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On Gromov’s compactness question
regarding positive scalar curvature

Shmuel Weinberger, Zhizhang Xie and Guoliang Yu

We give both positive and negative answers to Gromov’s compactness question
regarding positive scalar curvature metrics on noncompact manifolds. First
we construct examples that give a negative answer to Gromov’s compactness
question. These examples are based on the nonvanishing of certain index-theoretic
invariants that arise at the infinity of the given underlying manifold. This is a @1
phenomenon and naturally leads one to conjecture that Gromov’s compactness
question has a positive answer provided that these @1 invariants also vanish. We
prove this is indeed the case for a class of 1-tame manifolds.

1. Introduction

In the past several years, Gromov [2018; 2023] has formulated an extensive list
of conjectures and open questions on scalar curvature. This has given rise to new
perspectives on scalar curvature and inspired a wave of recent activity in this area
(see, for example, [Gromov 2020; Lott 2021; Wang et al. 2021a; 2021b; 2024;
Zhang 2017]). Among his many open questions, Gromov [2023, Section 3.6.1]
proposed the following compactness question regarding positive scalar curvature
on noncompact manifolds.

Question (Gromov’s compactness question). Let X be a smooth manifold. Suppose
for any given compact subset V C X and any p > 0, there exists a (noncomplete) Rie-
mannian metric on X with scalar curvature > 1 such that the closed p-neighborhood
N,(V) of Vin X is compact. Then X admits a complete Riemannian metric with
scalar curvature > 1.

In this paper, we construct both positive and negative examples for the above
compactness question of Gromov. First, we construct negative examples to show
that Gromov’s compactness question, as stated in its complete generality, is false.
These negative examples lead us to suggest a modification (Conjecture 4.1) of
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Gromov’s compactness question. We shall prove the conjecture for a class of
1-tame manifolds, and hence give a class of positive examples for which Gromov’s
compactness question holds true.

Our first main theorem of the paper is the following.

Theorem 1.1 (Theorem 3.12). There exists a noncompact smooth spin manifold
X such that for any given compact subset V. C X and any p > 0, there exists an
incomplete Riemannian metric on X with scalar curvature > 1 and the closed p-
neighborhood N,(V) of V in X is compact, but X itself does not admit a complete
Riemannian metric with uniformly positive scalar curvature.

Let us outline the key steps of our construction of negative examples. The idea
behind this is conceptually simple. In the de Rham cohomology of a noncompact
manifold X, a closed form w which is exact on every compact submanifold of X
is itself exact, but this fails integrally for cochains. In other words, one can make
a choice of cochains v; on larger and larger parts of X with w = dv;, but there is
a global constraint for them to be compatible. This is governed by (the 1<i1_n1 of)
the system of cohomology (in one dimension lower) of the submanifolds, which
measures the indeterminacy of the forms v; showing that w is exact. The analogous
idea for the K-theory class associated to the Dirac operator on a spin manifold
gives rise to the obstruction that we will use to construct our negative examples,
where each positive scalar curvature metric on a compact submanifold of X is an
analogue of a cochain v satisfying dv = w on the submanifold above.

Recall that for any given noncompact complete metric spaces Y equipped with
some suitable exhaustion, Chang, Weinberger and Yu [Chang et al. 2020, Section 3]
introduced the new index map

o : KO (Y) = KO, (A(Y)),

where KOf(Y ) are the locally finite KO groups of Y and A(Y) is some geometric
C*-algebra constructed using the given exhaustion on Y (see Section 2). The C*-
algebra A(Y) encodes information about the changing nature of the fundamental
group as one moves to infinity. A key feature of the index map o is that it can be
used to detect the geometry at infinity of Y. In particular, as an application of their
index map, Chang, Weinberger and Yu constructed a noncompact spin manifold M
equipped with an exhaustion' consisting of codimension zero compact submanifolds
(M;, dM;) with boundary such that each M; has a metric of positive scalar curvature
which is collared at the boundary, but M itself does not have a complete metric
of uniformly positive scalar curvature [Chang et al. 2020, Theorem 4.3]. Those
examples of Chang—Weinberger—Yu are not quite sufficient to serve as negative

'Here we say {M;} is an exhaustion of M if the M; are compact codimension zero submanifolds,
M; C M and M = J; M;. Here M;_ is the interior of M, ;.
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examples to Gromov’s compactness question. We shall improve upon the methods
of Chang—Weinberger—Yu to construct a noncompact spin manifold X equipped
with an exhaustion consisting of codimension zero submanifolds (X;, dX;) with
boundary such that

(1) each X; has a metric of positive scalar curvature which is collared at the
boundary,

(2) additionally each annulus region A; between dX; and 0X;; can be obtained
from 0 X; x [0, 1] by attaching handles? of index > 2,

(3) but X itself does not have a complete metric of uniformly positive scalar
curvature.

We claim that such an X gives a negative answer to Gromov’s compactness question.
Indeed, for any given compact subset V C X, we have V C X; for some i, since {X;}
is an exhaustion of X. Here X i 1s the interior of X;. By construction, (X;, 0X;)
admits a metric g; of scalar curvature > 1, which is collared at the boundary. For
any p > 0, by stretching® the collar neighborhood of dX; if necessary, we can
assume N, (V) C X;. Now it only remains to show that for each metric g; on X;
as above, we can extend g; to an incomplete Riemannian metric on X with scalar
curvature > 1, which is a consequence of the following proposition.

Proposition 1.2 (Proposition 3.8). Let Z be a cobordism between two closed smooth
manifolds 0_Z and 0, Z such that Z is obtained from 0, Z x [0, 1] by attaching
handles of index > 2. Given any smooth Riemannian metric h on 0_Z, for any
k > 0and m € R, there exists a smooth Riemannian metric g on Z such that

(1) g extends h, that is,
glo_z=n,

(2) the scalar curvature g satisfies Sc(g), >k forall z € Z,
(3) the mean curvature of d_Z satisfies Hy(0_Z)x > m forall x € 0_Z.

Indeed, assume by induction we have extended g; to a Riemannian metric g; .
on X; with scalar curvature > 1. Since 90X is compact, the mean curvature of
0X; (with respect to g;_,;) is bounded below by some constant, say, —m. By
Proposition 1.2, the metric & = g;_, |5 X; extends to a metric g;_, ;41 on the annulus
A with scalar curvature > 1 such that the mean curvature of X ; (with respect
to gjj+1) is > m + 1. We glue the metrics g;—; on X; and g;_ ;41 on A; to
obtain a continuous metric on X1 = X; Uy, Aj. Now Miao’s gluing lemma
[2002, Section 3] implies that there exists a smooth Riemannian metric g;_,j 4 on
X j+1 with scalar curvature > 1 such that g;_. ;1 coincide with g;,; Ug;_, ;4| away

This is equivalent to saying d X; can be obtained from dX;_| via surgeries of codimension > 2.
3Since g; has product structure near the boundary, such a stretching does not change the scalar
curvature of g;.
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from an e-neighborhood of d.X; in X; Usx; A;. By repeating the above extension-
and-gluing process inductively, we eventually extend g; on X; to an (incomplete)
Riemannian metric on X with scalar curvature > 1. This finishes the outline of
our construction of negative examples to Gromov’s compactness question. The full
details will be given in Section 3.

Since writing the first version of this paper, it was pointed out to us that one can
deduce the existence of such manifolds from [Chang et al. 2020] by using Gromov’s
h-principle for open Diff-invariant relations (applied to the positive scalar curvature
relation); see [Eliashberg and Mishachev 2002] for more details on Gromov'’s /-
principle. We prefer our original method because it gives us a clearer understanding
of what the metrics “look like”.

The above negative examples to Gromov’s compactness question are based on
the nonvanishing of certain l(iLn1 index-theoretic invariants that arise at infinity of
the given underlying manifold. This naturally leads us to conjecture that Gromov’s
compactness question has a positive answer provided that these l(iLn1 invariants
vanish. The precise statement of this conjecture (Conjecture 4.1), a modification
of Gromov’s compactness question, will be given in Section 4. As supporting
evidence, we prove the conjecture for a class of 1-tame manifolds, hence give a
class of positive examples for which Gromov’s compactness question holds true. In
particular, our second main theorem of the paper is the following.

