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Abstract:

Multistable origami structures have been exploited for mechanical property tailoring, deployable robotic
arms, wave propagation tuning and others, due to its ability to possess multiple stable states with distinct
properties. Traditionally these structures are made by assembling bistable unit cells, which results in a
significant increase in the size and weight of the system when larger number of stable states are required.
Recently, researchers have uncovered a third stable state in the Kresling origami pattern. Although this is
an advancement over the bistable unit cell, there is an unexplored opportunity for more systematically
expanding the design space of Kresling unit cells to possess many more stable configurations (>>2) and
enhance its programmable multistability. In this research, we seek to develop a methodology for the design
of a Kresling origami-inspired unit cell that can be easily programmed to achieve up to 10 stable
configurations, with the potential to achieve even more. We exploit the rich kinematics of the Kresling
origami-inspired unit cell, that arise from its coupled translational and rotational deployment, and propose
the strategic integration of tensile elements to realize multiple stable states. Analytically, we study the
unstretched length values (defined to be the precise length between the string “slacked” and “tensioned”
configurations) of the strings that yield the distinct number of stable states. We present the potential energy
profiles with its corresponding force-displacement plots for the bistable, tristable, quadstable, pentastable
and decastable unit cells. Moreover, we show that by simply adjusting the unstretched length of the strings

we can program and tune the number of stable states of the unit cell. Tristable and pentastable unit cell



prototypes are designed and experimentally tested to validate the proposed methodology. Lastly, a study is
performed on the mechanical property tailoring capabilities of two unit cells assembled in series. The results
show that the decastable unit cell assembly can achieve up to 55 discrete values of equivalent stiffness,
while the bistable one can only achieve 3. For the bistable unit cell assembly to match this number, it will
require 54 unit cells in series, which will significantly increase the size and weight of the structural system.
These findings show that the modular structure will have more programmable capabilities, while

maintaining its size and weight at a minimum, as the number of stable states per unit cell is increased.

Introduction:

Origami, the art of paper folding, creates sophisticated three-dimensional (3D) structures from flat sheets.
It has gained the attention of engineers and scientists due to its deployment characteristics and rich
mechanical properties (auxetics, stiffness tuning, multistability, etc.) [ 1-7]. Origami patterns can be divided
into rigid (deformation only occurs in creases) and nonrigid (deformation occurs in both the creases and
panels) foldable. One of the most common patterns of rigid foldable origami is the Miura-Ori [8,9]. This
origami pattern is a flat foldable degree-4 vertex that connects four parallelograms. Many studies on Miura-
ori have focused on the kinematics, mechanical behavior and dynamic response of a single degree-4 vertex
sheet [10-19] and of two stacked single degree-4 vertex sheets forming tubular or cellular structure [20—
28]. On the other hand, one of the most common non-rigid foldable origami patterns is Kresling, named
after Biruta Kresling [29]. This origami pattern is a twist buckled multifunctional cylindrical structure [30—
32]. Hence, this pattern undergoes a coupled translational and rotational deformation while deploying. A
common phenomenon observed in the deployment of a Kresling unit cell is the ability to have two stable
configurations (bistability). These features have led researchers to study its many interesting mechanics
characteristics, dynamic behaviors, and engineering functionalities [33—47]. Since this pattern undergoes
panel deformation when deploying, distinct methodologies have been proposed for its modeling [48—50].

Two well-known approaches consist of modeling the facets and creases with a truss that deforms axially



[48,49], and the other consists of a system that models panel bending with “virtual folds” [50]. These

methodologies have accurately predicted and modeled bistability in Kresling.

Realizing more than two stable configurations in Kresling origami has been previously proposed by
connecting multiple bistable unit cells in series [S1-53]. This comes at the cost of increasing the size and
weight of the structure. Having only two stable configurations per unit cell also limits the programmability
of the system. Hence, a programmable unit cell capable of achieving even more stable configurations can
greatly enhance the ability to accomplish more tasks with fewer components. For example, it can better
tune the mechanical properties of a system [54—56], increase the number of deployed states [S7-60], better
tailor wave propagation in a chain of Kresling origamis [61-64], and create combinatorial mechanical logic
systems [65—68]. Recently, researchers have explored achieving three stable configurations in a single
Kresling unit cell [69—72]. Tristability has been achieved by creating a conical design of Kresling with
creases that pop outward [69,70], by creating a magneto-Kresling truss [71] and by introducing bioinspired
nonlinear creases [72]. All of these works exploited modifications of the traditional Kresling design to
achieve three stable configurations in a single unit cell. While these tristable Kresling unit cells offer greater
programmability, compared to their bistable counterparts, multistable states that are greater than three per
unit cell have yet to be discovered. More importantly, there is lack of a rigorous platform that can uncover
a broad design space that allows one to systematically design the desired number of stable configurations

in a single unit cell.

