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Abstract. A group is called matricial field (MF) if it admits finite dimen-
sional approximate unitary representations which are approximately faithful
and approximately contained in the left regular representation. This paper
provides a new class of MF groups by showing that given two amenable groups
with a common normal subgroup, the amalgamated free product is MF.

1. Introduction

Some of the most prominent classes of operator algebras arise from groups and
group representations. As far back as the introductory paper on operator alge-
bras ([16]), Murray and von Neumann discuss the possibility of developing a rep-
resentation theory for infinite groups as one of their motivations for investigating
rings of operators. The left regular representation of a (discrete) group G, given by

(1.1) λG : G Ñ Up`2pGqq : g ÞÑ pδh ÞÑ δghq, g, h P G,

is of particular interest. In fact, the reduced group C˚-algebra C˚
λ pGq and the

group von Neumann algebra LpGq, which are, respectively, the norm and weak
closed span of the image of λG, are some of the most studied operator algebras.

In both group theory and operator algebras, approximation properties are ubiq-
uitous. For example, amenability, which can be viewed as an internal approximation
of the dynamics by finite (or finite dimensional) objects, has a fundamental role in
both subjects. A much weaker approximation property is given by the notion of
hyperlinearity for groups or the corresponding condition for von Neumann algebras:
embeddability into Rω, the tracial ultrapower of the hyperfinite II1-factor (see [17]
for a survey). In fact, a countable group G is hyperlinear if and only if LpGq embeds
into Rω in a trace-preserving way; see [19, Theorem 8.5], for example. The Connes
embedding problem, asking if every (separably acting) tracial von Neumann alge-
bra embeds into Rω, has been a central problem in operator algebras since shortly
after its inception in [8]. A negative solution was recently announced in [13]; it is
still an open question if all groups are hyperlinear.

The present paper is concerned with an approximation property for groups moti-
vated by work in C˚-algebras—particularly, the MF C˚-algebras from [3]. The MF
property is variation of hyperlinearity obtained by equipping the matrix unitary
groups with a more rigid metric. Roughly, a group is MF if the group admits finite
dimensional approximate unitary representations which are approximately faithful
and approximately contained in the left regular representation.
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For all d P N, let Updq denote the group of dˆd unitary matrices, let } ¨ } denote
the operator norm on Md, the algebra of dˆ d matrices over C, and let trd denote
the trace on Md with the normalization trdp1q “ 1.

Definition 1.1 (cf. [3]). A group G is matricial field (MF) if for all finite sets
G Ď G and ε ą 0, there are d P N and a function u : G Ñ Updq with

(i) }ugh ´ uguh} ă ε for all g, h P G,
(ii) |trGpugq| ă ε for all g P Gzt1u, and
(iii)

ˇ

ˇ

›

›

ř

gPG

cgug
›

› ´
›

›

ř

gPG

cgλ
G
g

›

›

ˇ

ˇ ă ε for all pcgqgPG Ď C with max
gPG

|cg| ď 1.

Note that the definition here is (a priori) quite a bit stronger than the definition
of MF group in [6]. The above definition is more closely related to approximation
properties of the C˚-algebra. In fact, with the present terminology, a group G is
MF if and only if the canonical trace on C˚

λ pGq is MF (see Proposition 2.2).
Every MF group is hyperlinear. As with hyperlinearity, there are no known

examples of groups which are not MF. The only known examples of non-MF traces
on C˚-algebras are those not factoring through Rω, arising from [13].

The class of known examples of MF groups is rather small. The easiest class
of non-trivial examples is that of residually finite amenable groups. Using residual
finiteness, one can construct finite dimensional unitary representations of G satis-
fying (ii) (and obviously (i)) from the left regular representations of finite quotient
groups, and amenability forces (iii). As far as permanence properties, it is easy to
see that MF is a local property which passes to subgroups and finite index super-
groups. With slightly more work, one can show that products of MF groups are
MF provided that one factor is exact (see [12, Proposition 3.11(iii)]).

Much more surprising examples come from the celebrated results of Haagerup
and Thorbjørnsen ([11]) stating that free groups are MF and Tikuisis, White, and
Winter ([23]) stating that amenable groups are MF. The Haagerup–Thorbjørnsen
theorem was generalized by Hayes in [12] (using [7]) to show that free products of
MF groups are MF. Utilizing deep results from the classification theory of amenable
C˚-algebras, Rainone and I showed in [21] that if G is an amenable group and F is a
free group acting on G, then G¸F is MF ([21, Theorem 1.3(i)]). Very recent results
of Louder and Magee ([14]) and Magee and Thomas ([15]) show, respectively, that
all limit groups and all right-angled Artin groups are MF.

