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Abstract—Policies have been developed to incentivize the
integration of renewable energy sources (RESs) in the power
sector, which requires proper tracing and tracking of energy
sources. However, power flow tracing (PFT) is fundamentally
challenging due to the homogeneous nature of electricity and
the interconnection of power systems. This paper proposes a
path-based optimization approach for PFT that can effectively
calculate the upper and lower bounds of origin-destination (OD)
flow in power distribution systems (DSs). We demonstrate our
methodology in the context of “green hydrogen” to estimate
the potential range of specific energy sources for hydrogen
production. The approach is validated using the IEEE-33 node
DS to draw practical insights. The proposed methodology can be
used to verify the amount of “green hydrogen” production eligible
for government credits and guide the facility siting of hydrogen
production facilities to maximize the integration of renewable
energy resources.

Index Terms—Power flow tracing, renewable energy sources,
origin-destination estimation, convex optimization, hydrogen pro-
duction

I. INTRODUCTION

The reduction of carbon emissions in the energy sector
has become a central theme for the sustainable development
of society. Hydrogen production via electrolysis, powered by
renewable energy sources (RESs), has emerged as a promising
technology for achieving a net-zero carbon emission [1].
Governments have implemented a range of incentives and tax
credits to support this transition. For example, the Inflation
Reduction Act of 2022 introduces significant tax incentives
incentivizing industries to use clean energy in hydrogen pro-
duction [2]. In this regard, a proper methodology to trace
and track the power sources becomes prominent to justify the
claimed tax credits.

However, due to the homogeneous nature of electricity and
the interconnectivity of the power grid, power flow tracing
(PFT) is challenging. The concept of PFT has its roots in
the early days of electrical power systems, where the need to
allocate costs and understand the flow of electricity emerged.
Numerous methodologies have been proposed to facilitate
PFT calculation. The proportional sharing principle (PSP), a
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conventional approach introduced by [3] and further devel-
oped in recent studies (e.g., [4]–[6]), assumes a proportional
distribution among the outflows of buses. Although intuitive,
the simplification of power flow through lines under this
principle has led to ongoing discussions within the power
system community on its theoretical rigorousness.

Another fundamental method proposed for PFT is the circuit
theory approach, which focuses on the electrical characteristics
of the network, such as current flows [7] and shunt admittances
[8], and leverages principles like Thevenin’s (or Norton’s)
equivalent circuit and basic circuit laws [9]. The strength of
these methods lies in their ability to analyze power flows
without relying on additional assumptions like the PSP. This
could make it more robust. However, a major drawback is
their inability to be universally applied across all test systems
because of the requirement of complex transformations into
equivalent circuits, assuming all system parameters are fully
known.

Several researchers have applied graph theory principles to
PFT [10]. These methods treat power systems as a graph and
define modified incidence matrices to model the connection
of buses (as nodes) with lines (as edges). [11] developed a
graph-theory-based method to determine the contribution of
generators and loads in line flows which provides the power
transfer from generators to the loads. The proposed method’s
effectiveness is based on assumptions, such as PSP and the
priority of generators to supply power loads on the same buses,
which may not always reflect the actual power flow distribution
in a network. This limitation has been partially addressed in
[12] by defining an extended incidence matrix (EIM) that no
longer relies on PSP. Nevertheless, these graph-theory-based
methods require both generation outputs and line flow data
to determine PFT, necessitating the assumption of a lossless
network, which introduces additional inaccuracies.

In response to the aforementioned limitations, our main
contribution is to propose a novel path-based optimization
approach for PFT that enables proper estimation of the range
of energy sources to any loads, regardless of the homogeneous
nature of electricity and the intricate interconnections within
power systems. This framework can be applied to estimate
the potential range of specific energy sources, such as RESs,
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for “green hydrogen” production validation, ensuring that the
generated hydrogen meets eligibility criteria for government
tax credits. To enhance the robustness of our PFT method, we
relax the conventional assumptions such as PSP and priority
of generators to supply loads at the same buses.

The remainder of this paper is organized as follows. Section
II presents the methodology, followed by simulation results
and analyses in Section III. Section IV concludes the paper
with insights and potential future research directions.

