proof. For ease of notation in the proof, we write restrictions of two-variable p-adic
L-functions to the cyclotomic line as evaluated at the cyclotomic variable Z, so e.g.
L**(Z) instead of L*® —o. From [2, Theorem C and the discussion at the end of the

|tanti7

introduction], we have
Loa(Z) = La(Z)L{Y(Z) and L (Z) = Ly(2) Ly (2),

where LSFK) is the L-function of the quadratic twist of E by K. Following [64, Definition
6.8], we let

logh (14+2) logh (1+2) \
(10gi(1+Z) logh(1+2) | Log(Z).

We know that

and
(£49, L9) = (L, L) og.
so that

16 For the case ap = 0, see [74, Prop. 4.8].
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Lo LY = (log?, Lf + log?, L”)(log?, Lk + log?, L)
= (log? 2L LY +log? log? (LFL% + L’L%.) + (log’,)2L" L.

Loa Lga LI i
But restricting (L Lﬁ > = Log(Y)T (Lﬁb b Log(X) to the cyclotomic
aB BB

line yields

Laa(Z) = (1og5,(1 + 2))L¥#(2) + logh (1 + Z) logl, (1 + 2) (L¥(2) + 1'*(2) )

+ (log’, (1 + 2))2L"(2).

If we knew that (log? (14 2))2,log? (14 Z) log’,(1+ Z), and (log’,(1+ 2))? are Z,[[Z]]-
linearly independent, the claim would follow.

Note first that log?,(1+ Z) and log’, (14 Z) have at most finitely many common zeros:
A common zero ( satisfies det Log(¢) = 0, so ¢ would be a p-power cyclotomic zero by
[66, Remark 4.4]. But Lo(Z) = logf (1 + Z)L4(Z) + log’,(1 + Z)L"(Z) has only finitely
many p-power cyclotomic zeros by [58, page 1].

Since (log? (1 + Z)) and (log’,(1 + Z)) have infinitely many zeros, we conclude that
any Z,[[Z]]-multiple of (log? (1 + 2))? is Z,|[Z]]-linearly independent from log, (1 +
Z) logl;(l +Z) and (logZ(l +Z))?%, and can make the analogous claim for (logI;(l +27))%
To see that any Z,[[Z]]-multiple of log? (14 Z) log’,(14 Z) is independent from the other
two, note that no Z,[[Z]]-linear combination of (log (1 + Z))2 and (log’,(1 + Z))2 can
vanish at all the infinitely many zeros of log, (1 + Z)log’,(1+ Z). O

Remark 4.24. A. Lei announced a different proof of Lemma 4.23 in [36].
Proposition 4.25. Under the assumptions of Propositions 4.20 and 4.21, we have
Char(X*®) Char(X%) C (L*L%).

Proof. The left hand side is the A-characteristic ideal of X*®/(t4nt;) by Proposition 4.6.
Correspondingly for the right hand-side, we have L*®|;, ,,.—0 = L*L} by the above
Lemma 4.23. We prove the inequality prime by prime.
For primes £ in Ag coprime to a or H, Proposition 4.20 tells us that

orde Char(X*®) > ordg(L®*®).
For prime factors £ # (p) of a, we have
orde Char(X*®) > 0 = orde(L*®)

by integrality of Char(X'**) and Proposition 4.21. For prime factors £ # (p) of H, we
have similarly
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ordg Char(X*®) > orde(L*®) 4 orde (;) > orde(L®®).

By the choice of e, only the above £ contribute to prime factors different from p upon
restricting to tgn4; = 0, so all that is left to prove is the p-part of the proposition.

First note that since Char(X'*®) is an integral Ag-ideal, ord, Char(X'*®) > 0. We also
know from Proposition 4.20 that ord, Char(X*®) > ord, (-5 ) +ord,(L**). Putting these
and Proposition 4.21 together yields

1
ord, Char(X**) > max <O, ord, E) . (a)

Until the end of the proof, we let all sums be over the height one prime ideals ‘B in
A for which vy := ord,(PBle,,,,—0) > ord,(P). From Proposition 4.20, we know

Z vgp - ordgs Char(X'*®) > Z v - ordg L*°. (b)
B B
From Proposition 4.21,
ord,(L*LY) = ord, L** + Z v - ordgy L*® = Z v - ordg L*°. (c)
B RY
Putting the above (a), (b), and (c) together, we obtain
ord, Char(X*®) Char(X) = ord, Char(X**) + Z vgp - ordgs Char(X'**)
B

1 (L)
> max(0, ord,, ﬁ) + Z v - ordg L
B
> ord,(L°L%). O
5. Conclusion

We have now assembled all the ingredients to prove our main theorem.

Theorem 5.1. Let E/Q be an elliptic curve and p > 2 a prime of supersingular reduction.
Assume that E has square-free conductor and also that Conjecture 3.33 holds. Choose
o c {f,b} so that L*®* # 0. Then L® is a characteristic power series of the ITwasawa module

Hom(Sel*(E/Qwx), Qp/Z,).

Proof. From [64, Theorem 7.16], we know that Char(X*®) 2 (L*) if Gal(Q/Q) surjects
onto Aut E[p]. But this surjectivity assumption can be replaced by the pair of assumption
that E[p] be irreducible and ramified at a prime ¢||N different from p, as explained in
[62, discussion after Theorem 2.5.2].
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This pair of assumptions is indeed satisfied: The irreducibility was originally proved
by Fontaine. (For a statement of the theorem, see [14, Theorem 2.6], and for the proof,
see [14, Section 6.8].) Since N is square-free, Ribet’s level-lowering theorem [57, Theorem
8.2] implies that E[p] ramifies at some prime ¢|N.