To advance the state of the art, in this study, we propose a methodology for the design of a Kresling origami-
inspired unit cell with programmable multistability that can achieve many more (e.g., ten) stable
configurations. Researchers have previously implemented elastic strings (i.e., fensile elements that cannot
take compression loads) in origami for the purpose of actuation and property tuning [73—79], as well as for
transforming a monostable Miura-ori unit cell into a bistable one [79]. Inspired by these efforts, in this

study we seek to significantly advance the state of the art and uncover a programmable multistable (>>2)



Kresling origami-inspired unit cell by exploiting the rich kinematics of Kresling’s coupled translational and

rotational motion and its integration and interaction with tensile elements.

The remainder of this paper is divided as follows. In Section 2 we present the proposed Kresling origami-
inspired unit cell. In this section we demonstrate how its kinematics, and the implementation of strings
connections uncovers new stable configurations in the unit cell. Section 3 contains the design methodology
of the proposed unit cell that can achieve up to ten stable configurations. This section also contains the
experimental validation of a unit cell that can achieve three and five stable states. In Section 4, we present
a case study that demonstrates the effects of multistable unit cells on the mechanical property tailoring

capabilities of a modular structure. Section 5 summarizes the main findings of this work.

Section 2: Kresling Origami-Inspired Unit Cell

In this section we show that by exploiting the rich kinematics of the proposed Kresling origami-inspired
unit cell with the strategic integration of tensile elements between its nodes we can achieve many stable
configurations (>>2). First, we present a detailed description of the proposed unit cell and show the
kinematics for the case of the six-sided polygon. Then, we show that a stable configuration at a specific
height value can be realized if we have two strings with opposing changes in length. Lastly, we show that
by increasing the number of nodes in the top and bottom polygons we can increase the number of regions
where we can achieve a distinct stable configuration.

The deployment of a classical Kresling origami (geometry illustrated in Figure 1a) cannot be modeled by
pure folding of its creases; it requires the bending and stretching of its triangular panels. In this work, we
propose a Kresling origami-inspired design by replacing the triangular facets with a rigid bar that is allowed
to freely rotate at its joints without torsional springs (i.e., we assume that no strain energy storage elements
at the creases/joints), as illustrated in Figure 1b. This assumption allows for modeling the height, H, of the
unit cell as a function of the rotational angle of the structure, . For the case of six sided unit cell (N = 6),

the distance between nodes 1 and 7 can be expressed as:



D% = (x; —x1)? + (y7 — y1)? + (27 — )%, 2.1

where D;_- is the distance between nodes 1 and 7, and the variables Xx;, y; and z; are the coordinates of
each node. From the rigid bar assumption D;_- is equal to the length of the bar, L;,. The height of the
structure, H, is the difference between the z-coordinate value of nodes 1 and 7. Thus, 2.1 can be solved for

the height of the structure as follows:

Ly® = (x; —x1)% + (y7 — y1)? + H?, 2.2

H = \/Lbz—(x7 —x1)%? = (y7 — y1). 2.3

If the bottom polygon remains fixed and the top is rotated as a function of a, then the coordinates (x;, ;)

of the nodes of the polygons can be expressed as follows:

2
R cos (Wi)’ fori=1,2,..,6 (bottom polygon)

2 ’
R cos (W (i—N)+ a), fori=78,..,12 (top polygon)

21
R sin (Wl) fori=1,2,..,6 (bottom polygon)
Yi = 2.5

2m ’
R sin (W (i—N)+ a) , fori=7.8,..,12 (top polygon)

where R is the radius of the circle that circumscribes both polygons and N is the number of sides of the
polygons. Substituting the corresponding values of equations 2.4 and 2.5 into equation 2.3, the height of

the structure can be expressed as:

H = JL,,Z + 2R?(cos (g) cos (g + a) + sin (g) sin (g + a) -1). 2.6
b

The height can be nondimensionalized by letting L, = % andR = %, where b is the width of the bar. Hence,

the nondimensional height can be expressed as:

H= \/EZ + 2R?(cos (g) cos (g + a) + sin (g) sin (g + a) -1, 2.7
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Figure 1. (a) A 3D model and schematic of a Kresling origami unit cell. (b) Top and isometric view of the design concept of the
proposed kresling origami-inspired unit cell with pin jointed bars that are allowed to freely rotate as the structure is being deployed.
(c) Relationship between the height and rotational angle of the unit cell during deployment. (d) Distance between node 1 and all
the nodes of the top polygon during deployment.

With the previously defined parameters and for fixed values of R and L, the relationship between the height
of the structure and the rotational angle a is illustrated in Figure 1c. Lastly, it is important to note that due
to the symmetry of the structure, the distance from each of the bottom nodes to that all of the top 6 nodes
is the same. For example, the distance between node 1 and 8 is the same as that from node 2 to 9. Hence,
we will only show the distance between node 1 and the nodes 7 to 12. This distance can be defined as a

function of a as follows:

Di_i =+ —x)?+ (v, —y)2 +H? , fori=789,..,12. 2.7

The distance between the nodes can be nondimensionalized as follows:



Dl—l

=\/2R2<1—cos(g)cos(2§(i—6)+a)—sin(%)sin<2?n(i—6)+a))+172 , fori 2.8

=17809,..,12,

—— Dy . . - .
where D;_, = Z *. The distance between each of the nodes from above is plotted in Figure 1d as a function

of a. As expected, the value from node 1 to 7 remains constant (rigid bar) for all values of a. The distance
between the other nodes has distinct behaviors as the structure collapses. If tensile elements are connected

between them, rich deformation behaviors can be obtained from the strings as heights changes.

