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Abstract

The in-context learning capabilities of mod-
ern language models have motivated a deeper
mathematical understanding of sequence mod-
els. A line of recent work has shown that
linear attention models can emulate projected
gradient descent iterations to implicitly learn
the task vector from the data provided in
the context window. In this work, we con-
sider a novel setting where the global task
distribution can be partitioned into a union
of conditional task distributions. We then
examine the use of task-specific prompts and
prediction heads for learning the prior infor-
mation associated with the conditional task
distribution using a one-layer attention model.
Our results on loss landscape show that task-
specific prompts facilitate a covariance-mean
decoupling where prompt-tuning explains the
conditional mean of the distribution whereas
the variance is learned/explained through in-
context learning. Incorporating task-specific
head further aids this process by entirely de-
coupling estimation of mean and variance com-
ponents. This covariance-mean perspective
similarly explains how jointly training prompt
and attention weights can provably help over
fine-tuning after pretraining. The code for
reproducing the numerical results is available
at GitHub.

1 Introduction

Modern language models possess a remarkable ability to
learn new tasks or solve complex problems using exam-
ples provided within their context window [Brown et al.,
2020, GeminiTeam et al., 2023, OpenAl, 2023, Tou-
vron et al., 2023]. This capability, known as in-context
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Figure 1: Overview of our work: We present a theo-
retical analysis of a 1-layer linear attention model for
multi-task in-context learning (ICL), examining dif-
ferent configurations of task-specific parameters. By
progressively introducing more task-specific parameters
across various training settings, we achieve complete
covariance-mean decoupling, leading to an opti-
mal multi-task ICL loss. In our analysis, we derive
upper and lower bounds for the multi-task ICL loss,
corresponding to fully coupled and fully decoupled
covariance-mean scenarios.

learning (ICL), offers a novel and efficient alternative
to traditional fine-tuning methods. ICL enables models
to adapt to a wide range of tasks through a single for-
ward pass, eliminating the need for task-specific weight
updates. This adaptability has made ICL a central
feature in the use of large language models (LLMs),
extending their utility across diverse applications.

In a basic ICL setting, we construct an input sequence
Z that contains a query to label and related input-
label demonstrations. We feed Z to a sequence model
f to predict the label y of this query. Thus, the ICL
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optimization can be written as
minE, zlloss(y, fw (Z))], M)

where W denotes the weights of f. In practice, however,
ICL examples are typically paired with task-specific
prompts. These prompts can be manually crafted or
automatically generated using methods like differen-
tiable optimization or zero-order search. In fact, the
model can often solve the task without any ICL ex-
ample (zero-shot) by solely relying on the prompt .
This motivates a deeper understanding of the synergies
between prompt-tuning and in-context learning. Con-
cretely, consider a multitask learning setting where we
first sample a task ¢ and then sample (Z,y) from the
associated task distribution. In this case, a standard
approach is crafting a dedicated prompt p; to feed
with the input sequence. The joint optimization of the
weights W and prompts P = (p;);>1 takes the form

g’}gE[IOSS(y, fw(Z,py))]- (2)

Contrasting (1) with (2) motivate a few fundamental
questions:

Q1. How do ICL and prompt-tuning synergistically
contribute to learning?

Q2. In practice, we first pretrain a model via (1) and
then tune a task-specific prompt. Does joint train-
ing have an advantage over this?

Q3. Can utilizing additional task-specific parameters
together with prompts, further boost performance?

To answer these questions, we conduct a comprehen-
sive investigation of the optimization landscape for
attention weights and task-specific prompts within a
multitask dataset model, examining both joint opti-
mization approaches and sequential strategies involving
attention weight pretraining followed by prompt-tuning.
We derive closed-form solutions for optimal parameters
and loss landscapes, introducing the novel concept of
"covariance-mean decoupling” to elucidate the impact
of different training strategies on model performance.
While previous theoretical research has primarily fo-
cused on attention weight optimization, we extend the
analysis to include tunable prompts in a multi-task
linear regression framework, addressing the practical
scenario where models fine-tune task-specific modules
on fixed backbones. Notably, our work advances be-
yond existing research by incorporating non-zero task
mean and non-isotropic covariance considerations, re-
vealing why fine-tuning may not consistently enhance
performance. Our theoretical framework demonstrates
how varying performance gains across training strate-
gies can be attributed to covariance-mean decoupling,

providing both theoretical foundations and practical
insights for optimizing attention-based models through
careful design of tunable components.

Our key contributions are:

1. Comprehensive analysis of training strate-
gies: We analyze multi-task linear regression
with a linear attention layer and tunable parame-
ters, covering joint optimization and pretraining-
finetuning methods. A unified parameterization
allows for closed-form solutions of optimal param-
eters and loss landscapes, generalizing prior work.
(see Section 4)

2. Mean-covariance decoupling concept: We
introduce covariance-mean decoupling through
closed-form loss landscape analysis, demonstrat-
ing its correlation with model performance—the
greater the decoupling, the better the model’s pre-
dictions. (see Section 4.2)

3. Path to optimal in-context learning: Our
analysis guides the design of attention models, em-
phasizing the importance of training sequence and
parameter selection. We propose a model design
achieving full covariance-mean decoupling, offering
a strategy for improving in-context learning. (see
Theorem 4)

These contributions provide a deeper understanding
of prompt-tuning and weight optimization, offering in-
sights for designing more effective models that minimize
loss and maximize performance.

2 Related work

Understanding in-context learning (ICL) in large lan-
guage models (LLMs) has become a key research fo-
cus [Brown et al., 2020, Liu et al., 2023, Rae et al., 2021],
particularly due to LLMs’ ability to generalize across
diverse applications [GeminiTeam et al., 2023, OpenAl,
2023, Touvron et al., 2023]. ICL enables models to
adapt to new tasks using examples provided during in-
ference without parameter updates, effectively serving
as meta-learners. This has led to research exploring
how LLMs leverage in-context information.

Several studies have linked ICL with gradient-based
learning mechanisms. Akyiirek et al. [2023] and Von Os-
wald et al. [2023] show that Transformers can emulate
gradient descent (GD) steps using in-context examples,
suggesting that Transformers implicitly learn gradient-
based updates within their attention mechanisms.

Recent work has provided theoretical perspectives on
ICL in simpler models like single-layer linear atten-
tion. Zhang et al. [2024], Mahankali et al. [2024], Ahn
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et al. [2023], Li et al. [2023b] examine how these models
can emulate GD-like algorithms when trained on in-
context prompts. Mahankali et al. [2024] and Ahn et al.
[2023] demonstrate that models trained on isotropic
Gaussian data perform GD steps at test time, while Li
et al. [2023a] explores generalization bounds for multi-
layer Transformers. Li et al. [2024] extends this to
dependent data with single-task ICL, showing that cen-
tralized data enables optimal preconditioned GD steps.
However, these works primarily focus on zero-mean
distributions or single parameters (W), simplifying the
optimization landscape.

Our work addresses multi-task ICL with non-zero
means and varying covariances, expanding beyond zero-
mean assumptions in prior studies [Li et al., 2023a,
2024]. We explore the joint optimization of W, p, and
h parameters, introducing task-specific structures that
reduce the influence of task-specific means. Unlike Li
et al. [2024] who focus on single-task scenarios or Li
et al. [2023a] who assume a single mean and covari-
ance, we analyze diverse task distributions with distinct
means and covariances, developing the novel concept
of "mean-covariance decoupling" to reveal how task-
specific parameters enhance ICL performance. Our
approach provides theoretical guarantees and empirical
evidence for prompt-tuning in complex, multi-task envi-
ronments with real-world non-zero mean distributions.

3 Setup and Preliminaries

We begin with a brief note on notation. Let [n] denote
set {1,---,n} for some integer n. Bold lowercase and
uppercase letters (e.g., x and X ) represent vectors
and matrices, respectively. 1; and 04 refer to the d-
dimensional all-ones and all-zeros vectors, respectively,
while I; denotes the d x d identity matrix. Additionally,
tr(W) represents the trace of the square matrix W.

Our results are presented in a finite-dimensional setting.

3.1 In-context learning

We consider an in-context learning (ICL) problem with
demonstrations (x;, yi)?jll, and the input sequence Z
is defined by removing y,,+1 as follows:

.
P AT e sc}
(=1 Zn 2] {yl oo Yyn O
X7 z]' (n41)% (d+1)

Here, z = [z 0] is the query token where @ := @, 41,
and X =[xy --- x,]T €eR™ y=1[y; --- y,]T €R™
Then, we aim for a sequence model to predict the asso-
ciated label y := y,1 of the given input sequence Z.

In this work, we consider the following data generation
of (Z,y). We will refer to (X, y), x, and y as contexts,
query feature and the label to predict, respectively.

