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ABSTRACT

We present algorithms for Cyber-Physical Systems (CPS) falsifi-

cation and control, which take advantage of knowing the entire

language of the temporal logic specification - that is, the set of

signals that satisfy the formula. In the design of CPS, falsification

and control play key roles. Falsification is a testing task, where

the goal is to find an input signal that causes the system’s output

trajectory to violate the correctness requirements. Control is the

dual task, where the goal is to find an input signal that causes the

system’s output to satisfy the specification. When the specification

is expressed in a temporal logic, most existing work relies on local

optimization heuristics to perform both tasks. In this paper, we

explore whether a different expression of the specification offers

advantages when performing falsification and control. Recent work

presented a method for computing a representation of the language

of a formula in (discrete-time) Signal Temporal Logic (STL), show-

ing that the language can be represented as a union of polytopes.

We introduce new falsification algorithms which combine distance

information to the different components of the language to ac-

celerate the convergence to a falsifier. And we introduce a new

algorithm for computing a satisfying control signal which works

by repeatedly projecting violating output trajectories back onto the

language’s components. Moreover, these algorithms are trivially

parallelizable to take advantage of multiple processors. Despite

their relative simplicity, our algorithms demonstrate 10x to 100x

speedups relative to the state-of-the-art.

CCS CONCEPTS

• Theory of computation→ Logic; • Computer systems orga-

nization→ Embedded and cyber-physical systems.
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1 INTRODUCTION

When designing Cyber-Physical Systems (CPS), it has become com-

mon practice to formalize the system’s requirements in a tempo-

ral logic, such as Signal and Metric Temporal Logics (STL and

MTL) [16, 31]. A formal requirement in STL, say, has the advan-

tage of being unambiguous, because the logic has mathematical

semantics that are not open to interpretation. Perhaps more im-

portantly, several system design tasks can be automated given a

requirement in formal logic, whether falsification [2], control [48],

runtime monitoring [8], temporal logic inference [22, 30], and ex-

ample generation [6, 10, 24, 25, 43, 46].

This paper focuses on the first two of these: falsification and

control. Falsification is a testing task, where the goal is to find an

input control signal that causes the system’s output trajectory to

violate the formal specification. Control is the task of finding a

control signal that causes the system’s output to satisfy the specifi-

cation. Some limited cases (like linear control systems) are amenable

to exhaustive approaches for certain fragments of the applicable

logic, e.g. [44, 52]. However, this exhaustiveness comes at the cost

of solving expensive mixed-integer optimizations or abstraction

refinements at control time. More generally, since most CPS defy

full mathematical modeling, the CPS is usually treated as a black-

box (or a combination of black-box and white-box components).

Therefore, most works in the literature use search heuristics and

optimizations to perform falsification and control, from simulated

annealing [1] to Bayesian optimization [14] and others [36]. These

heuristics have met varying degrees of success, with different suc-

cess/runtime trade-offs depending on the formula and the system

being falsified or controlled. The yearly ARCH workshop keeps

track of the state-of-the-art in falsification [12].

https://doi.org/10.1145/3716550.3722040
https://doi.org/10.1145/3716550.3722040
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Recent work opens the way to a different approach, which shifts

the bulk of the computational burden to a one-time offline compu-

tation, while dramatically accelerating the tasks when it matters:

at control time, or at falsification time. Specifically, in [5], an algo-

rithm is given for approximating the language of a discrete-time

STL formula – that is, the set of all signals that satisfy it. Their

algorithm for approximating the language is expensive, as might

be expected (although the authors of [5] communicated that theirs

is an un-optimized implementation [4]). The conjecture we test in

this paper is that the language can be used to perform both falsifi-

cation and control faster than would be possible without access to

the language, potentially much faster, thus amortizing the cost of

approximating the language over multiple uses of the language to

falsify and/or control many different systems.

Contributions. We work with specifications 𝜙 in discrete-time

STL, or DT-STL. For such formulas, [5] showed that the language

L(𝜙) is a union of polytopes, and gave a way to approximate this

union. In this paper, we show that by incorporating the distance

of a candidate falsifying signal to each polytope in the language

individually into an existing falsification algorithm, we can accel-

erate falsification runtime by up to 100x, and generally reduce the

number of tests needed to reach a falsifier (though the amount of

reduction varies). We also show that by treating each polytope of

the language as its own objective, we can find a successful control

signal for a tracking dynamical system in as little as two itera-

tions. Despite the simplicity of our algorithms, the experimental

evidence suggests that this is a promising approach to falsification

and control of CPS, and that further theoretical analysis is needed

to understand it and build upon it.

Related Work. We examine the related work across three primary

themes at the basis of this work.

Language Generation This paper relies on the availability of a

concise explicit description of the language of the temporal logic

formula. The only work we know of that provides such an explicit

description is [5], in which it is shown that the language of DT-STL

formulas is a union of polytopes.

Search-based Test Generation (SBTG) for CPS: SBTG, also
known as falsification, refers to the problem of searching the op-

erational space of a system to identify anomalous behavior with

respect to a set of expert-defined requirements [28]. Various meth-

ods, ranging from black-box optimization [2, 14] to tree exploration

techniques [19, 55], have been proposed and effectively applied

to address the falsification task. In this line of work, the search

for a falsifying input is guided by a distance measure called ro-

bustness, which quantifies the degree of satisfaction or violation

of the output relative to the defined requirements. However, the

robustness function is notoriously difficult to optimize due to its

highly non-linear, non-convex, and possibly discontinuous surface.

This complexity has motivated significant research into statistical

and global optimization-based methods [9, 11]. Increasingly, there

is a focus on providing guarantees for finding such anomalous

behavior [42, 50, 54]. In addition to algorithmic advances, several

software tools have been developed to address the falsification

problem, as highlighted in the falsification category of the ARCH

competition [29]. In this work, we use Psy-TaLiRo [51] due to its

ease of developing and integrating new monitors and optimizers.

Control Control algorithms with (DT-)STL objectives maxi-

mize robustness. State-of-the-art approaches use global optimizers

that work with an analytic expression of the robustness [38, 39],

while others encode the problem as a mixed-integer linear program

[23, 44, 45]. Depending on the level of control (motion planning,

tracking and actuation, or both), the robustness maximization is

constrained by different dynamic feasibility constraints [40]. Re-

cent work proposes decentralized control for different classes of

formulas, surveyed in the upcoming monograph [32].