We now choose our K so that similarly E(%)[p] ramifies at ¢, so that Char(Xg) D
(L% ). We can further choose our auxiliary K so that it satisfies Choice 3.12 and the
assumptions for Proposition 4.21.'7 All this only inflicts congruence conditions on the
choice of K, so that we can choose K so that Proposition 4.25 holds. With such a choice,
we can combine the pair of inclusions Char(X®) D (L®) and Char(Xp) D (LY) with
the conclusion of Proposition 4.25 that Char(X'®)Char(Xy) = (L*)(LY%) to conclude
Char(X°®) = (L*). O

5.1. Proof of the Birch and Swinnerton-Dyer formula at p in the rank 1 case

We now prove the corollaries concerning the leading term formula in the Birch and
Swinnerton-Dyer conjecture.

Theorem 5.2. (Birch and Swinnerton-Dyer formula at p for rank 1)
Let E be an elliptic curve with square-free conductor N with supersingular reduction
at p # 2. Suppose that ords—1 L(E, s) = 1 and assume Conjecture 3.33 holds. Then

| #(E/Q) [T«
, | #EQL |,

‘ L'(B,1)
Reg(E/Q)%

Proof. The Iwasawa main conjecture is the only missing ingredient in the discussion of
[33, Proof of Corollary 1.3]. O

Theorem 5.3. (Birch and Swinnerton-Dyer formula at p for rank 0)
Let E be an elliptic curve with square-free conductor N with supersingular reduction
at p # 2. Assume that L(E,1) # 0 and assume also Conjecture 3.33 holds. Then

)

LED
Q

= |#H1<E/@> [Ie
p l

Here, II1(E/Q) is the Tate—Shafarevich group of E/Q, ¢; are the Tamagawa numbers,
and (Q is the Néron period. The proof of this theorem will occupy the final subsection
of this paper. Combined with the corresponding result in the ordinary case [63, Theo-
rem 3.35], this gives the leading term formula up to powers of 2 and bad primes.

17 e.g. so that p and all prime divisors of N different from g split while ¢ is inert.
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5.2. Proof of the Birch and Swinnerton-Dyer formula at p in the rank 0 case

We now prove Theorem 5.3. Recall that the main assumptions are that L(E,1) # 0
and that Conjecture 3.33 holds. In view of the first assumption, the § and b Selmer groups
from [64, Definition 7.11] are both finitely generated cotorsion Z,[[X]]-modules, cf. [64,
Theorem 7.14]. We thus are not confined to a particular choice (for which we previously
reserved the symbol e) and let x denote either § or b in this final subsection. We now
define Colf) and Colzb) to be the component of the trivial tame character of the maps
appearing in [64, Definition 7.1}, i.e. in the notation of [64], these would be ¢, Col* and
En Col® for 7 the trivial character. (We add the subscript p to distinguish them from the
maps appearing in Proposition 4.5). These are the Coleman maps in the one-variable
Q-cyclotomic case which can also be obtained by proceeding as in Definition 3.22 by
ignoring the unramified tower indexed by m. We denote by Egoyp (resp. Ew,p) the exact
annihilator of ker Colg (resp. ker Colz)) under the local Tate pairing, cf. [64, Definition 7.9].
Similarly, we let E&p (resp. E&p) be the exact annihilator of ker Colfw resp. ker 001;70.
See [64, Definition 7.2].'% Note that E&p = B}, = E(Qp) ® Qu/Z,. This is because
the pair of maps (Colf,7 Col;) (thought of as a vector) is constructed as an inverse limit
of one map at every finite layer of the cyclotomic tower. However, this map splits at
level infinity and at level n = 0, cf. [64, Proposition 5.7] and [64, Definition 7.2 and the
preceding discussion]. Thus our description follows from [65, Proposition 4.7].

We let

Hl(Qnyp’E[poo]) % H Hl(@n,mE[poo])

* _ 1 o0
G*(Q,) =Im | H'(Qn, Ep™]) — B E(Qn.)®Q,/Z,

v#£p

for n =0 or n = oo and * € {#,b}. We denote Gal(Qo./Q) by T.

Remark 5.4. Since the analytic rank is 0, we have that L#(0) # 0 # L°(0), and X'* and
X" are both A-torsion, by [64, Theorem 7.14]

We then have a commutative diagram with exact sequences with right vertical map g

0 —— Sel(E,Q) —— HYQEp™) —— ¢(Q ——0

! l 5

0 — Sel"(E,Qu)’ —— H'(Qu, Ep™])T —— G*(Qo)T

For convenience, we let

_ Hl(Qn,va[pooD % H Hl(Qn,vﬂE[poob

forn=0o0r n = co.
Ey, EQnw) ®Qp/Zy

PE(Qn) :

v#p

'8 The maps Colp,o are denoted simply by Colg in [64].



40 F. Ito Sprung / Advances in Mathematics 449 (2024) 109741

We denote the map Pr(Qo) — Pr(Qu) by 7.

