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A SPACE-TIME MIXED FINITE ELEMENT METHOD FOR
REDUCED FRACTURE FLOW MODELS ON NONMATCHING
GRIDS

THI-THAO-PHUONG HOANG AND IVAN YOTOV

ABSTRACT. This paper is concerned with the numerical solution of the flow
problem in a fractured porous medium where the fracture is treated as a lower
dimensional object embedded in the rock matrix. We consider a space-time
mixed variational formulation of such a reduced fracture model with mixed
finite element approximations in space and discontinuous Galerkin discretiza-
tion in time. Different spatial and temporal grids are used in the subdomains
and in the fracture to adapt to the heterogeneity of the problem. Analysis
of the numerical scheme, including well-posedness of the discrete problem,
stability and a priori error estimates, is presented. Using substructuring tech-
niques, the coupled subdomain and fracture system is reduced to a space-time
interface problem which is solved iteratively by GMRES. Each GMRES iter-
ation involves solution of time-dependent problems in the subdomains using
the method of lines with local spatial and temporal discretizations. The con-
vergence of GMRES is proved by using the field-of-values analysis and the
properties of the discrete space-time interface operator. Numerical experi-
ments are carried out to illustrate the performance of the proposed iterative
algorithm and the accuracy of the numerical solution.

1. INTRODUCTION

Dimensionally reduced fracture models have been widely used for the model-
ing and simulations of fluid flow and transport in fractured porous media, where
the fractures are represented as (d — 1)-dimensional interfaces in a d-dimensional
medium. These models are efficient as the width of the fractures is very small
compared to the size of the surrounding medium and local mesh refinement around
such fractures would be computationally expensive. In addition, the reduced mod-
els take into account the interactions between the flow in the fractures and in the
rock matrix to provide approximations comparable to the ones obtained using the
full dimensional approach [1[13][23,[36//39]. Since the fractures can have much higher
or much lower permeability than the surrounding medium, they can act as a con-
duit (i.e., allowing fluid flow much faster) or a geological barrier (i.e., blocking fluid
flows across it). Consequently, the spatial and temporal scales may vary consid-
erably across the domain of calculation, and it is desirable to develop numerical
algorithms that can enforce different mesh sizes and time step sizes in the fractures
and in the subdomains.
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Mathematically, reduced fracture models consist of systems of full dimensional
Partial Differential Equations (PDEs) in the subdomains coupled with tangential
PDEs in the lower dimensional fractures. The coupled problem can be solved
directly as a monolithic system as in [61[7,[10,[14,16][20-221[26,[28/[33,[35,[41}/44] for
single-phase Darcy flow, [4}25|27,[45] for transport problems, [11L24] for two-phase
flow, and [13}[341[42] for multiphysics problems in which different types of PDEs
are considered in the fracture and in the subdomains. Solving a large coupled
linear system as in the monolithic approach could be computationally costly, thus
one can instead use nonoverlapping Domain Decomposition (DD) to decouple the
system into subproblems of smaller sizes in the subdomains together with suitable
transmission conditions on the fracture-interface as studied in [IH3[[191[39]. We
remark that most existing work uses the same time step in the subdomains and in
the fracture. Local time discretization can be enforced by employing global-in-time
DD methods as proposed in [29H31], where time-dependent problems are solved
in the subdomains at each iteration and information is exchanged over the space-
time fracture-interface. Though global-in-time DD allows local discretizations in
both space and time, the aforementioned papers only consider matching spatial
grids in the subdomains and in the fracture. Recently, a space-time DD method
with nonmatching space-time grids has been analyzed in [32] for the case without
fracture, in which mortar mixed finite elements are used for spatial discretization
and discontinuous Galerkin for temporal discretization. It is well-known that the
mortar spatial grid is required to be coarser than the grids in the subdomains to
obtain stability [8,9]. However, for the reduced fracture model, it was shown in
[22] that no mortars are needed and the mesh in the fracture can be much finer
or coarser than in the subdomains. Note that only steady-state problems were
considered in [22].

In this paper, we aim to develop and analyze space-time numerical approxima-
tions for the reduced fracture flow model with nonmatching space-time grids, i.e.,
different spatial mesh sizes and time step sizes in the subdomains and in the frac-
ture. The problem is discretized in space by the mixed finite element method and
in time by the discontinuous Galerkin method. As in the stationary case [22], there
is no need to introduce a mortar finite element variable due to the tangential PDEs
in the fracture. We remark that, unlike the case with artificial interfaces [32], the
normal fluxes are not continuous across the fracture-interface. We carry out rig-
orous analysis for the well-posedness, stability and error estimates of the proposed
numerical scheme for the monolithic fully discrete problem. In addition, improved
error analysis is done by bounding the velocity divergence under the assumption of
conforming time discretizations, which is similar to the case without fractures [32].
Based on global-in-time DD with the time-dependent Robin-to-Neumann interface
operator (instead of the Dirichlet-to-Neumann operator for artificial interfaces [32]),
we decouple the monolithic problem and reformulate it as an interface problem on
the space-time fracture-interface. The interface problem is solved iteratively by
GMRES, each iteration involving the solution of time-dependent problems in the
subdomains using the method of lines with local spatial and temporal discretiza-
tions. The convergence of GMRES is proved by using the field-of-values analysis
and the properties of the associated interface operator. The presented error es-
timates and convergence analysis of global-in-time DD for the reduced fracture
model have not been done in the literature, even for the case with matching spatial
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meshes. Numerical results where the fracture is either a “fast path” or a geological
barrier are presented to validate the theoretical error estimates as well as investigate
the convergence of GMRES and the efficiency of nonmatching space-time grids. It
should be noted that in this work, we have restricted our attention to the case
with a single fracture and we require that the geometry of the fracture is respected
by the meshes. Techniques from [5l[10,[26] could be used to extend the presented
work to the case with intersecting fractures; however, this is beyond the scope of
this article. We also refer to the review paper [20] (and the references therein)
for more complex configurations with networks of fractures and for the case where
some elements of the spatial grid may be cut by the fracture.

The rest of the paper is organized as follows: in the next section, we present
the model problem and its weak formulation. In Section [3] the proposed numerical
scheme using mixed finite element discretization in space and the discontinuous
Galerkin method in time is introduced. The well-posedness and stability of the
numerical solution are studied in Section[d] and a priori error estimates are derived
in Section[5l In Section [6] we prove the boundedness of the velocity divergence and
establish improved error estimates. In Section [0 global-in-time domain decom-
position is utilized to decouple the system and reduce it to an interface problem:;
analysis of the interface operator is also presented. Finally, we discuss numerical
results in Section

2. MODEL PROBLEM

We consider a reduced fracture model in which the fracture is known a priori
and is modeled as a hypersurface embedded in the porous medium. Let  C R¢
(d = 2,3) be a bounded domain with Lipschitz boundary 092. Suppose that the
fracture €y is a subdomain of €) that separates €2 into two connected subdomains:
Q\ﬁf =01 UQ,, and Q; NQy = 0. We denote by 7; the part of the boundary of €;
shared with the boundary of the fracture Qs: v; = (0Q;N0N)NQ, for i = 1,2. Let
n; be the unit, outward pointing, normal vector field on 0€);, i = 1,2. We assume
that {2y can be expressed as

Qf = {meQ:m—m7+on, where x, € y and 0 € <—@,@>},
where v is the intersection of a line (d = 2) or a plane (d = 3) with Q, n = ny; = —ny
is the unit normal vector to v, and d(x.) is the width of the fracture at x, € 7.
For ¢ =1, 2, f, and for any scalar, vector, or tensor valued function ¢ defined on
Q, we denote by ¢; the restriction of ¢ to ;. The flow problem of a single phase,
compressible fluid in the fractured porous medium {2 is given by

8;0p; + divu; = ¢; in Q; x (0,7), 1=1,2,f,

u; = —K;Vp; in Q; x (0,7), 1=1,2,f,

Di =Pt on ~; x (0,T), 1=1,2,

(2.1) u; M =upmy; on ~y; x (0,T), i=1,2,
p; =0 on (0Q; NON) x (0,T), 1=1,2, f,
pi(+,0) = po,i in €2, i=1,2,f,

where, for i =1, 2, f, p; is the pressure, u; the velocity, ¢; the source term, s; > 0
constant storage coefficients, and K; a symmetric, time-independent, permeability
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tensor. We assume that initial condition pg € H{ (2) is given and define Do,i = Pol;s
for i = 1,2, f. For simplicity, we have imposed homogeneous Dirichlet conditions
on the external boundary.

As in the steady-state flow case [3L221[39], we treat the fracture as a domain of
co-dimension 1, i.e., we collapse the fracture domain 2 onto its central axis .
The reduced fracture model is then obtained by integrating over the cross sections
of Q; the first two equations of (2.I) for the index f; more details can be found in
[39]. In particular, we decompose us into its components normal and tangential to
the fracture: uy = uys, +uys,, where uy, = (uy-n)n. Define T =1 7o...7q_1],
where {71}7;11 is an orthogonal system of unit tangent vectors on . The velocity
and pressure on the (d — 1)-dimensional fracture v are defined as

e

(2.2) Uy = / , TTufJ dn, py = 5 / , prdn,
2 2

i.e., u, and p, are the average velocity and pressure, respectively, along the normal

direction of the full dimensional fracture €2¢. For simplicity, we assume that K ¢ is

invariant in direction normal to the fracture and define:

K, =n"Km, K, =T KT

Let K, :=0Ky,, ky :=2Ky,/6 and s, := dsy. In addition, we use the notation
V., and div, for the tangential gradient and tangential divergence, respectively. The
reduced model is given as an interface problem as follows, where we still denote the
subdomains by ;,i=1, 2:

$:0¢p; + divu; = ¢; in ; x (0,7),
u; = —K;Vp; in Q; x (0,7),
540Dy + div, uy = gy + Z?Zl (u; - ni)h in vy x (0,7),
u, = —K,V;.p, in vy x (0,7),
(2.3) oy (pi — ) = s g — (1= Oy my,  iny x (0,7),
pi=0 on (0 NON) x (0,T),
py =0 on 9y x (0,T),
pi(+,0) = po,i in €2,
Py(+,0) = poy in v,

s
fori=1,2,and j = (3—1), & > % is a model parameter, ¢, = %ff% gs dn, and
Do,y = p0|'y'

Throughout the paper, we assume that there exist positive constants s_ and s,
K_and K, K,_ and K., k,— and xy4 such that

(Al) §- <8 < S+, 1= 17 27

(A2) s_ < sy <sy,

(A3) K_[¢]? <TKi(x)s < K, [g|? for a.e. £ € Q; and Vs € RY i =1, 2,

(A4) K,—|n]? <nTK,(z)n < K,4|n|?, for a.e. €y and Vn € RI~1,

(A5) ky— < ky(x) < kyy for ae. x €.