Organization. After preliminaries in Section 2, Section 3 pro-

vides new ways to do falsification when the formula’s language

is available. Section 4 provides a way to compute control signals

for nonlinear dynamical systems given the language. Section 5

concludes.

2 PRELIMINARIES

We define the logic DT-STL and its robustness, give the properties

of its language, and provide background on CPS falsification.

Notation. Letℜ = (−∞,∞) and N = {0, 1, 2, . . .}. With two inte-

gers 𝑎 and𝑏, [𝑎 : 𝑏] = {𝑎, 𝑎+1, . . . , 𝑏} ⊂ N. Given an integer interval
𝐼 ⊂ N and 𝑡 ∈ N, 𝑡 + 𝐼 := {𝑡 + 𝑠 | 𝑠 ∈ 𝐼 }. We write 𝐸 = {®𝑒1, . . . , ®𝑒𝑁 }
for the Euclidian basis ofℜ𝑁

. Given two vectors 𝑥,𝑦 ∈ ℜ𝑁
, the

𝐿2 distance between them is ∥𝑥 − 𝑦∥2:=
√︁∑

𝑛(𝑥 (𝑛) − 𝑦(𝑛))2.
A polytope 𝑃 inℜ𝑁

is the bounded intersection of half-spaces.

A box is a polytope of the form [𝑎1, 𝑏1] × . . . × [𝑎𝑁 , 𝑏𝑁 ] with real

numbers 𝑎𝑛, 𝑏𝑛 .

2.1 DT-STL

Signal Temporal Logic (STL) [18, 33] is a logic that allows the suc-

cinct and unambiguous specification of a wide variety of desired

system behaviors over time, such as “The vehicle reaches its desti-

nation within 10 time units while always avoiding obstacles” and

“While the vehicle is in Zone 1, it must obey that zone’s velocity

constraints”. STL is defined over continuous-time signals. We use a

variant of STL which applies to discrete-time signals, and which we

call DT-STL. DT-STL has been used frequently in control synthesis

such as in [23, 35, 44]. Formally, let 𝑋 ⊂ ℜ𝑑
be the state-space. A

signal 𝑥 is a map from N to 𝑋 , 𝑥 : N → 𝑋 . The set of all signals

is denoted 𝑋N
. Let 𝐴𝑃 = {𝑝1, . . . , 𝑝𝐿} be a set of atomic proposi-

tions, and let {𝜇𝑝 | 𝑝 ∈ 𝐴𝑃} be a corresponding set of real-valued
functions: 𝜇𝑝 : 𝑋 →ℜ.

Definition 2.1 (Discrete-Time STL (DT-STL)). The syntax of the
logic is given by

𝜙 := ⊤ | 𝑝 | ¬𝜙 | 𝜙 ∧ 𝜙 | 𝜙U𝐼 𝜙

where 𝑝 ∈ 𝐴𝑃 and 𝐼 ⊆ N is an integer interval. The semantics are

given relative to signals as follows.

(𝑥, 𝑡 ) |= ⊤
(𝑥, 𝑡 ) |= 𝑝 iff 𝜇𝑝 (𝑥 (𝑡 )) ≤ 0

(𝑥, 𝑡 ) |= ¬𝜙 iff (𝑥, 𝑡 ) ̸ |= 𝜙
(𝑥, 𝑡 ) |= 𝜙1 ∧ 𝜙2 iff (𝑥, 𝑡 ) |= 𝜙1 and (𝑥, 𝑡 ) |= 𝜙2
(𝑥, 𝑡 ) |= 𝜙1U𝐼𝜙2 iff ∃𝑡 ′ ∈ 𝑡 + 𝐼 . (𝑥, 𝑡 ′) |= 𝜙2 and

∀𝑡 ′′ ∈ [𝑡 : 𝑡 ′ − 1], (𝑥, 𝑡 ′′) |= 𝜙1
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Figure 1: Example of a 3D projection of a DT-STL formula’s

language (𝜙4 in Eq. (17)).

The language of 𝜙 is the set of all signals that satisfy it at 𝑡 = 0:

L(𝜙) := {𝑥 ∈ 𝑋N | (𝑥, 0) |= 𝜙}

The disjunction, Eventually and Always operators are derived

from conjunction and Until in the usual way. It’s worth emphasizing

that the language does not depend on any system – it is entirely a

function of the formula itself.

Robustness. Falsification for CPS with temporal logic require-

ments relies on the notion of a robustness function [2, 3, 16, 20].

Given a DT-STL formula 𝜙 with horizon 𝑁 , the robustness function

𝜌𝜙 : 𝑋𝑁 →ℜ approximates the signed distance between a signal

𝑥 and the language L(𝜙). Specifically, the distance between two sig-

nals is measured using the 𝐿∞ metric ∥𝑥−𝑦∥∞:= max𝑡 ∥𝑥 (𝑡 )−𝑦(𝑡 )∥2.
The distance between a signal 𝑥 ∈ 𝑋𝑁

and a set of signals 𝐴 ⊂ 𝑋N

is dist(𝑥,𝐴) := inf𝑎∈𝐴∥𝑥 − 𝑎∥∞. Write 𝜕𝐴 for the boundary of a set

𝐴. Then robustness has the following property:

Theorem 2.2 (Robustness approximates distance [2, 16]). For
any DT-STL formula 𝜙 and signal 𝑥 , if 𝜌𝜙 (𝑥) > 0 then 𝑥 ∈ L(𝜙)
and 𝜌𝜙 (𝑥) < dist(𝑥, 𝜕L(𝜙)), while if 𝜌𝜙 (𝑥) < 0 then 𝑥 /∈ L(𝜙) and
𝜌𝜙 (𝑥 ) > −dist(𝑥,L(𝜙)).