Definition 1 (Single-task ICL) Given a task mean
u € R, and covariances ¥, X5 = 0¢€ RI*4. The
input sequence and its associated label, i.e., (Z,y) with
Z denoted in (3), are generated as follows:

o A task parameter B is generated from a Gaussian
prior B~ N(pn,Xg).

o Conditioned on B, fori € [n+1], (x;,y;) is gen-
erated by x; ~ N'(0,X,) and y; ~ N(z] B,52).

Here, o > 0 is the noise level.

In this work, we study the task-mixture ICL problem
where the task parameter 3 of each input sequence is
sampled from K different distributions, K > 1.

Definition 2 (Multi-task ICL) Consider a multi-
task ICL problem with K different tasks. FEach task
generates (Z,y) ~ Dy following Definition 1 using
shared feature distribution x; ~ N(0,X,), i € [n+ 1]
but distinct task distributions B ~ N (pk, X, ) with
mean py and covariance Xg, for k € [K].

Additionally, let {m}5_, be the probabilities of each
task, satisfying Zszl m, =1 and T > 0.

We consider a task-aware multi-task ICL setting.
Specifically, when a task is selected according to 7y, its
task index k is known.

Let D := Zszl 7, Dy, be the mixture of distributions
and given sequence model f : ROHDx(d+1) _, R we
define the multi-task ICL objective as follows:

L(f) = E(zynlly - [(2))%). (4)

Notably, the multi-task ICL defined in Definition 2
differs from conventional multi-task learning [Caruana,
1997, Zhang and Yang, 2021, Li and Oymak, 2023]
where finite examples optimize task-specific parameters.
We instead parameterize task distributions with p; and
33, sampling unseen test tasks B and focusing on
distribution-level generalization. We address the meta-
learning objective in (4), treating each distribution as
a meta-learning problem (c.f. Definition 1).

3.2 Single-layer linear attention

Considering the task-aware multi-task ICL problem
as described in Section 3.1, we explore the benefits of
using task-specific prompts to enhance the performance.

Definition 3 (Task-specific prompts) Recap in-
put sequence Z from (3). Given a task index k,
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k € [K], let p, € R represent its corresponding
trainable prompt token. Then the input sequence of
task k is denoted by:

Z®) = pp 21 ... zp 2]" € ROFDXEHD (5
Our work focuses on the single-layer linear attention
model in solving multi-task ICL problem with data
distribution following Definition 2. Given an input
sequence Z®) corresponding to task k as defined in
(5), let W, W, W, € RU+DX(4+1) denote the query,
key, and value parameters. Then the single-layer linear
attention model outputs

Attn(Z®) = (zPwW, W, (zW) T Y MzPw,

where Attn(:) : RO +2)x (D) R(n+2)x(d+1) - Here,
inspired by the previous work [Ahn et al., 2023], we
In+1 On+1
0f 0
the (n + 1)-colomun context and the query z in Z®*).
Let b € R4 be the linear head that enables the single-
layer linear attention model to map the input sequence
to the prediction. Additionally, for simplification and
without loss of generality, let A := W, W,;r and a :=
W, h. Then the prediction returns

apply mask matrix M = [ ] to to separate

J:= faun(Z®)) = (2T AZW)"\MZPa. (6)

This is a more general form than the widely dis-
cussed Wu et al. [2023] case, which uses the bottom-
right entry of the attention layer output as prediction
(and equivalent to a one-hot head h = egqy1), i.e.,
fAttn(Z(k)) = Attn(z(k))n-i-?,d-l-l'

3.3 Optimizing the attention model

Our goal is to understand how optimizing fag, in (6)
results in in-context learning. To this aim, we introduce
the following widely applied Wu et al. [2023], Ahn et al.
[2023] assumption on the model construction.

Assumption 1 (Preconditioning) Given parame-
ters A .= W,W, and a :== W, h, they are constrained

by
04x1
a= .
[11x1}
Here, we use x to fill the entries that do not affect
the final prediction, with subscripts indicating the di-

mensions. W € R4 represents the parameter that
governs A.

A— |:Wd><d

*1xd

del}

*1x1

Under Assumption 1, let the prompt token for task
- = T
k be py, = {plk} hence Z(*) = {plk XT -

2
y 0} . The

prediction of a single-layer linear attention model in
(6) can then be written as:

faen(ZW) =W [pr XT] B]
="' W(X Ty +pp) (7)

It is worth noting that we set the last entry of a and
each py, for k € [K] to one for simplicity, as any nonzero
value yields the same output of (7) due to rescaling in-

—1 =
variance of: a + v1a, A + 'yflA, and pg T2 pk}
2
for any nonzero scalar 71, vs.
We define the set of tunable prompts as:
P=[p, ... pg]’ € RE*d (8)

Notably, previous research Ahn et al. [2023] has rig-
orously proven that for single-layer linear attention
applied to a single-task linear regression ICL problem
with zero-mean features, i.e., E[x;] = E[3] = 0, the op-
timal solution must conform to the structure specified
in Assumption 1. This insight motivates our adop-
tion of this assumption when extending the analysis to
more complex multi-task ICL settings with non-zero
task means. Building on this foundation, our work
breaks new ground by exploring task-specific tuning for
ICL across multiple tasks with varying means, offering
a more general perspective on ICL. This represents a
significant advancement in the field, as understanding
the loss landscape in the simpler W-preconditioned
space is an essential step toward tackling the complexi-
ties of the full Wy, W,, W,, parameter space.

Additionally, in Section 5, we show that it is possible to
derive closed-form optimal solutions for Wy, W,, W,
with both task-specific prompts and heads, even with-
out relying on Assumption 1, further expanding the
scope of our analysis.

Recall the attention predictor from (7) and loss function
from (4). Consider the multi-task ICL problem defined
in Definition 2 and let W € R%? and P € RX*d
be the tunable parameters corresponding to attention
weights and task-specific prompt tokens. The multi-
task ICL loss is given by

K

LW, P)=> mLi(W,py) 9)
k=1

where L (W, pr) = E(z D, (fAttn(Z(k)) - y)z} :

In this work, we address multi-task ICL problems by in-
vestigating and comparing three optimization settings:
plain training, fine-tuning, and joint training.
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Plain training: Plain training refers to a standard
ICL problem that train an linear attention model with-
out applying the task-specific prompts that are defined
in Definition 3. Therefore, following loss function (9),
its objective can be defined via

Wi = argn&‘ifnﬁ(W,P =0), (10)

and L = L(Wpr, P = 0) is the optimal loss.

Fine-tuning: Fine-tuning/Prompt-tuning involves
training separate prompts for each task while keeping
the attention weights fixed. The goal then is to fine-
tune the prompt parameters P (c.f. (8)) for all the
tasks k € [K]. Suppose that parameter W is given,
the the optimal P based on W is defined by:

P*(W) = arg m;n L(W,P).

In this work, we consider fine-tuning based on the plain
pretrained model, that is, by setting W = Wy, given
n (10), and define the optimal solution by

Py = PH(Wp) = argmin LW, P). (1)

The optimal loss is given via L = LW, Pip).

Joint training: In contrast, joint training involves
jointly optimizing the attention weights W and prompt
tokens P. Hence, the optimization problem can be
formulated as:

* * .
Wi, Py = arg W LW, P). (12)

The optimal loss is given via L = L(Wr, Pip).

4 Main Results

In this section, we train and optimize the single-layer
linear attention model in a multi-task linear regression
ICL setting with dataset described in Definition 2, and
characterize the loss landscape under different settings,
ie., Lip, Lip and L)1 in Section 3.3.

4.1 Optimization landscape

Recap the multi-task ICL dataset from Definition 2
where X, is the shared covariance matrix of the input
features and {(px, X, ) H< | are the task mean vectors
and covariance matrices. In the main paper, we con-
sider noiseless data setting where o = 0. We defer the
exact analysis considering noisy labels to Appendix.

Consider any data distribution in Definition 1 and let
B ~ N(u,Xg). B can be rewritten via 8 = 8+
with B ~ N (0,3g). Then under the noiseless setting
(0 = 0), the associated label y; = ] 3 is generated via

yi= =z B +z/ p. (13)

——
debiased

Here we describe &, 3 as debiased since E[z,; 3] = 0. In
this work, we investigate how task-specific prompts can
help to capture individual task means such that learn-
ing task means ({gx }2 ;) and covariances ({Zg, }X_,)
can be decoupled via optimizing prompts P and the
attention weight W. We say the model fully decouples
mean and covariance if the optimized attention weight
W* is only determined by the debiased term as shown
in (13), with prompts responsible for capturing the bias
introduced by the non-zero means.

