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1. Introduction

Given a set of non-self-intersecting curves C in the plane, we say that C is a collection 
of pseudosegments if any two members in C have at most one point in common, and no 
three members in C have a point in common. The intersection graph of a collection C of 
sets has vertex set C and two sets in C are adjacent if and only if they have a nonempty 
intersection.

A partition of a set is an equipartition if each pair of parts in the partition differ in size 
by at most one. Szemerédi’s celebrated regularity lemma roughly says that the vertex 
set of any graph has an equipartition such that the bipartite graph between almost all 
pairs of parts is random-like.

Our main result is a strengthening of Szemerédi’s regularity lemma for intersection 
graphs of pseudosegments. It replaces the condition that the bipartite graphs between 
almost all pairs of parts are random-like to being homogeneous, either complete or empty.

Theorem 1.1. For each ε > 0 there is K = K(ε) ≥ 2 such that for every finite collection 
C of pseudosegments in the plane, there is an equipartition of C into K parts C1, . . . , CK

such that for all but at most εK2 pairs Ci, Cj of parts, either every curve in Ci crosses 
every curve in Cj, or every curve in Ci is disjoint from every curve in Cj.

Pach and Solymosi [37] proved the special case of Theorem 1.1 where C is a collection 
of segments in the plane, and this result was later extended to semi-algebraic graphs [3] 
and hypergraphs [16] of bounded description complexity. However, the techniques used 
to prove these results heavily rely on the algebraic structure. In fact, while it follows from 
the Milnor–Thom theorem that there are only 2O(n log n) graphs on n vertices which are 
semialgebraic of bounded description complexity (see [38,3,43]), there are many more 
(namely 2Ω(n4/3)) graphs on n vertices which are intersection graphs of pseudosegments 
[18].

Theorem 1.1 does not hold if we do not allow to have exceptional pairs of parts. 
Indeed, the so-called half-graph (i.e., the graph on the vertex set {ui, vi : 1 ≤ i ≤ n}
with uivj ∈ E(G) if and only if i < j) can be represented as the intersection graph of 
segments, and it is easy to see that it has no equipartition without exceptional pairs [33].

Next, we discuss an application of Theorem 1.1 in graph drawing.

Disjoint edges in simple topological graphs. A topological graph is a graph drawn in the 
plane such that its vertices are represented by points and its edges are represented by 
nonself-intersecting arcs connecting the corresponding points. The edges are allowed to 
intersect, but they may not intersect vertices apart from their endpoints. Furthermore, no 
two edges are tangent, i.e., if two edges share an interior point, then they must properly 
cross at that point in common. A topological graph is simple if every pair of its edges 
intersect at most once. Two edges of a topological graph cross if their interiors share a 
point, and are disjoint if they neither share a common vertex nor cross.
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A thrackle is a simple topological graph with no two disjoint edges. A famous con
jecture due to Conway states that every n-vertex thrackle has at most n edges. In fact, 
Conway offered a $1000 reward for a proof or disproof of this conjecture. The first linear 
upper bound was established by Lovász, Pach, and Szegedy in [32], who showed that 
every n-vertex thrackle has at most 2n edges. This bound was subsequently improved in 
[6,24,25].

Determining the maximum number of edges in a simple topological graph with no k
pairwise disjoint edges seems to be a difficult task. In [40], Pach and Tóth showed that 
every n-vertex simple topological graph with no k ≥ 3 pairwise disjoint edges has at 
most O(n log4k−8 n) edges. They conjectured that for every fixed k, the number of edges 
in such graphs is at most Ok(n). Our next result substantially improves the upper bound 
for large k.

Theorem 1.2. If G = (V, E) is an n-vertex simple topological graph with no k pairwise 
disjoint edges, then |E(G)| ≤ n(log n)O(log k).

In [23], Fox and Sudakov showed that every dense n-vertex simple topological graph 
contains Ω(log1+δ n) pairwise disjoint edges, where δ ≈ 1/40. As an immediate Corollary 
to Theorem 1.2, we improve this bound to nearly polynomial under a much weaker 
assumption.

Corollary 1.3. Let ε > 0, and let G = (V, E) be an n-vertex simple topological graph with 
at least 2n1+ε edges. Then G has nΩ(ε/ log log n) pairwise disjoint edges.

For complete n-vertex simple topological graphs, Aichholzer et al. [2] showed that one 
can always find Ω(n1/2) pairwise disjoint edges. Whether or not this can be improved to 
Ω(n) is an open problem.

The proofs of the above theorems heavily rely on a bipartite Ramsey-type result for 
intersection graphs of pseudosegments (Theorem 2.8), as will be explained in Section 2. 
At the end of Section 2, using a variant of Szemerédi’s regularity lemma originally pro
posed by Komlós and Sós [29,34,35], we show how this Ramsey-type result implies two 
“density-type'' theorems (Theorems 2.12 and 2.11). Roughly speaking, we prove that if 
there are many (resp., few) crossings between two families of pseudosegments, then they 
have two large subfamilies such that every member of the first subfamily crosses every 
member of the second (resp., no member of the first subfamily crosses any member of 
the second). In Subsection 2.3, we show with polynomial-type bounds that any finite col
lection of pseudosegments in the plane contains a linear-sized subset with the property 
that only a small fraction of pairs in the subset are crossing, or nearly all of them cross. 
In Section 3, we prove Theorem 2.8 in the special case where one of the families is double 
grounded (defined in Section 3). Building on these results, in Section 4, we establish our 
bipartite Ramsey-type theorem (Theorem 2.8) for any two families of pseudosegments 
with the property that for each family, only a small fraction of pairs are crossing, or 
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nearly all of them cross. Finally, in Section 5, we prove Theorem 2.8 in its full generality. 
We conclude our paper with a number of remarks and with an application of our results 
to an old problem in graph drawing (Theorem 1.2).

For the sake of clarity of presentation, we sometimes omit floor and ceiling signs when 
they are not crucial.

2. Ramsey-type properties of hereditary families of graphs

A family of graphs is hereditary if it is closed under taking induced subgraphs. In this 
section, we show that the property that in a hereditary family of graphs, a homogeneous 
regularity lemma holds, is equivalent to some seemingly weaker Ramsey-type properties. 
See Definition 2.1 and Theorem 2.2 below for precise definitions. It will imply that in 
order to prove Theorem 1.1, it is enough to establish that the family of intersection graphs 
of pseudosegments satisfies some bipartite Ramsey-type condition (Theorem 2.8).

We say that a graph G is ε-homogeneous if the edge density in G is less than ε or 
greater than 1 − ε. We will also need the following definitions.

Definition 2.1. Let F be a family of graphs.

1. F has the Erdős–Hajnal property if there is ε = ε(F) > 0 such that every graph in F
with n vertices contains a clique or independent set of size nε.

2. F has the polynomial Rödl property if there is C = C(F) such that for every ε > 0, 
every n-vertex graph in F has an induced subgraph on at least εC(F)n vertices that 
is ε-homogeneous.

3. F has the strong Erdős–Hajnal property if there is a constant ε = ε(F) > 0 such that 
the vertex set of every n-vertex graph in F with n ≥ 2 has two disjoint subsets, each 
of size at least εn, such that the bipartite graph between them is complete or empty.

4. F has the mighty Erdős–Hajnal property if there is a constant ε = ε(F) > 0 such that 
for every graph G in F and every pair of disjoint subsets A, B ⊂ V (G) with |A| = |B|, 
there are A′ ⊂ A and B′ ⊂ B with |A′| ≥ ε|A| and |B′| ≥ ε|B| such that the bipartite 
graph between A′ and B′ in G is complete or empty.

5. F has the homogeneous regularity property if for every ε > 0 there is K = KF (ε) such 
that the vertex set of every graph G ∈ F has an equipartition V (G) = V1 ∪ · · · ∪ VK

into K parts such that for all but at most εK2 pairs of parts (Vi, Vj), the bipartite 
graph between them is complete or empty (i.e., Vi×Vj ⊂ E(G) or Vi ×Vj ∩E(G) = ∅).

6. F has the homogeneous density property if there is C = C(F) such that for every 
ε > 0 and every graph G ∈ F and every pair A, B ⊂ V (G) of disjoint subsets of the 
same size with at least ε|A||B| edges between them, there are A′ ⊂ A and B′ ⊂ B

with |A′| ≥ εC |A| and |B′| ≥ εC |B| with the property that A′ × B′ ⊂ E(G).

For any family of graphs, F , let F be the family consisting of the complements of the 
elements of F . In the sequel, we will heavily use the following.
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Theorem 2.2. Let F be a hereditary family of graphs. Then the following are equivalent

1. F has the mighty Erdős-Hajnal property.
2. F has the homogeneous regularity property.
3. F and F both have the homogeneous density property.

Before proving Theorem 2.2, we make some remarks on the relative strengths of the 
properties defined in Definition 2.1.

A classical result of Erdős and Szekeres [11] states that every graph on n vertices has 
a clique or independent set on 1

2 log2 n vertices. The first improvement on the constant 1
2

was found recently by Campos, Griffiths, Morris, and Sahasrabudhe [7]. From the other 
direction, Erdős [9] showed that for every integer n > 2, there is a graph on n vertices 
that contains no clique or independent set on 2 log2 n vertices.

It is known that this result can be substantially improved in several restricted settings; 
see, e.g., [8,15,17]. According to the famous Erdős-Hajnal conjecture [10], which has been 
established only in some special cases, every hereditary family of graphs that is not the 
family of all graphs, satisfies the Erdős-Hajnal property.

Rödl [42] proved that for any hereditary family F of graphs that is missing a graph 
and any ε > 0, there is δ = δF (ε) > 0 such that any graph in F on n vertices contains 
an induced subgraph on at least δn vertices which is ε-homogeneous. Rödl’s proof used 
Szemerédi’s regularity lemma and consequently gives a weak quantitative bound. Better 
quantitative bounds were obtained more recently in [22,5].

Fox and Sudakov [22] conjectured that a polynomial dependence holds in Rödl’s the
orem. That is, every hereditary family of graphs that is not the family of all graphs, 
satisfies the polynomial Rödl property. It is a simple exercise that any family having 
the polynomial Rödl property also has the Erdős-Hajnal property. On the other hand, 
Bucić, Fox, and Pham [4] showed that the converse is also true. Thus, a family of graphs 
has the polynomial Rödl property if and only if it has the Erdős-Hajnal property.

One way to prove that a family of graphs satisfies the Erdős-Hajnal property is to 
show that it has the strong Erdős-Hajnal property. However, this technique is limited, 
as the strong Erdős-Hajnal property is strictly stronger than the Erdős-Hajnal property. 
For example, it was proved by Tomon [44] that the family of intersection graphs of curves 
in the plane (the family of ``string graphs'') has the Erdős-Hajnal property, yet, as was 
shown by Pach and G. Tóth [41], based on a result of Fox [12], it does not have the 
strong Erdős-Hajnal property. Interestingly, the family of intersection graphs of curves 
in the plane, each pair of which have a bounded number of intersections, has the strong 
Erdős-Hajnal property [21], as does the family of intersection graphs of convex sets in 
the plane [20].

In Lemma 2.13 below, we prove that every hereditary family of graphs that has the 
strong Erdős-Hajnal property must also have the polynomial Rödl property. The strong 
Erdős-Hajnal property is strictly stronger than the polynomial Rödl property, as it is a 
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simple exercise to show that the family of triangle-free graphs has the polynomial Rödl 
property but does not have the strong Erdős-Hajnal property.

However, for some applications, even the strong Erdős-Hajnal property is not suffi
cient, and one needs to introduce a stronger property: the mighty Erdős-Hajnal property, 
which is a bipartite version of the strong Erdős-Hajnal property. The simplest example 
of a class of graphs that has the strong property, but not the mighty one, is the family 
of bipartite graphs. A more interesting example is the family of intersection graphs of 
convex sets in the plane, which as already noted has the strong Erdős-Hajnal property 
by [20], but does not satisfy the mighty Erdős-Hajnal property as it contains the comple
ment of every bipartite graph. On the other hand, it was proved by Pach and Solymosi 
[38,37] that intersection graphs of segments have the mighty Erdős-Hajnal property. This 
was generalized by Alon et al. [3], who proved that families of semialgebraic graphs of 
bounded description complexity have the mighty Erdős-Hajnal property.

2.1. Proof of Theorem 2.2

We split the proof of the equivalences in Theorem 2.2 into four smaller lemmas. We 
start with the following lemma, which is a special case of the main result in [4].