Theorem 1.3 (Theorem 4.4). Let M be a noncompact 1-tame spin manifold of
dimension n > 6. Let

F'=m(M) and G=n>X(M).

Assume that the unstable relative Gromov—Lawson—Rosenberg conjecture holds for
the pair (', G). Suppose for any given compact subset V.C M and any p > 0, there
exists an (incomplete) Riemannian metric on M with scalar curvature > 1 such
that the closed p-neighborhood N,(V) of V in M is compact. Then M admits a
complete Riemannian metric of uniformly positive scalar curvature.

Here 71°(M) is the fundamental groupoid at infinity of M see Definition 4.2 and
the discussion after. The unstable relative Gromov-Lawson—Rosenberg conjecture
will be reviewed in Conjecture 2.7.

The paper is organized as follows. In Section 2, we review the construction of
some geometric C*-algebras, the unstable relative Gromov—-Lawson—Rosenberg
conjecture for positive scalar curvature, and the construction of relative higher index.
In Section 3, we construct negative examples to Gromov’s compactness question.
In Section 4, we suggest a modification of Gromov’s compactness question, by
imposing an extra vanishing condition on certain l(iLn1 invariants. We confirm the
conjecture for a class of 1-tame manifolds, which in particular gives a class of
positive examples for which Gromov’s compactness question holds true.
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2. Preliminaries

In this section, we review the construction from [Chang et al. 2020] of some
geometric C*-algebras associated with exhaustions of noncompact spaces. The
K-theory groups of these C*-algebras are the receptacle of index-theoretic invariants
that detect the geometry at infinity of the underlying spaces, which constitute a
key ingredient in our construction of counterexamples to Gromov’s compactness
question.

Let v : A — B be a homomorphism between two (real) C*-algebras A and B.
The mapping cone C*-algebra Cy, of v is given by

Cy ={(a, f)laecA, fe€Coy(0, 1), B)and f(0) =y (a)}.
It follows that we have the short exact sequence of C*-algebras
0—-SB—>Cy—>A—0,

where SB = Cy((0, 1), B) is the suspension C*-algebra of B.

Definition 2.1. A homomorphism ¢ : G — I' between two discrete groups in-
duces a homomorphism of real C*-algebras ¢, : C;,.(G) — C}. (I'). We define

Ci (T, G) to be the 7th suspension S’C,, = Co(R’) ® C,, of the mapping cone
C*-algebra C,, .

The K-theory of C;;,.(I', G) is the receptacle of relative higher indices. See
[Baum and Connes 1988; Connes 1986; Connes and Moscovici 1990; Kasparov

1988; Rosenberg 1983] for related discussions.

Definition 2.2. Let (Y, d) be a noncompact, complete metric space. Suppose
Y1 €Y, C Y3 C--- is asequence of connected compact subsets of Y. We say {Y;}
is an admissible exhaustion if the following are satisfied:

M Y=Uz, v
(2) forall j > i, the subspace V; ; =Y; — f}i is connected, where IO/i is the interior
of Y,';

(3) d(9Y;,dY;) — oo as |j —i| — oo, where dY; =Y; —IO/i.

Now suppose {Y;; ¥;;} is an admissible exhaustion of Y as above. Define D} to
be the C*-algebra inductive limit

D} = lim Cly (1 (Y)), m1 (Y;))) ® K 2.3)
j>i

of the directed system

= CE (Y, MY ) QK L CF i (Y1), M (Vi 1) @K — -+ -
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where the homomorphism ¢; is induced by the inclusion (Y;, Y; ;) < (Y11, Yi j+1)
and K is the real C*-algebra of compact operators on a real Hilbert space.
Let

o0
[10; ={(@.a...) a € Df and sup Jla;|| < oo}
i=1

i
be the C* product algebra of D}. There is a natural homomorphism
pi+1: Diyy — Df
induced by the inclusions of the spaces
(Yj, Yiy1,j) = (Y}, Yij)

for j > i+ 1. Let p : [[;2, Df — []i=, D} be the homomorphism that maps
(a1, az, ...) to (p2(a2), p3(a3), ...).
Definition 2.4. With the above notation, we define the C*-algebra A(Y) by

A(Y) = {a c C([O, 1, HD;“) ) p(a(0)) =a(1)}.
i=1

Consider the inverse system
KOn(DT) (02)« KOn(D;) (3)x e

where (pi+1)« : KOn (D}, ) — KO, (D) is the map induced by p;+1 : D | — Dj.

If ®:[]72, KO, (DF) — [2; KOu(D;) is defined by
@ (a;) = (ai — (pi+1)«(@i+1)),

then by definition the inverse limit lim KO, (D;}) of the above inverse system is
simply the kernel ker(®) of ®. We have the following Milnor exact sequence
(see [Guentner and Yu 2012]):

0 — lim' KO,11(D}) — KO, (A(Y)) — limKO,(D;) — 0, 2.5)

where by definition 1(131l KO, (D}) is the cokernel coker(®) of ®. This Milnor
exact sequence can be derived from the KO-theory long exact sequence associated
with the short exact sequence of C*-algebras

0—>3(]O_O[D;k> — A(Y) % ﬁD?‘—)O
i=1 i=1

together with the fact that
e.¢] o0
KO, (]_[ D,.*) = [[x0.(D))
i i

i=1 i=1
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when the D are stable, that is, D} = D} @ K. Here w : A(Y) — [[2, D} is the
evaluation map @ (a) = a(0).
In [Chang et al. 2020, Section 3], Chang, Weinberger and Yu defined a natural

index map
o : KO (Y) — KO, (A(Y)), (2.6)

which can be used to detect the geometry at infinity of Y. As an application of
their index map, they constructed a noncompact spin manifold M equipped with an
exhaustion consisting of codimension zero submanifolds (M;, d M;) with boundary
such that each M; has a metric of positive scalar curvature which is collared at the
boundary, but M itself does not have a complete metric of uniformly positive scalar
curvature [Chang et al. 2020, Theorem 4.3]. We shall review the construction of
this index map o in Section 2A.

Note that the Milnor exact sequence (2.5) gives rise to the following commutative
diagram:

0 — lim' KO,41(¥;, 0Y;) —— KO (¥Y) —— 1imKO,(¥;,3Y;) — 0

| | |

0 — lim' KO,.+1(D}) — KO,(A(Y)) — limKO, (D) — 0

Now let us briefly recall the following unstable relative Gromov-Lawson—Rosenberg
conjecture; see [Chang et al. 2020, Conjecture 2.21].

Conjecture 2.7 (unstable relative Gromov—Lawson—Rosenberg conjecture). Let
(N, dN) be an n-dimensional compact spin manifold with boundary. If the relative
higher index of the Dirac operator D of N is zero in KO, (7w (N), 71 (dN)), then
there is a metric of positive scalar curvature on N that is collared near ON.

Because of the failure of the ordinary unstable Gromov—Lawson—Rosenberg
conjecture [Schick 1998, Example 2.2], in general, this statement cannot be true
as stated. On the other hand, there are special cases where the unstable (relative)
Gromov-Lawson—Rosenberg conjecture is true. For example, the -7 case of the
unstable relative Gromov—Lawson—Rosenberg conjecture is true for all manifolds
(N, 0N) of dimension > 6, that is, the unstable relative Gromov-Lawson—Rosenberg
conjecture holds if 71 (0N) — 71 (N) is an isomorphism. This follows from the
surgery theory for positive scalar curvature of [Gromov and Lawson 1980, Theo-
rem A; Schoen and Yau 1979, Corollary 6], as improved in [Gajer 1987]. Recall
that the unstable Gromov-Lawson—-Rosenberg conjecture holds when 7 = Z* % F,
the free product of Z* and F, where Z* is the free abelian group of rank k and F
is a finitely generated free group [Rosenberg and Stolz 1995, Corollary 3.8]. In
particular, the unstable relative Gromov-Lawson—Rosenberg conjecture holds if
1 (N) ={e} is the trivial group and 1 (ON) = ZF«F with F a finitely generated free
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group (see [Chang et al. 2020, Theorem 2.23 and Corollary 2.24] for more details).
In our construction of negative examples to Gromov’s compactness question, we
shall exploit these special groups for which the unstable relative Gromov—-Lawson—
Rosenberg conjecture holds.