To start with, recap from Definition 2 where task k& has
probability 75 and its task vector follows distribution
Br ~ N (i, Xg,). Following (13), we define the debi-
ased and biased mixed-task covariances (variant with
3. prior) as follows:

K
Debiased: 5 = X5 Y mE[(Br — pa) (B — ) |5 (14a)
k=1

K
Biased: Ep=3,Y mE[B:8].

k=1

(14b)

Note that they satisfy £5 = X, Zszl T8, and
S5 = a0 Yo (S, + trp])-

We first analyze the plain training setting where no
additional task-specific parameters are introduced, and
all K tasks are mixed together.

Theorem 1 (Plain training) Consider training a
single-layer linear attention model in solving multi-task
ICL problem with dataset defined in Definition 2 and
model construction as described in Assumption 1. Let
the optimal solution W (c.f. (10)) and the minimal
plain training loss L as defined in Section 3.3. Addi-
tionally, let S be defined in (14) and Wiy = Sa Wiy
Then the solution W and optimal loss Ly satisfy

— ~ ~ ~ -1
Wir = Sg ((n+ 1) + tr(Eg)I)

Lpp = t”‘(i}ﬁ) — ntr(V_VﬁTfJB).

Note that the above solution and optimal loss are iden-
tical to those in previous work [Li et al., 2024] when
considering a single-task ICL problem with with task
vector following distribution 8 ~ N(0,%3).

Theorem 2 (Fine-tuning) Suppose a pretrained
model as described in Theorem 1 is given with Wy
being its optimal solution. Consider fine-tuning this
model with task-specific prompts as defined in Def-
mition 3, and let the optimal prompt matriz Ppy
(c.f. (11)) and the minimal fine-tuning loss Ly be
defined in Section 3.3. Additionally, let 5,35 be
defined in (14) and Wi = Wy, and define the
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mean matrix

M :[“1 H/K]TGRKXd.

Then the solution Pg and optimal loss L satisfy

Pip = M, ((V_VSTYI - nI) Y,
Lip = L — t""((iﬂ - SB)(HWI;T - I)T(”V_VET = 1I)).

Results in Theorem 2 show that, fine-tuning achieves
better loss than plain training, L < L5, and our
results provably quantize the loss difference.

Theorem 3 (Joint training) Consider training a
single-layer linear attention model in solving multi-task
ICL problem with dataset defined in Definition 2 and
model construction as described in Assumption 1. Let
Wir, Pir (c.f. (12)) be the optimal solutions and L3
is the optimal joint training loss defined in Section 3.3.
Additionally, let g, f]g,MH follow the same defini-
tions as in Theorem 2 and define Wiy = Z,Wip.
Then the solution (Wip, Pip) and optimal loss L
satisfy

Wir =S5 ((n+ 1S + n(S0) 1 +00))

Py =M, ((WfT)_l - "I) Yz,

Lip = tr(Sg) — ntr(Wip3g).

Here, O(1) is a d x d-sized matriz with entries being
bounded by some constant value, regardless of n and d.

In Theorem 3, for clarity, we use O(1) to represent
equality up to a matrix with entries bounded by a
constant. The explicit form of W3y is provided in the
Appendix.

The results of Theorem 2 and Theorem 3 highlight an
important commonality of the optimal prompt: the
optimal prompts py capture the mean of corresponding
tasks based on the attention weight W3, or Wi .
For a large context length n, (pg)fr and (Py)3p will
be approximately —n3,p;. Additionally, in a finite-
dimensional setting where d < oo, as n — oo, the
solutions W and Wiy converge to I/n and all the
optimal losses L5, L& and L} approach 0. There-
fore, the benefits of prompt tuning are more apparent
for finite n.

Corollary 1 Let Ly, Ly, and L3 denote the op-
timal losses for plain training, fine-tuning, and joint
training, as described in Theorems 1, 2 and 3, respec-
tively. These losses satisfy:

Ly < Lpp < Lprp. (15)

The equalities hold if and only if £5 = 53/3 (c.f. (14)),
which occurs when all task means py, = 0 for k € [K].
Furthermore, the loss gaps satisfy the following:

1. The loss gaps scale quadratically with task mean:
Lpp — Lpp ~ O <n72) [AlF, Lgp — Ly ~O <E> 1AlF,

- _ K T

where A := 25 — Eﬁ = ZT Zk:l TeMEM, -

2. The ratio between gaps is: % ~ QO (%), indi-
. . .FT JT

cating that fine-tuning provides most of the benefit

in few-shot regimes (small n), while joint training

benefits more for larger n.

4.2 Covariance-mean decoupling

For a single-layer linear attention model under Assump-
tion 1, where W € R%*? captures all the statistics, the
plain training loss £{ is determined by the second-
order moment of the task parameters Gy:

E[BrBy ] = Zp, + mrmy,

which represents the biased covariance of task k. Conse-
quently, L} can be viewed as a function of this biased
variable, defined as £ (see Theorem 1), which affects
both the terms in Wy and those that appear directly
in L3 but outside of Wpp.

When all tasks have zero mean, i.e., E[B;y] = pur = 0
for all k € [K], leading to £,, = 044, the optimal
losses for pretraining, fine-tuning, and joint training
become identical:

e =0,k € [K| = Lir = Lir = Lyp.  (16)

In this case, the fine-tuned prompts remain as zero
vectors, learning nothing during fine-tuning (as shown
in Theorem 2 and Theorem 3). This implies that any
differences in loss arise from the ability of the trainable
prompts to decouple (i.e., remove task-mean related
bias terms) from f]g to obtain 3. Specifically, when
all task means are zero, this decoupling is nullified,
resulting in no difference in losses across the training
methods.

When the task means E[B;] = pi are non-zero, the
decoupling effect varies between different training set-
tings. In joint training, the simultaneous optimization
of prompts and attention weights enables decoupling
in both £3 and W7}, while in fine-tuning, only the
biased terms in W, are decoupled. As a result, joint
training achieves greater decoupling than fine-tuning.
According to Corollary 1, when a loss is more directly
influenced by the biased covariance X3, it tends to be
higher, whereas reducing the influence of f]g through
decoupling generally leads to a lower loss.
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These findings suggest that introducing additional task-
specific trainable parameters into the single-layer linear
attention model, combined with joint optimization, can
effectively reduce the bias in mixed-task covariance,
thereby improving performance.

5 Fully-decoupled Loss

In Section 4, we focus on cases where model parameters
are constructed according to Assumption 1 and ana-
lyze the loss landscapes for plain training, finetuning,
and joint training. However, our results indicate that
with a shared head a := W, h, none of these methods
fully decouple the mean and covariance. To address
this, we introduce an alternative approach that allows
each task to have its own specific linear prediction
head h;, € R4, It is worth noting that using sep-
arate heads for different tasks is a common practice
in the general multi-task learning literature [Caruana,
1997, Zhang and Yang, 2021, Li and Oymak, 2023].
Our results demonstrate that optimizing task-specific
prompts, heads, and attention weights leads to a fully
decoupled loss (Theorem 4).

Definition 4 (Task-specific heads) Given K tasks,
let {h}5_, C R represent their corresponding train-
able linear prediction heads. Recalling the input se-
quence and prediction from (5) and (6), the prediction
for task k returns

fan(Z®) = W W] (2O YMZPW, k. (17)

Recap ICL problem from Definition 2, Z*) from Defi-
nition 3 and loss function from (4), the ICL objective
considering task-specific prompts and heads is:

cx h= min L(faten 18
A = R (fattn) (18)
~ K ~
where L(fattn) = 27% ]EZ,yNDk[(fAttn(Z(k)) -’
k=1

Here, the search space for py, hi, is R¥t! and the search
space for Wy, ,,, is RAFDx(d+1),

Next, given task k with mean p, we introduce debiased
preconditioned gradient descent (PGD) predictor as
follows:

frap(ZW) =aTWX T (y — Xpp) + & .

Note that for any task k, we have Ely; — =] px] = 0,
and therefore, we expect prD(Z(k)) —a ' py, to predict
unbiased label y — " py,. The corresponding PGD
objective is defined as:

Chap = Wi L(frcp) (19)
~ K ~
where £(fpap) = Y 1k Ez yon, [(fran(Z®)) = y)?).
k=1

The following proposition establishes the equiva-
lence between optimizing single layer linear attention
(c.f. (18)) and one step of PGD predictor (c.f. (19)).

Proposition 1 Consider the multi-task ICL data as
described in Definition 2 and let L., and Lbqp be the
optimal linear attention and debiased preconditioned
gradient descent losses as presented in (18) and (19),
respectively. Then, L%, = Lbap-

Considering the single-task and zero-mean setting,
Proposition 1 aligns with the findings of previous work
[Ahn et al., 2023, Li et al., 2024]. Our results further
confirm the necessity of both task-specific prompts and
heads in effectively decoupling the influence of non-zero
means from the data.