Lemma 2.3. Suppose that a hereditary family F of graphs has the homogeneous regularity 
property. Then F also has the mighty Erdős-Hajnal property.

Proof. By the homogeneous regularity property of F applied with ε = 1/17, there is a 
constant K such that every graph in F has an equitable partition into K parts such that 
the bipartite graph between all but at most εK2 pairs of parts are complete or empty.

Let G ∈ F and A, B ⊂ V (G) be disjoint with |A| = |B| = n. We may assume n ≥ K

as otherwise trivially a singleton subset of A is complete or empty to a singleton subset 
of B. Let G′ be the induced subgraph of G with vertex set A ∪ B. Since F is hereditary 
and G′ is an induced subgraph of G ∈ F , then G′ ∈ F . Hence, there is an equipartition of 
A ∪ B into K parts V1, . . . , VK such that all but εK2 pairs of parts (Vi, Vj) are complete 
or empty. Note that the parts Vi that have at most n/(2K) elements in A together have 
at most K · n/(2K) = n/2 elements from A. Each part Vi has at most 
n/K� ≤ 2n/K

elements. So there at least (n/2)/(2n/K) = K/4 parts Vi that have at least n/(2K)
elements from A. Similarly, at least K/4 parts have at least n/(2K) elements from B. So 
there are K2/16 pairs of parts (Vi, Vj) such that Vi has at least n/(2K) elements from A
and Vj has at least n/(2K) elements from B. Since we chose ε = 1/17, there are at least 
K2/16 − K2/17 > 0 pairs of parts (Vi, Vj) that are complete or empty to each other, Vi

contains at least n/(2K) elements from A and Vj contains at least n/(2K) elements of 
B. Fixing such a pair (Vi, Vj) and letting A′ = Vi ∩ A and B′ = Vj ∩ B, we have A′ and 
B′ are complete or empty to each other and are of the desired size. So F has the mighty 
Erdős-Hajnal property. �
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Lemma 2.4. Suppose that a hereditary family F of graphs has the mighty Erdős-Hajnal 
property. Then F also has the homogeneous regularity property.

Proof. Since F has the mighty Erdős-Hajnal property, there is c > 0 such that for every 
graph G0 in F and for all disjoint vertex subsets A, B ⊂ V (G0) with |A| = |B|, there 
is A′ ⊂ A and B′ ⊂ B with |A′| ≥ c|A| and |B′| ≥ c|B| such that the pair (A′, B′) is 
homogeneous.

We will show that F also has the homogeneous regularity property. Let G ∈ F have 
n vertices. We will show that for ε > 0, G has an equipartition into K = K(ε) parts 
such that the bipartite graph between all but at most εK2 pairs of parts are complete 
or empty. If n ≤ K, then partition V (G) into K sets which have size at most one. Then 
every pair of parts is complete or empty between them. So we may assume n > K.

Arbitrarily equipartition V (G) = V1 ∪ . . . ∪ Vt into t = 4/ε sets, so at most a fraction 
ε/4 of the pairs of vertices are in the same part in the partition. Delete one vertex from 
each part Vi that has size �n/t
+1 so all parts have the same size. Still, as we may assume 
n > K and K is large enough as a function of ε, all but at most an ε/3 fraction of the 
pairs of vertices go between these pairs of sets of the same. Let B0 = {(Vi, Vj)}1≤i<j≤t.

Let ε′ = c2ε/100. At each step i of a process we will have a family Bi of pairs of 
disjoint vertex subsets all of the same size satisfying the following four properties:

1. |Bi| ≤ t2(1/ε′)2i.
2. Each pair of vertices of G go between at most one pair of vertex subsets of Bi.
3. All but a fraction (1 − 2ε′)2i of the pairs of vertices that go between a pair of vertex 

subsets in B0 go between a pair of vertex subsets in Bi.
4. At most a (1 − c2)i fraction of the pairs of vertices of the graph go between a pair of 

vertex subsets in Bi that are not homogeneous.

Note that the above properties hold for i = 0. Suppose we have already found Bi. For 
each pair (A, B) ∈ Bi, by the mighty Erdős-Hajnal property, there are subsets A′ ⊂ A

and B′ ⊂ B with |A′| ≥ c|A| and |B′| ≥ c|B| and the bipartite graph between A and B
is complete or empty. Partition each of the four sets A′, A \ A′, B′ and B \ B′ into parts 
of size ε′|A| with one possible remaining set. For each pair of these subsets of A and B
of size ε′|A| such that one is a subset of A and the other is a subset of B, we place the 
pair of subsets in Bi+1.

We next observe that each of the four properties listed hold. For each pair (A, B) ∈ Bi, 
we get at most (1/ε′)2 pairs in Bi+1, so |Bi+1| ≤ (1/ε′)2|Bi|, which inductively gives the 
first claimed property. The second claimed property holds since every pair of vertices that 
go between a pair of vertex subsets in Bi+1 also go between a pair of vertex subsets in Bi. 
At least a (1−2ε′)2-fraction of the pairs of vertices in A×B go between pairs of vertices in 
Bi+1, which inductively gives the third claimed property. Finally, for each (A, B) ∈ Bi, 
since at least a c2-fraction of the pairs of vertices go between the homogeneous pair 
(A′, B′), the last claimed property holds.
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After i0 = c−2 log(4/ε) steps, all but a fraction (1 − c2)i0 < e−c2i0 = ε/4 of the pairs 
of vertices in G go between a pair of vertex subsets in Bi0 that are not homogeneous. 
The fraction of pairs of vertices in G that do not go between a pair of vertex subsets in 
Bi0 is at most ε/3 + 1 − (1 − 2ε′)2i0 ≤ ε/2.

For each pair (A, B) ∈ Bi0 , we obtain two bipartitions V (G) = A ∪ (V (G) \ A)
and V (G) = B ∪ (V (G) \ B). Let Q be the common refinement of all of these 2|Bi0 |
bipartitions, so Q is a partition of V (G) into 22|Bi0 | parts.

We next obtain an equipartition P of V (G) into K parts. For every equipartition into 
K parts, we have parts of size �n/K
 or 
n/K�, with the number of parts of size 
n/K�
being the remainder when n is divided by K. Partition each part of Q into parts of 
size �n/K
 or 
n/K�, with additional one part of size at most n/K. We partition the 
union of the |Q| additional parts into sets of size �n/K
 or 
n/K� so that to obtain an 
equipartition P of V (G) into K parts. The fraction of pairs of vertices in G not going 
between a homogeneous pair in partition P is at most ε/2 + ε/4 + 2|Q|/K ≤ ε. Thus, 
P is the desired equipartition. �
Lemma 2.5. Suppose that F and F are hereditary families that both have the homogeneous 
density property. Then F also has the mighty Erdős-Hajnal property.

Proof. Let G ∈ F and A, B be disjoint vertex subsets of G of the same size. The bipartite 
graph between A and B have edge density at least 1/2 or at most 1/2. In the first case, 
since F has the homogeneous density property, there is a constant c > 0 and subsets 
A′ ⊂ A with |A′| ≥ c|A| and B′ ⊂ B with |B′| ≥ c|B| such that A′ is complete to B′. 
In the second case, since F has the homogeneous density property, there is a constant 
c > 0 and subsets A′ ⊂ A with |A′| ≥ c|A| and B′ ⊂ B with |B′| ≥ c|B| such that A′ is 
empty to B′. So we get F has the mighty Erdős-Hajnal property. �
Lemma 2.6. Suppose that a hereditary family F has the mighty Erdős-Hajnal property. 
Then F and F both have the homogeneous density property.

The proof of Lemma 2.6 is now a standard application of a weak bipartite version of 
Szemerédi’s regularity lemma. The version we use is due to Komlós and Sós (see [29,35] 
or Theorem 9.4.1 on page 223 of [34]).

Lemma 2.7 ([29,35]). Let G = (A, B, E) be a bipartite graph with parts A and B such that 
|A| = |B| = n. Let 0 < c ≤ 1/2. If |E| ≥ εn2, then there exist subsets A0 ⊂ A, B0 ⊂ B

such that

1. |A0| = |B0| = ε1/c2
n, and

2. |E(A0, B0)| ≥ ε|A0||B0|, and
3. |E(A′, B′)| > 0 for any A′ ⊂ A0 and B′ ⊂ B0 with |A′|, |B′| ≥ c|A0|.



J. Fox et al. / Journal of Combinatorial Theory, Series B 174 (2025) 99--132 107

Proof of Lemma 2.6. Since F has the mighty Erdős-Hajnal property, there is a constant 
0 < c ≤ 1/2 such that for every G ∈ F and disjoint vertex subsets A, B of G of the same 
size, there are A′ ⊂ A and B′ ⊂ B with |A′|, |B′| ≥ c|A| such that the bipartite graph 
between A′ and B′ is either complete or empty.

By symmetry, it suffices to show that F has the homogeneous density property. Let 
G ∈ F and A, B be disjoint vertex subsets of equal size such that the edge density 
between A and B is at least ε. By Lemma 2.7, there are A0 ⊂ A and B0 ⊂ B such 
that |A0| = |B0| = ε1/c2 |A|, the edge density between A0 and B0 is at least ε, and 
|E(A′, B′)| > 0 for any A′ ⊂ A0 and B′ ⊂ B0 with |A′|, |B′| ≥ c|A0|. Applying the mighty 
Erdős-Hajnal property to A0 and B0, we get subsets A′ and B′ with |A′|, |B′| ≥ c|A0|
that are complete or empty to each other. However, the above condition that there is at 
least one edge between A′ and B′ implies that A′ and B′ are complete to each other, 
completing the proof. �
2.2. Deductions for intersection graphs of pseudosegments

By Theorem 2.2, the main result in this paper (Theorem 1.1) is equivalent to saying 
that the family of intersection graphs of pseudosegments has the mighty Erdős-Hajnal 
property. Therefore, to prove Theorem 1.1, it suffices to prove the following result.

Theorem 2.8. Let R be a set of n red curves, and B be a set of n blue curves in the plane 
such that R ∪ B is a collection of pseudosegments.

Then there are subsets R′ ⊂ R and B′ ⊂ B, where |R′|, |B′| ≥ Ω(n), such that either 
every curve in R′ crosses every curve in B′, or every curve in R′ is disjoint from every 
curve in B′.

A similar statement for double grounded x-monotone curves was proved in [30].
As mentioned earlier, a weaker result, that the family of intersection graphs of pseu

dosegments has the strong Erdős-Hajnal property, was proved earlier by Fox, Pach, and 
Tóth [21]. We repeat it below for convenience.

Theorem 2.9 ([21]). Let C be a collection on n pseudosegments in the plane. Then there 
are subsets C1, C2 ⊂ C, where |C1|, |C2| ≥ Ω(n), such that either every curve in C1 crosses 
every curve in C2, or every curve in C1 is disjoint from every curve in C2.

By Theorem 2.2, Theorem 2.8 is equivalent to the following two theorems holding.

Theorem 2.10. There is an absolute constant c > 0 such that the following holds. Let R
be a collection of n red curves, and B be a collection of n blue curves in the plane such 
that R ∪ B is a collection of pseudosegments.

If there are at least εn2 crossing pairs in R×B, then there are subsets R′ ⊂ R, B′ ⊂ B, 
where |R′|, |B′| ≥ εcn, such that every curve in R′ crosses every curve in B′.



108 J. Fox et al. / Journal of Combinatorial Theory, Series B 174 (2025) 99--132 

Theorem 2.11. There is an absolute constant c > 0 such that the following holds. Let R
be a collection of n red curves, and B be a collection of n blue curves in the plane such 
that R ∪ B is a collection of pseudosegments.

If there are at least εn2 disjoint pairs in R×B, then there are subsets R′ ⊂ R, B′ ⊂ B, 
where |R′|, |B′| ≥ εcn, such that every curve in R′ is disjoint from every curve in B′.

Theorem 2.11 is the first density-type result for disjointness graphs of pseudosegments, 
and is the key ingredient in the proof of Theorem 1.2. For the proof of Theorem 2.8, 
we need the following non-bipartite version of Theorem 2.10 established by the first two 
authors in [14].

Theorem 2.12 ([14]). There is an absolute constant c′ > 0 such that the following holds. 
Let C be a collection of n pseudosegments in the plane with at least εn2 crossing pairs. 
Then there are subsets C1, C2 ⊂ C, each of size c′εn, such that every curve in C1 crosses 
every curve in C2.

2.3. The strong Erdős-Hajnal property implies the polynomial Rödl property

The goal of this subsection is to prove the following lemma, and deduce that the 
family of intersection graphs of pseudosegments has the polynomial Rödl property.