Thus robustness gives us a conservative measure of how far a

satisfying signal (𝑥 ∈ L(𝜙)) is from the language’s boundary, and

a conservative measure of how far a violating signal (𝑥 /∈ L(𝜙)) is
from the language. We define the signed distance function

Dist(𝑥,𝐴) :=
{
dist(𝑥, 𝜕𝐴), 𝑥 ∈ 𝐴
−dist(𝑥,𝐴), 𝑥 /∈ 𝐴 (1)

In particular if we define the robustness-induced language L𝜌 (𝜙) :=

{𝑥 ∈ 𝑋𝑁 | 𝜌𝜙 (𝑥 ) > 0} we have that
L𝜌 (𝜙) ⊆ L(𝜙)

2.2 Geometry of the Language of DT-STL

We will need the following results about the language of a DT-STL

formula from [5]:

Theorem 2.3. Suppose that (1) The state space 𝑋 is a bounded
axis-aligned box: 𝑋 = [𝑎1, 𝑏1] × . . . × [𝑎𝑑 , 𝑏𝑑 ], (2) The functions 𝜇𝑝
are affine, and (3) all formulas we consider have a finite horizon, that
is, for every formula there exists a smallest integer ℎ𝑟𝑧𝜙 s.t. every
satisfying signal has a satisfying prefix of length at most ℎ𝑟𝑧𝜙 [15].
Then the language of a DT-STL formula with horizon 𝑁 is the union
of polytopes inℜ𝑁𝑑 .

See Figure 1. If additionally the signal is one-dimensional (𝑑 = 1),

each atom is of the form ℓ ≤ 𝑥 ≤ 𝑟 for some scalars ℓ, 𝑟 such that

[ℓ, 𝑟 ] ⊂ 𝑋 , and this corollary follows.

Corollary 2.4. If the signals are 1-dimensional, then under the
assumptions of Theorem 2.3, the language of any DT-STL formula 𝜙
is a union of axis-aligned boxes inℜℎ𝑟𝑧𝜙 .

In the rest of this paper we work with one-dimensional signals,

so for a given formula 𝜙 , each signal can be treated as a vector

in 𝑋ℎ𝑟𝑧𝜙
, and L𝜌 (𝜙) is a subset of 𝑋ℎ𝑟𝑧𝜙

. In [5] an algorithm is

given for approximating L𝜌 . Their experiments demonstrate a high

accuracy in the approximation. In the rest of the paper, whenever

referring to the language, we mean the approximation returned

by the algorithms of [5]. We will often denote the approximate

language simply as L.

2.3 Falsification

Given a System-under-test (SUT)M and a formula 𝜙 falsification,
refers to the problem of finding inputs u ∈ U to the SUT that causes

its output 𝑥 =M (u) ∈ 𝑋𝑁
to violate the formula. Here 𝑁 is the

signal length. The search for a falsifier is framed as a robustness

optimization, namely

u∗ = argmin

u∈U
𝜌𝜙 (𝑥 ) (2)

If, at u∗, the 𝜌𝜙 (𝑥) < 0 then, as established in Thm. 2.2, 𝑥 violates

𝜙 . Solving the optimization (4) requires two routines: a robustness
monitor that computes 𝜌𝜙 (𝑥 ) for a given signal 𝑥 , and an optimiza-

tion routine to minimize 𝜌𝜙 . Multiple tools for DT-STL robustness

monitoring have been proposed [13, 17, 37, 53]. We use the state-

of-the-art RTAMT [37] monitor.

3 FALSIFICATIONWITH THE LANGUAGE

For any given DT-STL formula 𝜙 interpreted over length-𝑁 signals,

Corollary 2.4 asserts that the language is a union of axis-aligned

boxes and it computes an approximation to that union:

L(𝜙) = B𝜙 :=

𝑗⋃
𝑘=1

𝑏
𝜙

𝑘
(3)

where 𝑗 denotes the number of boxes, and 𝑏
𝜙

𝑘
⊂ ℜ𝑁

is the 𝑘th

𝑁 -dimensional box for 𝜙 . The signal space 𝑋N
satisfies 𝑋N

= B𝜙 ∪
B¬𝜙 . Because each finite horizon discrete time signal is represented

as an 𝑁 -dimensional point in 𝑋N
, we will use the words ‘signal’

and ‘point’ interchangeably.

Existing falsification algorithms minimize robustness, which

amounts to minimizing (a conservative bound on) the distance

between 𝑥 and the language L(𝜙) (Thm. 2.2) using only oracle access
to that distance. Having the language in hand presents an intriguing

alternative: compute B¬𝜙 and find points within this union. This
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reduces the task of falsification to finding a trajectory within any
box 𝑏

¬𝜙
𝑘

. Formally, eqn. (2) becomes:

u∗ = argmax

u∈U
Dist

(
𝑥, 𝑏
¬𝜙
𝑘

)
, (4)

where, if Dist
(
𝑥, 𝑏
¬𝜙
𝑘

)
> 0, u∗ is a falsifier. The remainder of this

section provides the technical approach, followed by the experi-

mental results on falsification task for CPS benchmarks.

3.1 Technical Approach

In the following subsection, we demonstrate two possible falsi-

fication frameworks that directly exploit the negated language

reconstructed through the union of boxes B¬𝜙 .

3.1.1 Parallelized Robustness Optimization for Falsification (PROF).

Our new algorithm PROF is introduced to identify an approximate

solution to Eq. (4) efficiently by exploiting the box structure of the

language. PROF attempts to find falsifiers by working with each

box in parallel, independently of the other boxes. For each box, the

sampling distribution is incrementally updated using a Bayesian

Optimization (BO) approach [21]. In the following, we describe

such sampling performed in each of the 𝑗 boxes.

Fix a box 𝑏
¬𝜙
𝑘

. PROF is initialized by sampling for each box, a

set of 𝑛0 input signals {𝒖𝑖 }, resulting in 𝑛0 output trajectories {𝑥𝑖 }.
The distances Dist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)
are computed, resulting into the initial

PROF filtration D𝑘 =

{
𝒖𝑖 ,Dist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)}𝑛0

𝑖=1
.

In case Dist
(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)
is non-positive for all 𝑖 , the 𝑘-th box initi-

ates the BO sampling phase. A Gaussian process (GP) is estimated

using the filtration D𝑘 as training set [49]. This surrogate model is

used to build a sampling posterior (the core of the BO approach) in

the input space referred to as an acquisition function [21]. In our

implementation we use the Expected Improvement (EI) acquisition

function and select the next input as its maximizer:

(5)

𝑢∗
𝑖𝑡𝑒𝑟+1,𝑘

∈ argmax

𝑢
𝐸𝐼 (𝑢) , where

𝐸𝐼 (𝑢)

= max

[
0, (𝑦∗ − 𝑦𝑘 (𝒖))Φ

(
𝑦∗ − 𝑦𝑘 (𝒙)
𝑠𝑘 (𝒖)

)
+

+𝑠𝑘 (𝒖)𝜙

(
𝑦∗ − 𝑦𝑘 (𝒖)
𝑠𝑘 (𝒖)

)]
,

where, 𝑦𝑘 (𝑢) is the prediction for the signed distance produced

by the GP surrogate at location 𝑢, 𝑠𝑘 (𝑢) is the associated model

variance, while 𝑦∗ is the best distance value within D𝑘 . Finally

𝜙, and Φ refer here to the 𝑝𝑑 𝑓 and 𝑐𝑑 𝑓 of the standard normal

distribution [27].