2A. Relative higher index. At the end of this section, let us review the construction
of relative higher index for Dirac operators on spin manifolds with boundary
and more generally relative higher index for complete spin manifolds (relative to
complements of compact subsets); see [Chang et al. 2020, Section 2]. We also
review the construction of this index map o from (2.6).

Let us first briefly recall the definition of some geometric C*-algebras. For
simplicity, let us assume X is a complete Riemannian manifold and S is a Hermitian
bundle over X. Let Hx be the space L%(X,S) of L? sections of S over X.

Definition 2.8. Let 7" be a bounded linear operator acting on Hy.

(1) The propagation of T is defined to be the nonnegative real number

sup{d(x, y) | (x, y) € Supp(T)},

where Supp(T) is the complement (in X x X) of the set of points (x, y) € X x X
for which there exist f, g € Co(X) such that g7 f =0 and f(x) # 0, g(y) # 0.
Here Co(X) is the algebra of all continuous functions on X which vanish at infinity.

(i1) T is said to be locally compact if f7 and T f are compact for all f € Cy(X).

Definition 2.9. With the same notation as above, let B(Hy) be the algebra of all
bounded linear operators on Hy.

(i) The Roe algebra of X, denoted by C*(X), is the C*-algebra generated by all
locally compact operators in B(Hy) with finite propagation.

(ii) If Y is a subspace of X, then the C*-algebra C*(Y; X) is defined to be the
closed subalgebra of C*(X) generated by all elements 7" such that Supp(T') is
within finite distance of ¥ x Y.

Now suppose X is a Galois covering space of X. Denote its deck transformation
group by I'. Lift the Riemannian metric of X to a Riemannian metric on X so that
the action of T on X is an isometric action. Also lift the Hermitian bundle S over
X to a Hermitian bundle S over X.

Definition 2.10. With the above notation, let Hy = Lz()~( , §). Denote by C[X]"
the x-algebra of all I"-equivariant locally compact operators of finite propagation
in B(Hg).
(1) We define the ["-equivariant Roe algebra C *(}? )I' to be the closure of C[X]"
in B(Hg).
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(ii) If Y is a subspace of X, then the C*-algebra C*(? X ) is defined to be the
closed subalgebra of C*(X X)r generated by all elements 7 in C*(X X)T' such that
Supp(T) is within finite distance of ¥ x Y, where Y is the restriction of the covering
space XonYcCX.

(iii) We define the maximal I"-equivariant Roe algebra C*_ (X )F to be the comple-

tion of C[X]" under the maximal norm:

max

lla|lmax = sup {||¢(a)|| : all x-representations ¢ : C[X]" — B(H")}.
¢

For a subspace Y of X, the maximal version Cmax(Y : X)T is defined similarly.

Now let us review the construction of relative higher index. If (N, 0N) is a com-
pact spin manifold with boundary, then we attach an infinite cylinder [0, o) x dN
to N along 0N, and extend the Riemannian metric of N to a complete Riemannian
metric on the resulting manifold. The relative higher index of the Dirac operator on
(N, 0N) will in fact be constructed using this complete manifold (relative to the
cylindrical end). So for brevity, let us now assume X is a complete Riemannian spin
manifold and K is a codimension zero compact submanifold (with boundary) of X.
LetI' =m(X) and G = (X — K). Here if X — K has more than one connected
component, then 771 (X — K) should mean the fundamental groupoid of X — K, that
is, m1(X — K) is the disjoint union ]_[f[:1 m1(Yy), where Y, are the components
of X — K. In this case, the maximal group C*-algebra of G =71 (X — K) is defined
to be

max(G) @Cmax(nl(y(x))'

Let iy : G4 — I be the group homomorphism induced by the inclusion of spaces
Y, — X. Let C,, be the mapping cone C*-algebra induced by the homomorphism

Crax(GO)RK - Mi(C)®Cp (DK (2.11)
given by
(t1)+ay
(a1 @ - Dag) = ;
(te)xae
where M, (C) is the algebra of (£x¢) matrices. We denote by C;; . (I, G) the 7th
suspension S’C,, = Co(R7) ® C,, of the mapping cone C*-algebra C,,.
In the following, we review the construction of the relative higher index of the
Dirac operator on X (relative to K). For simplicity, we assume

dim X =0 (mod 8),

while the other dimensions are completely similar by a standard suspension ar-
gument. Let X be the universal covering space of X and D the associated Dirac
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operator on X. Let Y, be the universal covering space of Y, whose deck transfor-
mation group is G.
Choose a normalizing function f, i.e., a continuous odd function f : R — R
such that
lim f(¢t) ==£l. (2.12)
t—=o00

Throughout this section, assume without loss of generality that we have chosen
the normalizing function f so that its distributional Fourier transform has compact
support. Let FF = f (D) be the operator obtained by applying functional calculus
to D. Since we are in the even-dimensional case, D has odd-degree with respect to
the natural Z/2-grading on the spinor bundle of X, that is,

~ 0 D~
D=~ .

0U
F =
(v o)
for some operators U and V.
We define the invertible element

v=( N EN6DE )

and form the idempotent

p:W(l O)W_]:<UV(2—UV) (2—UV)(1—UV)U)‘ (2.13)

In particular, it follows that

00 V(1 —-UV) (1-VU)?

Let x be the characteristic function on K and denote its lift to X by X. Let u be
an invertible element in the matrix algebra of Co(R’)™ representing a generator of
KO; (Co(R7)) = KOy(Co(R®)) = Z. Consider the invertible elements

U=uRp+1®(1—p) and V=u'Qp+1®(1—p)

in (Co(R") @ C*. (X)T)*, where C*_ (X)' is the I'-equivariant maximal Roe

max max

algebra of X and (Co(R7) ® C*_ (X)")* is the unitization of Co(R7) ® C*_(X)'.

max max
For each s € [0, 1], we define the invertible element

(1 A =s)5uUx 1 0\ (1 A—s)5UT\ (0 —1
We= (o 1 )(-(1-@71}5{ 1) (o 1 )(1 0) 19

and form the idempotent

ps =Wy <(1) 8) wl. (2.15)
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By construction, each element py lies in (Co(R”) ® C* (K X YI)*. In particular,

we have

max

KO; (C:

Now let Z, = Yy Uyy, (0Yy x [0, 00)) be the manifold obtained from Y, by
attaching an infinite cylinder. We equip Z, with a complete Riemannian metric that
agrees with the Riemannian metric of X in a small neighborhood of Y. Let Zy be
the universal covering space of Z,. Note that 71 (Z,) = m1(Y,). Denote by 817 the
restriction of the covering space Zy on Yy C Zy. We apply the same construction
above to the Dirac operator Dy on Zy (ie., by replacing D by Dq and x by the
characteristic function of Z, — Y, = dY, x [0, o0) in the above construction) and
denote by g, the resulting idempotent for when s = 0. Since the normalizing
function f in (2.12) has compactly supported Fourier transform, it follows that the
idempotent q, lies in (Co(R7) ® C*, (3Yy; Zy)%)t.

The canonical (I', G, )-equivariant map Zx — X induces a natural C* homomor-
phism

(K; X)") = KO; (Cmdx(K) ) = KO; (Cr i (D).

max

Yo : CoRT) @ CF L (3w, Zo) P — Co(RT) @ CF o (K X)T.

max

Let us define the map

v @CO(W)@cmax(asz )% — My (C) ® CoR") ® Cph, (K X)T

Yi(ay)
W(m@---@clz):( )
Ye(ae)

Recall that, if the Fourier transform f of f is supported in (—¢, ¢), then the Fourier
transform f,\ of f; is supported in (—Ag, Le), where f; is the normalizing function
given by f,(t) = f(At). Hence, by replacing the normalizing function f in (2.12)
by f; for some sufficiently small A > 0 if necessary, we can assume the propagations
of F=f (D) and f (5a) are very small. Then by a standard finite propagation
argument, it follows from the above construction that

by setting

¢
1// (@ qa) = po.

a=1
Also, the product formula of higher index implies that each q,, is a representative of
the higher index class of the Dirac operator Dyy, in KOy (Co(RHY @ C*. (3 170,)G°f).
To summarize, we obtain the K-class

max

L
<@ das ps) ect (T,G)" = (CoRH®C.)T,
a=1

where C,, is the mapping cone C*-algebra from (2.11).
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Definition 2.16. With the above notation, if dim X =0 (mod 8), the relative higher
index Indr ¢ (D) of D is defined to be

4 4
Indr.g(D) := [(EB o p):| - [(EB ((1) 8) , ((1) 8))] € KOo(C%:_ (T, G)).
a=1

a=1
By [Chang et al. 2020, Theorem 2.18], if an n-dimensional spin manifold X
admits a complete Riemannian metric that has uniformly positive scalar curvature,
then its relative higher index is zero in KO, (C*_ (T", G)), that is,

max

Indr (D) =0 € KO, (C... (T, G)).

max

In fact, by a more careful finite propagation argument (as in [Guo et al. 2023; Xie
2023]), we have the following more refined quantitative vanishing theorem.