Lemma 5.5. Denote by E(Q), the p-primary torsion points of E(Q). Also denote by cl(p)
the p-component of the Tamagawa number ¢; for a prime | at which E has bad reduction.
That is, we put ¢; := [E(Qy) : Eg(Qq)], where Eq(Q;) denotes the subgroup of points of
nonsingular reduction modulo the bad prime [, and cl(p) is the highest power of p dividing
c;. Assume (Sel*(E,Qoo))Gal(Qm/Q) is finite. We then have

H Cl(p)

1 { bad 1

= X .
(Sel"(E, Qo)) gat(@.. /@) ‘ #E(Q)p  [kerg]

Proof. The lemma with the Tamagawa factors “ H cl(p ) replaced with “|ker(r)|” follows

! bad
from the proof of [18, Lemma 4.7], again with “Sel” replaced with “Se

1*”. Thus, it remains

to prove that

ker(r)] = [ "

I bad

which we do prime by prime. Let r, be the component of r at v.

If v # p is a good reduction prime, we know that ker(r,) is trivial by [18, Proof of
Lemma 3.3].

If v = [ is a bad reduction prime, [18, discussion after Lemma 3.3] shows that
ker(r))| = ¢\

It thus remains to treat the case v = p. (Note that the methods in [18, Lemma 3.4]
do not apply since ordinarity is a key assumption there.) We want to show that the map

Hl(@paE[poo]) i Hl(@p,oan[poo])
E(Q,) ® Qp/Z,y Ego,p

is injective.
As in [32, Proof of Proposition 9.2], we consider the following commutative diagram
with exact sequences, were X is the cyclotomic variable:

fer Col* - (H,,/ ker Coly)
p Iw
X X X 0
N 1 H'(ko,T)
0 —— kerColy g —— H'(ko,T) ker Col? o*

where Hi, = lim HY(Q,,,T).
—n )
By construction, the right vertical map is an isomorphism. The middle vertical map
is a surjection by [64, Lemma 2.3]. The snake lemma thus shows that the left vertical
map is surjective. Taking Pontryagin duals, we see that 7, is injective, as claimed. O
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We let X7 = Hom(Sel*(E,Q),Q,/Z,). Note that by the discussions at the beginning
of the subsection, we have E&p =FE}, = E(Q;) ®Q,/Z,. Let

Xo = Hom(Sel(E,Q), Qp/Zy).
Then Xy = Ap.

Lemma 5.6. (Small Control Theorem) The natural morphism X* /| XX* — XF /X X5 =
Xy is surjective and has finite kernel.

Proof. The proof of [32, Theorem 9.3] with n = 0 with the adjustment that r, is injective
(cf. Lemma 5.5) works. (Note that in [32, diagram on top of page 27|, the terms on the
right should be Pg(Q) and Pr(Q) rather than H%"‘(Kn,v).) O

v

Lemma 5.7. Sel*(E, Q. )(Q=/Q) s finite if L(E,1) # 0.

Proof. It suffices to prove that X*/XX* is finite. This follows from the small control
theorem (i.e. Lemma 5.6) above, which implies that X*/XX* is finite if and only if
Xy /X XS is. X7/ X XF = Xy being finite is automatic by our assumption. One can also
show that X'*/ X X™* is finite directly by observing that L(FE, 1) # 0 implies that *(0) # 0
using [64, table before Proposition 6.14]. O

Lemma 5.8. We have

_ [Sel(E, Q)|
#E(Q)p

Proof. The proof of [17, Lemma 4.3] with “Sel” replaced by “Sel*” works, taking into
account Lemma 5.7. O

Sel*(E, Qu ) C21(Q=/®) x [ker g| .

Lemma 5.9. Let f* be a generator of the characteristic ideal of X* and assume that
Sel* (B, Qu )21 (Q@</Q) s finite. Then

[Se* (8,@.0) 1@/

‘(Sel*(E7 QOO))G&I(QOO/Q)‘ |

1F0)l, =

Proof. This is a general fact about finitely generated A-modules, using the assumption
that Sel*(FE, Qo )*(Q@=/Q) ig finite, which Lemma 5.7 guarantees. See [18, Lemma 4.2],
which implies that (Sel*(E, Q) Gal(@.. /@) 1 finite in this case. O

Proof of Theorem 5.3. The theorem now follows using Lemma 5.9 and multiplying the
terms in Lemma 5.8 and Lemma 5.5, and noting that since E[p] is irreducible as a Galois
representation, we necessarily have |[E(Q),| = 1. The fact that we can replace Sel by I1I
then follows from [34, Sledstvie 2]. O
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Appendix A. Numerical examples and infinite families of elliptic curves satisfying the
full Birch and Swinnerton-Dyer conjecture

A corollary to our main theorem and its corollaries are:

Corollary A.1. (Assume Conjecture 3.55 holds.) The elliptic curve y*>+y = x> —x studied
by Mordell' in [/8] satisfies the full BSD conjecture.

Proof. The analytic rank is one (cf. [37, label 37.al]), and the BSD formula is already
known computationally (see e.g. [46,19] for computer-assisted verification for all curves
of conductor less than 1000, and for 16714 of the 16725 such curves of conductor less
than 5000). Theoretically, it is only outstanding at the supersingular primes p = 2 and
p = 3, since as = —2 and ag = —3. Corollary 1.3 removes the assumption at p = 3,
(and we expect the techniques in this paper can be generalized to handle ay = —2 as
well). Thus, the BSD formula stands up to powers of the single prime 2. It is enough to
confirm that

L(BVFEQE,

= Reg(B/QQAI(E/Q) [0 ~

1
2
for which the computations only have to be accurate to the first leading digit.?’ O

19 How many products of two consecutive numbers are products of three consecutive numbers?
20 The approximations L’(E, 1) = 0.305999773834, Reg(E/Q) = 0.05111140824, Q = 5.98691729246 from
[37] also suffice.
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An example of an elliptic curve with as = 3 which is outside the scope of computation
of [46,19] for which the Birch and Swinnerton-Dyer formula has non-trivial 3-valuation
is the curve given by 32 = 2% — 219042 — 810448.

