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Nucleocytoplasmic transport is essential for cellular function, presenting a canonical example of
rapid molecular sorting inside cells. It consists of a coordinated interplay between import/export
of molecules in/out the cell nucleus. Here, we investigate the role of spatio-temporal dynamics
of the nucleocytoplasmic transport and its regulation. We develop a biophysical model that cap-
tures the main features of the nucleocytoplasmic transport, in particular, its regulation through the
Ran cycle. Our model yields steady-state profiles for the molecular components of the Ran cycle,
their relaxation times, as well as the nuclear-to-cytoplasmic molecule ratio. We show that these
quantities are affected by their spatial dynamics and heterogeneity within the nucleus. Specifically,
we find that the spatial nonuniformity of Ran Guanine Exchange Factor (RanGEF)—particularly
its proximity to the nuclear envelope— enhances the Ran cycle’s efficiency. We further show that
RanGEF’s accumulation near the nuclear envelope results from its intrinsic dynamics as a nuclear
cargo, transported by the Ran cycle itself. Overall, our work highlights the critical role of molecular
spatial dynamics in cellular processes, and proposes new avenues for theoretical and experimental

inquiries into the nucleocytoplasmic transport.

Eukaryotic cells are organized into functional compart-
ments, such as the nucleus and the cytoplasm. The for-
mer houses the genome and DNA-related machinery, the
latter contains cytosol and organelles for cellular func-
tions such as protein synthesis and degradation [1]. The
boundary between the nucleus and the cytoplasm is de-
lineated by the nuclear envelope (NE) [1], with molecules
transported bidirectionally across the NE through nu-
clear pore complexes (NPCs) [2]. Small molecules, such
as ions and nucleotides, can freely diffuse through the
NPCs [3-5], while larger molecules, such as proteins, re-
quire a regulated multi-step process [6, 7]. These large
cargoes bind to a nuclear transport receptor (NTR),
which then transports them in/out of the nucleus, de-
pending if the cargo has a nuclear localization or export
signal (NLS/NLS) [7, 8].

While individual molecular translocations through
NPCs do not require energy, being thermally driven and
facilitated by interactions with nucleoporins inside the
NPC [9-12], they are part of a complex cycle that is
essentially an energy-driven pump [12-16]. This cycle
can generate import/export fluxes against concentration
gradients, maintaining the system in a non-equilibrium
steady state [16]. This import/export cycle is run by
GTP and the asymmetric distribution of a GTPase Ran
protein across the NE [17], with RanGDP largely in the
cytoplasm and RanGTP in the nucleus [11-14]. This
asymmetry is established by the guanine nucleotide ex-
change factor (RanGEF) [18-21], which promotes GDP-
to-GTP exchange in the nucleus, as well as the GTPase-
activating protein (RanGAP) [22], which in turn facil-
itates GTP hydrolysis in the cytoplasm. Importantly,
RanGEF is bound to chromatin, while RanGAP asso-
ciates with the cytoplasmic side of NPCs.

The import—export cycles of cargo proteins are tightly

regulated by RanGTP. Figure 1 depicts the import cycle,
with each cycle using one GTP molecule and resulting in
the export of one Ran molecule per cargo [23]. Taken
together, the import—export cycles are tightly controlled
by the Ran cycle [16]. Indeed, reversing the RanGTP
gradient between the nucleus and cytoplasm leads to an
inverted gradient of the cargoes [24].

In this study, we investigate the mechanisms behind
the nucleo-cytoplasmic transport mediated by the Ran
cycle. In contrast to previous studies, which assumed
a rapid homogenization of the Ran cycle components
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FIG. 1. Ran-mediated nuclear transport of a cargo molecule,
forming a complex with a nuclear transport receptor (NTR).
Cargo-NTR complex passes through nuclear pores, diffuses,
and releases the cargo upon RanGTP binding. The RanGTP—-
NTR complex is recycled to the cytoplasm, where it is dissoci-
ated through GTP hydrolysis. RanGDP reenters the nucleus
and converts to RanGTP via RanGEF, completing its cycle.



within the nucleus and cytoplasm [3, 25-36], we explore
the role of heterogeneity and spatial dynamics of the Ran
cycle. To this end, we develop a model of the spatiotem-
poral transport of Ran components and explore how spa-
tial heterogeneity of RanGEF affects the Ran cycle. We
find analytical solutions for steady-state concentrations
and relaxation times of Ran components, and obtain ra-
tios of the nuclear to cytoplasmic Ran. We find that lo-
calization of RanGEF near the NE significantly increases
the Ran content in the nucleus. Lastly, we show that a
heterogeneous distribution of RanGEF near the NE orig-
inates from its dynamics as a NLS-containing cargo.