Then, based on the Proposition 1, we are able to analyze
the optimization landscape of (18) via studying (19).

Theorem 4 Consider the multi-task ICL problem
with dataset defined in Definition 2. Let Wpap =
arg miny L£(fpap) following (19). Define 5 in (14)
and let Weap = ZaWeap. Then the solution Wap
and optimal loss Lhqp (c.f. (19)) satisfy

Wiap = 2p (n+1)Zs + tr(Zp)I)

Ligp = tr(Sp) — ntr(WigpSp).

See Appendix for a proof.

Comparing Theorem 4 with Theorem 1, it is evident
that E;GD represents a fully decoupled loss, demon-
strating the clear benefit of adding task-specific heads.
While Theorem 1 provides an upper bound L3 for the
multi-task ICL loss, the proof of Theorem 4 establishes
that E;GD serves as the lower bound for a multi-task
ICL loss in a single-layer linear attention model.

6 Experiments

We conduct experiments on synthetic datasets to vali-
date our theoretical assumptions and explore the behav-
ior of single-layer linear attention models with various
trainable parameters under different training settings.

Experimental Setting. We train single-layer at-
tention models to solve K-task, d-dimensional linear
regression ICL in a noise-free meta-learning setup for
consistency with the main paper’s theorems, deferring
noisy results to the Appendix. For each context length
n, an independent model is trained for 20, 000 iterations
with a batch size of 8192 using the Adam optimizer
(learning rate 1073).

To ensure robustness, each training process is repeated
50 times with independent initializations, and the mini-
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H\Lv\’\: == Theorems u‘yu‘\“

Figure 2: Experimental results across various settings:
parameterized linear attention model and reduced model, with non-zero task mean.

(a) Performance of unconstrained Wy, W,, W,-
(b) Performance of

unconstrained Wy, W,, W,-parameterized linear attention model and reduced model, with zero task mean.
(¢c) Performance of unconstrained Wy, W,, W -parameterized linear attention model and theoretical prediction,
with non-zero task mean. (d) Performance of unconstrained Wy, W,, W,-parameterized linear attention model,
with different numbers of task-specific trainable parameters.

mal test risk among these trials is reported. Theoretical
predictions in the plots are based on the theorems in
Section 4, and all results are normalized by E[||y[?].

Validation of the preconditioning. In order to
support Assumption 1 in Section 3.3, we train an un-
constrained Wy, W,, W,-parameterized model (with a
shared head h) which is of an alternative form 6, as
well as a reduced model 7 derived from Assumption 1,
in order to check the alignment of their loss landscape.
We configure the experiment with the following choice:

d=10,K =2,M, = [1.7-1;5 —1.3-1y],
Eﬁl = 2,32 = Ilo, ™ = 03, Ty — 07

d=10,K =2,M, = [0y 0y],

2,31 2110,2[32 :2-110, 71'1:71’2:0.5.

As shown in Figure 2a, 2b, the alignment of the dashed
and solid lines across the plain training, fine-tuning,
and joint training settings suggests that Assumption 1
results in a simple yet effective reduced model. The
performance of this reduced model aligns closely with
that of optimizing a single-layer linear attention model
without the constraint imposed by this assumption,
indicating its reasonableness. We also validated that
the performance of different training settings of the
unconstrained model and the reduced model will be
aligned given a zero task mean scenario, which is stated
in Section 4.2.

Note that the joint optimization of the task-specific
head, prompt, and model attention weights is not in-
cluded in this experiment, although it could potentially
support Theorem 4. When the task-specific head is in-
cluded in the joint training, Assumption 1 is no longer
needed to derive the reduced form, making validation
of Assumption 1 under such settings unnecessary.

Validation of the theorems. Given the previous ex-
perimental results supporting Assumption 1, which in

turn validate Theorems 1, 2, and 3, these theorems are
primarily supported by empirical evidence. Similarly,
we train an unconstrained W, W, W,-parameterized
model (with a shared head h) to assess the alignment
between its loss landscape and our theoretical predic-
tions from Theorems 1, 2, and 3. The experiments are
configured with the following settings:

d=10,K =2,M, =[21-1;9 —0.9-1y],
Eﬁl :2,32 :Il(), ™1 :0.3771'2:0.7.

As shown in Figure 2c¢, the alignment of the dashed
and solid lines across the plain training, fine-tuning,
and joint training settings suggests that our theoretical
result can predict the multi-task linear regression ICL
loss accurately.

Benefits of Additional Task-Specific Parameters.
We assess the impact of adding task-specific heads to
a single-layer linear attention model with task-specific
prompts. Specifically, we compare the loss EZnn from
jointly training W, P, H to the loss £} from jointly
training W, P, using L as a baseline, where only
W is optimized. Theoretical curves are shown only
for Theorem 4, as the others have been validated in
Theorems 1, 2, and 3. The experiments are configured
as follows:

d=10,K =2,M, = [1.4-135 —0.6-1y],
2,31 = Ilo,zﬁz =2 IlO, T = 0.3,71’2 =0.7.

There is a clear, gradual improvement from adding
more task-specific parameters, as shown in Figure 2d.

Discussions. We analyze the impact of task-specific
parameters in multi-task ICL settings. Our work
provides theoretical guarantees for joint training and
pretrain — finetune approaches. We introduce a
covariance-mean decoupling mechanism for optimal
ICL: Task-specific parameters learn the task mean
prediction and attention weights learn the variance.
Experimental results support our theoretical analysis.
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A Lemmas

Lemma 1 Suppose X is a n X d matriz, each column of which is independently drawn from a d-variate Gaussian
distribution with zero mean:

X =[xy ... x,]", where x; ~ N(0,3;) € R i € [n].
For a constant matriz A € R4, the following expectation can be determined by:

E[XTXAXX]| =ntr(Z, )T, + n(n+ 1)E,A%,.

Proof. We begin by expressing X ' X as a sum over its columns:

Therefore,
XTXAX'X = (Z a:m:j) A Z wj:c;»r = Z Z :L'Z-:n;rAzcj:r,;.
i=1 j i=1j
Taking expectations on both sides, we have:

EX'XAX"X] =YY Elzx Az;z]].
i=1 j=1
Since the vectors a; are independent and identically distributed, we can split the sum into terms where ¢ = j and
1 g
EX'XAX"X] =) Elzz Az +) Elzax Azz]].
i=1 i#]

For i # j, independence implies:

E[wiw;rij:r,;r] = E[meI]AE[.@Jw;—] =Y,AX,.

There are n(n — 1) such terms. For i = j, we compute:

Elz;z; Ax;x] | = E[(x, Az;)z;z] ).

Using Isserlis’ theorem for zero-mean Gaussian vectors, we have:
E[(x" Az)zx'] = tr(AX,) X, + 22, A%,.

Thus, summing over n terms:

> Elzia Azia]] =n (t1(AZ,) By + 28, A%,) .

i=1
Adding all terms together:

EX T XAX " X]=n(tr(AX,;) Zs + 28, A3,) + n(n — 1), AZ,
=ntr(A3¥,) 3.+ 2n+n(n—1)) X, A%,
=ntr(A3,) X, +n(n+ 1), A3,.

This completes the proof. [ ]
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Lemma 2 Suppose X is a n X d matriz, each column of which is independently drawn from a d-variate Gaussian
distribution with zero mean:

X =[x, ... x,]", where z; ~ N(0,X,) € R%,i € [n].

For a zero-mean Gaussian variable sampled independently & ~ N'(0,0%1,,) € R™, the following expectation moment
can be determined by:
E[X ¢ X] = no’s,.

Proof. Using the independence of X and the entries of & = [&; -+ &,]T, E[&&;] = 026;; (where §;; is the
Kronecker delta, equal to 1 if i = j and 0 otherwise):

E[XTETX]=E|> > &z

i=1 j=1

= E[¢&] Elwia, |
=1

=no’Y,.

Lemma 3 Let W € R¥? and A, B € R™? be constant matrices. Then,

% t(WAW ' 'B)=B'WA" + BWA.

Proof. We will compute the derivative %tr(WAWTB) using an element-wise approach.

First, expand the trace function:
d

tr(WAW'B) =) (WAWB);;.

i=1

Using the definition of matrix multiplication, we have:

d
(WA);; = Z Wi Ak,
k=1

d
(W'B);; = Z Wi, Bis.
=1

Therefore,
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Note that Ay; and Bj; are constants.