There are only finitely many elliptic curves with a3 = 43 for which the full BSD
conjecture is known to hold [46,19]. By contrast for as = £2, 41 or 0, there exist infinitely
many: Li, Liu and Tian in [39] have found infinite families of CM elliptic curves satisfying
full BSD (building on their breakthroughs on the 2-part.) Note that when E has CM, we
can’t have a3 = £3 [61, Exercise 2.30]. Wan has found infinitely many non-CM elliptic
curves in [74] (still assuming ag € {£2,+£1,0}) building on work of Cai, Li, and Zhai
who exhibit an infinite number of quadratic twists at which the 2-part of BSD holds.

We generalize Wan’s theorem to give a criterion for the existence of infinite families
of elliptic curves (with a3 = 3 allowed) which satisfy full BSD.

Corollary A.2. (Assume Conjecture 3.33 holds.) Let E be a semistable elliptic curve over
Q. Assume that for | # 2, Ell] is absolutely irreducible as an Fj-representation of Gg
and ramified at some prime q # 1 of multiplicative reduction, and q is not the only
multiplicative prime.

Let M be a product of distinct good ordinary primes. Then if

(**) the 2-part of BSD holds for the M th quadratic twist EM) of E and L(E®) 1) #0,

the full BSD formula holds for EXM)

The condition (**) can be verified thanks to the recent work of Cai, Li, and Zhai for
a(n infinite) number of elliptic curves. We are grateful to Shuai Zhai for providing us
with explicit examples of such elliptic curves with ag = +3 that satisfy the full Birch
and Swinnerton-Dyer conjecture. Here is one of them:

Example A.3. (Quadratic twists of 170E1)

The curve E given by y?4+xy = 23—22—102—10 has az = 3 and satisfies the conditions
for Corollary A.2. The Cai-Li-Zhai condition (**) is satisfied for M = qi¢2---¢q, for
products of r distinct primes ¢; in the infinite set S below so that the bad primes of F
— 2,5, and 17 — all split in Q(v/M) and M =1 mod 4.

S = { primes ¢ # 3 so that a, is odd, E has good reduction at ¢, and ¢ is inert*!
in Q(6)}

={13,19,29, 31,47,53,59,61,71,73,89,97,109, 113, 127,199, 223, 227, 233, 263, . . . }

There are infinitely many such M, of which the first few possibilities are 89, 281, 409,
569, 689 = 13 - 53, 769, 1121 = 19 - 59, 1249, 1361, 1481, 1721, 1769 = 29 - 61, 1801,
1889, 2089, 2129, 2161, 2609, 3001. The smallest M which is a product of three primes
is 11609 = 13- 19 - 47.

21 9 is a root of a 2-division polynomial of E.
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We can now prove the following theorem:

Theorem A.4. (Assume Conjecture 3.33 holds.) Let E be a semistable elliptic curve over
Q. Assume that for | # 2, EJl] is absolutely irreducible as an Fj-representation of Gg
and ramified at some prime q # 1 of multiplicative reduction, and q is not the only
multiplicative prime.

Let M be a product of distinct good ordinary primes. Then if

(**) the 2-part of BSD holds for EM) of E and L(E™) 1) #0,
the full BSD formula holds for EM) | where EM) s the Mth quadratic twist.

Proof. This follows from [74, Theorem 5.3] and the main theorem of this paper, which
removes the condition ag # £3.

We are grateful to Shuai Zhai for finding all elliptic curves with conductor less than
604 for which one can construct infinite families of quadratic twists of elliptic curves
with a3 = 43 satisfying full BSD analogously to the example above involving 170E1.

Example A.5. Infinitely many quadratic twists of the following elliptic curves with az =
+3 satisfy the full Birch and Swinnerton-Dyer conjecture: 170E1, 182D1, 182E1, 323A1,
434E1, 602C1, 142E1, 574E1.

References

[1] Y. Amice, J. Vélu, Distributions p-adiques associées aux séries de Hecke, in: Journées Arithmé-
tiques de Bordeaux, Bordeaux, 1974, in: Astérisque, vol. 24-25, Société Mathématique de France,
Montrogue, 1975, pp. 119-131.

[2] D. Barrera Salazar, C. Williams, Families of Bianchi modular symbols: critical base-change p-adic
L-functions and p-adic Artin formalism, Sel. Math. 27 (82) (2021) 1-45 (with an appendix by C.
Wang-Erickson).

[3] L. Berger, H. Li, H.J. Zhu, Construction of some families of 2-dimensional crystalline representations,
Math. Ann. 329 (2) (2004) 365-377.

[4] D. Bump, S. Friedberg, J. Hoffstein, Nonvanishing theorems for L-functions of modular forms and
their derivatives, Invent. Math. 102 (3) (1990) 543-618.

(5] K. Biiyiikboduk, A. Lei, Iwasawa theory of elliptic modular forms over imaginary quadratic fields at
non-ordinary primes, Int. Math. Res. Not. 2021 (14) (2021) 10654-10730, https://doi.org/10.1093/
imrn/rnz117, arXiv:1605.05310.

[6] K. Biiyitkboduk, A. Lei, G. Venkat, Iwasawa theory for symmetric squares of p-non-ordinary eigen-
forms, Doc. Math. 26 (2021) 1-63, https://arxiv.org/pdf/1807.11517.pdf.

[7] K. Biiytikboduk, A. Lei, D. Loeffler, G. Venkat, Iwasawa theory for Rankin-Selberg Products of
p-non-ordinary eigenforms, Algebra Number Theory 13 (4) (2019) 901-941, arXiv:1802.04419.