In the previous work that implemented strings in a Miura-origami unit cell, bistability was realized by
having energy contribution from the folding of the creases and the stretching of the strings [79]. The energy
contribution of the string was controlled by appropriately selecting its unstretched length (defined to be the
precise string length between the “slacked” and “tensioned” configurations). That is, the energy of the string
contributes to the total energy of the system only when its current length is greater or equal than its
unstretched length. It was observed that bistability was generated because near the vicinity of both stable
states the energy contribution of the string was decreasing and that of the crease was increasing. From this
observation, and with the rich kinematics of the Kresling origami-inspired structure, we can achieve
multiple stable configurations in a single unit cell by exploiting the use of multiple tensile elements. To
demonstrate this, we will first focus on the case of N = 6. As it is illustrated in Figure 1d, as the unit cell
is deployed we have 3 pairs of nodes (1 to 10, 1 to 11 and 1 to 12) whose distance decreases as « increases
and 2 pair of nodes (1 to 8 and 1 to 9) whose distance increases and decreases at different rates as «
increases. To achieve the desired behavior, we can select one of the three whose length decreases (1 to 10,
1 to 11 or 1 to 12) and the two whose length increases and decreases at different rates. More specifically,
if we add tensile elements between nodes 1 to 8, 1 t0 9, and 1 to 11, and assume that there are no other
strain energy storage elements at the joints/creases, we can obtain two distinct values of a where we have

two strings (that are stretched, denoted by the bold line in the graph of Figure 2a) with opposing changes



in length. Hence, we have two potential values of a where a stable configuration can be achieved, denoted
by the light green boxes in the graph of Figure 2a. That is, around ¢ = 0.4 rad, we can achieve a stable
configuration by using the blue (decreasing in length) and the yellow string (increasing in length). Similarly,
around ¢ = 1 rad, we can achieve a stable configuration by using the yellow (now decreasing in length)
and the orange string (increasing in length). We can increase the number of values of a that have this
behavior by increasing the number of sides of the polygons, as we are increasing the number of nodes that
can be used to connect more strings. By increasing the number of nodes in the top and bottom polygons of
the unit cell (Figure 2), we can increase the number of regions of a with strings whose length changes are
opposite. As shown in Figure 2b and c, for the cases of N = 8 and N = 10, we observe that the number of
regions of a where the number of stable configurations can be realized increases to 3 and 4 (identified by

the light green boxes), respectively.

Now that we have devised a strategy for realizing multiple stable configurations from the kinematics of the
Kresling origami-inspired unit cell, the next step is to better understand the effect of the design parameters

of the tensile elements on its multistability.
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Figure 2. (a-c) Isometric and top view of the proposed unit cell with the distance between the specified nodes as function of a for
distinct number of sides of the polygons: (a) N =6, (b) N =38, (¢c) N = 10. For all plots, the thin lines represent the distance between
the specified nodes and the bold lines represent the potential regions where the strings will be in tension. The green light boxes
represent the regions of a where a stable configuration can be realized by having two distinct strings with opposing changes in
length.

Section 3: Design of the multistable unit cell

In this section, we present the methodology for the design of an eight-sided Kresling origami-inspired unit
cell. Section 3.1 contains a detailed description of the modeling of the elastic elements of the unit cell. More
specifically, the potential energy of the unit cell is equal to the sum from the energy contribution from the
stretching of the strings and the folding of the creases. In Section 3.2 we study the effects of the design
parameters on the multistability of the unit cell, for the folding range of the unit cell presented in Section
2. For the proposed eight-sided Kresling origami unit cell, we show that up to five stable configurations
can be achieved. Furthermore, we present the experimental results for the tristable unit cell. Lastly, in
Section 3.3 we expand the folding range of the unit cell and show that by doing this we can achieve up to

ten stable configurations.



To demonstrate the multistability of
the proposed Kresling origami-
inspired unit cell, we select the
eight-sided  polygon (N = 8)
illustrated in Figure 3. The
connection between the bars and
polygons is simplified with a thin
elastic crease at the connecting
boundary that has a thin cut at the

edges of the folding line of the

"

Figure 3. Design of the Kresling origami-inspired unit cell with rigid bars that
are connected to the top and bottom polygons with thin elastic creases. The
length and width of the bar are identified with L;, and b, respectively. The width
and rotational angle of the creases are identified with a and ¢, respectively.

crease (identified with red dashed line near the folding line of the crease in Figure 3). For the theoretical

results presented in this section, the circumscribed radius (R) of the top and bottom polygon is 50 mm, the

length (Lp) and width (b) of the bars is 70 mm and 7 mm, respectively, and the width of the creases (a) is

5 mm. It is assumed that the strings do not change the deformation path of the unit cell and that there is no

contact between them.