We note that K; and K., as well as their inverses are symmetric positive defi-
nite; moreover, it is implied from Assumptions |(A3) and that the following
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inequalities hold:

K_1|§|2 < gTKfl(a:)g < K:1|§|27 for a.e. z €Q; and Vg e R%, i =1,2,
ey e 1y
K nl® <n" K (x)n < K “|n|*, fora.e. x €y and V€ R,

To write the weak formulation of (2.3), we use the convention that if V' is a
space of functions, then V is a space of vector functions having each component
in V. For arbitrary domain O, we denote by (-,-), the inner product in L? (O) or
L? (0) and by |||y ¢ the norm in L? (0) or L? (O). For OT = O x (0,T), we write
(,)or = fOT(-, J)o. Denote by M; = L?(Q;) and ¥; = H (div, ;) for i = 1,2 with
norms

lnillaz, = lluillog, and [lvill%, = llvill§ o, + [l diveillg o,
Similarly, let M., = L?(y) and X, = H (div,,v) with norms

HM’YHM—Y = H/M| 0,y and ||vw||§:7 = ||'U7| (2),7 + || div, ’U“/H(2),'y'
We next define the following Hilbert spaces:

M = {:u’ = (M17M27M7) € Ml X M2 X M’y}7

Y= {’U = (1)1,'1;271),y) €3 X Xy X 2,), DU M)y S Lz("y), 1= 1,2},

which are equipped with the norms:

i = Y lwillin, wlz= Y v

2
S+ llvi-milf3 -
i=1,2,y i=1,2,7 i=1

We define the bilinear forms a(-, ), b(-,-) and ¢s(+,-) on T x 3, X x M, and M x M,
respectively, and the linear form L, on M by

2
a(u,v) = Z (K;luhvi)gi + (K;1u77”7)7
=1
2
+) (5 (Cui e mi + (1= Quy - my) v, i)
i=1
2
b(’u’nu) = Z (le uiv,u"i)Qi + (div‘f' u’ya IU'Y)’y - ([['U, : nﬂhu”)’)»yv
=1
2 2
Cs(”?ﬂ) = Z (Siniu Ni)Qi + (8’777"/7 /1“/)77 Lq(M) = Z(ql7l"l/2)ﬂl + (q“/nu’y)'yu
i=1 =1

where we have used the notation [v - n] = vy - ni|, + v2 - n2|,. In addition, for
any spatial bilinear form a(-,-) or linear form I(-), we denote by a® (,-) = fOT o)

and I7(-) = [ 1().
The weak form of (2.3]) can be written as follows:
Find w € L?(0,T;X) and p € H'(0,T; M) such that

a® (u,v) = bT (v,p) =0 Vv € L*(0,T; %),
cg (Op, ) + b7 (w,p) = Ly () Vpu € L*(0,T; M),

together with the initial conditions:

(2.5)

(2.6) pi(-,0) =po,i, in Q;, i =1,2, and py(-,0) =po, in 7.
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Under assumptions , existence and uniqueness of a solution to the
variational problem (2.5)) can be proved using the well-posedness theory for abstract
evolution problems in mixed form (cf. [29) Theorem 1.2]). The proof utilizes the
coercivity of the bilinear form a(-,-):

(2.7)
: %, 12 —%. 12 2 -3 2
a(v,0) =Y |K; *villg o, + 1K~ vsll5, + €Y ey v nlfg,
i—1 i=1
' _1 ' _1
+2(1-¢) (Ii72'l)1'n,:‘4372'l)2 n)

8!

2 1o _1 9 ) 2 _1 5

> Y K P oillg o, + 1K Fo, I3, +min (1,26 = 1)) |l5y v,
i=1 i=1

where we have used the inequality |ab] < “2—2 + %. Note that £ > 1.
Finally, we introduce the following notation which shall be used in the analysis
later:
H = Hy x Hy x H, == H"(Q) x H'(Q2) x H'(v) C M,
H=H, x Hy x Hy := (H'(Q)) x (H'(Q))? x (H'(7))" ' € =,
H® = H{ x Hy x HS := (H ()" x (H (Q2))" x (H (7)),
for any real number € > 0,
M* ={ve M;x Msx M, :=(L*(2)) x (L*(Q))* x (L*(7))*"" such that
v ngly € L*(7)} D X,

The space M™ is equipped with the norm

2
loliae = D lvilldg, + ) loi - nallg .

i=1,2,y i=1

Also, to simplify notation, we shall write for v € X, divv = (div vy, divve, div, v).

3. SPACE-TIME MIXED FINITE ELEMENT METHOD

For i =1, 2, let 7;; be a partition of €2; into d-dimensional simplicial or rectan-
gular elements, and let 7y, , be a partition of v into (d — 1)-dimensional simplicial
or rectangular elements. There are no matching requirements between any of these
partitions. Let h; = maxge7, , diam(E), i = 1,2, and h = max;—1,2 4 h;. In time,
fori=1,2,7, let 7;& 0=t <tl<.. < tfv =T be a partition of the time in-
terval (0,7) in each subdomain and the fracture. Let At; = max;<p<n, (tF —t571),
i=1,2,7v, and At = max;—1 2~ At;. A space-time partition of ©; x (0,T) is given
by ’T}ff i= Thi x T2, for i = 1,2. Similarly for the space-time fracture-interface
v x (0,T), its space-time partition is denoted by ’ThAWt = Thy X 7;“.

For spatial discretization, we consider for simplicity the Raviart-Thomas space
on d or (d — 1) dimensional simplices or rectangles [12]:

M;, = Mh,l X Mh)g X Mh),y C M, and X, = 2;171 X 2;172 X Ehﬁ C 3.

The results can be easily extended to other stable mixed finite element spaces,
such as the BDM spaces [12]. For time discretization, we apply the discontinuous
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Galerkin (DG) method where discontinuous piecewise polynomials are used to ap-
proximate the solution on the time grid 7;2*. Denote by WA, i = 1, 2, «, the time
discretization of the pressure and velocity in each subdomain and the fracture. The
space-time discretizations are then given by

Mpt = Mgt x Mih x My, and 33" = 3 x By x 3%,
where
MhAf =M,;® WZ-At, and Eﬁi =35 ® VVZ-At7 fori=1,2,7.

To write the weak formulation with DG time discretization, we introduce the fol-
lowing notation for functions ¢(z,-) and ¥ (x,-) in L?(0,T):

T N; t N;
(31) Vo e, i=1,2 orz €, / Orpt) = Z/ Ot [Py,
0 n=1 t;l7 n=1

fori =1, 2, v, where [¢], = ¢ —¢,,, with ¢} =1lim, ,,».+ pand ¢, =lim, .- ¢.

st
The space-time mixed finite element method for (IED reads as:

Find uft € B3 and ppt € Mt such that
(uft, At) bt ('Uft,phm) =0 Vvﬁt € Eﬁt,

(3.2)
(atph y My ) +bT (’u’hAtvl’Lh ) LT( At) vuﬁt € MhAt

Note that we will use the initial condition to determine (p5**)~ needed in the eval-
uation of ¢l (BtpAt ) Further details will be discussed in Subsection [4.3]

4. WELL-POSEDNESS ANALYSIS

We study the existence and uniqueness of the solution to the fully discrete prob-
lem (3.2) with nonconforming space-time grids. Throughout the paper, we use C
to denote a generic constant that is independent of the spatial mesh sizes and time
step sizes.

4.1. Space-time interpolants. For i = 1, 2, v, let P, be the L%-orthogonal
projection onto M), ; and PA! be the L2-orthogonal projection onto W/, The

K2
L?-orthogonal projections in space and time are then defined on the subdomains as

Pt =PR o Py, L2(0,T; M;) — M, i=1,2,
and on the fracture as
Pl =P o Py L2(0,T; My) — My,
From that, we define the global space-time L2-orthogonal projection
Pt L2(0,T; M) — M, Pitlor = Piy, fori= 1,2, and P|,r = PRl

Fori=1, 2, ~, let II},; : H; N X; — X, ; be the Raviart-Thomas interpolant [12]

43], and let
(4.1) Oyt =PA oIy, « LP (0, T HS NS) —» Bt i=1,2,
(4.2) Iy, =P2 oM, L (0,T; H,NX,) — X3
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The space-time interpolants Hﬁj, i =1, 2, satisfy the following properties [121/40],
for all v € L2 (0, T; H; N %;):

(4.3) (div(l’[ﬁﬁvi — ), uﬁﬁ)m —0, Ve MR,
At _
(4.4) ((Hh Vi — ;) Mg, Wy ni)a@? =0, th Eh i
(4.5) T il 20, < C ([ill 2o, mimey + || divos]| L2 o,z
(4.6) HHh i nillpzorian) < v nallzz o,
Similarly, Hh,7 satisfies, for all v, € L?(0, T} H ,NX%,):
(4.7) (divT(HhAfv'uv — vw),uﬁﬁ/)ﬂ =0, Yyt € MpA o
(4.8) ((Hh Loy —vy) ng, wi 'nV)aqT =0, Vwpl enph,
(4.9) IR vy [l z2(0.75:,) < C (””vHL"’(O,T;Hf,) + || div- ”WHL"’(O,T;MV)) :

4.2. Discrete inf-sup condition.

Lemma 4.1 (Discrete inf-sup condition). There exists a constant 8 > 0 indepen-
dent of h and At such that

b At
(4.10) Vit € MY, sup Doyt 1)

> 5||ﬂﬁt\|L2(o,T;M)-
0£vitesAt th |22 O,T;Z)

Proof. We generalize the arguments used for the steady-state problem in [22] and
adopt the techniques in [32] to handle the nonmatching grids in both space and time.
Note that, unlike [32], no mortars are needed here and the grid in the fracture can

be finer or coarser than those in the subdomains. Let ust = (uf_tl, uhAtZ,uffy) €

MpAt be given, we construct an element vﬁt € =8 such that b7 (vit, upt) =
||Nh ||L2 (0,750 and o2t 22(0,755) < Cllui || L2070 where C is independent of
h and At.

For a.e. t € (0,T), consider the auxiliary problem, for i = 1,2:

—Api(,t) = ppi( 1), on
(4.11) wi(-,t) =0, on 09; \ v,
—Vi(t) - ng = ppt (1) on .
Then, for a.e. t € (0,7T), there exists a unique weak solution p;(t) € H1T¢(€2;) to

@.11), for i = 1,2. Let

(4.12)  v(t) := —Vi(t), for ae. t € (0,T), and vh thvz, i=1,2.
As div Xy, ; = M}, ;, we deduce that

(4.13) le'U = div Hh Ui = 'P;ﬁ;5 dive, = PhAf,uﬁtz uhAj.

Similarly, we let ¢, € H'(v) be the solution of the following problem
—Arpy (1) = pih (1) + [ -] (-, t), on 7,

4.14
( ) oy (-,t) =0, on 07,
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where [vp!-n] = vl -nil, +vih nol, and vt (i = 1,2) are given by (A.12). Note
that because of the nonmatching grids, [v5(¢) - m] # 0 even though [v(t) - n] = 0.

Let
(4.15) v,(t) := =V, (t), forae. t € (0,T), and v,ﬁ = 115" Uy
As div Xy, , = M}, o, we deduce that

div- vy, = div, I v, = P! div, v,

(4.16) N

= PR (i, + [wp - ml) =, + PR - m].

