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Abstract

In this paper, we construct the phase space of a constantly curved tetrahedron
with fixed triangle areas in terms of a pair of Darboux coordinates called the
length and twist coordinates, which are in analogy to the Fenchel-Nielsen
coordinates for flat connections, and their quantization. The curvature is iden-
tified to the value of the cosmological constant, either positive or negative. The
physical Hilbert space is given by the U, (su(2)) intertwiner space. We show
that the quantum trace of quantum monodromies, defining the quantum length
operators, form a fusion algebra and describe their representation theory. We
also construct the coherent states in the physical Hilbert space labeled by the
length and twist coordinates. These coherent states describe quantum curved
tetrahedra and peak at points of the tetrahedron phase space. This work is
closely related to 341 dimensional loop quantum gravity with a non-vanishing
cosmological constant. The coherent states constructed herein serve as good
candidates for the application to the spinfoam model with a cosmological
constant.
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1. Introduction

The quantum tetrahedron serves as the fundamental building block in the theory of loop
quantum gravity (LQG). It plays a pivotal role in both the canonical and covariant formal-
isms, the latter also known as the spinfoam model [1, 2]. In the canonical formalism, quantum
tetrahedra constitute the spatial quantum geometries, which evolve dynamically under the
Wheeler—DeWitt equation. Spinfoam model, on the other hand, describes the transition amp-
litudes between boundary quantum states of tetrahedra.

In the 341 dimensional spinfoam model with zero cosmological constant (A = 0), par-
ticularly the Engle—Pereira—Rovelli-Livine/Freidel-Krasnov (EPRL/FK) model [3-6], these
boundary states are represented by coherent states. These states are designed to peak on
the geometric configurations of tetrahedra, providing a correct semi-classical interpretation
without overly constraining the second-class constraints. A natural extension of the EPRL
model to incorporate a nonzero cosmological constant (A # 0) was proposed in [7]. This spin-
foam model not only yields finite amplitudes in a concise manner but also semi-classically
peaks on constantly curved 4-simplices, leveraging coherent states. The mathematical founda-
tion of this extension relies on the quantum SL(2,C) Chern—Simons theory, as developed in a
series of works [8—12]. Through the combinatorial quantization framework of Chern—Simons
theory [13-15], the quantum group structure of the spinfoam model with A # 0 invites fur-
ther exploration. This is suggested by the analogy to the 3D spinfoam model, the Turaev—Viro
model [16].

To deepen this understanding, it is critical to represent both the Chern—Simons partition
function and the boundary states in the quantum group representation consistently. Progress
toward this goal was made in [17], where the Hilbert space for quantum states of constantly
curved tetrahedra, termed the quantum group intertwiner space, was constructed using com-
binatorial quantization. For applications to the spinfoam model, coherent states spanning this
Hilbert space are required to peak on the geometries of constantly curved tetrahedra. Different
constructions of these coherent states can arise depending on the symplectic coordinates
chosen for the classical phase space, e.g. the one demonstrated in the original spinfoam model
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Figure 1. A polygon with four vectors in R, Here, 7, =ain;,i =1,...,4 and all the
four normals do not lie within the same plane. u (in red) is the diagonal length and 6
(in blue) is the dihedral angle between the triangle f123 bounded by vertices 1,2,3 and
triangle f134 bounded by vertices 1,3,4.

with A # 0 [7]. However, the coordinates used in [7] provide an indirect geometrical interpret-
ation of the tetrahedra. This motivates the search for new coherent states, constructed using
symplectic coordinates that correspond more directly to the geometrical quantities of a curved
tetrahedron. Such a construction would simplify the geometric interpretation and enhance the
applicability of the coherent states to the spinfoam model.

These coordinates have well-known counterparts in the flat case when A = 0. In this scen-
ario, Minkowski theorem [18] guarantees that a tetrahedron can be reconstructed from a set of
four vectors :fl =a;n;,i = 1,...,4 satisfying flat closure condition, i.e. Z?:l .7,~ = 6, in which
the information of the area a; and normal 7; of each face of the tetrahedron are encoded. The
space of such vectors modulo rotation has the structure of a symplectic manifold [19, 20] and
is known as the Kapovich-Millson phase space S4(ay,a»,as,a4) specified by four areas,

S4(a1,a2,a3,a4):{f1,-6 (SZ)X4|Z.71- :6}/80(3) s z:zaiﬁiER3, (1)

i=1

where the modulo SO(3) comes from the fact that the flat closure condition is invariant under
the simultaneous SO(3) rotation and those four normals do not lie within the same plane. It
is a two-dimensional real space parametrized by a pair of variables (1,60) with the Poisson
bracket {u,0} = 1. u is called the diagonal length and 6 is the dihedral angle between the
two triangles as illustrated in figure 1. We refer to it as the space of shapes of a tetrahedron
with fixed areas [20]. The quantization of the phase space is the 4-valent SU(2) intertwiner
space Invgy(o) (V' @ V2 @ Vi* @ Vi*), which is the solution space of the quantum flat closure
condition. The coherent intertwiners were constructed in [3] and further developed in [21],
which describe semiclassical tetrahedra. That is, each coherent intertwiner is labeled not only
by four spins fixed to be the areas of the faces of the tetrahedron but also by four normal
vectors to the faces, which automatically satisfy the closure condition. These states represent
the classical shape of a flat tetrahedron with fixed areas. (When A = 0, this can be generalized
to cases of a general polyhedron [20].) The expectation values of geometrical operators using
these states in the semi-classical limit peak at the point of the phase space [21].

The Kapovich-Millson description can be generalized to the shapes of constantly curved
tetrahedron, where the constant curvature is identified with a non-vanishing A and the polygon
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is on an 3 [17, 22]. This is the starting point of the construction of the intertwiner space for
a quantum curved tetrahedron as well as coherent states therein. For reader’s convenience, we
sketch the construction approach in the following.

The phase space of shapes of a constantly curved tetrahedron is parametrized by the diag-
onal length Inx and the bending angle Iny (see (19) and figure 4). This phase space is identified
with the moduli space of SU(2) flat connections on a four-punctured sphere, which is the solu-
tion space of the classical curved closure condition

MyM3MoMy = idgy(2), 2

where M,,, v =1,...,4 is the SU(2) monodromy around the vth face of the homogeneously
curved tetrahedron.

The length and the twist coordinates are in analogy to the complex Fenchel-Nielsen
coordinates for flat connections, in that they have the same Poisson bracket given by
{Inx,Iny} = 1. Inspired by this identification, the diagonal length should be related to the
Fenchel-Nielsen length, which, classically, is defined as the Wilson loop along the loop enclos-
ing a pair of punctures.

The quantization of the phase space is the 4-valent intertwiner space W°(K{,K»,K3,Ky)
of quantum group U, (su(2)), which is proved to be the only solution space of the quantum
curved closure condition [17]. The quantum counterpart of the Wilson loop of the loop enclos-
ing single puncture is constructed by the combinatorial quantization [13-15] (see also [17]),
where the operator algebras, i.e. the graph algebra and loop algebra, on a four-punctured sphere
are constructed. To construct the quantum counterpart of Wilson loop along the loop enclosing
a pair of punctures, it is necessary to further investigate the algebraic structure of the quantum
monodromies of the loop enclosing a pair of punctures, which are shown to satisfy the defining
relations of a loop algebra, from which one constructs the g-deformed Wilson loop operator ¢,
where I spans all the physical irreducible representations of U, (su(2)). However, the elements
c2 are no longer central elements, in contrast to those obtained from loops ¢,,v =1,...,4
around each puncture. Nevertheless, the elements cf{ still form a fusion algebra, and due
to the first-pinching theorem, the intertwiner space WO(Ky,K»,K3,Ky) is decomposed into
@, W (K,,K>) ® W (K3, K4), where J represents the dual representation to J and the eigen-
value of the element ¢} in the intertwiner space is given by the unnormalized S-matrix, where
sy :=Tr, @ Tr)(R'R).

Classically, the SU(2) monodromy matrix is a 2 by 2 matrix, i.e. the irreducible repres-
entation is taken to be the fundamental representation. In the quantum case, considering the
fundamental representation, the eigenvalue S1; is taken a simple expression as

im _im
sy, = e L em iR 3)

where k € N. Inspired by the expression above, we define the quantum length operator X such
that its action on the intertwiner space W° (K, K>, K3,K;) is defined as

im

X[T)) = e P §lw) = |, (4)

where y is treated as the translational operator. X and y satisfy the commutation relation:

Xy = gyX . (3)
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To construct the coherent state in the physical Hilbert space H = WO(K 1,K2,K3,Ky), we
firstly define the auxiliary space, Hau = C**+*, which carries the irreducible representation
1 . .
of the Weyl algebra, xy = g2yx. Their actions are defined as

iT

x| W) = e DY)y |w) = [0, (6)

Operators x and y can be treated as exponentials of position, In(x) =i 5(0, and momentum,
In(y) = i ¥y, respectively. The eigenvalues of both X, and ¥, are discrete, exhibiting period-
icity, and fall into the range of [0,27), as can be inferred from the action (6). The irreducible
representations of the Weyl algebra (i.e. xy = q%yx) are naturally considered as quantizations
of the torus as the phase space. There is a set of well-defined coherent intertwiners, 1z, 7, (x)
obtained from the standard harmonic oscillator coherent states by group averaging over the
discrete Weyl-Heisenberg group, respecting the periodicity of the torus [23]. (The derivation
of the coherent states can be found in appendix C.)

To get back to the physical Hilbert space, which is a subspace of H,,x, we define a projector
P : H.ux — H. The coherent states 1[3(5(0’90) (x) in the #H then are the projected ones from the
auxiliary space. The quantum length operator X and the quantum angle operator y are related
to x and y through a projector as

X=PxP , y=PyP. (7

In the semi-classical limit, both k and representation labels K, increase at the same rate (i.e.
k= Mk, K, = AK,)). The expectation of X and y in the projected coherent states peak at a point
(5(0, f/o) of the phase space, with X, being the logarithm of the length variable and Y, being
the logarithm of the bending angle (up to an imaginary number). More precisely,

®) =0 (e VA), H=eT+0(e/VA) ®)

where the position coordinate X, needs to satisfy the triangle inequality:

2 max (lk;;ifz‘, %) < % < 2min (%, 14(1]:_7;(4)) with u(K;,K;) = min(K; + K;, k —

K; — K;). Otherwise, the expectation values of X and y exponential decay by A:
&) =0 (e_)‘/\/X) . §) =0 (e_A/\f)\) . )

This paper is organized as follows: section 2 reviews the main ideas of the phase space
of a constantly curved tetrahedron, which can be described by length and twist coordin-
ates, analogous to complex Fenchel-Nielsen coordinates for flat connections. The length
and twist coordinates possess geometrical interpretations in the 4-gon on S°. In section 3,
we review some facts about the moduli algebra and its representation theory. For detailed
information, we refer to [13—15, 24] (see also [17]). In section 4, we prove that the quantum
monodromy of the loop around a pair of punctures satisfies the defining relations of a loop
algebra. The fusion algebra V(¢) generated by elements ¢/, can be constructed from these
quantum monodromies. However, all the elements ¢} remain gauge-invariant; they are no
longer central elements. In section 5, the intertwiner space has the following decomposition:
WO(K1, K>, K3,Ks) = D, W/ (K1, K>) © W/ (K3, Ky ), where J must satisfy the triangle inequal-
ity. We calculate the eigenvalue of the elements ¢/, in the intertwiner space. In section 6, we
define the quantum counterparts of the twist and length operators, which form a Weyl algebra,
and their actions on the intertwiner space. The commutation relation of the Weyl algebra serves
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as the quantization of the Poisson bracket of the length and twist coordinates. In section 7, we
introduce the auxiliary space, which carries the irreducible representations of the Weyl algebra
quantizing the torus. Here, we construct the coherent state in the auxiliary space. Moving on
to section 8, we define a set of projectors, and the coherent states in the intertwiner space are
obtained through projections. Lastly, we calculate the expectation values of the length and
twist operators in the semiclassical limit, which peak at phase space points.