Lemma 2.13. If a hereditary family F of graphs has the strong Erdős-Hajnal property, 
then it also has the polynomial Rödl property.

In proving Lemma 2.13, given a graph G in a hereditary family of graphs satisfying 
the strong Erdős-Hajnal property, we find a large subgraph of G or its complement that 
is a balanced complete multipartite graph with many parts. Such a subgraph must have 
density close to one, giving the desired ε-homogeneous induced subgraph.

Proof of Lemma 2.13. Since F has the strong Erdős-Hajnal property, there is a constant 
c > 0 such that every G ∈ F on n ≥ 2 vertices has disjoint vertex subsets V1, V2 with 
|V1| = |V2| = cn such that the graph between V1 and V2 is complete or empty. We 
repeatedly apply this to the induced subgraph of each of the vertex subsets of G we 
obtain. After t levels of iteration, we obtain 2t disjoint vertex subsets, each of size ctn, 
that are complete or empty between each pair of them, and the induced subgraph H
of G formed by taking one vertex from each of these 2t subsets is a cograph. Since 
cographs are perfect graphs, and any perfect graph with m vertices contains a clique or 
independent set of size at least m1/2, H contains a clique or independent set with at 
least 2t/2 vertices. Let U1, . . . , Us be the vertex subsets that the vertices from this clique 
or independent set belong to. Then the edge density of the induced subgraph on the 
union 

⋃s
i=1 Ui is either more than 1 − 1/s or less than 1/s. Let t = 2 log2(1/ε). Since 

s ≥ 2t/2 = 1/ε and ct = εC with C = 2 log2(1/c), this completes the proof. �
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Given a collection C of curves in the plane, let G(C) denote the intersection graph 
of C. According to Theorem 2.9, the family of intersection graphs of pseudosegments has 
the strong Erdős-Hajnal property. Applying Lemma 2.13, we obtain

Corollary 2.14. The family of intersection graphs of pseudosegments has the polynomial 
Rödl property. That is, there is an absolute constant c1 > 0 such that the following holds. 
Let ε > 0 and C be a collection of n pseudosegments in the plane. Then there is a subset 
C′ ⊂ C of size εc1n whose intersection graph G(C′) is ε-homogeneous.

We will frequently use the following simple lemma in this paper.

Lemma 2.15. Let G = (V, E) be a graph on n vertices. If the edge density of G is at most ε, 
then any induced subgraph on δn vertices has edge density at most 2ε/δ2. Likewise, if 
the edge density of G is at least 1 − ε, then any induced subgraph on δn vertices has edge 
density at least 1 − 2ε/δ2.

Proof. Suppose the edge density of G is at most εn2 edges. Hence, any induced subgraph 
on δn vertices will have at most (2ε/δ2)(δn)2/2 edges, which implies that the edge density 
of the induced subgraph is at most 2ε/δ2. A symmetric argument follows in the case when 
the edge density of G is at least 1 − ε. �
3. Proof of Theorem 2.8 -- for double grounded red curves

Given a collection of curves C in the plane, we say that C is double grounded if there 
are two distinct curves γ1 and γ2 such that for each curve α ∈ C, α has one endpoint on 
γ1 and the other on γ2, and the interior of α is disjoint from γ1 and γ2. Throughout this 
paper, for simplicity, we will always assume that both endpoints of each of our curves 
have distinct x-coordinates. We refer to the endpoint of a curve with the smaller (larger) 
x-coordinate as its left (right) endpoint. The aim of this section is to prove Theorem 2.8
in the special case where one of the color classes (the red one, say) consists of double 
grounded curves.

A curve in the plane is called x-monotone if every vertical line intersects it in at most 
one point. We start by considering double grounded x-monotone curves, and at the end of 
this section, we will remove the x-monotone condition. We will need the following result, 
known as the cutting lemma for x-monotone curves. See, for example, Proposition 2.11 
in [28].

Lemma 3.1 (The cutting lemma). Let C be a collection of n double grounded x-monotone 
curves, whose grounds are disjoint vertical segments γ1 and γ2, and let r > 1 be a 
parameter. Then R2 \ (γ1 ∪ γ2) can be subdivided into t connected regions Δ1, . . . , Δt, 
such that the interior of each Δi is intersected by at most n/r curves from C, and we 
have t = O(r2).
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In the proof of the following lemma and throughout the paper, we will implicitly use 
the Jordan curve theorem.

Lemma 3.2. Let R be a set of n red double grounded x-monotone curves, whose grounds 
are disjoint vertical segments γ1 and γ2. Let B be a set of n blue curves (not necessarily 
x-monotone) such that every blue curve in B is disjoint from grounds γ1 and γ2, and 
suppose that R ∪ B is a collection of pseudosegments.

Then there are subsets R′ ⊂ R and B′ ⊂ B such that |R′|, |B′| ≥ Ω(n), and either 
every curve in R′ crosses every curve in B′, or every curve in R′ is disjoint from every 
curve in B′.

Proof. Let P be the set of left-endpoints of the curves in B. We apply Lemma 3.1 to R
with parameter r = 4 to obtain a subdivision

R2 \ (γ1 ∪ γ2) = Δ1 ∪ · · · ∪ Δt,

such that for each Δi, the interior of Δi intersects at most n/4 members in R, and 
t ≤ c042 where c0 is an absolute constant from Lemma 3.1. By the pigeonhole principle, 
there is a region Δi such that Δi contains at least n/c042 points from P . Let B0 ⊂ B be 
the set of blue curves whose left endpoints are in Δi. Hence |B0| = Ω(n).

Let Q be the right endpoints of the curves in B0. Using the same subdivision described 
above, there is a region Δj such that Δj contains at least |Q|/(c042) ≥ n/(c042)2 points 
from Q. Let B1 ⊂ B0 be the set of blue curves with their left endpoint in Δi and right 
endpoint in Δj . Let R1 ⊂ R consist of all red curves that do not intersect the interior 
of Δi and Δj . Lemma 3.1 implies that

|R1| ≥ n − 2n

4 
= n

2 
,

and |B1| = Ω(n). Recall that each blue curve in B1 does not intersect the grounds γ1
nor γ2. Fix an arbitrary curve α0 ∈ R1. The proof now falls into the following cases.

Case 1. Suppose at least |R1|/2 curves in R1 are disjoint from α0. Let R2 ⊂ R1 be the 
set of red curves disjoint from α0. For each α ∈ R2,

R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α),

consists of two connected components, one bounded and the other unbounded.

Case 1.a. Suppose for at least |R2|/2 red curves α ∈ R2, both Δi and Δj lie in the 
same connected component of R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α). See Fig. 1(a). Let R3 ⊂ R2 be the 
collection of such red curves. Then for each α ∈ R3, each blue curve β ∈ B1 crosses α
if and only if β crosses α0. Hence, there is a subset B2 ⊂ B1 of size at least Ω(n), such 
that either every blue curve in B2 crosses every red curve in R3, or every blue curve in 
B2 is disjoint from every red curve in R3. Moreover, |R3| = Ω(n) and we are done.
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Fig. 1. Case 1, α0 and α are disjoint. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

Fig. 2. Case 2, α0 and α cross. 

Case 1.b. Suppose for at least |R2|/2 red curves α ∈ R2, regions Δi and Δj lie in 
different connected component of R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α). See Fig. 1(b). Similar to above, 
let R3 ⊂ R2 be the collection of such red curves. By the pseudosegment condition, for 
each α ∈ R3, each blue curve β ∈ B1 crosses α if and only if β is disjoint from α0. Hence, 
there is a subset B2 ⊂ B1 of size Ωr(n), such that either every blue curve in B2 crosses 
every red curve in R3, or every blue curve in B2 is disjoint from every red curve in R3. 
Moreover, |R3| = Ω(n) and we are done.

Case 2. Suppose at least |R1|/2 curves in R1 cross α0. Let R2 ⊂ R1 be the set of red 
curves that crosses α0. For each α ∈ R2 \ {α0}, R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α) consists of three 
connected components, two of which are bounded and the other unbounded.

Case 2.a. Suppose for at least |R2|/3 red curves α ∈ R2. Both Δi and Δj lie in the 
same connected component of R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α). See Fig. 2(a). Let R3 ⊂ R2 be 
the collection of such red curves. By the pseudosegment condition, for each α ∈ R3, 
each blue curve β ∈ B1 crosses α if and only if β crosses α0. Hence, there is a subset 
B2 ⊂ B1 of size at least Ω(n), such that either every blue curve in B2 crosses every red 
curve in R3, or every blue curve in B2 is disjoint from every red curve in R3. Moreover, 
|R3| = Ω(n).

Case 2.b. Suppose for at least |R2|/3 red curves α ∈ R2, regions Δi and Δj lie in 
different bounded connected components of R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α). Let R3 ⊂ R2 be the 
collection of such red curves. Then for each α ∈ R3, every blue curve β ∈ B1 crosses α. 
Since |R3| = Ω(n), we have |B1| = Ω(n).
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Case 2.c. Suppose for at least |R2|/3 red curves α ∈ R2, regions Δi and Δj lie in different 
connected components of R2 \ (γ1 ∪ γ2 ∪ α0 ∪ α), one of which is bounded and the other 
unbounded. See Fig. 2(b). Let R3 ⊂ R2 be the collection of such red curves. By the 
pseudosegment condition, for each α ∈ R3, each blue curve β ∈ B1 crosses α if and only 
if β is disjoint from α0. Hence, there is a subset B2 ⊂ B1 of size Ω(n), such that either 
every blue curve in B2 crosses every red curve in R3, or every blue curve in B2 is disjoint 
from every red curve in R3. Moreover, |R3| = Ω(n), and we are done. �

Recall that a pseudoline is an unbounded arc in R2, whose complement is disconnected. 
An arrangement of pseudolines is a set of pseudolines such that every pair meets exactly 
once, and no three members have a point in common. A classic result of Goodman [26] 
states that every arrangement of pseudolines is isomorphic to an arrangement of wiring 
diagram (bi-infinite x-monotone curves). Moreover, Goodman and Pollack showed the 
following.

Theorem 3.3 ([27]). Every arrangement of pseudolines can be continuously deformed 
(through isomorphic arrangements) to a wiring diagram.

We also need the following simple lemma.

Lemma 3.4. Given a finite linearly ordered set whose elements are colored red or blue, 
we can select half of the red elements and half of the blue elements such that all of the 
selected elements of one color come before all of the selected elements of the other color.

We are now ready to establish the main result of this section:

Theorem 3.5. Let R be a set of n red double grounded curves with grounds γ1 and γ2, 
where γ1 and γ2 cross each other. Let B be a set of n blue curves such that R∪B∪{γ1, γ2}
is a collection of pseudosegments.

Then there are subsets R′ ⊂ R and B′ ⊂ B such that |R′|, |B′| ≥ Ω(n), and either 
every curve in R′ crosses every curve in B′, or every curve in R′ is disjoint from every 
curve in B′.

Proof. By passing to linear-sized subsets of R and B and subcurves of γ1 and γ2, we 
will reduce the problem to the setting of Lemma 3.2. Let us assume that γ1 and γ2 cross 
at point p. Hence, (γ1 \ γ2) ∪ (γ2 \ γ1) consists of four connected components. By the 
pigeonhole principle, there is a subset R1 ⊂ R of size n/4 such that every curve in R1
has an endpoint on one of the connected components of γ1 \ γ2, and all of the other 
endpoints lie on one of the connected components of γ2 \ γ1. Let γ′

i ⊂ γi, for i = 1, 2, 
be these connected components so that they have a common endpoint at p and their 
interiors are disjoint.

For each α ∈ R1, the sequence of curves (γ′
1, γ′

2, α) appear either in clockwise or 
counterclockwise order along the unique simple closed curve that lies in γ′

1 ∪ γ′
2 ∪ α. 
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Without loss of generality, we can assume that there is a subset R2 ⊂ R1, where |R2| =
Ω(n), such that for every curve α ∈ R2, the sequence (γ′

1, γ′
2, α) appears in clockwise 

order, since a symmetric argument would follow otherwise.
We define the orientation of each curve α ∈ R2 as the sequence of turns, either left

left, left-right, right-left, or right-right, made by starting at p and moving along γ′
1 in the 

arrangement γ′
1 ∪γ′

2 ∪α, until we return back to p. More precisely, starting at p we move 
along γ′

1 until we reach the endpoint of α. We then turn either left or right to move 
along α towards γ′

2. Once we’ve reached γ′
2, we either turn left or right in order to move 

along γ′
2 and reach p again. By the pigeonhole principle, there is a subset R3 ⊂ R2 of 

size at least Ω(n) such that all curves in R3 have the same orientation. Without loss of 
generality, we can assume that the orientation is left-left, since a symmetric argument 
would follow otherwise.