We have constructed vst = (vﬁtl, 'thg,vffy) € I such that
T 2
A pA
L CANT —/ (Z (s i) + (s, + P [vR” - nl, ui )y

= ([vz* - n]LMﬁZ)w)

A

= ||:Uht||2L2(O7T;M)’
where we have used the property of the L? projection PhA’fY from L2(0,T;L?(v))
onto MhAfy to obtain

(Prilvpt - n] — [vpt - n], uhﬁ) =0, for upt € Myt

Next we show that |[v|| 12075 < CllphtllL2(0,r;0r)- We have
(4.17)

T 2
||”§t||i2(o,T;>:) :/0 (Z (loRslle o, + Il diveRtls a,) + th,yHO,w
i=1

2
. A A
+ I dive Rt 15, + > llvg

2
0,7

A
(O,T;Mi)> + ||1'[h’f/'u7 H%Q(O,T;Mw)

2
= > (IR0l o oy +

i=1
2
A At A A
+ |Wh,t7+7)h;ty[[”ht : n]]”QL?(O,T;]VIw)"'_Z ||Hh,§’”i 'niH%2(O,T;MW)'
i=1

We now control all terms on the right above. Using (4.5]) we deduce, for i = 1, 2,
that

IR wil 2070y < € (Il0ila(0,r0rr) + 1 div 0illZo.7,0,))
(4.18)

=C (||V<Pi”L2(0,T;H§) + Huh,i (O,T;Mi)> .

By the elliptic regularity for the auxiliary problem (4.11)) for a.e. t € (0,T), we
have

HV%‘H%z(o,T;Hg) < CleillZ2o,1;m1+ 00)

A A
< Co, (I3 0200 + MRS 132 0.00,))
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10 THI-THAO-PHUONG HOANG AND IVAN YOTOV
This and (4.18)) imply that

A )
(4.19) HHh,ﬁvi”%Q(O,T;Mi) <C (H/"ﬁ,ﬁ”%"’(O,T;Mi) + ||M$ty |%2(0,T;M,Y)> yi=1,2.

Similarly, using (4.9), elliptic regularity for the auxiliary problem (4.14]), (4.6) and

(4.11), we obtain:
(4.20)

A .
HHh,twv"/H%Q(O,T;M.,) <C (||”v||2L2(0,T;H§) + || div, UVH%?(O,T;MV))

= C (19205 Bxo,rumasy + Ity + oA 30 )
<C (||90’Y||%2(O,T;H1+E(y)) + ||ﬂﬁ,fy + [[Uﬁt ‘ nﬂ||%2(o,T;M7))

< C(Cy + D) iy + [vr* - nll Tz,

2
<C (Hﬂﬁty |%2(0,T;M7) + Z [vi 'ni|%2(0,T;M.Y)>
i=1

A
< CHM}L,E/HQLQ(&T;MW)'

As PhA,,ty is an L? projection, and using the same argument as in ([£.20), we have

A At A A

(4.21) ”:U’h,fy + Ph,i [['Uh1t '"]]H2L2(0,T;Mw) < C||ﬂh,fy||2L2(0,T;Mw)'
Finally for the last term in ({I7)), using (4.6) and (4.11) we deduce, for i = 1, 2,
that

A
(4.22) ||Hh,§vi 'ni”%%o,T;Mw) < [lvs 'niH%Z(O,T;MW) = ||U£fy |%2(O,T;MW)'
It follows from [€17) and @ID)-[22) that o2 20.mm) < Cluilloeo.man):
which completes the proof. O
4.3. Discrete initial data. Recall that py € H}(Q) and po; = pola,, i = 1, 2,

Po,y = Poly. Define ug € M™ such that
(4.23) a(ug,v) —b* (v, pg) =0, Yve M~

2
where b*(v, u) = — > (v, Vi), — (v, V-pty)y. The problem has a unique solu-
i=1
tion due to the Lax-Milgram Theorem, cf. (2.7). It clearly holds that
(4.24) a(ug,v) —b(v,pp) =0, Yve3.

Assume further that pg is sufficiently smooth, so that ug € X. It is easy to see
that the solution to the continuous problem (2.5) satisfies u;(0) = ug; for i = 1,2,
u(0) = ug 5.

We now define the discrete initial solution (w0, pr0) € Xp x M}, as the elliptic
projection of (ug, po):

a(wno,vn) = b(Vn,pro) = a(ug,vp) —b(vp,po) =0, Yo, € Xy,
b(wn,o,pn) =b(uwo, pn) Vpn € My.

The well-posedness of ([4.25) (with nonmatching meshes) is shown in [22], and the
following estimates hold

(4.26) lwnolls + [lPn,o
(4.27) ||luo — wnollazs + |po — o

(4.25)

v < Clluglls,

lar < C ([lug — Mpuol|ar+ + [[po — Prpollar)
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SPACE-TIME MIXED FEM FOR REDUCED FRACTURE MODELS 11

where I, v = (ITj, 1 v1, I, 202, I, fv,) and Prpe = (Ph,ipin, Pho2it2, Phoylby)-
In the subsequent analysis, we set

(4.28) PR"o = phos  (ug")” = uno.
4.4. Existence, uniqueness, and stability with respect to data.
Lemma 4.2 (Summation in time). The following holds for any p(x,-) in WA,
1=1,2, v, wherex € Q; ifit =1,2, orx €vifi=r
L 1
(4.29) [ =3 (@r)? - @)+ 5 Sl
n=1

Lemma [£.2]is proved by using the definition of d;¢ (3.1). We refer to [32, Lemma

4.3] for more details of the proof.

For convenience of the presentation, for = (1, 12, i) € M, we denote
(4.30)

+Z H /Jz n— 1||1\/I

HN”?\/[,DG: Z HHlHM“DGv where ||:ul||1V[“DG_|| Mz
i=1,2,y

Similarly, for v = (v1,v2,v,) € M, let

2
(4.31) ”’UH?VI*,DG = Z ||vi||?\/17¢,DG + Z [[vi - ni”%);y,DGa
i=1,2,y i=1
_ N;
where [lvi[|3,, pe = [[(vi)y, 13 net Iviln—1l3s,, and
lvi - n4ll3 1, pe = ll(vi - mi) 3, 113 + Z Il - niln-1l3 -

Theorem 4.1. The space-time mized finite element method for [2.3) has a unique
solution and the following estimate holds for some constant C > 0 independent of
h and At:

(4.32)

95 .06 + HuftHL?(o T M*) T ||Pﬁt\|L2(o 7y < C (llall 20,00 + lluolls) -

Proof. We choose vt = uft in (8.2); and pft = p2t in in ([B.2)2, then by adding
the two resulting equatlons we obtain

(4.33) o’ (up, up) + el (i pi') = Ly (03").
Using (2.17) we have

SEUN SN
(4.34) a’ Uh vuh >Z||Kz uhéH%Q(O,T;Mi)+||K’Y2uh,fy”%2(0,T;M,y)

_1
+ min (1,2§ — 1) Z (R n||2L2(0,T;M7)-
i=1

Next, using Lemma, [4.2] m and the notation ([4.30), we deduce that

+
(4.35) (Ot pit) > _thtHM DG — ||ph,0||?v17
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12 THI-THAO-PHUONG HOANG AND IVAN YOTOV
where pj, o is constructed in ([£.25) and we have used (p5t)~ = pp.o., fori =1,2,7.

For the term on the right-hand side of (4.33)), applying Young’s inequality for € > 0
yields

1
A A
(4.36) Lq(pht) < 5‘|pht||2L2(o,T;M) + %HqH%P(O,T;M)'

To bound HpﬁtH%g(O’T,M), we use (3.2))1, [(A5), and (2.4) to obtain

VRt ) = o (o)

<C(K-N K kD6 i\l L2 0 rna) VR | L2 0.7 e

which, combined with Lemma [4.1] implies
(4.37) P2 220,700 < C (KZl,KV__l,Hﬁ,&B*l) il 20,7010 -

Finally, (4.32)) is obtained by combining (4.33)-(.37), choosing ¢ > 0 sufficiently
small and using ([4.26]). Existence and uniqueness of a solution follows from (4.32)
by taking ¢ = 0 and py = 0 and concluding that the homogeneous system has only
the zero solution. ]

5. A PRIORI ERROR ANALYSIS

We establish a priori error estimates for the solution of the discrete problem (3.2]).
We first recall some properties of the space-time interpolants.

5.1. Interpolation estimates. In the following analysis, we use the same order
of space-time approximation spaces for the subdomains and for the fracture. In
space, let p > 0 be the order of the Raviart-Thomas space M}, ; x Xy ;, while in
time, we denote by k& > 0 the order of the polynomials in Wf‘t, for i =1,2,v. The
space-time projection operators PhAj and Hﬁ)i, 1 =1,2,7, defined in Subsection [4.1]
have the following approximation properties: for 1 <r, <p+1,1 <7, <k +1,
(5 1) Hﬂz - PhA,E/‘i”L%O,T;Mi) < CHp“i||Hrk(07T;H7'p(Qi))(hrp + Atr’“),

(5.2) H/M - PhA,’ty/“’L’Y”Lz(O,T;M,Y) < CHMWHH% (o,T;HTp(fy))(hr‘) + Atr’“),

(5.3) lvi = T will 20,1, < Cllvill e ormre (,)) (R7 + AE™),

A r r

(5.4) vy =I5 |2 0.7:0,) < Cllogll e .m0 () (A7 + AE™),

(5 5) || diV(’Ui — Hﬁivl) ||L2(O,T;Mi) S CH diV vi”H"k(O,T;H"'ﬁ(Q,‘,))(th =+ Atrk),
(5.6) || divy(vy = RS0 )l 2 (0,mi0a,) < Ol dive s [ 0,030 () (B2 + AE™),
(5.7)

|(v; — Hﬁivi) ‘nille20,1i00,) < Cllvi - millgme o, 13070 () (R + AE™).
From the stability of L? projection in L [15], we also have the following properties:

(5.8) i — Pt pill oo o,1500) < Cllillwrioss 0,758 (020)) (R70 + AL™),
(5.9) 11y = ittt | os 0,700,y < Clltto lwrese 0,151 () (R + AE™).
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SPACE-TIME MIXED FEM FOR REDUCED FRACTURE MODELS 13

5.2. A priori error estimates.

Theorem 5.1. Assume that At < CAt;, for i =1,2,7v. For (u,p) the solution of
problem [2.8) and (uft, pat) the solution of problem B.2), if w and p are sufficiently
smooth, then, for 1 <r, <p+1,1<7r, <k+1,
(5.10)
Ip — prtllm,pe + lu — uhAtHL2(O,T;M*) +[lp — phAtHLQ(O,T;M)
2

< C< (h"r + At™) (HUHH% (0,1:H™) t Z lwi - 7l w0170 ()

i=1

+ oyl e 01870 (1)) + A2 HPHW"k"’O(O,T;H"P))

2
o <””0'H”’ D o malliroa) + ||po||H""’> >

i=1
where C' > 0 is a constant independent of h and At.

Proof. By subtracting (8.2)) from (2.3]), we obtain the error equations:
a’ (u uft,vﬁt) — bt (vﬁt,p —pm) =0 V'tht € EhAt,

(5.11)
CZ (3tp— 8tpht7,uht> +b" (” uﬁtvﬂh ) =0 Vﬂﬁt € MhAt

Since div 3, ; = My ; for i =1, 2, and div, 3p , = M, 4, the L?— projection ’PhAt
satisfies:

(’PhA’fui—ui,divvﬁﬁ)Qr =0, Vv E Ehz, 1 =1,2,
A s A A
(Ph7fyu’7 - ‘LLW, leT vh,fy),yT = O, V’vhﬁy S Eh,'y
Using these equations and the properties ([4.3)) and (A7) of the interpolant Hﬁt, we
rewrite (B.11) equivalently as

(5.12)
T(u uﬁt’”ﬁt) N (vh 2L PR — PRy )+ ([[’vﬁt-nﬂ,p,y Ph'yp’v) =0,

Voot e Rt
T (o — Bt ) + 7 (TR — )+(u<nﬁtu—u>~nﬂ,uh,‘;)w ~0,

Vgt € M.