Model—We model the nucleus as a sphere of radius R
with boundary S (the NE; R ~ 5-10 pum [1]) enclosing a
volume V,,. We assume a constant NPC surface density,
providing a uniform flux of particles across the NE [37].
Each NPC supports 102103 translocations per second
[36]. The outwards flux at the NE of a molecular species
X can be described by Jx = Ax (X, — X,,) [25], where
Ax is the permeability, and the subscripts ¢ and n de-
note the cytoplasm and nucleus, respectively. Here, the
concentration is the number of molecules per unit vol-
ume, ignoring the presence of subnuclear bodies and the
polymeric structure of chromatin. The nuclear molecules
are assumed to diffuse in the nucleus with an effective
constant diffusivity, denoted by dx for a solute X, in the
range 1 —20 um? /s [34, 35]. We do not explicitly account
for advection of molecules by nucleoplasmic flows [38-46],
with such an effect, if present, entering only as a contri-
bution to the apparent diffusion constant. We assume
that cytoplasmic concentrations are uniform, akin to the
experimental conditions of permeabilized cells where the
external delivery of molecules is controlled [11]. Thus, at
the NE the diffusive flux of molecules is given by

—n-dxVX,(r,t)+Jx =0, r €S, (1)

where n is the outward unit normal to the NE surface S.
We consider the dynamics of the Ran cycle as shown in
Fig. 1, where A denotes RanGDP, B is RanGTP, and I
is RanGTP-NTR complex. The dynamics of the nuclear
RanGDP is given by the reaction—diffusion equation:

Ot A, = daV3A, —a(r,t)A,, r €V, (2)

where « is the nucleotide exchange rate due to RanGEF,
converting RanGDP to RanGTP [47]. Similarly, the dy-
namics of nuclear RanGTP is described by

0iB,, = dgV*B, + a(r,t)A, — B(r,t)B,,, r<V,, (3)

where  is the dissociation rate of cargo molecules from
the cargo-NTR complex by binding of RanGTP. We as-
sume [(r,t) = bogGy(r,t), where by is a constant and G,
is the nuclear cargo-NTR concentration given by

Gy = dgV?Gy, — byGpBp, T € V. (4)

Also, the cargo dissociation leads to the formation of a
nuclear RanGTP-NTR complex (I,,), which is given by

O, = d;V2I, + B(r,t)Bn, T € V,. (5)
The nuclear concentration C,, of free cargo follows
0:Cp = dcV?Cp, + B(r,t)B, — x(r,t)Cy, T € Vs, (6)

where x is the nuclear depletion of cargo, e.g. the tran-
scription factor binding to certain loci on the chromatin.

The five reaction-diffusion equations (2-6) are aug-
mented with boundary conditions at the NE, which are
given by Eq. (1) with Ja, Jg, and J; being nonzero,
since their constituents associate with NTRs, while Jp =
Jc =0, as B and C cannot translocate through NPCs.

In cytoplasm, the homogeneous RanGTP-NTR con-
centration is described by

Ol = —nl. — V' [¢ JrdS, (7)

where the last term is the exchange of RanGTP-NTR
through the NPCs, with V. as the volume of cytoplasm,
whereas the first is the loss due to the GTP hydrolysis
by RanGAP, converting RanGTP to RanGDP at a rate
7. Similarly, the cytoplasmic RanGDP is governed by

OtAe =l — Vglfs JadsS, (8)

while the cytoplasmic cargo-NTR complex follows
ath = CONCCC - Vg_lfs \.7G dS7 (9)

where N, is the cytosolic concentration of free NTRs, and
(o is the production rate of cargo-NTR complex from a
pool of free cargo, with 9;C. = —(yN.C. + other sources
or sink terms. NTRs are assumed to be abundant in the
cell with N, as a constant. Egs. (2-9) can be solved by
providing initial conditions for each concentration [48].
Ran cycle under static RanGEF profiles— Since the
Ran cycle drives and regulates the nucleocytoplasmic
transport, we aim to understand its dynamics and
steady-state behavior. We assume that cargo-NTR com-
plexes are in abundance within the cell, so that the cargo
dissociation rate § = [y is treated as a constant. To
start, we assume that RanGEF is uniformly distributed
with concentration Fy, where a = agFy = oy and ag is
a constant. Under this approximation, the equations be-
come linear and can be solved by a Laplace transform
method [48], choosing an initial condition where Ran is
only in the cytoplasm in its GDP-form. The solutions
in Laplace space can be used to determine the steady-
state concentration profiles and the dominant relaxation
time to steady-state [48], as shown in Fig. 2(a) and (b),
where, for simplicity, we choose the permeability A and
diffusivity d to be the same for all species. Since initially
Ran molecules are not present in the nucleus and cyto-
plasmic concentrations are homogeneous, the solutions to
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FIG. 2. (a) Relaxation time 7 of the Ran cycle (see diagram), when RanGEF is uniform with ag = 5571