Theorem 2.17 [Guo et al. 2023; Xie 2023]. With the same notation as above,
suppose X admits a complete Riemannian metric g such that the scalar curvature
of g is > 1 on the p-neighborhood N,(K) of K. Then there exists a universal
constant C > 0 such that if p > C, then the relative higher index of D is zero in
KO, (C! .. (T, G)), that is,

max

Indr (D) =0 € KO, (C;.. (T, G)).

max

Proof. The essential ingredients of the proof have already been carried out in [Guo
et al. 2023; Xie 2023]. For the convenience of the reader, we sketch a proof here.

Let x be the characteristic function x on K that appeared in the above construc-
tion of the index class Indr ¢ (D). Observe that if we replace x by the characteristic
function x, of the r-neighborhood N, (K) of K, the resulting new element from
the construction is also a representative of the index class Indr ¢ (D). This can be
seen by replacing X and X VX by

txUx +(1=0xUX, and txVX+(1—0)XVXr (2.18)

in the definition of W, from (2.14), with ¢ € [0, 1], where ¥, is the lift of x, to X.
By assumption the scalar curvature of g is > 1 on N,(K). It follows that

n 1
[Dv] = zllv]|

for all smooth sections v € C?O(]ffp(l(), 3), where ﬁp(K) is the interior of N,(K).
A finite propagation argument shows that, as long as p is sufficiently large, we can
choose the characteristic function x,,> of N,,>(K) and an appropriate normalizing
function f in (2.12) such that p; in (2.15) becomes a trivial idempotent (cf. [Xie
2023, Lemma 3.2 and Appendix A]). The same argument applies to the construction
of g, above so that each q, becomes a trivial idempotent (cf. [Guo et al. 2023,
proof of Theorem 1.3]). This completes the proof. U
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At the end of this section, let us review the construction of the index map
o : KO (Y) - KO, (A(Y))

(see [Chang et al. 2020, Section 3]) and also introduce a notion of l(iLn1 higher
index.

An element in KOE(Y) is represented by a smooth open spin manifold X together
with a proper continuous coarse map ¢ : X — Y. Let {Y;} be an admissible exhaustion
on Y as in Definition 2.2. Without loss of generality, assume X is equipped with
an exhaustion {X;} such that the X; are compact connected codimension zero
submanifolds with X; C )O(i+1 and X = J; X;. Here )o(i+1 is the interior of X; 4.
Furthermore, without loss of generality, we assume X is equipped with a complete
Riemannian metric so that ¥; C ¢(X;) C Y;y1.

Let us denote I' = 71(X) and G; = (X — X;). Here, if X — X; has more
than one connected component, then 71 (X — X;) should mean the fundamental
groupoid of X — X;, that is, 7;(X — X;) is the disjoint union [ [ 771 (Y;s), Where
Yiy are the components of X — X;. In this case, the maximal group C*-algebra of
G; = m(X — X;) is defined to be

mdx(G ) - @ Cmdx(nl (Yla))

Let ¢y :m1(Yiy) — T be the group homomorphism induced by the inclusion Y;, — X.
Let C,, be the mapping cone C*-algebra induced by the homomorphism

GHOK - M(CO)QCrr (TY®K (2.19)

max

iven b
g Y (t1)san

(a1 ®---®ap) = ,
(Le)xae
where M,(C) is the algebra of (£x¢) matrices. We denote by C;, . (I', G;) the
7th suspension S'C,, = Co(R7) ® C,, of the mapping cone C*-algebra C,,. The
inclusions (X, X — X;41) — (X, X — X;) induce C* homomorphisms

pl+1 max(r Gl+l) - Cmax(F9 Gl)

Let p: [172, Ck o (T, Gi) = []i2; Ci (T, G;) be the homomorphism that maps
(ay, aa, ...) to (pa(az), p3(as), ...). By definition, we have

A(X) = {a € c( [0, 1] ]_[cmax(r, G,-)) ‘,o(a(O)) =a(1)}.

Now suppose D is the Dirac operator on the universal covering space of X. By the
construction of relative higher index (Definition 2.16), for each (X, X — X;), we



596 SHMUEL WEINBERGER, ZHIZHANG XIE AND GUOLIANG YU

have the relative higher index of D represented by

[(@u00)]-[(B(35) (4 8))] e xorcnr.

For simplicity, let us write

a; = (@ iers (Pi)s) and b; = (@ ((1) 8) ’ ((1) 8))
in C*

max(F’ Gi).
Consider the characteristic functions x; of X; and y;1; of X; ;. By applying a
linear path similar to that from (2.18) in the construction of relative higher index,
we obtain a continuous path of elements a; () with ¢ € [0, 1] such that

@;(0)=a; and a;(1) = pit1(aiy1),
which in particular defines a K-theory class of A(X).
Definition 2.20. The index map o : KOE(Y) — KO, (A(Y)) is defined by setting

o ([D, ¢]) = @l(a1(2), a2(7), .. )] — @«[(by1, b2, .. .)] € KO, (A(Y)),
where ¢, : KO, (A(X)) - KO, (A(Y)) is the homomorphism induced by ¢ : X — Y.

Theorem 3.3 of [Chang et al. 2020] showed that if X admits a complete Rie-
mannian metric that has uniformly positive scalar curvature on the whole X, then
the above index o ([D, ¢]) vanishes in KO, (A(Y)). This for example follows by
an argument that is similar to that used in the proof of Theorem 2.17.

Note that we have the following Milnor exact sequence (cf. (2.5)):

max max

0— lim' KO, 11(Chy (T Gi)) > KO, (A(X)) & 1im KO, (Ciy (T, G1)) = 0.

Let {X;} be the exhaustion of X as above. Suppose we are in a special case where
the relative higher index of D on (X, X;) vanishes in KO, (Cy,,(I', G;)). For
example, by Theorem 2.17, such a condition is satisfied if for each X; C X, there
is a complete Riemannian metric g; on X such that the scalar curvature of g; is > 1
on the p-neighborhood N, (X;) of X; for some sufficiently large p > 0. Let o (D)
be the index of D in KO, (A(X)). Then in this case, the image of o (D) under the
map 6 is zero in lim KO, (Cy;,,, (T, G;)). It follows o (D) = ¢(c) for some unique

element ¢ € l(iﬂll KO, 41(C (I, G)) in this case.

Definition 2.21. When 6 (o (D)) vanishes in lim KO, (C. (', G;)), we define the
lim' higher index of D to be

lim' Indr, 6 (D) = ¢ € lim' KO,11(Cp (T, G1)),

max

where c is the unique element in 1(i£11 KO, +1(C} . (T, G;)) such that {(c) = o (D).

max
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Remark 2.22. The definition of A(X) depends on the particular choice of an exhaus-
tion {X;} and may vary if we choose a different exhaustion of X. However, the KO-
theory of A(X) is in fact independent of the choice of exhaustion. Indeed, if {X} is
another exhaustion of X, then there exists a subsequence {X;, } of the exhaustion {X;}
such that X; C X;, for each k > 1. If we denote by A(X; {X;,}) (resp. A(X; {X}}))
the C*-algebra A(X) determined by the exhaustion {X;, } (resp. {X}}), then there
is a natural C* homomorphism

AX; X D) — AKX {Xh (2.23)

induced by the canonical inclusions of spaces (X, X — X;,) — (X, X — X}). Simi-
larly, there is a subsequence {X 1/<,-} of the exhaustion {X}} such that X; C X ,’q for
each i > 1, which gives a C* homomorphism

AX X, D) — A (X)) (2.24)
Consider the Milnor exact sequence

0— lim' KO, 11(Cjr (T, G)))
— KO, (A(X; {X;})) = im KO, (C, (T, G;)) = 0.

max

As both lim KO, (Cg,, (', G;)) and l(iLn1 KO, +1(C; .« (I', G;)) remain unchanged
when passing to (cofinal) subsequences, it follows that KO, (A(X; {X;})) remains
unchanged when passing to subsequences of the exhaustion {X;}. Now by passing
further to subsequences of {X;,} and {X ,/{l_}, it is not difficult to see that the C*
homomorphisms from (2.23) and (2.24) induce isomorphisms at the level of KO-

theory. This shows that KO, (A(X)) is independent of the choice of exhaustion.