Choosing vat = Mptu — upt and pft = PPtp — pt and adding the resulting
equations, we obtain:
(5.13)

T(HAtu ult TTAy — uAt)+cST (atp—gtp PRt — ph )

=ar (Hftu —u, 5 — uﬁt> - ([[(HAtu uft) -], p, — P} ,YpA,)’Y

T

- ([[(nﬁtu —u) - n], Piip, - pﬁ%)w
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14 THI-THAO-PHUONG HOANG AND IVAN YOTOV

To bound the second term on the left-hand side of (5.13]), we follow the techniques
in [32]. In particular, using the notation (B.I), we have

(8tp aupit, PRp — ph>—c (@(p Pat), Pitp — i )

(5.14) N N
=cl (@(p—pft),p—pft) +cl (f%(p — i), Pitp — p) =1, + I

Using Lemma [4.2] and (4.30]), we have

S_ S
(5.15) Iz —lp — i la.pe — %HPO -

The term I5 has contributions from Q;, i = 1, 2, and v: Iy = I3 + I2 + I). For I%,
i =1, 2, using (B.I), we write

N; ty
I = / L Si (Oc(pi = PR, Pivipi — pi)g,
n=1 t;L7 L
(5.16) X,
+ ) si ([ = Philn—1, (Piotpi = pi)i_1) g, -
n=1

Due to the orthogonality property of Ph i

(Oupiss Piipi = 0i) g, = (OPRpis Pinipi — pi) g, =0,

thus
(5.17)
tr i
/ 51 (0(pi — ph, ) Piipi = i), = / 51 (0u(pi — Piipi), Phipi — pi)
si [t i
= —51 ) | Pitpi — pilld, = ——HPthZ pilld, gt
t i

We perform similar calculations for IJ and combine with (5.14)-(5.17) to deduce

that
(5.18)
et (atp — 0w PR — iy ) 2~ lp - Pt llv.pa — —||po
2 N; 2
1 At +
- 5 Z Z Si”,Ph)ipz pz 1 Z ph iln—1, (Ph iPi — pi)"—l)Mi
i=1 n=1 i=1 n=1
N, N
s ty -
- % HPh Py — p“/”M - Tt Z Sy ([pv - pﬁ,ty]nflu (PhA,ipv - pv):zr—l)v
n=1 by n=1
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SPACE-TIME MIXED FEM FOR REDUCED FRACTURE MODELS 15

Using (B.18), 2.7), (4.4), Assumptions (A5), and the Cauchy-Schwarz and

Young inequalities, we obtain from (5.13) that

(5.19)
1 2
3 A
Z | K, * (IT hzu uhz)HLz(OTM)_'_Z”K“/ thuz Uhi) niHQL?(O,T;MW)
1=1,2,y i=1

+llp = 123,06

< C(HHﬁtU — ullr20.7;00) IR 0 — wit(| L2 0,7 000)
A
+ Z (I — uih) - mill 2o, 1Py — Pripy 2o mi,)

+ Z || Hh Ui — ) 'WHL?(O,T;M ||7)h,7pw pﬁfyHLQ(O,T;NIW)

o
+§j§j@@z) PR —p)E a1 PR il _)

i=1,2,y n=1 "
—WM—MM®>

<e (”Hh U — uhtHL?(OTM*) + Py — (OTM )+ llp — Pl DG)

A A
+a(uu%wwm§@@Mﬂ+ua—Pumm%mme

Y S PR - mamh)

i=1,2,y n=1

(zjzmmszQ

i=1,2,y n=1

¢
;Wm—mm@)

From the first equation in (5.12), we have:

b (v, Pty — pipt)
R G R e
-1 ,.-1
<C(K KT kDT E)

A A
) (Hu - uh HLZ(O,T;M*) + ||Pw - Ph,fyp’YHLz(O,T;MW)) ||vhtHL2(O,T;M*)~

By the inf-sup condition (4.10), we obtain
(5.20)

1P — ppt 2oy < C (K2 KA k216,871

(lle — up ||L2(0,T;M*) + Py = Pitpyll2o.rinn,)) -
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16 THI-THAO-PHUONG HOANG AND IVAN YOTOV
Combining (5.19) and (5.20) and choosing e sufficiently small yields
T w — wit |l 20,00y + 1P = P2 llarpe + I1PRP = PRl 20min)
< C(HHA u — | g2 0,7;0%) + Pt Dy — Dryllz2 0.1,

_1
+ A HIPRD = pll o,z + IPo — Prolle )

where the factor At~2 comes from the fact that N; < (CT)/At; and At < CAL;.
The proof is completed by using the triangle inequality, (4.27), and the interpo-
lation estimates in Subsection [5.1] where for the initial error we used the version of

GI)-B3) for space only. O
Remark 5.1. The error of the normal flux in the term

(101w — wi) - n], py — PR, )

,),T

on the right-hand side of (5.13) is controlled by the term 22 1 ||m7%( fﬁuz -
uy ALy nZHLQ(O 7501, On the left-hand side of (5.19). When &' is negligible, the er-

ror ||(TI5! g — uh,i) n;l|L2(0,7;01,) on the right-hand side of (Im) can be bounded

instead by applying the inverse trace inequality, which leads to a factor h™z in
the error estimates. However, if the spaces of the normal traces of the sub-
domain velocities are contained in the space of the fracture pressure, the term

([[(Hh u—upt)-nl,p, — PhA’fypw) .. in (5.13) becomes zero and the factor h~2
gl

can be avoided, even when £ I approaches zero. This is in particular the case for
Raviart-Thomas approximations with each subdomain grid being a coarsening of
the fracture grid. In fact, we observe in Subsection [8.1] that with a finer fracture
grid, which is not a refinement of the subdomain grids, optimal velocity convergence
is obtained even for small £ L. This is likely due to the fact that some orthogonal-
ity occurs in the term in question when the fracture grid is finer, hence the term is

small and it can be controlled by the term 25:1 kv 2 (Hh g —upt).- ni||2L2(0 TiM,)

even for small values of £ 1. However, we observe in Subsection [8.2]that in the case
of a coarse fracture grid, the velocity rate of convergence is reduced by a factor of
h=% for small n;l

6. CONTROL OF THE VELOCITY DIVERGENCE AND IMPROVED ERROR ESTIMATES

We aim to improve the estimates in Theorem [5.1] by removing the factor At~ 2
We first control the velocity divergence and then use a different time interpolant
as done in [32] for the case without fractures. For the analysis in this section, we
assume that the time steps in the subdomains and in the fracture are the same, i.e.
7’1“:7'2“:7;“ =72 0=t <t <... <tV sothat

(6.1) W= Wt = WH = WA,

where W41 consists of discontinuous piecewise polynomials of degree k on the time
1 TAL
grid 721
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6.1. Radau reconstruction operator. For each time interval I,, = [t"~1, "],
denote by L' the rth Legendre polynomial on I,,. Then

(6.2) LYm) =1, Ly = (=1,

and {L"},> are L?—orthogonal on I,,. We utilize the Radau reconstruction oper-
ator Z [18l[38] defined as

T: WA — HY0,T),

(6.3) At At At (_l)k n n At

p= = Ip= g, =, — D) (L — Ly ) [ Jn-1
Note that
(6.4) 1, () =ty T 1, (bnor) = pin s

Lemma 6.1. For any p~t, ¢™t € WAt and for all1 <n < N:

n n
(65) / 8tI,LLAt¢At — atﬂAtQSAt + [uAt]n71(¢At):71.
tn—1 tn—1
(6.6)
" t"
/ (8tIMAt ¢At + &51¢At NAt) _ 8t(IuAtI¢At) + [MAt]n—l[(bAt]n—l-
tn—1 tn—1
T T
(67) / 8tI‘LLAt¢At — / atﬂAt¢At~
0 0

Proof. The properties (6.5]) and (6.6) are deduced by using integration by parts, the
orthogonality of the polynomials L} and Lj, ; to all polynomials of degree strictly
less than & on the time interval I, and (6.2). In particular, to obtain (G.6]), we
have

n s

atIﬂAtI¢At — / (_1)k
t

o0 (2 = Sk - L) )

t"_l n—1 2
(_1)k n n
(o= SR - m
" At At (_1)k At ' Atirn n
= - O Ip=" =" — T[d) Jn—1 - Opp=" (L — k+1)
(_1)k (_1)k " n n n n
+ [Mm]n—1T[¢At]n—1 tnilat(Lk_Lk+1)(Lk_ k1)
" 1 (Ln _ )2 "
— 8tI/LAt¢At + _[ﬂAt]nfl[d)At]nflM
-1 4 2 -
" 1
= QIpStpnt — 5[/‘At]nfl[¢At]n71~
tnfl
The identity (6.7) is a direct result of (6.5]) and (B.1). O

6.2. Control of the velocity divergence. Under the assumption (6.1]), we obtain
the following stability bound for the velocity divergence

f ot AL (Jio g AL i AL At
divauy,® = (dlvuhvl,dlvqu,leT uhﬁ) .
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18 THI-THAO-PHUONG HOANG AND IVAN YOTOV

Theorem 6.1. Suppose that (6.1) holds, then there exists a constant C > 0 inde-
pendent of h and At such that

||8t1p§t”L2(O,T;M) + || div uﬁtHL?(o,T;M) + ||uﬁt||M*,DG

(6.8)
<C (||Q||L2(O,T;M) + ||u0||2) .

Proof. Using (6.17), the second equation of (8.2]) can be rewritten as
(6.9) I (O Zppt, ui") + 07 (uih, up?) = LT (i), Vit € M.

Due to (6.1]), the first equation of (8.2)) implies that for each n =1, ..., N, and
every t € [t"71 "

(’u’ﬁtﬂ)h) - b(vh,pﬁt) = 07 V’Uh S Zh.