3.1. Mechanics of the unit cell

The material of the tensile elements and creases is assumed to be linearly elastic. From the rigid bar

assumption, the total potential energy of the unit cell is equal to the sum of the potential energy from the

tensile elements and the creases. That is:

II= Hstring + lerease-

The potential energy of the string can be calculated as follows:

(3@ - 1)2), fori@z1,

tring —

0, forL(a) <L,

10

3.1



where k is the axial stiffness of the string, N, is the number of strings in the unit cell, and L(a) and L, are
the current length and the unstretched length of the string, respectively. The potential energy of the string
is equal to that of a linear spring when its current length is greater than its unstretched length and equal to

zero when the current length is less than its unstretched length. The axial stiffness is equal to:

ke =— 33

where E and A are the young’s modulus cross sectional area of the string, respectively. It will be assumed
that all strings are made of the same elastic material and have the same diameter. Hence, EA is the same for
all strings. The creases are assumed to be thin elastic hinges that can be modeled as torsional springs. Hence,

the total potential energy of the creases is:

1
Hireqse = Ne (E k(pa(q)(a) - (Po)z). 3.4
where kq, is the torsional elastic constant, a is the width of the crease, N, is the total number of creases,

¢(a) and ¢, are the current angle (illustrated in Figure 3) and the stress-free state of the crease,
respectively. The angle of the crease can be calculated from the normal (17, n,) of each panel adjacent to

the crease as follows:

_ ny "Ny
((X) = CcoSs 1 <ﬁ> 3.5
v 7] - 175

11
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Figure 4. (a) Experimental setup of the unit cell in the tensile machine (Instron 5965). (b) Force-displacement profiles of the unit
cell for the experiment (blue solid line) and analytical model (red dash line) without strings, with the identified stable state of the
protype.

The proposed analytical model of a unit cell with creases (but without strings) is validated experimentally.
The prototype is composed of creases made of cardstock paper [50,80] and the rest of the components were
3D printed (Formlabs 3) with stereolithography (SLA) resin. Figure 4a shows the experimental setup of the
unit cell in the tensile test machine (Instron 5965). The top polygon of the unit cell was attached to the
moving section of the tensile test machine and the bottom polygon was attached to the fixed section of the
machine. Since the machine can only apply translational displacement, the unit cell was connected to the
top part using a ball bearing that couples its translational and rotational motion. Using the value of k, =

170x1073 for cardstock paper [50,80], the theoretical force-displacement was calculated using Fpegses =

dncreases

e The results show good agreement between the analytical model and experiments, illustrated in

Figure 4b.

12



3.2. Classic folding of Kresling origami
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Figure 5. (a) Schematic and (b) 3D model of the proposed unit cell with the three distinct (two of each) strings, identified in
orange, yellow and purple. (c) Distance between the nodes of the unit cell for strings A (orange solid line), B (yellow dash
line) and C (purple dot and dash line) as the structure is being deployed.

Next, we will study the effect of the design parameters of the unit cell on its multistability by focusing on
the classical rotational motion of Kresling. The triangular panels of this origami pattern constrain the unit
cell to only rotate (starting from a = 0) for the range of @ > 0 or ¢ < 0. In contrast, since the proposed
Kresling origami-inspired unit cell is composed of bars that are allowed to freely rotate at its joints, it can
cover both the negative and positive values of «. In this subsection, we will focus on the range of ¢ = 0.
To achieve the desired string deformation behavior presented in Section 2, the unit cell has a total of six
strings where three of them have distinct deformation behaviors as o changes. The tensile elements of the
unit cell are identified as string A (two, from node 1 to 10 and 5 to 14), string B (two, from node 2 to 12
and 6 to 16) and string C (two, from 4 to 15 and 8 to 11), all illustrated in Figure 5. It is important to
emphasize that due to the symmetry of the unit cell (discussed in Section 2), the distance between the nodes
selected for strings A, B and C are the same to that between nodes 1 to 10, 1 to 11 and 1 to 12, respectively.
The total potential energy of the system is equal to:

1= N (5 ke (@) = Loa)?) + Nog (3 K (@) = Lop)?)

3.6
+ Mg (3hen(La@) = Loa)?) + N (3 kg0 (@) — 0,)2),

13



where Ngy = Ngg = Ny = 2, N, = 16 and the length of each string can be calculated as follows:

Ly = \/(x1o —x1)% + (Y10 — ¥1)* + H?