II. METHODOLOGY

We integrate economic dispatch (ED) in power DSs and
network modeling techniques in transportation systems to
develop a path-base optimization model for PFT to quantify
the minimum and maximum power flow from an energy source
(e.g., RESs) to an energy load (e.g., hydrogen production).
First, we present ED modeling within the distribution network
in section II-A, aiming to minimize the generation cost from
distributed generators (DGs) to serve the loads. Second, lever-
aging the path-link incidence matrix from graph theories, we
construct feasible path flow sets so that we can identify the
maximum and minimum power flow from generation nodes
to end consumers in section II-B. The proposed methodology
provides a valid way to justify the renewable energy share for
power consumption to fulfill government tax credit require-
ments considering the topology and physical properties of DSs.

A. Economic Dispatch Modeling
The ED problem is central to power systems analyses, aim-

ing to determine the most cost-effective generation scheduling
from both DGs and substations that meet the power demand
without violating DS operational constraints. The ED problem
can be mathematically formulated in (1).

min
v,p,q→0,
pf ,qf

∑

i↑IDG

∑

t↑T
CDG

i,t
pDG

i,t
+

∑

i↑ISub

∑

t↑T
CSub

i,t
pSub
i,t

(1a)

s.t.
∑

l↑L
pfl,t · LTl,i →

∑

l↑L
pfl,t · LFl,i

= P d

i,t
→ pDG

i,t
→ pSub

i,t
, ↑i ↓ I, t ↓ T (1b)

∑

l↑L
qfl,t · LTl,i →

∑

l↑L
qfl,t · LFl,i

= Qd

i,t
→ qDG

i,t
→ qSub

i,t
, ↑i ↓ I, t ↓ T (1c)

pf2

l,t
+ qf2

l,t
↔ (Smax

l
)2, ↑l ↓ L, t ↓ T (1d)

vFNl,t
→ vTNl,t

= 2 · (rl · pfl,t + xl · qfl,t),
↑l ↓ L, t ↓ T (1e)

(V min)2 ↔ vi,t ↔ (V max)2, ↑i ↓ I, t ↓ T . (1f)

DS is modeled as a directed graph GP = (I,L), where
I (indexed with i) denotes the node set, which includes
distributed generator (DG) nodes IDG and sub-station nodes
IS↓↔ as subsets; and L (indexed with l) denotes the line set.
The objective (1a) aims to minimize the total generation cost
from DGs and the energy purchase cost from sub-stations
with C as the unit cost of energy. The constraints (1b) and

(1c) ensure active/reactive power flow balance at each node
by equating the net active/reactive power flow of lines (pf )
into node i with the net load at node i. LF (or TF) is
the incidence matrices between lines and nodes, where its
elements have a value of 1 if line l starts from (or connect to)
node i and zero otherwise. The constraint (1d) prevents the
apparent power flow on each distribution line from exceeding
its maximum capacity (Smax), ensuring line safety and system
stability. Constraint (1e) models the voltage difference between
the endpoints of each line based on its electrical character-
istics (reactance r and admittance x) and power flow, with
v being squared of voltage magnitude and FNl/TNl being
the start/end nodes of each line l. Constraint (1f) ensures
that the voltage at each node is within the specified bounds
(V min, V max) to maintain power quality. These constraints
are grounded in the Dist-Flow equations, which are widely
adopted in distribution system modeling [13], [14].

B. Power Flow Tracing

1) Augment the DS as Bi-directional Graphs: We draw
an analogy between generation-load in the DS network and
origin-destination (OD) in the transportation network (TN)
to facilitate the tracing of power flow. This approach allows
us to model the flow of electricity in a manner similar to
the movement of OD travel demand, providing an effective
framework for analyzing the bounds of power flows from a
generator to a demand node.

To form the topology of the DS as a bi-directional graph, we
start by augmenting each distribution line with two directional
links, as shown in Figure 1. Denote the resulting bi-directional
graph as GT = (I, E), where I is the original node set in the
DS, and E is the set of bi-directional edges. We follow the
convention for the sign of power flow, i.e., power flow on
line ij is positive when the power flows from the upstream
node i to the downstream node j, and negative in the opposite
direction. To explicitly represent the sign of power flows in
GT , we impose the following conditions for each line l with
upstream node i and downstream node j: (1) if the power flow
is nonnegative (pfl ↗ 0), the link flow value connecting nodes
i to j is set to pfl and zero otherwise. Conversely, for negative
power flow (pfl < 0), the link flow value connecting nodes j
to i is set to →pfl and zero otherwise.