As the initial data also satisfy this equation (cf. (£.25])), we deduce that
(6.10) a’ (0 Zupt, vpt) — b7 (vt 0 Ipyt) =0, Vwp' e Tl

Choosing pust = 0,Zp5t in ([6.9) and v4! = u in (6.10), and adding the resulting
equations, we obtain

(6.11) I (0 Ippt, 0 Zpyt) + a” (0 Tupt, up't) = LT(BtIp Y,
which, using (4.31)), leads to

(6.12)
2

LEOT) = Y (50T o)y + (50T, T o
i=1
+Z ( latIuh z’ufi)QT + ( latl'uh,y,uﬁ’;)
+ Z €D TuR - mi + (1= A Tup - mi) uph - mi) o

2 7_||3t1ph 720,750

1 1
+5 2 (1K uillin ne — 1K, @il

1=1,2,y

2
¢ A
+ 330 (I Pl mall e — lle )y - mal3 )
i=1

1 1
+ (1= (5 P 0Ty - ma sy Pty )

1 1
-3 At -3, At
+ (ky 201 Zupy - Mo, Ky P upy - ng),yT).
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SPACE-TIME MIXED FEM FOR REDUCED FRACTURE MODELS 19

Letting n = n; and using the properties (6.6) and (6.4) of the Radau operator, we
have

1 1 1 1
-3 At 3, At -3 At 3, At
(6.13) ((m 20 Tupy - M, Ky P Uy M)y + (Ky 20 Tug s - Mg, Ky P g nz)vT)

_Z/ 8t m, I'u,h1 n, Ky Iuh2 n)
tm

y

_1
+ Z Ky uﬁl “Np_1 [Ky Quﬁg “N]p_1
n=1

—1 Ao S Apao
= (K ? (uh,tl)N M Ky (uh,tQ)N M)y

1, Ape_ CL A

— (Ky? (“h,ﬁ)o "M, Ky (Uh,tz)o : ")v
<A At —3. At

+ Z[“v Pupynno [Ky PUps o

n=1
Using this equation, we can bound the last two terms in (6.12) by
(6.14)

2

€ -3, A A

S0 (I 2wt -l e — e () - malld )
=1

1 _1 1 _1
+(1-¢) ((57 QBtIuhAtl SN, Ky 2uhAt2 M)y (ke QBtIuhAtQ “Mg, Ky 2uhAfl . ng)wr)
1 2
> - min{l,2¢ — 1}2 |“v uhz nl”O'yDG Z”’fv uhz il

=1 =1

[\

Using this, the Young inequality as in (4.36]), the uniform boundedness of K, and

ki (cf. Assumptions [[A3)(A5)), the discrete initial data (E.28), and ([€26), we
deduce from (6.12]) that

(6.15) 10:Zpi | 20,m00) + Uil na .06 < C (lallz2o,7:00) + [[wolls) -

To bound the divergence, we choose pat = (divus, divust, div, uf 7) in (6.9) to
get

| divug || 20,701

(6.16) 2
< C<|3tfpft||L2(o,T;M) + ) Mt - nall 2o,y + ||Q||L2(0,T;M)>~
i=1

The proof is completed by combining (6.15]), (432) and (6.16]). O

6.3. Improved a priori error estimates. To avoid the factor At~z appeared
in (5.10), we follow the idea in [32] and apply a different time interpolant P4t :
H(0,T) — W4? such that, for p € H*(0,T):

o
PAty — w=0, Ywe P;_q,
/tn—l( 7 90) A V’I’LZL...,N.

(PA%), = o(t™),

(6.17)
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20 THI-THAO-PHUONG HOANG AND IVAN YOTOV

In addition, we set (75At<p)a = ¢(0). Next we define the space-time interpolants:

(6.18) Pt =P o Py, i=1,2, Ppl =P 0Py,
~ At ~ ~ ~ At ~
(6.19) I, , =P oL, i=1,2, II, :=P>oP,,.

In addition, let P2 : H'(0,T; M) — M, such that PRt |gr = PRY, for i = 1, 2,
At SAtL . o . oy ~ At 11/ At

and Ppl,r = Pyl with a similar definition for IT, : H'(0,7;%) — 33", We

have the following properties of P2t and 73hAf (cf. [32, Lemma 6.2]):

(6.20)
T T
/ Drpwt = / HP™Mowtt, Ve e HY0,T), Vurt € WA,
0 0

(6.21)
T
/ (O, 520, = / (BP0,
0 0
VILM,GHI(O,T,M) v(Jﬁhze hzvi712
(6.22)

T T
| @6t = [ @R, 02, Vi, € 0,70, VR, € W,

~ ~ At
Moreover, the space-time interpolants ’PhAt and II, satisfy, for 1 <r, <p+4+1,1<

r, <k+1,

(6.23) i = Pitpill 2 o.mary < Clltsill e o,z )y (R + AE™),
(6.24) ity = Pt iy | 20501,y < Clltts s 0, 1o () (A7 + AE™),
(6.25) lvi — ﬁhA;'Ui”LQ(O,T;Mi) < Cllvillarw 0,317 (2,)) (R + AE™),
(626)  [loy — Ty vyl oorsnts) < Cllolliee oo (o (77 + A,
(6.27) || div(v; — Ty 0| 2o sy < Ol div ol ren orasrs ) (B + AFF),
(6.28) || div,(vy — Tyl 20rar,) < Clldive v, s, rssmn () (W7 + AE).
(6.29) (v = Ty 00) - mill 2oy < Cllvs - mull o o5t (o (77 + AE™).
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SPACE-TIME MIXED FEM FOR REDUCED FRACTURE MODELS 21

Theorem 6.2. Suppose that (6.1) holds, then there exists a constant C > 0 inde-
pendent of h and At such that
(6.30)

[u(t™) = (ui") yllae+llu—ui || 207 +pEY) = (02 3 1 +Ip =22 | 220, 7:01)

<o+ ar) (b s + | dvul o

2
+ 3 s - mill o zimme i + Il o romee))
1=1
2
+A% (H“HHWT;H"'P) + 3 Nl mill o zemme () + 1Pyl 013070 ()
=1

2
ol + 3 s nillarey + ol )
=1

Proof. By subtracting (8.2) from (2.5)), we obtain the error equations:
(6.31)

a’ (u uﬁt,vft) ('Uh aPh P—ph ) —b" ('Uﬁtap—ﬁhmp) =0,
Vot € =i

~ N’
T (0 — Bupt, ) + 07 (T — ) 07 (w = T ) =0,
Vuet € MAL

~ At At

A =TI, u — ub

We choose v
equations to get

At

and ,uﬁ Ph p — p;,’ and sum the resulting

~ A ~ -
al (Hhtu — uft,l_[h u — uﬁt,) +CST (@p - atp Ph P —Dx )
A ~A ~
(6.32) =a (Hh ", T, uﬁ’f,) — 7 (Hh w—uptp - Ph“p)

~ At ~
-7 (u —1I, wu, PhAtp — phAt) .

Using (6.20), Lemma [4.2] ([.30), and [(A1)-{(A2), we deduce that
(6.33)

CsT (atp—gtp Ph P—Pn ) i (at(Ph iPi — Pﬁ,i) Ph iPi — pﬁ,ﬁ)ﬂf

=1
30D Aty DA A
+ 5y (at(PhKYPW - phﬁy% Ph,»typfy - Ph,ty>’YT

+
th p— i l3s.pe — 5 1Pnpo = Prollas
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22 THI-THAO-PHUONG HOANG AND IVAN YOTOV

From this and (6.32), we obtain:

~ At -
(6.34) 11T, w — uﬁtHQL?(QT;M*) + 1P — 2113 pe

~ At ~ At
<0@Hhu—mmmﬁMthu—uﬁmmmMﬂ

<At ~
+ | div(TL, w —ui") || 22,00 1P — PRl 20,700

~ At A SA
+ Z [[(TL, u; — ) - nillL20,100,) Iy — Ph,fyp'y”Lz(O,T;Mw)
i

_ At ~
+ [ div(w — IT), w)| 20,700 [Prtp — phAth(o,T;M)

~ At ~
+ Z [ (w; — Hh,iui) : "i||L2(0,T;M7) HPhAﬁPw - pﬁfy”LQ(O,T;Mﬁ

K3
m)

At _ ~At
Seoruzrw@w;mﬁMw+|mwnhu—u#mémﬁw

+ |Prpo — pho

A A
+Wﬂwmﬁﬁmmm>
+00m“u—m2 Tl — Bl
€ h L2(0,T;M*) p n PliL2(0,1;M)

. ~ At
+ || div(uw — IT, u)||2L2(O,T;M))

+ C||Prpo — pholl3s

There remains to bound the terms
SAL At . At
P — ppy ||L2(07T;M) and || div(u —II,, u)||L2(0,T;M)
in (6.34). For the pressure error, similarly to (5.20)), from the first equation of

(6.31) and the inf-sup condition (4.10), we deduce that
(6.35)

HP}LAtp _phAt”LQ(QT;M) < C (Kzvify_—la K;i7§7/871)

~ At At ~ At ~ Ay
T, w — uy, HL2(O,T;M*) + [|u — 1T, UHL2(0,T;M*) +lp— Py PHLZ(O,T;M) )
where we have used the triangle inequality

~ At ~ At
le = il 20, minay < 1ML, w = ui (|20, 7snay + lw = IL ]l 20,7 na)-

We proceed with bounding the divergence error. Recall the assumption (6.1)), which
implies that (6.10) holds. Combining it with the time-differentiated first equation
in ([2.5), we obtain

(6.36)  a” (Ou(u — Tupt), vit) — b (v, 8 (p — Ippt)) =0, Yop! € Tt
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The first term can be rewritten as, using (6.20) and (6.7),
(6.37)
T (0e(u — Zup") ") = a” (Oh(u — Myw), ") +a” (O(Myu — Tup?"), v3*)

" (0(u - Tyu), vp") +a” (at(nh u—up?), U?) :
Regarding the second term in (6.36]), we have
(6.38) b7 (vt 0:(p — Ipp"))
= D (ARt o = o)) g + (Aive ol ulps — Z5) 1o
— ([v" - n], 0u(py — Ph,va))w — ([v" - n], 0u(Phpy — Ipﬁﬁy))wT
=b" (vh ,0/(IPR'p — Ip, )) = ([vr" - 0], 8 (py = Purpy))

where we used (6.20)—(6.22)) and (6.7)) in the last equality. Substituting (6.37) and
~ At
(6.38) into (6.36) and choosing v4! = I, u — ut, we get

a’ (8t(u—l_[hu) f[h u— uft) +a” (gt(ﬁh u—upt), Hh u— uﬁt)

T (Hh u—upt, 0,(IPpp — Ipy ))

(6.39)
- (100w — ) - ml o, = Paspy)
=0.
Using (6.7) and (6.2I)—(6.22), we rewrite the second equation of (6.31)) as
(6.40)

~ ~ ~ At
e (TPt — Tof"), ) + b (Hh w— ) + 07 (w0 i) =0,

for all 2t € MA, Choose pt = 8,(ZTPAp—TpAt) in (6.40) and sum the resulting
equation with (6.39) to obtain

cr <8t(l'7shmp—IphAt),at(IﬁhAtp—IpAt)) +a” (5t(ﬁh u—upt), Hh u— uhAt>
=—a’ (@(u — I3 u), ﬁh u —up ) —v" (u Hh w, O (TPR p—Ipﬁt))
— (10w — ) - m, 0u(py — Poypy) )

Similarly to (6.15), from this we obtain

AT

10:TPAD = Top) 20,0000 + Ty 0 — w3 oo
< (I, w = w00 + 10:EPE D = ToR) 20 riar)
6a1) O (10w = Th) 2o gy + Il divia = T, ) 207,00,
~ At
+ Z [(wi — XL, ju;) - mil| 2 0,m;00,) + [10e(py — ,Phy’Yp’Y)”%%O,T;MW))

+ O puo — wnoll3g-
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24 THI-THAO-PHUONG HOANG AND IVAN YOTOV

where we used that u(0) = uy. Combining (6.34), (6.35), and (6.41) and choosing

e small enough, we obtain
(6.42) Hﬁﬁtu - uﬁtH%P(O,T;M*) + ||75hAtP - pﬁtH?\LDG + ||75hAtp - pftHL?(o,T;M)
+ 10TPR D — ToR") 32 0,rary + Ty & — I oo
< el div(TT, w = uf) 20 70,
+ (I8, w = wlldgorm + 9 = PR DI 0.1
+ |0 (u — Hhu)||2L2(0,T;M*) + [10:(py — Phﬂpv)”%"’(O,T;Mw)
+ | Prpo — prollis

+ ||Hhu0 — uh70\|?\4*>.