3.7
= (x14 — x5)% + (V14 — ¥5)2 + HZ,
Lp = (%12 — x2)2 + (y12 — ¥,)? + H?
3.8
= \/(xlé —x6)% + (V16 — Y6)? + H?,
L¢e = \/(x15 —x3)% + (Y15 — Ya)? + H?
3.9
= (11 — xg)* + (11 — ¥)® + H2,
H= \/Lbz_(x9 —x1)% = (Yo —y1)% 3.10

Following a similar procedure to the one presented in Section 2, the length of the strings and the height of
the structure can be nondimensionalized by letting L, = %b and R = %. The nondimensional form of

equations 3.7 to 3.10 can be expressed as follows:

Ly= \/ZEZ (1 — cos (%) cos (g+ oc) — sin (%) sin (g+ a)) + H?, 3.11

P‘I

\/ 1 — cos ;T) cos(m + a) — sin (%) sin(m + a)) + H?, 3.12

7 7 _
jZRZ 1 — cos(m) COS( 2 + a) — sin(n) sin (T + 0:)) + H?, 3.13

T T 3 T
2 z () sin (= _
H= + 2R cos(4)cos(4+a)+sm(4)sm(4+a) 1), 3.14
where L, = %A, Lg = 73 ,Lc = %C and H = %. The total potential energy can be nondimensionalized by
. - - - _ = k . . . .
letting Ly, = L"TA, Log = %3, Loc = L;%C, a= %, and K = ﬁ. Hence, the nondimensionalized equation of

potential energy is equal to:

14



1 _ _ 1 _ _
= Nsg (m (LA - LoA)2> + Ngp (m (LB - LOB)2>

3.15

1 _ _ 1 _
+ NsC <m (LC - LoC)2> + Nc (E C_lK((p(a) - §00)2):

where [T = Enﬂ' From the equation from above we know that the design variables are the unstretched length
of the strings (L, 4, Log, Loc), the stress-free state of the creases (¢, ) and the ratio K. Based on the principle
of stationary potential energy, a stable configuration will be achieved at any specified value of a when the
following criteria are met:

g o, g >0, 3.16

Using these criteria, we will study the effect of the five design variables on the number of stable
configurations of the unit cell. The range of the unstretched length values of the string was selected as
follows. The upper limit was the maximum length the string can achieve as the unit cell is deployed. The
lower limit was calculated by solving for the minimum length that will yield a 2% strain when the string is
stretched to its maximum length. The values of the stress-free state of the creases were strategically selected

such that these were at three different heights (near maximum, middle and minimum height values of the

unit cell).

15



(a) @, =2.0rad =25rad
o Po

17.0 17.0

2 B Q168 2 168
e =] =
e
e
i
A
o 3
A
} % 16.6 16.6
G 3 15.7 157 ™
13.4 - 13.4
(b) 9y =207ad ¥, =30rad
17.0 17.0
2 168 %1638
! = \.E

16.6
15.7

Number of stable states: @5 @4 @3 (2 @1

Figure 6. (a,b) Number of stable configurations that can be realized in a single unit cell for (a) K = 3.5x1073 and (b) K = 1.0x1073
for three values of the stress free state of the crease (2, 2.5 and 3 rad) for wide range of unstretched length value of the three distinct
strings. Where the number of stable states are color coded from one stable state (blue) to five stable states (red).

To visualize this, Figure 6 shows the number of stable configurations that can be achieved for distinct
combinations of the five design parameters. Figure 6a illustrates the case of K = 3.5x1073 with the
unstretched length values of the three distinct strings plotted for the respective values of stress-free state of
the creases. For this ratio, the value of the crease stress-free state has a significant effect on the amount of
distinct combinations of string unstretched length values that yield the same number of stable
configurations. For ¢, = 2.0 rad and ¢, = 3.0 rad, the maximum number of stable configurations that
can be achieved is four, but with a limited number of combinations of string unstretched length. Most of
the combinations of string unstretched length values will yield monostable and bistable designs (blue and
yellow). For ¢, = 2.5 rad, when compared to the previous two crease stress-free states, a significant

number of distinct combinations of string unstretched length values will yield three and four stable

16



configurations (identified with the black and green dots). Figure 6b illustrates the case of K = 1.0x1073.
For the three selected values of crease stress-free state up to five stable configurations can be achieved in a
single unit cell. By reducing the value of K (reducing the energy contribution from the creases), the crease
stress-free state value does not limit the amount of combinations that can be made to generate tristable and
quadstable elements. To gain more insight on the effect of this design parameter on the number of stable

configurations, the maximum number of stable configurations

SO0 0—0
that can be achieved in a single unit cell were calculated for a
. = . %4 (XN
specified range of K with ¢, = 2.5 rad and the same set of &
Q
properties for the strings. Figure 7 shows that when this value & 3 (T
i
— =}
is equal or less than K = 2.5x1073, then the unit cell can _'g
g 2 ®
. . . ]
achieve up to five stable configurations. Hence, as the ratio ~
. . 1 o0
between the torsional elastic constant of the creases and the 107 1072 107

tensile force of the string decreases, more stable states can be ) .
Figure 7. Maximum number of stable

. . . .. . configurations that can be realized in a single
achieved with different combinations of string unstretched unit cell for different values of K.

length and crease stress-free state.
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Figure 8. (a-d) The total potential energy profile for the cases from bistable to pentastable with the identified values of a for the
stable states and the contribution from the three distinct strings and the creases. (e) Potential Energy landscape for different stable

configurations. (f-1) Force-Displacement profiles for the corresponding stable cases from (a-d), along with the identified height
values of each stable state.