Obtained 𝒖∗
𝑖𝑡𝑒𝑟+1,𝑘

, we simulate the associated trace 𝑥∗
𝑖𝑡𝑒𝑟+1,𝑘

,

and evaluate the metric Dist
(
𝑥∗
𝑖𝑡𝑒𝑟+1,𝑘

, 𝑏
¬𝜙
𝑘

)
. This results in the

box-filtration D𝑘 update. Unless the termination condition is met,

the algorithm proceeds with the BO sampling stage.

At any iteration, if Dist
(
𝑥∗
𝑖𝑡𝑒𝑟+1,𝑘

, 𝑏
¬𝜙
𝑘

)
> 0 for any box 𝑘 =

1, . . . , 𝑗 , PROF terminates, otherwise PROF terminates once all boxes

have sampled a maximum of 𝑛
BO

inputs (user defined).

The pseudocode in Alg. 1 summarizes the approach. It should be

noted that the choice of optimization algorithm to solve Eq.(4) can

be replaced with any other optimizer.

Algorithm 1 Parallelized Robustness Optimization for Falsification

(PROF)

1: Input: Search Space U, distance Dist
(
𝑥,𝑏
¬𝜙
𝑘

)
, initialization budget 𝑛0,

total number of BO iterations 𝑛
BO
;

2: Output: location and distance value u∗ ∈ U, Dist
(
𝑥∗, 𝑏¬𝜙

𝑘

)
≥ 0;

3: for 𝑏𝑘 , 𝑘 = 1 · · · 𝑗 in parallel do

4: D𝑘 ←
{
𝒖𝑖 ,Dist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)}𝑛0

𝑖=1
⊲ Sample and evaluate𝑛0 number

of inputs; Estimate the GP hy-

perparameters.

5: 𝑡𝑘 ← 0;

6: while 𝑡𝑘 < 𝑛
BO
; do

7: 𝒖∗
𝑡𝑘+1
← argmax𝒖∈U EI (𝒖 ) ⊲ Select the next location

8: D𝑘 ← D𝑘 ∪ {𝒖∗𝑡𝑘+1,Dist
(
𝑥∗
𝑡𝑘+1

, 𝑏
¬𝜙
𝑘

)
} ⊲ Update the dataset

9: if Dist
(
𝑥∗
𝐸𝐼
, 𝑏
¬𝜙
𝑘

)
≥ 0 then

10: Go to Line 17 ⊲ Terminate search for all boxes

11: else

12: Estimate the GP hyperparameters using updated dataset D𝑘 .

13: 𝑡𝑘 ← 𝑡𝑘 + 1

14: end if

15: end while

16: end for

17: return u∗ ∈ U, Dist
(
𝑥∗, 𝑏¬𝜙

𝑘

)

3.1.2 SerializedMulti-Robustness Falsification (SMuRF). When par-

allelization is not feasible, we can still leverage the distances to each

of the boxes in the union B¬𝜙 . In fact, we observe that the opti-

mization in Eq. 4 can be formulated as:

𝒖∗ = argmax

𝒖∈U

[
max

𝑘=1,..., 𝑗
Dist

(
𝑥, 𝑏
¬𝜙
𝑘

)]
(6)

TheMinBO algorithm, proposed in [34], provides an efficient ap-

proach to find approximations to Eq. 6 by utilizing a novel Expected

Improvement (EI) criterion, denoted by 𝐸𝐼MinBO. Unlike traditional

EI, which can only consider the maximum distance across the boxes,

𝐸𝐼MinBO can consider the distance to each box separately.

SMuRF is initialized by sampling a set of𝑛0 input signals {𝒖𝒊}, re-
sulting in𝑛0 trajectories {𝑥𝑖 }. The distances to boxDist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)
, 𝑘 =

1, · · · , 𝑗 are computed to generate the initial SMuRF filtration dataset

for D𝑘 =

{
𝒖𝑖 ,Dist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)}𝑛0

𝑖=1
. Like PROF, if Dist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)
is

non-positive for all 𝑖 , SMuRF initializes theMinBO sampling phase.

A Gaussian process (GP) is estimated using the filtration D𝑘 as

training set [49]. They key difference in MinBO is in the compu-

tation of the 𝐸𝐼MinBO acquisition function, which is computed as

follows:
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(7)

𝑢∗𝑖𝑡𝑒𝑟+1 ∈ argmax

𝑢
𝐸𝐼𝑘 (𝑢) , 𝑘 = 1, · · · , 𝑗 , where

𝐸𝐼𝑘 (𝑢)

= 𝐸

[
max

(
(𝑦∗ − 𝑦𝑘 (𝒖))Φ

(
𝑦∗ − 𝑦𝑘 (𝒙)
𝑠𝑘 (𝒖)

)
+

+𝑠𝑘 (𝒖)𝜙

(
𝑦∗ − 𝑦𝑘 (𝒖)
𝑠𝑘 (𝒖)

)
, 0

)]
,

where, 𝑦𝑘 (𝑢) is the prediction for the signed distance produced by

the GP surrogate at location 𝑢, 𝑠𝑘 (𝑢) is the associated model vari-

ance, like in eq. (5). However, unlike eq. (5), 𝑦∗ is the best distance
value across all D𝑘 , 𝑘 = 1, . . . , 𝑗 [34]. Finally 𝜙, and Φ refer here to

the 𝑝𝑑 𝑓 and 𝑐𝑑 𝑓 of the standard normal distribution.

The newly obtained 𝒖∗
𝑖𝑡𝑒𝑟+1

is then simulated to produce the

associated signal 𝑥∗
𝑖𝑡𝑒𝑟+1

. The maximum of distance to each of the

boxes

max

𝑘=1,..., 𝑗

(
Dist

(
𝑥∗𝑖𝑡𝑒𝑟+1, 𝑏

¬𝜙
𝑘

))
is then computed. This results in the box-filtration D𝑘 update.