2. Phase space of a tetrahedron and the length-twist coordinates

In this section, we briefly review the phase space of a convex constantly curved tetrahedron,
which we will denote as a curved tetrahedron for conciseness, as the moduli space of PSU(2) 2
SO(3) flat connection on a four-punctured sphere and describe the length and twist coordinates
as a pair of Darboux coordinates of the phase space. More details of the former can be found
in [17] and references therein.

We identify the curvature of the curved tetrahedron, which could be positive or negative, to
be the cosmological constant A. Denote s = sgn(A) and the n-dimensional constantly curved
space as E™* with E" T = §" and E"»~ = H". Each boundary triangle of the tetrahedron is flatly
embedded in a 2D subspace E?** of the same E>*, as illustrated in figure 2. A (non-degenerate)
curved tetrahedron can be uniquely reconstructed from the so-called closure condition. This is
described by the curved Minkowski Theorem [22]. In short, it states that, given a cosmological
constant A and four PSU(2) group elements {M,M,, M3, M4} satisfying the closure condition

MM;MM, = idpsy(2) , (10)

we interpret these group elements as holonomies based at the same vertex b of a curved tetra-
hedron and each M,, (v = 1,---4) is along a simple path' around a triangle in the same orient-
ation of the triangle as a Riemann surface. Then these four holonomies uniquely determine a
curved tetrahedron up to isometry and

M, = exp (/;a,,ﬁl, . F) (11)

encodes the area a,, and the outward-pointing normal 7,, of the vth triangle, where 7 = %5 is

the vector of the su(2) generators. We refer to [22] (see also [17]) for a more detailed descrip-
tion of the curved Minkowski theorem.

On the other hand, the holonomies {M, },—,... 4 satisfying the closure condition can be
interpreted as the fundamental group of a four-punctured sphere, denoted as >y 4, represented
in PSU(2) group, which describes the moduli space of PSU(2) flat connection on g 4:

My (£04,PSU(2)) = {1‘711,1‘71271‘713,1‘714 € PSU(2) : MyM; MM, = idpsu(z)}/PSU (2),
(12)

! Given the closure condition (10), the simple path for M, with v =1,2,3 is simply a path starting from b along the
boundary of the triangle M,, encloses. On the other hand, the simple path for My is made of three parts. It starts from
b along the edge shared by the simple paths for M, and M3, called the special edge, and arrives at a vertex on the
remaining triangle, then along the boundary of the triangle, and finally going back to b along the special edge. See
e.g. figure 2 of [17] for an illustration.
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(a) (b)

Figure 2. (a) A tetrahedron flatly embedded in $3. (b) A tetrahedron flatly embedded
in H.

where each M,, is now the holonomy of the loop ¢,, around the vth puncture and the quotient
is by the conjugate action of PSU(2). MY (304,PSU(2)) is a Poisson manifold but not
a symplectic one. We fix the conjugacy classes of the holonomies {1\7[,,}1,:1,2,3,4, each of
which is labelled by the eigenvalue M. Then it defines a 2-dimensional symplectic space,
denoted as My (X0.4,PSU(2)). Given the holonomies parametrized as in (11) in the geo-
metrical interpretation of a curved tetrahedron, 5\1, encodes the area of the vth triangle by
% (;\,, + 5\;1) = cos ('%‘al,). In this sense, we also call Mgy (20 4,PSU(2)) the phase space
of a curved tetrahedron with fixed triangle areas.

For convenience of quantization, we lift each M, € PSU(2) to M,, € SU(2) whose eigen-
value A\, = ¢, \Zi is randomly chosen to be the positive (¢, = +) or negative (¢, = —) square
root of that of M,,. Then the corresponding symplectic space is

0 A,

v

Mg\)‘l:{M17M27M3,M4ESU(2)ZM,,ZG,,< Ay 01 >G_1

x G, € SU(2); MyM3M>M, = idgy(2) }/SU (2), 13)

with {\, },=1,... 4 fixed. The dimension of phase space MS‘A is 2. We are interested in the
Darboux coordinates of this phase space, (at least some of) which have interpretations of
holonomies on the 4-punctured sphere. Such coordinates can be provided by the length-twist
coordinates based on the pants decomposition of X 4.

A ¥4 can be decomposed into a pair of pants by cutting along a closed curve, say c,
enclosing (any) two punctures, as illustrated in figure 3.

An SU(2) flat connection on X 4 defines a holonomy H along ¢ with an eigenvalue denoted
by x. x is called the length coordinate and can be used as the canonical coordinate of the

phase space M{i 4~ 1ts conjugate momentum y, is called the twist coordinate. The Atiyah—

Bott-Goldman symplectic 2-form on M} , can be written in terms of (x, y) as

) 1)
Loy o
y X

; (14)
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Figure 3. A pants decomposition of a 4-punctured sphere by cutting a closed curve ¢
(in red) surrounding the 1st and 2nd (or the 3rd and 4th) punctures.

where J denotes the standard differential on M(’)\A. It induces a canonical Poisson bracket on
the logarithmic length-twist coordinates:

{Inx,Iny} =1. (15)

The length-twist coordinates are the analogy of the Fenchel-Nielsen coordinates [25], which
are in general symplectic coordinates of the Techmiiller space for a Riemann surface associated
to a pants decomposition.

In correspondence to a curved tetrahedron, which is described by My (20 4,PSU(2)), we
choose the lifts of the logarithmic length-twist coordinates such that Inx?,Iny? € i(0,27) (zero
cannot be reached when the tetrahedron under consideration is non-degenerate), i.e. Inx,Iny €
i(0,7). Then these coordinates possess a clear geometrical interpretation in the 4-gon on S° 22
SU(2) whose edges are geodesic curves. Consider 4 points {v;}}_; on $* located at

vi =idsyy, v2=Mi, vi=MM,, vi=M3M)M,. (16)

A 4-gon is formed by 4 geodesic curves {| = e12, {» = €3, {3 = e34, {4 = es; Where ¢;; is the
geodesic connecting v; and v;, as shown in figure 4. The geodesic length [, € [0,7] of ¢,
satisfies

cos(,) = (A + A1) /2, 17)

for v=1,---,4. Denote 6 € [0, 7] to be the length of the diagonal geodesic curve e;3 con-
necting v; and v3, which separates the 4-gon into two (curved) triangles f1,3 bounded by
01,05, e13 and f134 bounded by ¢3,£4,e13. On the other hand, ¢ € [0, 7] describes the bend-
ing angle between the two triangles. Adding the other diagonal geodesic curve, one forms a
curved tetrahedron in S°.

Given fixed lengths {[;, [, (3, (4} of the four geodesic curves of the 4-gon, 6 and ¢ uniquely
determine the shape of this convex curved tetrahedron embedded in S* [26]. As side lengths
of two triangles, 6 is restricted by the following triangular inequality

max(|[1 — [2‘7|[3 — [4|) <O<min(l; + b, L+ [4) , (18)

while ¢ € [0, 7] can be freely chosen. When the curved tetrahedron constructed from the 4-gon
is non-degenerate, {I,},0,¢ € (0, ). Interpret the length and twist coordinates as

Inx =0, Iny =igp. (19)

Then the length and twist coordinates encode the Darboux coordinates (¢, 6) of the 4-gon. It is
shown in [17] that the phase space M()\ 4 can be quantized to be the Hilbert space of the moduli
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vy = MoM;

v = M3 MM,

’Uliid

Figure 4. A 4-gon on SU(2) = $3 formed by geodesic curves {Ei}?zl connecting four
points vi = id, vy = My, v3 = MaM,,v4 = M3M>M, in cyclic order. The geodesic curve
(in red) e13 connecting v; and v3 has length 6. Further connecting v, and v4 with a
geodesic curve ey (dashed) forms a curved tetrahedron on $% whose faces are geodesics.
f1123 and 71134 (one-way arrows in blue) are outward-pointing (relative to the tetrahed-
ron) normal vectors of the geodesic triangle f23 bounded by ¢;, ¢,, e;3 and the geodesic
triangle f 134 bounded by ¢3, /4,3 respectively. ¢ € [0, 7] is the dihedral angle between
f123 and f134 hinged by ey3.

algebra (see next section). In the remaining of this paper, we aim to quantize the length and
twist coordinates into operators in this Hilbert space and construct a coherent state with these
operators.

3. Moduli algebra ;" and its representation

In this section, we provide a concise review of the mathematical tools, namely the moduli
algebra on X 4, denoted by Dﬁg“;KZ’K}’Kﬂ and its representation theory, for constructing the
quantum theory of the classical phase space M (0.4, SU(2)). We aim to give the necessary
formulas for the succeeding sections and skip details and derivations. For details, we refer to
the seminal works in [13-15, 24] and the companion paper [17].

Classically, the solution space of the classical closure condition, MsM3M,M| = id, is the
moduli space of SU(2) flat connections on ¥ 4. The Poisson structure of Mga (X0 4,SU(2))
is defined by the use of the so-called classical r-matrix. One assigns a classical r-matrix to
each vertex (base point). The idea behind the construction of the Poisson bracket is to replace
the Riemann surface, here Xy 4, with a so-called ciliated fat graph, and to represent the moduli
space M (30.4,SU(2)) by a finite-dimensional space. The Poisson structure of graph con-
nections in this space is consistent with the Atiyah-Bott—Goldmann two-form [27-29]. This
consistency is verified by the fact that the Poisson brackets of observables recover those in the
continuous theory. A ciliated graph, as shown in figure 5(b), is a simple graph generated by
the fundamental group on X 4. It includes a cilium, which, combined with cyclic ordering,
fixes the linear order of links. We say that link /; is of a lower order than /5, denoted as [} < /»
or I > 1, if the cilium sweeps through /; before I/, in the clockwise direction. An example
of this linear order is illustrated in figure 5(b). A natural quantization is given by quantizing
the classical monodromy M, to the quantum monodromy operator M,,, quantizing the com-
mutation relations in terms of the quantum monodromies, which are operator matrices, and a
quantum R-matrix, which is the quantum version of the r-matrix. The quantum theory requires

9
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the notion of quasitriangular ribbon (quasi) Hopf algebra {,(su(2)), which is a deformation
of the universal enveloping algebra of su(2) with a deformation parameter ¢ € C and some
extra algebraic structures, e.g. the x-structure. In this paper, we only focus on the case when
the deformation parameter ¢g**2 = 1 is a root-of-unity, where k € N, is the Chern—Simons
level. In this case, U, (su(2)) has finitely many irreducible representations labeled by spins
1=0, %, N § In other words, the Chern—Simons level produces a truncation on the repres-
entations I € N/2. We call these representations after truncation the physical representations.

The collection of the matrix elements of the quantum monodromy around one single punc-
ture form an algebra called the loop algebra denoted by L, ;. When the quantum monodromy
is around the vth puncture, we also denote the loop algebra by £,,. Similarly, the collection of
the matrix elements of the {M, },—; ... 4 form an algebra on the four-punctured sphere called
the graph algebra denoted by Ly 4. In general, the graph algebra on m-punctured sphere is
denoted Ly ,,. On top of that, one can define a ‘quantum gauge action’ on the graph algebra.
The algebra of quantum observables, called the invariant algebra denoted as Ay 4, is described
by the subalgebra of L 4 that is invariant under the quantum gauge action. More precisely,
Ao, is defined as the subalgebra of £, 4 containing all elements in L 4 that are invariant with
respect to the action of U, (su(2)), i.e.