3. Negative answers to Gromov’s compactness question

In this section, we prove our main theorem (Theorem 1.1). First, let us fix some
notation. Consider an inverse system of groups

Go& G, &G6,& ...,

where each ¢; is surjective. Let Yy be the cone over BGy, where BGy is the
classifying space of Go. We define Y; inductively as follows. Note that the group
homomorphism ¢; induces a continuous map ®; : BG; — BG;_, where BG; is
the classifying space of G;. Let Y; be the mapping cylinder obtained by gluing
BG; x I =BG; x [0, 1] to Y;_; along 0Y;_; = BG;_ via the map ;.

Definition 3.1. We define B¢ to be the resulting mapping cylinder of the above
infinite composite. Sometimes we say Bg is the classifying space associated to the
inverse system {G;, ¢;}.
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Throughout the rest of the paper, we only use groups G; of the form G; = 7 F;,
where F; is a finitely generated free group and Z? x F; is the free product of Z>
with F;. So from now on, for simplicity, let us assume each BG; is compact and has
been equipped with a complete metric. Clearly, by appropriately stretching each
cylinder BG; x I, we can equip Bg with a complete metric such that the sequence
{Y;} becomes an admissible exhaustion of B¢ in the sense of Definition 2.2. Let
Y (Y;, dY;) — (Y;—1, 0Y;_1) be the obvious collapse map, that is, v; is the identity
map on Y;_; C Y; and ; collapses BG; x I to dY;_; = BG;_ via the map ®;. Let
us write Y; ;4 for the annulus region Y| — f/i between dY; and 0Y; ;. Clearly,
Y; i41 is just the mapping cylinder obtained by gluing BG; x I to BG;_; via the
map CD,' ZBG,' — BG,‘_l.

For the above space Bg with the exhaustion {Y;}, there is the Milnor exact
sequence

0 — lim' KO, 11 (Y;, 3Y;) — KO, (Bg) — limKO, (Y;, 3Y;) — 0,

where KO}f(Bg) is the n-th locally finite KO-homology of Bg. In the following,
we construct an inverse system of groups

Go <G &G, & -

such that each ¢; is surjective and lgLnl KO, +1(Y;, ;) is nontrivial for the associ-
ated classifying space B¢ equipped with the exhaustion {Y;}.
Let us define Gy = Z° and G; = Z? x F;, where each F; is a finitely generated

free group. Let
i :Zz*F,- —>ZZ*F,~_1

be a surjective group homomorphism such that ¢; maps the subgroup Z2 x {e} of
7? x F; to the subgroup Z2 « {e} of Z* % F;_; via the x3 map, that is,

7> > 7%, (a,b)+— (3a,3b).

Clearly, F; and ¢; with the above properties exist. Consider the resulting inverse

system of groups
Go& G &G, & (3.2)

We have the following nonvanishing result for the l(iﬂll term.

Proposition 3.3. Let B be the classifying space associated to the inverse system
given in (3.2) equipped with the exhaustion {Y;}. Then the group lggll KOs(Y;, dY;)
is nontrivial.

Proof. Note that each Y; is contractible. It follows that

KO, (Y;, 3Y;) = KO,_;(3Y;) = KO,_ (BG).
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The classifying space BG; = BZ?* \ BF; is the wedge sum of BZ? and BF;, where
BZ7? is a 2-dimensional torus T2 and BF; is a wedge sum of circles. In particular,

we have
Hy(3Y;) = Hy(BG;) = Hy(BZH) =7

in this case. It follows that the group homomorphism ¢; : 7> x F; — 7% % F;_;
induces the following homomorphism on homology:

Hy(BG) =7 2> Hy(BG,) =7Z.

It follows that LiLnl KO3(Y;, dY;) contains a copy of 723 /Z as a subgroup, where 723
is the group of 3-adic integers.* In particular, lgLnl KO3(Y;, dY;) is nontrivial. []

The next few results use some basic constructions from surgery theory. Let us
first recall some standard terminology from surgery theory. Let M be a manifold of
dimension n. Observe that

ISP x D) =SP x S9! = (D! x §471).

Given an embedded S? x D? C M with p 4+ g = n, let M’ be the manifold
obtained by removing the interior of S” x 9 and gluing in a copy of DP+! x S7~1
along SP x S9!, In this case, we say M’ is obtained from M by a surgery of
dimension p (or codimension q).

The trace of a p-surgery is given by

W = (M x I) Usrxps (DPH! x DY),

which is a cobordism between M and M’. In this case, we say W is obtained from
M x I by attaching a handle of index (p +1).

Lemma 3.4. Let W be a spin cobordism between two closed spin manifolds 0_ W
and 04 W. Assume both 0+ W and W are connected, and w1 (04 W) — m (W) is an
isomorphism. If dim W > 6, then there exists a spin cobordism W' between o_W
and 04 W such that

(1) 7 (0. W) — (W) is an isomorphism,

(2) W' is obtained from (0. W) x I by attaching handles of index > 3, or equiva-
lently 0. W is obtained from 0_W via surgeries of codimension > 3. Moreover,
W can be obtained from W' by finitely many surgeries of codimension > 3
away from the boundary.

Proof. A proof of this lemma can be found for example in the proof of [Rosenberg
1986, Theorem 2.2]. See also [Schick and Zenobi 2020, Proposition 3.1]. For the

4Recall that 23 is the inverse limit of the inverse system - - - — Z/ 337 - 7/3%7—7/31. Equiva-
lently, Z3 can also be viewed as the inverse limit of the inverse system - - - — Z/ 9377 / 92757 /92.
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convenience of the reader, let us repeat the argument here. Note that there is an
exact sequence of homotopy groups

120+ W) = m(W) » m(W, 0. W) — m1(0. W) — 1 (W),
which reduces to
730+ W) = mp(W) — m(W, 0. W) - 0

since w1 (0+W) — m (W) is an isomorphism. As both 0, W and W are con-
nected and (04 W) — (W) is an isomorphism, it follows that W is obtained
from 0, W by attaching finitely many handles of index > 2. In particular, it
follows that 7 (W, 0. W) is finitely generated as a Z[mr;(d+W)]-module. Since
dim W > 6 (in fact, > 5 would suffice here), a set of elements of 77, (W) that generate
(W, 04 W) = m(W)/m2(d4 W) can be represented by smoothly embedded 2-
spheres which do not intersect the boundary of W. Since W is a spin manifold,
these 2-spheres have trivial normal bundles, and can be removed by surgeries
preserving the spin structure and fundamental group. Since mo(W, 04 W) is finitely
generated as a Z[m(d+ W)]-module, only finitely many surgeries are needed in
order to annihilate 7t (W, 3, W). Denote the resulting new cobordism by W’. Note
that (W', 3, W) is 2-connected. Now choose a handle decomposition of W', and
proceed to eliminate 0-, 1- and 2-handles as in [Kervaire 1965, Lemma 1]. Note that
the proof of [Kervaire 1965, Lemma 1] shows that such a process does not require
W’ to be an h-cobordism, only that 771 (3. W) = 71 (W’) and that 1o (W', 94 W) =0.
Thus we conclude that W’ can be obtained from (34 W) x I by attaching handles of
index > 3. Turning this handle decomposition upside down, we see that (0. W) x I
is obtained from W’ by attaching handles of index <n — 2, i.e., 3+ W is obtained
from 0_W by performing surgeries of codimension > 3. Furthermore, since by
construction W’ is obtained from W by surgeries of dimension 2, we see that W
can be obtained from W’ by surgeries of codimension 3. ([

Lemma 3.5. Let W be a cobordism between two closed manifolds 0_W and 0, W
such that both 0. W and W are connected, and 71(04+ W) — m1(W) is surjective. If
dim W > 6, then W is obtained from (0 W) x I by attaching handles of index > 2
(in other words, 0+ W is obtained from 0_W via surgeries of codimension > 2).