[8] M. Bhargava, A. Shankar, Ternary cubic forms having bounded invariants, and the existence of a
positive proportion of elliptic curves having rank 0, Ann. Math. 181 (2) (2015) 587-621.

[9] M. Bhargava, C. Skinner, W. Zhang, A majority of elliptic curves over Q satisfy the Birch and
Swinnerton-Dyer conjecture, preprint. Available at http://arxiv.org/abs/1407.1826.

[10] L. Cai, C. Li, S. Zhai, On the 2-part of the Birch and Swinnerton-Dyer Conjecture for quadratic
twists of elliptic curves, J. Lond. Math. Soc. 101 (2) (2020) 714-734, https://doi.org/10.1112/jlms.
12284, https://arxiv.org/pdf/1712.01271.pdf.

[11] F. Castella, Z. Liu, X. Wan, Iwasawa—Greenberg Main Conjectures for non-ordinary modular forms
and Eisenstein congruences on GU(3,1), Forum Math. Sigma 10 (2022) e110.


http://refhub.elsevier.com/S0001-8708(24)00256-1/bib99955FDB028B85938B6A74812E5B6D6As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib99955FDB028B85938B6A74812E5B6D6As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib99955FDB028B85938B6A74812E5B6D6As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib3FF10C9B3F975A38E927C654E60D25BDs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib3FF10C9B3F975A38E927C654E60D25BDs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib3FF10C9B3F975A38E927C654E60D25BDs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibAEFDFC4E3E719A7B67EBC1E011E3311Cs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibAEFDFC4E3E719A7B67EBC1E011E3311Cs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA08E0CA1EA279237AB4E48A9F0BF9C9Fs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA08E0CA1EA279237AB4E48A9F0BF9C9Fs1
https://doi.org/10.1093/imrn/rnz117
https://doi.org/10.1093/imrn/rnz117
https://arxiv.org/pdf/1807.11517.pdf
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib1E1A5CBEE070CA770E4571ECB33EE6ABs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib1E1A5CBEE070CA770E4571ECB33EE6ABs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib50CD234CFF5AD15C9998C2FE186DA5A0s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib50CD234CFF5AD15C9998C2FE186DA5A0s1
http://arxiv.org/abs/1407.1826
https://doi.org/10.1112/jlms.12284
https://doi.org/10.1112/jlms.12284
https://arxiv.org/pdf/1712.01271.pdf
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibE184E530BA65B987A85EF4DCE13F3DEEs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibE184E530BA65B987A85EF4DCE13F3DEEs1

F. Ito Sprung / Advances in Mathematics 449 (2024) 109741 45

[12] F. Castella, M. Ciperiani, S. Skinner, F. Sprung, Iwasawa main conjectures for modular forms of
weight two, on arxiv.

[13] G. Chinta, S. Friedberg, J. Hoffstein, Dirichlet Series and Automorphic Forms, Proc. Sympos. Pure
Math., vol. 75, Amer. Math. Soc., Providence, RI, 2006, pp. 3-41.

[14] B. Edixhoven, The weight in Serre’s conjectures on modular forms, Invent. Math. 109 (1) (1992)
563-594.

[15] E. Eischen, X. Wan, p-adic Eisenstein series and L-functions of certain cusp forms on definite unitary
goups, J. Inst. Math. Jussieu 15 (3) (2016) 471-510, https://doi.org/10.1017/S1474748014000395.

[16] J-M. Fontaine, Le corps des périodes p-adiques, in: Périodes p-adiques, Bures-sur-Yvette, 1988,
Astérisque 223 (1994) 59-111.

[17] R. Greenberg, Iwasawa theory for elliptic curves, in: C. Viola (Ed.), Arithmetic Theory of Elliptic
Curves. Lectures from the 3rd C.I.M.E. Session Held in Cetraro, July 12—19, 1997, in: Lecture Notes
in Mathematics, vol. 1716, Springer-Verlag/Centro Internazionale Matematico Estivo (C.ILM.E.),
Berlin/Florence, 1999, pp. 51-144.

[18] R. Greenberg, Iwasawa theory and p-adic deformations of motives, in: Motives, Seattle, WA, 1991,
in: Proc. Sympos. Pure Math., vol. 55, Part 2, Amer. Math. Soc., Providence, RI, 1994, pp. 19-223.

[19] G. Grigorov, A. Jorza, S. Patrikis, W.A. Stein, C. Tarnita, Computational verification of the Birch
and Swinnerton-Dyer Conjecture for individual ellioptic curves, Math. Comput. 78 (268) (October
2009) 2397-2425.

[20] S. Haran, p-adic L-functions for modular forms, Compos. Math. 62 (1) (1987) 31-46.

[21] H. Hida, J. Tilouine, Anti-cyclotomic Katz p-adic L-functions and congruence modules, Ann. Sci.
Ec. Norm. Supér. (4) 26 (2) (1993) 189-259.

[22] B. Howard, The Heegner point Kolyvagin system, Compos. Math. 141 (6) (2004) 1439-1472.

[23] H. Iwaniec, On the order of vanishing of modular L-functions at the critical point, Sém. Théor.
Nombres Bordeaux (2) 2 (2) (1990) 365-376.

[24] D. Jetchev, C. Skinner, X. Wan, The Birch-Swinnerton-Dyer formula for elliptic curves of analytic
rank one, Camb. J. Math. 5 (3) (2017) 369-434.

