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The recognizable shapes of landforms arise from processes such as erosion by wind
or water currents. However, explaining the physical origin of natural structures is
challenging due to the coupled evolution of complex flow fields and three-dimensional
(3D) topographies. We investigate these issues in a laboratory setting inspired by
yardangs, which are raised, elongate formations whose characteristic shape suggests
erosion of heterogeneous material by directional flows. We combine experiments and
simulations to test an origin hypothesis involving a harder or less erodible inclusion
embedded in an outcropping of softer material. Optical scans of clay objects fixed within
flowing water reveal a transformation from a featureless mound to a yardang-like form
resembling a lion in repose. Phase-field simulations reproduce similar shape dynamics
and show their dependence on the erodibility contrast and flow strength. Through
visualizations of the flow fields and analysis of the local erosion rate, we identify
effects associated with flow funneling and the turbulent wake that are responsible for
carving the unique geometrical features. This highly 3D scouring process produces
complex shapes from simple and commonplace starting conditions and is thus a
candidate explanation for natural yardangs. The methods introduced here should be
generally useful for geomorphological problems and especially those for which material
heterogeneity is a primary factor.

geomorphology | flow-structure interaction | erosion | phase-field model

The shapes of landscapes and landforms give clues to the physical, environmental,
and climatic conditions under which they formed (1–5). Such structures are typically
complex, three-dimensional (3D), multiscale, and intricate. Similar morphologies are
found in distant regions across the world—and indeed on other planets—suggesting that
robust mechanisms underlie their formation. However, geomorphological interpretation
is made challenging by many coupled complexities. For example, erosion by wind or water
currents involves highly 3D flow fields that exhibit a vast range of length scales, from the
generative scales of the atmosphere or ocean to millimetric boundary layers responsible
for the removal of particulates. The associated time scales span those of the typically fast
flows to the gradual shape development over eons. The flow fields and solid geometries
evolve together in ways that are fundamentally interactive and interdependent (6, 7).
Further, such flow-structure interaction problems typically involve temporal variability
and spatial heterogeneity, for example, due to differences in material composition (8–12).
In nature, all these complexities combine under uncertain conditions.

Some of these factors can be studied in laboratory experiments, models, and simulations
that offer access to and control over the length and time scales (13–17). These approaches
allow for manipulation and monitoring of the driving conditions as well as for direct
observation and measurement of the resulting shape–flow coupled dynamics. The
artificial setting of an experiment or simulation involves many of the aforementioned
complexities, but under circumstances that permit detailed interrogation of parameters,
testing of hypotheses, and identification of mechanisms. A consequence can also be the
discovery of unexpected parallels between seemingly disparate systems. A case in point for
erosion of noncohesive, granular materials is aeolian or wind-carved dunes in nature and
similarly shaped aqueous or water-sculpted dunes in the lab (18–20). Such robustness
may help explain why similar forms arise in different environments in nature. More
generally, lab systems have proven useful for understanding other forms of shape-change
processes such as weathering (21, 22), sublimation (23), dissolution (24, 25), and melting
(26, 27).

Here, we combine lab experiments and simulations to understand shape–flow
complexities and emergent formations in the case of cohesive solids subject to fluidic
erosion. Our motivating context is a prevalent class of landforms called yardangs, which
share some formative conditions with dunes but are composed of consolidated rock
such as limestone or sandstone. These outcroppings of bedrock vary widely in size and
can be found in isolation or in multitudes on Earth (3, 28–30) and elsewhere such as
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Mars (2, 28, 31). Yardangs are usually found in arid environments
and predominantly shaped by wind erosion, though aqueous
processes may also contribute (32–34). Subaqueous yardangs
have also been documented (35), indicating that erosion by water
currents can generate similar morphologies. The examples of
Fig. 1 show why these formations are sometimes called mud
lions, desert dogs, or sphinx-like yardangs. Their elongated
form and prominent fore-aft asymmetry indicate carving by
prevailing winds of a dominant direction (36–40), and the
steeper windward side is documented to be harder and less
erodible than the surrounding material (29, 33, 34, 41). Their
development is thought to be driven by a combination of
processes, predominantly abrasion by windborne particulates and
deflation whereby loose material is removed by wind (36, 38, 42–
45). The former depends on the impacting kinetic energy and
the latter on the fluid shear stress, both of which are related to
the flow speed near the solid surface (36, 46, 47).