Unless the termination condition is met, the algorithm proceeds

with the MinBO sampling stage.

Like in PROF, at any iteration, if Dist
(
𝑥∗
𝑖𝑡𝑒𝑟+1

, 𝑏
¬𝜙
𝑘

)
> 0 for any

box 𝑘 = 1, . . . , 𝑗 , SMuRF terminates, otherwise it terminates when

all boxes have sampled a maximum of 𝑛MinBO inputs (user defined).

The MinBO algorithm is shown in Alg. 2. It should be noted, as

before, that the choice of the optimizer to solve eq. 6 can be replaced

with any other algorithm.

Algorithm 2 Serialized Multi-Robustness Falsification (SMuRF)

1: Input: Search Space U, distance Dist
(
𝑥,𝑏
¬𝜙
𝑘

)
, initialization budget 𝑛0,

total number of MinBO iterations 𝑛
MinBO

;

2: Output: location and distance value u∗ ∈ U, Dist
(
𝑥∗, 𝑏¬𝜙

𝑘

)
≥ 0;

3: D𝑘 ←
{
𝒖𝑖 ,Dist

(
𝑥𝑖 , 𝑏

¬𝜙
𝑘

)}𝑛0

𝑖=1
∀𝑘 ∈ 1, . . . , 𝑗 ⊲ Sample and evalu-

ate 𝑛0 inputs.
4: 𝑡

MinBO
← 0;

5: while 𝑡
MinBO

< 𝑛
MinBO

; do

6: for 𝑘 = 1, ..., 𝑗 do

7: Estimate the GP hyperparameters using D𝑘

8: u𝑘 ← argmaxu∈U EI𝑘 (u) ⊲ Compute the next loca-

tion for box 𝑘
9: end for

10: u∗ ← argmax𝑘=1,..., 𝑗 𝐸𝐼𝑘

(
u𝑘

)
11: D𝑘 ← D𝑘 ∪

{
u∗,Dist

(
𝑥∗, 𝑏¬𝜙

𝑘

)}𝑛0

𝑖=1
∀𝑘 ∈ 1, . . . , 𝑗

12: if max𝑘=1,..., 𝑗

(
Dist

(
𝑥∗, 𝑏¬𝜙

𝑘

))
≥ 0 then

13: return u∗, Dist
(
𝑥∗, 𝑏¬𝜙

𝑘

)
⊲ Return the sampled

point and its evalua-

tion

,

14: else

15: 𝑡
MinBO

← 𝑡
MinBO

+ 1

16: end if

17: end while

Figure 2: 3D projection of 𝜙5 in Eq. (12).

3.2 Experimental Results

To demonstrate the efficacy of the proposed approach for Cyber-

Physical Systems (CPS), we use the Chasing Cars (CC) benchmark

from the friendly ARCH competition [29]. The CC benchmark

simulates an automatic chasing car system comprising five cars.

The first car is controlled by two inputs: throttle and brake, which

determine its movement. The remaining four cars follow the first car

using an algorithm proposed by [26]. The system’s output consists

of the locations of all five cars, denoted as 𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5. Both

throttle and brake signals have a range of [0, 1], representing the

percentage of each applied. These signals are parameterized by

10 control points each, resulting in a total of 20 control points

defining the system’s input. The time horizon for the signal is 100

seconds, with a sampling frequency of 0.1 Hz, corresponding to 10

time steps. The benchmark aims to falsify the following properties,

which constrain the longitudinal distance between the fifth and

fourth cars:

𝜙1 = [0,100] (𝑦5 − 𝑦4 ≤ 40) (8)

𝜙2 = [0,70]

(
[0,30] (𝑦5 − 𝑦4 ≥ 10)

)
(9)

𝜙3 = [0,80]

((
[0,20] (𝑦5 − 𝑦4 ≤ 30)

)
∨

∨
(

[0,20] (𝑦5 − 𝑦4 ≥ 35)
))

(10)

𝜙4 = [0,80]

((
[0,20] (𝑦5 − 𝑦4 ≤ 32)

)
∨

∨
(

[0,20] (𝑦5 − 𝑦4 ≥ 33)
))

(11)

𝜙5 = [0,65]

(
[0,30]

(
[0,5] (𝑦5 − 𝑦4 ≥ 10)

))
(12)

Therefore, the actual signal is 𝑥 := 𝑦5 − 𝑦4, and the language is

a subset ofℜ10
. Figure 2 illustrates the language of 𝜙5 in Eq. (12),

by projecting it onto 3D subspaces. For generating the language,

we used the code from [5], which they made available at https:

//github.com/Chris-amV/FindBox.git. For falsification, we use Psy-

TaLiRo [51], the python counterpart of S-TaLiRo [7], because of its

support for developing new monitors and optimization algorithms.

Monitoring accuracy. The first set of experiments answers the

question: how accurate is robustness calculation using the language,

https://github.com/Chris-amV/FindBox.git
https://github.com/Chris-amV/FindBox.git
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relative to robustness calculation with the state-of-the-art RTAMT?

This needs to be verified since [5] approximates the language and
does not provide a theoretical guarantee of approximation. There-

fore Dist(𝑥,L), where L is the approximate language, might be a

poor estimate of the true robustness. In what follows we refer to

Dist(𝑥,L) as the language monitor.
Table 1 demonstrates the accuracy of the language monitor. A

total of 10,000 input signals were generated using uniform sampling

and simulated with the CC model. The Value Agreement row refers

to the percentage of output trajectories where both RTAMT and

the language monitor produced the same robustness value, and

the Sign-Only Agreement row refers to those where only the signs

agreed (so both counted a signal as being a falsifier or satisfier). The

Complete Disagreement counts the remaining trajectories. Finally,

we show the mean monitoring times for both methods. The two

key takeaways from Table 1 are that (1) while the language monitor

is sometimes inaccurate, in all but one case, it gives the correct

robustness sign, justifying its use in falsification. To guarantee

the results, when doing falsification, the final trajectory should be

checked with RTAMT (or a similar monitor) before accepting it;

and 2) the language monitor is up to two orders of magnitude faster

than RTAMT, which can significantly reduce total falsification time

when many tests are executed.

In Table 1, we also show the percentage of trajectories that

are inside the language (Satisfaction Ratios row); this estimates

the volume in the language in the signal space, and is an indirect

measure of the difficulty of falsification. We also show the number

of boxes for each language in the Number of Boxes row.