[25] K. Kato, p-adic Hodge theory and values of zeta functions of modular forms, Astérisque 295 (2004)
117-290.

[26] N. Katz, p-adic L-functions for CM fields, Invent. Math. 49 (1978) 199-297.

[27] B.D. Kim, The parity conjecture for elliptic curves at supersingular reduction primes, Compos.
Math. 143 (2007) 47-72.

[28] B.D. Kim, +/+ Selmer groups over the maximal Zf,—extension of an imaginary quadratic field, Can.
J. Math. 66 (4) (2014) 826-843.

[29] C.H. Kim, Anticyclotomic Iwasawa invariants and congruences of modular forms, Asian J. Math.
21 (3) (June 2017) 499-530.

[30] G. Kings, D. Loeffler, S.L. Zerbes, Rankin-Eisenstein classes and explicit reciprocity laws, Camb.
J. Math. 5 (1) (2017) 1-122, http://arxiv.org/abs/1501.03289.

[31] G. Kings, D. Loeffler, S.L. Zerbes, Rankin-Eisenstein classes for modular forms, Am. J. Math.
142 (1) (2020) 79-138.

[32] S. Kobayashi, Iwasawa theory for elliptic curves at supersingular primes, Invent. Math. 152 (1)
(2003) 1-36.

[33] S. Kobayashi, The p-adic Gross-Zagier formula at supersingular primes, Invent. Math. 191 (3) (2013)
527-629.

[34] V. Kolyvagin, Finiteness of E(Q) and III(E,Q) for a subclass of Weil curves, Izv. Akad. Nauk
SSSR, Ser. Mat. 52 (3) (1989) 522-540, 670-671.

[35] A. Lei, Factorisation of two-variable p-adic L-functions, Can. Math. Bull. 57 (4) (2014) 845-852.

[36] A. Lei, Artin formalism for p-adic L-functions of modular forms at non-ordinary primes, available
at https://arxiv.org/pdf/2404.01835.

[37] The L-functions and modular forms database, http://www.lmfdb.org/EllipticCurve/Q/.

[38] A. Lei, D. Loefller, S. Zerbes, Euler systems for Rankin—Selberg convolutions of modular forms,
Ann. Math. 180 (2) (2014) 653-771.

[39] Y. Li, Y. Liu, Y. Tian, The Birch and Swinnerton-Dyer Conjecture for CM Elliptic Curves over Q,
preprint, 2017.

[40] D. LoefHler, S. Zerbes, Rankin-Eisenstein classes in Coleman families, Res. Math. Sci. 3 (2016) 26,
http://arxiv.org/abs/1506.06703.

[41] D. Loefller, S. Zerbes, Iwasawa theory and p-adic L-functions over Z]i—extensions7 Int. J. Number
Theory 10 (8) (2014) 2045-2095.


http://refhub.elsevier.com/S0001-8708(24)00256-1/bibBDA00947B4934DBA860F4B80D3149413s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibBDA00947B4934DBA860F4B80D3149413s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib6E8A0AEF2F777FD0127D0DB38BD4F064s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib6E8A0AEF2F777FD0127D0DB38BD4F064s1
https://doi.org/10.1017/S1474748014000395
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA2EFA083EF204F6FBB3C4D4B5C48AB0Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA2EFA083EF204F6FBB3C4D4B5C48AB0Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib0D425A8ECF907CDF7497DB8FC867108Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib0D425A8ECF907CDF7497DB8FC867108Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib0D425A8ECF907CDF7497DB8FC867108Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib0D425A8ECF907CDF7497DB8FC867108Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibC31A9FC4A6D9936FBEA29F744AC08582s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibC31A9FC4A6D9936FBEA29F744AC08582s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibD74CE424188B900000F29D12778B9991s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibD74CE424188B900000F29D12778B9991s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibD74CE424188B900000F29D12778B9991s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib97FC34A46F54B839592131DF30C91EC1s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF2985EB55BA10DF6C9B0AC35DCDB119As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF2985EB55BA10DF6C9B0AC35DCDB119As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibDC5AB2B32D9D78045215922409541ED7s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF7EAB3AE7EB77F1B64936B32A71CA1D7s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF7EAB3AE7EB77F1B64936B32A71CA1D7s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibBEC83DEA67AA407F58E5869DF68F952Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibBEC83DEA67AA407F58E5869DF68F952Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibE1AA538D29017DEBE540309CD6F42D03s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibE1AA538D29017DEBE540309CD6F42D03s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibE0316C7815E08069045768129BF53E6Fs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibC5E4C8530BE1D54CBB6884AEB30AC53Cs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibC5E4C8530BE1D54CBB6884AEB30AC53Cs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibFB1EAF2BD9F2A7013602BE235C305E7As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibFB1EAF2BD9F2A7013602BE235C305E7As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib05AF31B15D6A3BA693A0557FD88D2517s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib05AF31B15D6A3BA693A0557FD88D2517s1
http://arxiv.org/abs/1501.03289
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibCD53DEE7CCC2132936FFA29EC64E67D1s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibCD53DEE7CCC2132936FFA29EC64E67D1s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib2D7B99DDCE72D3C723F121DF99144072s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib2D7B99DDCE72D3C723F121DF99144072s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib33DC99585561AE6B260D820C48C01D93s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib33DC99585561AE6B260D820C48C01D93s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib887B0DA6178D49369622242CAF873E8Ds1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib887B0DA6178D49369622242CAF873E8Ds1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib688F227B9CAD4EDEED15F067E04D3764s1
https://arxiv.org/pdf/2404.01835
http://www.lmfdb.org/EllipticCurve/Q/
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibB7BAED25FF4E7C2B49D20FBD2CBCAB25s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibB7BAED25FF4E7C2B49D20FBD2CBCAB25s1
http://arxiv.org/abs/1506.06703
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib22B24A6400460D5BC56F87092C92B55As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib22B24A6400460D5BC56F87092C92B55As1

46 F. Ito Sprung / Advances in Mathematics 449 (2024) 109741

[42] D. Loeffler, p-adic integration on ray class groups and non-ordinary p-adic L-functions, in: Iwa-
sawa Theory 2012, in: Contributions in Mathematical and Computational Sciences, vol. 7, 2014,
pp. 357-378.

