Classical and Quantum a’:g:; PURPOSE-LED
Gravity ‘wi? PUBLISHING

TOPICAL REVIEW You may also like

- Dynamics of gravitational collapse in the

axisymmetric Einstein-Viasov system
Ellery Ames, Hakan Andréasson and
Oliver Rinne

High-frequency solutions to the Einstein equations

To cite this article: Cécile Huneau and Jonathan Luk 2024 Class. Quantum Grav. 41 143002 ) ) ) :
- Future of Bianchi | magnetic cosmologies
with kinetic matter
Ho Lee and Emesto Nungesser

- EVStabilityNet: predicting the stability of
View the article online for updates and enhancements. star clusters in general relativity
Christopher Straub and Sebastian
Wolfschmidt

This content was downloaded from IP address 171.66.12.63 on 03/07/2025 at 00:36


https://doi.org/10.1088/1361-6382/ad5487
https://iopscience.iop.org/article/10.1088/1361-6382/abdd0c
https://iopscience.iop.org/article/10.1088/1361-6382/abdd0c
https://iopscience.iop.org/article/10.1088/1361-6382/ad4fd8
https://iopscience.iop.org/article/10.1088/1361-6382/ad4fd8
https://iopscience.iop.org/article/10.1088/1361-6382/ad228a
https://iopscience.iop.org/article/10.1088/1361-6382/ad228a

10P Publishing Classical and Quantum Gravity

Class. Quantum Grav. 41 (2024) 143002 (48pp) https://doi.org/10.1088/1361-6382/ad5487

Topical Review

High-frequency solutions to the Einstein
equations

Cécile Huneau' and Jonathan Luk>*

I CNRS and CMLS, Ecole Polytechnique, 91120 Palaiseau, France
2 Department of Mathematics, Stanford University, Stanford, CA 94305, United
States of America

E-mail: jluk @stanford.edu and cecile.huneau@polytechnique.edu

Received 10 December 2023; revised 3 May 2024

Accepted for publication 5 June 2024 @
Published 20 June 2024

CrossMark
Abstract

We review recent mathematical results concerning the high-frequency solutions
to the Einstein vacuum equations and the limits of these solutions. In particular,
we focus on two conjectures of Burnett, which attempt to give an exact char-
acterization of high-frequency limits of vacuum spacetimes as solutions to the
Einstein—massless Vlasov system. Some open problems and future directions
are discussed.
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1. Introduction

In general relativity, the evolution of spacetime (M, g) is governed by the Einstein equations
. 1
Rlc(g)—ER(g)g:&rT, (1.1)

where Ric(g) and R(g) are the Ricci and scalar curvature of g, respectively, and T is the stress—
energy—momentum tensor describing the matter content of the spacetime. The equation (1.1),
even in vacuum, i.e. when 7 = 0, are highly nonlinear. When the gravitational radiation is suf-
ficiently weak, the linearized Einstein equations may provide a good approximation, but in
more general settings the nonlinear features of the equation play an important role. In 1968,
Isaacson initiated a new perturbative scheme, inspired by the WKB analysis, to study gravit-
ational radiation in the limit of small amplitude but high frequency (see [62, 63]). Around the
same time, formal approximate solutions have been derived by Choquet-Bruhat [22] in the
language of geometrical optics. We refer the reader also to [1, 92] for related constructions
of approximate solutions. In these constructions, it is seen that in the high-frequency limit of
vacuum solutions, a non-trivial ‘effective’ stress—energy—momentum tensor is generated.

In 1989, Burnett [19] formulated a conjecture on the possible effects of small amplitude
and high frequency perturbations in general relativity, based on the following example. This
example in particular shows that high-frequency limits of vacuum solutions need not satisfy
the Einstein vacuum equations. Consider a sequence of vacuum plane wave solutions

g = —dudv + By ()’ (e“’*(”) A e ® dyz) , (12)

with the function wy chosen to be of the form wy (1) = Av(u) cos (%) (for some fixed func-
tion ). The Einstein vacuum equations are equivalent to the ordinary differential equation
for B),
B () — wy (u)* By (u) = 0.
Taking the high frequency limit, i.e. letting A — 0, we obtain g) — go uniformly, where
go = —dudv + By (u)2 (dx2 + dyz) ,
and
1 1 2
By (u) — Ea(u) By (u) =0.
It can be checked that g is no longer a solution to Einstein vacuum equations, but instead
. 1 2
Ric,, [go] = Ea(u) 0pudyu.
The right-hand side corresponds to the stress—energy—momentum tensor of a null dust, i.e. a
massless fluid without pressure; in fact, effective matter field also satisfies the propagation

equation of a null dust. This can be considered as a particular case of a (measured-valued)
Vlasov field.
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Burnett then introduced a conjecture characterizing a general class of high-frequency limits
of vacuum spacetimes. One possibility to define ‘high-frequency limit’ is that in a coordinate
3
system

0" (gi —g0) | SA T k=0,1,....K (1.3)

for a sequence of decreasing numbers {);}7°, with lim;_,o, A; =0, consistent with the
example considered above. Supposing that Ric(g;) =0 for all i € N, we would like to under-
stand the stress—energy—momentum tensor of the limit gg. In [19], Burnett made the following
conjecture:

Conjecture 1.1. A high-frequency limit of vacuum spacetimes must be isometric to a solution
to the Einstein—massless Vlasov system (for a suitable Vlasov field).

Notice that it is possible for the limit to be vacuum as well, in which case the massless
Vlasov field in the limit vanishes.

In the same paper [19], Burnett also raised the question of whether the converse of conjec-
ture 1.1 is true. We also formulate this as a conjecture.

Conjecture 1.2. Every (sufficiently regular) solution to the Einstein—massless Vlasov system
arises as a high-frequency limit of vacuum spacetimes.

The purpose of this article is to survey some recent results concerning conjectures 1.1
and 1.2 as well as to describe some related open problems.

If conjectures 1.1 and 1.2 are both true, then solutions to the Einstein—massless Vlasov
system characterize all possible high-frequency limits. As discussed in [19], physically this
means that the effective matter arising from high-frequency waves propagating in different
directions ‘do not interact directly, but that they do affect one another by their effect on the
background spacetime.’

Conjectures 1.1 and 1.2, though related in an obvious way, are somewhat different mathem-
atical questions. The forward direction is mostly a question about compensated compactness,
i.e. a question concerning how weak limits behave under the special structure of the nonlinear-
ity of the Einstein equations. In contrast, the reverse direction is a question of low-regularity
existence, since the construction of high-frequency limits necessarily involves dealing with
solutions of low-regularity.

1.1. Conjecture 1.1 and compensated compactness

Conjecture 1.1 concerns compactness, namely, it asks whether the weak limit of solutions
to a partial differential equation remains a solution. For general nonlinear partial differential
equations, compactness would fail since weak limits may fail to commute with nonlinearities.

To see the role of compensated compactness, consider two sequences of functions {u;}7°,
and {v;}2, which converge weakly in L?*(R?) to some limits uo and vy, respectively, i.e.
Jgatiw = [oquowand [, viw — [o, vw for all L? function w. Then in general the product u; v;
needs not converge in distribution to ugvy, i.e. it may be that fRd ujvip # fRd ugvop for p €
C°(RY). (Indeed, as in the plane wave example (1.2) above, if we choose u; = v; = cos(ix),

3 The work of Burnett [19] only takes K = 1, while K =2 is in the spirit of Isaacson’s perturbations [62].
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then* u;,v; — 0 weakly in L2, but u;v; — % = 0.) Perhaps the most well-known example
of compensated compactness is the celebrated div-curl lemma of Murat [98] and Tartar
[112], which states that if u;, v; are vector-valued i.e. u;,v; : RY — R? (with components
ui = (ul,-ud), vi = (v}, ,v9)) such that (u;,v;) converges to (ug,vo) weakly in L? and
that divu; and curlv; are bounded’ in L?, then ZZZI u!v? converges to Zzzl ugvg in the sense
of distribution.

Another example® of the phenomenon of compensated compactness which is closely related
to our case can be found in a system of semilinear wave equations with respect to a fixed
Lorentzian metric g satisfying the classical null condition, i.e. nonlinear wave equations with
quadratic derivative nonlinearities consisting of classical null forms Qo(¢,v) = g8 0 Ot

and Qnp(0,1) = 0ad 051 — 01 O3¢. For concreteness, consider the semilinear model

O = Q0 (¥,¢), Ueth = Qap(0,7). (1.4)

Suppose {(¢i,1;)}2, is a sequence of solutions to (1.4) such that (¢;,1;) — (¢o,%0)
locally uniformly and that (9¢;,01;) are locally uniformly bounded (cf (1.3)). Observe
that as a consequence of the equations (1.4), (g¢;,,1);) are also locally uniformly
bounded. Therefore, after passing to a subsequence (which we do not relabel), we know that
(Oi, O, Ogbi, Tgthy) — (Opo, 0o, Do, Dgth) weakly. In particular’,

Qo (¢i,0i) = 0a i 0pt; — 0ati0pi = 0a (¢:05%i) — 03 (¢: 0s1i) — Qag (¢0,%0),
(1.5)

1 1 1
Qo (¢1,9i) = P 0ahi Oty = EDg (pithi) — 51/11' Ue®i — Ed)i Ogthi = Qo (d0,%0). (1.6)

Consequently, as a result of the particular structure of the nonlinear terms, the limit (¢, %)
also solves (1.4).

On the other extreme, it is possible for the failure of compactness to be very severe so that a
very large class of defect terms can arise in the limit. One such example is the incompressible
Euler equations

oyv+divivev)=—-VP, divv=0. (1.7)
Given any smooth solution to the Euler—Reynolds system
Oy +div(v®v) = —VP+divR, divv=0 (1.8)

with a smooth symmetric trace-free 2-tensor 103, there exists a sequence of weak solutions
{v;}92, to (1.7) such that v; — v in L? [64, Chapter 1]. In this example, there is significant

i=1
non-compactness, and weak solutions to (1.7) are very flexible.

4 Here, and from now on, we use the notation — to denote weak convergence.

3 More generally, one only requires that divu; and curlv; are compact in HI;CI .

6 1t is possible to rephrase these examples in terms of the div-curl lemma, but in these special situations, the phe-
nomenon can be seen more directly.

7 Here, we use the standard fact that w-lim(f; ;) = (limf;) (w-lim#; ), w-lim(9%h;) = 9P (w-limh;) if f; has a uniform
limit and A; has a weak limit.
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The Einstein vacuum equations under convergence given in (1.3) stand in between the two
examples given above. On the one hand, compensated compactness of the type seen in the
system (1.4) does not hold, since the weak limits of vacuum spacetimes fail to be vacuum.
(This is related to the fact that the Einstein vacuum equations fail the classical null condition,
for instance in generalized wave coordinates.) The assertion in conjecture 1.1, however, is
that the failure of convergence would not be as flexible as in (1.7), but instead this failure of
convergence satisfies a transport equation.

This phenomenon observed in conjecture 1.1 can thus be viewed as a secondary form of
compensated compactness. Heuristically, high frequency limits for linear wave equations cor-
responds to linear massless Vlasov equation. (This can for instance be made precise by con-
sidering the microlocal defect measures; see section 4.1.) In the setting of conjecture 1.1, how-
ever, the terms corresponding to the failure of convergence satisfy nonlinear wave equations.
Nevertheless, conjecture 1.1 asserts that in the high frequency limit these terms still satisfy a
linear massless Vlasov equation propagating on the limiting spacetime.

1.2. Conjecture 1.2 and low-regularity solutions to the Einstein equations

Conjecture 1.2, on the other hand, has a very different flavor. In particular, it concerns con-
structions of spacetimes. Notice that any construction for conjecture 1.2 is necessarily in low
regularity. Indeed, if a sequence of vacuum spacetime metrics satisfy uniform H* bounds®
for some s> 1, then by Rellich’s theorem, there is a subsequential limit in the H I norm.
Convergence in the H' norm would then be sufficiently strong to imply that the limit is also
vacuum. Thus, any construction of examples for conjecture 1.2, where the limit is not vacuum,
must not have H* norms uniformly bounded. (Indeed, for high-frequency oscillations modeled
upon Aa(u)cos(§ ) as in Burnett’s example, the H* norm is uniformly bounded as A — 0 only
for s < 1.) On the other hand, the best known general threshold for controlling solutions to
the Einstein vacuum equations is H> [71]. Thus, any progress concerning conjecture 1.2 must
necessarily construct spacetimes below the regularity threshold in [71].

There are two types of results to this regard. The first type of results concern angularly
regular spacetimes [89], where one identifies a subset of H! \ U,~oH* for which the Einstein
vacuum equations still remain well-posed. In a suitable double null coordinate system, such
a subset of H'! consists of metrics which are only H'! along the null directions, but are more
regular in the angular directions. The local well-posedness of the Einstein vacuum equations in
such a low-regularity class was established in [88] (see also [87]). Once such a well-posedness
result is known, the treatment of conjecture 1.2 (and in fact also conjecture 1.1) can be carried
out using compactness arguments; see section 2

For the second type of results, one does not have a general existence result, but instead a
construction is made using the special feature of the problem. This has been done in differ-
ent gauges [56, 59, 120]. The key point here is that even though the initial data are of very
low regularity, one can carry out a specific geometric optics type construction. In the process,
one writes down the solution in a particular ansatz with the properties that (1) even though
the solution with the given ansatz is only in H' \ U,~oH° for L>-based Sobolev spaces, it has
better integrability than is given by Sobolev embedding and is in fact Lipschitz, and (2) the
term has a specific high frequency profile (see already (5.6)), which for instance has good
properties when solving elliptic equations. We note that because of the special structure of the

8 For the remainder of the article, H* denotes the normed space of functions with up to s derivatives in L (understood
in Fourier space if s ¢ NU {0}, i.e. ||[fllas = ||(1 4+ |&])* FAl| 2 for F denoting the Fourier transform).
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Einstein equations, the solutions that are constructed are better behaved than general geomet-
ric optics constructions (see, e.g. [94, 102]). In particular, while there are nonlinear effects
so as to create an effective stress—energy—momentum tensor in the limit, the propagation of
the high frequency waves in different directions are effectively decoupled, and the effects of
higher harmonics are very weak.

1.3. Further related works

We discuss some related works in addition to those that we will survey in this article. We also
refer the reader to section 8 where some other related works will be mentioned.

1.3.1 Examples of high-frequency limits. ~ Many examples of high-frequency limits that
are consistent with Burnett’s framework have been constructed. The earliest examples were
approximate solutions given by Choquet—Bruhat [22] via a geometric optics construction. She
constructed metrics {gx}xe(o,1] that are almost vacuum in the sense of Ric(gx) = O()) and
such that the limit go = limy_, g solves the Einstein—null dust system.

For exact examples, there are explicit examples that are given in the physics literature. The
first example that we are aware of is that of plane waves in (1.2), which was already in Burnett’s
paper [19]. A slightly more complicated, but still explicit example was given by Green—Wald
in [43]. They considered vacuum spacetimes in polarized Gowdy which can be written down
explicitly, and explicitly computed their limits and the limiting stress—energy— momentum
tensors. In this case, the limits are solutions to the Einstein—null dust system with two families
of null dust. We refer the reader to [50, 110, 111] for more explicit examples.

Beyond explicit examples, there are also examples in plane symmetry, where solutions
cannot be explicitly written down, but nonetheless there is a good existence theory for low-
regularity solutions. Lott considers in his works [82-84] limits for polarized T?-symmetric
(but non-Gowdy) spacetime. Here, the author took a slightly different perspective and con-
sidered suitable rescaled future limits of expanding cosmological spacetimes. They relied in
the works [77, 104] on the analysis of the global solutions to the Einstein vacuum equations
in order to extract limits. In subsequent works, Le Floch-Lefloch [73, 74] studied limits under
more general T symmetry.

We remark that the examples in [43, 73, 74, 82-84] all have at least a two-dimensional
symmetry. Thus in principle they all fit into the framework of angularly regular spacetimes
considered in section 2 below. However, due to the exact symmetries, some of the examples
considered in these works are global-in-time.

1.3.2. Green-Wald theorem and inhomogeneities in cosmology.  In [42], Green—Wald proved
a very general theorem concerning high-frequency limits satisfying (1.3).

Theorem 1.3 (Green-Wald [42]). Suppose there is a sequence of Lorentzian metrics’
{g: }$2, which satisfies the Einstein equations with matter (and possibly with a cosmological
constant), i.e.

. 1
Ric(g;) — EgiR(gi) + Ag; =87 T;,

9 To keep in line with the exposition in the rest of the article, we slightly rephrased the result in [42] so that we
consider only a sequence of metrics instead of a one-parameter family of metrics. We remark that [42] also assumed
that suitable weak limits exist along the full one-parameter family of metrics, but the proof in fact applies when weak
convergence holds along a subsequence.
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where the stress—energy—momentum tensor {T;}°2 | are all trace free (i.e. ¢*°(T;)op = 0) and
satisfy the weak energy condition (i.e. T;(X,X) > 0 for all vectors X which is timelike with
respect to g;). Assume that g; converges to some smooth Lorentzian metric g, in the sense of
condition (1.3) with K= 1.

Then g satisfies the Einstein equation

. 1
Ric(go) — EgiR (g0) + Ago =87 Ty,

where T is trace free and satisfies the weak energy condition.

Notice that theorem 1.3 in particular applies when g; are all vacuum with zero cosmological
constant. If conjecture 1.1 holds, then Ty would correspond to the stress—energy—momentum
tensor of some massless Vlasov field, which would in particular be trace free and would sat-
isfy the weak energy condition. In other words, in the case when g; are vacuum theorem 1.3
is weaker than conjecture 1.1. However, theorem 1.3 is remarkable in its generality. We in
particular point out the following three features, which are different from the results we will
discuss later.

1. The theorem applies not only to a sequence of vacuum spacetimes, but instead matter fields
are allowed.

2. Condition (1.3) is only required for K = 1.

3. No gauge conditions are assumed.

The work [42] was particularly motivated by considerations about inhomogeneities in cos-
mology: their result shows that within the framework of Burnett, it is impossible for inhomo-
geneities to mimic the effects of a positive cosmological constant. See also [18, 43-45, 99].