Starting at p and moving along γ′
1 towards its other endpoint, let us consider the 

sequence of curves from R3 ∪ B intersecting γ′
1. Then, by Lemma 3.4, there are subsets 

R4 ⊂ R3 and B1 ⊂ B, where |R4| ≥ |R3|/2 and |B1| ≥ |B|/2, such that either all of the 
curves in R4 appear before all of the curves in B1 that intersect γ′

1 in this sequence, or 
all of the curves in R4 appear after all of the curves in B1 in this sequence. Note that B1
consists of the blue curves in B that are disjoint from γ′

1 and at least half of the curves 
in B that intersect γ′

1 found by the application of Lemma 3.4. Hence, there is a subcurve 
γ′′

1 ⊂ γ′
1 such that γ′′

1 is one of the grounds for R4, and is disjoint from every curve in B1. 
We apply the same argument to R4 ∪ B1 and γ′

2, and obtain subsets R5 ⊂ R4, B2 ⊂ B1, 
and a subcurve γ′′

2 ⊂ γ′
2, such that |R5|, |B2| = Ω(n), and R5 is double grounded with 

disjoint grounds γ′′
1 and γ′′

2 , and every curve in B2 is disjoint from γ′′
1 and γ′′

2 .
For i ∈ {1, 2}, let pi be the endpoint of γ′′

i that lies closest to p along γ′
i. Starting 

at pi and moving along γ′′
i , let πi be the sequence of curves in R5 that appear on γ′′

i . 
Since every curve in R5 has the same left-left orientation, and appears clockwise order 
with respect to γ′

1 and γ′
2, two curves α, α′ ∈ R5 cross if and only if the order in which 

they appear in π1 and π2 changes. Let γ′′
3 be a curve very close to γ′′

2 such that γ′′
3 has 

the same endpoints as γ′′
2 , and is disjoint from all curves in R5 ∪ B2. Hence, γ′′

2 ∪ γ′′
3

makes an empty lens in the arrangement R5 ∪ B2. We slightly extend each curve α ∈ R5
through this lens to γ′′

3 so that the resulting curve, α′ properly crosses γ′′
2 and has its new 

endpoint on γ′′
3 . Moreover, the extension will be made in such a way that the sequence 

π3 of curves in R5 appearing along γ′′
3 starting from p2 will appear in the opposite order 

of π1. Let

R′
5 = {α′ : α ∈ R5}.

Thus, every pair of curves in R′
5 will cross exactly once.

For each curve α′ ∈ R′
5, we further extend α′ by moving both endpoints towards 

p along γ1 and γ2, so that we do not create any additional crossings within R′
5. Let 

α̂ be the resulting extension, where both endpoints of α̂ lie arbitrarily close to p. Set 
R̂5 = {α̂ : α′ ∈ R′

5}. See Fig. 3. Furthermore, we can assume that p lies in the unbounded 
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Fig. 3. The resulting extension R̂5. 

face of the arrangement R̂5, since otherwise we could project the arrangement R̂5 onto 
a sphere, and then project it back to the plane so that p lies in the unbounded face, 
without creating or removing any crossing. Therefore, R̂5 can be extended to a family of 
pseudolines. By Theorem 3.3, we can apply a continuous deformation of the plane so that 
R̂5 becomes a collection of unbounded x-monotone curves. Hence, after the deformation, 
the original set R5 becomes a collection of double grounded x-monotone curves, with 
grounds γ′′

1 , γ′′
2 , such that every curve in B2 is disjoint from the grounds γ′′

1 and γ′′
2 , the 

crossing pattern in the arrangement R5 ∪ B2 is the same as before. Moreover, γ′′
1 and 

γ′′
2 will be disjoint vertical segments. We apply Lemma 3.2 to R5 and B2 and obtain 

subsets R6 ⊂ R5 and B3 ⊂ B2, each of size Ω(n), such that either every curve in R6

crosses every curve in B3, or every curve in R6 is disjoint from every curve in B3. This 
completes the proof. �

By combining Theorem 3.5 with Lemma 2.7, as shown in Section 2, we obtain the 
following density theorems.

Theorem 3.6. There is an absolute constant c′ > 0 such that the following holds. Let R
be a collection of n red double grounded curves with grounds γ1 and γ2, such that γ1 and 
γ2 cross. Let B be a collection of n blue curves such that R ∪ B ∪ {γ1, γ2} is a collection 
of pseudosegments.

If there are at least εn2 crossing pairs in R×B, then there are subsets R′ ⊂ R, B′ ⊂ B, 
where |R′|, |B′| ≥ εc′

n, such that every curve in R′ crosses every curve in B′.

Theorem 3.7. There is an absolute constant c′ > 0 such that the following holds. Let R
be a collection of n red double grounded curves with grounds γ1 and γ2, such that γ1

and γ2 cross. Let B be a collection of n blue curves such that R ∪ B is a collection of 
pseudosegments.

If there are at least εn2 disjoint pairs in R×B, then there are subsets R′ ⊂ R, B′ ⊂ B, 
where |R′|, |B′| ≥ εc′

n, such that every curve in R′ is disjoint from every curve in B′.

We will apply Theorems 3.5 and 3.6 in the next section.
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4. Proof of Theorem 2.8 -- for ε-homogeneous families

The aim of this section is to prove Theorem 2.8, the main result of this paper, in the 
special case where the edge density of the intersection graph of the red curves is nearly 
0 or nearly 1, and the same is true for the intersection graph of the blue curves. This 
will easily imply Theorem 2.8 in its full generality, as shown in the next section.

4.1. Low versus low density

By Corollary 2.14, it is sufficient to establish Theorem 2.8 in the special case where 
the intersection graphs G(R) and G(B) are both ε-homogeneous, where ε > 0 is a small 
absolute constant. Below, we first consider the cases when the edge densities of both 
G(R) and G(B) are smaller than ε. Recall that a separator for a graph G = (V, E) is a 
subset V0 ⊂ V such that there is a partition V = V0 ∪ V1 ∪ V2 with |V1|, |V2| ≤ 2

3 |V |, and 
no vertex in V1 is adjacent to any vertex in V2. The celebrated Lipton-Tarjan separator 
theorem states that every planar graph with n vertices has a separator of size O(

√
n). 

We will need the following result due to the first two authors. For a strengthening, see 
[31].

Lemma 4.1 ([13]). Let C be a collection of curves in the plane with a total of m crossings. 
Then the intersection graph G(C) has a separator of size O(

√
m).

We now prove the following.

Lemma 4.2. There is an absolute constant ε0 > 0 such that the following holds. Let R be 
a set of n red curves in the plane and let B be a set of n blue curves such that R ∪ B is 
a collection of pseudosegments.

If the edge densities of the intersection graphs G(R) and G(B) are both less than ε0, 
and there are at most ε0n2 crossing pairs in R × B, then there are subsets R′ ⊂ R and 
B′ ⊂ B, each of size Ω(n), such that every red curve in R′ is disjoint from every blue 
curve in B′.

Proof. Let ε0 be a small constant that will be determined later. Set C = R∪B. We apply 
Lemma 4.1 to C and obtain a partition C = C0 ∪ C1 ∪ C2, such that |C1|, |C2| ≤ (2/3)(2n), 
and every curve in C1 is disjoint from every curve in C2. Let c be the constant from 
Lemma 4.1. By setting ε0 < 1 

(2c)216 , we have

|C0| ≤ c
√

ε0(2n)2 ≤ 2c
√

ε0n ≤ n/4.

Without loss of generality, we can assume that at least half of the curves in C1 are red, 
since a symmetric argument would follow otherwise. Since |C1| ≥ (2n)/3 − |C0|, there are 
at least
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2n/3 − n/4
2 

= 5n/24

red curves in C1. Moreover, there are at most 2n/3 blue curves in C1, which implies that 
there are at least

n − 2n

3 
− n

4 
≥ n 

12 ,

blue curves in C2. By setting R′ to be the red curves in C1 and B′ to be the blue curves 
in C2, we obtain the desired subsets. �
Theorem 4.3. There is an absolute constant ε1 > 0 such that the following holds. Let R
be a set of n red curves and B be a set of n blue curves in the plane such that R ∪ B is 
a collection of pseudosegments.

If the edge densities of the intersection graphs G(R) and G(B) are both less than ε1, 
then there are subsets R′ ⊂ R and B′ ⊂ B, each of size Ω(n), such that every red curve 
in R′ crosses every blue curve in B′, or every red curve in R′ is disjoint from every blue 
curve in B′.

Proof. Let ε1 be a small constant that will be determined later. Suppose there are at 
most ε0n2 crossing pairs in R × B, where ε0 is defined in Lemma 4.2. Since the edge 
density of the intersection graphs G(R) and G(B) are both less than ε1, by setting 
ε1 < ε0, Lemma 4.2 implies that there are subsets R′ ⊂ R and B′ ⊂ B, each of size 
Ω(n), such that every red curve in R′ is disjoint from every blue curve in B′ and we are 
done.

If there are at least ε0n2 crossing pairs in R × B, then, by Theorem 2.12, there are 
subsets C1, C2 ⊂ R ∪ B, each of size c′ε0n, where c′ > 0 is an absolute constant from 
Theorem 2.12, such that each curve in C1 crosses each curve in C2. Without loss of 
generality, we can assume that at least c′ε0n/2 curves in C1 are red and we call the set 
of these curves R′. Since G(R) has edge density at most ε1, by setting ε1 < (c′ε0)2/4, at 
most c′ε0n/2 curves in C2 are red. Hence, at least c′ε0n/2 curves in C2 are blue. Denoting 
the set of these curves B′, we are done. �
4.2. High versus low edge density

In this subsection, we consider the case when the intersection graph G(R) has edge 
density at least 1 − ε, and G(B) has edge density less than ε. Since the edge density in 
the intersection graph G(R) is at least 1 − ε, we can further reduce to the case when 
there is a red curve γ1 that crosses every member in R exactly once.

Let us give a brief description of the argument, as this is the most difficult case. Since 
each curve in R crosses γ1 exactly once, each red curve will have an upper part and a 
lower part. See Fig. 4. The proof starts by showing that we can obtain large subsets of 
the red and blue curves, say R′ and B′, such that either the lower parts of all of the red 
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curves in R′ cross all blue curves in B′, or the lower parts of all of the red curves in R′

are disjoint from all of the blue curves in B′. In the first case, we are done. Hence, we 
can assume that we are in the latter. As the lower part of every remaining red curve is 
disjoint from all of the remaining blue curves, we can now focus on the upper part of 
each red curve.

We then find another red curve γ2 that crosses the upper part of many red curves, 
giving us a new partition on each remaining red curve. Hence, each remaining red curve 
now has a (new) lower part and a (new) upper part. By applying some of the same 
arguments as before, we will either conclude that many red curves cross many blue 
curves (in which case we are done), or we will obtain two large subsets of red curves, say 
R′′

1 and R′′
2 , and a large subset of blue curves, B′′, such that all of the blue curves in B′′

are disjoint from the (new) lower parts of all of the red curves in R′′
1 ∪ R′′

2 . Moreover, 
the (new) upper part of each red curve in R′′

1 will be disjoint from the (new) upper part 
of every red curve in R′′

2 . See Fig. 5. Hence, the edge density of the intersection graph 
of the (new) upper parts of the red curves in R′

1 ∪ R′
2 is at most 1/2.

After several iterations of the above argument, we will either find many red curves 
that cross many blue curves (in which case we are done), or we will find large subsets 
of red curves, R′′′

1 , . . . , R′′′
2t , and a large subset of blue curves, B′′′, such that every blue 

curve in B′′′ is disjoint from the (new) lower part of every red curve in R′′
1 ∪ · · · ∪ R′′

2t , 
and the edge density of the (new) upper part of the red curves in R′′

1 ∪ · · · ∪ R′′
2t is at 

most 1/2t. As we proceed with the (new) upper parts of red curves in R′′
1 ∪ · · · ∪ R′′

2t , 
and with the blue curves B′′′, if t is a sufficiently large constant, we will fall into the low 
versus low density case. Hence, by applying Theorem 4.3, we conclude the proof. The 
details of this argument are given in the following lemma.