Aoa ={A € Lol (A) = Ae(§), £ €Uy (su(2))}, (20)

where € : Uy (su(2)) — C is the counit of U, (su(2)). It can be shown that elements of A 4 are
linear combinations of the form [15]

Tr) (C[LLELINMMEMEM C (L L") (1)

where Trf] is the quantum trace and C[I,1h1314|1] is the intertwiner that maps the tensor
product of representation spaces of U, (su(2)) to another representation space of U, (su(2)),
ie. CIhLLL|L : Vi @ VE@ VB @ Vi — VIand C[LHLLL|N  : VI - Vi@ VE@ V@ Viisa
dual map?. As a special case, a central element ¢!, defined as

C{, — IilTI{I (M{,) 7 ol — q—%l(l-s—l)7 (22)

and it is an element in Ag 4.

The moduli algebra E)ﬁg, ZKZ’K“’Q is defined from Ay 4 with the help of the quantum char-
acter X{,, which we now define. Firstly, when ¢ is a root-of-unity, one can define a sym-
metric and invertible ‘S-matrix” S;; in terms of the R-matrix of U, (su(2)), denoted as R =

R @R €Uy (su(2) @ Uy(su(2)) and R = 3, R @ RE:

Su=N(Tt,®Tr)) (R'R), N=—, 23)
(3,d7)’
where d; = [21+ 1], is the quantum dimension of V/ with [n], := 4,=%— being a quantum
q27q 2
number. The summation in (23) runs through all the physical representations I = 0, %, el %

2 ClLLL14|I* is called the dual map of C[l1h314|1] only in a loose way. Strictly speaking, C[I\LL314|]]* o
ClLLLI14|1] # 1. See e.g. [17] for more details.
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Indeed, if I can take up to oo, which is the case for ¢ not a root-of-unity, N" — 0 hence Sj; is
ill-defined. The S-matrices satisfy the following properties [14, 30].

u(l,J)

SiS
Sy=S8u, Soy=Ndy, ZSIJSJK =, Z Sk = /(;diL , 24)
7 K=[1—J|

where u(I,J) = min(I+J,k — I — J). The properties above show that the inverse element of
the S-matrix is Sy; itself.

With the help of the S-matrix, the quantum characters x?, in Apa with v =0,1,2,3,4 is
defined as

X, =Nd; Y Siek =Nd; Y Sixel, (25)
K K

where J denotes the dual representation of representation J. A quantum character is indeed a
central element. It is also easy to prove that it is also an orthogonal projector in A 4 satisfying

Xxl =ouxt, (X)) =xl. (26)

Specially, for v =0, M, := niMﬁMéMéM{ is the quantum monodromy around all four punc-
tures and ¢ == £ JTr; (Mg) Then, the corresponding quantum character x is.

X0 :=Ndo > Sosch =N dyifTr) (M{MIMEMY]) . 27
J J

We are now ready to define the moduli algebra for the root-of-unity case. The moduli
algebra img % on a four-punctured sphere, each puncture of which is associated with a physical
representation K, (v = 1,2,3,4), is a x-algebra defined as [15]

Mo = X0XT ' Xa" X3 X4 o (28)

The expression above means that each element in 9%}, is obtained by an element in the invari-

ant algebra Ay 4 multiplied by the five quantum characters xJ, x}', x3>, X5*, X§* € Ao 4.
The representation of Lo 4 is realized on the tensor product space VK1 @ VK2 @ VK @ VK
which admits a decomposition®

Vi @ VR @ VO @ Vi = BV @ W (K,K),K3,Ky) (29)
J

where J runs through all the admissible physical representations and W’ (K1, K5, K3, Ky) is the
multiplicity space, which can be shown to be the carrier space of A 4 [15].

The representation of Dﬁg %, is realized in the invariant subspace WO(K1 ,K>,K3,K,) onto
which the five quantum characters project.

Importantly, given four punctures labeled by representations Kj,---,Ky respectively,
WO(K1,K>,K3,Ky) is the only irreducible *-representation space of the moduli algebra S)JT(I; 4

3 The decomposition (29) is based on the semi-simplicity of the Hopf algebra, which is broken for g a root-of-
unity. However, in this case, U, (s1(2)) is canonically associated with a truncated Hopf algebra which admits semi-
simplicity. Equation (29) is realized through such the construction. See [15, 17, 31] for more details.

1
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[15]. The representation space of the moduli algebra can be understood as the quantization of
the moduli space of flat connections that satisfy the closure condition. In this sense, we call
the intertwiner space W (K, K, K3, Ky) the physical Hilbert space as it is the solution space
to the ‘quantum closure condition’.

4. Fusion algebra from quantum monodromies around two punctures

In the previous section, we have only considered the quantum monodromies around single
punctures. However, the length coordinate that we are interested in in this paper is the trace
of the monodromy around two punctures, whose quantization is still a quantum monodromy
but the algebra it forms needs to be further investigated. Quite neatly, we will see that the
matrix element of this quantum monodromy still forms a loop algebra and its gauge-invariant
elements form a fusion algebra, also called a Verlinde algebra.

To simplify the calculation, we fix a linear order on the loops around single punctures such
that ¢y < ¢, < {3 < {4 by introducing a cilium between ¢ and ¢, as illustrated in figure 5(b).

Let £ = £, ;y—1) withm = 2,3,4 be a composed loop formed by two loops neighboring in
the linear order. The (quantum) monodromy MY along £ surrounds the mth and the (m — 1)th
punctures and it can be expressed in terms of monodromies Mém and M} as

m—1

M), = k; M}, M,

m m—1

(30)

Let us first study the properties of M2 In the following, we will use extensively the standard

1 2
notations that M):= M} ® idys and M:= idy» ® M, and similarly for other quantum matrices
with a number above.

Proposition 4.1. The matrix elements of the quantum monodromy {Mg}; defined by (30),
where I runs through all the physical representations of Uy(su(2)), generate a loop algebra
Lo.1 by satisfying the following defining exchange relations of Ly,

1 2
M, R M = ZC[IJ\K]*MQSC[IJ\K]. (3la)
K
1 2 2 1
(R™")" M} RV M =M, (R")" M, ((R’)’l)” : (1b)
(M) = o (R (M) (RT)') (310)

where o,.(My) := k~'Mr with k € U,(su(2)) defined by the ribbon element v € U,(su(2))
through k* = v and R' = (p' ®id)R € End(V) @ U, (su(2)).

Proof. Note that the matrix elements of {MQM,MQWl }1 are generators of £ 4. By definition,
they satisfy the following exchange relations as ¢,,_| < ¢, [14, 15] (see also [17] and lemma
B.2 in appendix B)

711111 1121 21 71”11 17
(R°H)"M, RM; =M; (R™')"M; RV, (32a)

m—1

N BN S N myH
(RY"M; (R "M, =M, (R)"M; (R")". (32b)

m—1
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n o

{3

(a) (b)

Figure 5. (a) Two loops (in red), each enclosing a single puncture (black hollow circle).
Both loops /. and /s start and end in the same vertex x. £, and £,/ are decomposed into

curves C, C', and C, C’ respectively with two additional vertices ¥’ and y added to the

loops. A cilium (in blue) is added to each vertex to fix the linear order, e.g. C'<—-C<
C’ < —C at vertex x. (b) A simple graph (loops in black) generated by the generators
{€v}v=1,... 4 of fundamental group on a four-punctured sphere. A cilium (in blue) is
added between loops ¢; and /4 to fix the linear order ¢; < ¢, < {3 < {4, where the cyclic
order is set to be clockwise.

On the other hand, the matrix elements of {Mj, }; (resp. {Mj, _ },) generate Lo, so the
exchange relations (31) also hold when one replaces M, to M, or My, _, therein. Then (31)

can all be derived through direct calculation. Firstly, the Lh.s. of (31a) is expanded as

1 2 1 1
My RY My = ki, My M, RY Mf M’

Lin—1

1 2
— MI RV MJM (R—I)U Mln ]RIJ MJ

£, L1

= Kk ,Zc [1J1K]"M§ C[lJ|K] (R ZC [L]"M§ _ C[l|L] (33)
= ClJIK]" kxM{ MY ClLJ|K]
K

=Y CUIK]"MfCLIK] ,

where (32a) is used to obtain the second line, (31a) is used twice to obtain the third line, one
for Mj, and one for M; _, and the normalization condition of Clebsch-Gordan maps, i.e.

CIIK|(R™MYCIIIL)* = ;7% 5y is used to obtain the second last line.
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We next prove (31b). Explicitly,

u 1 U 1 1 2 2
(R MR My =rry (R™')" My, M,  RM; My
1”11 Ijzj —11111 1]21
J(RTY)"M, RVM; (RTY)" M,  RVM;

1 N\ 2 1 N\
= e My (RD MG (R My RYME L (RDT) G4

where (32a) is used to obtain the second line, (31b) is used twice, one for Mém and one for
Mémq’ to obtain the third line and (32b) is used to obtain the fourth line.
Lastly, we use the property of the x-structure that (AB)* = B*A* to derive (31¢) and get

(M) = (M) ()

=&l R(ME ) (R R (M) (R

— o (RM (R7)") (35)

where (31c) is used for both Mém and Mﬁmil to obtain the second equation. O

We can also define the quantum monodromy along ¢ in an inverse direction (relative to the
orientation of the manifold), denoted as M_, through

MM_,=M_/M; =e¢, (36)

where e is the identity element of U, (su(2)).

Moreover, the matrix elements of M} together with those of the quantum monodromies
along loops not included in ¢ generate a graph algebra. If other loops are along single punctures,
the graph algebra is £ 3. This can be shown by the following proposition.

Proposition 4.2. The quantum monodromies Mz around two punctures satisfy the following
defining relations of a graph algebra Ly 3
! 2 2 !
(R—‘) My RYM; =M (R™)" MRV, if €<,
1
(R M’ (R M’ _M’ C(RYYML (R e, 37)

Proof. Since the loop ¢ contains both loops ¢, and ¢,,_1, both ¢,, and ¢,,_; have the same linear
order with respect to loop ¢,,. Both monodromies M2m and Mém_l satisfy the commutation

relations of £ 4. The commutation relation of M}, and Méu can be derived by the use of the

14
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commutation relations of L 4. That is, (37) holds when one replaces M, to My, or My, .
Therefore, when ¢ < £, £,, < £,, and £,,_1 < {,,, and hence

71”11 1121 —n\M 1111 1]21
(R)"MyRYM;, = (R ) KMy M, R My,
1 1
=R ™M, R¥M, (R M, RV
2 1 1
= (k)" R M (k™) MG RY (R MG REG)
7134] R iy 11\,[1 I pl
= eﬂ( )"‘31 b
2 1

=M, (R™")" M, RV

The exchange relation for ¢~ /,, is derived in the same way. ¢ > ¢,, implies ¢,, >~ ¢,, and
Lp—1 > {,. Then

,1111 /—1”21 /1111]1 /—1"21
(R My (R)7') ™y, = (R) v My ((R)71) My,

1 2 1
= (R)" sy, (R (R M, (R) 7)Y

wy' ™, (&))"

2 1
(RN (R My, (R MG, (R)7)°

M, (R M ((R) ) (39)
- 14 :
0

Given the monodromy Mé, an element ¢} := mTrf{(Mé) can be constructed for each phys-
ical representation. Different from the central elements (22) for a quantum monodromy around
a single puncture, ¢/, is not central. Nevertheless, the set {c}}, has similar properties as the
central elements, which are collected in lemma 4.3 and proposition 4.4 below.

Lemma 4.3. The element cé is independent of the choice of starting point.

