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We investigate the formation of positronium (Ps) in the presence of a linearly polarized infrared
laser field, via the collision of positrons with Rydberg hydrogen atoms H(nu) where ng is the
principal quantum number. We are using classical trajectory Monte Carlo method (CTMC) which
is justified for ng > 3. In the presence of the external laser field, the hydrogen in excited states has
an effective dipole moment which leads to a dipolar focusing [H.B. Ambalampitiya, M.K. Matfunjwa
and 1. I. Fabrikant, J. Phys. B: At. Mol. Opt. Phys. 57, 10LT01 (2024)]. Due to this effect, the Ps
formation cross section is enhanced substantially as compared to the zero-field case. The degree of
this enhancement is controlled by the positron velocity, laser frequency and the laser-field amplitude.
The final-state distribution in Ps is much broader than in the zero-field case.

I. INTRODUCTION

Positron (e™) is a stable antimatter counterpart of the
electron. It is stable in a vacuum, however it annihilates
when interacting with matter. The positron can bind
to an electron to form positronium [1]. Positronium is
a purely leptonic atom with a lifetime that depends on
its quantum state: 125 ps for the ground state singlet
(para-Ps), 1Sp and 142 ns for the triplet state (ortho-
Ps), 391. On the atomic time scale the lifetimes of the
positron and Ps are long enough to lead to interactions
of practical importance.

Processes involving Ps, in particular reactions

et + H(nHlH) — PS(nPslPS) +p (1)
e~ + H(nglg) — Ps(npslps) + p. (2)

are important for antihydrogen studies [2-8]. Reactions
of the first type are used in Ps scattering experiments [9—
11] whereby Ps beam is formed by the electron transfer
from a neutral target to positron. Production of Ps in
excited states is important for many other experiments,
particularly for precision optical and microwave spec-
troscopy of Ps [12, 13], as well as Ps-Ps interaction in
confining medium [14-16].

External electric fields have been shown to influence
atomic processes. This has led to a wide range of ap-
plications in atomic physics. In the laser-assisted col-
lisions of electrons with ions, the Coulumb focusing ef-
fect has been predicted. In particular, the Coulumb fo-
cusing has been shown to strongly affect processes of
bremsstrahlung, radiative recombination, and dissocia-
tive recombination [17-19]. In collisions of positrons with
excited hydrogen atoms, the inclusion of the laser field
leads to the dipolar focusing effect [20]. The basic idea
and some illustrative examples of the dipolar focusing oc-
curring in positron collisions with H atom in the nyg = 3
state were presented in [20].

In the present paper we investigate this effect more
systematically. We present extensive calculations for the
case when the hydrogen atom is in the states with the
principal quantum numbers 4 and 5. We also analyze
a realistic case of the wavelengths corresponding to the

CO; laser and moderate intensities typical for storage-
ring experiments [21-23]. We also study the final-state
distribution which turns out to be much broader than in
the zero-field case, similar to what happens in the process
of the hydrogen formation in Ps-p collisions [24].

We use atomic units unless stated otherwise.

II. THEORY
A. CTMC method

Classical treatment of e™ collisions with the H(ng)
atom was shown [20] to be valid for n? > 1. Specific
calculations for various nyg and their comparison with
fully quantum-mechanical calculations [25] performed by
the convergent close coupling method showed that the
classical results agree with quantum ones starting from
ny = 3. Hence we employ the classical trajectory Monte
Carlo (CTMC) method which has been used to describe
three-body collisions since the pioneering work of Abrines
and Percival [26]. It has been applied to study hydrogen
(antihydrogen) formation without an external field [27-
29] and the laser-assisted process as well [24].

In our treatment of the problem, we consider a linearly
polarized laser field and we use the dipole approximation
to describe the interaction of the positron and the elec-
tron with the laser field. The field’s time dependence is
given by

F(t) = eFp cos(wt + ¢g), (3)

where Fj is the field amplitude, w is the angular fre-
quency and ¢g is the phase of the field at the instant
when the positron enters the field region (t = 0). The
Ps formation cross section should be averaged over ¢q
which is equivalent to the average over all instances of
electron entrance in the field region [18]. The vector e is
the laser polarization vector and the initial velocity vq of
the positron beam is taken to be along this vector, as the
dipolar focusing is most efficient for the parallel geometry
similar to what have been found for the Coulomb focus-
ing [30]. Far away from the target the positron performs



the quiver motion with the mean velocity

F,
= vy — —2 sin ép, (4)
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where vy is the positron velocity at ¢t = 0. The positron
will only approach the target if v is positive. From Eq.
(4), we obtain the condition 0 < ¢g < ¢1 or m — ¢ <
¢o < 2w, where
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X= 7 (5)