Proof. Recall that given any finitely generated group G, if H is a normal subgroup of
G such that G/ H is a finitely presented group, then H is finitely normally generated?
in G. In particular, since both 71(0; W) and 7 (W) are finitely presented and
m1(04 W) — (W) is surjective, it follows that the kernel of 7{ (04 W) — m (W)
is finitely normally generated. We present these finitely many elements by disjoint

3 A normal subgroup H of G is finitely normally generated if H is the normal closure of a subgroup
generated by finitely many elements.
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circles, and consider disjoint 2-dimensional discs {Diz}lgige in W which intersect
a4 W in these circles. A small regular neighborhood V of (3. W U Ule IDI.Z) gives a
cobordism between d; W and a new closed manifold, denoted by N. By construction,
we may view d+ W as obtained from N via surgeries of codimension 2.

Let V be the interior of V. Consider the cobordism Z := W — V between N and
d_W, where the map m{(N) — m(Z) is an isomorphism. As both N and Z are
connected and 71 (N) — m((Z) is an isomorphism, it follows that Z is obtained
from N by attaching finitely many handles of index > 2.

To summarize, we see that W is obtained from (d4+ W) x I by attaching handles
of index > 2. This finishes the proof. ]

The following theorem is a consequence of Lemma 3.5 and [Chang et al. 2020,
Theorem 4.2].

Theorem 3.6. Let Bg be the space from Definition 3.1 equipped with the exhaus-
tion {Y;}. Then given any c € KOLf(Bc;), there is an element (M, f) € Qipm’lf(B(;)
such that M is a noncompact spin manifold and f is a proper map from M to Bg
satisfying the following:

(1) fillDul=c;

(2) the inverse images (M;, dM;) = f‘l(Y,-, dY;) are compact manifolds with
boundary such that the induced maps w1(M;)— m1(Y;) and w1(0M;) — m1(0Y;)
are all isomorphisms;

(3) the induced maps 71 (A;) — w1(Y;iiy1) are isomorphisms for all i > 0, where
Ai =My — 1\2,- is the annulus region between d M; and 0 M 1;

(4) each A; is obtained from (0M;41) x I by attaching handles of index > 2.
Equivalently, 0 M; | is obtained from 0 M; via surgeries of codimension > 2.

Proof. By [Chang et al. 2020, Theorem 4.2], for any ¢ € KOE(B(;), there is an

element (M, f) € Qipin’lf(Bg) such that M is a noncompact spin manifold and f
is a proper map from M to Bg satisfying the following:

(@) f«[Dm] = c, where Dy, is the Dirac operator on M

(b) the inverse images (M;, dM;) = f —1(Y;,dY;) are compact manifolds with
boundary such that the induced maps 1(M;) — m1(Y;) and w1 (0 M;) — m1(3Y;)
are all isomorphisms;

(c) the induced maps 71 (A;) — m1(Y; ;41) are isomorphisms for all i > 0, where
Ai =My — Mi is the annulus region between d M; and O M, .

By Lemma 3.5, these A;’s satisfy condition (4). This finishes the proof. O

We also need an extension result for Riemannian metrics on certain types of
cobordisms (Proposition 3.8). First let us recall the following extension lemma of
Shi, Wang and Wei.
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Lemma 3.7 [Shi et al. 2022, Lemma 2.1]. Let X be a closed smooth manifold.
Suppose hy and hy are two smooth Riemannian metrics on ¥ such that hy < hy.
Then for any constant k > 0 and m € R, there exists a smooth Riemannian metric g
on the cylinder ¥ x [0, 1] such that

(1) g extends ho and h, that is,
glexioy=ho and glsxpy=hi,
(2) Sc(g) >k,

(3) the mean curvature at 0-end of the cylinder is bounded below by m, that is,

Hy (X x{0})x =m
forall x € ¥ x {0}.

Here the mean curvature H, (X x {0}), is calculated with respect to the outer
normal vector. In particular, our convention is that the mean curvature of the
standard n-dimensional sphere is positive when viewed as the boundary of the
standard (n+1)-dimensional Euclidean ball.

Combining the above extension lemma of Shi, Wang and Wei with the surgery
theory for positive scalar curvature metrics of [Gromov and Lawson 1980; Schoen
and Yau 1979], we have the following proposition.

Proposition 3.8. Let Z be a cobordism between two closed smooth manifolds %,
and Xy such that Z is obtained from ¥, x I by attaching handles of index > 2.
Given any smooth Riemannian metric h on X1, for any constants k > 0 and m € R,
there exists a smooth Riemannian metric g on Z such that
(1) g extends h, that is,
gls, =h,

(2) Sc(g) =k,
(3) Hy(1)x =m forall x € 3.

Proof. Consider the cylinder X1 x I. Let us equip X x {0} with the metric &, and
Y1 x {1} with any Riemannian metric 4| such that i < h (e.g., hy = h/2). Let
go be a Riemannian metric on X; x [ delivered by Lemma 3.7 for the constants
(k+1) and m.

Now let us consider the cobordism

W =ZUs, (—-2)
obtained by gluing Z with its opposite —Z along the boundary component X.

Claim 3.9. W is obtained from the cylinder X| x I via surgeries of codimension > 3.
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Indeed, the space Z x [0, 1] is a cobordism between
Zx{0lUS, x[0,JUZx {1} =W and % x[-3,5] =T x 1.

Since Z is obtained from X, x I by attaching handles of index > 2, it is not difficult
to see that W is obtained from the cylinder X x I via surgeries of codimension > 3.
More precisely, recall that attaching a handle of index (p + 1) to £; x [ is given by

(21 x I) Uspxpe (DPT! x DY),

where S? is a p-dimensional sphere in ¥; x {0} = X; and S” x D7 is a tubular
neighborhood of S” in ¥;. For brevity, let us denote the resulting space from
the above handle attaching construction by Y. Note that ¥ has two boundary
components: one of them is X; and the other one is denoted by X’. Let Y Uy Y be
the space obtained from two copies of Y glued along ¥’. We claim that Y Uy Y is
obtained from (X x I) U(g, xfoy (£1 x I) by performing a codimension (g + 1)
surgery. Indeed, let S” be the p-dimensional sphere in £; x {0} from above. Its
tubular neighborhood in (X1 X I) Uz, xjoy) (21 x 1) is SP x D9+!. Tt is not difficult
to see that the space ¥ Uy Y is obtained from (X1 x I) Uz, xqop (X1 x I) by
removing the interior of S” x D9+! and gluing a copy of

DPT! x (DY Uype DY) = DPF! x S9

to SP x S = 9(SP x D9+!). By assumption Z is obtained from X, x I by attaching
handles of index > 2, or equivalently Z is obtained from X x I by attaching handles
of index < (dim Z — 2). It follows from the above discussion that W is obtained
from (21 x I) Uz, xqop (21 x 1) = X x I via surgeries of codimension > 3. This
proves the claim.

Now by surgery theory for positive scalar curvature metrics of [Gromov and
Lawson 1980; Schoen and Yau 1979], it follows that there exists a positive scalar
curvature metric g; on W. Furthermore, the construction of g; on W (as in [Gromov
and Lawson 1980]) in fact shows that for any ¢ > 0, there exists a Riemannian
metric g on W such that Sc(g) > k + 1 — . Therefore, without loss of generality,
let us assume Sc(gj) > k. Moreover, as all surgeries are performed away from the
boundary, g and go coincide near the boundary. In particular, we still have

gilg,xjoy=h and Hg (X x{0}), >m forall x € Zy.

Let g = g1]z be the restriction of the Riemannian metric g; on Z. Then g satisfies
all the required properties. This finishes the proof. U

Remark 3.10. Note that in Proposition 3.8 above, we do not have too much control
of the Riemannian metric at X5, nor the mean curvature of X».
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Another ingredient needed for the proof of our main theorem is the following
gluing lemma of Miao [2002, Section 3]. See also [Gromov 2018, Section 11.5].