Proof. The loop ¢ is composed of loops ¢, and ¢,,_; as shown in figure 6(a). We break the
loop 4,, into C and C"’ and /,, into —C’’ and C’ by adding another (randomly chosen) vertex y
to £ as illustrated in figure 6(b). The quantum monodromies Mém and M@mil can be expressed
in terms of quantum holonomies along curves C,C” and C": M} = r; 'UUL, and M | =
/sflUl, ¢/UL,. Combining these two expressions we have M, = ffflU’C, UL if starting at y
while Mé =Ky ! U{;U'C/ if starting at x. To prove that ¢/, is independent of the starting point, it
is adequate to prove that

Tr! (k; 'UpUg) = Tr) (k7 'URUG ) (40)
Classically, the Poisson bracket of holonomies U and UL, is [13],

1 2 2 1 1 2
(UL UL} =UL (') UL — UL AT UL, (1)

15
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Figure 6. (a) Loop ¢ starting at vertex x as a composition of loops ¢, (in brown) and
Lyu—1 (in gray), which enclose the mth and the (m — 1)th punctures (illustrated as black
hollow circles) respectively. (b) Loops ¢, and ¢,,_; are decomposed into curves C (in
brown) and C"’ (in red), and —C"’ (in red) and C’ (in gray) respectively by adding an
additional vertex y to the loop ¢. A cilium (in blue) is added at each vertex, pointing out
of ¢, to fix the linear order.

which is quantized to the commutation relation of UIC and UJC,

2 11 2
UL (R")Y UL=ULRI'UL, . (42)
There is a group-like element g € U, (su(2)) with the intertwining property

gS(&)=S5""(&)g,VE €U, (su(2)), (43)

where S~! is the inverse of the antipode such that S~! o S(¢) = £. Moreover, g can be decom-
posed as [13, 14]

g=u"lv, u-ZS(R(Z) (44)

where v is the central element v of U, (su(2)). Introduce g as a function of points on g4
1 1

and let g, = g(x) and g, = g(y). We multiply (42) by gi= p'(g,) ®idys from the left and g/ =
p'(gy) ®idy from the right, then obtain

1 2 1 1 1 1 2 1
gl UL (R)y Ul gl=g' ULRI UL gl . 45)
Here we set R! =", Rl ® R? and (S®id)(R) =R~', (S' ®id)(R’) = R’~'. Then
1 2 m i 2 1
gUe (D S(RY) @R chy ng’ Zs @R | UL gl . (46)
i X y
Using the intertwining relation (43) of the group-like element g, (46) becomes
11

II
2
U’,<ZS (R?) ®R> ngng ngCg) ZS )RR | UL . (47)

y
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Reordering the expression produces

2 1 1 2
1

(32 () 57 () ) brobne (32 (5 () (7))
J i

(48)

To proceed, we ﬁrst multiply the two matrix components in the last equation and then multiply
both sides with v? (which is merely a complex number), then take the trace Tr'. Using the fact

that u = v}(R)S™ (R)) = v} (S(R\IRS Y, we get

Tr! (Uc/uxngcgy) Tr! (ngICg;uiUI ,) . (49)

Finally, since gu =ug =v as v is central and the quantum trace is defined as Trf](U’ )=
Tr(U’g"), we multiply both side by #; ' and get (recall x7 = ')

Tr! (k; 'Up Ug) = Tr) (k7 'UpUG ) (50)
This is equivalent to

T, (MG, MG, ) =T (MG, MY, ) (51)

Proposition 4.4. ¢} as an element of L 4 satisfies the following properties.

1. They are gauge-invariant but not central elements.
2. They form a fusion algebra V({):

Cece ZN% f, (cé)* = cé . (52)
K

Proof. The gauge-invariant property can be proved by showing that ¢/ is in the invariant sub-
algebra Ajp 4. Recall that any element in 4 4 can be expressed as a linear combination of the
form (21). In the following, we are going to show that

Ty (MY, MY, ) = /T (C[107) MG, _ MY, ClIO}]") (53)

which is a special case of (21) when My, and My, , take the same representation while the
other two quantum holonomies take trivial representations.
The Clebsh-Gordon maps C[I0]J] and C[IO|L]* are intertwiners and commute with

#(€), V€ €Uy(su(2)):
ClI0M] o' (€) = ClIOY] (¢! @ €) A (€) = o' (€) CIH01]
CHOILY" (&) = (o' @) A" (©) ClI0lL = ' (62 ) e (&) cliolL]*
= (&P (£7) ) clolLy = ' () clrojL)” (54)
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By Schur’s lemma, both C[I0|L] and C[IO|L]* are equal to identity e’ up to some complex factor.
To be consistent with the normalization condition we set for CG maps, the factor must be
compatible with the normalization condition. Suppose C[I0|J] = Ad;; and C[IO|L]* = A\'é, 4,

o] (R clio|L]* = C[I0}J] C[IO|L]* = 65, | (55)

where the first equality is obtained by using quasi-triangularity, i.e. (id ® €)(R’) = e. From the
derivation above we then have A\’ = 1, which shows

C[IOl/] s M, _ M C[I0|J]" = kM M . (56)
Combining the derivation above with lemma 4.3, it is confirmed that cfg is indeed an element
of .,40,4.

It can be proved by using lemma B.1 in appendix B that elements ¢/, still commute with MIL,7
for v # m, m — 1. However, they are not central elements of £, 4 and can be verified by the
fact that ¢}, = mTrfj(mMQWMZH) does not commute with M or Mj _, using the defining
relations (31) of a loop algebra and those (37) of a graph algebra.

Lastly, the matrix elements of Mé = /ﬁ,MémMérH are the generators of the loop algebra as
shown in proposition 4.1. Then the fusion rule can be derived with the help of the functionality
condition of M?:

1 2
M; RV My="> " C[1J|K]" M{C[lJ|K] . (57)
K

The derivation and proof for the fusion rule and x-structure of ¢} are the same as those shown
in [14] hence we skip it here. O

To construct the quantum character of the loop ¢, we use the S-matrix defined in (23) to
define the quantum character x/:

Xh := NdiSych = NdiSgc) . (58)

It also satisfies the projecting property just as the quantum character for quantum monodromies
around single loops. That is,

i =ouxy > (X)) =xb. (59)

The detailed proof can also be found in [14].

Let us clarify that, although we are working on U, (su(2)) with ¢ a root-of-unity in this
paper, the above derivations were done firstly in an unrealistic case by assuming that there is
no truncation for representations and then truncating away the unphysical representation. This
means the representations we use above are for the truncated Hopf algebra 4] (su(2)), which is
canonically associated with 4, (su(2)) with ¢ a root-of-unity, ensuring that the irreducible rep-
resentations precisely correspond to the physical representations of U4, (su(2)) [14, 15]. Thanks
to the semi-simplicity of ] (su(2)), the derivations are neat as above. Nevertheless, one can
directly work on the representations of U, (su(2)) then the above results are still valid with the
so-called substitution rule (see (A1l)) applied. We refer to appendix A for this approach.

To end this section, we would like to comment on the case when ¢ is a phase but not a
root-of-unity, i.e. |g| = 1,¢**? # 1. Almost all the proofs and defining relations we gave in this
section still hold in this case except that the quantum character x/ is not well-defined due to the
fact that the S-matrix is ill-defined for |¢| = 1,42 # 1. More details about |g| = 1,¢*"% # 1
case can be found in [17].
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5. Representation of the fusion algebra V(¢)

Having defined the fusion algebra V(¢), we proceed to construct the representation of V().
To be concrete and with no loss of generality, we set £ to be the loop that encloses the first and
second punctures, i.e. £ = ¢;. Then Mé = M} ZMZ . As mentioned in the preceding section,
{c}}; form a fusing algebra V(¢) but they are not central elements. This means the commutant
of V(¢) in the sm{{ LK K5K8 s non-trivial, unlike that of V(£,,), and that the representations of
V(¢) in the multiplicity space W°(K,K>,K3,K,) are reducible. In this section, we describe
the representation theory of V(¢) (theorem 5.2) which is based on the first pinching theorem
(Ilemma 5.1) [15] and study the corresponding representation space.

Lemma 5.1. The commutant C(V({), QJTSL{KQ’K“K“) of V(¢) in E)JIOK,ZKZ’K"& can be split into the
direct sum of products of two moduli algebras, each corresponding to a 3-punctured sphere

C (V (0) 79)7&1(2,1(3,&) _ @W&KZ,J ® E)ﬁ(j)f“K“ ’ 60)
J

where J runs through all the physical irreducible representations of U,(su(2)), i.e.
max (|K; — K|, |K3 — Ky|) <J < min (u(Ky,K>),u(K3,Ky)) with spacing 1, and J is the dual
representation of J. However, for non-admissible J, the algebra is trivial since Nf‘ k—o,

A proof of lemma 5.1 can be found in [15]. According to the first pinching theorem, to study
the representation theory of V(¢), one can separate Yo 4 into a pair of 3-punctured spheres
Yo3’s by doing a pants decomposition as illustrated in figure 3, and study the representation
theories of the moduli algebra on a Xy 3 individually. We make it precise in the following
theorem.

Theorem 5.2. Given any set of physical representations K, K>, K3, Ky, each labeling a punc-
ture of X9 4, there exists a unique irreducible x-representation of the fusion algebra V(¢) on the
space W (K, K>) @ W (K3, Ku) for each admissible physical representation J of U,(su(2)).

K, ,K>,K3,Ks

Proof. The crucial part of the proof is to show that 97107 " is isomorphic to the algebra
3 .
X6 TToey X5 Ao, iie.
3
g R @ T b Ao, 61)
v=1

which we now establish. Firstly, we realize that WK“(K 1,K2,K3) is isomorphic to
WY(K\,K»,K3,Ky) as they are both multiplicity spaces and have the same dimension
> JNf‘Kszg? with N¥ = 1if 1,J, K are all physical representations and they satisfy the trian-
gular inequality while N¥ = 0 otherwise. The former is the representation space of the algebra
X§4 Hi:l xXv Ay 5 while the latter is the representation space of S)ﬁg, HKZ’K“IQ. The isomorph-
ism of the two representation spaces then leads to the isomorphism of the two algebras because
the representations of a moduli algebra are irreducible and faithful. Since the representation
of moduli algebra is realized in only one space, the faithfulness and irreducibility of repres-
entation do guarantee the isomorphism of moduli algebra [15]. This establishes the validity
of (61).

The unit of the moduli algebra Dﬁ('izkz’m"(“ is defined as x Hizl xXv [14]. Similarly, the

unit of 9K1K27 and 9N/K5K+ s expressed as xJx ' x5* and x{ x5 x&* respectively. By the first

19



Class. Quantum Grav. 42 (2025) 065005 C-H Hsiao and Q Pan

pinching theorem, the decomposition of the commutant of the fusion algebra determines the
following decomposition of the unit

KKKK E:KK J,K3,K.
1, 2,K3,84 eSLA2, 7374. (62)

The decomposition is the consequence of the completeness of the characters ), Xe id.
We now show the decomposition (62). Denote the mapping ¢ : Lo3 ® Lo 3 — Lo 4. Then
the embedding xJ¢ as defined in [15] maps every matrix algebra 9K1K2/ @ 9/ KK+ jnto
zmg{ LKk For the Lh.s. of the decomposition (62), the unit is ) HV L XK, for the rh.s. of
the decomposmon the embedded unit becomes

mexl XX oA :ZXOXZXI XEXDA XA = D XX X5 G Xy
J

(63)
= mexl XXX = X0 GG X

where we have used the completeness property of quantum characters ) _, Xﬁ =1id. This val-
idates (62). .