1.3.3. Other forms of weak convergence in general relativity.  There are other forms of weak
convergence for which one can study whether the Einstein vacuum equations are preserved.
We refer the reader to [21, 95] concerning this question for a notion of metric convergence
inspired by Gromov—Hausdorff type convergence. See also the work of Lott [82] concerning
the limits for merely pointed C° convergence.

1.3.4. Compensated compactness in partial differential equations. ~ The phenomenon seen in
Burnett’s conjectures is closely related to the theory of compensated compactness, pioneered
by Tartar [112] and Murat [98]. There are many generalizations of the theory of Tartar and
Murat, see [15, 16, 47, 72, 105, 106, 114] for a sample of results.

In a different direction in the more general context of partial differential equations, com-
pensated compactness is also useful for constructing weak solutions to nonlinear equations.
We refer the reader to [7, 34, 113] for examples. See also the textbook of Dafermos [27].

1.3.5. Low-regularity solutions to the Einstein equations. ~ As mentioned in section 1.2 above,
the construction of examples for conjecture 1.2 is necessarily a low-regularity problem for the
Einstein equations. In this context, the most celebrated result is the bounded L? curvature
theorem of Klainerman—Rodnianski—Szeftel.
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Theorem 1.4 (Klainerman—Rodnianski-Szeftel [71]). The time of existence (with respect to
a maximal foliation) of a classical solution to the Einstein vacuum equations depends only on
the L? norm of the curvature and a lower bound of the volume radius of the corresponding
initial data set.

There was a long line of works that preceded theorem 1.4 regarding the low-regularity
solutions to the Einstein vacuum equations; we refer the reader to [5, 6, 68-70, 107].

There is a different line of works on low-regularity solutions which are related to the angu-
larly regular spacetimes in section 2. These low-regularity results were first achieved in spher-
ical symmetry [24] and T? symmetry [76, 78]. The work of Christodoulou [24] in spherical
symmetry remarkably also included the center where the symmetry degenerates. Outside exact
symmetry, low-regularity results in the context of angularly regular spacetimes was motivated
by impulsive gravitational waves [87, 88] and weak null singularities [86]. See section 2 for a
discussion of the low-regularity results. We refer the reader also to [4, 90, 91] for more recent
results regarding impulsive gravitational waves.

14. Outline of the paper

The remainder of the paper is structured as follows.
We will discuss three settings for which mathematical results related to Conjectures 1.1 and
1.2 have been obtained. Each of these settings involves fixing a specific gauge.

1. Results on Conjectures 1.1 and 1.2 in an angularly regular spacetime in a double null
coordinate gauge [89](section 2).
2. Results in U(1)-symmetric spacetimes in an elliptic gauge. (The symmetry and gauge con-
ditions are discussed in section 3.)
(a) Proof of conjecture 1.1 in this setting in [57] (section 4).
(b) Constructions U(1)-symmetric high-frequency vacuum spacetimes and their limits in a
suitable small-data regime:
(i) The case where the limit has a finite number of families of dust [56] (section 5).
(i1) The case where the limit has a continuous Vlasov field [59] (section 6).
3. Results concerning Conjectures 1.1 and 1.2 in the generalized wave coordinates gauge [58,
120] (section 7).

Finally, in section 8, we will discuss some open problems and possible future directions.

2. High-frequency angularly regular spacetimes

We begin with the setting of angularly regular spacetimes in a double null coordinate gauge.
This is a class of spacetimes for which no exact symmetries are imposed, but the spacetime
metrics are more regular in some directions. There are rather complete results concerning both
conjectures 1.1 and 1.2 in this setting. As we will see, the heart of the matter is a low-regularity
local well-posedness result for this class of spacetimes, even for initial data that are in general
no better than H' in terms of L2-based isotropic Sobolev spaces. Because of such a general
low-regularity local well-posedness result, conjectures 1.1 and 1.2 follow in a rather soft way,
using compensated compactness type arguments.
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While we emphasize that the class of angularly regular spacetimes requires no exact sym-
metries, it does include, a fortiori, T? symmetric spacetimes. We refer the reader to [73-75,
77, 78] for a treatment directly under such a symmetry assumption.

Before we define the class of spacetimes in question, we first introduce the double null
coordinate gauge.

Definition 2.1 (double null coordinates). A Lorentzian metric g on M = [0,u,] x [0,u,] X S
(where S is a compact 2-surface'® and u,, u, > 0) is said to be in double null coordinates if
there exists an atlas {U;}!'_, C S such that given coordinates (9',6?) in each coordinate chart
U,, the metric takes the form'!

g = —4Q% dudu + 45 (40" — b*du) (d6® — bPdu) 2.1)

where ) is a strictly positive function, b = b4y is a vector field tangent to S and for every
(u,u) € [0,u,] x [0,u,], ¥ = yapd#* dO® is a Riemannian metric.

The gauge in definition 2.1 has been useful in a variety of problems in general relativity;
see for instance [25, 29-31, 67, 86].

As mentioned above, we are interested in the subclass of metrics taking the form (2.1),
where the metric is still potentially of very low regularity, but is angularly regular, i.e. there
is additional regularity in the (6',6?)-directions.

To describe this subclass of spacetimes, we consider characteristic initial data on
the intersecting null hypersurfaces HyUH,, where Hy = {0} x [0,1] x S and H, = [0,1] X
{0} x S. Denote also Spo=HoNH,={0} x {0} xS. Consider characteristic initial data
(v,,b) IHoun, Where 7y, €, b are the metric coefficients in (2.1). Assume that b [, = 0 and
that the data satisfy constraint equations and obey the following estimates (where Oy denotes
g1 or Og2 derivative):

Z Z 105 8 Isy0 ll2(s) +Z 10 Bub 0.0 ll22(s)

g€{~,logdety,logQ,b} i<5 i<5

+ Z Z (||359329 [, (22205 + 10} 0ug In, HLng(S)) <C.

ge{~,logdety,logQ,b} i<5

2.2)

We view (2.2) as a condition on angularly regular initial data. The main local existence result
for this class of data is given by the following theorem:

Theorem 2.2 (L.—Rodnianski [88]). Given characteristic initial data to the Einstein vacuum
equations satisfying the bounds (2.2), there exists € > 0 sufficiently small depending only on
C such that for any u, € (0,1] and u, € (0,€), there exists a unique solution to the Einstein
vacuum equations in double null coordinates in [0,u,] x [0,u,] X S which achieves the given
data. The solution is C* N H' (with a € [0, %] ) with additional regularity in Oy directions, with
estimates depending only on C in (2.2).

We will say that the solutions constructed in theorem 2.2 are angularly regular, since they
have extra regularity in 9.

10 Most of [89] is stated for § = S?, but the topology of § is irrelevant for the argument.
1T Here, we use the convention that capital Latin letters are summed from 1 to 2.

10
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2.1 Compensated compactness and classification of limiting spacetimes

Using the low-regularity local existence result in theorem 2.2, and suitable compactness argu-
ments, one can characterize the limit of solutions within this class. The following theorem can
be viewed as a resolution of conjecture 1.1 in this setting.

Theorem 2.3 (L.—Rodnianski, theorems 1.10 and 4.1 in [89]). Take a sequence of charac-
teristic initial data to the Einstein vacuum equations which obey the bounds (2.2) uniformly.
Then the following holds:

1. There exists a sequence of solutions g; to the Einstein vacuum equations taking the form
(2.1) in a uniform domain of existence [0,u.] x [0,u,] X S.

2. After passing to a subsequence (which is not relabelled), there exists a metric g¢ also taking
the form (2.1) so that g; — go in C° and weakly in H' in [0,u,] x [0,u,] X S.

3. Moreover, g satisfies (weakly) the Einstein—null dust system with two families of null dusts.
The null dusts are potentially measure-valued.

Here, we say that g, satisfies (weakly) the Einstein—null dust system with two families of
null dusts if there exists two non-negative Radon measures v and v such that for any compactly
supported smooth vector fields X, Y,

/ (D X") (D, ¥") — D, X" D, ¥*) dVol,
[0,0.]x [0, ] %8
2.3)
-/ () (v -+ [ (Xu) (V) d,
[0,u.] % [O,Q*] xS

[0,u.] % [O,g*] xS

where u, u are the coordinate functions in (2.1). Here, the measures v and v correspond to the
two families of null dust. As in conjecture 1.1, we allow the measures v and/or v to vanish. In
the case that they vanish, the limiting metric g, is vacuum.

Notice that within the class of angularly regular spacetimes, the assumptions in theorem 2.3
only require uniform bounds on the sequence. This includes as a special case data satisfying
the high-frequency bounds (1.3), but is much more general. In fact, theorem 2.3 even allows
for concentrations (and not just oscillations) in the first derivatives of the metric.

In order to explain some ideas of the proof of theorem 2.3, we introduce in definitions 2.4
and 2.5 some geometric constructions associated to the double null coordinates.

Definition 2.4 (null frame). The normalized null pair are defined as follows:
6329_1 (6u+bA89A)7 6429_1(9&.

Also, let {es}a=1> denote an arbitrary local frame tangent to S, , = {(u',u’,9):u’ =u,
!
u' = uj.

We now define the Ricci coefficients as the following S-tangent tensors, where D is the
Levi—Civita connection with respect to the spacetime metric g. Note that the Ricci coefficients
correspond to first derivatives of the metric coefficients and are well-defined even if the metric
coefficients only have C° N H . regularity.

1
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Definition 2.5 (ricci coefficients). 1. Define the following Ricci coefficients such that for
vector fields X, ¥ tangential to S:

x (X.X) =g(DXe4,Y)7 X (X.Y) =g(D)ge3,Y),
1(X) = 58 (DiXees). n(X) = 38 (DiXoes).

w=——g(Dses,e4), w=——g(Dsey4,e3).
2. Define also

N 1 R 1

X=X—7HMX7, X=X~ HMXY

where X (resp. X) is the traceless part of x (resp. x) and &'y (resp. &) is the trace of x
(resp. x). Here, the trace taken with respect to the metric -y on the spheres.

The key to theorem 2.3 is that the estimates established in the proof of theorem 2.2 are
sufficient to (i) justify that a suitable weak limit exists, and (ii) isolate the quadratic terms
in the Ricci coefficients (see definition 2.5) for which the product and the weak limit do not
commute.

1. (Existence of a limit) Since the proof of theorem 2.2 gives uniform Holder C* (for some
a € (0, %)) and Sobolev H' estimates, standard compactness theorems then imply that the
metrics has a uniform limit and that all the Ricci coefficients have at least have a weak L2
a weak L? limit.

2. (Most terms do not contribute to the limiting Ricci curvature) In order to understand the
limiting Ricci curvature, one needs to consider the quadratic-in-Ricci-coefficient terms (say

FEI)FEZ)) in the expression for the Ricci curvature and consider the defect
welim (V1) = (w-tim V) (wotim ), 2.4)
where w-lim denotes the weak limit'?.
It turns out that for most of these quadratic terms, either (a) one of the two factors is
Ja’y, a1, 1,1 and has a strong limit, or (b) the two factors oscillate in different directions,
e.g. X - X has X oscillating in the u direction while X oscillates in the u direction.
In both cases (a) and (b), (2.4) vanishes. In particular, (b) can be viewed as a form of com-
pensated compactness.
3. (Terms giving rise to null dust) As a result of the last point, the only quadratic terms in

the Ricci coefficients that could contribute to non-trivial components of the limiting Ricci
curvature are the || and |¥ 3 terms in the Raychaudhuri equations:

1
ex (i) + 59 (ty)* = — QIX[2 — QRic (es,e4), (2.5)

1
e3 (Q,t/rz) JrEQ (/HX)2: *Q|X|i*QRiC(€3,€3). (2.6)

12 Here, and below, the limits only exist after passing to a subsequence. To simplify the notations, we will not relabel
the subsequence.
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The terms €| >2|EY and Q[} ﬁ in (2.5) and (2.6) only obey uniform L' bounds (with additional
angular regularity). We can therefore define the failure of convergence by the measures v
and v by
v = weak-"-lim (le%l‘?w) — (lim ;) \Weak-limfgfm
v = weak-"-lim (Q,-\ X,-@-) — (lim ) |weak-lim § 2 .
The measures v and v, which should be thought of as null dusts (see (2.3)), then correspond
to QRic(es,e4) and QRic(es,e3) of the limiting spacetime, and these are the only non-
vanishing Ricci curvature components.
4. (Propagation equation of the null dust) Finally, to complete the proof of theorem 2.3, we
need to show that the two families of null dust also satisfy propagation equations. This holds
because of compactness phenomena similar to those discussed in point (2) above.

We remark that precisely because the metrics are only allowed to oscillate in the # and
u directions (but not the §', 62 directions) in the class of angularly regular spacetimes, the
effective stress—energy—momentum tensor in the limit can only have two families of null dusts
(corresponding to the oscillations in u# and u respectively) instead of a more general massless
Vlasov field.

2.2. Construction of solutions to the Einstein—-null dust system and null dust shells

We now turn to conjecture 1.2 in the setting of angularly regular spacetimes.

Theorem 2.6 (L.—Rodnianski, theorem 4.7 in [89]). Let (M = [0,u.] x [0,u,] X S, go) be
an angularly regular solution to the Einstein—null dust system with the null dusts given by
angularly regular measures v and v. Then for any p € M, there exist M’ C M withp € M’
and a sequence of smooth angularly regular vacuum solutions {(M’,g;)}2, such that g; —
go in C° and weakly in H' in M.

Given theorem 2.3, in order to approximate solutions to the Einstein—null dust system by
vacuum spacetimes, we only need to establish two more facts:

1. Initial data to the Einstein—null dust system can be approximated by initial data to the
Einstein vacuum system (see lemma 2.7).
2. Uniqueness holds for the Einstein—null dust system (see theorem 2.8).

We will state a rough version of our data approximation lemma only on [0,u,] X S. (The
case of [0,u,] x § is similarly after changing v/ ~ v, X ~ X.)

Lemma 2.7 (L.—Rodnianski, proposition 9.4 in [89]). Consider characteristic initial data
(go,v) on [0,u,] X S to the Einstein—null dust system such that the following hold:

o The metric is H' is along the null direction.

o The null dust is a non-negative Radon measure v.

e Both the metric and the null dust have suitable additional (Sobolev) regularity along the
angular direction.



Class. Quantum Grav. 41 (2024) 143002 Topical Review

Then there exists a sequence of smooth characteristic initial data {g;}72, on [0,u,] X S to
the Einstein vacuum system such that the following hold:

e The sequence of metrics g; — go in C° and weakly in H'.
o O;|Xi|*> — v in the weak-* topology.
o The metric satisfies the assumptions of theorem 2.2 with uniform constants.

Next, we state the uniqueness result. Note that uniqueness holds in general within the class
of angularly regular solutions to the Einstein—null dust system. This was proven by generaliz-
ing ideas in [88].

Theorem 2.8 (L.—Rodnianski, theorem 4.4 in [89]). The characteristic initial value problem
for the Einstein—null dust system with angularly regular initial data give rise to at most one
angularly regular solution to the Einstein—null dust system.

Given lemma 2.7 and theorem 2.8, it is now easy to explain the proof of theorem 2.6, which
is summarized in the following diagram.

h B . .
‘ sequence of vacuum data‘ —Thm 22, ‘ sequence of vacuum solutions |

converges by Thm 2.3

J: verges by truction

= by Thm 2.8
oo

limiting Einstein—null dust solution‘

‘ Einstein—null dust solution ‘

-y

| Einstein—null dust data |<—

estricts to

Given a solution to the Einstein—null dust system, first consider its restriction to the initial
data. Then approximate the initial data by vacuum data using lemma 2.7. Apply theorem 2.3
to obtain a subsequence of vacuum solutions which converge to a solution to the Einstein—null
dust system. Finally, an application of the uniqueness result in theorem 2.8 shows that the
limiting spacetime is indeed the one we were given. This finishes the proof.

With a change of perspective, we can also use the same circle of ideas to prove existence
(and uniqueness) of solutions to the Einstein—null dust system. This is given by the following

theorem!?:

Theorem 2.9 (L.—Rodnianski, theorem 4.6 in [89]). Consider a characteristic initial value
problem with the Einstein—null dust system with angularly regular initial data with a measure-
valued null dust.

Then, in an appropriate local double null domain, there exists a unique angularly regular
weak solution to the Einstein—null dust system.

Here, unlike in theorem 2.6, the Einstein—null dust solution is not given, but is instead to be
constructed from initial data. To do this, we approximate the given data to the Einstein—null
dust system by a sequence of vacuum data, and then solve the vacuum problem and take the
weak limit. The proof is represented by the following diagram:

13 There are some technical assumptions in the theorem, e.g. when § = S?, the dust needs to vanish in part of S2. We
refer the reader to [89] for the precise statement.
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’ sequence of vacuum data‘ Thin 2¢ ‘ sequence of vacuum solutions ‘

J/convcrgcs by construction (Lem 2.7) J/Convcrgcs by Thm 2.3

| Einstein—null dust data| SN | Einstein—null dust solution‘

One particular consequence of theorem 2.9 is the construction of null dust shells for the
first time. These are solutions to the Einstein—null dust system for which the null dust is a
measure which is supported on a null hypersurface. These solutions have been widely studied
in the physics literature; see [9-12, 35, 36, 49, 101, 103, 109, 118]. In fact, the construction
is not restricted to null dust shell, but the null dust can be merely any measure with bounded
variation and with additional angular regularity.

3. U(1) symmetry and an elliptic gauge condition

From this section to section 6, we consider conjectures 1.1 and 1.2 in U(1) symmetry under
an elliptic gauge condition. In this section, we introduce the symmetry and gauge condition
in sections 3.1 and 3.2, respectively. This serves as a preliminary discussion for the next few
sections.

3.1. U(1) symmetric spacetimes

We fix our setup until section 6. We will work with the (3 + 1)-dimensional manifold ) M =
M x R, where M = (0,T) x R2. Introduce coordinates (¢,x',x*) on M and (,x,x*,x*) on
() M. In the following, everything will be independent of x*>. We use the convention that
lower case Greek indices run over 0, 1,2 while lower case Latin indices run over 1,2. Repeated
indices are summed over.