Lemma 3.11. Let (X1, g1) and (X», g2) be two Riemannian manifolds with com-
pact boundary. Suppose ¢ : 0 X1 — 0X3 is an isometry with respect to the induced
metrics on X| and X». If

Hy (0X 1)y + Hg, (0X2)p(x) > 0

forall x € X1, then the natural continuous Riemannian metric g1 U g, on X1U, X
can be approximated by smooth Riemannian metrics g, with their scalar curvatures
bounded from below by the scalar curvature® of g\ U g». Furthermore, for any & > 0,
ge can be chosen to coincide with g, U g, away from e-neighborhood of 0X in
X Uy X>.

We now combine the above ingredients to give a negative answer to Gromov’s
compactness question when interpreted in its complete generality.

Theorem 3.12. There exists a noncompact smooth spin manifold M such that for
any given compact subset V.C M and any p > 0, there exists a (noncomplete)
Riemannian metric on X with scalar curvature > 1 and the closed p-neighborhood
N,(V) of Vin M is compact, but M itself does not admit a complete Riemannian
metric with uniformly positive scalar curvature.

Proof. Let {G;, ¢;} be the inverse system from (3.2). Let Bg be the corresponding
space equipped with the exhaustion {Y;} as before.

By Proposition 3.3, l(iLn1 KOs(Y;, dY;) is nontrivial. Let ¢ be a nonzero ele-
ment in LiLnl KO;(Y;,0Y;) C KOl3f(BG). By Theorem 3.6, there is an element
M, f) e Qipin’lf(BG) such that M is a noncompact spin manifold of dimension
> 6 and f is a proper map from M to B¢ satisfying the following:

() fillDul=c;

(2) the inverse images (M;, dM;) = f~'(¥;, dY;) are compact manifolds with
boundary such that the induced maps 1(M;) — m1(Y;) and w1 (0 M;) — m1(3Y;)
are all isomorphisms;

(3) the induced maps 71 (A;) — m1(Y; ;+1) are isomorphisms for all i > 0, where
Ai =My — ]l;[i is the annulus region between d M; and M, ;

(4) each A; is obtained from (0 M; ;1) x I by attaching handles of index > 2, or
equivalently 0 M, is obtained from d M; via surgeries of codimension > 2.

SFor x € 0X1 = 0X>, this means Sc(gg)x > max{Sc(gy)x, Sc(gz)(p(x)}.
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We have the following commutative diagram (cf. [Guentner and Yu 2012]):

0 — lim' KO,41(M;, dM;) — KO, (M) —— limKO, (M;, dM;) — 0

! | |

0 — lim' KO,41(Y;, 3Y;) —— KO¥(Bg) — limKO,(¥;,3Y;) — 0

L L I

0 —— lim' KOu41(D}) —— KO4(A(Bg)) — limKO,(D}) — 0
where A(Bg) is defined as in Definition 2.4 and

D} =lim Cy, (w1 (Y;), 11 (Y;;) ® K
j>i
with ¥;; =Y, — f’,-. By construction, Y;; deformation retracts to dY; = BG; for
all j > i. By the homotopy invariance of the fundamental group, it follows that

D} = Crp (1 (Y), m (3Y)) ® K.

max

By construction, each Y; is contractible. Moreover, 0Y; = BG; with G; = 7> % F;,
where F; is a finitely generated free group. Consequently, the (relative) Baum—
Connes assembly map

B : KO, (Y;, 0Y;) = KO, ({pt}, BG;) — KOu(D;) = KO, (Cpox(fe}, Gi))

max

is an isomorphism. In particular, it follows that the maps «, 8 and o in the above
commutative diagram are isomorphisms.

Since c is an element in lgLnl KO3(Y;, dY;), it follows from the above commuta-
tive diagram that its image in lim KO, (Y;, 3Y;) equals 0, hence 0 in lim KO, (D}).
In particular, it is 0 in each KO, (D}). By the discussion following the unstable
relative Gromov—Lawson-Rosenberg conjecture (Conjecture 2.7), since G; = 7>+ F;
with F; a finitely generated free group, each M; admits a positive scalar curvature
metric that is collared near o M;.

Note that any compact subset V C M is contained in some M;. Since each M; has
a metric of positive scalar curvature which has product structure near the boundary,
by stretching the collar neighborhood of the boundary (which does not change the
scalar curvature) if necessary, it follows that for any compact subset V C M and any
p > 0, there exists M; equipped with a metric g; of positive scalar curvature such
that Sc(g;) > 1 and the closed p-neighborhood N, (V) of V is contained in M;, and
hence N, (V) is compact.

Now we show that the Riemannian metric g; on M; can be extended to a (non-
complete) Riemannian metric g on M with Sc(g) > 1. Let us denote by h; the



606 SHMUEL WEINBERGER, ZHIZHANG XIE AND GUOLIANG YU

restriction of g; on d M;. Let m; be a real number such that the mean curvature of

dM; satisfies
Hgl. (8Ml')x > —m;

for all x € 9M;. By our choice of M, the annulus region A; = M;,| — Mi ob-
tained from 0 M;; x I by attaching handles of index > 2. Then it follows from
Proposition 3.8 that there exists a smooth Riemannian metric g; on A; such that

(1) g; extends h;, that is, y

gilam; = hi,
(2) Sc(gi) =1,
(3) Hy(0M;), = m; + 1 for all x € IM,;.

By applying Miao’s gluing lemma (Lemma 3.11), we obtain a smooth Riemannian
metric g;+; on M; 1 = M; Uyp, A; such that

(1) gi+1=gi on M; — N, (0 M;), where ¢; is a sufficiently small’ positive number,
(i) Sc(gi+1) = 1.
Now repeat the above argument inductively on each A; for j > i+ 1. In the end,
we obtain a (noncomplete) Riemannian metric on M with scalar curvature > 1 such
that the closed p-neighborhood N, (V) of V in M is compact.

Now we complete the proof by showing that M itself does not have a complete
metric of uniformly positive scalar curvature. Let us prove this by contradiction.
Assume to the contrary that M admits a complete metric of uniformly positive scalar
curvature. We can choose a metric on Bg under which {Y;, ¥;;} is an admissible
exhaustion of B and the proper map f : M — B¢ is a continuous proper coarse
map. By [Chang et al. 2020, Theorem 3.3], the higher index of Dj; under the index

map I
o : KO, (Bg) — KO, (A(Bg))

vanishes, that is, o (fi[Dy]) = 0 € KO,(A(Bg)). This contradicts the fact that
o is an isomorphism and the assumption that f,[Dy] = ¢ # 0. This finishes the
proof. (]

Remark 3.13. In the above proof, we used Proposition 3.8 and Miao’s gluing
lemma (Lemma 3.11) to construct an incomplete Riemannian metric g, on M with
scalar curvature > 1 such that the closed p-neighborhood N,(V) of V in M is
compact. A key ingredient in the proof of Proposition 3.8 is Claim 3.9, which
roughly says that if X is obtained from X via surgeries of codimension > 2 and
Z is the cobordism representing the trace of the surgeries, then Z Uy, Z is obtained
from X; x I via surgeries of codimension > 3. In fact, one can also construct such
an incomplete metric g, on M by directly applying Claim 3.9 together with the

"Here “sufficiently small” means that the ;-neighborhood N, (3.M;) is disjoint from M;_.
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surgery theory of positive scalar curvature [Gromov and Lawson 1980, Theorem A;
Schoen and Yau 1979, Corollary 6]. We thank Bernhard Hanke for pointing this out
to us. Here is a sketch of this alternative argument. The first step is the same as in
the proof. For any compact subset V C M and any p > 0, there exists M; equipped
with a metric g; of positive scalar curvature such that Sc(g;) > % and the closed
p-neighborhood N, (V) of V is contained in M;, hence N,(V) is compact. We need
to extend the Riemannian metric g; on M; to an (incomplete) Riemannian metric
gp on M with Sc(g,) > 1. By our choice of M, the annulus region A; = M; | — Mi
is obtained from dM;;; x I by attaching handles of index > 2. Consider a new
manifold X = M; | Uyy,,, (—A;) obtained by gluing another copy of A; to M;
along the common boundary dM; . By Claim 3.9, A; Uyy, , (—A;) is obtained
from 0 M; x I via surgeries of codimension > 3. Since g; is a positive scalar
curvature metric on M; such that Sc(g;) > 1, if we view M; = M; Uy, (OM; x 1), it
follows from the surgery theory of positive scalar curvature that X admits a positive
scalar curvature metric g; 1 such that g; ;1 = g; away from A; Uy, (—A;) C X
and Sc(g;+1) > 3_ &; for some arbitrarily small ¢;. We denote the restriction of g; 4|
on M;; C X still by g;+1. Now we repeat this argument for each Ay = M| — Mk
and finally obtain an incomplete Riemannian metric g, on M with scalar curvature
> 1 such that the closed p-neighborhood N,(V) of V in M is compact.