At a 2018 BIRS workshop, Hayes posed the following problem, motivated by
the results in the previous paragraph and the analogous theorems for hyperlinear
and sofic groups—see [5, Corollary 4.5] for hyperlinearity (stated in terms of von
Neumann algebras) and [10, 20] for soficity.

Conjecture 1.2 (Hayes). If G and H are MF groups and A is a common amenable
subgroup, then G ˚A H is MF.

The present paper proves the following special case of Conjecture 1.2.

Theorem 1.3. If G and H are amenable groups with a common normal (necessarily
amenable) subgroup N , then G ˚N H is MF.

The main tool is a classification result which follows from [22]. Roughly, if G is
an amenable group, then up to unitary equivalence, matrix amplification, and norm
perturbation, there is a unique function u : G Ñ Updq satisfying the conditions of
Definition 1.1 (see Theorem 2.5). This will be used to construct finite dimensional
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approximate unitary representations of G ˚N H, which is then combined with MF
approximations for the quotient to produce MF approximations in Theorem 1.3.

Acknowledgements. The work in this paper was partially supported by NSF
Grant DMS-2000129. I am grateful to Ben Hayes for helpful conversations related
to the results of this paper. I also thank the referee for helpful feedback on this
paper and Michael Magee for drawing my attention to [14] and [15].

2. Notation and Preliminaries

A trace on a C˚-algebra will always mean a tracial state. The C˚-algebra of
d ˆ d matrices over C is denoted Md, and the unique trace on this algebra is
written trd. For a C˚-algebra A, write UpAq for the unitary group of A. If G is
a discrete group, denote the full and reduced group C˚-algebras of G by C˚pGq
and C˚

λ pGq, respectively. The canonical unitary representations of G on C˚pGq
and C˚

λ pGq will be denoted by uG and λG, respectively, and the quotient map from
the full to the reduced group C˚-algebra will be denoted by πG : C˚pGq Ñ C˚

λ pGq,
so πGpuGg q “ λGg for all g P G. Let trG denote trace on C˚

λ pGq determined by

trGpλGg q “ 0 for all g P Gzt1u.
The notion of an MF trace was introduced in [21] following the approximation

property characterization of MF C˚-algebras from [3] and the approximation prop-
erties of traces (especially quasidiagonality) introduced in [4].

Definition 2.1. A trace trA on a C˚-algebra A is called matrial field (MF) if for
all finite sets F Ď A and ε ą 0, there are d P N and a self-adjoint linear map
φ : A Ñ Md such that for all a, b P F ,

(2.1) }φpabq ´ φpaqφpbq} ă ε and |trdpφpaqq ´ trApaq| ă ε.

It will often be convenient (both notationally and technically) to replace the
matrix algebras Md in the above definition with the UHF algebra Q “

Â8
d“1

Md.
Note that Q has a unique trace trQ, which is induced by the traces trd. The
technical advantages of working with Q come from the extra divisibility which isn’t
present in finite dimensional matrix algebras Md. This is particularly important in
the classification result from [22] (Theorem 2.5 below).

In Definition 2.1, replacing Md and trd with Q and trQ does not change the
definition. Indeed, in one direction, one may compose a map into Md with a unital
embedding Md ãÑ Q, and in the other direction, one may compose a map into
Q with a conditional expectation onto a sufficiently large matrix subalgebra of Q.
In a similar fashion, the groups Updq in Definition 1.1 can be replaced with the
group UpQq using that unitaries in Q can be approximated by unitaries in matrix
subalgebras of Q.

The following result justifies the claim made in the introduction on the relation-
ship between the two notions of MF in Definitions 1.1 and 2.1. The proof comes
down to standard manipulation of approximate morphisms.

Proposition 2.2. A group G is MF if and only if the trace trG is MF.

Proof. As both notions of MF are local properties, it suffices to prove the result
when G is countable. Let ω be a free ultrafilter of N, let Qω be the corresponding
norm ultrapower of Q, and let trQω

be the trace on Qω induced by trQ.
If trG is MF, then there is a unital ˚-homomorphism φ : C˚

λ pGq Ñ Qω with
trQω

˝ φ “ trG. Its worth noting that there is a subtlety here arising from the
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fact that the maps in Definition 2.1 are not assumed to be bounded or unital.
However, it’s possible to arrange the maps φ in the definition to be “approxi-
mately bounded” in a suitable sense, which is sufficient to produce a (possibly non-
unital) ˚-homomorphism φ0 with trQω

φ0 “ trG; see [21, Proposition 2.3] for details.
Since any non-zero corner of Qω is isomorphic to Qω (see [23, Proposition 1.3(i)],
for example), the desired map φ is given by composing φ0 with an isomorphism
φ0p1qQωφ0p1q – Qω, which is necessarily trace-preserving by the uniqueness of the
trace on Qω (see [18, Theorem 8], for example).