¢1 = arcsin y,
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However, this estimate does not incorporate et - H at-
traction. Calculations show that even for slightly neg-
ative v collisions are possible due to the dipolar attrac-
tion. The basic conclusion is that the dipolar focusing,
like Coulomb focusing [18, 30] is efficient if the parameter
X is less or equal to 1, or slightly exceeds 1.

The Ps formation cross section is calculated by inte-
grating the probability of the process over the impact
parameter b and averaging over the phase as
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where P(b) = Nps(b)/N(b) is the probability of Ps for-
mation given by the ratio of the number of trajectories
leading to the Ps formation to the total number of trajec-
tories for a given impact parameter. We propagate the
solutions of the Hamiltonian of the system for enough
time. Then we collect statistics by checking the final an-
gular momenta and energies for different channels. From
these statistics we calculate the probabilities and subse-
quently the cross section.

B. Phase average

In Fig. 1, we present the Ps formation in e™ -

H(nyg = 4) collision as a function of the phase ¢g. As
¢o approaches ¢, or m — ¢1, the cross section diverges
strongly. Even the average over ¢ results in an infinite
cross section, similar to the case of the Coulomb focusing
[18]. In real experimental conditions it might become fi-
nite due to instrumental functions as discussed in Refs.
[18, 20] For example, if the duration of the laser pulse ¢
is finite, for large enough impact parameters the positron
would not reach the target during the time period ¢, and
this would provide the cross section cut-off. This cut-off
mechanism is employed in the present paper.

A finite pulse duration affects cross section for phases
close to ¢1 and 7 — ¢1, therefore in our calculations we
introduce a finite pulse duration when ¢q satisfies two
conditions, 0 < ¢1 — g < 0.2 or 0 < ¢pg — (m — 1) < 0.2.
For example if x = 0.832, ¢1 = 0.982, and for ¢g = 0.98,
when the pulse duration is ¢ = 200 ps, the Ps formation
cross section is 9.3 x 10° a.u. It reduces to 8.1 x 10* a.u.
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FIG. 1. Cross section for Ps formation in et - H(ng = 4)
collision as a function of phase ¢o for £ = 0.14 eV, Fy =
2.44 x 10~* a.u. and w = 0.002 a.u. Note the dlvergen(:leb at
qbo—d)l andgbo—ﬂfd)l

and 5.5x10% a.u. for t = 10 ps and t = 5 ps, respectively.
We stress that we choose the finite pulse duration in ps
region to simplify computations, but the longer is the
pulse the stronger is the dipolar focusing effects and the
larger is the cross section.
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FIG. 2. Ps formation cross section in et - H(nu) collision as
a function of positron energy E for ny = 4. Parameters w
and Fp in a.u. are given in the legend.



ITII. RESULTS AND DISCUSSION
A. Total cross sections

In this section we present our results for Ps formation
for the field amplitude Fy in the range between 0.2 x 10~4
a.u. and 2.0 x 10™* a.u. These correspond to intensities
between 14.0 MW /cm? and 1.4 GW/cm?. In Fig. 2,
we present the phase-averaged Ps formation cross section
for ng = 4, as a function of energy in the range of the
positron energy between 0 and 1 eV. We show results for
the field-free case and the non-zero field cases, Fy = 10™%
a.u. and Fy = 2.44 x 107% a.u. The laser-assisted Ps
formation cross section exhibits a peak at £ = 0.04 eV
and F = 0.2 eV respectively. These energies correspond
to x = 1. Above this energy the critical phase does not
exist and the dipolar focusing effect gradually becomes
less important.

The Ps formation cross section exhibits a strong en-
hancement compared to the zero-field case. In particu-
lar for positron energy E = 0.2 ¢V and field amplitude
Fy =2.44x107% a.u. the cross section is 0.475x 107 a.u.,
which is a factor of 58.0 higher than in the zero-field case.
At higher energies the gain factor is decreasing, and the
presence of the field can lead even to a suppression of the
formation of positronium in the region around £ =1 eV.