Previous research aiming at explaining the shapes of yardangs
has focused on global aspects and especially the elongated form
of the base (32, 34, 42, 44). The more intricate characteristics
evident in the examples of Fig. 1 are recognized as relating
to material heterogeneity (30, 32, 38, 44, 48), but it remains
unclear what conditions and local processes are responsible for
generating the prow or head, its undercutting, and other features
extending downwind along the base. Further, the existence of
similar shapes in different environments—and indeed in air
and water—suggests essential commonalities but which have
not yet been identified. Related physics questions pertain to
how material heterogeneity combines and interacts with other
flow–structure complexities during the erosive reshaping of
solids. To probe these issues, we conduct experiments on the
erosion of clay by fast-flowing water and obtain highly resolved
3D measurements of the evolving geometry. This context also
motivates the development of numerical simulations capable of
solving for the coupled shape–flow dynamics in the challenging
fluid dynamical regime characterized by boundary layers, flow
separation, vortices, and turbulent wakes (49). To this end, we
introduce a phase-field formulation that employs an empirically
validated erosion model (14, 15) to numerically compute the flow
field coupled to the solid topography and whose versatility helps
to explore the key parameters at play in this process. We combine

these approaches to test a minimal hypothesis for the formation
of aqueous yardangs whose emergent features can be traced to
shape–flow coupling effects.

Experimental Measurements of Shape
Dynamics

We first test a minimal hypothesis for the formation of yardang-
like structures through physical experiments involving erosion of
a heterogeneous solid in flowing water. Our scenario considers
a mound of erodible material containing an isolated hard,
nonerodible inclusion. We propose that this idealized setting
is emblematic of what may occur in nature when heterogeneities,
formed perhaps in sedimentary layers of variable composition and
compaction, are broken up and redistributed by processes such as
local uplift and subsidence. The resulting material may be subject
to flow with a prevailing direction and which we here idealize
as uniform, unidirectional, and constant in the far field. Our
realization in lab experiments involves a laminar flow water tunnel
facility in whose test section bodies formed by bentonite clay are
fixed and washed at high speed. The soft clay is built up around
a cylindrical plastic inclusion and is shaped into an elongated
hemiellipsoidal form. The clay is then placed on a flat platform
which is mounted to a wall of the test section such that the major
axis of the ellipsoid is aligned with the flow. The flow speed is con-
trolled and stably maintained over the run time of several hours.

The chosen conditions and parameters are fully specified in
Materials and Methods. The size scale of the body L ∼ 5 cm
and the flow speed U ∼ 50 cm/s combine to yield a Reynolds
number Re = �UL/� ∼ 104, where � and � are the density and
viscosity of the fluid (water). The high value of Re is associated
with boundary layer flows on the windward surface of an object
and turbulent and vortical wake flows shed downstream (49,
50). The clay is observed to erode with typical normal velocity
vn ∼ 1 cm/h, yielding a large separation of timescales U/vn ∼
105 indicative of slow shape evolution in the fast flow.

The 3D shapes and their evolution are complex, necessitating
a technique capable of recording the geometry at high resolution.
We opt for a structured light optical scanning method that
projects patterns and captures many photographs as the object

A B C

D E F

Fig. 1. Examples of natural yardangs in isolation (A–C) and fields (D–F ) from Egypt (A, C, E, and F ), Argentina (B), and Namibia (D). Some common features
include a raised “head” or prow that is typically undercut and which sits to one end of an elongated “body” or base extending along the ground. The formations
of the Top row are approximately 15 m long and 10 m tall, and those of the Bottom row are approximately 5 m long and 2 m tall. Photograph credits: (A) K.
Überschär; (B) K. Olmer; (C) E. Rovielo; (D) M. Welland; (E) J. Stephen; and (F ) I. B. Cabral.
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is slowly rotated on a stage, these data processed to yield a
high-quality surface reconstruction (Materials and Methods). At
regular intervals, we halt the flow, remove the platform from the
tunnel, perform a scan over several minutes, and then return the
structure to the tunnel and resume the flow. A representative
sequence of shapes extracted every 30 min is shown in Fig. 2A.
We also carry out control studies on mounds of homogeneous
clay, as documented in Fig. 2B and which by comparison help
to identify those features that can be attributed to the presence
of the inclusion.

These experiments reveal a transformation from a featureless
mound to a yardang-like form resembling a seated lion with a
raised head. The events leading to this shape are closely tied to the
inclusion, whose top is exposed by t = 30 min and from which
slight gullies or channels can be seen extending downstream along
what will become the lion’s back. By 90 min, the hard head has
been largely exposed by erosion around its sides and front, and
the gullies have deepened. After 120 min strong undercutting
of the inclusion is apparent, leaving the head connected to the
body by a thinning neck. Ledges along the sides of the body
are due to enhanced erosion downstream of the cheeks of the
head. These processes continue through 150 min, by which time
undercutting has left behind forelimbs and paws on the ground at
the upstream base and erosion just behind the head contributes to
the arched back. Soon after, the inclusion is completely excavated
from the clay, at which time the experiment is stopped. The
additional datasets provided in Materials and Methods show that
these geometrical features and their temporal progression are
reproduced with moderate variability between trials. Comparison
to the case of Fig. 2B shows that the intricacies of the shape are
caused by the inclusion.