Alpm/s]

. Herein, we set

the same diffusivity d = 10 ,um2/s for all species, R = 10 um, n = 10s™!, and v = 2/3. Dashed curves are the associated
infinite diffusivity limits (same colors). (b) Steady-state concentrations of the Ran-cycle components (as fraction of initial Ag
concentration). Dashed curves correspond to a uniform RanGEF. In the left plot, solid curves correspond to RanGEF in a shell
with inner radius Ré (blue region). RanGEF’s net number is the same as in the uniform case, ashen = ao/(1— 63). In the right

plot, RanGEF is in a ball of radius Re (blue region), with & such that aman = a/e® = agnen. Here, § = 0.9, fo = 1s~

1 and

A =10pm/s. (c) Steady-state & when RanGEF is uniform, with A = 50 um/s. (d) Steady-state ® for the uniform (dashed),
shell (purple), and ball (blue) cases, with ag = 105 *and fo = 15~ (e) Relative change £ of the steady-state ® in the shell
case compared to ® in the uniform case, with § = 0.98. Yellow point and star in (c—e) highlight the same parameter points.

the nuclear concentrations at steady state are found to
be radially symmetric, decreasing from the NE into the
nucleus with permeation length scales {4 = \/d/ag and
g = +/d/Bo. These lengths also control the abundance
of molecules in the nucleus compared to cytoplasm, where
the ratio ® of nuclear-to-cytoplasmic Ran molecules is
found in exact form [48]. In the physiological regime, ®
must be greater than unity, around 34 [35]. This con-
dition restricts the phase space in terms of local rates,
see Fig. 2(c), requiring that 8y be less than a threshold
B at which ® = 1, with typically 85 ~ 1s~!. Simi-
larly, this further constrains the permeability A, which
must be larger than a threshold A\*, see Fig. 2(d); typi-
cally Ay ~ 1 um/s. Note that if the rates o and By were
known, then knowledge of ®, which can be measured
experimentally [35], allows the estimation of biophysical
parameters such as permeability A.

Another experimentally measurable quantity [3, 26,
28-31, 36] is the relaxation time to steady-state of the
Ran cycle. In this simple theory, the relaxation time fol-
lows from the Laplace space solutions of the concentra-
tions. Specifically, the complex pole s, with the smallest
negative real part in this solution gives us the dominant

relaxation time 7; shown in Fig. 2(a). For small values
of permeability A, we find that 7 ~ 1/), while at larger
values of A, the system exhibits underdamped oscilla-
tions (frequency given by a nonzero imaginary part of s, ),
where oscillation onset occurs at higher A with increasing
3 [48]. A comparison between 7 and its value in the limit
of fast diffusion shows large deviations for A 2 1 pum/s,
and thus neglecting diffusion may lead to significant er-
rors in the estimation of the relaxation times.

The nucleotide exchange rate depends on the local
concentration of RanGEF bound to the chromatin [49],
which so far is assumed to be uniformly distributed.
However, chromatin density is heterogeneous [50], includ-
ing heterochromatin. Hence, we investigate next the ef-
fect of the RanGEF spatial heterogeneity [51]. For this
we study two simple radial distributions of a(r): first,
all RanGEF molecules are localized in a spherical shell;
and, second, they are all confined to a spherical ball at
the center of the nucleus. Assuming piece-wise constant
profiles of «, the steady-state radial profiles of the con-
centration fields can be found analytically, and are shown
in Fig. 2(b) for the shell and ball cases. In both scenarios,
the same total number of RanGEF molecules is chosen as
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FIG. 3. (a) Relaxation of ® when RanGEF concentration is uniform (dashed), & = agFo = 3s™'. Solid curves are the cases

when RanGEF is transported in the nucleus as a complex K (see diagram) and dissociated at a rate yFp = 50s7".