The element xj = N'd;S;.cs is constructed from c}. Based on the representation theory
of the moduli algebra constructed in [15], there is a unique irreducible *-representation of

93”(('{‘4'(2"(3”(4 on the space W°(K|,K»,K3,Ky), which is the space projected by the unit of
zm(’f ‘4”(2”(3”(“ By the isomorphism (61), there is also a unique irreducible *-representation of

the commutant on the space projected by XOX1 X22 ® Xo X3 X44 for each J. This irreducible
representation of the commutant is realized on the multiplicity space W’ (K1, K») ® w (K3,Ky4)
for every J. The element ! is a central element in 9tX1:X2.7 if it is constructed from the contract-
ible loop, as discussed in [14]. In our case, the element C2 is constructed from the contractible
loop that encloses the first and second punctures after pants decomposition hence it is a cent-

ral element in 915X This means ¢} commutes with 3, 0t 5 ® D)?J 55K Therefore, the
representation of ¢} should also be realized in the multlphclty space W/ (K 1,K2) ® w/ (K3,Ky)

for every J.
O

The representation of {c}};, as it is realized in the space @, W(K1,K») @ W/ (K3,Ky), can
be expressed in terms of a basis of the space. We define the basis in the space W/ (K;,K>) ®
WJ(K3,K4) as

%JEZef,L@ezn ::Z( ) ™"q"! @, max{|K| — K| |Ks—Ks|}

m

<J < min{u(K,,K>),u(K3,Ky)} (64)

where ¢/, is the orthonormal basis of WV and e = (—1)/~mg"e’,, is the orthonormal basis of
V/. The definition of e), is motivated by the scalar product between two orthonormal bases

of V/, which is in terms of the g-deformed Clebsh—Gordon coefficient < r{z In{ 8 > =
q

_q\J—m,m
OkyOm 7;1# and maps two vectors to a scalar. More precisely, the scalar product of

v [2K+1],

ehe v and f € Vs (efieh) = VT (1 % Q) eheli = (-0

20
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This scalar product can also be treated as a map from the tensor product space V’ @ VX to the

invariant subspace. This motivates us to define el = ( 1)/=mg™me’ ,, so that the scalar product

can be expressed as the ‘direct product’ of eX and ¢/ . The same way to define a basis in the
dual representation was used in [32], where the scalar product is further made symmetric for
integer J and antisymmetric for half-integer J. This is consistent with the case when ¢ — 1.

Lemma 5.3. The basis B’ of W(K|,K;) ® Wj(Kg ,K4) as defined in (64) is an invariant state,
ie.

p' W' (€)B =e(&)B, VEel,(su(2)), (65)

where € is the counit of U, (su(2)), which is also the trivial representation of Uy(su(2)), and
p B’ (€)= p' @ p! (A()).

Proof. To prove (65) for all £ € U, (su(2)), it is enough to prove its validity when ¢ is any
generator of U,(su(2)), i.e. for any £ € {q7,X,Y}. We first note that

e(q?)zl, c(X)=0=e(Y), (66)

and that the actions of the generators on the basis read

i m
o (aF ) en=a"et, o Nen= /U —ml,+m+1],en,

) (Ve = \/[J—I—m]q[J—m—&-l]qefn_l. (67)

We first consider £ = q% Then

p’ﬁp’(qg)%EZ( 1’ '”q’"p’( )em®p( ) e,

J m J J—m 7 (68)
= Z qmqu (_ qmem ® e—m = Z ( 1) qmem ® e—m ’
which satisfies (65). We next consider £ = X:
—m m H
PR X)B =Y (1) (P e (af) 0 () 0 (0) (e,
m
= Z \/[J - m]q [J+ m+ l]qq_m (_ I)J_m qmeiﬂrl ® eim (69)

m=—J

J
—m J—m m
+ Y gl U -mt 1, () e 0,
m=—J+1

Replacing the second summation for m in the last expression tom’ :=m+ 1, the two terms
in the last expression cancel. Then p’ X p/ (X) B’ = 0= ¢(X )%J

The same analysis for the action of A(Y)= Y®q2 +¢ 2 ®Y on B gives that p/ X

p’ (Y) B’ = 0= €(Y)B’. Therefore, (65) is valid for all the generators of U, (su(2)) hence any
5 € Uy(su(2 )) B
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Theorem 5.4. The representation of ¢ in the subspace W (K;,K,) ® W (K3,Ky) of VKI @
VK2 @ VK @ VK4 s expressed as

[(2I+1)(27+1)], . )
DR K () W (k1K) @ W (K K) = 4 Lidyws (k, &y ®idya(k, &,) - (70)

Here the range of J is max (|K; — K|, |K3,K4|) < J < min (u(K,K>),u(K3,Ky4)).

Proof. We first derive the representation DX1:K2:K3:Ks of ¢/ in the larger space V' @ V&2 @
VK @ VK4, We make use of the representation of quantum monodromies around single
punctures [15] (see also [17]):

’ ’ ’ IK,---K,,
pEKiK2K3 Ky (M{,) = K’l_l (Rllle/3 .. 'RlluRl/,V+lR1,u+1Rlu_l "'R13_]R12_]) ! ®eK"+' ® - ® oK
(71
Then a direct calculation gives
DK1 K>, K3,K; (Cé) = DK1 K>, K3,Ky (,‘g[TrfI (HIMézMZ)) — K'/ITI{I (H{DKI K>, K3,Ky (MQZMZ))
= H;TI‘I (DKlyKZ,KLKLl (MQZ) DKI,Kz,K;,K4 (Mll))
1\ /KiKy KK
=Tn K(RI/ZRBRBR'E 1) et ®6K4> ((Rllan) - PR K4)}
(72)

1K/ K:
=Tr {(R{ZR{SRBR{;‘R{QRU) | 2®e"3®e’<4]

Trf, [p] ® p5 @ p~ (id® A) (R'R)} ® e ©
Trf, [pl® (pK' IEpKZ) (R/R)} ® (pK3 IXpKS) (e) .

This expression is written in a non-truncated, or unrealistic, version. As we are now working
on U, (su(2)) with g a root-of-unity, we need to use the substitution rule R -+ R and R’ — R’
(see (A1)) from the beginning of the derivation and the result is given [15]:

DR (c) = Trf [ @ (PF Rp%) (R'R)] @ (0 %) (e) (73)
where R’,R satisfy quasi-Yang Baxter equation instead of Yang—Baxter equation as for the
non-truncated case. The calculation with substitution rule (A1) gives the same result

DK1K2 K3 Ky (cé)
= DR KRR (Tl (M, MY))) = kTl (kD5 RK (Mg g )

= RPTY, (DRVRRRS (0] ) DRV (01 )

[ _ 1 _1\IKiK
=Tr _((so123R1’2s02113R1’3R13s0213R{2190 He

B _ KK
x ((50123R1/2%02113‘P213R12<p 1) T ®eK4>} 79
1)IKIKZ

®ef @ eK“>

® & @k

rf, (s0123R1/2902_113R1/3R1350213R1/2_1 0 ' p13R 05,5 pa3R120 ™
)11(11(2

r{1 (80123Rf2@{1§R{3R1390213R12s0_] ®ef® ekﬂ
v [p'®p" @ p* (id@ A) (R'R)] @ @ X
T

[p1® (pKl |X|pK2) (R/R)} ®eK3 ®6K4.

T
T
T
T
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The sixth equality is obtained by using the quasi-inverse property, pp~'¢ = ¢.* The detailed
calculation of the fifth and sixth lines can be found in lemmas B.4 and B.3.

The representation is now for the truncated algebra U, (su(2)) and the semi-simplicity is
admitted:

Lt(K] Kz K} K} K} Kg) _
PR = N PR YT P Y (75)
J=|K\—K| J=|K3—Ks| J=|K3—Ks|

We also use the following results proven in [17] (lemma E.5 therein):

u(l,J)
fop RR)= Y lidg, (76)
keji—y 'K
u(l,J) -
> T (dg) = [(21+ 1) (27 + 1), - (77)
k=li—g| 'K

Combining these facts, it is easy to see that

AR (Cé) W (K, k) @ W (K K) = Trf] [(ﬂl ® P]) (R’R)] @ idyi(k, &,)

[(21+1) (274 1)), e
_ d, idwi(k, k) @ iy g, k) -

O

The Hilbert space H of moduli algebra on the four-punctured sphere is the multiplicity space
H= WO(Kl,Kz,K3,K4) [15]. When we consider the cycle ¢ = ¢,¢; and the fusion algebra
constructed from £, according to lemma 5.1, the Hilbert space has the following decomposi-
tion 1 =P, W/(K1,K>) @ W (K3,Ky), where J runs through all the representations satisfy-
ing the triangle inequality, max (|K; — K>/, |K3 — K4|) <J < min (u(K;,K,),u(K3,K4)) with
spacing 1. The eigenvalue of element ¢} is calculated in the theorem 5.4.

If the label I is taken to be the fundamental representation and g being a root of unity,

2mi . . . . . .
q = e*2, where k is an integer, the case is further simplified. The eigenvalue becomes

S1 2(2J+1 sm— 2J+1
s _ g s ) = 2cos (274 1)
dy [27+1], s1nk_~_2 (27+1) k 2

= (ek’ff"z(zm) +e—m<21+1)) : (79)

6. Quantization of the length and twist coordinates

We define operators X and y such that their actions on the basis of the Hilbert space H are as
follows.

X (Zeﬁ,@eﬂ,) = et (HD) (Zeﬁ,@eﬁ,) .y <Ze£,®e£,> =) e et

m (80)

4 For the truncated algebra Z/{qT (s5u(2)), the underlying structure is a weak Hopf algebra, in which the coassociator ¢
is no longer invertible, i.e. o~ ! # e ® e ® e, but is quasi-invertible.
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From the definitions above, we observe that the operators X and y satisfy the following com-
mutation relation:

Xy = gyx . 1)
Equation (81) is equivalent to the following expression:

2
In%,Iny] = i kfz . (82)

We now claim that the commutation relation (81) can be considered as a natural quant-
ization of the length-twist coordinate. To this end, we define an auxiliary Hilbert space
Haux = B, W (K1,K>) ® W/ (K3,K4) where J € N/2 satisfies the triangular inequality as in
H but the spacing of neighboring J’s is 1/2 instead of 1. This means, the dimension of H,,y is
larger than that of H. The use of H,,x will come in handy in the next section for the construc-
tion of the coherent state in 7{. We also define operators x and y that acts the basis of Hyx
by

- i - = 1 J+1
x(E efn®efn> = et (JH1) (E eﬁq(g)eﬁq) , y< ) efn®efn> =N e we .
(83)

Operators x and y then satisfy the following commutation relation:

Xy = q%yx . (84)

Comparison of (81) with (83) intuitively motivates us to set X = x and y = y>. However, the
actual relation, which will be clear in the next section, turns out to be X = PxP and y = Py>P,
where P is the projector that maps a state in H,,x into one in 4. The definition of the projector
P will be given in proposition 8.2 in the next section.

An immediate observation from (84) is that it is equivalent to the expression:

[Inx,Iny| = if, (85)

where /i is identified with 75 when g = ¢ is regarded as a quantum deformation parameter.
Therefore, equation (84) is natural quantization of the Poisson bracket of length-twist coordin-
ates (15).

By the comparison of (84) with (81), we can identify InX = Inx and Iny = Iny?. These
identifications provide all the ingredients we need to show that (81) can be considered as the
quantization of the length-twist coordinates. Define classical coordinates X := x and y := y?,

then the semi-classical limit of (82) recovers the Poisson bracket (15) as
{In%,In7} = {Inx,Iny*} =2. (86)

Let us stress that the Hilbert space H only allows the existence of operators X, y. The reason
for the introduction of H,,x is for our convenience in constructing the coherent state in ,
which we will illustrate in the next section.

The strategy of coherent state’s construction is that we first use operators x and y to construct
the coherent state in H,,x then define a set of projectors that map the coherent state into #.
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The *-operation of x and y can be induced from the *-operation of ¢/. The action of x* and
y™ on the basis are given as:

7 i 7 7 -1 J—1
x* <Ze£1®efn> :e7m<2]+1) (Ze‘;{;l@e{n) ) y* <Zeﬁ1®e{n> = (ZEfn : ®€‘;/n z) .

87)

The commutation relation between x* and y* is the same as that between x and y:

* %k * ok

Xy =qgy"x". (88)
To end this section, let us point out an observation: the eigenvalue of x has a periodicity condi-

tion. This implies that the quantum states in the auxiliary Hilbert space H,,x are those defined
on the torus. This motivates our construction of coherent states in the next section.