Definition 3.1 (U(1) symmetric spacetimes). We say that Lorentzian metric g on ) M is
U(1)-symmetric if in local coordinates, (*) g takes the form

(4)g=e_wg+ew (dx3+21adx“)2, G.1)

where g is a Lorentzian metric on M, 1) is a real-valued function on M and 2, is a real-valued
1-form on M.
Additionally, we say that a U(1)-symmetric spacetime (‘) M, () g) is polarized if 2, = 0.

Under the U(1) symmetry assumption, the Einstein—vacuum equations verify a well-known
reduction to a (2 + 1)-dimensional problem (see for instance [23]):

Lemma 3.2 (U(1) symmetric vacuum spacetimes). Suppose (Y M, ®g) is a U(1) symmet-
ric spacetime such that the metric g in local coordinates is given by (3.1). Then the Einstein
vacuum equations for ((4)/\/1, (4)g) reduces to the following (2 + 1)-dimensional Einstein—
wave map system for (M, g\, @):

Oyt 4 e *g~! (dw,dw) =0,
O, —4g™ ! (dw,dy) =0, (3.2)
Ricyp (g) =209 Oy + %e“‘d’&xwaﬁw,

15
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where w is a real-valued function which relates to U, via the relation

A

1 40/ _\A6
(d2A) 5 = OaUp — A0 = 5¢ (g™ Eapr 05w, (3.3)

where €y denotes the completely antisymmetric tensor.

Remark 3.3 (The polarized subcase). The function w is called the twist potential. In the case
(WM, ®g) is polarized, = 0, and the Einstein-wave map system (3.2) further reduces to
the Einstein—(linear) scalar field system.

The reduction in lemma 3.2 has analogues for various Einstein—matter fields systems. For
the purposes of the discussion of Burnett’s conjectures in sections 4—6, we define a notion
of ‘radially-averaged measure solutions for the restricted Einstein—massless Vlasov system in
U(1) symmetry.” This is a restricted class of U(1)-symmetric solution to the Einstein—massless
Vlasov system in 3 + 1 dimensions where the massless Vlasov measure is additionally required
to be supported in the cotangent bundle corresponding to the (2 + 1)-dimensional (instead of
the (3 + 1)-dimensional) manifold.

Definition 3.4 (radially-averaged measure solutions for the restricted Einstein-massless
Vlasov system in U(1) symmetry). Let (M, g) bea (3 + 1)-dimensional C? Lorentzian
manifold which is U(1)-symmetric as in (3.1), i.e. the metric takes the form

Wg=e2g e (d + Qladxo‘)z,

for g, ¥, A independent of x*. Let v be a non-negative finite Radon measure on S* M.
We say that (‘Y M,®) g, 1) is a radially-averaged measure solution for the restricted
Einstein—massless Vlasov system in U(1) symmetry if all of the following holds:

1. The following equations are satisfied:

Og + 3¢ *¢~! (dw,dw) =0,
Ogw —4g~! (dw,dy)) =0,

1
/ Ric (g) (¥,Y) dVol, = / {2 ()2 + —e* (Yw)z} dVol, + / (€, 7)2dv,
M M 2 “M
(3.4)
for every C2° vector field Y, where w relates to 2, via (3.3) and where S* M is the cosphere
bundle given by S*M = (T* M\ {0})/ ~, where (x,&) ~ (y,n) if and only if x=1y and

& = An for some A > 0.
2. The measure v is supported on the zero mass shell, i.e.

(gfl)aﬁfafﬁdVEO, V(x,§) € STM. (3.5)

3. For any C' function @: T*M — R which is compactly supported in x and such that
a(x,A¢) = Aa(x,§) YA >0,

/*M{<g_l)a5£a§5,2i(x7§)}dV:O, (3.6)

where {f(x,€),h(x,£)} = de, fOyoh — O, hdof:

16
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Remark 3.5. The condition (3.6) in definition 3.4 can be viewed as a weak formulation of the
Vlasov equation. Indeed, if the measure v is absolutely continuous with respect to the measure
on zero mass shell induced by g, then (3.6) is equivalent to the usual Vlasov equation. See [57,
proposition 2.2] for details.

Remark 3.6 (null dust as a special case of massless Vlasov). Definition 3.4 includes as a
special case where v is a finite sum of delta measures, which corresponds to a finite number
of families of null dust. (See [57, lemma 2.8] for details.)

This will play an important role in the discussions in sections 5 and 6.

3.2. Elliptic gauge condition

For our discussions, there are two (related) advantages of U(1)-symmetry. First, in the vacuum
case, the dynamical degrees of freedom are completely isolated into the ‘wave map part’ in
the functions (¢, ). Second, the problem is reduced to (2 + 1) dimensions, where the Ricci
curvature tensor completely determines the Riemann curvature tensor. As a result, as long as
a suitable smallness condition is imposed, one can introduce a global elliptic gauge in (2 + 1)
dimensions, which satisfy the properties in definition 3.7. (Notice that (3.8) is related to the
uniformization theorem, and relies on having two space dimensions.) As we will see below
(see lemma 3.8), in the elliptic gauge, the metric components can be estimated elliptically from
the wave map (¢, @).

Definition 3.7 (elliptic gauge). Suppose the (2 + 1)-dimensional metric g on M takes the
form

g=—n’df’ +g; (dx' 4 8'dr) (dv + Fdr) . 3.7)
We say that g is in an elliptic gauge if the following holds:

1. g is conformally flat, i.e. there exists a function ~y such that
8y =>4y, (3.8)

where ¢ is the Euclidean metric.

2. The constant t-hypersurfaces ¥, = {(s,x!,x?) : s = t} are maximal, i.e. for eg = 9, — 3'0;
(a future-directed normal to ), K;; = —%\,Een 8ij (the second fundamental form), it holds
that

T= trg,K =0.
The gauge defined above is indeed ‘elliptic’ in the sense that the metric components can be

recovered from the Ricci curvature tensor via (semilinear) elliptic equations:

Lemma 3.8. Under the gauge conditions in definition 3.7, the metric components n, y and 3!
satisfy the following elliptic equations, where H is defined by (3.12). (These can be derived
from [55, appendix B] and some algebraic manipulations.)

2y

SO Hyy = ———Ricy;, (3.9)
n
2y 1
Ay=—"5Goo— Se HP, (3.10)
n? 2



Class. Quantum Grav. 41 (2024) 143002 Topical Review

1 ey
An=ne *|H|* — Ee“nR + —Go, (3.11)
n

(£8),; = 2ne™*"H;; (3.12)

where Ric,pg is the Ricci tensor, R is the scalar curvature, G, = Ricog — %Rgaﬁ is the
Einstein tensor.
The Laplacian A and the conformal Killing operator £ are given by

AF=F0hf,  (LY); = 010 Y* + 6udY" — 6,0 Y, (3.13)

and are both elliptic operators.

Remark 3.9. In the case of the vacuum equations, the Ricci curvature terms in lemma 3.8 can
be computed using (3.2).

Remark 3.10 (local well-posedness in elliptic gauge). The Einstein vacuum equations in
U(1) symmetry are locally well-posed in the elliptic gauge given in definition 3.7. For initial
data which are sufficiently regular and polarized, and such that the wave part is small in W">°,
this was proven in [55]. The result was later extended by Touati [119] to the general non-
polarized case with smallness only imposed on the W'*# norm of the wave part.

The elliptic gauge in U(1) symmetry is useful in other low-regularity problems, see for
instance [90, 91].

4. Burnett’s conjecture in U(1) symmetry

In [57], we prove Burnett’s conjecture (conjecture 1.1) when the metrics admit a U(1) sym-
metry (see section 3.1) and obey the elliptic gauge condition in section 3.2. A rough statement
of our theorem is the following:

Theorem 4.1 (H.—L., theorems 4.1 and 4.2 in [57]). Let {h; = (g;,v:,@;)}72, be a sequence
of solutions of (3.2) on (0,T) x R?, and suppose the elliptic gauge condition in definition 3.7
holds for all i € N. Suppose there exists a smooth hy = (89,0, o), also satisfying the same
elliptic gauge condition, such that

1. h; — hgy uniformly on compact sets,
2. Oh; — Ohg weakly in L°_ with py > %

loc

Then there exists a non-negative Radon measure v on S*R>**! such that (3.4) and (3.5)
hold.
If, in addition, we have

3. for all compact K there exists \; — O such that

4

S OO (hi = ho) [l k) S Crs .1
k=0

then (3.6) holds for v defined above. In particular, (go, 0,0, V) solves Einstein—massless
Vlasov system in the sense of definition 3.4.

Let us make some first comments on our theorem.

18
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e The massless Vlasov measure v in theorem 4.1 is chosen to be a suitably defined microlocal
defect measure corresponding to the convergence of (1);,w;); see proposition 4.5 and (4.6).
In particular, we use tools introduced by Gérard [40] and Tartar [115].

e More recent work by Guerra—Teixeira da Costa [48] relaxed the assumptions in (4.1). In
particular, they only imposed assumptions up to second order derivatives.

Before giving some ideas of the proof, we recall some notions about microlocal defect meas-
ures in section 4.1. Then in section 4.2 we will sketch the proof of the first part of theorem 4.1.
Finally, in section 4.3 we sketch the proof of the second part of theorem 4.1.

4.1. Preliminaries on microlocal defect measures

Let {u;}7°, be a sequence of functions {2 — R, where Q C R* is open, which converges weakly
in L*(12) to a function u. In general, after passing to a subsequence, |u;|> — |u|?> converges to
a non-zero measure. The support of this measure is the position at which strong convergence
fails. The microlocal defect measure, in contrast, is a tool which captures both the position and
the frequency of this failure of strong convergence.

For instance, if u; = i? x(i(x — X)) (with y € C2°)so that [;]? concentrates to a delta meas-
ure, then the corresponding microlocal defect measure is given by d,, ® v, where d,, is the
spatial delta measure and v is a uniform measure on the cotangent space. On the other hand,
suppose u;(x) = x(x)cos (i(x-w)) so that u; oscillates in a particular frequency w. Then the
corresponding microlocal defect measure is |y|?dx ® d,,, where &, is the delta measure con-
centrated at the frequency w. See [115] for further discussions.

Before defining microlocal defect measures, we need to recall some objects of pseudo-
differential calculus. In the rest of this subsection, we fix'# k € N. Denote by T*R¥ the cotan-
gent bundle of R¥ with coordinates (x,&) € R¥ x R,

Definition 4.2. 1. For m € Z, define the symbol class
s = {a :T'RF - C:a € C™®,Va,B,3Ca s >0, |3f‘8?a(x,§)| <Cap(l+ |§|)m7|5\} '

2. Given a symbol a € S™, define the operator Op(a) : S(R¥) — S(IR¥) by
. 1 i(x—y)-
Op@u )=~ [ [ I gu) v
(2m)" Jre Jme

We say that A = Op(a) is a pseudo-differential operator of order m with symbol a. If
moreover a(x,&) = dprin(¥,£) + deror (X, €) for [€] > 1, where aprin(x, A§) = N"a(x,§) for
all A > 0, and degor € S” ', we say that apyp is the principal symbol of A.

We now turn to the discussion of microlocal defect measures [40, 115]. The following is a
special case of [40, theorem 1].

Theorem 4.3 (existence of microlocal defect measures). Let {u;}°, € L*(R¥;C) be a
bounded sequence in L*(R¥; C) such that u; — 0 weakly in L*(RK;C).

Then there exists a subsequence {u; }?° | and a non-negative Radon measure p on S*RF
such that the following holds for every O-th pseudo-differential operator A of order 0 with

14 & will be 3 = 2 + 1 in the rest of this section, and will be 4 = 3 + 1 later in section 7.1.
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principal symbol a(x,&) which is compactly supported in x and satisfies a(x,\§) = a(x,§),
YA > 0:

lim (Au;,, u;,) 2 (res0) :/ a(x,€) du. 4.2)
k—4o00 S*RK

The measure dy in theorem 4.3 is called a microlocal defect measure (or H-measure).

Let us already point out two important properties of microlocal defect measures that are
important for the discussion below. First, they satisfy the following localization property:

Theorem 4.4 (localization of microlocal defect measures, corollary 2.2 in [40]). Let {u;}
be a sequence such that u; — 0 weakly in L*>(R*,C), and yu is a microlocal defect measure
such that (4.3) holds (without passing to a subsequence). Let P be an m-th order differential
operator with principal symbol p = Z|a\:m an (1) for some smooth functions ay. If { Pu; }i—
is relatively compact in H;;""(R¥,C), then

pdu=0.

In particular, as a consequence of theorem 4.4, it can be shown that microlocal defect meas-
ures associated to sequences of solutions to the linear wave equation are supported on the zero
mass shell. The second important property is that microlocal defect measures associated to
sequences of solutions to the linear wave equation also satisfy the Vlasov equation.

4.2. The form of the effective stress—energy tensor

We now sketch the proof of the first part of theorem 4.1. Let h; = (g;,;,w;) be a sequence
of solutions of (3.2) in elliptic gauge which satisfies the conditions (1) and (2) of the theorem.
After multiplying by suitable cut-off functions (which we suppress in the notations), we reduce
the problem to compact sets and thus

(i —hy) =0, 0(w;—wo) —0 weaklyin L? (RZH) .

In particular, we can apply theorem 4.3 to show the existence of a microlocal defect meas-
ures corresponding to the derivatives of ¥; — ¢y and w; — wy. In fact, an application of the-
orem 4.4 shows that the microlocal defect measures take the form as in the following propos-
ition (see, e.g. [115, lemma 3.10]):

Proposition 4.5 (existence of microlocal defect measures). There exist non-negative Radon
measures’ dv¥, dv™ on S*R*t! such that after passing to a subsequence (which is again
labelled as (1;,w@;)), the following holds for any A = Op(a), where a(x, &) which is compactly
supported in x and a(x,\§) = a(x,§):

1im (O (i —%0) , AOg (Vi — v0)) 2241 g0) = / ataépdv?,
i— 00 S*R2+!

lim <8a (wi - wo) y Aag (wi - w0)>L2(]R2+17g0) = / - a{afg dv®.
S*R

i—00

15 We note that we have used slightly different conventions here as our original [57]: here dv¥’, dv® are defined to
act on functions which are homogeneous of order 2 in £, while in [57], they act on homogenous functions of order 0.
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We are now ready to pass to the weak limit in (3.2). Recall that we have a sequence (v, w;)
solving
4 La—4i -1 . ) —
Dgiwl + ze_] g (dwhdwl) 07 (4.3)
Dgiw,‘ - 481’ (dwi,dw,‘) =0.

For ¢ € {¢,w}, O = (—detg;) " 20, (g (—detg,)205¢;). Since (—detg;)"? has a
strong limit and 8, (g™ (— detg;) 2 d¢;) is in divergence form, it follows that Og,0i — Ogy00
weakly. Moreover, the quadratic semilinear terms satisfies the null condition, and thus passes
to the weak limit using an argument similar to (1.6). Therefore, (g, w) satisfy the same
system of equations.

Let us now consider the third equation in (3.2):

Ricag (gi) = 28a1jzi 8[51/),» -+ %e"“""@oéw; (%wi. “4.4)

We claim that the left-hand side converges weakly to Ric,(go). To see this, we refer the reader
to the expression of the Ricci tensor in (3.9)—(3.12) and

. 1 1 _
Ricj, = 6_;‘1; (—A’y — 2NAn> — ;(8, — ﬁkak)l‘ljb —2e szbeHié

2 1 1
+ 208 Hugp) — (a,,ajn — 30— (264,07 — 5p8" 007 ) Bkn> . 4.5)

The key is to note that any quadratic term in the derivatives of the metric components must
either have a factor of H or a factor of V. Now even though we a priori only assume bounded-
ness of all first derivatives, both H; and V+; in fact converge strongly in L2, which there-
fore results in Ric,3(g;) — Rica(g0) weakly. To see the strong convergence of H; and V+;,
we use (1) the spatial elliptic equations and (2) the equations involving 0, that they satisfy
to show that H;, V;~ has uniform WLPTO(R”I) bounds. By compactness of the embedding
W2 (R2H1) < [2(R2H1), the desired strong convergence follows.

On the other hand, the weak limit of the right-hand side of (4.4) can be expressed in term
of the microlocal defect measures given in proposition 4.5. Therefore, defining

1
dv =2dv¥ + Ee*“% dv®, (4.6)

it follows that the last equation in (3.4) is satisfied for every vector field Y € C°(Q2).

Finally, the fact that the measure dv is supported on the set { (x,£) € S*M : g5 '(€,€) = 0}
can easily be obtained from theorem 4.4 and the fact that O, (v); — o) and O, (w; — wo) are
compact in H~'.

4.3. The transport equation for the microlocal defect measure

The main difficulty for theorem 4.1 is therefore to establish the transport equation (3.6). As
mentioned in section 4.1, microlocal defect measures arising from solutions to linear equations
satisfy the massless Vlasov equation (see for instance [38, 39, 115]). We review this fact in
section 4.3.1, and then explain in sections 4.3.2—4.3.4 why the transport equation still holds in
our nonlinear setting.
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4.3.1. A Minkowskian warm-up.  We start with the simplest possible case. Denote the
Minkowski metric by m and suppose the linear wave equation [J,,¢; = f; holds with d¢; — 0
weakly in L? and f; — 0 in L?> norm. We argue as in proposition 4.5 that (after passing to a
subsequence which is not relabelled) there exists a non-negative Radon measure v such that
the following holds for A, a as in proposition 4.5:

im
11— 00

(0, ADp®i ) 12(R2+1 m) =/ alaépdv.
S*R2+1
Moreover, arguing with theorem 4.4 as in section 4.2, v is supported on the zero mass shell.
We now derive an analogue of the transport equation (3.6) adapted to this setting. For a
pseudo-differential operator A of order O with real principal symbol a, define

. 1 o
T, [0 bi] = Oy 61 Op)Adhi + > My B0 0i0,5)Ad;.
It then follows that
v 1 1 1
V! (T [60,61(9)") = 30ni 0AG: + 50,61 ATnS; + 50161 [Omy Al b1, “.7)

We integrate (4.7) and pass to the i — oco. Note that the left-hand side of (4.7), being an exact
divergence, is integrated away, while the first two terms on the right-hand side of (4.7) vanish in
the i — oo limit since f; — 0 in the L2 norm. Thus, the only contribution comes from the third
term on the right-hand side of (4.7). Noting that the principal symbol of [(J,,,A] is proportional
to {maﬂﬁaﬁg,a} (see, e.g. [108, theorem 2, p.237]), we obtain

&{m*P¢.Eg,a} dv =0. (4.8)

Finally, noting that since &; # 0 on the zero mass shell (and hence on the support of v/), we see
that the transport equation (3.6) holds for g =m and for any a after using (4.8) a = g

While in the above derivative, we used the Minkowski metric for simplicity, the same argu-
ment works for a sequence of solutions to the linear wave equation with any fixed metric after
suitably collecting the extra terms (see [38, 39] for the stationary case, and [48, 57] for the
general case).