In the next step, we assign generation and load nodes in DS
as the origin and destination nodes in GT , respectively. Based
on the defined ODs and links, we can generate all the possible
paths between the origin and destination nodes. Since the DS
is a tree network, there is only one path between each OD pair.
However, our approach can be directly applied to transmission
networks, where multiple paths are possible.

After generating the paths, we can form an incidence matrix
A to describe the relation between the links and the paths. A
is a |E| ↘ |P| matrix where |E| is the number of edges and
|P| is the number of paths. ae,p being an element of A will
equal to 1 if link e is in the path p that connects origin r to
destination s and will be zero otherwise.
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TABLE I
THE RANGE OF RENEWABLE ENERGY CONTRIBUTION TO LOADS

Node
ID

Max
(pu)

Min
(pu)

Total Load
(pu)

Max/Total
(%)

Min/Total
(%)

2 1.960 0.065 1.960 100% 3%
3 1.764 0.024 1.764 100% 1%
4 2.352 0.185 2.352 100% 8%
5 1.176 0.000 1.176 100% 0%
6 1.176 0.000 1.176 100% 0%
7 3.920 1.764 3.920 100% 45%
8 3.920 1.764 3.920 100% 45%
9 0.000 0.000 1.176 0% 0%

10 0.000 0.000 1.176 0% 0%
11 0.000 0.000 0.882 0% 0%
12 0.000 0.000 1.176 0% 0%
13 0.000 0.000 1.176 0% 0%
14 0.000 0.000 2.352 0% 0%
15 0.000 0.000 1.176 0% 0%
16 0.000 0.000 1.176 0% 0%
17 0.000 0.000 1.181 0% 0%
18 0.000 0.000 1.764 0% 0%
19 1.764 0.024 1.764 100% 1%
20 1.764 0.024 1.764 100% 1%
21 1.764 0.024 1.764 100% 1%
22 1.764 0.024 1.764 100% 1%
23 1.764 0.024 1.764 100% 1%
24 0.329 0.000 0.329 100% 0%
25 8.232 6.035 8.232 100% 73%
26 1.057 0.000 1.176 90% 0%
27 1.021 0.000 1.176 87% 0%
28 0.941 0.000 1.176 80% 0%
29 1.548 0.130 2.352 66% 6%
30 1.306 0.231 3.920 33% 6%
31 1.049 0.000 2.940 36% 0%
32 1.353 0.263 4.116 33% 6%
33 0.491 0.000 1.176 42% 0%
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Fig. 3. PFT ranges from RES to candidate locations for green hydrogen
production; max scenario and min scenario
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Fig. 4. Hourly PFT to load node 25; a) max scenario and b) min scenario
from DG nodes: — 8, - . - 13, - - - 30.

To demonstrate the feasibility of the minimum and max-
imum scenarios outlined, we present a power flow tracing
example from the renewable energy source (DG8) to candidate
hydrogen node (node 25) at time step t = 18. This specific
time step was chosen due to its peak load. The green arrow
indicates the power flow direction for each line. The numbers
in blue and red represent the power supplied by DG8 to these
nodes under the minimum and maximum scenarios from node
8 to node 25, respectively. In both scenarios, the total energy
output from DG8 remains constant (1.61 pu). In the maximum
scenario, node 8’s load is partially supplied by the power from
node 9 to node 8 (which is 0.07 pu generated from DG 13), in
which case the power flow from node 24 to node 25 is entirely
from node 8. Therefore, node 25 receive 0.42 pu from DG 8.
In the minimum scenario, the power flow from node 24 to
node 25 has 0.11 pu from non-renewable DGs, which include
0.04 pu from DG 30 (since 0.04 pu from node 26 to 6) and
0.07 pu from DG 13 (since 0.07 pu from node 9 to node
8). This result underscores the effectiveness of the proposed
Power Flow Tracing (PFT) method in assessing the potential
range of energy delivery from the renewable energy source.

IV. CONCLUSION

This study develops a path-based optimization approach
for PFT in power DSs to effectively estimate the upper and
lower bounds of OD flow. We demonstrate the methodology
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