7. Coherent states in the auxiliary Hilbert space

We list the action of operators X,y and x*,y* on states in the sub-space of each representation
label J:

x(0)) =er2 Py, y(qjj):\pH%’
i (89)
x* (\I’]) — e—m(l./+1)\1/] ; y* (\I’]) _ \I/J,

)

I

where U, is any state in the sub-space W/ (K1,Ky) ® w (K3, K4) for each representation label
J. It is easy to check that (84) and (88) are indeed realized.

As mentioned in the end of the preceding section, the auxiliary space is the quantization of
the torus as the phase space. Classically, a torus is viewed as a two-dimensional phase space
with canonical coordinates (g,p) € [0,a) x [0,b). Since they are on the torus, it is naturally
equipped them with periodic conditions. In quantum theory, the periodic condition yields the
quantization condition for any states on the torus:

ab =27hN , (90)

where N € N. For more details on quantum states on the torus, we refer to [23] as well as
appendix C.

For the auxiliary Hilbert space, the irreducible representations J € N/2 fall within the range
of 0 and (k+ %), as this range corresponds to the periodicity of the eigenvalue of the operator
x as shown in (83).

Following [23], we define a set of coherent states, denoted as w()}o_’ 7,)> as an L?(R) function
on a torus T, = S' x §' with parameters (X, Yy) € [0,27) x [0,27) being the angle coordin-
ates on T,. (The derivation of the coherent states can be found in appendix C.) When viewing
T, as a phase space, (Xo, Yo) is a pair of canonical coordinates. U (%o, 70) (¥) is defined as the
superposition of basis e;(x) with coefficient {5, 7, (/)

V(i) @ = D €z Der () 1)
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where

1 . ) R R
$(xo) (D)= (IHI—2> e S e Rl ) = 5 Iy 2’ Ke)’,
m' €% (92)

Syl )

Here 6(x — 27r(2(k+2)
combs and is an orthonormal basis in C. Therefore, 15, 7, (x) takes non-trivial value only at
discrete x’s. The resolution of identity for coherent states is [23]

—J)) is a Dirac distribution and the basis ¢;(x) is given by the Dirac

k+2
2m2

dXOd?OWJ(;(U%ﬁ<7»/1(5(U,y0)| =idy,, 93)
T,

where [t g, 7)) is defined as in (91) and (¥ 5, 7,)| = sz% (%o,7o) (Dei(x). By definition, the
inner product of the coherent state is defined as

%43
<¢(X0,Yo W} X4.70) ZEXmYo o’ﬂ?) <l> ' G
1,]=0

The final expression of the coherent state 1) 5, 7, in the Hayx ~ C*¢H2) is:

> o) DI (95)

where we have used |I) = e;(x) to denote the orthonormal basis in C2(**2), This notation
will be used in the next section. From our construction of coherent states on the torus,
the 2(k+ 2)—dimensional auxiliary Hilbert space H,yx is decomposed as follows: Haux =

@2k+3 Vl

8. Projection into H and the expectation value

In the preceding section, we have constructed the coherent state in the auxiliary Hilbert
space Haux, Which can be decomposed into subspace V!, and where the eigenvector of X is
associated to the eigenvalue et2(*1) However, the coherent state that corresponds to our
quantum system are in the H rather than H,,,. The physical Hilbert space H is decomposed
into >, W/ @ W/, where J can only fall within the range of max (|K; — K>/, |K3 — K4|) <J <
min (u(Ky,K>),u(K3,K4)) and the difference between closest J’s is 1 instead of 3.

Let us recall that the action of operators x and y on the sub-space V', where [ € N falls
within the range of 0 and 2k + 3, is defined as:

x(U) =00y (U) =Ty, VeV (96)
The actions of x and y indeed admit the commutation relation (84). Denote u(K,)=
min (u(K,K>),u(K3,K4)) and m(K,) = max (|K; — K,|,|K3 — K4|). The physical Hilbert

space H is the subspace of H.u as each J subspace of # is identical to the subspace V*/
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of Haux due to the fact that @;(:Kr;()&) V/ is isomorphic to @55(:1(2”3 (k,) V* and both have the
same eigenvalue as e (D) We define a projection map P, : Hyx — H
2u(Ky)
Py= Y 2], 7
2J=2m(K,)

where n denotes the dimension of H, i.e. n = u(K, ) —m(K,) + 1 and |2J) is an orthonormal
basis in H .

Proposition 8.1. P, are the projectors that project the space Hg,x onto ‘H, they satisfy the
following relations:

P,P, :Pmin(m,) , (Pn)* =P,. 98)
Proof.

PuPy = 202112020 = 61> [20)(20] = Proingun’y »

2J 2y 2J
(P.)" = (Z 2) <2J> = 121 (2J] =P, (99)
2J 2J

O

Given a coherent state |1z, 7)) = 212563 (%o 70) (D11} € Haux, the projected coherent state

[V (%0, 7)) = Pul¥(%, 7,)) is defined as

N 2u(K,) 2u(Ky)
i) = D RO = D € @D 1) (100)
2J=2m(K,) 2J=2m(K,)

Proposition 8.2. Given elements x and y that form a Weyl algebra that quantizes a torus
satisfying Xy = q%yx, the projected elements X := P,XP,, and § := P,y*P, satisfy the same
commutation relation of a Weyl algebra with q% — q. That is,

Xy = gyX. (101)
Proof. We prove it by direct calculation for both sides of (101). For the LA.s., we have

XY := PiXP,Pyy* Py = PyxPoy°Py = Y [20)(2[x[20") (21" |y* 20" (27"

T
=¥ N a0 20 20" +2) (20"
B / JJJ - B (102)
:quZ(ZJ +1) Z 51’1/51//+171/|2]”—|—2><2]”|ekT2(2] +3)Z|2J//+2><2J//|
JJ S
= qert ) 3T g 1) 2],
J//
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where the summations are from m(K, ) to u(K, ). For the rh.s.,

qYX = qP, Y’ PuP,XPy = qPyy*PxPy = q Y | [20)(2J|y*|27") (20" [x[20"")(2]"'|

JJ' g
= qe= () ST a2 +2) (20120720
i 1! JJ/J” (103)
— gedF (¥ +1) S Gy g2 +2)(20")
JJ'J
— qek+2 5 (2777 +1) Z |2J” +2><2]//| =lLhs..
J//
O

This shows that the operators X and y introduced in 6 can be defined by projection of oper-
ators x and y, which is the reason why we use the same notation to denote these operators
here.

The resolution of identity (93) for coherent states in H,,x induces the resolution of identity
for coherent states in H, which reads

k+2

(Xo Yo)> <7’Z)(X07y0) | = idH : (104)

This identity can be shown by sandwiching both sides by the projector P,: The Lh.s. of
equation (104) is the result of equation (100) and proposition 8.2. Note that the auxiliary space
is C%**4  the identity of which can be expressed as

2k+3

idy,, = Y {1, (105)

where |/) is the orthonormal basis in auxiliary space. Equation (104) can be shown by direct
calculation below.

2k+3  2u(K,)
Pyidy, Pr=>_ > Z |27 (2J]1) (1]2K) (2K

1=0 2J=2m(K, ) 2k=2m(K,,)
2k+3  2u(K,) 2u(K,)

= Z Z Z 127)027,101,2 (2K | (106)
I=0 2J=2m(K, ) 2K=2m(K.,)
2u(K,)

= Y )@l =idy,

2J=2m(K,)

where |2J),|2K) are the orthonormal basis in H,ux and the final result maps all the bases of
the physical Hilbert space H,, ~ C” to itself, where n = u(K, ) — m(K,) + 1 is the dimension
of the subspace.

The coherent state labels (X, Yy) encode the classical length-twist coordinates, which can
be seen by calculating the expectation values of the operators X and y in the coherent state
representation as shown in the following proposition.
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Proposition 8.3. In the semi-classical limit, where k and the four representations
K\,K>,K3,Ky increase at the same rate (i.e. k = \k, K, = AK,,, and \ — o), the expectation
values of X and y in the projected coherent state representation behave as

) :eiio—i-O(e_’\/\f)\) ) :ez’%—&-O(e_)‘/ﬁ) 7 (107)

given that the position coordinate X, labeling the coherent state w(f(o-f’o) satisfies the tri-

angle inequality: 2 max (%, “{;H_;fl) < XO < 2min (%, %) with u(Ky,K;) =

min(K; + K,k — K| — K,). Otherwise, the expectatwn values of X and 'y exponential decay
as

® =0(e?/VA), G =0(eVA) . (108)

Proof. We first calculate that

<i> = (w(xo yo)l W’ Xo y0 Z g Xo y0 ( )E (2‘1/) <2J|i‘2‘1/>

27,207

=2 e e ) QD8 ) =\ g 22 T (109)

5! EL

XZekH(ZH") [( 2L —2ms— XO) +( w2 —oms! XO)Z]

)

where the summation over 2J is from 2m(K, ) to 2u(K, ) as before. To proceed, we first apply
the Poisson resummation formula

l [+1-6
S r=>" / dif(l)e*™ ™ . § > 0 arbitrarily small (110)
=l; l

n€Z

to rewrite ) ,, in (109) in into an integral. Denote m := 2m(K,, ) and u := 2u(K,) 4 1 for sim-
plicity. Then (109) becomes

~ —12(k+2)Y0 s—s )
X) = ——
< k+2 YS‘ZG:Z
u—a - \2
XZ/ 4(2) e D Hamin, =52 (e 2ms o) (mity 2ms R gy

nel m—3a

We observe that the integration can be written in terms of the error function whose asymp-
totic expansion behaves as

XZ

erf (x) : \F/ e dr=1- f(l—l—O(l/x)), x> 1. (112)

Therefore, the asymptotic expansion of the integration |, b” e~ dxwitha>bandc>0 decays

- sz

exponentially unless a, b have different signs, or equivalently, the integrand e peaks within
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the range [a, b]. More precisely,

VE (erf(by/e) —erf((ay/c)) M 0 (}X) if0<a<b

A— o0

b N a—Xa, b—\b
/ e dx= ¢ V7 (erf(bye) +erf((av/e)) ——— \f“)(

,)\2

) ifa<0<b

—VE (erf(by/c) — erf((ay/c)) Lf&; 0(;%) ifa<b<0
(113)

The integrand of (111) peaks at k+2 % + (s +s') + £, where it reads

exp

(k+2) (—wnz — 7 (s—s")* +2in(x (s +5) +5(0)) - % + (—mn+i(m(s+s) +5(0))}

(114)

At large k, the dominant contribution comes from the term n = 0,s’ = s of the summation. In

k= Ak XO

+2 X° +2s+ 12(k:-2) oot 2s, which is within the range [, ii]

only if s =0. Therefore, (111) can be mmphﬁed at the A — 0o approximation (taking into
account that the constant c¢ takes the value 7 (k4 2) when using (113))

this case, the peak is =5

() S22, oo 10 (/W) (115)
A—00
where  2max <|K,‘;§2|, |Kz;§4|) < % < 2min ("(f_‘s_’f) ) "(Ilfif“)). Otherwise, (X) =

O(e”‘/ﬁ).