4. Positive answers to Gromov’s compactness question

In our construction of negative examples to Gromov’s compactness question
(see Theorem 3.12), we have seen that the nonvanishing of a certain l(iLn1 index
is an obstruction to the existence of complete Riemannian metrics of uniformly
positive scalar curvature on some noncompact spin manifolds. This suggests that
Gromov’s compactness question has a positive answer if in addition one assumes
that an appropriate lggll index vanishes. More precisely, we have the following
conjecture based on Gromov’s compactness question.

Conjecture 4.1. Let X be a smooth spin manifold. Suppose for any given compact
subset V. C X and any p > 0, there exists a (noncomplete) Riemannian metric on X
with scalar curvature > 1 such that the closed p-neighborhood N,(V) of V in X
is compact. If the LiLnl higher index of the Dirac operator of X vanishes, then X
admits a complete Riemannian metric with scalar curvature > 1.

The l(iLn] higher index was introduced in Definition 2.21. The assumption “for any
given compact subset V C X and any p > 0, there exists a (noncomplete) Riemannian
metric on X with scalar curvature > 1 such that the closed p-neighborhood N, (V)
of V in X is compact” implies that the LiLnl higher index of the Dirac operator of
X is well-defined (see the discussion before Definition 2.21).
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Due to the failure of the unstable Gromov-Lawson—Rosenberg conjecture [Schick
1998, Example 2.2], the failure of the unstable relative Gromov—-Lawson—Rosenberg
conjecture, Conjecture 4.1 is most likely not true in its complete generality. Rather
one should interpret it as a guide towards the correct compactness statement for
positive scalar curvature metrics on open manifolds. On the other hand, as supporting
evidence for the philosophy behind Conjecture 4.1, we verify the conjecture for a
class of 1-tame spin manifolds.®

Definition 4.2. A manifold M is said to be 1-tame if there is a sequence of codi-
mension zero compact submanifolds {K;};>; (with boundary) such that:

() K;,CKir1and M = Uizl K;.

(2) All M —K; have the same finite number of connected components. If we denote
the connected components of M — K; by {P; j}1<j<m With P;y| ; C P; ;, then
the natural homomorphism 71 (P; 1, ;) — m1(P; ;) induced by the inclusion is
an isomorphism for all i and j.

For simplicity, we define 7; (M — K;) to be the disjoint union [ | IE! (P;,j). We
say the map w1 (M — K;41) — m1(M — K;) is an isomorphism if the condition (2)
above is satisfied. In this case, we call 7;(M — K;) the fundamental groupoid at
infinity of M, denoted by 7°(M) = ]_[f;: | Go. Throughout this section, we assume
each G, is finitely presented.

Remark 4.3. By [Siebenmann 1965, Theorem 3.10], for any smooth open manifold
M with dim M > 5, if M is 1-tame, then we can choose {K;};>1 in Definition 4.2 so
that the inclusion 0K; — (M — I%i) induces an isomorphism 7 (0 K;) — w (M — I%i)
for each i > 1. As a consequence, if we denote the annulus region between 0 K; and
0K; 41 by A;, then the inclusions 0K; — A; and 0K;; — A; induce isomorphisms
(componentwise) on 7 [Siebenmann 1965, Lemma 3.12].

The following theorem gives a positive answer to Gromov’s compactness question
for 1-tame spin manifolds, provided that the unstable relative Gromov—Lawson—
Rosenberg conjecture holds for the relevant fundamental groups.

Theorem 4.4. Let M be a noncompact 1-tame spin manifold of dimension n > 6.
Let ' = my(M) and G = n{°(M). Assume that the unstable relative Gromov—
Lawson—Rosenberg conjecture holds for the pair (I', G). Suppose for any given
compact subset V. C M and any p > 0, there exists a (noncomplete) Riemannian
metric on M with scalar curvature > 1 such that the closed p-neighborhood N,(V)
of V in M is compact. Then M admits a complete Riemannian metric of uniformly
positive scalar curvature.

8With extra geometric conditions, Theorem 4.4 of this section still holds for nonspin manifolds.
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Proof. Let {K;} be a sequence of codimension zero compact submanifolds of M
satisfying the properties given in Definition 4.2. By Remark 4.3, without loss of
generality, we assume the inclusion 0K; — (M — I%l-) induces an isomorphism
71 (0K;) — m (M — K ;) for each i > 1. If we denote the annulus region between
0K; and 0K;4+1 by A;, then the inclusions 0K; — A; and 0K;+; — A; induce
isomorphisms (componentwise) on ir; [Siebenmann 1965, Lemma 3.12].

Choose p > 0 to be sufficiently large and V = K. By the assumption, there exists
a Riemannian metric go on M such that Sc(gg) > 1 and the closed p-neighborhood
N,(V) of V in M is compact. The Riemannian metric g¢ is incomplete in general.
But we can always modify the metric on M — N, (V) while keeping the metric on
N, (V) fixed so that the resulting new metric 4 is a complete Riemannian metric on
M such that Sc(h) > 1 on N, (V).

Let us write M — V as a disjoint union of connected components

and similarly 9V = ]_[f;zl dY,. By the discussion above, 71 (0Y,) — m1(¥y) is an
isomorphism. For simplicity, we write G = ]_[ff(:1 G, with G, = m1(9Y,). Let us
still denote by 4 the restriction of the metric 4 on Y. Each inclusion ¢, : Y, > M
induces a homomorphism ¢, : G, — I'. Consequently, we have a C*-algebra
homomorphism
¢ ¢
te = @D ta)s : D Chax(Ga) > Cla ().
a=1 a=1

We define C};,,, (I', G) to be the 7th suspension S 7 C, = Co(RH®C ., of the mapping
cone C*-algebra C,,. With the above setup, the relative higher index Indr g (Dy) of
the Dirac operator Dy of V is an element in KO, (C};,, (", G)). See Section 2A for
more details on relative higher index. As long as p is sufficiently large, it follows
from Theorem 2.17 that Indr g (Dy) vanishes in KO, (Cy . (I", G)).

By assumption, the unstable relative Gromov—Lawson—Rosenberg conjecture
holds for the pair (I, G). It follows that® V admits a Riemannian metric gy of
positive scalar curvature > 2 that is collared near the boundary. Now it only remains
to show that the metric gy on V extends to a complete Riemannian metric on M
with scalar curvature > 1.

Consider the cobordism A; between d K; and d K; . Since the inclusions 0 K; —
A; and 0K;4+1 — A; induce isomorphisms (componentwise) on 7r;. It follows from
Lemma 3.4 that A; can be viewed as the trace of surgeries of codimension > 3 from
dK; to 0K;; . By the surgery theory for positive scalar curvature [Gromov and

9Here we have implicitly used the fact that 71 (3Yy) — 71 (Yy) is an isomorphism.
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Lawson 1980, Theorem A; Schoen and Yau 1979, Corollary 6], we can extend the
metric gy on V = K to a Riemannian metric g, on K; such that Sc(gy) > 2 — %
and g is collared near 0 K,. By stretching out a small tubular neighborhood of
0K, if necessary,10 we can assume that dist(0 K|, dK») > 2. Now by the surgery
theory for positive scalar curvature, we can inductively extend the metric g; on K;
to a Riemannian metric on g;+1 on K, such that Sc(g;+1) > 2 — Zfszl 1/28, the
metric g;4 is collared near 0 K; ;| and dist(0K;, 0K;11) > i. Hence, by induction,
we eventually obtain a complete Riemannian metric on M with scalar curvature > 1.
This finishes the proof. 0
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