Lemma 4.4. For each integer t ≥ 1, there is a constant ε′
t > 0 such that the following 

holds. Let R be a set of n red curves in the plane, all crossed by a curve γ1 exactly once, 
and B be a set of n blue curves in the plane such that R ∪ B ∪ {γ1} is a collection of 
pseudosegments. Suppose that the intersection graph G(B) has edge density less than ε′

t, 
and G(R) has edge density at least 1 − ε′

t.
Then there are subsets R̂ ⊂ R, B̂ ⊂ B, each of size Ωε′

t
(n), such that either every 

red curve in R̂ crosses every blue curve in B̂, or every red curve in R̂ is disjoint from 
every blue curve in B̂, or each curve α ∈ R̂ has a partition into two connected parts 
α = α̂u ∪ α̂�, such that for

Û = {α̂u : α ∈ R̂, α = α̂u ∪ α̂�} and L̂ = {α̂� : α ∈ R̂, α = α̂u ∪ α̂�},

every curve in L̂ is disjoint from every curve in B̂, and the edge density of G(Û) is less 
that 2−t.

Proof. Each curve α ∈ R is partitioned into two connected parts by γ1, say an upper 
and lower part. More precisely, we have the partition α = αu ∪ α�, where the parts αu
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Fig. 4. Partitioning of the red curve α = αu ∪ α�. 

and α� are defined, as follows. We start at the left endpoint of γ1 and move along γ1

until we reach α∩γ1. At this point, we turn left along α to obtain αu and right to obtain 
α�. See Fig. 4. Let U (L) be the upper (lower) part of each curve in R, that is,

U = {αu : α ∈ R, α = α� ∪ αu} and L = {α� : α ∈ R, α = α� ∪ αu}.

In what follows, for every integer t ≥ 1, we will obtain subsets R(t) ⊂ R, B(t) ⊂ B, 
each of size Ωε′

t
(n), such that either every red curve in R(t) crosses every blue curve in 

B(t), or every red curve in R(t) is disjoint from every blue curve in B(t), or each curve 
α ∈ R(t) has a new partition into two connected parts α = α′

u ∪ α′
�, upper and lower, 

such that the following holds.

1. We have α′
u ⊂ αu, that is, the upper part α′

u is a subcurve of the previous upper part 
αu.

2. The lower part α′
� of each curve in R(t) is disjoint from each blue curve in B(t).

3. There is an equipartition R(t) = R(t)
1 ∪ · · · ∪ R(t)

2t into 2t parts such that for 1 ≤ i <

j ≤ 2t−1, the upper part α′
u of each curve α ∈ R(t)

i is disjoint from the upper part β′
u

of each curve β ∈ R(t)
j .

Hence, the lemma follows from the statement above by setting B̂ = B(t), R̂ = R(t).
We proceed by induction on t. The bulk of the argument below is actually for the 

base case t = 1, since we will just repeat the entire argument for the inductive step with 
parameter ε′

t. Let ε′
1 be a small positive constant that will be determined later such that 

ε′
1 < ε1, where ε1 is from Theorem 4.3. Thus, G(R) has edge density at least 1 − ε′

1 and 
G(B) has edge density less than ε′

1.
Let δ > 0 also be a sufficiently small constant determined later, such that ε′

1 < δ < ε1. 
We apply Corollary 2.14 to L with parameter δ and obtain a subset L1 ⊂ L such that L1

is δ-homogeneous and |L1| = Ωδ(n). Let R1 ⊂ R be the red curves in R corresponding 
to the curves in L1, and let U1 ⊂ U be the curves in U that correspond to the red curves 
in R1. (Here and in what follows, we say that a curve corresponds to another curve if 
one of them is a subcurve of the other.)
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Without loss of generality, we can assume that the intersection graph G(L1) has edge 
density less than δ. Indeed, otherwise if G(L1) has edge density greater than 1 − δ, by 
the pseudosegment condition, the intersection graph G(U1) must have edge density less 
than δ and a symmetric argument would follow. In order to apply Theorem 4.3, we need 
two subsets of equal size. By averaging, there is a subset B′ ⊂ B with |B′| = |L1| such 
that the edge density of G(B′) is at most that of G(B). Since G(L1) has edge density 
less than δ and G(B′) has edge density less than ε′

1, by setting ε′
1 < δ < ε1, we can 

apply Theorem 4.3 to L1 and B′ and obtain subsets L2 ⊂ L1 and B1 ⊂ B′, each of size 
Ωδ(n), such that every curve in L2 crosses every blue curve in B1, or every curve in L2
is disjoint from every blue curve in B1. If we are in the former case, then we are done. 
Hence, we can assume that we are in the latter case. Let R2 ⊂ R1 be the red curves 
that correspond to L2, and let U2 ⊂ U1 be the curves in U1 that correspond to R2. We 
apply Corollary 2.14 to U2 with parameter δ and obtain a subset U3 ⊂ U2 such that U3
is δ-homogeneous and |U3| = Ωδ(n). Let R3 be the red curves in R corresponding to U3, 
and let L3 be the curves in L2 that correspond to R3.

Suppose that the intersection graph G(U3) has edge density less than δ. Since |B1| =
δ0n, where δ0 = δ0(δ, ε1), by Lemma 2.15, the intersection graph G(B1) has edge density 
at most 2ε′

1/δ2
0 . Thus, we set δ and ε′

1 sufficiently small so that δ < ε1 and 2ε′
1/δ2

0 < ε1. By 
averaging, we can find subsets of U3 and B1, each of size min(|U3|, |B1|) and with densities 
less than ε1, and apply Theorem 4.3 to these subsets and obtain subsets U4 ⊂ U3 and 
B2 ⊂ B1, each of size Ωδ(n), such that every curve in U4 crosses every blue curve in B2, 
or every curve in U4 is disjoint from every blue curve in B2. In both cases, we are done 
since every curve in L3 is disjoint from every curve in B2. Therefore, we can assume that 
G(U3) has edge density greater than 1 − δ.

For each curve α ∈ U3, let N(α) denote the set of curves in U3 that intersects α, and 
let d(α) = |N(α)|. We label the curves β ∈ N(α) with integers 0 to d(α) − 1 according 
to their closest intersection point to the ground γ1 along α, that is, the label fα(β) of 
β ∈ N(α) is the number of curves in U3 that intersects the portion of α strictly between 
γ1 and α ∩ β. Since

∑
α∈U3

d(α) − 1 ≥ 2(1 − δ)
(

|U3|
2 

)
− |U3|,

by Jensen’s inequality, we have

∑
α∈U3

∑
β∈N(α)

fα(β) =
∑

α∈U3

(
d(α)

2 

)
≥ |U3|

( ∑
α∈U3

d(α)
|U3| 
2 

)
≥ |U3|3

4 
.

Let the weight w(β) of a curve β ∈ U3 be the sum of its labels, that is,

w(β) =
∑

α:β∈N(α)

fα(β).
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Fig. 5. In both cases, W4 is disjoint from W′
4. 

Hence, the weight w(β) is the total number of crossing points along curves α strictly 
between γ1 and β, where α crosses both γ1 and β. By averaging, there is a curve γ2 ∈ U3
whose weight is at least |U3|2/4.

Using γ2, we partition each curve α ∈ U3 \ {γ2} that crosses γ2 into two connected 
parts, α = αw ∪ αm, where αm is the connected subcurve with endpoints on γ1 and γ2, 
and αw is the other connected part. Set

W3 = {αw : α ∈ U3 \ {γ2}, α ∩ γ2 �= ∅} and M3 = {αm : α ∈ U3 \ {γ2}, α ∩ γ2 �= ∅}.

Since γ2 has weight at least |U3|2/4, by the pigeonhole principle, there are at least 
|U3|2/8 intersecting pairs in M3 ×M3, or at least |U3|2/8 intersecting pairs in M3 ×W3.

Case 1. Suppose there are at least |U3|2/8 pairs in M3 × W3 that cross. The set M3 is 
double grounded with grounds γ1 and γ2 that cross exactly once, and every curve in W3
is disjoint from γ1 and γ2. As |M3|, |W3| ≤ |U3|, the density of edges in the bipartite 
intersection graph of M3 and W3 is at least 1/8. By averaging, we can find subsets of 
M3 and W3 each of size min(|M3|, |W3|) such that the density of edges in the bipartite 
intersection graph of these subsets is at least 1/8. By setting δ > 0 sufficiently small, we 
can apply Theorem 3.6 to these subsets of M3 and W3 and obtain subsets M4 ⊂ M3
and W ′

4 ⊂ W3, each of size Ωδ(n), such that each curve in M4 crosses each curve in 
W ′

4. Moreover, by the pseudosegment condition, each curve in M4 ∪ W ′
4 corresponds to 

a unique curve in U3. Let U4 ⊂ U3 be the set of curves that correspond to M4, and let 
U ′

4 ⊂ U3 be the set of curves that correspond to W ′
4. Hence, we set

W4 = {αw : α ∈ U4, α = αw ∪ αm} and M′
4 = {αm : α ∈ U ′

4, α = αw ∪ αm}.

See Fig. 5(a).
We apply Theorem 3.5 to arbitrary subsets of M4 and B2, each of size min(|M4|, |B2|), 

and obtain subsets M5 ⊂ M4 and B3 ⊂ B2, each of size Ωδ(n), such that either every 
red curve in M5 crosses every blue curve in B3, or every red curve in M5 is disjoint from 
every blue curve in B3. In the former case, we are done. Hence, we can assume that we 
are in the latter case.
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We again apply Theorem 3.5 to arbitrary subsets of M′
4 and B3, each of size 

min(|M′
4|, |B3|), to obtain subsets M′

5 ⊂ M′
4 and B4 ⊂ B3, each of size Ωδ(n), such 

that either every red curve in M′
5 crosses every blue curve in B4, or every red curve in 

M′
5 is disjoint from every blue curve in B4. Again, if we are in the former case, we are 

done. Hence, we can assume that we are in the latter case. Let

W5 = {αw : α = αw ∪ αm, αm ∈ M5} and W ′
5 = {αw : α = αw ∪ αm, αm ∈ M′

5}.

Recall that every element in M5 crosses every element in W ′
5. By the pseudosegment 

condition, every element in W5 is disjoint from every element in W ′
5.

Let R5 be the set of red curves in R that correspond to W5, and let R′
5 be the set 

of red curves in R that correspond to W ′
5. We have |R5|, |R′

5| = Ωδ(n). We can assume 
that |R5| = |R′

5|. For each curve α ∈ R5 ∪ R′
5, and its original partition α = αu ∪ α�

defined by γ1, we have a new partition α = α′
u ∪ α′

� defined by γ2, where α′
u = αw and 

α′
� = αm ∪ α�. By setting R(1) = R5 ∪ R′

5, and B(1) = B4, where each curve α ∈ R(1) is 
equipped with the partition α = α′

u ∪ α′
�, we satisfy the base case of the statement.

Case 2. The argument is essentially the same as in Case 1. Suppose we have at least 
|U3|2/8 crossing pairs in M3 × M3. Then, by Theorem 2.9, there are subsets M4, M′

4 ⊂
M3, each of size Ωδ(n), such that every curve in M4 crosses every curve in M′

4. Let 
U4 ⊂ U be the set of curves that correspond to M4 and let U ′

4 ⊂ U be the set of curves 
that correspond to M′

4. Set

W4 = {αw : α ∈ U4, α = αw ∪ αm} and W ′
4 = {αw : α ∈ U ′

4, α = αw ∪ αm}.

See Fig. 5(b).
Hence, by the pseudosegment condition, every curve in W4 is disjoint from every curve 

in W ′
4. By taking arbitrary subsets of M4 and B2 of size min(|M4|, |B2|), we can apply 

Theorem 3.5 to these subsets and obtain subsets M5 ⊂ M4 and B3 ⊂ B2, each of size 
Ωδ(n), such that either every red curve in M5 crosses every blue curve in B3, or every 
red curve in M5 is disjoint from every blue curve in B3. In the former case, we are done. 
Hence, we can assume that we are in the latter case.