Table 1: Monitoring results showing satisfaction ratios, viola-

tion types, and computation times for different specifications.

Mean RTAMT and monitoring times indicate performance

efficiency across 10,000 simulated input signals

𝜙1 𝜙2 𝜙3 𝜙4 𝜙5

Value Agreement (%) 100.00 42.60 100.00 42.61 100.00

Sign-Only Agreement (%) 0.00 57.40 0.00 57.38 0.00

Complete Disagreement (%) 0.00 0.00 0.00 0.01 0.00

Mean RTAMT Time (ms) 8.69E-01 6.72E-01 1.38 1.37 1.05

Mean language monitor Time (ms) 3.64E-02 1.51E-02 3.51E-01 1.33E-02 3.68E-02

Satisfaction Ratios (%) 7.08 1.82 3.84 0.87 7.08

Number of Boxes 7 3 85 2 7

Falsification performance. The second set of experiments an-

swers the question: how effective is using the language in finding

falsifications on CPS benchmarks in comparison to the RTAMT

monitor? This becomes important to analyze wether the additional

information provided by the computing the language of the for-

mulas aid the falsification process or not. To answer this question,

we compare the performance of the proposed algorithms, PROF

and SMuRF, against their RTAMT counterparts on falsification of

properties𝜙1 (Eq. 8) through𝜙5 (Eq. 12). To falsify the requirements,

we use the boxes computed in the earlier experiment.

The PROF algorithm is evaluated against a parallelized Bayesian

Optimization (BO) procedure that leverages RTAMT to compute

robustness values. Specifically, if a formula¬𝜙 results in 𝑗 generated

boxes, the parallelized BO runs on 𝑗 processors. This approach

is referred to as PBO-RTAMT. In contrast, SMuRF is compared

to a non-parallelized BO procedure, termed SBO-RTAMT. Both

algorithms are initialized with the same set of five starting points

and terminate either upon finding a falsifier for 𝜙 or after 200

iterations. Additionally, any encountered falsifier is validated using

RTAMT to confirm its correctness before termination.

The results in Table 2 and Table 3 present the outcome of falsifi-

cation for PROF and PBO-RTAMT, and SMuRF and SBO-RTAMT,

respectively, for requirements 𝜙1 through 𝜙5 over 20 independent

trials. The FR column represents the Falsification Rate, which is

the number of trials in which an algorithm successfully achieved

falsification, and 𝑆 denotes the mean number of iterations an al-

gorithm takes to find a falsification. Additionally, we report the

timing statistics: the 𝑇𝑇 column shows the average amount of time

(in ms) spent in monitoring across the various trials, and 𝑇𝑀 repre-

sents the mean time (in ms) spent monitoring a single component.

A single component refers to computing the distance of a signal

from the box in the context of PROF and SMuRF, while it refers to

monitoring the formula for the algorithms using RTAMT. In the

Table 2: Falsification results for PROF and PBO-RTAMT over

20 independent trials. FR denotes the falsification rate, 𝑆 is

the average number of iterations,𝑇𝑇 represents the total time

taken, and 𝑇𝑀 is the mean time per iteration.

Req. Method FR 𝑆 𝑇𝑇 𝑇𝑀

𝜙1
PBO-RTAMT 20/20 12.50 13.617 1.107

PROF 20/20 11.30 0.355 0.034

𝜙2
PBO-RTAMT 20/20 7.40 12.484 1.675

PROF 20/20 7.50 0.484 0.067

𝜙3
PBO-RTAMT 20/20 6.30 11.785 1.877

PROF 20/20 6.05 2.294 0.380

𝜙4
PBO-RTAMT 20/20 24.40 44.700 1.820

PROF 20/20 31.10 0.672 0.031

𝜙5
PBO-RTAMT 20/20 7.40 11.242 1.540

PROF 20/20 7.90 0.468 0.063

case of PROF (Table 2), we observe comparable performance to

PBO-RTAMT in terms of both the falsification rate and the mean

number of iterations. However, PROF outperforms PBO-RTAMT

in monitoring time by at least two orders of magnitude. This ef-

fect is even more pronounced with SMuRF. From Table 3, it can

be seen that SMuRF not only surpasses its RTAMT counterpart,

SBO-RTAMT, in monitoring time but also consistently requires

fewer iterations to achieve a falsification. The number of iterations

is directly proportional to the time spent on system simulations,

and CPS simulations are notoriously costly. Given the high com-

putational expense of simulations, the comparable performance of

PROF with PBO-RTAMT and the superior performance of SMuRF

with SBO-RTAMT in terms of mean number of iterations are cru-

cial for reducing the total number of costly simulations required.

Clearly, when considering both simulation and monitoring costs,

the additional information obtained from computing the formula’s

language contributes to significantly faster overall runtimes.
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Table 3: Falsification results for SMuRF and SBO-RTAMT

over 20 independent trials. FR denotes the falsification rate,

𝑆 is the average number of iterations, 𝑇𝑇 represents the total

time taken, and 𝑇𝑀 is the mean time per iteration.

Req. Method FR 𝑆 𝑇𝑇 𝑇𝑀

𝜙1
SBO-RTAMT 20/20 27.90 30.438 1.207

SMuRF 20/20 16.85 2.789 0.203

𝜙2
SBO-RTAMT 20/20 15.10 19.245 1.272

SMuRF 20/20 12.95 3.055 0.324

𝜙3
SBO-RTAMT 20/20 19.45 38.564 1.975

SMuRF 20/20 18.65 11.150 0.631

𝜙4
SBO-RTAMT 20/20 39.10 70.265 1.808

SMuRF 20/20 25.50 4.121 0.186

𝜙5
SBO-RTAMT 20/20 13.40 23.811 1.701

SMuRF 20/20 11.65 3.254 0.353

For a given formula 𝜙 , computing the language of ¬𝜙 yields

a union of boxes, as shown in eq. (3). To determine whether a

falsification resides in multiple boxes, we conduct an additional

experiment with a modified PROF algorithm: this modified version

exits only if a falsifier is found in all boxes or if the maximum

iteration limit of 200 is reached. In Table 4, 𝑆min and 𝑆max refer to

the mean number of minimum and maximum iterations over 20

independent trials computed using the modified PROF.

Additionally, for the set of boxes associated with the formula ¬𝜙 ,
we implement a sequential BO procedure. This procedure starts

with a randomly selected box and samples signals within the box for

up to 200 iterations before switching to another box. The process

continues until a falsifier is found or all boxes have been searched,

at which point the algorithm terminates. Results from this approach

are summarized in Table 4.