Therefore, the main difficulty comes from the fact that (v;,z0;) do not satisfy linear wave
equations on fixed background. Instead, they satisfy (4.3) with both quasilinear terms from the
metric and the semilinear terms Je~*¥'g~! (dw;, dw;), 4g; ' (dw;, dyy). As we will explain in
the next three subsubsections, even though these extra nonlinear terms arise in the derivation
of the transport equation (3.6), the precise structure of these terms allows for compactness by
compensation so that they in fact do not contribute.

4.3.2. Trilinear compensated compactness for three waves.  The following structure is at
the heart of handling the semilinear terms in the derivation of the transport equation (3.6). In
particular, it relies on the nonlinear terms in (4.3) being null forms of the type Qg(¢(1), ¢?)) =

g0 p 8a¢l-(1) (“)Bqﬁfz). Consider three sequences of functions qﬁfj), with j = 1,2,3 such that
6 s = 0. 11967 s, 1Dl < 1. “.9)

Fix a pseudo-differential operator A of order 0. A priori, the bound on ||8¢fj)|\ 3
only shows that the term <A(g8*38a¢i(l)85¢§2)),8,¢>53))Lz(Rz’go) is O(1). However, since
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867 0aty" 0501 = 10,6/ 01) — 30 Dgyi” — 301” Dyo@. integrating by parts
and using (4.9) imply that the term in fact tends to O:

1

(A(8570aty” 0501)). 001" 1232 ) = 5 {ADso (887,001 ) 23 ) (1)

1
= — §<A8,(¢i(l)¢§2)),|:|go¢§3) >L2(R2,g0) JrO(l) = 0(1).

As pointed out in [48], this simple observation can also be viewed as a consequence of the
div-curl lemma in [98, 116].

4.3.3. Elliptic-wave trilinear compensated compactness.  Another type of terms arising
in (4.3) are the quasilinear terms ([, — [, )1); and (O, — Oy, )oo;. In particular, in the deriv-
ation of the transport equation, we need to show the vanishing of some trilinear terms of the
form

([0A, i — 80l O (i —v0), 0, (Vi — o)) 12(r2+1 gy)- (4.10)

It is important to observe a few consequences of the elliptic gauge condition.

e Since the metric components (v;, 5;,n;) in (3.7) all satisfy elliptic equations (see (3.9)—
(3.12)), their spatial derivatives (V~;, V5, Vn;) converge to (V~o,V 5o, Vi) locally uni-
formly, say

IV (vi =70, 8i — Bo,ni —no) | S A7 (4.11)

e Using the equations, in fact 9,;, 9,5; are also better and converge to their limits in norm. In
particular, (;, 3;) in fact converge to their limits in C'.

Using these observations, if we have, say, 7; — -y in (4.10), then we can use Calderén commut-
ator estimate (see, e.g. [108, corollary, p.309]), (4.1) and the C 1 convergence of ; to bound

[{[0A, 7 = 70] @ (i —10), 0, (i — o)) 2 (we+1,g0) | S 110 (i — o) [I72 1 — y0ller — 0.
4.12)

The difficulty thus involves n; — ng, which does not converge in C'. We consider the fol-
lowing model term:

([A,n; — no] Adi, 09 ). (4.13)

The exact form of the term here will be important. To further simplify that exposition, let us
assume that (1) A is simply a Fourier multiplier with symbol a(x, &) = m(&) independent of x,
and (2) O,,¢; (instead of [y ¢; with a variable coefficient wave operator) obeys better bound
|On¢i| < 1. Since ¢; is real-valued, we can also assume that m is even.

Denoting £ = (&,€), n = (n,1n), we use Plancherel’s identity to rewrite

(4.13) = /IR ., i { (i = no) AGjpy — A [(mi — o) i)} dx

1

=3 / (&l + & P) (1= 10) (0 = €) i (=) s (€) (m (&) — m () dE .
R2+1 xR2+!1
(4.14)
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Roughly speaking (&n|* + n,/£|*) corresponds to three derivatives, and hence contributes

to O()\i_3) in size. This is sufficient to show that (4.13) is bounded (by (4.1)). To deduce
that (4.13) actually tends to 0, observe that

e our main enemy is when n; — ng has high 7-frequency, i.e. |, — &/ is large (by (4.11)), and
e we can gain with factors of § — ) (corresponding to spatial derivatives of n; — ng) or &2 — | £ |?
or n7 — |n|* (corresponding to [, acting on ;).

Now the Fourier multiplier in (4.14) can be expressed as

In|* —n?
5:—7%

(E+n)-(E-n)

+[nf? t n
t t

+nf?

|Q|2 (& +m)=m (é""ﬂ) (§_ﬂ) +n

|2 §t2 - |§‘2 )

&=
When & — 7, is large, we use the gain in & — |¢|?, |n|? —n? or (€ — 1) to conclude that this
term behaves better than expected. S -

Finally, to remove the assumption that A and the wave operator are both constant-coefficient
(in x), we ‘freeze coefficients’ by localizing in sufficiently small balls.

We mention that in a subsequent work by Guerra—Teixeira da Costa [48], they introduced
a slightly different argument to deal with these quasilinear term. Noting again that the time-
frequency dominated part poses the most serious difficulty, they introduce frequency localiz-
ation, take an inverse O, derivative, and then integrate by parts to reveal the cancellation. In
particular, their argument avoids the computation in frequency space above.

4.3.4. The wave map structure.  Finally, notice that in (4.3), zo; appears in the [,,1); equation
and vice versa. As a result, in the derivation of the transport equation, we need to handle the
limit of a term of the form (9,(; — o), & ' (dwo,d(¥; — ¥0)) 12 (R2+1,gy)- Such a term would
correspond to a ‘cross’ microlocal defect measure between w; — wy and v¥; — ¥y. However,
because of the wave map structure, the total contribution of this type of terms would cancel in
the derivation of the transport equation for v/!

It turns out that the same phenomenon will play a role in the construction in section 6; see
section 6.2.

5. Construction of small-amplitude high-frequency spacetimes in U(1)
symmetry: multiple null dusts

In this section, we discuss our work [56] in which we construct high-frequency vacuum space-
times in an elliptic gauge under U(1) symmetry (see section 3) which converge in the limit to
solutions to the Einstein—null dust system (see remark 3.6) with a finite but arbitrary number
of families of dust.

Our construction can be viewed as a multiphase geometric optics construction. In particu-
lar, in our constructed high-frequency vacuum solutions, one sees that high-frequency waves
propagating in different directions only interact with each other very weakly. Notice that in
general multiphase geometric optics can be very complicated, with various possible phenom-
ena of resonance and high-order harmonics creation; see for instance [94]. In our case, how-
ever, we have very good control of resonance and high-order harmonics. In fact, the nonlinear
structure is sufficiently favorable that after suitable modifications of the methods, we can con-
sider the limit as the number of phases goes to infinity; see section 6.
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5.1 Construction of high-frequency space-times: the case of null dusts

The main result in [56] approximates any small, regular and local in time solution to Einstein-
null dust system in polarized U(1) symmetry

Ric,y (8) = 20,1 0,0 + Y5 (Fa)? 9uuadyta,
Dgw = 07

2(g_‘)aﬁ8auA63FA+ (DguA)FA =0, VA,
(8_1)aﬂ OautaOgua =0, VA,

5.1)

by a one parameter family of solutions to Einstein vacuum equations in polarized U(1)
symmetry

{ Ricag () =204 051, (5.2)

Ogp = 0.

The sum in (5.1) on A can be over an arbitrarily large but fixed finite set, which represents
a finite number of families of null dusts propagating in different directions.

Before we state our main theorem, we note that in the small-data regime in U(1) symmetry,
the constraint equations can be solved by specifying what we call admissible free initial data
[53, 55] consisting of (w = 3277(8,1& - 5i3i¢),¢,FA = Fpe?, MA)|{0}><]R2 under an admissib-
ility condition (see [55] for details). Here, we implicitly assume that the initial hypersurface
is maximal (i.e. with zero mean curvature). The following is the main theorem in [56], which
is given in terms of admissible free initial data:

Theorem 5.1 (H.-L., theorems 1.1 and 4.2 in [56]). Suppose (&,V@/},FA,MA
admissible free initial data set satisfying the following:

)|{0}><1R2 is an

e The level sets of us are sufficiently close to planes and uy | (0} xR? is angularly separated, i.e.
In’ € (0,1) such that

&Y (al Us, ) (8,'14,42) / 2

——e e () <1 — V(t,x) e IxR*, VA #A,. 53
|VMA1HVMA2| ( ,X) n, ( ,)C) X ) 1 7é 2 (5-3)
° 1/}, Vi, Fu are compactly supported and sufficiently small.
e A genericity condition holds for the initial data.

Then,

1. aunique solution (go, %o, (Fo)a,(to)a) to (5.1) arising from the given admissible free initial
data set exists on a time interval [0,1] in the elliptic gauge of section 3.2, and

2. there exists a one-parameter family of solutions (gx,¥) to (5.2) for X € (0, \o) (for some
Xo € R sufficiently small), which are all defined on the time interval [0,1] in the elliptic
gauge of section 3.2, such that

(gx,02) = (g0,%0) in LS and weakly in H' (5.4)
and
0gx, 00 € Liy.  uniformly in . (5.5)
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Let us make a few remarks on this theorem.

e The existence and uniqueness of the limiting solution (g, %o, (Fo)a, (#0)a) is simply a local
well-posedness result. This was proven in [55].

e The angular separation condition is used to control the interaction of null dusts propagating
in different directions (see section 5.1.1).

e The genericity condition is a technical condition to ensure that we can take initial data for
(gx, ) satisfying the orthogonality conditions necessary to solve the constraint equations
with zero mean curvature.

From now on, we denote components of g, (resp. go) in an elliptic gauge schematically by
g (resp. go). The strategy of the proof, as explained in the following subsubsections, is to
construct solutions to (5.2) in elliptic gauge of the form

¢A=¢o+2/\FACOS("7A)+1ZA, gx = g0+ 0, (5.6)
A

where we used the shorthand (Fa,u4) to denote ((Fo)a, (10)a) as in the limiting solution, and
(1x,8x) are terms which are smaller )\, which in particular morally'¢ satisfy!’

Z/\max{kfl,o} ||8kw)\||L,°°Lf 5 /\’ Z/\max{kfz,o} ||6kg||Lr°°L§ g )\2' (5.7)
k<3 k<5

The local well-posedness result in [55] a priori gives existence of solutions to (5.2) of the
form (5.6) on time intervals which are shrinking as A — 0, but we use a bootstrap argument on
the remainder (’(Z A, &) to prove that the solutions remain regular and take the form (5.6) up to
time 1.

If we manage to construct solutions to (5.2) of the form (5.6), with the error terms satisfy-
ing the bounds (5.7), then the bounds (5.5) in theorem 5.1 immediately follow and moreover
(gx,%) converges to the limiting solution (go, o) in the sense of (5.4).

Heuristically, one may think of the construction (5.6) as a superposition of Burnett’s
example in the introduction. Moreover, it can be checked that if (5.6) holds, then

ao/‘/})\aﬁlp)\

= aawoaﬁibg + ZFAFB Sin(uTA) sin(”ﬁ)@auAaﬁuB + 8(a‘¢0 ZFA sin("TA)aw)uA + 02 \)
AB A

1
= 8a¢0851/10 + 3 ZF% (1 + COS(%)) 8auA83uA + Z FAFBCOS(MAfuB )8auAaﬁuB
A AZB

+ 8(,1‘1/;0 ZFA Sin(uyA)am)uA +O0p2(N)
A
1
= Dathodgto + 5 ;FiaauAaﬂuA, (5.8)
which is why our constructed solutions to (5.2) converge to a solution to (5.1).

16 The estimates for g as stated are not what we proved, since time and spatial derivatives behave differently in an
elliptic gauge (see point (2) in section 5.1.5) and the lower order derivatives do not decay fast enough near spatial
infinity. See [56] for details.

17 Moreover, we suppressed the necessary A-independent smallness for clarity of exposition. Again, see [56] for
details.
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5.1.1. Gaining from high-frequency.  In order to justify (5.6) and (5.7), it is important that we
use the precise form of the data, and not only the bounds that they satisfy, since the regularity
of the initial data are below the threshold known for general well-posedness.

Before we proceed, we briefly review the standard mechanism behind geometric optics con-
struction, which makes use of the high-frequency parameter as a smallness parameter; we refer
the reader to [102] for a more thorough treatment of linear estimates. Since the system (5.2) is
a mixed hyperbolic-elliptic system in an elliptic gauge, we consider the model cases for both
elliptic and wave equations, for which the behavior is quite different. For the discussion below,
fix x € C2° and consider A < 1.

e When inverting an elliptic operator, say, solving A¢ = x sin(XXl), we have ¢ = O(\?). In
fact, one can obtain a more precise expansion ¢ = Zf:z Noj+ O(NT), where ¢; can be
precisely computed and is bounded in, say, a norm ZkK:O N0% ]l S 1.

e When inverting the wave operator, there is a difference depending on the direction of oscil-
lation of the inhomogeneous terms. This can already be seen on Minkowski spacetime.
Consider the Minkowskian problems:

i

O =xsin(52), Do =xsin(4), 06 =xsin(%).

It is well-known that in the first case, Z/Ij:o N[0 [|» < A, and the leading order contribu-
tion satisfies a transport equation. In contrast, in the second and third cases, the behavior is
effectively like in the elliptic case, and ¢ obeys the better estimates ZkK:O N[0 [ < A2

This already suggests that the error terms should be estimated in norms as in (5.7), where the
bounds worsen by A~! for each derivative.

Moreover, in order to exploit the above phenomena, we will need to arrange the phase
appropriately:

e First, we need that ua, us & ug etc to oscillate with frequency ~ A~! along the spatial
directions. To achieve this we exploit a rescaling symmetry for the background: observe
that if (g,1,Fa,ua) solves (5.1), then for any set of positive constants {aa fac4 € R‘;g,
(g,%,F,,uy) is also a solution to (5.1) if we define

Fy=ay'Fa, up=aus.
This rescaling allows us to ensure |V (ayuy =+ agug)|*> > 1 for phases corresponding to quad-
ratic interaction, and similar lower bounds for higher order interactions.
e We will also need that for A # B, us £ up is either oscillating in a timelike or a spacelike
direction, in order to capture the improved estimate discussed above. This cannot be arranged
by rescaling alone, but is guaranteed by the angular separation assumption (5.3).

5.1.2. First estimates for the metric coefficients.  Recall that our goal will be to prove the
estimates (5.7). We first discuss the estimates for gy: we assume the estimates for 1 (but not
that of g,) in (5.6) and (5.7), and try to derive suitable bounds for g.
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According to lemma 3.8, in the elliptic gauge, the metric components schematically satisfy
equations of the form

Agy = £(gx) [0atrds1a] + (Dg2),

1
Ago = £(80) | Dathodstho + 5 Y Fadauadsus | +(050)"
A

where £(g)[-] is some linear function of the unknown, with coefficients depending on g.

From the computations of 0,1x93%, in (5.8) above, we see that the low-frequency part of
£(gx)[0a¥20p1,] cancel exactly £(go)[0a%0051%0 + %ZA FAOqua0Ogua). Thus, assuming
that 1) — 1y satisfy (5.6) and (5.7), and introducing suitable bootstrap assumptions for g, the
equation for gy — go then schematically takes the form

A(ga —90) =3 ZF% cos 8uA8uA + Z FaFgcos ("Ai"") OupOug
A7B (5.9)
+31/JOZFAS1n 7“ auA +0(N).

In this equation, the O(1) terms have explicit expressions, and can be cancelled by introducing
an approximate solution of the form

)\2F2 MF
Z | 5 (Ouy) (Oua ) cos ( Z v A|2 o) (Dua ) sin ()
(5.10)
A2 FAFB N
Z = (0,ua) (9, up) cos (“aF™) .
|V UA :I:u A
B#A

In order to do so, we need lower bounds for |Vu,|? and |V (ua % ug)|?, which can be arranged

as explained in section 5.1.1. We can now write

Alg—go—g1)=0(}). (5.11)
In particular, the explicit form for g, and standard elliptic estimates give the rough estimate

g—90=0p(N). (5.12)

5.1.3. Need for a more precise parametrix. It turns out that the ansatz (5.6) is not precise
enough to run our argument. To see this, we derive an equation for the error ¢, by the following
computations:

0 =0y x = (Hga —Dgo) %0 Zg)\ OaupdgupFy cos (TA)
-3 (2gA DotiadsFa +DgAuAFA) sin (%) + A gy Facos (%) + Oy 0,
A A
(5.13)

where we used (1,109 = 0 = [, 1. Equation (5.13) can be viewed as an equation for (g, 1%,
which can be used to estimate ).
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We first note that the (g, — [, )10 term, the ZA(2g§ﬁ8auA85FA + g, uaFa)sin(%)
term and the A}, [J,, Facos(%) term all satisfy Zf:o M|k - || 2 < A For the first term,
this is due to (5.12), for the second term, this is due to the transport equation for Fs in (5.1)
(together with (5.12)); for the final term, this is due to the extra A present. These estimates are
already sufficient for proving the wave estimate (i.e. the first bound) in (5.7).