We have: 5
i Wik = 0ip0g,
OW,, i
0
quWl;‘ = Oipdjq,
where §;; is the Kronecker delta, equal to 1 if ¢ = j and 0 otherwise.
Therefore,
0
5 (Wi ArjWi;Bii) = (8ip0kgWij + Wikbipdiq) Arj Bii-
pq
Then:
d d i 5
tr(WAW 'B) = (Wi ApjWi; Bii)
OWpq Z Z Z OWpq Y

s
Il
o
~
Il
-
ol
|| U
—
-
M& i
-

(0ipOkgWij + Wik1p054) Ak B

[
M-
M~

s
Il
_

<.
Il
_
a~
Il

11=1

I
M=~
M=~

d d
WijAgiBip + Y Y Wik ArgBpi

i=1 k=1

I
-
-~
I
—

AWTB)QP + (BWA)pq
B'"WA' + BWA),

—~~ o~ .

Since this holds for all elements (p, ¢), in matrix form, we have:

%tr(WAWTB) =B'"WA" + BWA.

Lemma 4 (Reduced form) Denote the output sequence of the attention layer as Attn(Z). Then under As-
sumption 1, the output becomes

Proof. .
9= Attn(Z)(41,d41) = €, 1 Attn(Z)eqq1
el (ZW, W, (2) ) MZW, e,
= e’I’TLJrlZ) (WquT)(ZTMZ) Wyeqr:
—— ———
—A =a
=(ep 1 Z)A(Z"MZ)a

Under Assumption 1

The output finally reduced to
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B Proofs for Section 4

We consider an in-context learning (ICL) problem with demonstrations (x;, yi)?ill, and the input sequence Z is
defined by removing v, 11 as follows:

T x, <« i X" z T
= L = (n+1)x(d+1)
Z=z1 ... zy %] [yl o 0] {y—r 0} eR . (A1)
Here, z = [x ' 0] is the query token where  := x, 1, and X = [x1 --- x,]' € R4 y=[y; --- y,]" € R™

Then, we aim for a sequence model to predict the associated label y := y,,+1 of the given input sequence Z. In
this work, we consider the following data generation of (Z,y). We will refer to (X,y), @, and y as contexts,
query feature and the label to predict, respectively.

Definition 1 (Single-task ICL) Given a task mean p € R, and covariances X4, X = 0 € R¥9. The input
sequence and its associated label, i.e., (Z,y) with Z denoted in (Al), are generated as follows:

o A task parameter B is generated from a Gaussian prior 3 ~ N (u,Xg).

e Conditioned on B, fori € [n+ 1], (x;,y:) is generated by x; ~ N'(0,2z) and y; ~ N(z; 8,02).

Here, o > 0 is the noise level.

In a noisy label setting, the labels y; in the input sequence Z can be obtained by
yi = x; B+ &, where & ~ N(0,02),i € [n+1].
Thus, the labels in the contexts and the label to predict can be obtained by:
y=XB+& where £ =16 -+ &))" €RY,
y=a' B+

Definition 2 (Multi-task ICL) Consider a multi-task ICL problem with K different tasks. Each task generates
(Z,y) ~ Dy, following Definition 1 using shared feature distribution x; ~ N(0,X3), i € [n+ 1] but distinct task
distributions B ~ N (pi, Xg, ) with mean py, and covariance g, for k € [K].

Additionally, let {m;}X_, be the probabilities of each task, satisfying Zle 7w =1 and mp > 0.

We consider a task-aware multi-task ICL setting. Specifically, when a task is selected according to 7y, its task index
k is known. Let D := Zszl 71Dy, be the mixture of distributions and given sequence model f : R(r+1x(d+1) _y R
we define the multi-task ICL objective as follows:

L(f) = Ezyplly - 1(2))7). (A2)

To start with, recap from Definition 2 where task k has probability 7, and its task vector follows distribution
Br ~ N (p, Xg,). Following (13) in the main paper, we define the debiased and biased mixed-task covariances
(variant with X, prior) as follows:

K

Debiased: X5 = 3, Zﬂ'k E[(Br — pr) (B — uk)T]; (A3a)
k=1
K

Biased: 35 =35 Y mE[BS)]. (A3b)
k=1

Note that they satisfy X5 = 3, Zle 2, and T = 2, Zszl T (Zg, + HEpy )-

We first analyze the plain training setting where no additional task-specific parameters are introduced, and all K
tasks are mixed together.
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Under Assumption 1 in the main paper, let the prompt token for task k be pp = {plk} The prediction of a

single-layer linear attention model can then be written as:

f(Z(k)) — W [ﬁk XT] Lﬂ

=x' W(Xy+pi) =gz, X, y; W,py). (A4)

Note that for the multi-task ICL with task-specific prompting, the optimization object (A2) can be denoted as:

L) = S M Bz gyen, [0 — F(Z®))?]

k=1

Denoted as L (f)

K K K
=Y mLu(f) =Y Bz yen, (v — 9(x, X, 4; W, p))?] = > meli(W,P),
k=1 k=1 k=1
X7 2" e X xz]'
_ (nt1)x(d+1) (k) _ |Pk (n+2)x (d+1)
where Z {y—r O} eR A {1 yT 0 eR .

Note that the multi-task ICL loss is equivalent to calculating the weighted sum of the task-k ICL losses over all
tasks k € [K].

We begin by deriving the single-task ICL loss L (f) for task k, and then generalize it to the multi-task ICL loss
by taking a weighted sum. Since the derivation is similar for all tasks, the task index & is omitted in the following
derivation for simplicity. Unless otherwise specified, L (W, py) and L(W,p) will represent the same meaning.
This convention similarly applies to other task-specific parameters, e.g., 3g < Xg,, @ < i, etc.

The loss on a certain task with a trainable prompt can be determined by:
LW.p)=E|(y —g(z,X,y; W.p))’
—E[(z" WX y+a Wp—z' 8- gm)z}

—E [(mTWXT(X,@ +&)+x Wp—a'B— §n+1)2}

r 2

=E ||z (WX’ X -D)B+p)+ WX E+Wp) | | +0°

Denoted as a (task-specific) vector ¢

_E [(azTc)2] +0? = tr(Elec"|8g) + 02, (A5)
where 8 =8 — u ~ N(0,33) is a centralized variable.

B.1 Proof of Theorem 1

Theorem 1 (Plain training) Consider training a single-layer linear attention model in solving multi-task I1CL
problem with dataset defined in Definition 2 and model construction as described in Assumption 1. Let the optimal
solution Wiy (c.f. (10) in the main paper) and the minimal plain training loss Ly as defined in Section 3.3.
Additionally, let 3 be defined in (14) in the main paper and Wiy = S Wiy,

Then the solution Wy and optimal loss Ly satisfy

Wit = 535 ((n + 1)525 + (tr(flg) —+ 02)I>_1 ,

Lpp = t'r(flg) +o2— ntr(WﬁTilg).
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Proof. As previously stated, the following derivation applies to all tasks k € [K]. Therefore, for simplicity, we
omit the index k in the notation unless otherwise specified.

In the plain training setting, p = 0 for all tasks, and only the attention model, parameterized by W under
Assumption 1, is updated. Hence, the loss in (A5) is:

LW,p=0)=1tr(Elec'|Z;) + 02, wherec= (WX X -I)(B+p) + WX 'E).
The expansion of cc' is (there are 3 x 3 = 9 terms in total):

cc” =(WXTX -D)(B+p)+ WX'&) (WX X -1)(B+p) + WX €)'

(WX X)(B+p)—(B+u)+WX'€) (WX X)(B+p)—(B+u)+WX'¢)
(WXTX)(B+w)] (WX X)(B+w] + (WX X)B+mw)] [-B+mw)] +[(WXTX)(B+p)] [WXT¢]'
B+w] [(WXTX)B+m)] + [B+w][-B+w] + [~B+w][WwxTg'

WXTe] [(WXTX)B+mw)] + [WXTE[-B+mw)] + (WX [WXxTe]'

+ o+

Take expectation of it,

Elec'|= |W EX'X@B+p)B+p)X'X] W'+ [-aWE(Sg+pup’)]+ 0
Lemma 1, denoted as a (task-specific) matrix C
+ [-(Bs+pupNZWT ]+ Sg+pp’) + 0
+ 0 4+ 0 + netwz,w'

Lemma 2

=W(C +no’Se )W —nW3Ze(Zg+pp') —n(Sg+pp )ZW ' + (Sg+pp’),

where C = ntr(Zz(Zg + pp' )z +n(n+ 1)z (X + pp ') s
Substitute back into the loss L(W,p = 0):

L(W,p=0)=tr(W(C + ”UQEw)WTZw) —2ntr (B, Wi, (Zg + P‘NT)) +tr(Ee(Zg + NNT)) +o%
Use the following definition:

K

Debiased: 35 = Xo > muE[(Br — pa) (Br — pr) '] = B Zmzﬁk,
k=1

K K
Biased: 3=,y mEBB] =32 > m(Sp, + mas))-
= k=1

Denote
K

C = Zﬂka = ’ntr(i,@)zw +n(n+ 1>252m-
k=1
The weighted sum of the k-th task plain training loss over all tasks k € [K] is:
K
Ler(W,P=0) = mLy(W,pj =0)
k=1
=tr(W(C + no’Z)W'E,) — 2ntr(WEs3E,) + tr(2s) + o2

Take derivative w.r.t. W, using Lemma 3. Since C' is symmetric

dLpr (W, P = 0)
ow

=28, W(C +no’%,) — 2n2~)52m
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Let Wi = £, W, and set the derivative to zero:
Wi = n3535,(C +no’S,) !