Next, we show and discuss the potential energy profile and force-displacement relationship for the bistable,
tristable, quadstable and pentastable unit cells. Figure 8a-d shows the total potential energy plot of the
system, along with the energy contribution of each of the strings and the creases. The red dots in these plots

indicate the value of a with a stable state. The total potential energy profiles are obtained from equation

18



3.11, for K = 1.0x1073 and ¢, = 2.5 rad. To realize the bistable unit cell, only string C needs to be
stretched with a nondimensional unstretched length value of 16.6429 (dimensional value of 116.5 mm),
while strings A and B remain slack. For the tristable, quadstable and pentastable cases the nondimensional
unstretched length of string C was the same as the bistable case and the nondimensional unstretched length
of string A was selected to be 13.0857 (91.6 mm). The difference between all the number of stable states
in each case is the unstretched length value of string B. For the tristable, quadstable and pentastable the
nondimensionalized string unstretched length values are 15.4714 (108.3 mm), 15.3714 (107.6 mm) and
15.2857 (107 mm), respectively. This demonstrates that the multistability of the unit cell can be easily tuned
by adjusting the unstretched length of one string. The effect of the change in the potential energy profile

for the different stable configurations is shown in Figure 8e. Figure 8f-i shows the corresponding force-

displacement plot for each of the multistable unit cells, which is calculated using F = %. The red dots

indicate the height value of the unit cell at which each of the stable configurations is realized.

Experiment
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Figure 9. Force-displacement profile for the experiment (solid blue line) and analytical model (red dash line). With the identified
stable states of the prototype.
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Lastly, elastic strings (made out of silicone rubber, Smooth Sil 960 [81]) are attached to the experimental
prototype presented in Section 3.1. Strings A and C are added to the structure and their corresponding set

of unstretched length values are used to realize three stable configurations. Using the value of E =

ar

2.88 MPa for Smooth Sil 960 [81], the analytical force-displacement profile was obtained using F = T

Figure 9 illustrates the corresponding analytical and experimental force-displacement results. These show
good agreement at the location of the stable configuration of maximum height and an offset of
approximately 4 mm at the other two stable configurations. A potential reason for this difference could be
due to manufacturing imperfections that cause the deformation path of the strings to vary from that of the
analytical model. Additionally, there are discrepancies with some of the force magnitudes, specifically
between the heights of 70 and 80 mm. A potential reason for the deviation of the force-displacement profile
could be attributed to the fact that strings of the prototype with the higher energy contribution in this region
have some level of curvature and in the analytical model these are assumed to be perfectly straight. The
curvature of the physical strings causes their energy contribution to be less than the one expected from the
analytical model, creating this offset in the force displacement plot near the region between the heights of
70 and 80 mm. Nevertheless, the experiments have shown that we can realize three stable configurations in

the unit cell by the strategic integration of tensile elements, as predicted by the analysis.
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3.3. Beyond the folding of Kresling origami
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Figure 10. (a) Height profile of the unit cell and (b) distance between its nodes for the entire range of o. (c) Schematic of the
unit cell with all of its strings.

As mentioned in the previous subsection, since the proposed Kresling-inspired unit cell is composed of bars
and strings, it can go beyond the folding capabilities of Kresling. When folded, it can cover the range of a >
0 and ¢ < 0. This leads the unit cell to have the same height profile with two distinct rotational paths (or
the same height value for two distinct values of a), as illustrated in Figure 10a. Additionally, the distance
between the nodes in the unit cell is shown in Figure 10b for the entire range of a. For the range of negative
values of a, the increasing and decreasing behavior of the distance between the nodes (as the structure is
deployed) occurs between different nodes than that of the positive range. That is, the three strings (used in
Section 3.2) that are placed between nodes 1 and 10, 1 and 11 and 1 and 12 are mirrored at @ = 0 by that
of nodes 1 to 16, 1 to 15 and 1 to 14 (illustrated in Figure 10b). This allows us to utilize the strategy from
Section 3.2 for the negative values of a. Since the nodes utilized for the negative range of o mirrors that of
the values of the positive range of a, the unit cell can be designed to realize the same height value for two
distinct values of a by using the same set of mirrored strings. It is important to note that although these
values are mirrored, they are still between different nodes, which enables the realization of distinct height
values for the same set of mirrored strings. Hence, the broad design space of the unit cell leads to a highly
programmable unit cell. To validate this, we add the energy terms of the “new” strings (1 to 14, 15, 16) to
the unit cell. The added tensile elements of the unit cell are identified as string D (two, from node 7 to 12
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and 3 to 16), string E (two, from node 4 to 10 and 8 to 14) and string F (two, from 2 to 9 and 6 to 13). All
identified in Figure 10c, along with the other strings from Section 3.2. For this case study, the tensile force
of the strings D, E and F is assumed to be two times the value of the tensile force of the strings A, B and C.
Hence, the nondimensional potential energy equation from Section 3.2 as follows:

_ 1 - - 1

= H+a + NsD (—_ (LD - LOD) ) + NsE (—_ (LE - LoE) )

LoD LoE
3.17
1

+ NsF (Z (ZF - ZOF)Z)!
oF

= n = . . - Lp + Lop v _ Lg + Lo +

where IT = —, I, is the four terms from equation 3.15, L, = TD’ Lop = %D, L ==L Lyp="%Lp =
L . . . . . .