Flow–Structure Interaction Simulations

To complement the lab experiments, we conduct three-
dimensional numerical simulations (or “numerical experiments”)
of the flow–structure interaction problem. Here the equations of
force and mass balance in the fluid are given by the incompressible
Navier–Stokes equations

�
(∂u

∂t
+ (u · ∇)u

)
= ∇ · � + f , [1]

∇ · u = 0, [2]

where u is the fluid velocity, � = −pI + �(∇u + ∇uT ) is the
stress tensor with p the pressure and � the viscosity, and f is a
body force. Previous studies have shown that the erosion rate of
clay is proportional to the magnitude of the surface shear stress
(14, 15). Explicitly, this results in a normal interface velocity of
the form

vn = −C |(I− n̂n̂) · � · n̂| − m�, [3]

where n̂ is the outward unit normal vector and C(x) is the
erodibility, which is viewed as constant in time but varying
spatially within the heterogeneous material. The last term in
Eq. 3 is proportional to the mean curvature � and acts to
smooth the boundary over a characteristic length determined
by the parameter m. This is intended to suppress high curvatures
that would induce numerical instabilities, and the term may
also be interpreted as modeling additional erosive processes that
preferentially act on sharp features. Defining Ω(t) to be the solid
domain and Ωi(t) ⊂ Ω(t) the inclusion domain, the erodibility
is given by

C(x) =
{
Ci x ∈ Ωi,
C0 x ∈ Ω \Ωi,

[4]

where C0 is the erodibility of the clay and Ci the erodibility of
the inclusion.

The framework described by Eqs. 1–4 can be solved using
various methods; however, the complex and dynamic geometry
poses challenges when explicitly representing the surface. Here,
we use a phase-field formulation, which was originally developed
for solidification and multiphase flows (51, 52) but has more
recently been applied to moving boundary problems in contexts
such as natural convective melting or dissolution (53–59). Similar
models have been used to study erosion of soils under steady
viscous flows (60–63), but to our knowledge have not yet been
formulated and applied to erosion of heterogeneous materials
coupled to unsteady or turbulent flows. In the phase-field model,
the interface is implicitly represented by a continuous parameter

A

B

Fig. 2. Experimental measurements of the evolving shape of an erodible body subject to water current. A mound of soft clay with (A) and without (B) a hard
inclusion is eroded within the flow of a water tunnel, and optical scanning records the shape every 30 min. The initial shapes are 12 cm×6 cm×4.5 cm in length,
width, and height. The images display the extracted surfaces posed in a scene to show the progression in time. The presence of the nonerodible cylindrical
inclusion, which becomes the head of the yardang-like structure, induces intricate features in the surrounding soft material.
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�(x, t) such that � = 0 in the liquid domain and � = 1 in
the solid, with the interface defined as the level set � = 1/2.
Considering the trajectory of a point on the interface, it can be
shown that the phase-field evolves according to

∂�
∂t

= vn|∇�|, [5]

where vn is a field defined over all space via n̂ = −∇�/|∇�|
and � = −∇ · (∇�/|∇�|). The solid is represented as a porous
medium that exerts a drag force on the fluid of the form

f = −
�
�
u, [6]

where � characterizes the permeability, and � � 1 ensures
negligibly small flow within the solid (64). Eqs. 5 and 6 can
then be coupled to the fluid equations to simulate the moving
boundary problem on a regular grid.

Our numerical implementation employs an approximate form
of Eq. 3 that exploits the diffuseness of the interface. This extends
Eq. 5, which in principle is only defined on the interface, to the
full computational domain. Specifically, the equation we solve is
∂�/∂t = −C̃ |∇� × u|/� + m[Δ� − �(1 − �)(1 − 2�)/�2],
where � is an interface thickness and C̃ is proportional to the
erodibility C in Eq. 3. (For simplicity, the tilde is omitted in
what follows). Interpretations of this equation and related details
on the numerical implementation can be found in Materials and
Methods.

To mimic the experimental conditions, we consider flow in
a three-dimensional rectangular channel with inlet velocity u =
(U, 0, 0). The top and bottom walls are no-slip with u = 0 at the
bottom and u = (U, 0, 0) at the top, the sides are periodic, and
at the outlet we set ∂u/∂n = 0 and p = 0. We initialize the body
shape as a half-ellipsoid with principal axes (4L, 2L, 3L), as shown
in the leftmost image of Fig. 3. The simulation domain is taken
to be twice the size of the body in each spatial dimension, which
we find is sufficiently large for the boundary to have negligible
effects on the shape dynamics.