Again, we take an arbitrary subset of M′
4 and B3 of size min(|M′

4|, |B3|) and apply 
Theorem 3.5 to M′

4 and B3, to obtain subsets M′
5 ⊂ M′

4 and B4 ⊂ B3, each of size 
Ωδ(n), such that either every red curve in M′

5 crosses every blue curve in B4, or every 
red curve in M′

5 is disjoint from every blue curve in B4. Again, if we are in the former 
case, we are done. Hence, we can assume that we are in the latter case. Let R5 be the 
set of red curves in R that corresponds to M5, and let R′

5 be the set of red curves in R
that corresponds to M′

5.
We have |R5|, |R′

5| = Ωδ(n), and we can assume that |R5| = |R′
5|. For each curve 

α ∈ R5 ∪ R′
5, and its original partition α = αu ∪ α� defined by γ1, we have a new 

partition α = α′
u ∪ α′

� defined by γ2, where α′
u = αw and α′

� = αm ∪ α�. By setting 
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R(1) = R5 ∪ R′
5, and B(1) = B4, where each curve α ∈ R(1) is equipped with the 

partition α = α′
u ∪ α′

�, we satisfy the base case of the statement.
For the inductive step, suppose we have obtained constants ε′

t−1 < · · · < ε′
1 such that 

the statement follows. Let ε′
t be a small constant that will be determined later such that 

ε′
t < ε′

t−1. Let R be a set of n red curves in the plane, all crossed by a curve γ1 exactly 
once, and B be a set of n blue curves in the plane such that R ∪ B ∪ {γ1} is a collection 
of pseudosegments. Moreover, G(R) has edge density at least 1 − ε′

t and G(B) has edge 
density less than ε′

t. We set δ′ < 0 to be a small constant such that ε′
t < δ′ < εt−1. 

We repeat the entire argument above, replacing ε′
1 with ε′

t and δ with δ′. If we find 
linear-sized subsets of R and B whose curves are disjoint from each other or cross each 
other, then we are done. Otherwise, we obtain subsets R5, R′

5 ⊂ R and B4 ⊂ B, each 
of size Ωδ′(n), such that each α ∈ R5 ∪ R′

5 is equipped with the partition α = α′
u ∪ α′

�, 
and α′

� is disjoint from every blue curve in B4. Moreover, for α ∈ R5 and β ∈ R′
5, where 

α = α′
u ∪ α′

� and β = β′
u ∪ β′

�, α′
u is disjoint from β′

u.
Since |R5|, |B4| ≥ δ1n, where δ1 depends only on δ′, by Theorem 2.15, G(R5) has edge 

density at least 1 − 2ε′
t/δ2

1 and G(B4) has edge density less than 2ε′
t/δ2

1 . By setting ε′
t

sufficiently small, G(R5) has edge density at least 1 − ε′
t−1, and G(B4) has edge density 

less than ε′
t−1. By averaging, we can find subsets of R5 and B4, each of size min(|R5|, |B4|)

and with densities at least 1 − ε′
t−1 and less than ε′

t−1 respectively, and apply induction 
to these subsets with parameter t′ = t−1, and obtain subsets R(t−1) ⊂ R5, B(t−1) ⊂ B4, 
each of size Ωε′

t−1
(n), with the desired properties. If every red curve in R(t−1) is disjoint 

from every blue curve in B(t−1), or if every red curve in R(t−1) crosses every blue curve 
in B(t−1), then we are done. Hence, we can assume that each curve α ∈ R(t−1) has a 
partition α = α′′

u ∪ α′′
� such that α′′

u is a subcurve of α′
u, α′′

� is disjoint from every blue 
curve in B(t−1), and there is an equipartition

R(t−1) = R(t−1)
1 ∪ · · · ∪ R(t−1)

2t−1 ,

such that for 1 ≤ i < j ≤ 2t−1, the upper part α′′
u of each curve α ∈ R(t−1)

i is disjoint 
from the upper part β′′

u of each curve β ∈ R(t−1)
j .

Finally, since |R′
5|, |B(t−1)| ≥ δ2n, where δ2 depends only on δ′, by Theorem 2.15, 

G(R′
5) has edge density at least 1 − 2ε′

t/δ2
2 , and G(B(t−1)) has edge density less than 

2ε′
t/δ2

2 . By setting ε′
t sufficiently small, G(R′

5) has edge density at least 1 − ε′
t−1, and 

G(B(t−1)) has edge density less than ε′
t−1. By averaging, we can find subsets of R′

5
and B(t−1), each of size min(|R′

5|, |B(t−1)|) and with densities at least 1 − ε′
t−1 and less 

than ε′
t−1 respectively, and apply induction to these subsets with parameter t′ = t − 1, 

and obtain subsets S(t−1) ⊂ R′
5, B(t) ⊂ B(t−1), each of size Ωε′

t−1
(n), with the desired 

properties. If every red curve in S(t−1) is disjoint from every blue curve in B(t), or if every 
red curve in S(t−1) crosses every blue curve in B(t), then we are done. Hence, we can 
assume that each curve α ∈ S(t−1) has a partition α = α′′

u ∪α′′
� such that α′′

u is a subcurve 
of α′

u, α′′
� is disjoint from every blue curve in B(t−1), and there is an equipartition
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S(t−1) = S(t−1)
1 ∪ · · · ∪ S(t−1)

2t−1 ,

such that for 1 ≤ i < j ≤ 2t−1, the upper part α′′
u of each curve α ∈ S(t−1)

i is disjoint 
from the upper part β′′

u of each curve β ∈ S(t−1)
j . We then (arbitrarily) remove curves 

from each part in R(t−1)
i and S(t−1)

j such that the resulting parts all have the same size 
and for

R(t) = R(t−1)
1 ∪ · · · ∪ R(t−1)

2t−1 ∪ S(t−1)
1 ∪ · · · ∪ S(t−1)

2t−1 ,

we have |R(t)| = Ωε′
t−1

(n). Then R(t) and B(t) has the desired properties. �
We now prove the following.

Theorem 4.5. There is an absolute constant ε3 > 0 such that the following holds. Let R
be a set of n red curves in the plane and B be a set of n blue curves in the plane such 
that R ∪ B is a collection of pseudosegments, and the intersection graph G(B) has edge 
density less than ε3, and G(R) has edge density at least 1 − ε3.

Then there are subsets R′ ⊂ R, B′ ⊂ B, each of size Ω(n), such that either every red 
curve in R crosses every blue curve in B, or every red curve in R is disjoint from every 
blue curve in B.

Proof. Let t be a fixed large integer such that 2−t < ε1, where ε1 is defined in The
orem 4.3. Let ε3 be a small constant determined later such that ε3 < ε′

t, where ε′
t is 

defined in Lemma 4.4. Recall that ε′
t < ε1. Since G(R) has edge density at least 1 − ε3, 

there is a curve γ1 ∈ R such that γ1 crosses at least n/2 red curves in R. Let R0 ⊂ R be 
the red curves that crosses γ1. By Lemma 2.15, G(R0) has edge density at least 1 − 8ε3. 
By averaging, we can find a subset B′ ⊂ B of size |R0| whose edge density is less than 
ε3. By setting ε3 sufficiently small so that 8ε3 < ε′

t, we can apply Lemma 4.4 to R0
and B′ with parameter t, and obtain subsets R̂ ⊂ R0, B̂ ⊂ B, each of size Ωε′

t
(n), with 

the desired properties. If every red curve in R̂ crosses every blue curve in B̂, or every 
red curve in R̂ is disjoint from every blue curve in B̂, then we are done. Therefore, we 
can assume that each curve α ∈ R̂ has a partition into two parts α = α′

u ∪ α′
� with the 

properties described in Lemma 4.4. Set

U = {α′
u : α ∈ R̂, α = α′

u ∪ α′
�} and L = {α′

� : α ∈ R̂, α = α′
u ∪ α′

�}.

Hence, every curve in L is disjoint from every curve in B̂, and G(U) has edge density 
at most 2−t < ε1. Since |B̂| ≥ δn, where δ depends only on ε′

t, by Lemma 2.15, G(B̂) has 
edge density at most 2ε3/δ2. By setting ε3 sufficiently small so that 2ε3/δ2

0 < ε1, G(B̂)
has edge density at most ε1. By averaging, we can find subsets of U and B̂, each of size 
min(|U|, |B̂|) and with densities at most ε1, and apply Theorem 4.3 to these subsets to 
obtain subsets U ′ ⊂ U and B′ ⊂ B̂, each of size Ωε3(n), such that every curve in U ′ is 
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disjoint from every curve in B′, or every curve in U ′ crosses every curve in B′. By setting 
R′ to be the red curves in R corresponding to U ′, every red curve in R′ is disjoint from 
every blue curve in B′, or every red curve in R′ crosses every blue curve in B′, and both 
have size Ωε3(n). �
4.3. High versus high edge density

Finally, we consider the case when the intersection graphs G(R) and G(B) both have 
edge densities at least 1 − ε. By copying the entire proof of Theorem 4.5 and Lemma 4.4
almost verbatim, with the exception that the intersection graphs of the blue curves will 
maintain high density, and replacing the application of Theorem 4.3 (low versus low 
density) with Theorem 4.5 (high versus low density), we obtain the following.

Theorem 4.6. There is an absolute constant ε4 > 0 such that the following holds. Let R
be a set of n red curves in the plane and B be a set of n blue curves in the plane such 
that R∪B is a collection of pseudosegments, and the intersection graphs G(B) and G(R)
both have edge density at least 1 − ε4.

Then there are subsets R′ ⊂ R, B′ ⊂ B, each of size Ω(n), such that either every red 
curve in R crosses every blue curve in B, or every red curve in R is disjoint from every 
blue curve in B.

5. Proof of Theorem 2.8

Let R be a set of n red curves in the plane, and B be a set of n blue curves in the plane 
such that R ∪ B is a collection of pseudosegments. Let ε be a sufficiently small constant 
such that ε < ε4 < ε3 < ε1, where ε1 is from Theorem 4.3, ε3 is from Theorem 4.5, and 
ε4 is from Theorem 4.6. We apply Corollary 2.14 to both R and B and obtain subsets 
R1 ⊂ R and B1 ⊂ B such that both G(R1) and G(B1) are ε-homogeneous. Moreover, 
we can assume that |R1| = |B1|.

If both G(R1) and G(B1) have edge densities less than ε, then, since ε is sufficiently 
small, we can apply Theorem 4.3 to obtain subsets R2 ⊂ R1 and B2 ⊂ B1, each of size 
Ωε(n), such that either every red curve in R2 is disjoint from every blue curve in B2, or 
every red curve in R2 crosses every blue curve in B2.

If one of the graphs G(R1) or G(B1) has edge density less than ε, and the other has 
edge density greater than 1 − ε, then we apply Theorem 4.5 to R1 and B1 to obtain 
subsets R2 ⊂ R1 and B2 ⊂ B1, each of size Ωε(n), such that either every red curve in 
R2 is disjoint from every blue curve in B2, or every red curve in R2 crosses every blue 
curve in B2.

Finally, if both G(R1) and G(B1) have edge densities at least 1 − ε, then, since ε is 
sufficiently small, we can apply Theorem 4.6 to obtain subsets R2 ⊂ R1 and B2 ⊂ B1, 
each of size Ωε(n), such that either every red curve in R2 is disjoint from every blue 
curve in B2, or every red curve in R2 crosses every blue curve in B2. �
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6. Topological graphs with no k pairwise disjoint edges

In this section, we prove Theorem 1.2. Recall that the odd-crossing number of G, 
denoted by odd-cr(G), is the minimum possible number of pairs of edges that cross an 
odd number of times, over all drawings of G. The bisection width of a graph G is defined 
as

b(G) = min 
|V1|,|V2|≤2n/3

|E(V1, V2)|,

where the minimum is take over all partitions V (G) = V1∪V2, such that |V1|, |V2| ≤ 2n/3. 
The following lemma, due to Pach and Tóth [39], relates the odd-crossing number of a 
graph to its bisection width.

Lemma 6.1 ([40]). If G is a graph with n vertices of degrees d1, . . . , dn, then

b(G) ≤ O

⎛
⎝log n

√√√√odd-cr(G) +
n ∑

i=1 
d2

i

⎞
⎠ .

Since all graphs contain a bipartite subgraph with at least half of its edges, Theo
rem 1.2 immediately follows from the following theorem.

Theorem 6.2. If G = (V, E) is an n-vertex simple topological bipartite graph with no k
pairwise disjoint edges, then |E(G)| ≤ n(log n)O(log k).

Proof. Let c > 0 and c1 > 0 be the absolute constants from Theorem 2.11 and Lemma 6.1
respectively, and let c2 > 0 be a sufficiently large constant that will be determined later. 
We define f(n, k) to be the maximum number of edges in an n-vertex simple topological 
bipartite graph with no k pairwise disjoint edges. We will prove by induction on n and 
k that

f(n, k) ≤ n(log n)c2 log k.

Clearly, we have f(2, k) ≤ 1, and by the results on thrackles imply that f(n, 2) ≤ 1.4n. 
Assume the statement holds for n′ < n and k′ < k, and let G be an n-vertex simple 
topological bipartite graph with no k pairwise disjoint edges. The proof falls into two 
cases.