Thus the main error term in (5.13) is the second term on the right-hand side. Recalling
that ua satisfies the eikonal equation with respect to the metric gy, i.e. gg A OqutaOgug =0
(see (5.1)), we can write

1 1
Xg(;ﬂ(‘)auAaguA =3 (giﬁ —ggﬁ) O ttaOpua. (5.14)
If we only have (5.12), then the term (5.14) is O;2(1), which only gives the |9ty [|;2 < 1, and
is in turn too weak to justify (5.9).

5.1.4. Improved parametrix. ~ Due to considerations outlined above, we need a more precise
parametrix than (5.6). Instead, we further expand ) as follows:

Ya =10+ Z/\FAcos (%) + Z/\zfrA sin (%)

A A
0 . (5.15)
+E Ang)cos(—ziA)—F E )\ng)sin(L;‘\A)—k&\,
A A

where Fy, F 1&2) and F S) are O(1) terms which are defined to satisfy suitable transport equations,
and £y is an error term which satisfies the even better estimate Y, s A" =1 GAE || oo 2 <
A2,

The key point here is that (5.15) is sufficiently precise to keep track of the O(\) contribution
in A(gx — go — g1) in (5.11), and show that they are in fact also of high-frequency. As a result,
we can obtain a more accurate the approximate solution for g, by introducing a g, term (in
a similar manner as (5.10)) with size Z,’;O N[0 ga ||y < A3 so that A(gy —go — g1 — g2) =
0;2(A\?). As a result, we obtain gy — go = O(\?), which is sufficient to handle the difficult
term (5.14).

Let us note that in order to justify the parametrix in (5.15), we in turn need to be more
precise with the O(\) error terms in the equation (5.13) (i.e. terms such as ((,, — g )t0). In
particular, we need to define F As ?f) and I?"S) suitably to cancel with these error terms.

Finally, notice that the extra terms in (5.15) are high frequency terms that only involve the
phases ua, 2us and 3ua. These terms correspond to either linear terms in the high-frequency
source or terms representing (quadratic or cubic) parallel interactions. The reason that we do
not need to keep track of high-frequency terms e.g. with a phase 1, + ug with A #~ B is because
these phases oscillate either in the timelike or in the spacelike direction, so that the output is
better according to considerations in section 5.1.1. In particular, these terms are O(\*) (instead
of O()\?)) and can be considered as part of €.

5.1.5. Additional technical issues.  We end with two more technical difficulties that arise in
the proof.

1. (Coupling between various terms) It should be emphasized that in the bootstrap argument,
not only the main error terms gy — go — g1 — g2 and &, couple. In fact, the way the para-
matrix is defined dictates that the estimates for these also have to be coupled with that of
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g2 and Fa.In particular, we need to contend with a potential loss of derivatives. (In fact,
for related reasons, it would seem difficult to obtain a parametrix which is more precise
than (5.15).)

2. (Time derivative of the metric coefficients) Another difficulty comes from estimating J,g:
the O, derivatives of the metric components are worse than the spatial derivatives because the
metric components solve spatial elliptic equations on fixed time slices. Here, it is important
that the O, derivatives of some specific components behave better (cf the structure used in
section 4.3.3). Moreover, there is an importgnt cancellation coming from the two uncon-
trollable terms 0;(gx — go — g1 — g2) and O Fa.

6. Construction of small-amplitude high-frequency spacetimes in U(1)
symmetry: from null dusts to massless Viasov

While we constructed a large class of high-frequency vacuum spacetimes which limit to solu-
tions to the Einstein—null dust system (see section 5), conjecture 1.2 is not restricted to the
Einstein—null dust system. In this section, we discuss ongoing work in which we construct
examples where the limiting spacetimes are more general solutions to the Einstein—massless
Vlasov system. In particular, in the notations of definition 3.4, v is now allowed to be abso-
lutely continuous with respect to the Lebesgue measure.

Our goal now is to construct, in the (2 + 1)-dimensional space [0, 1] x R?, a sequence of
solutions (g;,v;, ;) to (recall (3.2))

Oyt 4 e *¢~! (dw,dw) =0,
Oy —4g~ ! (dw,dy) =0, (6.1)
Ric,,, (g) =209 0,0 + %e_wauw 0, @

which converges to (go, %0, @o ), Where (g0, %0, @0, {f(w),u(w)},est) is a solution to
Ogtp + %e*‘“"g*1 (dew,dw) =0,
O, —4g~! (dow,dy)) =0,

Ric,,, (8) =20, 0,0 + Je ™0, wd,w+ [ f*(t,x,w)0pu(t,x,w)Oyu(tx,w) dm(w),
Sl
2 (gfl)aﬁ Oaudpf + (Leu)f =0 VYwe S,

(g_l)aﬁaauaﬁuzQ =x-W,31u‘{t:0} >0, VYwesS!,

u‘{z:O}
(6.2)

where dm(w) is a fixed probability measure on S!. In what follows, we denote U = (1), ) and
<8aU, 85U> = 8,@851/} + %e_‘waawagw.

Here, in (6.2), we consider a specific class of solutions to the Einstein—Vlasov system,
where the cotangent bundle can be parametrized by {du(w)},cg so that the connection to
the Einstein—null dust system (see section 5) is more transparent. In particular, this paramet-
rization allows for Vlasov field which is absolutely continuous with respect to the Lebesgue
measure. Notice that the systems (6.1) and (6.2) in (2 + 1)-dimensions arise, respectively,
as reductions of the Einstein vacuum equations and the Einstein—massless Vlasov system in
(3 + 1) dimensions under U(1) symmetry.

We now give a rough statement of our main theorem. As in theorem 5.1, we state the theorem
in terms of admissible free initial data, where suitable modifications need to be adapted in this
setting. As before, we assume that the initial hypersurface is maximal.
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Theorem 6.1 (H.-L., to appear). Suppose (1, Vi), 0, Vo, {(w)}west, {u(w)}wesl)‘{O}X]Rz
is an admissible free initial data set satisfying the following:

o The level sets of u(w) are chosen to be planes with angle w to the y-axis in the sense that
Vu(w) = (cosw, sinw).

o (), V1,50, Vo, {flw) }wes ) are compactly supported and sufficiently small.

e A genericity condition holds.

Then

1. a unique solution (go,%0,w0, {fo(w)}west, {#o(w)}wes) 10 (6.2) arising from the given
admissible free initial data set exists on a time interval [0,1] in the elliptic gauge of
section 3.2, and

2. there exists a sequence of solutions {(g;, Vi, w;)}s2, to (6.1), which are all defined on the

time interval [0, 1] in the elliptic gauge of section 3.2, such that

(gisi, @) — (g0,%0,@0)  in LS and weakly in H' (6.3)
and
Dgi, 0\ € L}, uniformly ini € N. (6.4)

Notice that theorem 6.1 simultaneously generalizes theorem 5.1 in two ways: in addition to
allowing for more general Vlasov field, we remove the polarization assumption and allow for
general U(1)-symmetric solutions so that we deal with a (2 4 1)-dimensional Einstein-wave
map system (see remark 3.3).

Some comments about the basic strategy of the proof of theorem 6.1 are in order.

e The strategy of the proof consists of two steps. First, we approximate the solution to the
Einstein—massless Vlasov system by a sequence of solutions to Einstein—null dust system
(see section 6.1), where the number of families of dust — co. We then use a construction
similar to that in section 5 to approximate solutions to the Einstein—null dust system by
solutions to (3.2) (see section 6.2).

e However, we emphasize that theorem 6.1 does not follow from theorem 5.1. Indeed, in the-
orem 5.1, as the number of families of dust NV increases, we required more stringent smallness
assumption. As a result, we cannot directly pass to the N — oo limit in theorem 5.1.

e To carry out the proof, we track the dependence on N (the number of families of dust) in the
argument [56]. We then need a modification of the argument so that ¢, the size of (g, U, f, u),
is independent of % However, we will assume that A is small compared to some function of
N to obtain extra smallness.

6.1. Approximation of a Vlasov field by null dusts

Using that the set of convex combinations of Dirac measures is weak-* dense in the set of all
probability measures, we construct a particular weak-* approximating sequence as follows. Let
m be a given probability measure on S! =R /(27 Z). Forall Ne N, and A =0, 1,...,N— 1,
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we can find N separated points ng) = ;2. €S!, and N coefficients oM = m([525, AEL))

(with J&N) >0and ZX;(I) al(,‘N) = 1) such that

N—1
S ooy Som, (6.5)
A=0

in the weak-* topology as N — oo. To approach (6.2) by N dusts, we consider the initial data
for (6.2) (v, 0pp, F¥ (w), F* (w)). We then solve the coupled system

Ricy. (0) =20,0.0.0)+ £ ()" + 55 (5)* ) Qs

Oy + s g (dw,dw) =0,

Oy —4g™ ' (dw,dy) =0,

2(s7)*’ BaurdsFY + (Coua) FY + e (67 Oao DpuaFF =0,

2(s7)" 0uurdsFF + (Dous) FF — 4 ()" Oaw 0susFy —4(g7)*" 8at) OpusFF =0,
(gil)aﬁ OattaOgup = 0.

(6.6)

1
where we have dropped the subscript N and denoted uay = u(wa) and Ff’w =0 V% (wa).
Notice that in (6.6), instead of having a single transport equation for the null dust as
in (5.1), we have introduced a decomposition of the density of the null dust as F?, =
et

2 2 : ) w : :
(Fy)” + %4~ (FF )", and the two transport equations for F,, and Fg in (6.6) implies the fol-
lowing transport equation:

2 (g_l)aﬁ 8QMA85FA + (DguA)FA =0.

The importance of this decomposition will become clear in the next section.

We consider solutions to (6.6) with high regularity. Using a compactness argument, we can
show the convergence of a subsequence towards a solution of (6.2) as N — oo. It thus remains
to approximate solutions to (6.6) by solutions to (6.1)

6.2. Parametrix for i) and w

In order to approach a solution of (6.6) by solutions to (6.1), we show the existence of solutions
to (6.1) of the form

1/J,\=d}o+¥/\chos (MTA) —HZ, Wy :wo-l—zA:)\chos (MTA) +, gx=do+ 0,

6.7)

where 1), %, g are O(A2).
The construction is similar to the one explained in section 5. In particular, we need a more
precise parametrix than (6.7) in order to capture nonlinear interactions in parallel directions

(see section 5.1.4). Here, we point out a few new difficulties corresponding to the N — oo
limit.

e There is already a difficulty to obtain a local existence result, even on a time interval
depending on ), for initial data consistent with (6.7). Indeed, due to the globality (in space)
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of the elliptic estimates for the metric components, local existence requires a smallness
assumption, and a straightforward extension'® of the results in [55] would require small-
ness for ||0t|| = and ||@w|| . On the other hand, for the main high-frequency term in
S F{Ouy cos (), since we only have smallness for (3", |Fi|?+|FF[*)? but not for
S A(FL P +|FF|), it is unclear that [|9¢)|| o and ||z || - are small. Nonetheless, almost
orthogonality of the high-frequency phases allows one to conclude that |04 ||+ is small when
A is sufficiently large with respect to N (compare (6.4) with (5.5)). Because of this, we need
to use the more recent improved local existence result by Touati [119] (see Remark 3.10).

e A lot of terms in our construction can only be estimated with large constants that grow with
N. As a result, the corresponding O()\?) terms in section 5 are now only required to obey an
N-dependent bound \?e*()’, where A(N) grows polynomially in N.

e A priori, one potential danger would be that error terms of size \2e*(")* arise from nonlinear
interactions, i.e. the N dependence becomes worse for nonlinear interactions. It turns out
that this does not occur since the extra exponential growth in N can be compensated by
additional factors of \. However, in order to achieve this, we need to work with phases 1,
in the parametrix that solve the eikonal equation for the perturbed metric g, instead of that
for the background metric go.

e In order to control the u, satisfying the true eikonal equation, it will be useful to control the
corresponding null second fundamental form o = U, ua using the Raychaudhuri equation.
To carry out the estimates, a parametrix decomposition has to be introduced, both for u, and
XA-

Finally, there is also an additional difficulty coming from consider the general (instead of
polarized) U(1) symmetry:

e The presence of the semilinear nonlinear terms on the right-hand side in the wave equations
for ¢ and w requires us to modify our ansatz. The transport equations satisfied by FK and
FZ in (6.6) are exactly designed so that the zeroth order terms (in powers of \) to vanish.
Similar adaptations are also necessary at higher order. Importantly, thanks to the null form,
no harmonics are generated at the first order.

7. High-frequency spacetimes in generalized wave coordinates

In this section, we consider high-frequency spacetimes in generalized wave coordinates.

Definition 7.1. Let n > 2. We say that (M"*+! g) satisfies the generalized wave coordinates
condition if

gy, =HY, VYa. (7.1)

In the special case that H* = 0, we call (7.1) the wave coordinates condition.

18 We recall that strictly speaking [55] only applies to the polarized case, though the proof carries over to the non-
polarized case.
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The Einstein vacuum equations in generalized wave coordinates can be written
Dggm/ :Zw/(agaag) —|—g(ﬂ|p8‘y)H", (7.2)

and therefore takes the form of a system of quasilinear wave equations.

Itis well-known, particularly due to the work of Lindblad—Rodnianski [79, 80] on the global
stability of Minkowski spacetime in wave coordinates, that the nonlinearity has a special weak
null structure, which is weaker than the classical null condition, but is still much more special
than generic quadratic derivative nonlinearities. This particular structure—both the presence of
a weak null structure and the failure of the classical null condition—is important for Burnett’s
conjecture.

71. Burnett's conjecture in generalized wave coordinates

In order to simplify the exposition, we focus on the case where the wave coordinate condition
holds, i.e. when H* = 0 Vacin (7.1). The theorem easily generalizes to the case where H¥ —
HJ is a suitably strong (but still weaker than C') topology; see [58] for details.

Theorem 7.2 (H.—L. [58]). Burnett’s conjecture (with high frequency condition (1.3) for K =2)
holds if we assume in addition that the wave coordinate condition holds for gy and for g; for
alli> 1.

As for Burnett’s conjecture in elliptic gauge under U(1) symmetry (see section 4), the proof
of the theorem gives a precise description of the massless Vlasov field in the limit, which is
related to a suitably defined microlocal defect measure. Also as in section 4, the key to the-
orem 7.2 is the precise structure of the linear and nonlinear terms. From the work of Lindblad—
Rodnianski [79], it is known that the nonlinear terms in the Ricci curvature tensor in wave
coordinates do not satisfy the classical null condition. In fact, the terms which fail the null
condition can be identified:

1~ 1
Ric,, () = _EDgg“V + EP’“' (g) (Og,0g) + terms satisfying null condition,
where
Iig‘];w = gaﬂaiﬁq;wv (73)
and
. L aar 88’ l o’ 88’
Puy (g) (8p, 36]) = Zg 8,upo¢a’g 3yqﬁ5/ — Eg 8upaﬁg &,qa/ﬁ/ . (74)

In order to prove theorem 7.2, we need the linear and nonlinear structures of Ric,,,,(g0) —
Ric,,., (g):
Lemma 7.3. Define h; = g; — go. Assume that

1. the wave coordinates condition holds g; and g,
2. gi, 8o, g;l .80 U and their first derivatives are uniformly bounded, and

3. g;l —ggl = 0i500(1).
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Then

. . | 1
Ricyuv (80) = Ricyw (81) + 5 U, (i) 1 — 580 837 (hi) o0 025 (h v~ 5 Luv (80) (Ohi)
1
- EPW (go) (Oh;, Oh;) 4 quadratic terms in Oh; satisfying null condition
+0i00 (1) )
(7.5)
where ﬁgo and P, are as in (7.3) and (7.4), respectively, and the linear term L,,,, is given by

L,,(80)(0h) = 483"T,% (,41(80) 0o hyya + D7) (80) 9y oo (7.6)

and

D57 (g0) = 85”857 (20,(80) 5 — 9,u(80) 3)- (7.7)
Using the structure of the equation in lemma 7.3, it is not difficult to see that the limiting
Ricci curvature tensor must take the following form:

Proposition 74. Ric,,,(go) is given by

/ Ric,w, (80) dVol, = / e bdn, Vb € C2 (M),
M S* M

where

ap Bo [ 1 1
H=8p pgg (4,Up,6’o<a - Sﬂpaﬂa) ) (7.8)

and |iagpc are the microlocal defect measure defined (similarly as proposition 4.5) so that
(after passing to a subsequence)

<6 ( )aﬁ’Aaé( >J>L2_> aduaﬂpo’
S*R3+l

for any zeroth order pseudodifferential operator A with principal symbol a.

Proof. This proposition amounts to computing the weak limit of the right-hand side of (7.5).
First, notice that by assumption, Ric,,, (gi) = 0. Next, note that a similar argument as in (1.5)
and (1.6) shows that the terms satisfying the null condition do not contribute to the limit. It
thus suffices to consider terms written out in (7 5).

For the four remaining terms, notice that 0, (h;),.,, and 3L, (g0)(dh;) are both linear in
h; and/or its derivatives, and thus have weak 11m1t =0.

For the quasilinear term, we observe that

85 80" (1) 150 025 (i) .,

’ ’ ’ ’ (79)
— 0 (85785 ()0 03 (1), ) + 88857 D ()50 93 (i), + 0 (1),
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where we have used (1.3). Now the first term in (7.9) is a total derivative of an o(1) term, which
tends to 0 weakly. For the second term, we note that the wave coordinate condition allows us
to rewrite it as

1 aa’ !
Eg() gOIBB aﬁ,(hl)(ya’aﬁ (hi)uy+0(l)ﬂ

so that the first term contains an exact null form which therefore has a vanishing weak limit!
It thus follows that the only possibly non-zero limit comes from the term %PW (g0)(Oh;, 0h;)
in (7.5). The definition of i exactly captures the contribution of this term. 0

Just as in theorem 4.1, the most difficult part of Burnett’s conjecture is therefore the fol-
lowing transport equation for p:

Theorem 7.5. The following holds for u defined in (7.8):
| A s.a) an=oa
S*M

Combining proposition 7.4 and theorem 7.5 then yields theorem 7.2 (cf the U(1)-symmetric
case in definition 3.4).

It must be emphasized that the proof of theorem 7.5 strongly relies on the fact we are con-
sidering 4 in theorem 7.5. The analogous statement is not expected to hold for each individual
HaBpo as We have used cancellations coming from the combination in (7.8); cf section 4.3.4.