Under these conditions, the system involves three key control
parameters that can be cast as dimensionless groups of variables:
the (initial) Reynolds number Re = �UL/�, the clay erodibility

0 = �UC0, and the inclusion erodibility 
i = �UCi. (Note
that, as the body shrinks over time, the effective Reynolds
number decreases.) The ratio of the latter two yields the relative

erodibility � = 
0/
i = C0/Ci, which characterizes the degree
of heterogeneity of the material. Specifically, � = 1 corresponds
to a homogeneous material while the limit �→∞ corresponds
to a nonerodible inclusion, as pertains to the experiments.

Accurate solutions of the flow fields and solid geometry can be
ensured for low to moderate Reynolds numbers, beyond which
the computational costs become increasingly prohibitive. Fig. 3
shows snapshots of the evolving shape from a simulation at
Re = 103 and with 
0 = 5 × 10−3, 
i = 5 × 10−5 and
thus � = 100. The shapes correspond to the surfaces � = 1/2 at
representative instants up to the final time tf at which the material
vanishes entirely. The shapes and their progression share some
general aspects with those seen in experiments, albeit in muted
form with softer features that might be expected given the lower
Re. The strong fore-aft asymmetry due to the presence of the
inclusion is apparent, as is the more subtle undercutting in the
neck region and incision along the sides of the structure just
downstream of the cheeks. The sides, back, and rear of the body
are comparatively featureless, suggesting that the separated flows
and wake are Re-dependent, as will be investigated further in
subsequent sections.

While the effect of the relative erodibility � is difficult to
systematically investigate in experiments, the shape dependence
on this parameter, as well as the Reynolds number, can be
explored through simulations with relative ease. Fig. 4 presents
morphologies across the space of (Re, �) obtained through
simulations starting from the same initial form. Each panel shows
profile-view cross-sections of the body taken at equally spaced
points in time up to the point where the homogeneous case has
eroded to 50% its initial volume. The lowest row with � = 1
represent control cases in which the solid is homogeneous. Several
trends are apparent. Higher Re is associated with stronger fore-aft
disparities in the erosion rates, and the overall shapes are more
bulbous and less streamlined. The presence of the inclusion is
clearly essential to giving the animal-like form with raised head,
but for a given Re the characteristic shape differs little so long as
� � 1. For such high-� cases, sufficiently high Re is needed to
observe significant undercutting.

Experimental Flow Visualization

To better understand the underlying processes, we carry out flow
visualization experiments using 3D-printed plastic models whose
shapes are directly obtained from the surface scans of the eroding
structures. We first use a coating method that distinguishes
regions of attached and separated flows (65, 66). This technique
consists of covering the model with a thin layer of a paste formed

Fig. 3. Computed shape progression from phase-field simulations for the case of soft material with a hard inclusion. Several snapshots are displayed at
different points of time, where tf defines the time for the material to erode away entirely. The key parameters are the Reynolds number Re = 103 and
erodibility ratio � = 102. The inclusion becomes the “head” that is excavated by erosion and especially undercutting in the “neck” region.
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Fig. 4. Shape dependence on the Reynolds number Re and the relative erodibility � obtained from the phase-field simulations. Each panel shows profile or
cross-sectional views in the xz-plane at equal intervals up to the time where the homogeneous case (� = 1, Bottom row) has eroded to 50% its initial volume at
the given Re. Higher Re is associated with relatively stronger erosion at the front and thus a more prominent head.

by mixing clay powder with a concentrated solution of fluorescein
dye, followed by imaging within the flow of the water tunnel.
Complete details are available as Materials and Methods. Fig. 5 A
and B present side- and overhead-view photographs, and Movies
S1–S6 are also available. The colored region can be interpreted
as the “streak volume,” or set of all fluid parcels that have at some
point come sufficiently close to the surface to pick up eroded
material (49).

This method highlights the flows that separate from the
structure and gives insights into the mechanisms operating in
the associated regions. A strongly separated wake is seen just
downstream of the inclusion, where vortex shedding gives the
appearance of a billowing mane coming off the top and back of
the head. This unsteady flow may be responsible for the locally
higher erosion rate that gives rise to the arched back of the body.
The very rear of the body is also in a fully separated wake flow, and
its blunt, upright form is consistent with previous experiments
on erosion of bluff bodies (14, 15). The sides are more nuanced,

with attached flow near the front and separated flow near the rear.
The sites of flow separation seem associated with abrupt changes
in the shape, e.g. the concave region on the left side of the body
in Fig. 5 A and B that has been hollowed out by the recirculating
flow. The trials of Figs. 2 and 7 show considerable variability in
these features, suggesting sensitivity to the details of the initial
shape.