= f}me ((tr(f},@) + 0‘2)213 + (n + 1)2[32@)71

=5, ((n +1)55 + (tr(Eg) + 02)1) -

Substitute back into Lpr (W, P = 0):

S0 =tr(Eg) + 0% — ntr(WppSga).

B.2 Proof of Theorem 2

Theorem 2 (Fine-tuning) Suppose a pretrained model as described in Theorem 1 is given with W being its
optimal solution. Consider fine-tuning this model with task-specific prompts as defined in Definition 3, and let
the optimal prompt matriz Pgr (c.f. (11) in the main paper) and the minimal fine-tuning loss L be defined in
Section 3.3. Additionally, let £5,% 3 be defined in (14) in the main paper and Wiy = SaWhy, and define the
mean matric

My, =[p - pg]" € RFX

Then the solution Pg and optimal loss Ly satisfy

Pir =M, (Wpp)™ ' —nl) X,

Lip = Lt — t""((iﬂ - SB)(HWI;T - I)T(”V_VST —1I)).

Proof. As previously stated, the following derivation applies to all tasks k € [K]. Therefore, for simplicity, we
omit the index k in the notation unless otherwise specified.

1. Determining the optimal task-specific prompts

In the fine-tuning setting, the attention model is pretrained and parameterized by a fixed W = W3, and only
the task-specific prompts are fine-tuned. Then recap from (A5):

LW, p) = tr(E[cc'|Zz) + o2,
where ¢= (WX X -I)(B+p)+ WX '€+ Wp).
The optimal task-specific prompt is determined by taking the derivative and setting it to zero:

e’

— 3.
op =
= 2W 2, E[c] =2W X, [(nWX, — Iu+ Wp| =0,

= p'= (W*1 —n3g) 1,

op

which is equivalent to (by substituting W = Wj.):

Pip =M, ((WI;T)71 - nEm) :

2. Determining the fine-tuning loss
Substituting back p* = (W‘1 — an) o
LW, p) = tr(E[cc' |Zg) + o2,
where ¢= (WX'X —I)(B+p)+ WX '€+ Wp)
=WX'XB+p) -B+WX¢&-—nWZ,p.
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The expansion of cc' is (there are 4 x 4 = 16 terms in total):

cc” =[WX X(B+p)—B+WX & nWSou] [ WX X(B+p)—B+WXT&—nWSou]
=[WX"X(B+p)] WX X(B+p)] + WX XB+p)][-B8] + WX XB+p)] [WXTE + WX XPB+p)] [-nWEepn]"
+ [BIwx x@+p] +  [B[-A + [BlwxTg +  [Bl-aWS.u
WX WX X(B+p)] + WX [-8] +[WXTe] [WxTe]T + [WXTE] [-nWSepu

}T

F[-nWEpu] [WXTX(B+ u)]T + W] [-8] | + [-nW ] [WXTE]T + [~ W] [-nW S,p] .

Take expectation of it,

Elec']= |W EX'XB+p)B+p) XTX] W'| +[-nWE;Zg]+ 0 +[-n*WZpup Z,W'|
Lemma 1, denoted as a (task-specific) matrix C
+[-nEpZ.W'] + Zg + 0 + 0
+ 0 + 0 +n*WEW'+ 0
Lemma 2
+ [-PWEpp ' E, W+ 0 + 0 + [RPWEpp S, W]
=W (C +n0*Sy — n?Zaopp To)W'T —naWE, S5 —nEgE, W' + 34

where C = ntr(E4(Zg + pp ) Ep +n(n+ 1)Ep(Zg + pp ") S,.
Substitute back into the loss L(W,p*(W)):

LW, p*(W)) = tr(E[ce']|Zz) + o2
=tr(W(C +no’Ey — n?Zopup )W 'E,) — 2ntr(WE,3aE,) + tr(ZsE,) + o2
Use the following definition:

K K
Debiased: £ = B > meB[(Br — ) (B — mx) '] =z Ym0,
k=1 k=1

K K
Biased: ¥p=3,Y mE[BB]] =3z m(Dp, + pmy)-
k=1 k=1

Denote:

K
C = Zﬂ'ka = ntr(E5) 2, 4+ n(n + 1)E3,.
k=1

The weighted sum of the k-th task fine-tuning loss over all tasks k € [K] is:
Ler(W, Pip(W)) = tr(W (C + no’Ee — n(3p — Tp)8e) W E,) — 2ntr(WEsE,) + tr(Sg) + o
Note that for plain training,
Lpr(W, P =0) = tr(W(C + no’Se)W ' E,) — 2ntr(WEgE,) + tr(Zg) + 02,
and their optimal loss share the same attention weight parameterization W = W, Let Wi = X, Wi,

br = Loy —tr(Eg — Tp) + 2ntr(Wip(Ep — 5p)) — n*tr(Wip(Ss — Zp)Wit)

= Liy — tx((Sp — p) Wiy - I) ' (nWpy — ).
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B.3 Proof of Theorem 3

Theorem 3 (Joint training) Consider training a single-layer linear attention model in solving multi-task ICL
problem with dataset defined in Definition 2 and model construction as described in Assumption 1 in the main
paper. Let Wip, Pir (c.f. (12) in the main paper) be the optimal solutions and L3 is the optimal joint training
loss defined in Section 5.3. Additionally, let 2_15, X3, M,, follow the same definitions as in Theorem 2 and define
Wip = 3aWih. Then the solution (Wi, Pyp) and optimal loss L satisfy

X —1
Wir=3g ((n +1D)Z5+ (tr(Zg) + ) + 2y Zmuwl) ,
k=1

Pip =M, (W)™ ' —nl) 3,

Lip = tr(Ep) + 0% — ntr(WipSp).

Here, X, Zszl Teprpy ~ O(1) is a d x d-sized constant matriz.

Proof. As previously stated, the following derivation applies to all tasks k € [K]. Therefore, for simplicity, we
omit the index & in the notation unless otherwise specified.

1. Determining the optimal task-specific prompts

In the joint training setting, the attention model is pretrained and parameterized by a trainable W, and the
task-specific prompts are fine-tuned accordingly (see (A5)):

LW ,p) = tr(E[ce'|Zy) + o2,
where ¢= (WX'X —I(B+p)+ WX £+ Whp.
The optimal task-specific prompt is determined by taking the derivative and setting it to zero:

OLW.B) _ o [0e7
op

op
= 2W 2, Elc] =2W X, [(nWX, — )u+ Wp| =0,
= p'=(W'1-n3;)p,

Y.c

which is equivalent to:

Pir = M, (Wip)™' —nl) ;.

2. Determining the fine-tuning loss

It is worth noting that fine-tuning and joint training share a functional relationship between the tuned prompts
p* and the current attention model parameterization W. Thus, substituting the tuned prompt back into the
joint training loss will result in the same expression as the fine-tuning loss:

LW, p*(W)) = tr(E[ce']|Z,) + o2
=tr(W(C +no’Ey — n’Zopupn o)W TE,) — 2ntr(WE,Es%,) +tr(E52,)
Use the following definition:

K

K
Debiased: ilg = Em Zﬂ'k E[(ﬂk — ll'k)(ﬁk — uk)T] = Em Zﬂ‘kzﬁk;
k=1 k=1

K K
Biased: X5=13, ZﬁkE[ﬁkﬁg] =3, Zwk(zgk + pppd).
k=1 k=1
Denote:

K
C= Zwka = ntr(E5) 2, +n(n + 1)23,.
k=1
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The weighted sum of the k-th task fine-tuning loss over all tasks k € [K] is:
Li1(W, Pip(W)) = tr(W (C +no’E, —n(E5 — £5)8s ) W' 2,) — 2ntr(WE5E,) + tr(Eg) + o

In joint training, the attention model parameterization W is no longer fixed (as it is in the fine-tuning setting),
but is instead optimized. Due to the functional relationship between the tuned prompts and parameterization
p* = p*(W), they will be optimized jointly until reaching their optimal values.