The starting point of the proof of theorem 7.5 is an ‘energy estimate’ type computation in
the spirit of section 4.3.1, which gives the following propagation equation for p:

v ~ 1 v ~ aa/ ! o Dt, ’
/s*]RHl{gg Euév,a(x,6)} dM:Z/S*RHIgg &va (x,&) O (Zgo ggﬁ _goﬁgo 8 )dﬂaﬂafﬁl

1 . aa/ !’ o a/ !’ ~
+§,-1320<(2g° 8" — 80 g B)8f(hi)a57ADgo(hi)a’B’>'
(7.10)

The proof of theorem 7.5 now boils down to showing that the right-hand side of (7.10) = 0. This
is again a compensated compactness type argument: we plug in the equation for U, (hi)ag/ from
lemma 7.3 (with Ric(g;) = 0, Vi > 1) and investigate each term.

1. Since Ric(go) is smooth and i-independent, its contribution = 0 using that J;(h;i)as — 0 weakly.

2. The linear term L, in (7.5) can be computed exactly using the microlocal defect measures. It turns
out that there is an algebraic cancellation where the contribution from L,,,, cancels exactly the first
term on the right-hand side of (7.10).

3. For the terms involving null forms, we show that none of them contribute to the limit. For Qp, this
can be achieved by a simple integration by parts argument as in section 4.3.2. For Q.3, we use the
trilinear normal form estimates of lonescu—Pasauder [61] (introduced in their proof of the stability of
Minkowski spacetime for the Einstein—Klein—Gordon system).
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4. For the term P which fails the classical null condition, there is a hidden null structure in the trilinear
term which can be revealed after integration by parts:

<g3“’g5‘*’& (h)rsr A (867 857 Do (1) 05 ()11 ) )
01 ) 00,00
(s g™ (a)A*(h,»)a,B,),gé"/gé’”/@t(hi)paaﬁ(h”)p’o’>
~ (s 5’3’Qra (A7 ) (), ) 1887 857 05 (1) 1 ) +0(1)
(

568 0 (4 ) )87 557 0500101 o),

where in the second step, we swapped the 0; and 0., derivative at the expense of a null form; in the
third step, we used the wave coordinate condition. Finally, since all these terms consist of null forms,
they vanish in the limit.

5. Finally, for the quasilinear term gg”/gg” (hi)p 8 1y, (hi)a g, we first observe that the main diffi-
culty arises when (%;),.,, has high frequency and that the frequency lives near the light cone of go:

o If (i), has low frequency, then we integrate by parts and use Calderén commutator estimates to
force a derivative to act on (h;) .. Since (h;) .. has low frequency, this leads to an improvement.

o If (h;), has high frequency, but the frequency lives away from the light cone, then we use that
we have estimates for Ug /; (because of the Einstein equation) and that Ug, is elliptic for such a
frequency regime.

We thus concentrate to the high-frequency regime near the light cone. We can write the frequency
localized part as a total &, derivative, i.e. ()t ' = 9 () v, where S X @)l S AlFo
and ||, &2 < A’ for some b € (1, 1). Integrating by parts, we obtain
(56807 01 (i) A (857 867 00 (81) 1, s (i) ) )
= (5720 0y () A (" 28 By (8),0, O () s ))

+ (858 01 () (gg*“gs“QW (80,0007 ) or50)))
:%<gga/ggﬁa (i) A (85 86" 00 (8,100 G2 (h) ) ) 7.11)
+<g3°"gé’ () A (88" 6" Qun ((8),02000 (h)50) ) ) 0(1)
<

gh g8 8 0 (1) s Qo((8) 7 D))

(et 5 65 85 024" )as, Ot ((8)yas B (i)ars ) ) + (1),

where in the first step we exchanged 0, and 0,,+ at the expense of a null form, in the second step we
used that the wave coordinate condition for & 1mphes a good bound for H(go)(a{’) and in the third

step we noted that the commutation of A* with gi* g6 B 0y and gh" 20" 5 B! Oy are in
Tl As before, we have thus obtained null forms in every term.

See [58] for details of the proof.
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72. The geometric optics approximation with one phase

In [120], Touati considered the geometric optics solutions with one phase in generalized wave coordinates
in (3 4 1)-dimensions. This could be thought of as an analogue of the results in section 5, without any
symmetry assumptions, but restricted only to one phase.
More precisely, Touati showed in [120] the existence of solutions to Einstein vacuum equations in
generalized wave coordinates (7.2) of the schematic form
]

g =go+ g (T) +28x,

where go is a metric in wave coordinates and is a small-data solution to Einstein-null dust equation:
Ric,, = Fg@uuo&,uo

gal (duo,dup) =0 (7.12)
2g8‘ﬂ3au085F0 + Ogouo = 0.

The tensor g () is given by cos () F{)with

g (auquglg - %agqu;B) =0, (7.13)
L 1) 1 N\? _ 2
SIF VL = 1 (m V) = F, (7.14)
20%upDa F'L) + (Ogyuo) L) =0. (7.15)

This ansatz correspond to the one which was formally computed by Choquet—-Bruhat in [22]. The proof
of Touati is based on the following elements.

e As in [56], one needs a more precise expansion than is given above, and there is a need to go up to
second order in the ansatz.

e The proof uses generalized wave coordinates, where H* in (7.1) is O(\) small but not zero. The choice
of relies on the polarization condition (7.13) and is used to absorb the unwanted harmonics. The fact
that this is possible is in some sense a similar aspect as the elliptic equations satisfied by the metric
coefficients in U(1) symmetry.

e There is an apparent loss of derivative in the construction of the high-frequency ansatz, due to the
quasilinear nature of Einstein equations, which was dealt with using a clever frequency cutoff.

e [t can already be seen in the first order ansatz that F' () should satisfy both a polarization condi-
tion (7.13) and a transport equation (7.15). The fact that they are compatible is a computation, already
present in [22]. Similar conditions are present for the second order ansatz. The compatibility of these
conditions, intractable by computation, is proved using the Bianchi identities.

e The high-frequency ansatz, with terms satisfying transport equations, and the used of generalized wave
coordinate condition require a special construction of the initial data. This is done in [122].

73. Superposition of high frequency waves

This geometric optic construction have been extended by Touati in the very recent work [123] to construct
exact solutions to Einstein vacuum equations which can be written as a superposition of high-frequency
waves

gr=2g0 +)\ZCOS (uTA) FX) +2x,
A
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This is an analogue of the result in [56], but now without any symmetry assumptions. The fact that high
frequency waves propagating in different null direction produce only a quadratic error in A is not a priori
straightforward and is again a manifestation of the structure of the nonlinearity in Einstein equations.

8. Future directions and open problems

8.1. Alternative characterizations of limit spacetimes

Burnett’s conjecture (conjecture 1.1) is phrased in terms of a massless Vlasov field that is yet to be
determined. In practice, in all the known results that we have surveyed, there is a natural candidate for the
massless Vlasov field, which is a microlocal defect measure associated with the failure of convergence.
Nevertheless, it could be useful to find a characterization of the limit spacetime in terms of the metric
itself.

Problem 8.1. Given a smooth metric g with an Einstein tensor G(g) = Ric(g) — 3Rg which is non-
negative definite (i.e. G(X,X) > 0 for any vector X) and trace-free. Find suitable criteria to determine
whether g can be viewed as a solution to the Einstein—massless Vlasov system after introducing a mass-
less Vlasov field.

8.2. Analogue of Burnett’s conjecture in lower regularity

In (1.3), uniform pointwise estimates are assumed for the derivative of the metric, and even though second
derivatives are allowed to grow, they are assumed to grow in a particular fashion with good pointwise
control. However, the question in conjecture 1.1 already makes sense for g; — g in C° and weakly in H'.
It is of interest to understand whether the Burnett conjecture continues to hold with the weaker notion of
convergence.

Problem 8.2. Does the Burnett conjecture still hold if we only assume g; — g in C° and weakly in H'?

The question in problem 8.2 has an affirmative answer in the setting of angularly regular spacetimes;
see section 2. However, other results (theorems 4.1 and 7.2) rely on stronger assumptions. Weak con-
vergence in H' can be thought of as natural for two reasons: (1) it is the weakest known regularity for
a notion of weak solution to make sense [41], and (2) weak convergence in H +€ fore >0 immediately
implies that the limit is also vacuum (and hence the Burnett conjecture becomes trivial); see section 1.2.

Concerning problem 8.2, one can in fact already ask a simpler question in the setting of wave maps.

Problem 8.3. Let d =2,3 and (/) be a Riemannian manifold. Suppose {®;}{2, is a sequence of
smooth wave maps ®; : R“*! — A/ such that ®; converges to a limiting smooth map & : R**! — A/ in
C° and weakly in H'. Does a suitably-defined microlocal defect measure characterizing the convergence
satisfies the massless Vlasov equation? If the answer is negative, it would also be of interest to understand
the exact regularity threshold for the failure.

8.3. Issue of gauge

In all the formulations above, a specific gauge is fixed. It is of interest to understand whether any of the
results can be formulated in a gauge-independent manner. A simpler question would be to understand
whether the conclusion of Burnett’s conjecture still holds after ‘high-frequency gauge transformation.’

Problem 8.4. Is the Burnett conjecture gauge dependent? In particular, given a sequence of solution
(M, gi) to the Einstein vacuum equations, and assume that g; — go according to (1.3) for some g¢ sat-
isfying the Einstein—massless Vlasov system (with a suitable Vlasov field). Introduce a sequence of new
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coordinates {y®}s2, such that with respect to the original coordinates {x°} the following bounds are
satisfied:

oy}
Oxb

%2
<\, ‘7' <1.
~ OxPOXB" |~

_55

Is the limit in the new coordinates still a solution to the Einstein—massless Vlasov system?

8.4. Global solutions

The constructions concerning conjecture 1.2 in this survey are all local-in-time results. (The only known
global constructions require T? symmetry, see section 1.3.1.) In view of the known results on the sta-
bility of Minkowski spacetime both in vacuum'® [26, 80] and for the Einstein—massless Vlasov system
[13, 117], one may expect it to be possible to construct global examples, at least in a neighborhood of
Minkowski spacetime.

Problem 8.5. Construct a family of global (in the sense of geodesically complete) vacuum spacetimes
in a neighborhood of Minkowski spacetime with high-frequency oscillations so that the limit corresponds
to a global spacetime satisfying the Einstein—massless Vlasov system.

Perhaps the simplest global constructions could come from outgoing high-frequency pulses construc-
ted in a similar manner as in the semi-linear problem considered in [121]. Near null infinity, one may
consider these outgoing high-frequency pulses in a double null coordinate gauge; for this, the ideas in
[4] on semi-global impulsive gravitational waves may be relevant.

8.5. Large solutions

The only construction that we have which allows for large data is in the angularly regular setting of
section 2. In particular, the constructions discussed in Sections 5, 6 and 7.2 all used that the solutions
are close to Minkowski. Notice that in the U(1) setting, because of our use of an elliptic gauge, small-
ness is required even for local existence of smooth solution. It would be interesting to carry out these
constructions without smallness assumptions:

Problem 8.6. Construct local high-frequency solutions as in sections 5, 6 and 7.2 but such that the
limiting solution is far away from Minkowski spacetime.

8.6. Geometric optics for infinite number of families of null dusts without symmetry

A natural problem that arises from Touati’s work [123] (see section 7.3) is to extend the results in [123]
to geometric optics solutions with an infinite number of phases. This can be viewed as an analogue of
the results in section 6 so that the limiting spacetime has a Vlasov field which is absolutely continuous
with respect to the Lebesgue measure, but in (3 + 1)-dimensions without symmetry assumptions.

Problem 8.7. Construct geometric optics solutions to the Einstein vacuum equations (in (3 4 1) dimen-
sions without any symmetry) with infinitely many phases so that the high-frequency limit corresponds to
solutions to the Einstein—massless Vlasov system where the Vlasov field is absolutely continuous with
respect to the Lebesgue measure.

19 Related to the constructions in U(1), we also note that the stability of Minkowski spacetime in vacuum is known
under U(1) symmetry [54], despite the data being not asymptotically flat when viewed as data in 3 + 1 dimensions.
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8.7 Geometric optics beyond caustics

All the constructions so far rely on geometric optics type constructions where that the null hypersurfaces
remain well-controlled. It would be very interesting to go beyond this and to study geometric optics
beyond caustics in the nonlinear setting:

Problem 8.8. Construct high-frequency geometric optics type solutions to the Einstein vacuum
equations beyond caustics.

See [37, 52, 85, 93] for this type of constructions for linear equations. The corresponding nonlinear
theory is much less developed, and appears quite far to be applicable to the Einstein equations, but we
refer the reader to [20, 60, 66] for some related results.

8.8. Burnett’s conjecture from the initial data point of view

While Burnett’s conjecture is primarily about the dynamics of the Einstein equations, one can also con-
sider the question on a fixed spacelike hypersurface, and ask about the behavior of high-frequency limits
of solutions to the constraint equations. This could be slightly simpler since the constraint equations can
be thought of as being elliptic.

More precisely, consider a sequence {(2:,k;)}£2, (where g; are Riemannian metrics and k; are sym-
metric covariant 2-tensors) satisfying the vacuum constraint equations

R (g’,) - |]A(,|§,I + trgllAci =0 @jiczj — @gtrg,]}i =0, (8.1)

where R denotes the scalar curvature, V denotes the Levi—Civita connection of gi and indices are raised
with respect to g;. We would like to understand the following problem:

Problem 8.9. Classify all limits of suitable ‘high-frequency solutions’ ( g,»,l},») to (8.1).

Already one can ask the question when ki =0 for every i € N. In this case, the constraint
equations (8.1) reduce to simply R(g;) = 0. It is known by the works of Gromov [46] and Bamler [8] that
even if g; only has a C° limit 8o, the limit must satisfy R(go) > 0. This is consistent with conjecture 1.1
as the limit must satisfy the weak energy condition. In the spirit of conjecture 1.2, one may also ask
whether all non-negative scalar curvature metrics arise as C° limits of scalar-flat metrics. For this, we
refer the reader to a related result of Lohkamp [81, Theorem B] which shows that the set of metrics with
non-positive scalar curvature is C°-dense in the set of all metrics. This may motivative the following
conjecture:

Conjecture 8.10. Let M be a manifold of dimension > 3. Suppose gy is a smooth metric on M with
R(80) = 0. Then there exists a sequence of smooth metrics {g;};2; on M with R(g;) = 0 that converge
to go in C?OC.

8.9. From Einstein-massless Vlasov back to Einstein vacuum

One interesting prospect of the questions surrounding the Burnett conjecture is the possibility of under-
standing the vacuum equations using

e information about the Einstein—massless Vlasov system, and
e the bridge between the Einstein vacuum system and the Einstein—massless Vlasov system via the
Burnett conjecture.

This is particularly useful when the situation is considerably simpler with a Vlasov field, possibly because
one can impose spherical symmetry or because some explicit computations can be done. We give a
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few examples below: section 8.9.1 is an example that is already discussed in [89], while sections 8.9.2
and 8.9.3 are some possible future directions.

8.9.1. Formation of trapped surfaces. The celebrated incompleteness theorem of Penrose [100]
shows that the presence of trapped surfaces, together with suitable energy conditions of the matter field
and non-compactness of initial data, must imply that the maximal Cauchy development of the initial
data is geodesically incomplete. However, the theorem of Penrose does not address the question of the
dynamical formation of trapped surfaces. This was particularly difficult in the vacuum case, where
spherical symmetry cannot be imposed (because of Birkhoff’s theorem), and one is forced to deal with
a long-time, large-data regime for the Einstein vacuum equations outside symmetry. This problem was
finally resolved in the monumental work of Christodoulou [25], in which he constructed spacetimes in
which a ‘short pulse’ of gravitational waves focus to create a trapped surface. Here, the short pulse data
is concentrated on a short length scale of size §. In the proof, Christodoulou made use of the short length
scale to propagate a hierarchy of J-dependent estimates so that the estimates can be closed despite the
solution being in a large-data regime.

As was pointed out in [89], in the § — O limit, the construction of Christodoulou coincides with
the dynamical trapped surface formation scenario with a null dust shell. While the limiting procedure
requires hard analysis to justify (and needs the estimates in [25]), the trapped surface formation mech-
anism in the null dust shell case is much easier to understand, and provides a simpler conceptual model
for Christodoulou’s construction.

8.9.2. Instability of anti-de Sitter spacetime.  The anti-de Sitter spacetime is a vacuum solution
to the Einstein equations with a negative cosmological constant. It is conjectured [28] to be unstable
under reflective boundary conditions, and this has been studied heuristically and numerically [14]. (Note,
however, that it is expected to be globally nonlinear asymptotically stable under dissipative boundary
condition [51].)

The instability of the anti-de Sitter spacetime for the Einstein vacuum equations is still at present out
of reach. However, in a recent breakthrough [97], Moschidis proved that the anti-de Sitter spacetime is
unstable to trapped surface formation for the Einstein—massless Vlasov system. (See also [96] for results
on the null dust model with an inner mirror).

Given the relation between the Einstein vacuum equations and the Einstein—massless Vlasov system
as proposed by Burnett’s conjectures, it is natural to ask to what extent [97] sheds light on the instability
problem for the anti-de Sitter spacetime in vacuum. (Notice that there is an obvious issue to directly
apply the results [97] here, namely that the proof in [97] relies on a well-posedness result in a very weak
topology, which is only expected to hold in spherical symmetry.)

8.9.3. Gravitational geons and static solutions to the Einstein-massless Vlasov system.
Another class of interesting solutions to the Einstein—massless Vlasov system are static solutions which
neither disperse nor collapse into a black hole. These solutions have been constructed in spherical sym-
metry in [3]. On the other hand, this kind of static solutions are not expected to exist in vacuum. In
view of Burnett’s conjectures, it is of interest to construct high-frequency vacuum solutions that weakly
approximate these static solutions, at least for a long time. This is related to the gravitational geons of
Brill-Hartle [17], where high-frequency gravitational waves propagate in a confined region on a back-
ground geometry, which is created by the effective stress—energy—momentum of the waves themselves.
See also [2, 124].
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8.10. Non-vacuum solutions

So far we have only discussed the high-frequency limit of vacuum solutions. It is natural to study some
analogue of Burnett’s question when matter fields are present:

Problem 8.11. For suitable physical matter models, characterize the high-frequency limits of solutions
to the Einstein—matter system.