An interesting observation is that some boxes within this union

are relatively easy to falsify, while others are more challenging.

For instance, in formula 𝜙4, which contains 85 boxes, we noted

that 2 out of 85 boxes never yielded a falsification. Specifically,

the ratios
𝜈(𝑏¬𝜙4𝑘)∑

𝑘=1,...,85𝜈(𝑏
¬𝜙

4

𝑘
)

, where 𝜈(·) denotes volume, were 0 and

0.00129, respectively. This suggests that the order in which boxes

are traversed (on a single processor) impacts the results, motivating

future work to understand what makes certain boxes harder to

falsify.

4 TRACKING CONTROLWITH THE

LANGUAGE

In this section we demonstrate a way to use the explicit represen-

tation of the language as a union of boxes to perform control. We

tackle the control problem in the common setup of a system that

consists of a motion planner in line with a tracking controller. The

planner produces a reference trajectory 𝑥𝑟𝑒 𝑓 that (hopefully) satis-

fies the DT-STL formula, and the tracking controller attempts to

track it – i.e. produce a trajectory that is as close to 𝑥𝑟𝑒 𝑓 as possible.

Table 4: Summary of experimental results from random

box sampling for the falsification on a single thread using

BO over 20 independent trials. Here, 𝑆min and 𝑆max indicate

the mean number of minimum and maximum iterations re-

quired for falsification. Results show variability in difficulty

across boxes, with some boxes being significantly harder to

falsify.

Req. FR 𝑆min 𝑆max 𝑆 𝑇𝑇 𝑇𝑀

𝜙1 20/20 11.3 47.7 31.8 5.009 1.670

𝜙2 20/20 7.5 37.1 19.57 4.831 0.690

𝜙3 20/20 6.05 200 46.35 24.925 0.293

𝜙4 20/20 31.1 63.4 25.50 4.121 0.186

𝜙5 20/20 7.9 37.7 19.7 5.023 0.718

Current motion planners optimize some quality measure to pro-

duce a reference 𝑥𝑟𝑒 𝑓 . For DT-STL objectives, that is invariably the

robustness, i.e. the planner solves the following to local optimality:

u∗ = argmax

u∈U
𝜌𝜙 (M𝑠 (u)) and 𝑥𝑟𝑒 𝑓 =M𝑠 (u∗). (13)

If 𝜌𝜙 (𝑥𝑟𝑒 𝑓 ) > 0 then this is a valid reference trajectory. The model

M𝑠 is a simplified model of the dynamics for which the above

optimization can be solved. Unlike falsification, the speed at which

this optimization is solved is critical since its output is used in the

control loop, typically in a receding horizon fashion [38, 41].

4.1 Technical Approach

Our approach is inspired by projected gradient descent in con-

strained optimization. Suppose that a satisfying reference 𝑥𝑟𝑒 𝑓 ∈ L
is identified, but the control system fails to track it accurately

enough: the system’s attempt at tracking 𝑥𝑟𝑒 𝑓 produces trajectory

𝑥1 which violates 𝜙 . We project 𝑥1 onto the language set, yielding

𝑥
𝑝

1
∈ L(𝜙). This is the satisfying signal nearest to this actual system

output trajectory. This projection is now the new reference, which

the system must track, yielding 𝑥2: if 𝑥2 is in the language, we are

done; otherwise, we again project the new trajectory, and repeat.

We first note that such projection is not possible at all if we only
have the formula or its robustness. Moreover, we can trivially paral-

lelize this approach, by projecting onto each box in L(𝜙) in parallel:

from a control perspective, this gives a very easy way of exploring

all the ways in which the formula might be satisfied, and allows

us to pick among them based on secondary criteria (like minimal

energy or jerk).

The pseudocode is shown as Algorithm 3. It takes in a union of

boxes 𝐵 (which can be the whole language, or a single box in case

we parallelize over available processors) and performs the above

project-then-track iterations.

4.2 Dynamical System and Its Objectives

In our experiments, we focused on tracking the x-position of an

Uncrewed Aerial Vechile (UAV) using a dynamical model that in-

corporates translational, rotational, and kinematic equations [47]

.
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Figure 3: Representation of a run of Algorithm 3 in a 2-box

language. Start point/trajectory is red, tracking points are

blue, and projected points are orange. The final feasible point,

which is successfully tracked, is green.

Algorithm 3 LangControl: Control with the Whole Language

1: Input: Union of boxes 𝐵 (representing the language L(𝜙) or a
subset of it), signal length 𝑁 , Failure limits 𝑀 and 𝐾 , control

system tracker;

2: Output: Trajectory satisfying the formula and corresponding

control signal

3: 𝑚 ← 0

4: while𝑚 ≤ 𝑀 do

5: ⊲ Sample a random signal from the constraint set without

replacement

6: 𝑥𝑟𝑒 𝑓 ← Sample(𝐵)

7: for (𝑐𝑜𝑢𝑛𝑡 := 0; 𝑐𝑜𝑢𝑛𝑡 ≤ 𝐾 ; 𝑐𝑜𝑢𝑛𝑡 + +) do

8: ⊲ Tracker returns trajectory and corresponding control

signal

9: 𝑥, u← Track(𝑥𝑟𝑒 𝑓 )

10: if 𝑥 ∈ 𝐵 then

11: return 𝑥, u ⊲ Feasible signal found

12: else

13: 𝑥𝑟𝑒 𝑓 ← Projection(𝑥, 𝐵) ⊲ Project 𝑥 onto 𝐵

14: end if

15: end for

16: ⊲ If this attempt failed, start from a different initial reference

trajectory

17: 𝑚 ←𝑚 + 1

18: end while

19: return ⊥ ⊲ No feasible signal found within the limits

• 𝑥1, 𝑦1, 𝑧1 represent the position in the 𝑥 , 𝑦, and 𝑧 directions

respectively, and 𝑥2, 𝑦2, 𝑧2 be the corresponding velocities.

• 𝜙1, 𝜙2, 𝜃1, 𝜃2,𝜓1,𝜓2 represent the roll, pitch, and yaw angles

and their corresponding angular velocities.

• 𝑓𝑡 be the thrust.
• 𝜏𝑥 , 𝜏𝑦, 𝜏𝑧 the the body torques.