Aspects of the incoming stream and attached flows near the
front are better revealed by the streakline visualization method
(49, 66, 67), as shown in the photographs of Fig. 5 C and D
and the associated videos. As described in detail in Materials and
Methods, regularly spaced filaments of dye are released upstream
of the 3D-printed model by feeding fluorescein solution through
a manifold and out of thin tubes arranged in an array. Different
planes are interrogated by orienting the model relative to the
array.

The streaklines confirm that attached flows envelope the front
of the structure, the face of the head as well as the neck, paws, and

A

B

C

D

Fig. 5. Experimental flow visualizations around a model representing a late stage of the erosion process. The model is 3D-printed plastic whose form is
obtained by an optical scan of the clay structure. (A and B) Side- and top-view visualizations via coating the model with a clay-dye paste. The images are
photographs taken within the flow of the water tunnel, and the dyed material represents the “streak volume” of all fluid that passes sufficiently close to the
structure. (C and D) Visualizations via dye filaments. The photographs capture streaklines of dye that are released upstream from an array of tubes (not shown).
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shoulders, whereas separated flows occur over the top and back
of the head, the back of the body, its rear, and leeward portions
of the sides. The images reveal a particularly interesting flow
impinging on the neck region just under the inclusion. In the
vertical plane imaged in Fig. 5C, the streaklines are compressed as
they turn downward under the chin of the head and upward over
the paws. In the horizontal plane of Fig. 5D, a similar compression
arises as the flow diverts around the front of the structure. These
compounding effects indicate locally high flow speeds that could
explain the rapid erosion that carves the neck and leaves the
paws. In particular, since the flow in this region is observed to be
steady, the streaklines correspond to streamlines whose relative
spacing correlates inversely with flow speed via mass conservation
of the incompressible fluid (49). In essence, a large area of the
incoming flow is funneled into narrow streams that undercut
the head and leave the ledges extending downstream along
the body.

Phase-Field Analysis of Flow and Erosion Rate

The phase-field simulations provide further insights by connect-
ing the flow fields to the local rate of erosion and its variations
over the body surface. Fig. 6 A and B show side- and top-views of
the streaklines (orange curves) from a later stage of a simulation
with Re = 103 and � = 100. The general observations from
experiments are confirmed, including the regions of attached
and separated flows and, notably, the vertical and horizontal
compression of the streaklines in the region below the inclusion.
The coloring of the surface of the body corresponds to the local
erosion rate, as indicated by the color bar. This information
provides direct confirmation of the enhanced material removal
rate in the neck region into which flow is funneled. One also
observes locally high erosion rates in the wake of the head, though
this effect is evidently insufficiently strong to yield appreciable
arching of the back.

These simulations also quantify how the emergence of the
inclusion affects local and global aspects of the erosion process.
Fig. 6C assesses the total volume of the solid over time

from simulations at Re = 103, where the control case of a
homogeneous body (� = 1) is compared to the yardang-inspired
case with a hard inclusion (� = 100). The homogeneous material
(orange curve) erodes in a manner consistent with a power law
V (t) = V0(1− t/tf )2, as shown by the dashed curve. Here, V0
is the initial volume and tf is the time to vanish entirely. This
form follows from previous scaling analyses based on boundary
layer theory (14, 15, 68), and indeed the shape data of Fig. 4
for (Re, �) = (103, 1) show that erosion occurs predominantly
over the front surface where the flows are expected to be in stably
attached boundary layers. The heterogeneous body (dark brown
curve) initially follows the same law, then deviates due to slower
overall erosion rate, and later tends to return to the predicted
form. The intermediate stage corresponds to the period after
the inclusion has been exposed (first dashed vertical line) and
before the neck pinches off and the head detaches from the body
(second line).

Although the global erosion rate slows due to the hard head,
the local rates of the nearby softer material increase considerably.
Fig. 6D shows the maximal erosion rate over the surface as a
function of time for the same simulation run. Following a brief
transient during which the flow field develops, the peak rate is
seen to steadily increase over time for the yardang case, overtaking
the control case and eventually reaching almost twice as strong
erosion. Throughout the phase in which the head is exposed, this
enhanced erosion consistently occurs in the region just below the
inclusion. Later after the neck pinches and the head detaches, the
maximal rate closely follows the control case.