To investigate the enhancement further, we look at the
Ps formation probabilities. In Fig. 3, we present the Ps
formation probability as a function of the impact param-
eter b for the e™ - H(ng = 4) collision for the positron
energy E = 0.14 eV. We observe that the probability
for Ps formation in the zero field is greater than for the
nonzero field for low impact parameters, but it decreases
quickly and does not extend to higher impact parameters
like in the nonzero-field case. Fluctuation of the prob-
ability are attributed to statistical uncertainties of the
CTMC calculations. A large number of trajectories is
used to minimize the statistical errors. However, chaotic
behavior and fractal structures in the P(b) dependence,
observed in the laser-assisted Coulomb scatteing [18], are
not present here.

In Fig. 4, we present the xz projection of the trajec-
tories for a positron and an electron for e™ - H(ng) colli-
sions. The impact parameter vector is directed along the
x axis, and the initial velocity vy along the z axis. In
the present example we take Fy = 1074 a.u., w = 0.002
a.u. and the impact parameter is b = 300 a.u. The
positron velocity is vg = 0.0484 a.u. corresponding to
energy 0.032 eV, so that wvg/Fy = 0.970. The phase is
¢o = 1.28, which is close to the critical phase ¢; = 1.325
for this field intensity. For the field-free case the positron
trajectory is not affected by the presence of the hydrogen
atom. In the non-zero field case the positron performs a
quiver motion and eventually gets dragged toward the
target excited atom even for large impact parameters.
Note that at the initial part of the trajectory the positron
is repelled by the target which corresponds to orientation
of the atomic dipole towards the positron, but eventually
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FIG. 3. Ps formation probability in e™ - H(n) collisions for
E = 0.14 eV. The red dotted line: e™, Fy = 0. The orange
and blue lines: ¢9 = 0.8 and ¢ = 0.98 respectively, for Fy =
2.44 x 107% a.u, w = 0.002 a.u.
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FIG. 4. xz projection of positron and electron trajectories in
et - H(nu = 4) collisions for b = 300 a.u. Green and purple
lines: e~ and e* trajectories for Fop = 10™* a.u, w = 0.002
a.u., ¢o = 1.29. The electron orbit parameters are chosen at
random; the positron trajectory is shown by the green line,
and electron trajectory by the purple line. The field is along
the z axis, and the impact parameter vector is along the x
axis.

positron gets attracted due to change of the orientation
of the dipole.

For n > 4 the field with the amplitude Fyy = 2.44x10~*
a.u. ionizes the target hydrogen atom while the positron
is still far from the target. Therefore for ngy = 5 we
choose lower field amplitude, Fy = 2.44 x 107° a.u. and
the frequency in the far infrared region, w = 0.0002 a.u.,
so that wvy/Fy = 0.832. We present sample trajectories
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FIG. 5. xz projection of positron and electron trajectories in
e™ — H(nu = 5) collisions for b = 300 a.u., and E = 0.02 eV.
Black line: e, Fy = 0; purple and green lines: e~ and e
trajectories for Fy = 2.44x107° a.u, w = 0.0002 a.u., ¢ = 0.8
and a random choice of the parameters of the electron orbit.
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FIG. 6. Ps formation probability in et — H(ng) collisions
for nu = 5. Black line: e', Fy = 0 with positron energy
E = 0.03 eV. The orange and blue lines: ¢9 = 0.88 and
¢o = 1.10 respectively, for Fy = 10™° a.u, w = 0.0002 a.u.

for this case in Fig. 5. As in the ng = 4 case, we take
the impact parameter to be b = 300 a.u., and we observe
again that the field promotes Ps formation, in contrast to
the field-free case. We also present the probability of Ps
formation for nyy = 5 in Fig 6. Here we show again the
field-free and nonzero-field probabilities for the charge
transfer for collision of the et and H(ngy) at positron
energy . = 0.02 V. In this case we show probability for
the field amplitude Fy = 10~ a.u., frequency w = 0.0002
a.u., and phases ¢g = 0.88 and ¢g = 1.10.