> Lor = %F. From this equation we know that design variables are the nondimensional unstretched length

values of the added strings (L,p, Log, Lor). Similar to the procedure from subsection 3.2, for fixed values
of K = 1x1073, ¢, = 2.5rad, L,4 = 13.0857, L,z = 15.2857, and L,; = 16.6429, and by using the
criteria from equation 3.16 we can better understand the effect of the design variables on the number of
stable configurations of the unit cell. This is shown in Figure 1la, where a maximum of 10 stable
configurations can be realized in a single unit cell. Figure 11b shows the total potential energy landscape
of the decastable unit cell and Figure 11c¢ shows the force-displacement curves for the positive and negative
values of a. Hence, by exploiting the entire range of o we can achieve up to 10 stable configurations in a

single unit cell.
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Figure 11. (a) Number of stable configurations that can be realized with distinct combination of unstretched length values of
the three new distinct strings. Where the number of stable states if color coded from six stable states (blue) to ten stable
states (red). (b) Potential energy landscape and c) Force-displacement profile for the decastable unit cell, with the
corresponding stable configurations identified with the red dots.

Lastly, an experimental prototype is tested to demonstrate the feasibility of realizing multiple stable
configurations by exploiting the positive and negative values of a. In this study, we used commercially
available strings made out of rubber fibers that are covered by polyester fabric. By adding string E to the
same unit cell of subsection 3.2, five stable configurations were realized. Figure 12 shows the experimental
force-displacement profiles for the positive (thin red line) and negative (thick blue line) range of a, along

with snapshot of the unit cell at their corresponding stable state.
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Figure 12. Experimental force-displacement profiles for the positive (thick blue line) and negative (thin red line) values of a,
with the identified stable configurations of the prototype.

Section 4: Effects of increasing the number of stable states per unit cell for property tuning

In this section, we present the advantages of having multiple stable configurations in a single unit cell for
mechanical property tailoring. We achieve this by using the multistable unit cells (from bistable to
decastable) that were uncovered in Section 3. In Section 4.1 we show the case study of two unit cells
assembled in series and present the effects on the number of equivalent stiffness values as we increase the
number of stable states in each unit cell. More specifically, we show that by increasing the number of stable
states in each unit cell we can significantly increase the total number of distinct values of equivalent
stiffness. In Section 4.2 we study the effect on the number of bistable, tristable, quadstable and pentastable
unit cells needed to achieve the same programmable capabilities of the decastable unit cell. We show that

by having more stable configurations per unit cell significantly reduces the size and weight of the structure.
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4.1. Equivalent stiffness model for two-unit cells in series

Table 1. Stiffness value at each stable configuration for the respective multistable unit cell.

Nondimensional stiffness value at each stable state

Number
of stable

states K, K, K K, K K K, K K Ko
per unit

cell

2 1.94x10* 5.952

3 7.51x10* | 0.0217 5.952

4 7.51x10* | 2.13x10° | 0.0164 5.952

5 7.51x10* | 5.0x107 0.01 0.0229 5.952

10 1.06x107 | 7.51x10* | 5.0x1073 | 2.45x107 | 3.05x10 | 0.01 | 0.0573 | 0.0229 | 0.16 | 5.952

To evaluate the advantages of realizing more stable states per unit cell, we performed a case study on the
programmable stiffness of two unit cells assembled in series. The two unit cells can be simplified to two

springs in series as illustrated in Figure 13a. The equivalent stiffness is equal to:

L_ 1,1
keg 1@ 1,0 4.1
k (i)k (@)
12 4.2

k,, = —————,
eq kl(l) + kz(l)

where kl(i) and kz(j ) are the stiffness of the first and second unit cell, respectively. The subscripts i and j
represent the stiffness value of the corresponding stable state for each unit cell. From the force-displacement
results from Sections 3.2 and 3.3 we can derive the linear stiffness at each stable configuration by using K =
aF

T Table 1 summarizes the values of the stiffness of the unit cell at each stable configuration for the

bistable, tristable, quadstable and pentastable and decastable unit cells. The total number of combinations
(order does not matter and repetition is allowed) that can be realized for the two springs in series is equal

to:

_(n+r-1)!