Conclusions and Discussion

This experimental and computational study addresses how fluid
mechanical erosion of a solid is affected by spatial variations in its
composition. The main phenomenon uncovered here is a highly
three-dimensional form of hydrodynamic scouring (69–71)
in which regions of hard or weakly erodible material are
excavated due to locally enhanced erosion of the surrounding
softer material. This enhancement is driven by changes in

A C

DB

Fig. 6. Analysis of flow and erosion rate in simulations. (A and B) Streaklines (orange curves) and local erosion rate vn/U (color map) at a late stage and for
Re = 103 and � = 100. The highest erosion rates are induced near the inclusion. (C) Volume of the solid over time with (� = 100, dark brown curve) and without
(� = 1, orange) the inclusion. The latter case follows a power law (dashed curve). (D) Maximal erosion rate on the surface versus time. During the phase in
which the head is exposed and still attached, the maximal erosion rate overtakes the control case.
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the flow field that occur when a hard inclusion is exposed,
acting as an obstacle around which the incoming flow must
accelerate and inducing an unsteady wake downstream. These
effects are shown to lead to yardang-like formations for isolated
inclusions embedded in hillocks of softer material subject to
uniform incoming flow. More generally, our findings show how
intricate 3D morphologies can emerge from relatively simple
initial conditions due to complex shape–flow interactions.

The sculptures in our laboratory and computational systems
resemble one another, but the formative conditions and processes
involved differ in several respects. In simulations, we impose a
simple law in which the local erosion rate varies in proportion
to the surface shear stress (14, 15). A linear erosion-stress
relationship has been shown to apply to the clay-water system for
sufficiently high shear rates, and a more complete description may
involve a yield stress, other nonlinearities, and time-dependent
behavior due to water absorption. The range of Reynolds
numbers Re ≤ 103 in our computational system is limited and
spans what is considered the intermediate regime for external
flows. Our experiments, on the other hand, operate at Re ∼ 104,
yielding finer flow features and consequently more intricate
etchings on the surface.

Natural yardangs form under more complex conditions in-
volving temporally fluctuating flows that vary spatially within the
atmospheric boundary layer. Moreover, the Reynolds numbers
in such conditions are expected to be orders of magnitude larger
than those considered here. The relevant aeolian processes depend
not only on the wind field, but also on airborne particulates
whose concentration and kinetic energy also vary in space and
time (36, 38, 42–45). What the different systems seem to have
in common is an erodible solid of heterogeneous composition
(9, 12, 33, 34, 38, 41, 72), fast flow of a dominant direction
(36–39), and local coupling between the two in which erosion
depends on shear stress (14, 15, 36, 46, 47) and is influenced
by vortex shedding, turbulence, and return flows (33, 34, 40).
These are perhaps minimal ingredients for the formation of such
structures.

Interestingly, it has been hypothesized that Egypt’s Great
Sphinx represents a modification of what was once a natural
formation (73–75). The resemblance to actual yardangs and our
laboratory and computational analogues is intriguing. Geological
studies indicate that the core structure is indeed in situ rock of het-
erogeneous composition (76), but archaeological surveys suggest
that the excavation of the body was largely or entirely anthro-
pogenic. Our findings add little to this discussion, except perhaps
to offer some general insight into the prevalence of animal-shaped
landforms that could have inspired this monument.

Our study introduces methods that may be valuable for
investigating other geomorphological problems. Experimentally,
the clay-water system could be useful for understanding the
erosion of cohesive solids, the fluid mechanics of which is far
less studied than that of granular materials. The conditions of
the laboratory setting can be tuned and the space- and time-
scales adjusted such that the shape dynamics are tractable,
as demonstrated here by 3D scanning at regular intervals.
Subtle mechanisms can be inferred from the flow fields and
their spatiotemporal complexities, as interrogated here through
streak volume and streakline visualizations. Computationally,
the phase-field formulation is a powerful and versatile means
for numerically simulating shape–flow coevolution problems.
It readily accommodates a wide range of flow conditions,
complex solid geometries of variable composition, and different
erosion physics as modeled by a boundary evolution law. These

capabilities are particularly well suited for studying the diverse
class of formations for which material heterogeneity and/or 3D
flows are thought to be important (77–79).

Materials and Methods

Erosion Experiments. Soft clay is prepared by blending bentonite nanoclay
powder with water in a 1:2 mixture by weight. The clay is pasted onto an acrylic
plastic platform that can be mounted flush to the lid of the test section of a laminar
flow recirculating water tunnel (Engineering Laboratory Design, Inc.). The clay
is shaped into a half-ellipsoidal structure measuring 6 cm× 4.5 cm× 12 cm
in width, height, and length. The long axis is to be aligned with the flow.
Control experiments without an inclusion involve homogeneous mounds of
clay. Yardang experiments with a nonerodible inclusion involve building up clay
around a short upright cylinder of hard plastic that is secured to the platform
via a thin, rigid stem. The cylinder is somewhat elevated off the platform and
near the front of the mound. It has height 1.5 cm and diameter 2 cm, and its
center location is 5 cm in front and 2.25 cm above the center of the ellipsoid’s
base. The prepared clay structures are eroded within the tunnel’s test section
measuring 15 cm × 15 cm × 43 cm in width, height, and length. The chosen
flow speed of U = 45 cm/s yields a convenient run time of several hours. The
resulting Reynolds number based on the half body width is Re ∼ 104. Tests at
half and twice the speed yield similar shape evolution. Trials at yet lower speeds
are contaminated by significant water absorption by the clay (14, 15), and yet
higher speeds are not accessible in the water tunnel.