~ At
Finally, we choose p5't = div(II, u — us!) in (6.40) and obtain

. ~At ~
(6.43) || div(IL, u— uﬁt)HL?(o,T;M) < C(Hat(IPhAtp - Ipﬁt)”Lz(O,T;M)

2
~ At ~ At
+ ) AT, s — uih) - nall2omia,) + lu — I, u||L2(0,T;E)) :
i=1
The proof is completed by using (6.42) and (6.43), the triangle inequality, the
second equation in (6.17)), the approximation properties (6.23)—(6.29) of the space-
~ ~ AL

time interpolants P2t and IT, , the bounds for discrete initial data ([£.27), and the
spatial-only version of (E.1)—(5.7). O

7. GLOBAL-IN-TIME DOMAIN DECOMPOSITION

As in the steady-state flow case [39], when £ = 1, we can use DD to solve the
coupled problem ([2.3) efficiently. Moreover, here we consider the global-in-time
DD approach where the monolithic system (2.3)) is reformulated through the use of
interface operators as a problem on the space-time fracture-interface.

7.1. Reduction to an interface problem. For £ = 1, the fifth equation of (2.3)
takes a simpler form as follows:

(7.1) —U; - + KyDs = KDy, onyx (0,7), i=1,2.
We impose this equation as Robin boundary conditions for the subdomain problems:
$;Op; +divu; = g; in ; x (0,7),
u; = —K;Vp; inQ; x(0,7T),
(7.2) —U; - N+ KyDi = KDy in v x (0,7),
p; =0 on (0Q; NoN) x (0,T),
pi(+,0) = po,; in Q;,

for i = 1,2. We denote by (u;(p, i, Po,i), Pi(P~: Gis Po,i)) the solution to (Z.2) and
define the time-dependent Robin-to-Neumann operator as follows:

SFN L L2(0,T; M) x L2(0,T; M;) x HY(Q;) — L*(0,T; M,),

SiRtN(p’hqiapo,i) = _ui(p"ﬂqi’poﬂi) ’ ni|7T.
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Problem (2.3)) is reduced to an interface problem with unknowns p, and w.:

. 2 .
57&&]07 + le-,— u'y = q'y - Zi:l SiRtN(p’ya Qiapo,i) m 7y X (05 T)a

(7.3) u, =—-K,V.p, in vy x (0,7),
py =0 on 9y x (0,T),
p’Y('u O) = Po,y in v
or equivalently
(7.4)
550Dy + dive uy + 37, SFN(p,,0,0) = = 07, SFN(0,g5,p0,)  iny x (0,7),
uy, =—K,V;p, in vy x (0,7),
py =0 on 0y x (0,7T),
pv('v O) = Do,y in 7.
Define
S Lz(OaT; M’Y) - L2(03T; M’Y)v
(7.5) Py = Spy = Zsz‘RtN(p'ya 0,0).

The weak form of the interface problem (7.4) is given by
(890D, tiy) o + (dive ey, 1) 0 + (SPys py) o = (@ys )0+ (X By) 1
(7.6) Yy € L2(07T§ M),
(K 'uy,v,) 0 — (div, vy, py).r = 0, Yo, € L*(0,T; %),

,\/T
where x € L?(0,T; M.,) is defined as
2
X=- ZS?N(OJH’POJ)-
i=1

Let a,(-,-), by(-,-) and ¢s(-,-) be bilinear forms on 3, x X, 3, x M,, and
M., x M., respectively:
ay(Uy, vy) = (Kglu%”“/)w by (vy,py) = (divs vapv)w
Csy(Drys y) = (85D, 1), -

Problem (Z.6) can be rewritten as: find (u.,p,) € L?(0,T; %) x L?(0,T; M.,) such
that

(7.7)

af(uv,vv) - bf(vy,pv) =0, Vv, € L*(0,T; %),
(7.8) Czy(atp'y,/"y) + (Sp'yvﬂ'y)A,T + b;(uwa ﬂ'y) = (q'y,/"y)yT + (X,/L’Y)VT )
Yy, € L*(0,T; M,).
7.2. Discrete interface problem and GMRES convergence. Under the dis-
cretization by mixed finite elements in space and discontinuous Galerkin in time as

presented in Section[3] the discrete counterpart of the Robin-to-Neumann operator
S defined in (Z.5) is given by

(T.9) SR M, = Mih, (SR'pRfihl) e = D (Suii(phl) - i i) o

%
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where (ufﬁ(pﬁfy),p}%tz(p}%ty)) € B3t x MP! is the solution to

af (uil,vRt) =07 (VA% pRt) = = (PR vhs 7)o VOB € Zhss
I r (Ehtdt) 07 () =0 Vit € MBY,
with a zero initial condition, i.e.,
(7.11) (Pii)o =0,

where a;(-,-), b;i(-,-) and ¢, ;(-,-) are bilinear forms on ¥; x 3;, 3; x M,;, and
M; x M;, respectively, and are given by

a; (’U,i,’l}i) = (K;lui,vi)gi + (Ii,yl'u,i *N;,V; ni)’Y’

bi (wiy pui) = (div i, i), ,  Csi (Mis i) = (8, i) g, -

Similarly, x5 € M, hAi is defined as

(6" 1t )yr = D (@RS maniih) o

%

where (@ht, ppt) € ik x MAL is the solution to

al (wpt,vpt) —bf (vt ppt) =0 Yot € 37,
(7.12) (

T (9 =4t At T (70t At At At At
Cs,i (8tph,iuuh,i> +b; (uhmﬂh,i) i,Mhﬂ‘)QiT VMh,i € Mh,iv
with the initial condition (p3%)g = ph,o,i-

The interface problem (Z.6]) after discretization becomes:
~ At A At A A At A A
Find (u!,pit) € B! x MAL such that for all v € S and pp! € MR,

(7.13)

T, At . At T At At
Gy (uh,"/’ vhw) — b ('Uh,wph,"/) =0,

Cary (OeDiy i)+ (SHPRY 10y ) o 0% (uhy, ) = (0, i )y + (KR s )

subject to the initial condition (pﬁ’;)a = Ph,,0- The corresponding algebraic sys-
tem for (Z.13)) takes the form:

(7.14) {21 cf i S] [ZZ] B m

where U, and P, represent the space-time velocity and pressure unknowns on
the fracture over the time interval [0,T]; here for simplicity, we do not write the
right-hand side explicitly. It should be noted that the matrix S associated with
the discrete Robin-to-Neumann operator ShAt is not computed explicitly. Its action
SP, is computed by solving the subdomain problems (Z.10) over [0,T].

The space-time interface problem (Z.13) is solved iteratively using GMRES, each
iteration involves solution of time-dependent problems in the subdomains using the
method of lines with local mesh sizes and time step sizes. To study the convergence
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of GMRES iterations, we rewrite the second equation in (Z.13]) as

/ ( / atphfy:uh—y th’y n—1 :U‘h 'y)n 1 + (ph fy) (:U'ﬁfy)g_)

n=2
At A T A
+ (Si tphtw b, 'y) + b, (up ) Mhty)
At\—(, A A A
= / S'Y(thy)o (uh,Z)g + (q’Y,Mh,Ey),YT + (Xhta,u'h y) . Vgt ~ € Mt -~
.

and define the interface operator B : B3, x Mpt — it x M it as follows:

(7.15)

At (o A A
<Bh (Uh,twph A,) (Uh,tw Nh,y)>

A A At A A
=a (uhfyavhfy)_bT(vhfyvphfy) (Sh tphéya,uh'y) +bT(’u’h'ya,uh§y)

/37<Z/ 3tph»yﬂh7+Z[Phyn 1( )n 1+(Phy) (Mﬁ%)(T)a

for (vt upt) € Zﬁﬁ/ x M. Then the fully discrete interface problem (Z.13) can
be rewritten in the compact form:
(7.16)

(B (uhy Pis), (Vi Hns)) = /sw(pm) (i )o + (s 1) +(x$t,um)
Y
V(vpt unt) € Rt x M

In the following, we use the framework in [37) Chapter 3] based on the field-of-
values analysis [17] to analyze the convergence of GMRES applied to the interface

problem (7.13).

Lemma 7.1 ([37, Corollary 3.3.1]). Let O be a finite dimensional Hilbert space
equipped with an inner product (-,-) and a norm ||-|| and A: O — O an invertible

linear operator. Consider solving the linear system Ax = b by GMRES, where
0#be H. The m-th residual r,, := b — Ax,, of GMRES is bounded by

m/2
[7m |l ( 92)
7.17 <(1-= ,
(7.17) ol <\~ @2
where
(7.18) o< A A g e

I LA . ]

We shall apply Lemma[Z.1] for the interface problem (7.16]) with the linear oper-
ator A := B2t and the Hilbert space O := E 5 X My At  equipped with the norm

(7.19) ||(Uf7;aph,y)||o HU t ||L2 0,T;M.,) + th,'y |L2(0TM + H(Ph,yﬁHM )

for (uﬁg,pﬁg) € Eﬁty X MhAi We begin with the properties of the discrete Robin-
to-Neumann operator ShAt.

Lemma 7.2. Assume that the subdomain meshes Tp,; are quasi-uniform and h <
Ch;, for i =1,2. The discrete operator ShAt is nonnegative and continuous.
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Proof. Choosing vi! = uﬁi(uffy) and pptt = pﬁﬁ(uﬁg) in (7.10), for ,uﬁfy € MAt

h,y?
we obtain
(7.20)
At A Aty A Aty A At A A A
az'T (uh,i'(ph,éy)vuhi(llh';)) - bz'T (uh;(ﬂhﬁy)vph,i(phﬁy)) = - (ph,fyv uh,z‘(#h,ty) -ni)’y,

ct (@pﬁi (pﬁfy),pﬁi(uﬁi)) + 07 (wpt(ph), pih (i) = 0.

Adding the two equations where the roles of pﬁ’; and ,uﬁfy have been interchanged

in the first equation, we obtain
oL (Pt ht) ot (uft) ) +al (ui(ph), uit(uh)
= = (uini(ph’) - mis i)
From this equation, (L.9) and (Z.1), we have
(SR'PRt k)

= 3L (Cubift) nepft)
(721) = X0, el (DRt ) p i) ) + af (uhtpRt) ut ()

= S (sdRt ) pRiwRs)) L, (B uRlRt) uft ()

+ (R (05 - s win (i) - m)

af Qf

T .

~

By using Lemma [4.2] and (7.11]), we obtain

2 _
(7.22) (SP'PAL.pAL) = I (K upt(ppt) upt (i)

+ (55 uf () - i, upt(pht) - my)

or
>0

T )

Y

hence Sft is nonnegative.