The expectation value of y is calculated in the same way:

F) 1= (3, 30) TP (3,7)) = D2 (i) A€ 1) R IF120) =D €3, 1) T+ D€ (s, 7, (20)
27,277 2]

:< 1 )l Z efiz(k+2)70(s7s’)eiziq,Ze—‘z‘;z[(wk’—‘“—Zm XO) +( w2 —2ms J{O)z]

k+2 5,5 €Z 2] (116)

_ (k—:—2>i Z oA Ty (5= +12YUZ/2“ 6d(2J 2 [(n L2 25— X,,) +(m 2 —2ms 75((,)2]7

s, €T neZz

where we have used the Poisson resumrnation in the third line. The peak of the integrand in
k+2 =(s+s)+% - k+2 ﬂ> (s+s")+ 22, which is within the range

T

the last line is at

5 5T +2] only if s + s’ = 0 then the peak is at kijz X“ . At the peak, the integrand takes the
form
efijZK et 27”75(0)2+( m*”” Xu)l] —)kajz:X?ﬂ e 7 £ {(X”+m727” XO) +(X‘1727”/75(°)2}(117)

k— o0 e—l(;’Tz[(Zws)z-&-(Zfrs,)z] ,

which decays exponentially at large k unless s = s’ = 0. We therefore conclude that

(5) KM 20 (V). (118)

A—00
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when  2max (M, M) < % < 2min (M, M) Otherwise, (¥) =

k+2 k+2 k+2 k+2
) ((fA /\A) .
O

So far, we have only calculated the expectation values of x and y. However, in general, one
2u(Ky)
2J=2m(K,)

has an upper limit restricts the power order y that § can have. Acting ¥ on |{/;(5((, f/o)>’ we have

can find the expectation value of a polynomial in X and y. The fact that the sum

i“\@(s(oyoﬁ =Pny2”Pan(5(oyo)> =y |2J’><21’|y2“\21><21|w(5(0yo)>
20,20

= > @20+ 22z, 7)) (119)
27,207

where sums are from m(K,)=max(|K; — Kz|,|Ks — K4|) to u(K,)=min(u(K;,K3),
u(K3,K4)). From the calculation above, we obtain the range that 1 must fall within:

0<pu<u(K,)—m(K,) . (120)

The state is set to O if y is greater than the allowed value.

We have, therefore, seen that the coherent state |1Z(,~(07;,0)> provides a complete basis
spanning the intertwiner space of a quantum curved tetrahedron as a Hilbert space, and
that the operators X and y quantize the length coordinate x and twist coordinate y respect-
ively as multiplication and derivative operators on the Hilbert space. Let the coherent state
labels Xy = 0, Yo = ¢ defined in (19). Then the expectation values of X and § correspond
to their classical counterparts, ¢’ =x and ¢2? = y? respectively. Both Xy and Y, indeed
fall within the range from 0 to 7, considering that the triangle inequality is satisfied. This

inequality, 27 max (‘K}H;fz‘, ‘K;{Jr;f““) < Xop < 27 min (”(ﬁigﬁ, %), where u(K,K,) =

min(K; + K>,k — K; — K;), is considered as the quantum counterpart of (18).

9. Conclusion and discussion

In this work, we have constructed the algebra generated by the quantum monodromies Mé,
where the loop ¢ encloses a pair of punctures. We have proved that the algebra generated by
Mé forms a loop algebra and that the g-deformed Wilson loop operators ¢} constructed from

the M, form a fusion algebra. The quantum diagonal length operator is obtained from cé. A
set of coherent states is constructed directly in the intertwiner space and the expectation value
of length and twist operators in the semi-classical limit peak at points of the phase space,
each describing the shape of a constantly curved tetrahedron. We have also shown that not all
coherent states are geometrical states for technical reasons. Firstly, the coherent state labels
X, and Y, label a point on the torus, but the phase space of the shape of a tetrahedron is only
the subspace of the torus phase space. Furthermore, the integration of the resolution of the
identity is over the entire torus, which means that the coherent intertwiner is not in one-to-one
correspondence with the classical tetrahedron.

The coherent states constructed in this paper may be adapted to construct the spinfoam
model with a non-zero cosmological constant A similar to the one introduced in [7], where the
coherent state labels were chosen to be the Fock—Goncharov coordinates. These coordinates
are also coordinates of the tetrahedron shape phase space, but are not Darboux coordinates and
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do not have natural holonomy interpretation as the length variables used in this paper, which
makes it more difficult to connect to the canonical quantization approach of LQG (with A).
We expect that the adjustment of coherent state coupling to the partition function in building
the spinfoam model could lead to a more feasible model, which is easier for applications.

The Guillemin—Sternberg theorem [33] guarantees that the quantization commutes with
reduction as illustrated in the following commuting diagram:

(SU (2))®4 quantization VKI ® VKZ ® VK3 ® VK4

symplectic reduction quantum reduction

quantization

Mﬂat (Zo$4,SU(2)) Ian (K],Kz,K3,K4) .

(121)

In our approach, we proceed the quantization first, and the reduction after. However, we
may try the other route as in [21], i.e. to proceed the geometric quantization directly on
Mgat(20,4,SU(2)). The Hilbert space should be the conformal blocks of the WZW model,
which is identified with the Hilbert space constructed by the combinatorial quantization [15].
One may define the coherent intertwiners in this manner. It would be interesting to investigate
the isomorphism between those states and the coherent states we constructed in this paper.
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Appendix A. Defining relations for Mz with the substitution rules

For the truncated case, un (su(2)) is a weak Hopf algebra, we apply the substitution rule over
all defining relations of the lattice algebra 3, which is generated by the matrix elements of
quantum holonomies of oriental edges in a lattice. The substitution rules are listed below [14,
15]

ClUIK) = CWIK) = cwlk) (+71) " CWIKY = CWIK" = () CIUIKT"
RV &5 RY = (p’®pj®id> <Lp2]3R4p_l> . di—d=Tr <p’(gS(5)a)> s R R = (p’@id)R,
Tr; (X) — fr; (X) := T (lewlg’> . with m' = p' (S ((15(])) a¢(2)) ¢(3) . owl=p (ga(z)S7] (cp(l)5>> <p<3) ,

(AD)
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where o, ¢ = 07! € U] (su(2)) @ U] (su(2)) @ U, (su(2)) and o, B € U (5u(2)) are the defin-
ing elements for 4] (su(2)). Note that ¢ # e @ e @ e but ¢ = (A ®id)A(e).

By using the exchange relations of the quantum holonomies, we can derive all the com-
mutation relations of the quantum monodromies M/, from the commutation relations of the
quantum holonomies. The quantum monodromies Mé can be expressed as matrix product of
quantum holonomies, e.g. Mg = /{1—1 ULUL,.

The functoriality condition of Mfg can be derived from the functoriality condition of
12

_ - 1
quantum holonomies, i.e. U, UL= Y, C[IJ|K]*UEC[1J|K] and the commutation relation U,

2 2 1
Uy g i g .
RY UL=UL R} Up.:

1 2 1 1 2 2
M, RV M = r; 'kt ULUL, RY ULUY,
1 2

= mflnjl UIcUé R';J

=r; 'k CIIK] USCIIKI R CIIIK') UE, C K]
KK’
=rg' > CIIK]" UEUE, C[LIK]
K
=Y C[LIK"M{C[LIK] .
K

1 2
UL, U%,

(A2)

The commutation relation of quantum monodromy M{, can be derived from exchange relation
of quantum holonomies:

-\ l1 Vi 2J —1,.—1 (-1 l1 11 I 2/ 21
(R )x M@ Rx MZZKI K/] (R )x UcUc/ RX UCUC/
1,.—1 1”1121 /111121
=r; 'Ky (RTY), UeUL RS Ug. Ug,
—1,.-1 -V 2J 11 —N\Y 1 11 21
— ik (R RY ULUL (R >y72y UL, U,
2 1 2 1 . 17 (A3)
= k5 LU (R)) UL U, (R )x
2 2 I 1 1 1 1
= wi'wy ! ULUG (RO UL (RTT)
2 1 u
—M; R My (R')

X

For any cycle £, such that £ < £,,, the monodromy along the cycle £,, can also be expressed
in terms of quantum holonomies i.e. Méu = mflU’éU’é, by separating ¢, into Co C’. The
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commutation relation between M and Méu can be derived from the commutation relations
of quantum holonomies:

N 11 24 2/ —1,—1 nY 11 } i 2121
(R7Y), My RIMy, =w; 'k (RTY) ) UcUe, RY USUL:

c-c’
I 1 2 1 2
=y 'k (RTY), UCUSUL UL,
U 2 1 2 1
=r; 'wy (R RY ULULUL, UL, RY (Ad)

2 2 I 11
_ =l =1y gd -1 A 77l 14
=k 'k ULUL, (RTY) | UpUss RE

2 1
=Mj, (R™)] M, RY.
On the other hand, for any cycle £,, such that £ - £,,, we have
1 U 2 11 2 2
R M, (R’_l)x M =r'w; 'R ULUL, (R’_l)x v,
12 1 2
=r; 'Ky 'R ULULUL U,
2

el (=N —1\V A5
= w7k IR (72 ) ULULU, U, (R ) (A5)

X
2 2 U 11 , J
— 'y ULUL, R ULUL, (R )
2 1 I
RV VA I yal r—1
-M; RV M, (R )

The element ¢/ is subject to change with the substitution rule (A1) applied and they satisfy
fusion rule (52) [14]. The element cfg is expressed as

i Try (ML) = i T (m'Mwg!) | (A6)

where m! and w! can be found in (A1). The quantum character x/, can be constructed by using
S-matrix and elements ¢}, [14]:

Sy=N (fr; ® fr;) (R'R) , (A7)

where R’, R satisfy the quasi-Yang—-Baxter equation. The S-matrix satisfies the properties listed
in (24). Then the quantum character X% is defined as:

X% :./\/.d]SUC7 :Nd[SIjCJ. (A8)

Appendix B. Some detailed calculation

In this appendix, we collect some detailed calculations used in the main text, which are formu-
lated into lemmas. Lemmas B.2 and B.1 are used in the proof of the propositions 4.1 and 4.4
respectively. Lemmas B.3 and B.4 are used in the proof of the theorem 5.4 as the substitution
rule (A1) applied.
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Lemma B.1. Suppose M), is the monodromy around the mth and the (m — 1)th punctures,
where m = 2,3, 4. The quantum trace of M, has the same two identities as the quantum trace
of monodromies around one puncture, i.e.

o (o) = (&) i) =] (R (R 7)) )

Proof. Let’s prove the two quantum trace identities with the help of Sweedler’s notation and
quasi-triangularity:

i

™, ((Rfl)IJMéRU) =Tr ((ZS(R}) ®R,2) M, <ZR,I ®Ri2)1/pl(g)>
My (Z (R (57" (R))" (R}’ (R?)’p’(g)>

=Td [ M} (57" ®id) Z(le)'(S(R,-‘))’(Rf)’(R?)’p’(g)>

i

STRY RS (SR! >>’<R%>’p'<g>) )
J

=T (My(S™" @id) (R (R™1)"p'(3))) = Trg(M}), (B2)

(Z(<S<R_;>>’R:)’<R%>’<Rf>’M;p'<g>))

ij

s (z (7 (kD) (R (R <Rf>’sz1<g>)>)

—Td | (Sid) (Z«sl (R:))'(R%)’)(Z(R_;>’<R_%>~’>M2p'(g>) )
i J

14

=T ((s@id) (R )" (R Myp!(g)) = Trl (M. (B3)

O

The quantum trace identities still hold in the truncated case with substitution rule (A1)
applied [14].

Lemma B.2. Given a linear order at the base point of the standard graph, the exchange rela-
tion of monodromies for {, = L, is given as

1 172 2 1 Iy
(R ™y (R)7') Mg, =My, (R ™y (R)7') (B4)

Proof. One can break loops £, and ¢, into curves C,C’ and E’, ol respectively by adding two
additional vertices y’ an y to the loops £, and £, respectively as illustrated in figure 5(a). At the
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vertex x, the linear order is given as C'<—C=<C'<—C.The quantum monodromy Mée can
be decomposed into the product of quantum holonomies UL and U/ as MZ =k, 'ULUL. In
the same way, the quantum monodromy Mé , can be expressed in terms of quantum holonomies

UJE and U%, asMj = m]lU%Ué,. The commutation relation of M2 and M, | can be derived

from the commutation relation of quantum holonomies

1 Vi

1 -1 21 11111 -\ 12/21
M, ((R') ) M, = r; UCU,((R’) ) wy ULUL

X X

1 2 1 2
_ =l —1lyiIy/yl J
= r; 'k URULUL U,

g2 1 2 1 I

=y ! ((R’)*‘)x ULULUL UL, ((R’)*l)x (BS)
72 2 1 1

= w'n (R ) URUL R UG (R))

1J

- (™) v 0w ()

X

Using commutation relations of holonomies at vertex x, the derivation above is straightforward.
O

Lemma B.3. For R and R’ satisfying the quasi-Yang—Baxter equation and o = p1p3 being
quasi-invertible, the following relation holds

P123R 12033 RR130213R ;0 PRI 03 p213R 10~ = @123R 05 3R R3p213R 107" (B6)
Proof.

o3R; o iR o esR20 T = 0asRly o p1sR s (A'®id) A (e)Rinp™"
= 0a3R1y ¢ P23 (A®id) A (e) RR1nep™!
= @213R1/271<P7190123R1I2R12<p71
= ea3R; (A ®id) A (e) RipRigp ™!
= a3 (A’ ®id) A(e)R{y'RRg ™!
= Pi2lpi3 (A@id) A ()] Ry 'RiRi2p ™

= <,0213R1/271R1/2R125071

B7)

= 3R .