The 3D shape of the clay object is recorded at regular intervals via a structured
light optical scanner (Shining 3D EinScan). The flow is stopped every 30 min,
and the platform is removed and placed on the rotating bed of the scanner,
which projects light patterns and records images that are postprocessed into a
surface geometry file. The quality is enhanced by dabbing the platform dry to
prevent reflections and inclining the lid and clay object such that the neck and
chin region is well imaged. The platform is then returned to the tunnel and the
flow restarted. The procedure yields seven scans in 3 h, by which time the neck
typically erodes through and exposes the stem supporting the head. Fig. 2 A
and B show representative datasets corresponding to the first six scans for cases
with and without an inclusion, respectively.

Repeated trials are conducted to assess the consistency of the results. The
scans of Fig. 7 A–C represent three additional runs for the same basic conditions
as in Fig. 2A but with slightly different initial forms due to the manual shaping
procedure.

FlowVisualization Experiments. The flows are visualized around high-fidelity
plastic models of the clay structure at a late stage when it has developed into the
yardang-like form. The surface geometry file obtained by scanning is converted to
a solid geometry file and sent to a stereolithographic resin 3D printer (Formlabs
Inc., Form 3L). One set of experiments serves to visualize the erosion process and
the wake flows. The model is uniformly coated with a thin layer of a paste formed
by blending clay powder with a concentrated solution of fluorescein dye in a
3:1 ratio. The model is placed in the flow of the tunnel and photographed with
a digital camera (Nikon D610) under the illumination of several bright lamps.
High contrast is provided by matte black paneling placed inside the tunnel
walls, and the images are captured before the polluted fluid in the recirculating
system returns to the test section. The side and overhead views of Fig. 5 A
and B are obtained by affixing the structure to the floor and side wall of the
tunnel, respectively. Global corrections applied to the images include recoloring
and enhancing brightness and contrast. To avoid excessive dispersion of the
dye, these experiments are conducted at a slower flow speed of 11 cm/s on an
at-scale model, yielding a Reynolds number that is one-quarter of the value for
the erosion experiments.

A second set of visualization experiments produced the streakline images
of Fig. 5 C and D. A schematic of the setup is given in Fig. 8A, where the
particular arrangement shown yields an overhead-view photograph. The 3D-
printed model is again mounted in the tunnel on black background paneling
and under appropriate lighting where it is imaged by a camera. Upstream is an
array of hypodermic tubing from which dye is fed into the flow. A detailed view
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A

B

C

Fig. 7. Reproducibility of erosion experiments. (A–C) Shape progression from three representative trials. The initial shapes are 12 cm × 6 cm × 4.5 cm in
length, width, and height. Comparison to Fig. 2A shows that general features of the shapes are reproduced while the sides of the structures display significant
variations.

of the custom-made array system is shown in Fig. 8B. The dye is a concentrated
fluorescein solution that drains via gravity from a container (not shown). For
this purpose, we employ a Mariotte bottle that ensures constant flow rate. The
hypodermics have inner and outer diameters of 0.61 mm and 0.76 mm, and they
are spaced by 1 cm. To minimize flow disturbances in the plane of visualization,
the hypodermics are bundled into a foil-shaped fairing, and their extremities are
bent away from the fairing and into alignment with the flow. The fairing enters
the test section through a slotted hole in the top wall, and the desired plane is
achieved by sliding the support along positioning rails. The overhead view of
Fig. 5C is achieved as shown in Fig. 8A, and the side view of Fig. 5D involves

mounting the structure on the floor of the tunnel and translating the dye array
accordingly.

Straight rather than sinuous filaments were achievable only at lower tunnel
speeds. Hence, the streakline experiments are conducted at 11 cm/s on a model
scaled up by 2, yielding a Reynolds number that is one-half of the erosion
experiments. Other factors played a role in the quality of the filaments. The
bends in the hypodermics should be of gentle curvature (here,∼1 cm radius),
and the openings of the tubes must be meticulously deburred and chamfered. It
is helpful but not necessary to match the dye feed rate to the tunnel flow speed,
the former adjusted here through the height of the Mariotte bottle. Matching

A B

Fig. 8. Schematics of the experimental apparatus used for streakline visualizations. (A) Water tunnel test section, model, dye injection system, and camera.
The particular arrangement shown here is relevant to overhead views such as that shown in Fig. 5D. (B) Zoomed-in view of the manifold used to produce dye
streaklines.
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the density of the dye solution, e.g. by adding alcohol, to that of water was not
needed for the conditions studied here.