1 Initial

concentration of F' is taken to be: uniform (blue curve), and heterogeneous given by 10 random Gaussian spherical clusters of

equal size. Red curve is ® averaged over 100 such random initial data. (b) The angular average (F') = 027( de [ F(r,0,¢) sin 0df
of RanGEF at steady-state. Blue and red curves corresponds to the uniform and random initial cases as in (a). Inset shows the
dependence on v with RanGEF initially uniform. The blue curve is also depicted in (¢). The red shaded region is the standard
deviation of the sample around the mean. The red dashed shows one such realization, which is also depicted in figure (d).

in the entirely uniform case with ae = ap. The associated
steady-states of ® are plotted in Fig. 2(d), which shows
that distributing RanGEF in a shell near the NE sig-
nificantly increases the nuclear localization of molecules,
when compared to the uniform case; see Fig. 2(e). The
increase in ® increases with diminishing the shell thick-
ness. Conversely, localizing RanGEF away from the NE
(the ball case) has the opposite effect. Thus, a spatial
profile for RanGEF can control the nuclear transport.

Dynamics of RanGEF as nuclear cargo— So far we
have assumed static RanGEF distributions, however,
RanGEF molecules are also NLS-containing cargoes and
their nuclear transport is mediated by the Ran cycle [52].
Next, we show that within our model this results in a pos-
itive feedback that localizes RanGEF to the nuclear pe-
riphery. To begin, we complement the previous equations
of the Ran cycle with transport of an additional cargo—
receptor complex K that carries RanGEF (F); see in-
set diagram in Fig. 3(a). Using Egs. (4) and (9), their
concentration are described by 0, K. = —Vc_lfs Jik dS
and 0, K,, = dx V2K, —vB, K, satisfying a flux bound-
ary condition as in Eq. (1). The last (nonlinear) term
accounts for dissociation of RanGEF cargo at the rate
~vB,,. We assume that once free the RanGEF cargo binds
rapidly to the chromatin, and its bound concentration is
given by 0. F = vB, K,,. To complete the model we must
set @ = apF and B8 = By + 7K.

First, we consider initial distributions F' for bound
RanGEF which comprise only 10% of the total RanGEF
in the cell. The remaining 90% is in the cytoplasm which
sets the initial data for K.. As before, all Ran molecules
are initially in the cytoplasm and in their GDP-form.
We solve numerically for the spatial-temporal evolution
of the concentration fields [48, 53]. Fig. 3(a) shows the
evolution of ® for (i) an initially uniform distribution for
F', and (ii) a distribution F consisting of randomly placed

Gaussian spherical clusters of equal standard deviation.
The long—time states of ® for both (i) and (ii) show an
significant increase over the static uniform RanGEF case,
as previously computed in Fig. 2(d). Moreover, the long—
time concentration profile of chromatin-bound RanGEF
shows a sharply varying spatial profile within the nucleus,
with a significant accumulation at the NE. To compare
the cases (i) and (ii), we compute the angular average of
RanGEF, (F), which are shown in Fig. 3(b). For case
(1), we find at long times a radial profile (') that mono-
tonically decays away from NE with permeation length
~ +/d/(vFp), which rapidly decreases by increasing the
rate v; see Fig. 3(b) and (c). For case (ii), the long-time
F shows a heterogeneous profile, as shown in the exam-
ple of Fig. 3(d), where (F) also sharply decays away from
the NE. By averaging over many such radial profiles (F)
at long—times, each derived with different initial random
data, we determine their mean and standard deviation
as shown in Fig. 3(b). This reveals that bound RanGEF
displays a significant and sharp accumulation at the NE,
despite the initial random distribution.

Discussion— We developed a model exploring the nu-
cleocytoplasmic transport, highlighting the essential role
of the spatial distribution and dynamics of the Ran cycle.
Our findings demonstrate that the spatial RanGEF dis-
tribution directly influences the nucleocytoplasmic trans-
port, in particular, RanGEF’s localization at the NE en-
hances the Ran cycle efficiency. We find that the sharp
accumulation of RanGEF at the NE emerges directly
from the transport dynamics of RanGEF molecules as
an NLS-containing cargo. Overall, our results suggest
that the spatial modulation of the RanGEF substrate
may contribute to the regulation of the RanGTP spatial
gradient inside cells. With RanGEF having a high affin-
ity for heterochromatin, changes in its organization near
the NE could affect the spatial dynamics of RanGEF,



and thus in turn the nucleocytoplasmic transport. Un-
derstanding how changes in heterochromatin influence
RanGEF localization may offer insights into cell’s pro-
gression through the cell cycle as well as diseases, where
nucleus-wide chromatin organization is disrupted. Our
results open new avenues for further theoretical and ex-
perimental inquiries into the role of spatial dynamics of
molecules in the nucleocytoplasmic transport.
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