We next show that S2* is continuous. First, using its definition (7.9), the discrete
trace (inverse) inequality [32] for quasi-uniform meshes 74, ¢ = 1,2 and h < Ch;,
1 =1, 2, we obtain

At At A 2
(Sh tph,twph,ty),ﬂ < Zi:l ||uﬁ§(pﬁt7) : ni”L"’(O,T;MV) ||P$t7 |L2(O,T;MW)
12
<Ch™ 235, HU'ﬁ,z(pﬁfy)HLQ(O,T;Mi)
On the other hand, we deduce from (.22)) that
At At A 2 -1
(Sh tph,twph,tv)ﬂ > i (Kz uﬁﬁ(pffy),ufi(pﬁfy))
12
2 K+1 Dz Huﬁ,’i(pﬁ,’;)\l%z(oj;Mm

which, combined with (7.23]), implies

(7.23)

|pﬁtW ||L2(07T;M7)~

(7.24) af

A
T ”phﬁy”LQ(&T;Mw);

At, At At 1l SGAL At ALND
(Sh phmphﬁ)»ﬂ <CKIh™2 (S ph/)”ph/)’)»j

or

(7.25) (ShAtpﬁprﬁfy),yT < OK+h71||pﬁfy||2L2(0,T;Mw)-
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Now, (7.22) implies that

Z"J Huhz Ph y) ni“%%o,T;M = (S ﬁfy,pﬁ’;)w
Thus
(ShAtphAZ?uh 7) r < Zz 1 ||U’h i ) ni“L?(O,T;MV) ||#$t7 |L2(0,7;01,)
(7.26) < “3+ (S;?tpﬁtwph,y) + bz, miar,)
< Cl%i ||ph,y||L2 0,7 M) ||ﬂh,7||L2(O T:M.,)>
where we have used (7.29) in the last inequality. g

We next establish the bounds of the interface operator Bﬁt needed to apply
Lemma [7.1}

Lemma 7.3. Assume that the meshes Tp; are quasi-uniform and h < Ch;, for
1 =1,2,7v. There exist positive constants Cy and C1 independent of the mesh size
h and time step size At such that

<BA (uﬁfyuph 'y) (uﬁfyvph,'y)>

(727) 2 CO”(uh v Ph, 'y)||(97 v(uh v Ph, 'y) Eh'y x hAia
|<Bh (uﬁfyaph 'y) (vh,fy,/ih,'y)>|
(7.28) < Crmax{h™, At AT (uih, ot ol (v, uih) o

Proof. We start with the proof of (Z.27). Recalling the definition of Bt (Z.15]), we
note that, similarly to (4.29),

N, t:
A A
/ 5[ / atphwphﬁ}jmw LR L+ (B R
v L

1 A
=5 | Isv @5, I3, "‘Z”S'y P ln—1llde, + sy (ers)3 3, | = 0.

Then, using (Z.15) and (7.22)), we have
(7.29) <Bh (“ﬁtwph,y) (uﬁt«wph A,)> > K +||uh HL?(OTM ) +37||(Ph 7)+||M

In addition, the following discrete inf-sup condition holds for the interface prob-

lem (Z.13) [12]:

bT(Uﬁfr"“h 'v) At
(7.30)  Vupt € M, sup g = Byllunsllzz o)
0F£vRt eDM ||Uh 7HL2(0 T;s,)

Using this and the first equation of (Z.13]), we obtain
(7.31) Bprf,gHLz(o,T;MW) < K;EHUQ,ZHH(O,T;MW)'

Combining (7.29) and (.31)), we arrive at (7.27).
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We continue with the upper bound (7.28). From the definition of Bt in (7.15),
using the Cauchy-Schwarz inequality, bound (Z.26)), property (6.5]), and the discrete
Cauchy-Schwarz inequality, we obtain:

(7.32)

(B (uft pi). (vi, it )]

A : A — A
< C(H“’hﬁy”%%&T;M.,) + || div, uhfy”%ﬂ(O,T;M,y) +h 1||ph,tw|‘%2(O,T;Mn,)
A A
1O 0,y + 1R, )

A oA A A
(IR 0 rome 1 v 08 By i Waran, +IGRS I, )
where the constant C' depends on K;E, Kyt, K4 and sy. Bound (Z.28) follows
from the inverse inequalities
|l dive uif 20, ran,) < ChH Rl 2 i,y uily € B35
10:Zpit 20 mar,) < CAE PR z2o.mian,) PRY € M O
We are now ready to establish the convergence rate of GMRES for (7.16).

Theorem 7.1 (Convergence rate of GMRES). Assume that the meshes Tp; are
quasi-uniform and h < Ch;, for i = 1,2,y. The m-th residual of GMRES for
solving the interface problem (T16) is bounded by

o2
where § = Cy and © = Cy max{h~1, At=1}h~! are given in Lemma [L.3]

2 m/2
(7.33) [rmllo < (1 - —) [rollo,

Proof. The proof is completed by applying Lemma [Z.1] for the operator B! with
the lower bound (7.27) and the upper bound (7.28]. O

Remark 7.1. From Theorem [7.1] the convergence of GMRES depends on the mesh
size and time step size. For a normal matrix, the number of GMRES iterations

behaves like i.e. max{h~2,At"2}h~2. We shall verify in the next section

o
R
this dependence when either A or At is fixed.

8. NUMERICAL RESULTS

In this section, we consider different test cases to investigate the convergence
of the decoupled algorithm with global-in-time DD and verify convergence rates in
space and in time with nonmatching space-time grids. Three examples are presented
where the fracture’s permeability is either much higher or much lower than the
surrounding medium. Unless otherwise specified, the domain () is a rectangle of
dimension 2 x 1 and is divided into two equally sized subdomains by a fracture of
width 6 = 0.001 parallel to the y axis. The permeability tensors in the subdomains
and in the fracture are constant and isotropic: K =1,4 = 1,2, and Ky = K/I,
where I is the identity matrix and Ky is a scalar to be specified later. On the
external boundaries of the subdomains, a Dirichlet condition is imposed: on the
right (p = 1) and on the left (p = 0), and no flow boundary condition is imposed
on the top and bottom. There are no source terms in the subdomains and in the
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fracture, and zero initial conditions are imposed on the whole domain. We use the
lowest Raviart-Thomas mixed finite element RT( space for spatial discretization
and the backward Euler method for time stepping. The value of the parameter £ in
([2.3) is taken to be £ = 1 (cf. Section[f]). The discrete space-time interface problem
is solved by GMRES with a zero initial guess; the iteration is stopped when the
relative residual is smaller than 10~7. All tests are implemented using MATLAB
on Linux servers with Intel Xeon Gold 6242 at 2.8GHz and 512 GB memory.

8.1. Example 1: A highly permeable fracture with a fine grid. For this test
case, the fracture has much higher permeability than the subdomains. In particular,
Ky = 2000, thus K, = 6K, =2 and x, = 2K,/ = 410°. A pressure drop
of 1 from the top to the bottom of the fracture is imposed. The final time is fixed
to be T = 0.5. As the fluid flows faster in the fracture, we use a finer space-
time grid in the fracture than in the subdomains. Results with a coarsely meshed
fracture will be discussed in the next example (cf. Subsection[8.2). Figure[ll depicts
the evolution of the pressure over the whole time interval [0, 7] with nonmatching
space-time grids, and Figure [2] shows the snapshots of the pressure and velocity
fields at the final time.

Time Axis

0.4 06

0.8 . -
X Axis Y Axis Y Axis X Axis

1 0

FiGURE 1. [Example 1] Evolution of the pressure over the time
interval [0,7T] = [0,0.5] with nonmatching space-time grids: hy =
2At =1/20, hy = 2Aty = 1/32 and hy = 2At, = 1/100

We first verify the convergence rates in space and time of the monolithic solver
and the decoupled algorithm. We use nonmatching spatial meshes in the subdo-
mains and in the fracture with h; = 1/N; for ¢ = 1,2,v, where N; < Ny and
N, = 5N;. In time, we consider both conforming (fine) time steps, At; = T/N,,
and nonconforming ones, At; = T/N;, for i = 1,2,~. For the latter, we only report
the results with the decoupled algorithm as it would require the (full) space-time
discretization with the monolithic approach. To calculate the errors of the approx-
imate solution, we compute the reference solution on a conforming mesh of size
hrot = 1/800 with a fine time step At,.f = T//2000. Tables [l and 2] show the L?
errors of the pressure and velocity, respectively, at the final time 7' = 0.5 by the
monolithic and DD solvers, with the mesh sizes and time step sizes decreased by
half at each refinement. First order convergence rates in space and time of the
pressure and velocity are observed for both monolithic and DD solvers, with either
conforming or nonconforming time steps. The solution computed by the decoupled
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FIGURE 2. [Example 1] Snapshots of the pressure (left) and veloc-
ity (right) at the final time 7' = 0.5 with nonmatching space-time
grids: hy = 2At; = 1/20, hy = 2Aty; = 1/32 and h, = 2At, =
1/100

TABLE 1. [Example 1] L? errors of the pressure at 7' = 0.5. Cor-
responding convergence rates are shown in square brackets.

Conforming in time: At; =T /N, Nonconforming in time:
N1 | N2 | Ny
Monolithic DD Aty =T/N;
5 8 25 | 4.97e-02 4.97e-02 5.25e-02

10 [ 16 | 50 | 2.50e-02 [0.99] | 2.50e-02 [0.99] | 2.62e-02 [1.00]
20 | 32 | 100 | 1.25¢-02 [1.00] | 1.25¢-02 [1.00] | 1.31e-02 [1.00]
40 | 64 | 200 | 6.24e-03 [1.00] | 6.25¢-03 [1.00] | 6.52e-03 [1.00]

TABLE 2. [Example 1] L? errors of the velocity at 7' = 0.5. Cor-
responding convergence rates are shown in square brackets.

Conforming in time: At; =T /N, Nonconforming in time:
Ny | N2 | N,
Monolithic DD At; =T/N;
5 8 25 | 3.98e-02 3.98e-02 4.56e-02

10 | 16 | 50 | 2.00e-02 [0.99] | 2.00e-02 [0.99] | 2.25e-02 [1.02]
20 | 32 | 100 | 9.98¢-03 [1.00] | 9.98e-03 [1.00] | 1.11e-02 [1.02]
40 | 64 | 200 | 4.98¢-03 [1.00] | 5.00e-03 [1.00] | 5.57¢-03 [1.00]

scheme is almost the same as the one given by the monolithic scheme when a uni-
form time step is used across the domain. In addition, using nonconforming time
grids gives similar errors as using conforming fine time steps.

Next we investigate the convergence of GMRES to solve the space-time interface
problem iteratively, i.e., the decoupled scheme. In Table[3] we report the numbers
of iterations required to reach the relative residual 107 and the corresponding com-
puter running times (in seconds). We observe that GMRES converges at a similar
speed when using either conforming or nonconforming time grids; importantly, us-
ing different time steps is more efficient as it significantly reduces the running times
(approximately by a factor of 2.13) compared to using uniformly fine time steps on
the whole domain. We also notice the increase of the number of iterations as the
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TABLE 3. [Example 1] Number of GMRES iterations with con-
forming and nonconforming time steps for a tolerance of 10~7 and
corresponding running times (in seconds)

NN N # GMRES Running times
1 2 R Conforming Nonconforming Conforming Nonconforming
in time in time in time in time
5 8 25 285 292 2s 1s
10 16 50 490 494 17s 8s
20 | 32 | 100 927 928 189s 85s
40 | 64 | 200 2198 2177 3640s 1681s

TABLE 4. [Example 1] Number of GMRES iterations for a toler-
ance of 1077 when either At is fixed (a) or h is fixed (b)

(a) With At = T/100

R 1/8 | 1/16 | 1/32 | 1/64

# GMRES | 154 | 210 | 334 | 578
(b) With h = 1/20

At T/4 | T/8 | T/16 | T/32

# GMRES | 147 | 175 | 196 | 204

33

time step sizes and mesh sizes decrease as predicted in Theorem [Z.I] To further
investigate such dependence, we show in Table [4] the number of GMRES iterations
when only h or At is refined; here uniform grids are used for simplicity, the results
with nonmatching grids are similar. We see that the iterations grow like O(h™1)

(with fixed At) or O (At—%

retical rates in Remark [Z.1l Note that with the use of suitable preconditioners as
proposed in [30], the convergence of GMRES is significantly accelerated and almost
independent of the discretization parameters. Such preconditioners will be studied
in our future work.