There are a few sub-problems that concerning problem 8.11. One may first want to study the high-
frequency limits of solutions to the Einstein—massless Vlasov system, as they naturally arise as limits of
vacuum solutions.

Problem 8.12. Do high-frequency limits of solutions to the Einstein—massless Vlasov system neces-
sarily solve the Einstein—massless Vlasov system?

Put differently, is the set of solutions to the Einstein—massless Vlasov system weakly closed? This
seems natural to expect if indeed solutions to the Einstein—massless Vlasov system exhaust all possible
weak limits of vacuum solutions as suggested by conjectures 1.1 and 1.2.

As for coupling with other matter fields, perhaps one could distinguish between matter fields which
propagate at the speed of light (such as Maxwell field, scalar field, etc) and those which propagate at a
slower speed (such as Euler, massive Vlasov, etc).

For matter fields which propagate at the speed of light, one should in principle be able to use the
techniques introduced in the works surveyed above to determine the equations for the limiting solutions.
At least in the setting of angularly regular spacetimes in section 2, the low-regularity existence result
in theorem 2.2 holds also more generally for the Einstein—-Maxwell system or the Einstein—scalar field
system with exactly the same proof. This should allow one to extract a limit and to analyze the limiting
spacetime. More generally, one can study the following problem:

Problem 8.13. Characterize the high-frequency limits of solutions to the Einstein—-Maxwell system or
the Einstein—scalar field system.

The case when the Einstein equations is coupled with Euler matter or massive Vlasov matter may even
be more interesting. In fact, even the question concerning weak limits of solutions to the (non-relativistic)
Euler equations (without coupling to Einstein) has attracted a lot of interest in connection to turbulence
and the Onsager conjecture [32, 33, 64, 65].

Problem 8.14. Characterize the high-frequency limits of solutions to the Einstein—Euler system or the
Einstein—massive Vlasov system.

8.11. Semi-classical limits for the Einstein—Klein Gordon system

Beyond the limit (1.3), one can study other forms of high-frequency limits. One possible example would
be to consider the Einstein—Klein—Gordon system, and consider high-frequency limits simultaneously
with the semi-classical limits of the Klein—-Gordon equation, i.e.

Oep +h 2 =0 ash— 0.

Problem 8.15. Characterize the high-frequency limits of solutions to Einstein—Klein—-Gordon
equations in the semi-classical regime.
Data availability statement

No new data were created or analysed in this study.

43



Class. Quantum Grav. 41 (2024) 143002 Topical Review

Acknowledgments

We thank John Anderson, Otis Chodosh, Georgios Moschidis, Federico Pasqualotto, Igor Rodnianski
and Arthur Touati for helpful discussions. This article was written for the focus issue ‘The mathematics
of gravitation in the non-vacuum regime,” which arises as a follow-up of the program Mathematical
perspectives of Gravitation beyond the vacuum regime at the Erwin Schrodinger Institute in 2022. We
would like to thank the institute and the organizers for the stimulating program.

J Luk is partially supported by a Terman fellowship and the NSF Grant DMS-2304445.

ORCID iD

Jonathan Luk @ https://orcid.org/0000-0001-6562-6088

References

[1] Ali G and Hunter J K 1999 Large amplitude gravitational waves J. Math. Phys. 40 3035-52
[2] Anderson P R and Brill D R 1997 Gravitational geons revisited Phys. Rev. D 56 4824-33
[3] Andréasson H, Fajman D and Thaller M 2017 Models for self-gravitating photon shells and geons
Ann. Henri Poincaré 18 681-705
[4] Angelopoulos Y 2020 Semi-global constructions of spacetimes containing curvature singularities
(arXiv:2010.05876) ;
[5] Bahouri H and Chemin J-Y 1999 Equations d’ondes quasilinéaires et effet dispersif Int. Math. Res.
Not. 21 1141-78 )
[6] Bahouri Hand Chemin J-Y 1999 Equations d’ondes quasilinéaires et estimations de Strichartz Am.
J. Math. 121 1337-77
[7] BallJM 1976/77 Convexity conditions and existence theorems in nonlinear elasticity Arch. Ration.
Mech. Anal. 63 337-403
[8] Bamler R H 2016 A Ricci flow proof of a result by Gromov on lower bounds for scalar curvature
Math. Res. Lett. 23 325-37
[9] Barrabes C 1991 Prolate collapse of string loops and domain walls Class. Quantum Grav.
8 L199-204
[10] Barrabes C and Hogen P A 2003 Singular Null Hypersurfaces in General Relativity (World
Scientific)
[11] Barrabes C, Israel W and Letelier P S 1991 Analytic models of nonspherical collapse, cosmic
censorship and the hoop conjecture Phys. Lett. A 160 41-44
[12] Barrabes C, Israel W and Poisson E 1990 Collision of light-like shells and mass inflation in rotating
black holes Class. Quantum Grav. 7 1L.273-8
[13] Bigorgne L, Fajman D, Joudioux J, Smulevici J and Thaller M 2021 Asymptotic stability of
Minkowski space-time with non-compactly supported massless Vlasov matter Arch. Ration.
Mech. Anal. 242 1-147
[14] Bizon P and Rostworowski A 2011 Weakly turbulent instability of anti—de Sitter spacetime Phys.
Rev. Lett. 107 031102
[15] Briane M and Casado Diaz J 2016 A new div-curl result. Applications to the homogenization of
elliptic systems and to the weak continuity of the Jacobian J. Differ. Equ. 260 5678-725
[16] Briane M, Casado-Diaz J and Murat F 2009 The div-curl lemma “trente ans apres”: an extension
and an application to the G-convergence of unbounded monotone operators J. Math. Pures Appl.
91 476-94
[17] Brill D R and Hartle J B 1964 Method of the self-consistent field in general relativity and its
application to the gravitational geon Phys. Rev. 135 B271-8
[18] BuchertT et al 2015 Is there proof that backreaction of inhomogeneities is irrelevant in cosmology?
Class. Quantum Grav. 32 215021
[19] Burnett G A 1989 The high-frequency limit in general relativity J. Math. Phys. 30 90-96
[20] Carles R 2000 Geometric optics with caustic crossing for some nonlinear Schrédinger equations
Indiana Univ. Math. J. 49 475-551

44


https://orcid.org/0000-0001-6562-6088
https://orcid.org/0000-0001-6562-6088
https://doi.org/10.1063/1.532742
https://doi.org/10.1063/1.532742
https://doi.org/10.1103/PhysRevD.56.4824
https://doi.org/10.1103/PhysRevD.56.4824
https://doi.org/10.1007/s00023-016-0531-4
https://doi.org/10.1007/s00023-016-0531-4
https://arxiv.org/abs/2010.05876
https://doi.org/10.1155/S107379289900063X
https://doi.org/10.1155/S107379289900063X
https://doi.org/10.1353/ajm.1999.0038
https://doi.org/10.1353/ajm.1999.0038
https://doi.org/10.1007/BF00279992
https://doi.org/10.1007/BF00279992
https://doi.org/10.4310/MRL.2016.v23.n2.a2
https://doi.org/10.4310/MRL.2016.v23.n2.a2
https://doi.org/10.1088/0264-9381/8/10/001
https://doi.org/10.1088/0264-9381/8/10/001
https://doi.org/10.1016/0375-9601(91)90203-K
https://doi.org/10.1016/0375-9601(91)90203-K
https://doi.org/10.1088/0264-9381/7/12/002
https://doi.org/10.1088/0264-9381/7/12/002
https://doi.org/10.1007/s00205-021-01639-2
https://doi.org/10.1007/s00205-021-01639-2
https://doi.org/10.1103/PhysRevLett.107.031102
https://doi.org/10.1103/PhysRevLett.107.031102
https://doi.org/10.1016/j.jde.2015.12.029
https://doi.org/10.1016/j.jde.2015.12.029
https://doi.org/10.1016/j.matpur.2009.01.002
https://doi.org/10.1016/j.matpur.2009.01.002
https://doi.org/10.1103/PhysRev.135.B271
https://doi.org/10.1103/PhysRev.135.B271
https://doi.org/10.1088/0264-9381/32/21/215021
https://doi.org/10.1088/0264-9381/32/21/215021
https://doi.org/10.1063/1.528594
https://doi.org/10.1063/1.528594
https://doi.org/10.1512/iumj.2000.49.1804
https://doi.org/10.1512/iumj.2000.49.1804

Class. Quantum Grav. 41 (2024) 143002 Topical Review

[21] Cavalletti F and Mondino A 2022 A review of Lorentzian synthetic theory of timelike Ricci
curvature bounds Gen. Relativ. Grav. 54 137

[22] Choquet-Bruhat Y 1969 Construction de solutions radiatives approchées des équations d’Einstein
Commun. Math. Phys. 12 16-35

[23] Choquet-Bruhat Y 2009 General Relativity and the Einstein Equations (Oxford Mathematical
Monographs) (Oxford University Press)

[24] Christodoulou D 1993 Bounded variation solutions of the spherically symmetric Einstein-scalar
field equations Commun. Pure Appl. Math. 46 1131-220

[25] Christodoulou D 2009 The Formation of Black Holes in General Relativity (EMS Monographs in
Mathematics) (European Mathematical Society (EMS))

[26] Christodoulou D and Klainerman S 1993 The Global Nonlinear Stability of the Minkowski Space
(Princeton Mathematical Series vol 41 (Princeton University Press)

[27] Dafermos C M 2010 Hyperbolic Conservation Laws in Continuum Physics (Grundlehren Math.
Wiss. vol 325) 3rd edn (Springer)

[28] Dafermos M and Holzegel G 2006 Dynamic instability of solitons in 4 + 1-dimensional
gravity with negative cosmological constant (availabile at: www.dpmms.cam.ac.uk/ md384/
ADSinstability.pdf)

[29] Dafermos M, Holzegel G and Rodnianski I 2019 The linear stability of the Schwarzschild solution
to gravitational perturbations Acta Math. 222 1-214

[30] Dafermos M, Holzegel G, Rodnianski I and Taylor M 2021 The non-linear stability of the
Schwarzschild family of black holes (arXiv:2104.08222)

[31] Dafermos M and Luk J 2017 The interior of dynamical vacuum black holes I: the C°-stability of
the Kerr Cauchy horizon (arXiv:1710.01722)

[32] De Lellis C and Székelyhidi L 2009 The Euler equations as a differential inclusion Ann. Math.
170 1417-36

[33] De Lellis C and Székelyhidi L 2013 Dissipative continuous Euler flows Invent. Math. 193 377-407

[34] DiPerna R J 1983 Convergence of approximate solutions to conservation laws Arch. Ration. Mech.
Anal. 82 27-70

[35] Dray T and ’t Hooft G 1985 The effect of spherical shells of matter on the Schwarzschild black
hole Commun. Math. Phys. 99 613-25

[36] Dray T and ’t Hooft G 1986 The gravitational effect of colliding planar shells of matter Class.
Quantum Grav. 3 825-40

[37] Duistermaat J J 1974 Oscillatory integrals, Lagrange immersions and unfolding of singularities
Commun. Pure Appl. Math. 27 207-81

[38] Francfort G A and Murat F 1992 Oscillations and energy densities in the wave equation Commun.
PDE 17 1785-865

[39] Francfort G A 2006 An introduction to H-measures and their applications Variational Problems
in Materials Science (Progr. Nonlinear Differential Equations Appl. vol 68) (Birkhéduser)
pp 85-110

[40] Gérard P 1991 Microlocal defect measures Commun. PDE 16 1761-94

[41] Geroch R and Traschen J 1987 Strings and other distributional sources in general relativity Phys.
Rev. D 36 1017-31

[42] Green S R and Wald R M 2011 New framework for analyzing the effects of small scale inhomo-
geneities in cosmology Phys. Rev. D 83 084020

[43] Green S R and Wald R M 2013 Examples of backreaction of small-scale inhomogeneities in cos-
mology Phys. Rev. D 87 124037

[44] Green S R and Wald R M 2014 How well is our Universe described by an FLRW model? Class.
Quantum Grav. 31 234003

[45] Green S R and Wald R M 2016 A simple, heuristic derivation of our ‘no backreaction’ results
Class. Quantum Grav. 33 125027

[46] Gromov M 2014 Dirac and Plateau billiards in domains with corners Cent. Eur. J. Math.
12 1109-56

[47] Guerra A and Raita B 2022 Quasiconvexity, null Lagrangians and Hardy space integrability under
constant rank constraints Arch. Ration. Mech. Anal. 245 279-320

[48] Guerra A and da Costa R T 2021 Oscillations in wave map systems and homogenization of the
Einstein equations in symmetry (arXiv:2107.00942)

[49] Hawking S 1990 Gravitational radiation from collapsing cosmic string loops Phys. Lett. B
246 36-38

45


https://doi.org/10.1007/s10714-022-03004-4
https://doi.org/10.1007/s10714-022-03004-4
https://doi.org/10.1007/BF01646432
https://doi.org/10.1007/BF01646432
https://doi.org/10.1002/cpa.3160460803
https://doi.org/10.1002/cpa.3160460803
https://www.dpmms.cam.ac.uk/%20md384/ADSinstability.pdf
https://www.dpmms.cam.ac.uk/%20md384/ADSinstability.pdf
https://doi.org/10.4310/ACTA.2019.v222.n1.a1
https://doi.org/10.4310/ACTA.2019.v222.n1.a1
https://arxiv.org/abs/2104.08222
https://arxiv.org/abs/1710.01722
https://doi.org/10.4007/annals.2009.170.1417
https://doi.org/10.4007/annals.2009.170.1417
https://doi.org/10.1007/s00222-012-0429-9
https://doi.org/10.1007/s00222-012-0429-9
https://doi.org/10.1007/BF00251724
https://doi.org/10.1007/BF00251724
https://doi.org/10.1007/BF01215912
https://doi.org/10.1007/BF01215912
https://doi.org/10.1088/0264-9381/3/5/013
https://doi.org/10.1088/0264-9381/3/5/013
https://doi.org/10.1002/cpa.3160270205
https://doi.org/10.1002/cpa.3160270205
https://doi.org/10.1080/03605309208820905
https://doi.org/10.1080/03605309208820905
https://doi.org/10.1080/03605309108820822
https://doi.org/10.1080/03605309108820822
https://doi.org/10.1103/PhysRevD.36.1017
https://doi.org/10.1103/PhysRevD.36.1017
https://doi.org/10.1103/PhysRevD.83.084020
https://doi.org/10.1103/PhysRevD.83.084020
https://doi.org/10.1103/PhysRevD.87.124037
https://doi.org/10.1103/PhysRevD.87.124037
https://doi.org/10.1088/0264-9381/31/23/234003
https://doi.org/10.1088/0264-9381/31/23/234003
https://doi.org/10.1088/0264-9381/33/12/125027
https://doi.org/10.1088/0264-9381/33/12/125027
https://doi.org/10.2478/s11533-013-0399-1
https://doi.org/10.2478/s11533-013-0399-1
https://doi.org/10.1007/s00205-022-01775-3
https://doi.org/10.1007/s00205-022-01775-3
https://arxiv.org/abs/2107.00942
https://doi.org/10.1016/0370-2693(90)91304-T
https://doi.org/10.1016/0370-2693(90)91304-T

Class. Quantum Grav. 41 (2024) 143002 Topical Review

[50] Hogan P A and Futamase T 1993 Some high-frequency spherical gravity waves J. Math. Phys.
34 154-69

[51] Holzegel G, Luk J Smulevici J and Warnick C 2020 Asymptotic properties of linear field equations
in anti—de Sitter space Commun. Math. Phys. 374 1125-78

[52] Hormander L 1971 Fourier integral operators. I Acta Math. 127 79-183

[53] Huneau C 2016 Constraint equations for 3 4 1 vacuum Einstein equations with a translational
space-like Killing field in the asymptotically flat case Ann. Henri Poincaré 17 271-99

[54] Huneau C 2018 Stability of Minkowski space-time with a translation space-like Killing field Ann.
PDE 4 12

[55] Huneau C and Luk J 2018 Einstein equations under polarized U(1) symmetry in an elliptic gauge
Commun. Math. Phys. 361 873-949

[56] Huneau C and Luk J 2018 High-frequency backreaction for the Einstein equations under polarized
U(1)-symmetry Duke Math. J. 167 3315-402

[57] Huneau C and Luk J 2019 Trilinear compensated compactness and Burnett’s conjecture in general
relativity (arXiv:1907.10743)

[58] Huneau C and Luk J 2023 Burnett’s conjecture in generalized wave coordinates
(arXiv:2403.03470)

[59] Huneau C and Luk J 2023 High-frequency backreaction for the Einstein equations under U(1)
symmetry: from Einstein—dust to Einstein—Vlasov (in preparation)

[60] Hunter J K and Keller J B 1987 Caustics of nonlinear waves Wave Motion 9 42943

[61] Ionescu A D and Pausader B 2022 The Einstein-Klein-Gordon Coupled System: Global Stability of
the Minkowski Solution (Annals of Mathematics Studies vol 213) (Princeton University Press)

[62] Isaacson R A 1968 Gravitational radiation in the limit of high frequency. I. The linear approxim-
ation and geometrical optics Phys. Rev. 166 1263-71

[63] Isaacson R A 1968 Gravitational radiation in the limit of high frequency. II. Nonlinear terms and
the effective stress tensor Phys. Rev. 166 1272-80

[64] Isett P 2017 HoLder Continuous Euler Flows in Three Dimensions With Compact Support in Time
(Annals of Mathematics Studies vol 196) (Princeton University Press)

[65] Isett P 2018 A proof of Onsager’s conjecture Ann. Math. 188 871-963

[66] Joly J-L, Métivier G and Rauch J 1996 Nonlinear oscillations beyond caustics Commun. Pure Appl.
Math. 49 443-527

[67] Klainerman S and Nicolo F 2003 The Evolution Problem in General Relativity (Progress in
Mathematical Physics vol 25) (Birkhduser Boston Inc.)