Take derivative w.r.t. W, using Lemma 3:

oLy (W, Pip(W))
ow

Let Wip = £,Wijt, and set the derivative to zero (note that Zszl prpg ~ O(1)):

=28, W (C +no’E, —n*(Zg — p)8z) — 2nE35,

_ _ _ - _ —1
Wi = nSs%, (c + 0?8, —n2(Ss — zg)zm))

S0 ((er(8p) + %) 80 — (S5~ Dp)Ba + (0 + DSp%,)

Il
Mi

5 ((6x(S6) + 2T + (0 + )5+ (85— 55))

K —1
=55 ((n+1)2ﬁ+ (tr(Ep) +a2)1+2wzwkuwg> .
k=1

Substitute back into Ljp(W, P*(W)):

Lip = tr(Zp) + 0% — ntr(WipZp).

B.4 Proof of Corollary 1

Corollary 1 Let L, Ly, and L5 denote the optimal losses for plain training, fine-tuning, and joint training,
as described in Theorems 1, 2 and 3, respectively. These losses satisfy:

jr < Lgp < Lpy. (A6)
The equalities hold if and only if X5 = f]ﬁ (c.f- (14)), which occurs when all task means py = 0 for k € [K].
Furthermore, the loss gaps satisfy the following:

1. The loss gaps scale quadratically with task mean: Lip — Lhp ~ O (35) |AllF, Lir — Lip ~ O () |A]lF,
where A := S,@ -35=3, Zszl TEk L -

2. The ratio between gaps is: % ~ O (%), indicating that fine-tuning provides most of the benefit in
FT JT
few-shot regimes (small n), while joint training benefits more for larger n.

Proof. 1. Ly < Ly
From Theorem 2, we have:

b = Lpr — tr((Bp — Zp) nWep — )T (nWip — 1)).
Use the following definition:

K

K
Debiased: X5 = 3, Zﬂ'k E[(Br — 1) (B — i) '] = B Zﬂ-kzﬁk;
k=1 k=1

K K
Biased: S =%,y mEBBI] =32 > m(Sp, + mu))-
k=1 k=1
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We define an auxiliray variable:
K

S5-25=13, Zﬁkﬂkﬂg =A
k=1

It can be seen that (Z5 — £5) = Ba (S mettrpey ) = 0, (nWap — I)T (Wi — I) > 0, which leads to

tr((Zp — Zp)(nWep — )T (nWpp — 1)) > 0= Lip < Lir.

The equality holds if and only if | uy, = 0,k € [K] <= Xg = 3g.

The loss gap between Ly and L5 can be written as:
br — L = tr(A(nWip — )T (nWiip — 1))
To analyze the asymptotic behavior of the gap, we need to analyze the asymptotic behavior of:

Wir = 3a((n+ 1)Zs + tr(Za)I) L.

First, for large n, we can factor out n from the inverse term:

~ —1
L 1e (< 1 >
Wiz = S (25 <1 + n) L ")I>

n n
Using a matrix Taylor expansion, with A = 2,3 and B = @I + %ig:

(A+B)'=A"1-A"BA' +O(|B|*)

Applying this to our expression:

(iﬁ (1 + TIL) + tr(iﬁ)]) h =35 - %i};l (i:ﬁ + tr(ig)f) 5,40 (1>

Therefore:
1

1 o ey 1
T- = (1+4x(8p)85") +0 (n?’)

The omitted (’)(%) terms include higher-order expansion terms from the matrix Taylor series. These terms

=
Wpr =

involve powers of 33 and its inverse. They grow increasingly small as n increases and don’t affect the dominant
O(#) behavior of the loss gap.

Using the result above:

n3

_ 1 1 ~ = 1
aWiy —I=n <n1 -5 (I + tr(zﬁ)zgl) +0 ()) I

- 1 - = 1
Wip—I=T-— (I+x(5)55" ) +0 (-5 ) ~1
nWpr n + r( B) Jé] + n2
nWep — I ! (I+t (= )53‘1) +o(2
[=_= T il
PT n B)~3 n2
The omitted terms at order O(#) include additional matrix products that become negligible for large n.

Therefore:
_ 1
Wi~ 1l ~ 0 ()
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Now, substituting this into the expression for the gap:

b — Lpp = tr(A(nWpp — I)T("WST - 1))

1
;T—E;Twr(Av( ))

n2
* * 1
‘CPT_ FTNO ) ||AHF

Given that [|Allr < M2 Y0 | 72 - Amax(Z2), we have:

K

* * 1
pr — Lpp ~ O <n2) M? ZWJ% *Amax ()

k=1

2. Lip < Lhop:

From the proof of Theorem 3, it can be seen that joint training and fine-tuning shares a functional relationship
between £ and W:
Lyr(W, Pir(W)) = Lyr(W, Pip(W))

9Ly (W,P*(W))
oW

However, the only minimizer of this funtion is derived from = 0 = Wj;, which leads to:

* *
JT < ‘CFT'

The equality holds if and only if | Wi = Wip <= =0,k € [K] < Xg=3g.

Recall that W3y is given by:

K
Wiz =Za((n+1)Ea +tr(Zp) L + 30 Y meprpsy)
k=1

Note that we denote A = 3, Y0 mppps] , s0:

Wit =Za((n+ 1)Es +tr(Eg + AT+ A)~!
=S5((n+1)85 + tr(Se)I + tr(A)T + A)~!

First, we rewrite this for large n:

_ 1- _ 1
Wi ==X by 1+ —
IT nﬁ(ﬁ(+n)+

Let A=Sgand B= 1554 =)y u@y A
Using the matrix Taylor expansion for (A + B)~1:

(A+B)'=A"1'-A"'BA '+ A'BA'BA + O(| B|]*)

Applying this to our expression and noting that | B|| = O(1/n):

= —1
= 1 3 A A _
(2 (10 1)+ Bl ), YT g

n n n n

a1 /e - . 1
£ (Bp+tr(Bp) I +tr(A)I+A) S5+ 0 (rﬂ)

S
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Therefore: . ) )
Trx SRl S—1 , $—1
Wip = —I— = (I +tr(E5) 5" +tr(A) ;" + £ A) +0 <nS>

The omitted O(%) terms include higher-order matrix products involving powers of f]g, A, and their inverses.
These become negligible as n grows.

Using the result above:

= 1 1 - = _
nWipr—I=n (nI 3 (I—|—tr(2g)251 + tr(A)Zgl

Therefore:
Wi 1l =0

Recall that:

1

- 1
We.=—T—
PT n

1 (I + tr(iﬁ)igl) +oO <)

n

_ .1 1 o e e 1
Wip=-I-— (I +tr(8p) 85" +tr(A)5 + zﬁlA) +0 <ng>

The leading terms (1/n)I cancel, and the difference appears in the second-order terms:
Wiy — Wip = —C+ 0~
pr— Wyr = 50+ 0 73
Where C' is a matrix that depends on ig and A. Therefore:
X/ * X7 * 1
[Wer — Wipllp ~ O n2 IA]lF
Starting from the loss function definition:
LIW) =tr(Eg5) — ntr(WZg)

The loss gap becomes: _ _ _
rr — Lir = nlltr(Wpr — Wip)Xg)||

This gives us:

3. Comparative Analysis

1. Plain Training vs Fine-tuning:
1 K
‘ci;T - ‘C;‘T ~0 (TL2> M2 Zﬂ-]% : )‘max(zm)
k=1

2. Fine-tuning vs Joint Training:
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3. Ratio of gaps:
;T — E‘T ~O <1>
Lo = Lip n

This aligns with our experimental results in Section 6, indicating that for few-shot multi-task in-context learning
settings (e.g., when n = 1), fine-tuning task-specific prompts alone is sufficiently effective at improving performance.
However, for many-shot (large n) settings, joint training of both the attention weight and task-specific prompts is
necessary to achieve further performance improvements. ]

C Proofs for Section 5

C.1 Proof of Proposition 1

Proposition 1 Consider the multi-task ICL data as described in Definition 2 and let L%, and Lhqp be the
optimal linear attention and debiased preconditioned gradient descent losses as presented in (18) and (19) in the
main paper, respectively. Then, L, = Lpap-

Proof. To begin with, let attention weights be

Wi

*

wW,W,| = [

uﬂ and WUZ[WTQ ’w2:|7

wy W

where WLg € Rxd, w123 € R? and w € R. Additionally, let task-specific prompts and heads be
pr = [ﬁk} and hj = [hk] for k € [K],
Dk hg

where py, hy, € R? and py, by € R. Recapping the prediction from (17) in the main paper and input sequence
Z*) from (5) in the main paper, we obtain
Faen(Z®)) = "W W, (2O MZBW,hy,
_ DLD, D X'X X'y Wyhy, + hpw
— [2™TW, =z w ({Pkpk pkpk] [ ]) { 2N k 2}
e W (gl ) Tl x it )) L Bt b

Recap the task distribution from Definition 2. Let yo = y — X py. For cleaner notation and without loss of
generality, we remove the subscription k£ and set

W2ﬁk+hkw2 v
wy hy +hpw | |v

where v € R? and v € R.