) (with fixed h), which is consistent with our theo-

8.2. Example 2: A highly permeable fracture with a coarse grid. As
pointed out in Remark [5.1] the rates of convergence may reduce when Koy L is close
to zero. In Example 1, we observed that when the fracture grid is finer than the
subdomain, optimal order convergence is obtained, even for a small value of £ 1
We now consider the case where the fracture grid is coarser. We shall vary s, as
shown in Table B} note that in all cases, the permeability in the fracture is higher
than the subdomains. Figure[3ldepicts the evolution of the pressure over the whole
time interval [0, 7] with a coarsely meshed fracture, for £, = 410° (Case 4) and
T = 0.5. The corresponding snapshots of the pressure and velocity fields at the final
time are shown in Figure dl We observe oscillations of the pressure and velocity in
the vicinity of the fracture.

Next we investigate the convergence rates with different values of s, when the
fracture mesh is coarser than the subdomain meshes. For simplicity, we consider
matching grids in the subdomains. The spatial mesh sizes are given by hy = he =
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TABLE 5. Parameters for Example 2

Case | 1 2 3 4
1) 0.1 0.1 | 0.01 | 0.001
Ky 2 | 20 | 200 | 2000
K~y | 40 | 400 | 410% | 4106

Time Axis
[ 134
o

124

oo

0.4

0.6

0.8 i
0 i Y Axis 0
X Axis ! Y Axis !

FIGURE 3. [Example 2, Case 4] Evolution of the pressure over the
time interval [0,7] = [0,0.5] with nonmatching space-time grids:
hy = 2At; = 1/20, hy = 2Aty = 1/32 and h,, = 2At, = 1/10

Pressure

1
Y Axis 0 o X Axis X Axis

FIGURE 4. [Example 2, Case 4] Snapshots of the pressure (left)
and velocity (right) at the final time 7' = 0.5 with nonmatching
space-time grids: h; = 2At; = 1/20, he = 2Aty = 1/32 and
hy = 2At, = 1/10

1/N and h, = 1/N, with Ny, = N/2. We present the results with conforming time
steps on the whole domain At; = T/N for i = 1,2,v, where T = 0.5; note that
using finer or coarse time steps in the fracture gives similar results. We compute
the errors of the numerical solution (obtained by the monolithic or DD solver) by
comparing with a reference solution on a conforming mesh of size h,ef = 1/512 and
time step At,ef = 1/1280. Tables [6l and [[ report the L? errors of the pressure and
velocity, respectively, at T' = 0.5 with increasing values of x.. The convergence rates
for the pressure are linear in all cases while the rates for the velocity reduce to 0.5
as Kk~ increases. This is due to the factor h~2 as pointed out in Remark E.1l Note
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TABLE 6. [Example 2] L? errors of the pressure at T = 0.5 for
different values of .. Corresponding convergence rates are shown
in square brackets.

N | Ny Ky = 40 Ky = 400 Ky = 410% Ky = 4108
16 | 8 | 5.72e-02 4.14e-02 4.15e-02 4.15e-02

32 | 16 | 2.77e-02 [1.05] | 2.06e-02 [1.01] | 2.06e-02 [1.01] | 2.06e-02 [1.01
64 | 32 | 1.36e-02 [1.03] | 1.02e-02 [1.01] | 1.02e-02 [1.01] | 1.02e-02 [1.01
128 | 64 | 6.68¢-03 [1.03] | 5.03e-03 [1.02] | 5.04e-03 [1.02] | 5.04e-03 [1.02
256 | 128 | 3.20e-03 [1.06] | 2.41e-03 [1.06] | 2.41e-03 [1.06] | 2.41e-03 [1.06

|
|
|
|

TABLE 7. [Example 2] L? errors of the velocity at T = 0.5 for
different values of .. Corresponding convergence rates are shown
in square brackets.

N | N, Ky = 40 Ky = 400 Ky = 410% Ky = 4108
16 | 8 1.78e-01 1.01e-01 1.10e-01 1.10e-01

32 | 16 | 8.36e-02 [1.09] | 6.30e-02 [0.68] | 7.47e-02 [0.56] | 7.49¢-02 [0.55
64 | 32 | 3.45e-02 [1.28] | 3.74e-02 [0.75] | 5.15e-02 [0.54] | 5.17e-02 [0.54
128 | 64 | 1.31e-02 [1.40] | 2.04e-02 [0.88] | 3.58e-02 [0.53] | 3.61e-02 [0.52
256 | 128 | 4.75e-03 [1.46] | 9.96e-03 [1.03] | 2.50e-02 [0.52] | 2.54e-02 [0.51

]
]
]
]

that for a highly permeable fracture, one should use a finer grid there, which would
result in optimal convergence rates for both pressure and velocity as presented in
Example 1.

8.3. Example 3: A geological barrier. We consider a similar setting as pro-
posed in [22] for the steady-state flow, where the central part of the fracture is a
barrier with much lower permeability Ky = 0.002, thus K., = 0K, = 2 1076 and
ky = 4. In the upper and lower quarters of the fracture, the permeability Ky is
the same as in the surrounding subdomains, i.e. , Ky = 1. Unlike Examples 1 and
2, here homogeneous Neumann conditions are imposed on the fracture boundaries.
The final time is fixed to be T' = 2. The pressure field over the whole time interval
[0,T] with nonmatching space-time grids is shown in Figure [l and the snapshots
of the pressure and velocity fields at the final time are depicted in Figure [6l

We remark that the convergence of GMRES depends on the bounds K. _& and

K;_l (cf. the constant C in (.32) and Cj in Lemma [7.3]), which are considerably
large in this example: K7 Ji =K ;71 = 210°. Consequently, if we directly apply GM-
RES to solve the interface problem (Z.13]), the algorithm is very slow to converge.
Instead, we scale the first equation of (Z.I3) by K, = 21075 before applying GM-
RES (equivalently, we precondition GMRES with a diagonal matrix whose diagonal
entries are either 1 or K,).

To verify the convergence rates, we consider nonmatching spatial meshes with
hi = 1/N; for i = 1,2,y with N, < N1 < Nj. Note that a coarse fracture mesh is
considered in this case as there is almost no fluid flowing in this barrier; moreover,
using a finer mesh in the fracture could result in oscillations in the pressure as
observed in [22]. In time, we investigate both conforming (fine) time steps, At; =
T /N3, and nonconforming ones, At; = T/N;, for i = 1,2,7. A reference solution
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FIGURE 5. [Example 3] Evolution of the pressure over the time
interval [0,7] = [0,2] with nonmatching space-time grids: h; =
$Aty =1/40, hy = 1Aty = 1/80 and hy = 3At, = 1/16

Pressure

1
Y Axis 0 o X Axis X Axis

FIGURE 6. [Example 3] Snapshots of the pressure (left) and ve-
locity (right) at the final time 7" = 2 with nonmatching space-
time grids: h; = %Atl = 1/40, hy = %Atz = 1/80 and
hy = %At,y = 1/16. The velocity in the fracture is very small
and can hardly be seen.

is computed on a conforming mesh of size h.s = 1/800 with a fine time step
Atror = T/2000. Tables 8 and [9 show the L? errors of the pressure and velocity,
respectively, as the spatial and temporal mesh sizes are refined. The sublinear
convergence behavior of the velocity is expected due to the lack of regularity of the
solution in the fracture - similar results were observed for the steady-state case in
.

Table [10 reports the numbers of GMRES iterations required to reach the toler-
ance 1077 with conforming and nonconforming time grids, and the corresponding
running times. Unlike Example 1, here GMRES converges much faster with non-
conforming time steps; in particular, compared to using uniform time steps across
the domain, the number of GMRES iterations is reduced approximately by a factor
of 2.47 and the running time by a factor of 2.66. We also observe linear growth of
the iterations as the mesh size and time step size are refined.
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TABLE 8. [Example 3] L? errors of the pressure at T' = 0.5. Cor-
responding convergence rates are shown in square brackets.

N N2 | N Conforming in time: At; =T /N2 Nonconforming in time:
Monolithic DD At; =T/N;

20 40 8 | 9.95e-03 9.95e-03 2.34e-02

40 80 16 | 4.95e-03 [1.00] | 4.95e-03 [1.01] | 1.15¢-02 [1.03]

80 | 160 | 32 | 2.44e-03 [1.02] | 2.44e-03 [1.02] | 5.60e-03 [1.04]

160 | 320 | 64 | 1.21e-03 [1.01] | 1.21e-03 [1.01] | 2.72¢-03 [1.04]

TABLE 9. [Example 3] L? errors of the velocity at 7' = 0.5. Cor-
responding convergence rates are shown in square brackets.

Conforming in time: At; = T/N2 Nonconforming in time:
Ny | N2 | Ny
Monolithic DD At; = T/N;
20 40 8 3.90e-02 3.90e-02 4.92e-02
40 | 80 | 16 | 2.65e-02 [0.56] | 2.65e-02 [0.56] | 3.05e-02 [0.69]
80 | 160 | 32 | 1.71e-02 [0.63] | 1.71e-02 [0.63] | 1.87e-02 [0.71]
160 | 320 | 64 | 1.01e-02 [0.76] | 1.01e-02 [0.76] | 1.08¢-02 [0.79]

TABLE 10. [Example 3] Number of GMRES iterations with con-
forming and nonconforming time steps for a tolerance of 10~7 and
corresponding running times (in seconds)

N N N # GMRES Running times
1 2 v Conforming Nonconforming Conforming Nonconforming
in time in time in time in time
20 40 8 67 25 3s 1s
40 80 16 127 54 49s 20s
80 160 | 32 248 110 840s 351s
160 | 320 | 64 454 175 13193s 4737s

37

9. CONCLUSIONS

We developed and analyzed a space-time mixed finite element method for the
reduced fracture flow model in which local spatial and temporal discretizations
can be used in the subdomains and on the fracture. Well-posedness and a priori
error estimates of the numerical solution were demonstrated. Due to the tangential
PDEs imposed on the fracture-interface, we can use either a coarser or very finer
mesh on the fracture without affecting optimal order convergence, as opposed to
the mortar methods for nonfractured domains [32]. To efficiently solve the coupled
algebraic system, a domain decomposition algorithm was constructed by decoupling
the subdomain problems and formulating a space-time interface problem on the
fracture. Convergence of GMRES for solving the interface problem was established
via field-of-values analysis. Numerical experiments were carried out to illustrate
theoretical results on test cases where the fracture represents either a fast path or
a geological barrier.
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