In Figs. 7 we show the Ps formation cross section as
a function of energy for ny = 5. With our choice of
laser parameters, the dipolar focusing effect is operative
in the energy range from 1072 to 1 eV. The cross sec-
tion for the non-zero field case is typically higher than in
the zero-field case in this region. The cross sections for
Fy =244 x 107% a.u. and Fy = 1072 a.u. exhibit peaks
at positron energies £ = 0.2 eV and E = 0.03 eV respec-
tively. The cross section at these energies is 6.89 x 10°
and 1.67 x 107 respectively, which is a factor of 2.8 and
31.9 higher than the field free case. For low energies,
the presence of the field can lead to a suppression in the
cross section for the field amplitude Fy = 2.44 x 107°
a.u., while for Fy = 107° a.u., the enhancement on the
cross section gradually becomes stronger.
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FIG. 7. Ps formation cross section in e™ - H(nu) collisions
as a function of the positron energy F for ny = 5. w and Fp
indicated in the legend in a.u.

B. Final-state distribution in nps

For a fixed initial hydrogen quantum number, ny, the
charge transfer process produces a distribution of the Ps
final-state principal quantum numbers nps. In Fig. 8 we
present the Ps formation cross section as a function of
nps for ng = 4. The peak in the zero-field Ps formation
cross section satisfies the resonance condition,

k8
Nk

The resonance condition corresponds to the electron
binding energies in the initial and final states being
approximately equal. This was also observed in hy-
drogen/antihydrogen formation in Ps-p/Ps-p collisions
[24, 27] and is typical for heavy-particle collisions [32].
In the non-zero field case the distribution is broadened.

Nps



" - H(n), ny=4, ©=0.002 a.u.

8000
S 6000 | | F=10*au. ——- |
8 A F=2.44x10% au. — —

S 4000 - | 1
[

@ /

172}

3 2000 | A 1
o

0 " ‘ ‘ ‘
0 5 10 15 20 25

- AT ‘ ‘ 0t a — .

3 103} 5 \ F 10_4 a.u. ]
s LF /N F=2.44x10"4au. — —

s 10° ¢ \ U E
g w0}/ \ IR 1
g \ T - - -
B e
5 10 F b E

10—2 L L L L
0 5 10 15 20 25

principal quantum number npg

FIG. 8. Cross section for Ps formation in e - H(ng), ng =
4 collision as a function of principal quantum number, nps
for various field amplitudes, positron energy E = 0.14 eV,
and w = 0.002 a.u. Upper panel: linear plot. Lower panel:
semilog plot.

The cross section is nonzero even for higher nps, the re-
gion where the field-free cross section is zero due to the
conservation of energy. However, the cross section is rel-
atively small at higher nps. To demonstrate the nps dis-
tribution in this region, we also plot it on a log scale.
We are interested in a broadening of the distribution and
a possible shift of the peak of the distribution to higher
nps which was observed in Ps-p collisions [24]. The dis-
tribution becomes broader with the increasing intensity.
The cross section is also enhanced when compared to the
zero field case for some intensities. We do not, however,
observe a clear shift in the peak of the distribution.

In Fig. 9, we show the final-state distribution in npg
for far infrared frequency w = 0.0002 a.u. The lower
frequency leads to further broadening of the distribution
and the peak reduction. Adjusting the field intensity
and the frequency accordingly can be used to obtain a
broader distribution. More specifically, the distribution
for Fy = 2.44 x 10~* a.u. exhibits a peak that is higher
than that for the zero-field distribution for w = 0.002 a.u.
For w = 0.0002 a.u. the peak is lower than in the zero-
field case. These effects result from the positron’s (or
electron’s) energy exchange with the field. Similar effects
are observed for ny = 5. This is illustrated in Figs. 10
and 11, where we show the final-state distribution for two
frequencies w = 0.002 a.u. and w = 0.0002 a.u.