= - 4.3
rt(n—1)!"’

where n is the number of stable states per unit and r is the number of unit cells assembled in series. Forr =

2, Figure 13b shows the number of distinct values of equivalent stiffness (C) that can be realized for a
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range of stable states (n) per unit cell from 2 to 10. If the unit cell is bistable, the system will have 3 distinct
values of equivalent stiffness, and if it is decastable it will have 55. Hence, when compared to the bistable
unit, the decastable can achieve 52 more distinct equivalent stiffness values with the same weight and
occupying the same volume. To illustrate this, we select the stiffness values from Table / for the bistable,
tristable, quadstable, pentastable and decastable cases and plot it against the number of distinct values of
stiffness for each of the stable configurations. Figure 13c illustrates the equivalent stiffness values (keq)
that can be achieved for each of the number of stable states from Table 1. Realizing ten stable states per
unit cell enables the system to have 55 distinct values of equivalent stiffness shown in Figure 13c. Hence,
with the same number unit cells (same size, volume and weight) the decastable Kresling origami-inspired
structure can achieve 52, 49, 45 and 40 more discrete values of equivalent stiffness than the bistable,

tristable, quadstable and pentastable cases, respectively.

4.2. Increasing the number of unit cells

In parallel to the effect on the number of programmable distinct mechanical properties (e.g., stiffness),
increasing the number of stable configurations per unit cell also has a significant impact on the size of the
system. From the previous section, we know that two decastable unit cells in series yield 55 distinct values
of stiffness. To match this number using bistable unit cell elements it will require 54 unit cells in series, as
highlighted with the rectangular box with red border in Figure 13d. This is due to the fact that, for a bistable
unit cell, increasing the number of unit cells causes a linear increment on the number of distinct values of
equivalent stiffness. On the other hand, as the number of stable states per unit cell is increased beyond 2,
this relationship becomes nonlinear (this is illustrated in Figure 13e for the cases of bistable, tristable,
quadstable and pentastable unit cells). This nonlinear effect causes the number of unit cells needed to
achieve the 55 distinct stiffness of the two decastable unit cells to reduce drastically, where the tristable cell
requires 9 unit cells, the quadstable cell requires 5 unit cells, and the pentastable cell requires 4 unit cells.
This shows that for achieving the same programmable capabilities, the system with the highest number of

stable states per unit cell will have the fewest number of cells.
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Figure 13. (a) Isometric and 2D view of two unit cells assembled in series (b) Total number of distinct values of equivalent
stiffness as a function of the number of stable states per unit cell for the case of two unit cells in series. (c) Nondimensional
values of stiffness for the cases of bistable, tristable, quadstable, pentastable and decastable. (d) Total number of distinct values
of equivalent stiffness as a function of the number of stable states per unit cell for the range of the number of unit cells from r =2
to 54 (with increments of 4) assembled in series. (e) Effect of increasing the number of unit cells on the number of distinct values
of equivalent stiffness for the cases from bistable to pentastable.

5. Conclusion

In this study, we discovered a novel methodology for the design of a highly programmable multistable unit
cell by harnessing a Kresling origami-inspired module with tensile string elements. More specifically, we
proposed a Kresling origami-inspired unit composed of rigid bars that are allowed to freely rotate at its
joints. From this assumption we showed that there is a rich deformation behavior between the nodes of the
unit cell as the structure is deployed. These rich deformation behaviors inspired us to strategically connect

tensile elements between the nodes to increase the multistability of the unit cell, where a stable
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configuration could be achieved in a region where we had two distinct strings whose changes in length were

opposite.

To demonstrate the programmable multistability of the unit cell, we presented a case study for an eight-
sided unit cell composed of bars with creases at its ends and strategically integrated tensile elements, where
its potential energy equals to the sum of the energy from the stretching of the strings and the folding of the
creases. Using this model, the design variables of the unit cell were the unstretched length value of the
strings, the stress-free state of the creases, and the ratio between the torsional elastic constant of the creases
and the tensile force of the strings. In this study, we showed that for the classic folding of Kresling we can
achieve up to five stable configurations in a single unit cell. More specifically, it was found that as the ratio
between the torsional elastic constant of the creases and the tensile force of the strings decreased, the
number of distinct combinations of the design variables that will yield tristable, quadstable and pentastable
unit cells significantly increased. Furthermore, we demonstrated the high and efficient programmability of
the number of stable states per unit cell by simply changing the unstretched length value of one string. By
increasing the unstretched length of this string we transformed the system from tristable to quadstable to
pentastable. Additionally, by going beyond the classic folding of Kresling, we showed that the same
behavior that was achieved for positive values of rotational angle could also be achieved for negative values
with distinct strings. Hence, for the entire folding range of our proposed Kresling origami-inspired unit cell,
we uncovered a total of ten stable configurations. Moreover, we designed and tested an experimental

prototype that verified the analytical results.

Lastly, a case study was conducted to assess the effect of increasing the number of stable configurations
per unit cell in a modular structure for mechanical property tuning. For the case of two unit cells in series,
we demonstrated that the unit cell with more stable configurations can be much more programmable than
the one with a lower number of stable states. More specifically, we showed that we would need a total of

fifty-four bistable unit cells in series to match the programmable capabilities of two decastable ones. Hence,
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by increasing the number of stable configurations per unit cell we can significantly increase the

programmable capabilities of the system while maintaining its size and weight at a minimum.
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