The first and fifth lines are obtained by quasi-triangularity, and the third and seventh lines
are derived by the quasi-inverse property, oo~ 'p = ¢:

({[dA)A(e)p =p(ARid)A(e) =¢. (B8)

The notation P, used in the sixth equality of (B7) represents the permutation of the first and
second elements. O
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I Jo K I J K

Figure 7. The action of the graph on both sides is read from bottom to top. On the left-
hand side, the first action is given by R and the second one is given by R’. On the right-

hand side, the actions are given by ¢, 13R<p_1, Ri3, R| 3, and ¢ 123Rg0;]§ respectively.

ol i aletis

JR®K I J K I J K

(a) (b)

Figure 8. (a) The actions of the graph on both sides are read from bottom to top. On the
left-hand side, the action is given by R. On the right-hand side, the actions are given by
©213R0 ™! Ri3, and ap;zll respectively. (b) The actions of the graph on both sides are read
from bottom to top. On the left-hand side, the action is given by R. On the right-hand

side, the actions are given by (pBIZRB ©, R13, and (312 respectively.

Lemma B.4. For R and R’ obeying the quasi-Yang—Baxter equation, the following relation
holds

(id® A) (R'R) = p123R 0515 R 3R 130213R 1207 (B9)

Proof. We first check the quasi-triangularity of the quasi-Hopf algebra. One can directly read
out the isomorphisms of representations from the graphical illustrations shown in figures 7
and 8. Firstly, from figure 8(a), the expression for (p! ® p’ @ pX)(id ® A)(R) that is the iso-
morphism between (V! @ (V/ ® VX)) and ((VW @ VE) @ V) is read as
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(r' @0’ @ p¥) (0251 R130213R 120133 - (B10)

From the figure 8(b), the expression for (p! ® p’ ® pX)(A ®id)(R) that is the isomorphism
between ((V/ @ VW) ® VK)) and (VK @ (V! @ V)) is read as

(p1®pj®pK) (@312R13<P1_312R23<P123) , (B11)

where K maps (V@ V) @ VK) to (V@ (VW @ VK)) and (¢~")YK maps (V' @ (VW @ VK))
to (V! @ V) @ VK) for both cases. 0%V = (312)K maps (V€ @ VI) @ V) to (VE @ (VI @ W)
and (™)K = (35)K maps (V! @ (V€@ V) to (V@ VE) @ V).

The isomorphism (p' @ p’ K pX)(R'R) = (p' @ p’ @ p¥)(id ® A)(R'R) maps (V' @ (VW ®
VEY)) to (V! @ (W @ VK)). From the figure 7, the expression for (p! ® p’ @ p¥)(id® A)(R'R)
is read as

(P ® 0" @ p¥) (p123R120313R 3R 13213R 12907 ") (B12)
O

Appendix C. Quantum state on the torus and coherent state

In this appendix, we briefly review the construction and features of the generic quantum states
and coherent states on the torus [23] and give the derivation explicitly. The auxiliary space H,ux
is the quantization of the torus as the phase space. Suppose that we have a pair of operators
(Q,P) with the commutation relation [Q,P] = ik. Since they are on the torus it is natural to
impose the periodic condition. The periodic condition is defined in [23] as

U(a,0)¥ =e ™90 | U(0,b)T =e by, (C1)

where the operator is defined as U(c, ) = ¢# (=) and (r1,2) € [0,25) x [0, 2F). A state
on the torus can be obtained from arbitrary Schwarz function by the map P,; [23]. Given any
Schwarz function ¢ (x), x € R, one can construct a state on the torus from it as [23]:

G P @)= S0 (1) e Y (a b (3)

m,n€Z
_ Z (71)Nmn ei(mmafnznh)efﬁmnabe%nbxw (xfma)

m,n€”Z
_ Zeimmaw ()C— ma)zeinb(x—nzh— %mﬂ)+i7ern

mez nez
_ Zem'malb (X* ma)Zei27‘rn(%(x—nzﬁ—%ma)+%Nm)

mez nez
= Ze’”'m‘% X — ma)Z(S ( <x— kol — %ma) + %Nm— l>

mez IeZ (C2)
_ Z eimmaw (x — ma) Z %5 (x — Kkoh+ %ma — %ma — l%)

meZ IEZ
_Zzelmmaw l‘€2+l —ma 26 x—iab I$2—lg

N 2w N
I€EZ meZ
i ma a 7ab a

-y (z[ 1 (*w* ) ) (13 (= i 15)

I€Z \m€ZL

= a@)a)

ez
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where ¢;(¢)) := meZ V& imay (2 + 14 — ma) and §(x f& (x— 520 ky — 14).
The state in( ) is in an N dimensional vector space denoted as S’'(k,N) [23] By defini-
tion, the inner product is defined as

N—1

Pep|Pe) = a(y)a(v'). (C3)

1=0
By applying the periodicity condition on the state, one has the periodicity condition for the
coefficients ¢;(1)), which we now show. Firstly,

b i b
U(a,0)6;(x) = U(a, OM/N(S <x—2aN/f2—lN) :e_ﬁ“P1/%6 (x—zamv/@z—l;l]>
[a ab
= N(S(X—Z]V/iz_(l+N)N>

Let !’ = [+ N, then

00813 (£ B (B ) ([ - 502))
-3 <Z \f irima (—m N —ma>> (\/ga (x— zj:’an — ) %)) (C5)
$)6 (%)

I'e€Z \meL

= E CI—N

leZ

Therefore,

U(a,0)¢ =e ™% =Y e ™1, (1) 6 () . (C6)

I€Z

We then obtain the periodicity condition on the coefficients themselves:

v () =e e (¥) v () =% (Y) . (7))

Since we are dealing with the N-dimensional Hilbert space, one can establish
a one-to-one correspondence between S'(k N) and CV with the canonical basis
e = /5> e "o (x — x]) € CV, where x) = 5%y +¢ — la [23].

The coherent states on the torus can be deﬁned by the dlsplacement operator U(a, 3) act-
ing on the ground state. To construct the displacement operator, it is necessary to define the
Weyl-Heisenberg group. In our setup, we can choose (Inx,Iny,iid) to be the generators of the
Weyl-Heisenberg Lie algebra, with the Lie bracket defined in (85), i.e. [Inx,Iny] = ih =i -
Since Inx,Iny are anti-self-adjoint, one can set Inx = iQ and Iny = /P, where Q and P are
self-adjoint operators with the commutation as [Q,P] = —ifi. This commutation relation is
derived from the commutation relation of Inx,Iny. We then have (iQ,—iP,iid) as gener-
ators of the Weyl-Heisenberg Lie algebra. To follow the construction in [23], we define
Xo =Q- ﬁ, 170 = P — py, maintaining the same commutation relation [5(0, )70] = —ih, and

the position X is now in the range of (0,27).
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The exponential map of them gives us the Weyl-Heisenberg group elements, which are
unitary operators and defines unitary irreducible representations. Since the quantum states are
defined on the torus, they must satisfy the quantization condition (90). Following [23], the
displacement operator in our case is defined as U(a, ) = e# (#Xotato),

The Schwartz function we choose is the standard coherent state for harmonic oscillator in
the position representation, where the ground state is defined as

2 (12 e
w(0,0) (x)— (’]‘[‘h) e . (C8)

Here we use the same notation as in [23] and J and Z are —i and i respectively. The regular
coherent state is then obtained from the action of the displacement operator on the ground
state:

Ui @) = ot (ot kolo) y 2 ) — <J§) e P ACS O (C9)
™

The coherent state on the torus is defined as [23]:

U )= PG, ) (0= 3 (<) U ) 0, 5 ()

mne”z
1
— Z (71)Nmn i(ryma— nznh) (an0+n:czY0) <<32'7) 4 e_vyyhxoegyoxel n(X Xo) )
m,nez wh
1 -
_ Z (— 1)V i sima—ranb) o= 5 (nnab) . () <(3Z> ae_,y§xn Lo (cmma) i 2 (v—ma—T,)? >
m,n€L wh
iz % _ Moy i(nlma) ‘YO(,\ ma) lf(x ma—Xo)? —nb(x—fma hry)+im Nmn
=) ¢ " 2 Z (C10)
m
IZ\: 7""*0 i(R1ma) ;4 Yo (x—ma) i 2 Z (x—ma—Xp)? 27 n(Y (x— Lma— hry)+ L Nm)
= — 2 Ze 1 0 e 0 Ze a 2 2)7T5
Th ~
AN Ty ; n a ( ab )
— - i(kyma) Yo (x—ma) iZ (x—ma—X,)?
=(— e en ' O(x— ——ko—1I—
() *% VI (s

]
1
= <E) i -k Zzez(N.n1(¢) LRy (52 ka1t —ma) i Z (S ma 1t —ma=%0)* & 5 (x— ab ry — 12 )
Th N 2N N

In the fourth equality, we obtain the result by inserting (—1)M" = (¢/™)N™ We can choose
the sum of / to be within one fixed periodicity by introducing another sum over j € Z
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ro+(N+D) § 7ma7)~(0)2

/ WX 7 ( _ab 2 (_ab
( ) UUE E E en o 27:N”2+(/N+l)’7ma)e’ﬁ(2w’v

I=0 jeZ meZ

g iy ma _ ab . g
><1/Ne 6()( N (JN+1) )

( ) [a —'YUX“ZZZe ol st mat (0§ —(n—)a) i (ot (0§ —(m—j)a—Fo)*

I=0 jeZ meZ

g ir)(m—j)a ikija _ ab (s ﬁ
X‘/Ne e 6(x N (]N—I—Z)N)

( ) / IYUXU Z Z g%y ”wNK2+(Z)%7(mI)a)eiZiz(Z;lrbNH2+<I>77(m )‘I*X‘))zeml(ml)a

I=0m’'€’
LH]ja(; _ .
X Z,/ (x —Hz (JN+1) N) 1)
JEZ
1 - . N—1
_ (32 [a Tk Lo 52y maH (D) & —(m")a) i Z (525 ma+() & —(m")a—X0)? ik (m)a
-(Z) et Ty : :
T I=0m' €L
<Y /% ‘”‘"“5( o 2= (<N +]) %)
JEZ
A i, V1 - .
_ (E) [ &~ o T (5 mat (D —(m")a) i Gy rat (D) f—(m")a=K0)” iri (m)a
h N
4 1=0m’'€Z
a o—iriiag ab a .
x A,
IEZZ VN ( 27N N+Ja>
N—1
=2l Der (x)
1=0
In our convention, weset:a =27 = b, k1 = 0=k, N= 2(k+2) =X, Yo=Yy, h=
&3 J = —i, Z =i. The final expressions become:

1
o I \* pld’etn
o (D =600 = (g () = <k+2> ©

X 3 M (2 ) 4 (12 )
m' €7
1
- 1 i . ! (k42)
o (D) =c¢ )= e% (C12)
(q'p") (¢'p") k+2
x 3 T (2 —0') = 2 (1252~}
m' €7

N

J
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