C. Final-state distrinbution in [pg

We also perform an analysis of the final state distribu-
tion in the orbital angular momentum quantum number,
lps. In Fig. 12, we show the cross section for Ps for-
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FIG. 9. Cross section for Ps formation in e - H(nu), nu = 4
collision as a function of principal quantum number, nps for
various field amplitudes, positron energy £ = 0.14 eV, and
w = 0.0002 a.u. Upper panel: linear plot. Lower panel:
semilog plot.
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FIG. 10. Cross section for Ps formation in et - H(nu), nu =
5 collision as a function of principal quantum number, nps.
For varying field amplitute, positron energy F = 0.14 eV,
and w = 0.002 a.u. Upper panel: linear plot. Lower panel:
semilog plot.

mation as a function of [ps that is, show a set of Ipg
distributions for different nps values. We observe that
the distributions exhibit peaks for Ipg closer to the cor-
responding npg, meaning that circular orbits are more
likely to be formed similar to the case of laser-assisted
charge transfer in Ps-p/p collisions [24]. This might be
beneficial for Ps collision experiments since the circular
orbits are more stable radiatively.
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FIG. 11. Cross section for Ps formation in e* 4+ H(nn), nu =
5 collision as a function of principal quantum number, nps.
For varying field amplitute, positron energy E = 0.14 eV,
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semilog plot.
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FIG. 12. Cross section for Ps formation in e™ - H(n) collision
as a function of orbital angular momentum quantum number,
lps, for ny = 4 and 5 for various field amplitudes, positron
energy £ = 0.14 eV, and w = 0.002 a.u.

D. The CO: laser parameters

The CO4 laser, commonly used in laser-assisted colli-
sions [33], emits a mid-infrared wavelength that ranges
between 9.3 ym and 10.6 pm corresponding to frequen-
cies w ranging from 0.00478 a.u to 0.00431 a.u.. In this
section we present calculations for these laser parameters
in the positron energy region where the dipolar focus-
ing effect is important. The COg laser has been used
for laser assisted electron-atom collision, more specifi-
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FIG. 13. Ps formation Cross section for in e - H(ng) collision
as a function of positron energy E. For the CO; laser where
nuy = 4, w = 0.0043 a.u. and Fp indicated in the legend.

cally low energy electron collision with helium atoms [34],
where three intensities were used, 38.0 MW /cm?, 13.0
MW /cm? and, 4.2 MW /cm? corresponding to the field
amplitudes 0.33 x 1074, 0.19 x 10~* and, 0.11 x 10~*
a.u. respectively. Short pulses can increase the radiation
intensity output of the TEA CO; laser even further [35].

In Fig. 13, we show the phase averaged cross section
for Ps formation for the zero field and the nonzero-field
cases. In the latter case the field amplitudes are Fy =
2.44 x 107 a.u. and Fy = 10~% a.u., and the frequency
w = 0.00431 a.u., following the example of [33]. The
positron energy varies between 1072 and 10~! eV. For
positron energy E = 0.03 eV, there is an enhancement
in the laser assisted Ps formation cross sections of the
order of 2.4 and 66.6 for the Fy = 10~% a.u. and Fy =
2.44 x 10~* a.u., respectively. The cross section peaks at
energies corresponding to x = 1. For low energies, the
enhancement become stronger.

In Fig. 14, we show the Ps formation cross section
for the CO; laser as a function of the Ps principal quan-
tum number npg for positron energy £ = 0.03 eV. In
our illustration of the final state distribution we took the
positron energy to be 0.03 eV corresponding a positron
velocity of 0.0470 a.u., so that vow/Fy = 0.828.

IV. CONCLUSION

Due to the dipolar interaction between the positron
and the excited hydrogen atom, low-energy e™—H(ng)
collisions can be treated classically provided that n? >
1[20]. This allowed us to employ the CTMC method to
calculate the laser-assisted Ps formation cross section in
et - H(ng) collisions. The presence of the laser field
leads to an enhancement factor ranging 3 to 67, even
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FIG. 14. Cross section for Ps formation in e™ - H(ns) collision
as a function of principal quantum number, npg, for the CO4
laser parameters. Upper panel: linear plot. Lower panel:
semilog plot.

for intensity as low as 20.9 MW /cm?, in the low-energy
region between 0.01 and 1 eV.

An important observation is the absence of chaos in
this problem, which was observed in the laser-assisted ra-
diative recombination problem [18] and other processes
involving the Coulomb interaction [17, 19]. Our final-
state distribution analysis shows that formation of circu-
lar orbits with Ipg close to nps is more favorable.

The present treatment can be extended to the pro-
cesses of Ps formation in positron collisions with excited
atoms other than hydrogen. These processes are of prac-
tical importance for the purpose of Ps formation in anti-
hydrogen studies [7] and for the formation of Ps beams in
studies of Ps collisions with atoms and molecules [9-11].
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