[68] Klainerman S and Rodnianski I 2003 Improved local well-posedness for quasilinear wave
equations in dimension three Duke Math. J. 117 1-124

[69] Klainerman S and Rodnianski I 2005 Causal geometry of Einstein-vacuum spacetimes with finite
curvature flux Invent. Math. 159 437-529

[70] Klainerman S and Rodnianski I 2005 Rough solutions of the Einstein-vacuum equations Ann.
Math. 161 1143-93

[71] Klainerman S, Rodnianski I and Szeftel J 2015 The bounded L? curvature conjecture Invent. Math.
20291-216

[72] Kozono H and Yanagisawa T 2013 Global compensated compactness theorem for general differ-
ential operators of first order Arch. Ration. Mech. Anal. 207 879-905

[73] Le Floch B and LeFloch P G 2019 On the global evolution of self-gravitating matter. Nonlinear
interactions in Gowdy symmetry Arch. Ration. Mech. Anal. 233 45-86

[74] Le Floch B and LeFloch P G 2020 Compensated compactness and corrector stress tensor for the
Einstein equations in T2 symmetry Port. Math. 77 409-21

[75] LeFloch P G and Rendall A D 2011 A global foliation of Einstein-Euler spacetimes with Gowdy-
symmetry on T° Arch. Ration. Mech. Anal. 201 841-70

[76] LeFloch P G and Smulevici J 2010 Global geometry of 7%-symmetric spacetimes with weak reg-
ularity C. R. Math. Acad. Sci. Paris 348 1231-3

[77] LeFloch P G and Smulevici J 2016 Weakly regular T2-symmetric spacetimes. The future causal
geometry of Gowdy spacetimes J. Differ. Equ. 260 1496-521

[78] LeFloch P G and Stewart ] M 2011 The characteristic initial value problem for plane symmetric
spacetimes with weak regularity Class. Quantum Grav. 28 145019

[79] Lindblad H and Rodnianski I 2003 The weak null condition for Einstein’s equations C. R. Math.
Acad. Sci. Paris 336 901-6

46


https://doi.org/10.1063/1.530397
https://doi.org/10.1063/1.530397
https://doi.org/10.1007/s00220-019-03601-6
https://doi.org/10.1007/s00220-019-03601-6
https://doi.org/10.1007/BF02392052
https://doi.org/10.1007/BF02392052
https://doi.org/10.1007/s00023-014-0392-7
https://doi.org/10.1007/s00023-014-0392-7
https://doi.org/10.1007/s40818-018-0048-x
https://doi.org/10.1007/s40818-018-0048-x
https://doi.org/10.1007/s00220-018-3167-z
https://doi.org/10.1007/s00220-018-3167-z
https://arxiv.org/abs/1907.10743
https://arxiv.org/abs/2403.03470
https://doi.org/10.1016/0165-2125(87)90031-X
https://doi.org/10.1016/0165-2125(87)90031-X
https://doi.org/10.1103/PhysRev.166.1263
https://doi.org/10.1103/PhysRev.166.1263
https://doi.org/10.1103/PhysRev.166.1272
https://doi.org/10.1103/PhysRev.166.1272
https://doi.org/10.4007/annals.2018.188.3.4
https://doi.org/10.4007/annals.2018.188.3.4
https://doi.org/10.1002/(SICI)1097-0312(199605)49:5SSSSSS443::AID-CPA1SSSSSS3.0.CO;2-B
https://doi.org/10.1002/(SICI)1097-0312(199605)49:5SSSSSS443::AID-CPA1SSSSSS3.0.CO;2-B
https://doi.org/10.1215/S0012-7094-03-11711-1
https://doi.org/10.1215/S0012-7094-03-11711-1
https://doi.org/10.1007/s00222-004-0365-4
https://doi.org/10.1007/s00222-004-0365-4
https://doi.org/10.4007/annals.2005.161.1143
https://doi.org/10.4007/annals.2005.161.1143
https://doi.org/10.1007/s00222-014-0567-3
https://doi.org/10.1007/s00222-014-0567-3
https://doi.org/10.1007/s00205-012-0583-7
https://doi.org/10.1007/s00205-012-0583-7
https://doi.org/10.1007/s00205-018-01354-5
https://doi.org/10.1007/s00205-018-01354-5
https://doi.org/10.4171/pm/2057
https://doi.org/10.4171/pm/2057
https://doi.org/10.1007/s00205-011-0425-z
https://doi.org/10.1007/s00205-011-0425-z
https://doi.org/10.1016/j.crma.2010.09.009
https://doi.org/10.1016/j.crma.2010.09.009
https://doi.org/10.1016/j.jde.2015.09.029
https://doi.org/10.1016/j.jde.2015.09.029
https://doi.org/10.1088/0264-9381/28/14/145019
https://doi.org/10.1088/0264-9381/28/14/145019
https://doi.org/10.1016/S1631-073X(03)00231-0
https://doi.org/10.1016/S1631-073X(03)00231-0

Class. Quantum Grav. 41 (2024) 143002 Topical Review

[80] Lindblad H and Rodnianski I 2010 The global stability of Minkowski space-time in harmonic
gauge Ann. Math. 171 1401-77
[81] Lohkamp J 1995 Curvature h-principles Ann. Math. 142 457-98
[82] LottJ 2018 Backreaction in the future behavior of an expanding vacuum spacetime Class. Quantum
Grav. 35 035010
[83] Lott J 2018 Collapsing in the Einstein flow Ann. Henri Poincaré 19 2245-96
[84] LottJ 2018 Corrigendum: Backreaction in the future behavior of an expanding vacuum spacetime
(2018 Class. Quantum Grav. 35 035010) [ MR3755966] Class. Quantum Grav. 35 089501
[85] Ludwig D 1966 Uniform asymptotic expansions at a caustic Commun. Pure Appl. Math.
19 215-50
[86] Luk J 2018 Weak null singularities in general relativity J. Am. Math. Soc. 31 1-63
[87] Luk J and Rodnianski I 2015 Local propagation of impulsive gravitational waves Commun. Pure
Appl. Math. 68 511-624
[88] LukJand RodnianskiI2017 Nonlinear interaction of impulsive gravitational waves for the vacuum
Einstein equations Camb. J. Math. 5 435-570
[89] Luk J and Rodnianski I 2020 High-frequency limits and null dust shell solutions in general relativ-
ity (arXiv:2009.08968)
[90] Luk J and Van de Moortel M 2020 Nonlinear interaction of three impulsive gravitational waves I:
Main result and the geometric estimates (arXiv:2101.08353)
[91] Luk J and Van de Moortel M 2020 Nonlinear interaction of three impulsive gravitational waves II:
the wave estimates Ann. PDE 9 10
[92] MacCallum M A H and Taub A H 1973 The averaged Lagrangian and high-frequency gravitational
waves Commun. Math. Phys. 30 153-69
[93] Maslov V P 1988 Asymptotic Methods and Perturbation Theory (Nauka) (Russian)
[94] Métivier G 2009 The Mathematics of Nonlinear Optics Handbook of Differential Equations:
Evolutionary Equations vol V (Elsevier/North-Holland) pp 169-313
[95] Mondino A and Suhr S 2023 An optimal transport formulation of the Einstein equations of general
relativity J. Eur. Math. Soc. 25 933-94
[96] Moschidis G 2020 A proof of the instability of AdS for the Einstein-null dust system with an inner
mirror Anal. PDE 13 1671-754
[97] Moschidis G 2023 A proof of the instability of AdS for the Einstein-massless Vlasov system Invent.
Math. 231 467-672
[98] Murat F 1978 Compacité par compensation Ann. Scuola Norm. Sup. Pisa CI. Sci. 5 489-507
[99] Peebles P J E 2010 Phenomenology of the Invisible Universe AIP Conf. Proc. 1241 175-82
[100] Penrose R 1965 Gravitational collapse and space-time singularities Phys. Rev. Lett. 14 57-59
[101] Penrose R 1973 Naked singularities Ann. New York Acad. Sci. 224 125-34
[102] RauchJ 2012 Hyperbolic Partial Differential Equations and Geometric Optics (Graduate Studies
in Mathematics. vol 133) (American Mathematical Society)
[103] Redmount I H 1985 Blue-sheet instability of Schwarzschild wormholes Progr. Theor. Phys.
73 1401-26
[104] Ringstrdm H 2015 Instability of spatially homogeneous solutions in the class of T2-symmetric
solutions to Einstein’s vacuum equations Commun. Math. Phys. 334 1299-375
[105] Robbin J W, Rogers R C and Temple B 1987 On weak continuity and the Hodge decomposition
Trans. Am. Math. Soc. 303 609-18
[106] Rogers R C and Temple B 1988 A characterization of the weakly continuous polynomials in the
method of compensated compactness Trans. Am. Math. Soc. 310 405-17
[107] Smith H F and Tataru D 2005 Sharp local well-posedness results for the nonlinear wave equation
Ann. Math. 162 291-366
[108] Stein E M 1993 Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory
Integrals (Princeton Mathematical Series vol 43) (Princeton University Press) With the assist-
ance of Timothy S. Murphy, Monographs in Harmonic Analysis, 111
[109] Synge J L 1957 A model in general relativity for the instantaneous transformation of a massive
particle into radiation Proc. R. Irish Acad. A 59 1-13
[110] Szybka S J, Gtéd K, Wyrebowski M J and Konieczny A 2014 Inhomogeneity effect in wainwright-
marshman space-times Phys. Rev. D 89 044033
[111] Szybka S J and Wyr¢bowski M J 2016 Backreaction for Einstein-Rosen waves coupled to a mass-
less scalar field Phys. Rev. D 94 024059

47


https://doi.org/10.4007/annals.2010.171.1401
https://doi.org/10.4007/annals.2010.171.1401
https://doi.org/10.2307/2118552
https://doi.org/10.2307/2118552
https://doi.org/10.1088/1361-6382/aaa13e
https://doi.org/10.1088/1361-6382/aaa13e
https://doi.org/10.1007/s00023-018-0685-3
https://doi.org/10.1007/s00023-018-0685-3
https://doi.org/10.1088/1361-6382/aab347
https://doi.org/10.1088/1361-6382/aab347
https://doi.org/10.1002/cpa.3160190207
https://doi.org/10.1002/cpa.3160190207
https://doi.org/10.1090/jams/888
https://doi.org/10.1090/jams/888
https://doi.org/10.1002/cpa.21531
https://doi.org/10.1002/cpa.21531
https://doi.org/10.4310/CJM.2017.v5.n4.a1
https://doi.org/10.4310/CJM.2017.v5.n4.a1
https://arxiv.org/abs/2009.08968
https://arxiv.org/abs/2101.08353
https://doi.org/10.1007/s40818-023-00145-w
https://doi.org/10.1007/s40818-023-00145-w
https://doi.org/10.1007/BF01645977
https://doi.org/10.1007/BF01645977
https://doi.org/10.4171/jems/1188
https://doi.org/10.4171/jems/1188
https://doi.org/10.2140/apde.2020.13.1671
https://doi.org/10.2140/apde.2020.13.1671
https://doi.org/10.1007/s00222-022-01152-7
https://doi.org/10.1007/s00222-022-01152-7
https://doi.org/10.1103/PhysRevLett.14.57
https://doi.org/10.1103/PhysRevLett.14.57
https://doi.org/10.1111/j.1749-6632.1973.tb41447.x
https://doi.org/10.1111/j.1749-6632.1973.tb41447.x
https://doi.org/10.1143/PTP.73.1401
https://doi.org/10.1143/PTP.73.1401
https://doi.org/10.1007/s00220-014-2258-8
https://doi.org/10.1007/s00220-014-2258-8
https://doi.org/10.1090/S0002-9947-1987-0902788-8
https://doi.org/10.1090/S0002-9947-1987-0902788-8
https://doi.org/10.1090/S0002-9947-1988-0965761-0
https://doi.org/10.1090/S0002-9947-1988-0965761-0
https://doi.org/10.4007/annals.2005.162.291
https://doi.org/10.4007/annals.2005.162.291
https://doi.org/10.1103/PhysRevD.89.044033
https://doi.org/10.1103/PhysRevD.89.044033
https://doi.org/10.1103/PhysRevD.94.024059
https://doi.org/10.1103/PhysRevD.94.024059

Class. Quantum Grav. 41 (2024) 143002 Topical Review

[112] Tartar L 1979 Nonlinear Analysis and Mechanics, Heriot-Watt Symposium (Research Notes in
Mathematics) vol IV (Pitman) pp 136-92

[113] Tartar L 1983 The compensated compactness method applied to systems of conservation laws
Systems of Nonlinear Partial Differential Equations (Nato Adv. Sci. Inst. Ser. C: Math. Phys.
Sci. vol 111) (Reidel) pp 263-85

[114] Tartar L 1986 Oscillations in nonlinear partial differential equations: compensated compact-
ness and homogenization Nonlinear Systems of Partial Differential Equations in Applied
Mathematics, Part 1 (Santa Fe, N.M., 1984) (Lectures in Appl. Math. vol 23) (American
Mathematical Society) pp 243-66

[115] Tartar L 1990 H-measures, a new approach for studying homogenisation, oscillations and concen-
tration effects in partial differential equations Proc. R. Soc. Edinburgh A 115 193-230

[116] Tartar L 2005 Compensation effects in partial differential equations Rend. Accad. Naz. Sci. XL
Mem. Mat. Appl. 29 395-453

[117] Taylor M 2017 The global nonlinear stability of Minkowski space for the massless Einstein-Vlasov
system Ann. PDE 39

[118] Tod K P 1992 The hoop conjecture and the Gibbons-Penrose construction of trapped surfaces
Class. Quantum Grav. 9 1581-91

[119] Touati A 2022 Einstein vacuum equations with U(1) symmetry in an elliptic gauge: local well-
posedness and blow-up criterium J. Hyperbolic Differ. Equ. 19 635-715

[120] Touati A 2023 Geometric optics approximation for the Einstein vacuum equations Commun. Math.
Phys. 402 3109-200

[121] Touati A 2023 Global existence of high-frequency solutions to a semi-linear wave equation with
a null structure Asymptot. Anal. 131 541-82

[122] Touati A 2023 High-Frequency Solutions to the Constraint Equations Commun. Math. Phys.
402 97-140

[123] Touati A 2024 The reverse burnett conjecture for null dusts (arXiv:2404.17530)

[124] Wheeler J A 1955 Geons Phys. Rev. 97 511-36

48


https://doi.org/10.1017/S0308210500020606
https://doi.org/10.1017/S0308210500020606
https://doi.org/10.1007/s40818-017-0026-8
https://doi.org/10.1007/s40818-017-0026-8
https://doi.org/10.1088/0264-9381/9/6/014
https://doi.org/10.1088/0264-9381/9/6/014
https://doi.org/10.1142/S0219891622500187
https://doi.org/10.1142/S0219891622500187
https://doi.org/10.1007/s00220-023-04790-x
https://doi.org/10.1007/s00220-023-04790-x
https://doi.org/10.3233/ASY-221780
https://doi.org/10.3233/ASY-221780
https://doi.org/10.1007/s00220-023-04715-8
https://doi.org/10.1007/s00220-023-04715-8
https://arxiv.org/abs/2404.17530
https://doi.org/10.1103/PhysRev.97.511
https://doi.org/10.1103/PhysRev.97.511

	High-frequency solutions to the Einstein equations
	1. Introduction
	1.1. Conjecture 1.1 and compensated compactness
	1.2. Conjecture 1.2 and low-regularity solutions to the Einstein equations
	1.3. Further related works
	1.3.1. Examples of high-frequency limits.
	1.3.2. Green–Wald theorem and inhomogeneities in cosmology.
	1.3.3. Other forms of weak convergence in general relativity.
	1.3.4. Compensated compactness in partial differential equations.
	1.3.5. Low-regularity solutions to the Einstein equations.

	1.4. Outline of the paper

	2. High-frequency angularly regular spacetimes
	2.1. Compensated compactness and classification of limiting spacetimes
	2.2. Construction of solutions to the Einstein–null dust system and null dust shells

	3.  U(1) symmetry and an elliptic gauge condition
	3.1.  U(1) symmetric spacetimes
	3.2. Elliptic gauge condition

	4. Burnett's conjecture in  U(1) symmetry
	4.1. Preliminaries on microlocal defect measures
	4.2. The form of the effective stress–energy tensor
	4.3. The transport equation for the microlocal defect measure
	4.3.1. A Minkowskian warm-up.
	4.3.2. Trilinear compensated compactness for three waves.
	4.3.3. Elliptic-wave trilinear compensated compactness.
	4.3.4. The wave map structure.


	5. Construction of small-amplitude high-frequency spacetimes in  U(1) symmetry: multiple null dusts
	5.1. Construction of high-frequency space-times: the case of null dusts
	5.1.1. Gaining from high-frequency.
	5.1.2. First estimates for the metric coefficients.
	5.1.3. Need for a more precise parametrix.
	5.1.4. Improved parametrix.
	5.1.5. Additional technical issues.


	6. Construction of small-amplitude high-frequency spacetimes in  U(1) symmetry: from null dusts to massless Vlasov
	6.1. Approximation of a Vlasov field by null dusts
	6.2. Parametrix for ψ and 

	7. High-frequency spacetimes in generalized wave coordinates
	7.1. Burnett's conjecture in generalized wave coordinates
	7.2. The geometric optics approximation with one phase
	7.3. Superposition of high frequency waves

	8. Future directions and open problems
	8.1. Alternative characterizations of limit spacetimes
	8.2. Analogue of Burnett's conjecture in lower regularity
	8.3. Issue of gauge
	8.4. Global solutions
	8.5. Large solutions
	8.6. Geometric optics for infinite number of families of null dusts without symmetry
	8.7. Geometric optics beyond caustics
	8.8. Burnett's conjecture from the initial data point of view
	8.9. From Einstein–massless Vlasov back to Einstein vacuum
	8.9.1. Formation of trapped surfaces.
	8.9.2. Instability of anti-de Sitter spacetime.
	8.9.3. Gravitational geons and static solutions to the Einstein–massless Vlasov system.

	8.10. Non-vacuum solutions
	8.11. Semi-classical limits for the Einstein–Klein Gordon system

	References