Numerical Methods. The numerical simulations are performed using a
custom-written Matlab script, which is available on GitHub along with codes
for plotting, visualization, and convergence analysis https://github.com/scott-
weady/erosion.git (80). The code employs a second-order marker and cell finite
difference discretization for the fluid velocity, with the phase-field located at cell
centers on the staggered grid. The hydrodynamic and phase-field equations are
integrated in time using a forward Euler discretization, coupled to a pressure pro-
jection method to enforce fluid incompressibility. The pressure Poisson equation
is solved directly using a Cholesky decomposition coupled with a Fast Fourier
Transform in the periodic y-direction. The computational domain measures
[0, 8]×[0, 4]×[0, 4] in dimensionless units and employs a grid of 300×150×
150, corresponding to a spacingh ≈ 0.0266. The dimensionless regularization
parameter ism = 0.2 h2, chosen to avoid stiffness associated with explicit time-
stepping while also ensuring resolution of the diffusive length scale

√
m ∼ h.

The phase-field model presents several numerical challenges to be overcome.
First, the fact that |∇�| → 0 away from the surface leads to ill conditioning
of n̂ due to division by |∇�|. This is remedied by assuming a smoothed profile
� = [1 − tanh(2n/�)]/2 at the surface of the body (53), where n is the
coordinate normal to the surface and � = 2 h is the interface thickness chosen
to extend over several grid points. This yields �|∇�| = −(∇ · n̂)|∇�| =
Δ�−�(1−�)(1−2�)/�2. The permeability coefficient � of Eq.6 is chosen
to be � = 10�2, the scaling of which is chosen to match that of ref. 81 but
with a smaller prefactor in order to better approximate the no-slip condition. We
find that a time step of Δt = 10−3

� � ensures numerical stability for all
conditions studied here.

An additional challenge arises in evaluating the shear stress at the surface,
which does not converge pointwise with the grid resolution for the phase-field
model with volume penalization. Here, we make the approximation |(I− n̂n̂) ·
� · n̂| ≈ �|n̂ × u|/Re�, where |n̂ × u| is the magnitude of the tangential
velocity and � is a constant. Because of how � appears in the erosion law (see
below), its value need not be specified independently of the erodibility constant.
To motivate the above approximation, consider the two-dimensional tangential
velocity u(s, n) of the true solution, where s is a tangential coordinate on the
surface and n is the distance normal to the surface. Expanding about n gives
u(s, n) ≈ u(s, 0)+n∂u/∂n|n=0 +O(n2). Incorporating the no-slip condition

u(s, 0) = 0 yields u(s, n)/n ≈ ∂u/∂n|n=0 + O(n), to which the chosen
approximation resembles a finite difference. For the choice of penalization
parameters given in the previous paragraph, we find the volume-penalized
solution u�(s, n) scales as O(�), indicating that u�(s, n)/� approaches a finite
value as � → 0. Using the aforementioned approximations and the relation
n̂ = −∇�/|∇�|, the phase-field equation used in simulations then becomes
∂�/∂ t = −�C|∇� × u|/Re� + m[Δ� − �(1 − �)(1 − 2�)/�2]. We
therefore define C̃ = �C/Re as the effective erodibility constant whose value
sets the timescale of the shape dynamics. Based on these approximations, the
interface velocity as shown in Fig. 6 is computed from the formula |vn| =

(C̃/�)|∇�×u|/|∇�| ≈ −4C̃|∇�×u|. The last approximation comes from
the tanh form of the interface profile, which gives |∇�||�=1/2 ≈ [�(1 −
�)/�]|�=1/2 = 1/4� (53).

It is not clear that the approximation to the shear stress necessarily converges
to the true value, and hence, the associated erosion law employed in the
simulations is, strictly speaking, an alternative prescription for the boundary
evolution. It issuggestivethat thesimulationsreproduceshapedynamicsbroadly
similar to those from experiments, and known boundary-layer theory scaling
laws for the shear-induced removal rate are also recovered (e.g. Fig. 6C). We also
note that similar issues with convergence arise in phase field models of melting,
where Gibbs–Thomson-like laws serve as alternative models that converge to
the Stefan condition (82).

Data, Materials, and Software Availability. Matlab script used in numerical
simulations is available on Github (80). All other data are included in the
manuscript and/or supporting information.
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