• 𝑚 the the mass of the quadrotor.

• 𝐼𝑥 , 𝐼𝑦, 𝐼𝑧 the the moments of inertia.

• 𝑔 the the acceleration due to gravity.

The kinematic equations of motion are simply

¤𝑥1 = 𝑥2, ¤𝑦1 = 𝑦2, ¤𝑧1 = 𝑧2,
¤𝜙1 = 𝜙2, ¤𝜃1 = 𝜃2, ¤𝜓1 = 𝜓2

The translational dynamics are given by

¤𝑥2 =
𝑓𝑡

𝑚
(sin(𝜙1) sin(𝜓1) + cos(𝜙1) cos(𝜓1) sin(𝜃1))

¤𝑦2 =
𝑓𝑡

𝑚
(cos(𝜙1) sin(𝜓1) sin(𝜃1) − cos(𝜓1) sin(𝜙1))

¤𝑧2 = −𝑔 +
𝑓𝑡

𝑚
cos(𝜙1) cos(𝜃1)

The rotational dynamics are given by

¤𝜙2 =
𝐼𝑥

𝐼𝑦 − 𝐼𝑧
𝜃2𝜓2 +

𝜏𝑥

𝐼𝑥

¤𝜃2 =
𝐼𝑦

𝐼𝑧 − 𝐼𝑥
𝜙2𝜓2 +

𝜏𝑦

𝐼𝑦

¤𝜓2 =
𝐼𝑧

𝐼𝑥 − 𝐼𝑦
𝜙2𝜃2 +

𝜏𝑧

𝐼𝑧

For trajectories of length 10, we used the following DT-STL

objectives:

𝜙1 = (0 ≤ 𝑥1 ≤ 10) ∧ ¬(3 < 𝑥1 < 5) (14)

𝜙2 = [0,7](0 ≤ 𝑥1 ≤ 3) ∧
[8,10](0 ≤ 𝑥1 ≤ 3) (15)

𝜙3 = [0,10](0 ≤ 𝑥1 ≤ 3) ∧
[0,10](7 ≤ 𝑥1 ≤ 10) (16)

𝜙4 = [0,2](0 ≤ 𝑥1 ≤ 2) ∧
[3,5](4 ≤ 𝑥1 ≤ 6)

∧
[6,9](15 ≤ 𝑥1 ≤ 17) (17)

For trajectories of length 30, we used the following objectives

𝜙5 = (0 ≤ 𝑥1 ≤ 100) ∧ ¬(30 < 𝑥1 < 50) (18)

𝜙6 = [0,20](40 ≤ 𝑥1 ≤ 45) ∧
[20,29](40 ≤ 𝑥1 ≤ 45) (19)

𝜙7 = [0,29](30 ≤ 𝑥1 ≤ 35) ∧
[0,29](75 ≤ 𝑥1 ≤ 80) (20)

𝜙8 = [0,9](𝑥1 ≥ 0 ∧ 𝑥1 ≤ 5)

∧
[10,19](𝑥1 ≥ 95 ∧ 𝑥1 ≤ 100)

∧
[20,29](𝑥1 ≥ 0 ∧ 𝑥1 ≤ 5) (21)

Figure 4 illustrates the languages of two of these formulas, by

projecting them onto 3D subspaces.

4.3 Experimental Results

The results are shown in Table 5. Two variations of LangCon-
trol were tested: one where 𝐵 = L(𝜙) (so there’s no parallelization,

and each reference is projected onto the entire language), and one

where 𝐵 is a single box and the different boxes are distributed over

the available processors for trivially parallel execution. We call

these LCW and LCP, respectively. We note that in LCP, each track-

ing result is checked for whether it entered any box, thus ensuring

that our method doesn’t miss successful controls.

For a given formula, we run both algorithms LCW and LCP 1000

times, changing the initial reference signal 𝑥𝑟𝑒 𝑓 between replica-

tions. We report the average number of iterations (averaged across

replications).

We first note that both variations of LangControl perform a re-

markably small number of iterations, compared to classical robustness-

based methods like [41], which invoke a general-purpose global
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Figure 4: 3D projection of 𝜙1 in Eq. (14) (top) and 𝜙3 in Eq. (16)

(bottom)

Table 5: Performance of LangControl variations LCW and

LCP. 𝑃 is the average number of iterations needed until reach-

ing a feasible signal.

Formula 𝜙1 𝜙2 𝜙3 𝜙4

𝑃 of LCW 1.88423 4.80769 1.25672 135.036

𝑃 of LCP 1 2.32152 1 41.2362

Formula 𝜙5 𝜙6 𝜙7 𝜙8

𝑃 of LCW 4.27235 6.31527 206.935 1965

𝑃 of LCP 2.37237 2.94731 89.7326 488.345

optimizer like IPOPT to maximize robustness. We perform prelim-

inary experiments using RTAMT to compute robustness values

and employing BO as the sampling strategy to maximize robust-

ness. Compared to LCW, we observe that BO consistently requires

3-7x the number of iterations. The second thing to note is that

LCP is consistently better than LCW. This is not evident, because

even though LCP parallelizes, the individual processes work with

one box. The results suggest that focusing on one box provides

significant speedups, from 2x to 4x.

5 CONCLUSION

This paper provided ways to perform falsification and control by

taking advantage of a recent method to approximate the language

of a DT-STL formula. Our results indicate significant speedups can

be obtained with relatively simple approaches, thus offsetting the

cost of generating the language in the first place. They also point

to interesting questions worth pursuing.

The first is to leverage the work in [5] and extend the methodol-

ogy to accommodate multidimensional signals, thus ensuring the

applicability of this work to general scenarios. The second is to

come up with a metric to a priori quantify the likelihood of a box

containing a falsifier. This metric not only guides the optimal order

for attempting the boxes in a single-process falsification run but

also aids in selecting the most probable subset of boxes, speeding up

the parallelized algorithms when the number of boxes is large. The

same analysis could be run when trying to control the system to

satisfy the requirement. Related to that, if control attempts indicate

that only a small subset of boxes is reachable by the system, this

might indicate a need to tighten the formula which is overly lax – or,

on the contrary, a need to actually debug the system which is only

able to satisfy the requirement in very specific ways. Finally, it will

be important to understand the performance of LangControl when
working with one box, perhaps by formalizing it as a projected

gradient optimization. These, and other more theoretical questions,

should provide a sound theoretical basis for our results.
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