[43] Ju. Manin, Periods of Parabolic Forms and p-adic Hecke series, Sbornik 21 (3) (1973).

[44] B. Mazur, Rational points of abelian varieties with values in towers of number fields, Invent. Math.
18 (1972) 183-266.

[45] B. Mazur, J. Tate, J. Teitelbaum, On p-adic analogues of the conjectures of Birch and Swinnerton-
Dyer, Invent. Math. 84 (1986) 1-48.

[46] R. Miller, Proving the Birch and Swinnerton-Dyer conjecture for specific elliptic curves of analytic
rank zero and one, LMS J. Comput. Math. 14 (November 2011) 327-350.

[47] B. Mazur, P. Swinnerton-Dyer, Arithmetic of Weil curves, Invent. Math. 25 (1974) 1-61.

[48] L. Mordell, On the integer solutions of y(y+1) = x(z+1)(z+2), Pac. J. Math. 13 (1963) 1347-1351.

[49] M.R. Murty, V. Kumar Murty, Mean values of derivatives of modular L-series, Ann. Math. (2)
133 (3) (1991) 447-475.

[50] R. Pollack, The p-adic L-function of a modular form at a supersingular prime, Duke Math. J. 118 (3)
(2003) 523-558.

[61] B. Perrin-Riou, Théorie d’Iwasawa p-adique loale te globale, Invent. Math. 99 (1990) 247-292.

[62] B. Perrin-Riou, Fonctions L p-adiques des représentations p-adiques, Astérisque 229 (1995).

[63] B. Perrin-Riou, Arithmétique des courbes elliptiques & réduction supersinguliére, Exp. Math. 12
(2003) 155-186.

[54] R. Pollack, K. Rubin, The main conjecture for CM elliptic curves at supersingular primes, Ann.
Math. 159 (1) (2004) 447-464.

[65] R. Pollack, T. Weston, On anticyclotomic p-invariants of modular forms, Compos. Math. 147 (5)
(2011) 1353-1381.

[66] J. Pottharst, Analytic families of finite-slope Selmer groups, Algebra Number Theory 7 (7) (2013)
1571-1612.

[67] K. Ribet, On modular representations of Gal (@/Q) arising from modular forms, Invent. Math.

100 (2) (1990) 431-476.

[58] D. Rohrlich, On L-functions of elliptic curves and cyclotomic towers, Invent. Math. 75 (1984)
409-423.

[59] K. Rubin, The “main conjectures” of Iwasawa theory for imaginary quadratic fields, Invent. Math.
103 (1991) 25-68.

[60] J. Silverman, The Arithmetic of Elliptic Curves, second edition, Graduate Texts in Mathematics,
vol. 106, Springer, New York, 2009.

[61] J. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, Graduate Texts in Mathematics,
vol. 151, Springer, New York, 1991.

[62] C. Skinner, Multiplicative reduction and the cyclotomic main conjecture for GL2, Pac. J. Math.
283 (1) (2016) 171-200.

[63] C. Skinner, E. Urban, The Iwasawa main conjectures for GL2, Invent. Math. 195 (1) (2014) 1-277.

[64] F. Sprung, Iwasawa theory for elliptic curves at supersingular primes: a pair of main conjectures,
J. Number Theory 132 (7) (2012).

[65] F. Sprung, The Safarevié-Tate group in cyclotomic Z p-extensions at supersingular prime, J. Reine
Angew. Math. 681 (2013) 199-218.

[66] F. Sprung, On pairs of p-adic L-functions of modular forms of weight two, Algebra Number Theory
11 (4) (2017) 885-928.

[67] F. Sprung, The Iwasawa Main Conjecture for elliptic curves at odd supersingular primes, arXiv:
1610.10017.

[68] E. Urban, Nearly overconvergent modular forms, in: Iwasawa Theory 2012, in: Contributions in
Mathematical and Computational Sciences, vol. 7, 2014, pp. 401-441.

[69] V. Vatsal, Uniform distribution of Heegner points, Invent. Math. 148 (2002) 1.

[70] M.M. Visik, Nonarchimedean measures associated with Dirichlet series, Mat. Sb. 99(141) (2) (1976)
248260, 296.

[71] J.-L. Waldspurger, Correspondances de Shimura, in: Proceedings of the International Congress of
Mathematicians, Vol. 1, 2, Warsaw, 1983, pp. 525-531.

[72] J.-L. Waldspurger, Quelques propriétés arithmétiques de certaines formes automorphes sur GL(2),
Compos. Math. 54 (2) (1985) 121-171.