Define u : G Ñ UpQωq by ug “ φpλGg q. As every unitary in Qω is represented by

a sequence of unitaries in Q, there is a sequence of functions puk : G Ñ UpQqq8
k“1

such that pukgq8
k“1

represents ug for all g P G. Then

lim
kÑω

}ukgh ´ ukgu
k
h} “ 0, g, h P G,(2.2)

and

lim
kÑω

trQpukgq “ 0, g P Gzt1u.(2.3)

Further, as trG is faithful and trQω
˝ φ “ trG, we have that φ is faithful. Thus φ

is isometric, being a faithful ˚-homomorphism, and hence for all finite sets G Ď G

and pcgqgPG Ď C,

(2.4) lim
kÑω

›

›

›

ÿ

gPG

cgu
k
g

›

›

›
“
›

›

›

ÿ

gPG

cgλ
G
g

›

›

›
.

It follows that given a finite set G Ď G and ε ą 0, there is k P N such that uk

satisfies the conditions of Definition 1.1 (with UpQq in place of Updq), using (2.4)
and the compactness of

 

pcgqgPG : max
gPG

|cg| ď 1
(

to realize (iii).

The converse has a similar flavor. Let pGkq8
k“1

be an increasing sequence of finite
subsets of G with union G, and for each k P N, fix a function uk : G Ñ UpQq as in
Definition 1.1 with Gk and 1{k in place of G and ε. Let u : G Ñ UpQωq denote the
group homomorphism induced by the sequence pukq8

k“1
and note that trQω

pugq “ 0
for all g P Gzt1u.

There is a unital ˚-homomorphism φ̃ : C˚pGq Ñ Qω with φ̃puGg q “ ug. The norm

bounds arising from Definition 1.1(iii) imply }φ̃paq} ď }πGpaq} for all a P C˚pGq,

and therefore, φ̃ “ φ ˝ πG for some unital ˚-homomorphism φ : C˚
λ pGq Ñ Qω. The

trace condition on u implies trQω
˝ φ “ trG.

If pφk : C
˚
λ pGq Ñ Qq8

k“1
is a sequence of self-adjoint linear maps lifting φ, then

for all a, b P C˚
λ pGq,

(2.5) lim
kÑω

}φkpabq ´ φkpaqφkpbq} “ 0 and lim
kÑω

trQpφkpaqq “ trGpaq.

It follows that given a finite set F Ď C˚
λ pGq and ε ą 0, there is k P N such that φk

satisfies the conditions of Definition 2.1 (with Q in place of Md). �

The following three deep results form the core of the proof of Theorem 1.3. The
first is a essentially a restatement of the positive solution of Rosenberg’s conjecture
in [23] stating that amenable group C˚-algebras are quasidiagonal.

Theorem 2.3 (cf. [23, Corollary C]). Amenable groups are MF.

Proof. The proof of [23, Corollary C] shows that trG is quasidiagonal, which (by
definition) means the conditions of Definition 2.1 hold with completely positive
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contractive maps φ. Indeed, we may assume G is countable as MF is a local
property. In this case, G is a-T-menable by the main result of [2], and hence satisfies
the UCT by [24, Proposition 10.7]. The claim follows from [23, Theorem A]. �

The second result, taken from [12], is a consequence of a large body of work in
free probability, including [25, 11, 7]

Theorem 2.4 ([12, Proposition 3.11(v)]). Free products of MF groups are MF.

The following is a simple consequence of the classification results from [22] after
specializing to the case of unital embeddings C˚

λ pGq Ñ Q.

Theorem 2.5 (cf. [22, Thoerem B]). If G is a countable amenable group, then there
is a group homomorphism u : G Ñ UpQq such that trQpugq “ 0 for all g P Gzt1u,
and this u is unique up to approximate unitary equivalence.