Case 1. Suppose there are at least |E(G)|2/((2c1)2 log6 n) disjoint pairs of edges in 
G. Let us partition E(G) = E1 ∪ E2 into two parts, such that there are at least 
|E(G)|2/(2(2c1)2 log6 n) disjoint pairs in E1 × E2. Since E(G) is a collection of pseu
dosegments, by Theorem 2.11, there exist subsets E′

1 ⊂ E1, E′
2 ⊂ E2, each of size 

|E(G)|/(2c1 log n)6c, such that every edge in E′
1 is disjoint from every edge in E′

2. Since 
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Fig. 6. Redrawing procedure. 

G does not contain k pairwise disjoint edges, this implies that either E′
1 or E′

2 does 
not contain k/2 pairwise disjoint edges. Without loss of generality, suppose E′

1 does not 
contain k/2 pairwise disjoint edges. Hence

|E(G)| 
(2c1 log n)6c

≤ |E′
1| ≤ f(n, k/2).

By the induction hypothesis, we have

f(n, k/2) ≤ n(log n)c2 log(k/2) ≤ n(log n)c2 log(k)−c2 .

Hence, for c2 sufficiently large, we have |E(G)| ≤ n(log n)c2 log(k).

Case 2. Suppose there are at most |E(G)|2/((2c1)2 log6 n) disjoint pairs of edges in G. 
In what follows, we will apply a redrawing technique due to Pach and Tóth in [40]. Since 
G is bipartite, let V (G) = V1 ∪ V2. We can redraw G such that the vertices in V1 lie 
above the line y = 1, the vertices in V2 lie below the line y = 0, the edges in the strip 
0 ≤ y ≤ 1 are vertical segments, and we have neither created nor removed any crossings. 
We then ``flip'' the upper half-plane bounded by the y = 1 line from left to right about 
the y-axis, and replace the edges in the strip 0 ≤ y ≤ 1 with straight line segments that 
reconnect the corresponding pairs on the line y = 0 and y = 1. See Fig. 6.

Notice that if any two edges crossed in the original drawing, then they must cross an 
even number of times in the new drawing. Indeed, suppose the edges e1 and e2 crossed 
in the original drawing. Due to the drawing being simple, they share exactly 1 point in 
common. Let ki denote the number of times edge ei crosses the strip for i ∈ {1, 2}, and 
note that ki must be odd since V1 lies above the line y = 1 and v2 lies below the line 
y = 0. After we have redrawn our graph, these k1 + k2 segments inside the strip will now 
pairwise cross, creating 

(
k1+k2

2 
)

crossing points. Since edge ei will now cross itself 
(

ki

2 
)

times, this implies that there are now

(
k1 + k2

2 

)
−

(
k1

2 

)
−

(
k2

2 

)
(1)
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crossing points between edges e1 and e2 inside the strip 0 ≤ y ≤ 1. One can easily check 
that (1) is odd when k1 and k2 are odd. Since e1 and e2 had 1 point in common outside of 
the strip, this implies that e1 and e2 cross each other an even number of times in the new 
drawing. Moreover, we can easily get rid of self-intersections by making modifications in 
a small ball at these crossing points.

Hence, the odd-crossing number in our new drawing is at most the number of disjoint 
pair of edges in the original drawing of G, plus the number of pair of edges that share a 
common vertex. Since there are at most

∑
v∈V (G)

d2(v) ≤ 2|E(G)|n

pairs of edges that share a vertex in G, this implies

odd-cr(G) ≤ |E(G)|2
(2c1)2 log6 n

+ 2|E(G)|n.

By Lemma 6.1, there is a partition of the vertex set V = V1 ∪̇ V2 with |V |/3 ≤ |Vi| ≤
2|V |/3, where i = 1, 2, and

|E(V1, V2)| ≤ b(G) ≤ c1 log n

√
|E(G)|2

(2c1)2 log6 n
+ 4n|E(G)|.

If |E(G)|2/((2c1)2 log6 n) ≤ 4n|E(G)|, then for c2 sufficiently large we have |E(G)| ≤
n(log n)c2 log k and we are done. Therefore, we can assume

b(G) ≤ c1 log n

√
2|E(G)|2

(2c1)2 log6 n
≤ |E(G)|

log2 n 
.

Let |V1| = n1 and |V2| = n2. Since n1, n2 < n, by the induction hypothesis, we have

|E(G)| ≤ b(G) + n1(log n1)c2 log k + n2(log n2)c2 log k

≤ |E(G)|
log2 n + n(log(2n/3))c2 log k

≤ |E(G)|
log2 n + n(log n − log(3/2))c2 log k,

which implies

|E(G)| ≤ n(log n)c2 log k (1 − log(3/2)/ log n)c2 log k

1 − 1/ log2 n 
≤ n(log n)c2 log k. �
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7. Concluding remarks

A graph is said to be a cograph if it consists of a single-vertex or if it can be obtained 
from two smaller cographs by either taking their disjoint union or their join. We next 
define the depth of a cograph. The graph on one vertex has depth 0. The depth of a 
cograph G is the minimum integer i such that G is the disjoint union or join of two 
smaller cographs, and the larger of the depths of the two smaller cographs is i − 1. For 
example, the depth of a complete or empty graph on k vertices is 
log2 k�.

The proof of Theorem 1.2 can be generalized as follows.

Theorem 7.1. Let F be a cograph with depth d. If G = (V, E) is an n-vertex simple 
topological graph with no matching M whose intersection graph is isomorphic to F , then 
|E(G)| ≤ n(log n)O(d).

Proof sketch. The proof is very similar to the proof of Theorem 6.2. We proceed by 
induction on the depth d and n. When d = 0 or n = 1, the statement is trivial. For the 
inductive step, let F be the disjoint union or the join of two cographs F1, F2 of smaller 
depth. If F is the disjoint union of F1 and F2, then we follow the proof of Theorem 6.2, 
using the induction hypothesis on d.

If F is the join of F1 and F2, then the proof is again similar to the proof of Theorem 6.2
and follows an argument used to bound the number of edges of k-quasiplanar topological 
graphs (see, e.g., [19]). Let ε = c/(log6 n), where c > 0 is a small constant. We consider 
the two cases whether or not G has at least ε|E(G)|2 crossing edges.

In the former case, we apply Theorem 2.12 to the edges of G and obtain two subsets 
E1, E2 ⊂ E(G), each of size at least c′ε|E(G)| such that every edge in E1 crosses every 
edge in E2 and c′ > 0 is an absolute constant. Hence, for some i ∈ {1, 2}, the subgraph 
Gi = (V, Ei) does not have a matching whose intersection graph is Fi. We can apply 
induction to get an upper bound on |Ei|. Together with the lower bound |Ei| ≥ c′ε|E(G)|, 
we obtain the desired upper bound on |E(G)|.

In the latter case, the drawing of G shows that it has crossing number less than 
ε|E(G)|2. In this case, we apply the bisection width/crossing number inequality due to 
Pach, Shahrokhi, and Szegedy [36] and apply induction on n. �

A natural k-grid in a topological graph is a pair of edge sets E1, E2, such that Ei

consists of k pairwise disjoint edges, and every edge in E1 crosses every edge in E2. In 
[1], Ackerman and the authors showed that every n-vertex simple topological graph with 
no natural k-grid has at most O(n log4k−6 n) edges. As a corollary to Theorem 7.1, noting 
that the balanced complete bipartite graph with k vertices in each part is a cograph with 
depth 
log2 k� + 1, we have the following.

Theorem 7.2. If G = (V, E) is an n-vertex simple topological graph with no natural k
grid, then |E(G)| ≤ 3n(log n)O(log k).
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7.1. Further remarks on properties of hereditary families of graphs

In Section 2, we proved several properties of hereditary families of graphs are equiva
lent. Here we extend on these equivalences with some natural variants of these properties.

It is natural to drop the assumption that the vertex subsets have the same size in 
the definition of the mighty Erdős-Hajnal property. So we say a family F of graphs has 
the unbalanced mighty Erdős-Hajnal property if there is a constant c > 0 such that for 
every graph G ∈ F and for all disjoint vertex subsets A and B of G, there are subsets 
A′ ⊂ A and B′ ⊂ B with |A′| ≥ c|A| and |B′| ≥ c|B| and the bipartite graph between 
A′ and B′ is complete or empty. Trivially, if F has the unbalanced mighty Erdős-Hajnal 
property, then it also has the mighty Erdős-Hajnal property. The following proposition 
shows that something close to a converse also holds.

Lemma 7.3. If a hereditary family F of graphs has the mighty Erdős-Hajnal property and 
is closed under cloning vertices, then F also has the unbalanced mighty Erdős-Hajnal 
property.

Proof. Since F has the mighty Erdős-Hajnal property, there is a constant c > 0 such 
that if G ∈ F and A, B are disjoint vertex subsets of G of equal size, then there are 
A′ ⊂ A and B′ ⊂ B each of size at least c|A| that are complete or empty to each other.

Let G ∈ F and A, B be disjoint vertex subsets of G. Every vertex in A we clone |B|
times and every vertex in B we clone |A| times to get another graph G′ ∈ F . Let A∗

be the vertex subset of G′ of clones of vertices in A, and B∗ be the vertex subset of G′

of clones of vertices in B, so |A∗| = |B∗| = |A||B|. Applying the mighty Erdős-Hajnal 
property to G′ and vertex subsets A∗ and B∗, we get subsets A′ ⊂ A∗ and B′ ⊂ B∗

that are complete or empty to each other and |A′|, |B′| ≥ c|A||B|. Let A′′ ⊂ A consist 
of those vertices that have at least one clone in A∗ and B′′ ⊂ B consist of those vertices 
that have at least one clone in B∗. Then |A′′| ≥ c|A|, |B′′| ≥ c|B|, and A′′ and B′′ are 
complete or empty to each other. So F also has the unbalanced mighty Erdős-Hajnal 
property. �

Noting that by drawing another pseudosegment very close to an original pseudoseg
ment, we see that the family of intersection graphs of pseudosegments is closed under 
cloning. So we have the following corollary of Lemma 7.3 and Theorem 2.8.

Corollary 7.4. The family of intersection graphs of pseudosegments has the unbalanced 
mighty Erdős-Hajnal property.

One can similarly define an unbalanced homogeneous density property. A family F
of graphs has the unbalanced homogeneous density property if there is C = C(ε) such 
that for every G ∈ F and every pair A, B ⊂ V of disjoint vertex subsets of G with at 
least ε|A||B| edges, there are A′ ⊂ A and B′ ⊂ B with |A′| ≥ εC |A| and |B′| ≥ εC |B|
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that are complete between them. Trivially, if a family of graphs has the unbalanced 
homogeneous density property, then it also has the homogeneous density property. In 
the other direction, just as in the proof of Lemma 7.3, if a hereditary family of graphs has 
the homogeneous density property and is closed under cloning vertices, then it also has 
the unbalanced homogeneous density property. In particular, the family of intersection 
graphs of pseudosegments has the unbalanced homogeneous density property.

In the definition of the homogeneous density property, we require a polynomial de
pendence on the density ε. It turns out that for a hereditary family F and the family 
F of complements of graphs in F , having this property is equivalent to the seemingly 
weaker property that the there is just some dependence on the density ε. We formalize 
this now. A family F of graphs has the weak homogeneous density property if

• there is a function δ : (0, 1] → (0, 1] such that for every G ∈ F and every pair 
A, B ⊂ V of disjoint vertex subsets of G of the same size with at least ε|A||B| edges 
between them, there are A′ ⊂ A and B′ ⊂ B with |A′| ≥ δ(ε)|A| and |B′| ≥ δ(ε)|B|
that are complete between them.

We can add to the list of equivalent properties in Theorem 2.2 that F and F have 
the weak homogeneous density property.

Theorem 7.5. A hereditary family of F of graphs satisfies F and F have the homogeneous 
density property if and only if F and F have the weak homogeneous density property.

The ``only if'' direction of Theorem 7.5 is trivial. To see the ``if'' direction, observe that 
the proof of Lemma 2.5 implies that F and F have the homogeneous density property 
implies that F has the mighty Erdős-Hajnal property extends to show that F and F
have the weak homogeneous density property implies that F has the mighty Erdős
Hajnal property. Further, Lemma 2.6 implies hereditary F has the mighty Erdős-Hajnal 
property implies that F and F have the homogeneous density property. Thus, the ``if'' 
direction holds as well.

Data availability

No data was used for the research described in the article.