[73] X. Wan, Iwasawa main conjecture for Rankin—Selbergp-adic L-functions, Algebra Number Theory
14 (2) (2020) 383-483, https://doi.org/10.2140/ant.2020.14.383.


http://refhub.elsevier.com/S0001-8708(24)00256-1/bibDF3C8614E880D1BC9225DD99227D57A9s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibDF3C8614E880D1BC9225DD99227D57A9s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibDF3C8614E880D1BC9225DD99227D57A9s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib65E9D57DEE73363D1B6767A6D8E54A0Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibB6DB3BED8DE173453EF79A7459DFF30Fs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibB6DB3BED8DE173453EF79A7459DFF30Fs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib40E9BD78F2BE6D5A4CFD392E10194B82s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib40E9BD78F2BE6D5A4CFD392E10194B82s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib23D13B7DDADA9FE41C1EB99463699309s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib23D13B7DDADA9FE41C1EB99463699309s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibB0F2169AA609C42C1BC96D4AA5DA3AEAs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib35DA93966B422189B2A1BCC3BDBEC055s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF027FA85ECCB6B53DF79066747913B49s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF027FA85ECCB6B53DF79066747913B49s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA669328380CF4999E3308403F1A9A640s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA669328380CF4999E3308403F1A9A640s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib0FE75A5189C2EA3F123621D098DDD03Es1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibAF4E39ED353B50A5753C274289AC146As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib298BB832004408A556DCAB2444DFB165s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib298BB832004408A556DCAB2444DFB165s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibEA52D63E9A62928E486EB93AFBBC96F6s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibEA52D63E9A62928E486EB93AFBBC96F6s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibFE3AB0BCEC5020826BFB200D1FAD3658s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibFE3AB0BCEC5020826BFB200D1FAD3658s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib352B4259DCBA40E7F44E0B727607381Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib352B4259DCBA40E7F44E0B727607381Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibBD6C7578EF70044DF3E02D10F031123Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibBD6C7578EF70044DF3E02D10F031123Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib4DDD43174D371080841C232FAAB9BC43s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib4DDD43174D371080841C232FAAB9BC43s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibEFE96DECEF3F6069F01CBEB1CD6AD05Fs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibEFE96DECEF3F6069F01CBEB1CD6AD05Fs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib5CD9B9A4D3BC7D5A9FEC74238DA582B3s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib5CD9B9A4D3BC7D5A9FEC74238DA582B3s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib37C3450B6618A349E4890DCAFFF6B505s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib37C3450B6618A349E4890DCAFFF6B505s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF622889F42BAAFF162ACE6C56D02DCF2s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF622889F42BAAFF162ACE6C56D02DCF2s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibF7ADF0BA18D705092FA0A1E2F2C0BAFBs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib3C5826FBC88B5911908D8924BF23072Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib3C5826FBC88B5911908D8924BF23072Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib60C7F23EDDB917614AB9407BFAF72FD5s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib60C7F23EDDB917614AB9407BFAF72FD5s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA55888DFA260E220831D8A0C717F571Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibA55888DFA260E220831D8A0C717F571Bs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib137008FB7ECE9498C9ACD0FBDF84FCE9s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib137008FB7ECE9498C9ACD0FBDF84FCE9s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib66B67CF48EB78F0E0AE9902BC70D9E9As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib66B67CF48EB78F0E0AE9902BC70D9E9As1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib40F49A5A5F5D0D8F91E19A8983339CD8s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibDA1003F6E025532346B074EF2E2D0D08s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bibDA1003F6E025532346B074EF2E2D0D08s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib71A4A641DF4954738A5F00B9A6A2367Cs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib71A4A641DF4954738A5F00B9A6A2367Cs1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib966686C482DEE014826BD92724278A05s1
http://refhub.elsevier.com/S0001-8708(24)00256-1/bib966686C482DEE014826BD92724278A05s1
https://doi.org/10.2140/ant.2020.14.383

F. Ito Sprung / Advances in Mathematics 449 (2024) 109741 47

[74] X. Wan, Iwasawa main conjecture for supersingular elliptic curves, https://arxiv.org/pdf/1411.
6352v8.pd.

[75] A. Wiles, The Birch and Swinnerton-Dyer Conjecture, in: The Millenium Prize Problems, in: Clay
Mathematical Institute/American Mathematical Society, available at: http://www.claymath.org/
library /monographs/MPPc.pdf.


https://arxiv.org/pdf/1411.6352v8.pdf
https://arxiv.org/pdf/1411.6352v8.pdf
http://www.claymath.org/library/monographs/MPPc.pdf
http://www.claymath.org/library/monographs/MPPc.pdf




	On Iwasawa main conjectures for elliptic curves at supersingular primes: Beyond the case ap=0
	1 Introduction
	2 Notation
	3 Main conjectures
	3.1 Statement of the cyclotomic ♯/♭ main conjecture
	3.2 The ♯/♭-♯/♭ main conjectures for imaginary quadratic fields
	3.3 A Greenberg-type main conjecture
	3.4 The ♯/♭-Beilinson-Flach main conjectures

	4 Connecting the main conjectures together
	4.1 The ♯/♭-Beilinson-Flach conjectures and the Greenberg-type conjecture
	4.2 The ♯/♭-Beilinson-Flach conjectures and the ♯/♭-♯/♭ conjectures
	4.3 Almost completing the argument

	5 Conclusion
	5.1 Proof of the Birch and Swinnerton-Dyer formula at p in the rank 1 case
	5.2 Proof of the Birch and Swinnerton-Dyer formula at p in the rank 0 case

	Acknowledgments
	Appendix A Numerical examples and infinite families of elliptic curves satisfying the full Birch and Swinnerton-Dyer conjec...
	References