Proof. By [22, Theorem B], there is a unital embedding φ : C˚
λ pGq Ñ Q such that

trQ ˝ φ “ trG. Define ug “ φpλGg q for g P G. To see uniqueness, suppose that
v : G Ñ UpQq is another group homomorphism with trQpvgq “ 0 for all g P Gzt1u.
Since G is amenable, there is a ˚-homomorphism ψ : C˚

λ pGq Ñ Q with ψpλGg q “ vg
for all g P G. Note that trQ ˝ ψ “ trG.

It suffices to show that φ and ψ are approximately unitarily equivalent. The
conditions of [22, Corollary 5.4(2)] apply (the UCT for the group algebra follows
from [2, 24], as in the proof of Theorem 2.3) and trQ ˝φ “ trQ ˝ψ, so it is enough to
show that K0pφq “ K0pψq. Since the map K0pQq Ñ R induced by trQ is injective,
the agreement on trace implies agreement on K0. �

3. The proof of Theorem 1.3

The following lemma, motivated by [21, Theorem 3.9], gives a sufficient condition
for a group to be MF.

Lemma 3.1. Suppose G is a group with a normal amenable subgroup N such that
G{N is exact and MF. Then G is MF if and only if there are a unital C˚-algebra
A with an MF trace trA and a group homomorphism u : G Ñ UpAq such that
trApunq “ 0 for all n P Nzt1u.

Proof. For the forward direction, take A “ C˚
λ pGq and trA “ trG (which is MF by

Proposition 2.2) and define ug “ λGg . To see the converse, let q : G Ñ G{N denote

the quotient map and let φ̃0 : C
˚pNq Ñ A and φ̃ : C˚pGq Ñ A b C˚

λ pG{Nq be the
˚-homomorphisms given by

(3.1) φ̃0puNn q “ un and φ̃puGg q “ ug b λ
G{N
qpgq , n P N, g P G,

where the tensor product is the spatial one. Since trA and trG{N are MF and
C˚

λ pG{Nq is exact, the trace trAbtrG{N is MF by [21, Proposition 3.6], so it suffices

to show that φ̃ factors through a ˚-homomorphism φ : C˚
λ pGq Ñ AbC˚

λ pG{Nq with
ptrA b trG{N q˝φ “ trG. Indeed, composing MF approximations of trA b trG{N with
φ will produce MF approximations for trG.
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As N is amenable, πN is an isomorphism, and hence φ̃0 factors as φ0 ˝ πN for a
˚-homomorphism φ0 : C

˚
λ pNq Ñ A. Consider the commuting diagram

(3.2)

C˚
λ pGq

C˚pGq Ab C˚
λ pG{Nq

C˚
λ pNq

C˚pNq A

Eλ

φ

φ̃

E

πG

idAbtrG{N

φ0

φ̃0

πN

where E and Eλ are the canonical conditional expectations. As idA and trG{N are
faithful, so is idA b trG{N (see the appendix of [1], for example). It follows that if

a P kerpπGq is positive, then φ̃paq “ 0. Hence there is a ˚-homomorphism φ making
the upper face of (3.2) commute. The back right face also commutes by a diagram
chase using the surjectivity of πG and the commutativity of the other four faces.
The commutativity of this face implies φ is trace preserving as Eλ and φ0 are. �

The following is a consequence of the classification result in Theorem 2.5. In
the context of Theorem 1.3, this lemma provides MF approximations of G and H
which approximately coincide on N . Note that N need not be normal.

Lemma 3.2. If G and H are amenable groups with a common subgroup N , then
there are nets of functions pui : G Ñ UpQqqiPI and pvi : H Ñ UpQqqiPI such that
for all g1, g2 P G, g P Gzt1u, h1, h2 P H, h P Hzt1u, and n P N ,

(i) lim
iPI

}uig1g2 ´ uig1u
i
g2

} “ 0 and lim
iPI

}vih1h2
´ vih1

vih2
} “ 0,

(ii) lim
iPI

trQpuigq “ 0 and lim
iPI

trQpvihq “ 0, and

(iii) lim
iPI

}uin ´ vin} “ 0.

Proof. Let I be the set of all triples pG,H, εq where G Ď G and H Ď H are finite sets
and ε ą 0 and write pG1,H1, ε1q ď pG2,H2, ε2q if G1 Ď G2, H1 Ď H2, and ε1 ą ε2.
To construct the nets, it suffices to show that for all i “ pG,H, εq P I, there are
functions u : G Ñ UpQq and v : H Ñ UpQq such that for all g1, g2 P G, g P Gzt1u,
h1, h2 P H, h P Hzt1u, and n P G X H,

(i) ug1g2 “ ug1ug2 and vh1h2
“ vh1

vh2
,

(ii) trQpugq “ 0 and trQpvhq “ 0, and
(iii) }un ´ vn} ă ε.