~ B __T XX XTy v
)= W s ([ 18] | )L
fattn( ) [ 1 1} ppT p? y' X ||y||§2 v

- pp | DD - XX X'yl [v
=[z"TW; zTw {pp pp} {v} +lx2™W;, zTw [ } { ]
W aTw] e o FETW @t e e |

x! (V_VlﬁﬁT'u +pwip v+ poWip +p2vw1) +a’ (WlXTX'u +wy Xv+ oW1 X Ty+ov ||y|\?2 wl)

Q)Tl”j + :I;T (WlXTX’U + (’wlvT + Uv_Vl)XTy + o ||y||?2 wl)
=z’ (13 +WiX T Xv+ (wiv| +oW) X (yo + Xp) +vwi(yolf, + 1" X Xp+ 2uTXTyo))

=z WX yo+a' pta’ (WlXTXU + (W —vwip )X T X p + vw; ||y0||§2)

e(X,yo0)
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where
O e o _T . 2
p:=Wipp v+pwip v+ poWip+p ow;
W .= 'wlvT +oWi + 2vw1uT.

Then letting yo =y — = | ps, the expected risk of task k obeys
. . 2
Ez yop[(faeen(ZH) — )’ = E {(wTWXTyo —yot+a' p-ax ptae(X, yo)) ]
. 2
=E [(:cTWXTyO - yo) } +E [(:vTﬁ —x p+ :cTe(X7y0))2}
+2E [(fvTWXTyO - Z/o) (e'p—ax'p+ -’ETE(Xayo))}
Note that, letting By = 8 — pi, we have yo = XBo + &, y = ' By + &nt1 and By ~ N(0, g, ). Therefore,
E [(wTVVXTyo - yo) (z'p-—a'pt+ae(X, yo))]
=E[z" (WX X8y~ 8o) (p— p+e(X,0)) " 2]
—E [mT (VVXTX _ I) 8o E(X,yo)—ra:}

= [a:—r (WXTX — I) Bo ('U HX,BOHZ) wrw}

Then the risk satisfies
_ . 2 } 5
Bz poul(Frun(2) ~ 07 = E[ (2 WX Ty ) | +E[(@Tp— 0T+ 2 (X )]
- 2
>E {(xTWXTyo - yo) } :

We next prove that the equality is achievable for any W. Consider the following constructions:

W 0 W-lu -
T _ _ _ k I 77"
W, W, = [OT 0} , Wy=1, p,= [ TWT J and hj = [ 1 } .

Then
=Lt pmme o wow

Using above construction, we obtain that for any W € R%X¢, there exist py’s and h;’s such that
. 2
Ez yp, [(pr —z' p+xe(X,y0)) } =0
and hence,

Ezyp[(Fasea(20) = )] = E [(@ WX "yo — o))

Next, consider the preconditioned gradient descent problem defined in (19) in the main paper. Recapping the
PGD prediction where we have

fran(Z®) = "TWX T (y — X i) + 2 .
Then
Ez y~p, [(fPGD(Z(k)) - 9)2} =Ezy~p, [(-’BTWXT(LI — Xp) + -’BT#k - y)z]
=Ezyp. (" WX "o — 10)°].

Combining the results together completes the proof. [ ]
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C.2 Proof of Theorem 4

Theorem 4 Consider the multi-task ICL problem with dataset defined in Definition 2. Let WPgp =
arg minw L(fpap) following (19) in the main paper. Define g in (14) in the main paper and let Wgqp =
S Whap- Then the solution Wigp, and optimal loss L (c.f. (19) in the main paper) satisfy

Wiep = £ ((n+1)Ss + (¢r(Ep) +0*)I) ',

Ligp = tr(Sp) — ntr(WigpSp).

Proof. From the proof of Proposition 1, it can be seen that the optimal multi-task ICL learning performance of
a l-layer linear attention model can be rigorously calculated as: ﬁj*wm = E;GD. Moreover, in this case, with the
help of task-specific heads hg, the optimal loss E?GD is equivalent to the optimal plain training loss in a zero
task mean multi-task ICL setting.

By applying Theorem 1 with all task means gy, = 0 for k € [K], Theorem 4 can be proven.

D Additional experiments: noisy label and non-isotropic covariance

We conduct experiments on synthetic datasets to validate our theoretical assumptions and explore the behavior
of single-layer linear attention models with various trainable parameters under different training settings.

Experimental Setting. We train single-layer attention models to solve K-task, d-dimensional linear regression
ICL with noise level 02 = 5. For each context length n, an independent model is trained for 20, 000 iterations
with a batch size of 8192 using the Adam optimizer (learning rate 1073).

To ensure robustness, each training process is repeated 50 times with independent initializations, and the minimal
test risk among these trials is reported. Theoretical predictions in the plots are based on the theorems in Section 4,
and all results are normalized by E[||y|?].

D.1 Noisy labels

We validate our theoretical assumptions and predictions based on a noise-free setting. To test these assumptions
in a noisy label setting, where o2 > 0, we repeat the experiments from the main paper under the noisy setting,
using the same experimental configurations as in Figure 2(a) and Figure 2(c), to validate Assumption 1 and
Theorems 1, 2, 3, and 4.

D.2 Non-isotropic covariance

We also validate our experiments under a non-isotropic covariance setting. At noise level 02 = 5, we repeat the
experiments from the main paper under the noisy setting, using the same experimental configurations as in Figure
2(a) and Figure 2(d), except that the isotropic covariance multiplier Iy is replaced with a non-isotropic one:

Io — diag{0.9,0.971,...,0.97%}

This is done to validate Assumption 1 and Theorems 1, 2, 3, and 4.

As seen from Figure Al (a)(c), the performance of the reduced model derived from Assumption 1 aligns perfectly
with the performance of the exact linear attention model, indicating that it serves as a good proxy. Furthermore,
from Figure A1l (b)(d), our theoretical predictions align perfectly with the performance of the linear attention
model.
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Figure Al: Experimental results across various settings: (a)(b) Noisy labels; (¢)(d) Non-isotropic covariance.
(a)(c) validate Assumption 1 in the main paper, and (b)(d) validate Theorems 1-4 in the main paper.

E Additional experiments: multi-layer linear attention models

E.1 Multi-layer linear attention model

In the main paper, Section 3, the output of a single-layer linear attention model is defined as:
Attn(Z®)) = (zOw,w,[ (zO)TYMZzPw,.

If task-specific heads hg, k € [K] (see Section 5) are used, the prediction for Z(*) is (where e; is a one-hot
indicator vector with 1 at the i-th position and 0 elsewhere):

§= e} Attn(Z™)hy,
otherwise,
g=el 1 Attn(Z™)eqy 1.

Next, we extend the network architecture we used throughout this section. For a model with L > 2 layers, we
define an L-layer linear attention model as a stack of L single-layer attention models. Formally, denoting by

Zl(k) the output of the I-th layer of attention, we define
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W =z® 1 Atn(Zz), 1=1,....L-1.

If task-specific heads hy,, k € [K] (see Section 5) are used, the prediction for Z*) is :
i=e 12"y,

otherwise,
LT (k)
y=e, 12 €qtr.

E.2 Experiments

We only conduct empirical study to explore the impact of linear attention model depth and label noise in
this section. Similarly, We conduct experiments on synthetic datasets to explore the behavior of multi-layer linear
attention models with various trainable parameters under a joint training setting.

Experimental Setting. For each context length n, an independent model is trained for 20, 000 iterations with a
batch size of 8192 using the Adam optimizer (learning rate 10~3). To ensure robustness, each training process is
repeated 50 times with independent initializations, and the minimal test risk among these trials is reported. All
the results are normalized by E[||y||?].

We use a same synthetic dataset configuration across all the multi-layer attention model experiments:
0? =5 (Noisy), or 0> = 0 (Noise-free)
d=10, K =2, Z,oniso =diag{0.9,097 ...,0.97%}
M, = [1.7~ 1,9 —1.3- 110} ,

1
Eﬁl = 5232 = Enon—iso; T = 0.3, T = 07
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Figure A2: Performance of L-layer linear attention models (L = 1,2,3) on (a-c) clean and (d-f) noisy datasets.

As seen in Figure A2: (1) For a clean dataset, task-specific parameters significantly improve performance in
the few-shot context region (where the context length n < d), but this benefit diminishes as n increases. (2)
Task-specific parameters help mitigate the impact of label noise. (3) Although increasing the depth of the
attention model can narrow the performance gaps between different numbers of trainable task-specific parameters,
adding task-specific parameters remains beneficial.
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