After replacing G and H with the subgroups generated by G and H, we may
assume G and H are countable. By Theorem 2.5, there are group homomorphisms
u : G Ñ UpQq and v1 : H Ñ UpQq such that trQpugq “ 0 and trQpv1

hq “ 0 for
g P Gzt1u and h P Hzt1u. By another application of Theorem 2.5, u|N and v1|N
are approximately unitarily equivalent. Fix w P UpQq such that for all n P G X H,

(3.3) }un ´ wv1
nw

˚} ă ε.

Then u and v “ adpwq ˝ v1 satisfy the required properties. �

All that remains in the proof of Theorem 1.3 is to patch together the approx-
imate representations from the previous lemma to obtain MF approximations for
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the amalgamated free product. While it is easy to obtain approximate finite dimen-
sional unitary representations of G˚N H from Lemma 3.2, arranging conditions (ii)
and (iii) of Definition 1.1 is harder. This will be done with the aid of Lemma 3.1.

Proof of Theorem 1.3. Note that N is a normal subgroup of G ˚N H and there is
a canonical isomorphism pG ˚N Hq{N – pG{Nq ˚ pH{Nq. As G{N and H{N are
amenable, they are exact. By the main result of [9], free products of exact groups
are exact, so pG ˚N Hq{N is exact. Also, G{N and H{N are MF by Theorem 2.3,
and hence pG ˚N Hq{N is MF by Theorem 2.4.

Let pui : G Ñ UpQqqiPI and pvi : H Ñ UpQqqiPI be nets as in Lemma 3.2. Fix
an ultrafilter ω on I such that for all i0 P I, we have ti P I : i ě i0u P ω. Let Qω

denote the corresponding norm ultrapower of Q and let trQω
denote the trace on

Qω induced by trQ. Then trQω
is MF.

The nets puiqiPI and pviqiPI define group homomorphisms u : G Ñ UpQωq and
v : H Ñ UpQωq with trQω

pugq “ 0 and trQω
pvhq “ 0 for all g P Gzt1u and h P Hzt1u

and with u|N “ v|N . Then there is a group homomorphism w : G ˚N H Ñ UpQωq
such that w|G “ u and w|H “ v. In particular, trQω

pwnq “ 0 for all n P Nzt1u,
and the result follows from Lemma 3.1. �

Remark 3.3. If pGjqjPJ is a (possibly infinite) collection of amenable groups with
a common normal subgroup N , then the amalgamated product ˚N Gj is MF. The
proof reduces to the case J is finite using that MF is a local property, and then the
proof is essentially same except Lemma 3.2 must be modified to produce several
nets (one for each j P J) with the analogous properties.
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[7] Benôıt Collins and Camille Male. The strong asymptotic freeness of Haar and deterministic

matrices. Ann. Sci. Éc. Norm. Supér. (4), 47(1):147–163, 2014.
[8] A. Connes. Classification of injective factors. Cases II1, II8, IIIλ, λ ‰ 1. Ann. of Math. (2),

104(1):73–115, 1976.

[9] Kenneth J. Dykema. Free products of exact groups. In C˚-algebras (Münster, 1999), pages
61–70. Springer, Berlin, 2000.
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[20] Liviu Păunescu. On sofic actions and equivalence relations. J. Funct. Anal., 261(9):2461–2485,

2011.
[21] Timothy Rainone and Christopher Schafhauser. Crossed products of nuclear C˚-algebras and

their traces. Adv. Math., 347:105–149, 2019.
[22] Christopher Schafhauser. Subalgebras of simple AF-algebras. Ann. of Math. (2), 192(2):309–

352, 2020.

[23] Aaron Tikuisis, Stuart White, and Wilhelm Winter. Quasidiagonality of nuclear C˚-algebras.
Ann. of Math. (2), 185(1):229–284, 2017.

[24] Jean-Louis Tu. La conjecture de Baum-Connes pour les feuilletages moyennables. K-Theory,
17(3):215–264, 1999.

[25] Dan Voiculescu. Limit laws for random matrices and free products. Invent. Math., 104(1):201–
220, 1991.

Department of Mathematics, University of Nebraska-Lincoln, Lincoln, NE, USA

Email address: cschafhauser2@unl.edu

23 Sep 2023 07:53:16 PDT
230604-Schafhauser Version 2 - Submitted to Groups Geom. Dyn.


	1. Introduction
	2. Notation and Preliminaries
	3. The proof of Theorem 1.3
	References