References

[1] E. Ackerman, J. Fox, J. Pach, A. Suk, On grids in topological graphs, Comput. Geom. 47 (2014) 
710--723.

[2] O. Aichholzer, A. García, J. Tejel, B. Vogtenhuber, A. Weinberger, Twisted ways to find plane struc
tures in simple drawings of complete graphs, in: Proc. 38th Symp. Comput. Geometry, Dagstuhl, 
Germany, in: LIPIcs, 2022, pp. 5:1--5:18.

[3] N. Alon, J. Pach, R. Pinchasi, R. Radoičić, M. Sharir, Crossing patterns of semi-algebraic sets, 
J. Comb. Theory, Ser. A 111 (2005) 310--326.

http://refhub.elsevier.com/S0095-8956(25)00028-0/bib1251606A98C0AA9E52B51FC0A6789010s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib1251606A98C0AA9E52B51FC0A6789010s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib96A7C5A104387ACA8BD5215467EB2617s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib96A7C5A104387ACA8BD5215467EB2617s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib96A7C5A104387ACA8BD5215467EB2617s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib2537F7D2D183EED81B948E7C192B9601s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib2537F7D2D183EED81B948E7C192B9601s1


J. Fox et al. / Journal of Combinatorial Theory, Series B 174 (2025) 99--132 131

[4] M. Bucić, J. Fox, H.T. Pham, Equivalence between Erdős-Hajnal and polynomial Rödl and Nikiforov 
conjectures, arXiv preprint, arXiv:2403.08303, 2024.

[5] M. Bucić, T. Nguyen, A. Scott, P. Seymour, Induced subgraph density. I. A loglog step towards 
Erdős-Hajnal, Int. Math. Res. Not. (2024) 9991--10004.

[6] G. Cairns, Y. Nikolayevsky, Bounds for generalized thrackles, Discrete Comput. Geom. 23 (2000) 
191--206.

[7] M. Campos, S. Griffiths, R. Morris, J. Sahasrabudhe, An exponential improvement for diagonal 
Ramsey, arXiv preprint, arXiv:2303.09521, 2023.

[8] M. Chudnovsky, The Erdős–Hajnal conjecture—a survey, J. Graph Theory 75 (2014) 178--190.
[9] P. Erdős, Some remarks on the theory of graphs, Bull. Am. Math. Soc. 53 (1947) 292--294.

[10] P. Erdős, A. Hajnal, Ramsey-type theorems, Discrete Appl. Math. 25 (1989) 37--52.
[11] P. Erdős, G. Szekeres, A combinatorial problem in geometry, Compos. Math. 2 (1935) 463--470.
[12] J. Fox, A bipartite analogue of Dilworth’s theorem, Order 23 (2006) 197--209.
[13] J. Fox, J. Pach, Separator theorems and Turán-type results for planar intersection graphs, Adv. 

Math. 219 (2008) 1070--1080.
[14] J. Fox, J. Pach, A separator theorem for string graphs and its applications, Comb. Probab. Comput. 

19 (2010) 371--390.
[15] J. Fox, J. Pach, Erdős–Hajnal-type results on intersection patterns of geometric objects, in: 

G.O.H. Katona, et al. (Eds.), Horizon of Combinatorics, in: Bol. Soc. Stud. Math., Springer, 2008, 
pp. 79--103.

[16] J. Fox, J. Pach, A. Suk, A polynomial regularity lemma for semialgebraic hypergraphs and its 
applications in geometry and property testing, SIAM J. Comput. 45 (2016) 2199--2223.

[17] J. Fox, J. Pach, A. Suk, Erdős-Hajnal conjecture for graphs with bounded VC-dimension, Discrete 
Comput. Geom. 61 (2019) 809--829.

[18] J. Fox, J. Pach, A. Suk, Enumeration of intersection graphs of x-monotone curves, in: 32nd In
ternational Symposium on Graph Drawing and Network Visualization (GD 2024), in: Leibniz 
International Proceedings in Informatics (LIPIcs), vol. 320, 2024, pp. 4:1--4:12.

[19] J. Fox, J. Pach, A. Suk, Quasiplanar graphs, string graphs, and the Erdős-Gallai problem, Eur. J. 
Comb. 119 (2024) 103811, 10 pp.

[20] J. Fox, J. Pach, C.D. Tóth, Turán-type results for partial orders and intersection graphs of convex 
sets, Isr. J. Math. 178 (2010) 29--50.

[21] J. Fox, J. Pach, C.D. Tóth, Intersection patterns of curves, J. Lond. Math. Soc. 83 (2011) 389--406.
[22] J. Fox, B. Sudakov, Induced Ramsey-type theorems, Adv. Math. 219 (2008) 1771--1800.
[23] J. Fox, B. Sudakov, Density theorems for bipartite graphs and related Ramsey-type results, Com

binatorica 29 (2009) 153--196.
[24] R. Fulek, J. Pach, A computational approach to Conway’s thrackle conjecture, Comput. Geom. 44 

(2011) 345--355.
[25] R. Fulek, J. Pach, Thrackles: an improved upper bound, Discrete Appl. Math. 259 (2019) 226--231.
[26] J.E. Goodman, Proof of a conjecture of Burr, Grünbaum, and Sloane, Discrete Math. 32 (1980) 

27--35.
[27] J.E. Goodman, R. Pollack, Semispaces of configurations, cell complexes of arrangements, J. Comb. 

Theory, Ser. A 37 (1984) 257--293.
[28] S. Har-Peled, Constructing planar cuttings in theory and practice, SIAM J. Comput. 29 (2000) 

2016--2039.
[29] J. Komlós, M. Simonovits, Szemerédi’s regularity lemma and its applications in graph theory, in: 

Combinatorics, Paul Erdős Is Eighty, in: Bolyai Soc. Math. Studies, vol. 2, Bolyai Math. Soc., 2002, 
pp. 84--112.

[30] D. Korándi, J. Pach, I. Tomon, Large homogeneous submatrices, SIAM J. Discrete Math. 34 (2020) 
2532--2552.

[31] J.R. Lee, Separators in region intersection graphs, in: 8th Innovations in Theoretical Comp. Sci. 
Conf., ITCS 2017, in: LIPIcs, vol. 67, 2017, pp. 1--8.

[32] L. Lovász, J. Pach, M. Szegedy, On Conway’s thrackle conjecture, Discrete Comput. Geom. 18 
(1997) 369--376.

[33] M. Malliaris, S. Shelah, Regularity lemma for stable graphs, Trans. Am. Math. Soc. 366 (2014) 
1551--1585.

[34] J. Matoušek, Lectures on Discrete Geometry, Springer-Verlag New York, Inc., 2002.
[35] J. Pach, A Tverberg-type result on multicolored simplices, Comput. Geom. Theor. Appl. 10 (1998) 

71--76.

http://refhub.elsevier.com/S0095-8956(25)00028-0/bib7CF92C3FA7658908D766BE22CC81465Cs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib7CF92C3FA7658908D766BE22CC81465Cs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib477675364854E415C1EC586940E70591s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib477675364854E415C1EC586940E70591s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib234CF24F2F628F133D81C7A6BC267E2Cs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib234CF24F2F628F133D81C7A6BC267E2Cs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA3B35E525A06C3D3E33922E6C8C65DF1s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA3B35E525A06C3D3E33922E6C8C65DF1s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibE82D8CE69F76CDC5331758FA211AD65Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib2A507EB0C3064EC8718C5B5CE16E66F3s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib179D9E3F9A179AD3409364D526F006BAs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib15260CDC5263C01EB4078FA7A62EABFDs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib72DE8D704B59C2406B1D731D8DBA6C0As1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib0666F0ACDEED38D4CD9084ADE1739498s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib0666F0ACDEED38D4CD9084ADE1739498s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib01A73E0BBCFD92D425BF42BF7E7348B1s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib01A73E0BBCFD92D425BF42BF7E7348B1s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib946FEBB3BFC6E76EF8D84D81083EACC4s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib946FEBB3BFC6E76EF8D84D81083EACC4s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib946FEBB3BFC6E76EF8D84D81083EACC4s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibD3AA0E1E9A0CF5DD0F3E7F3D7013E01As1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibD3AA0E1E9A0CF5DD0F3E7F3D7013E01As1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib05934928102B17827B8F03ED60C3E6E0s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib05934928102B17827B8F03ED60C3E6E0s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA8E611FF8281A274C5877A832B94E743s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA8E611FF8281A274C5877A832B94E743s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA8E611FF8281A274C5877A832B94E743s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib5F654004386C1CC5AA2813493DFF4809s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib5F654004386C1CC5AA2813493DFF4809s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA299E7ABD46A6AAA099B94856E00E145s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA299E7ABD46A6AAA099B94856E00E145s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibE42D2FFB9097703605C32E83EA1AC20As1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib1F4C36F956AE5B96152EB8511773728Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibC58AE6CBACB7CFB1DC6C2AF722C22ABDs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibC58AE6CBACB7CFB1DC6C2AF722C22ABDs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib4AE81476182AD522D65F573FDC806E09s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib4AE81476182AD522D65F573FDC806E09s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibBA22EF2DCDCCE428FDFA18904FC2A1EBs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib5F075AE3E1F9D0382BB8C4632991F96Fs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib5F075AE3E1F9D0382BB8C4632991F96Fs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibB34092E8E0A7A530A479F33CCEAAA0D1s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibB34092E8E0A7A530A479F33CCEAAA0D1s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibD2CCDA10DB94C2B5D51BEED10484C025s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibD2CCDA10DB94C2B5D51BEED10484C025s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA173368C15F056CFBF2BD30A0D98492Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA173368C15F056CFBF2BD30A0D98492Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibA173368C15F056CFBF2BD30A0D98492Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib19B9B907D3C52EAE0770DCD202605E04s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib19B9B907D3C52EAE0770DCD202605E04s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibB0F8B49F22C718E9924F5B1165111A67s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibB0F8B49F22C718E9924F5B1165111A67s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib91F670FD5A1EABCC4B8E80FBA8D35586s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib91F670FD5A1EABCC4B8E80FBA8D35586s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib18ACDF3C1348AAA0216614520FED014Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib18ACDF3C1348AAA0216614520FED014Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib4A258D930B7D3409982D727DDBB4BA88s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib02550A6440A32C59E6F51BA74A0208F3s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib02550A6440A32C59E6F51BA74A0208F3s1


132 J. Fox et al. / Journal of Combinatorial Theory, Series B 174 (2025) 99--132 

[36] J. Pach, F. Shahrokhi, M. Szegedy, Applications of the crossing number, Algorithmica 16 (1996) 
111--117.

[37] J. Pach, J. Solymosi, Structure theorems for systems of segments, in: Discrete and Computational 
Geometry, Tokyo 2000, in: Lect. Notes Comput. Sci., vol. 2098, Springer-Verlag, Berlin, 2001, 
pp. 308--317.

[38] J. Pach, J. Solymosi, Crossing patterns of segments, J. Comb. Theory, Ser. A 96 (2001) 316--325.
[39] J. Pach, G. Tóth, Which crossing number is it anyway?, J. Comb. Theory, Ser. B 80 (2000) 225--246.
[40] J. Pach, G. Tóth, Disjoint edges in topological graphs, in: Jin Akiyama, Edy Tri Baskoro, Mikio 

Kano (Eds.), Proceedings of the 2003 Indonesia-Japan Joint Conference on Combinatorial Geometry 
and Graph Theory, IJCCGGT’03, Springer-Verlag, Berlin, Heidelberg, 2003, pp. 133--140.

[41] J. Pach, G. Tóth, Comment on Fox news, Geombinatorics 15 (2006) 150--154.
[42] V. Rödl, On universality of graphs with uniformly distributed edges, Discrete Math. 59 (1986) 

125--134.
[43] L. Sauermann, On the speed of algebraically defined graph classes, Adv. Math. 380 (2021) 107593, 

55 pp.
[44] I. Tomon, String graphs have the Erdős–Hajnal property, J. Eur. Math. Soc. 26 (2024) 275--287.

http://refhub.elsevier.com/S0095-8956(25)00028-0/bib8C5E459E7EB3AB6492B89996B8100F29s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib8C5E459E7EB3AB6492B89996B8100F29s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibCD70C1D8C67979C5C9822E01EABDA39Fs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibCD70C1D8C67979C5C9822E01EABDA39Fs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibCD70C1D8C67979C5C9822E01EABDA39Fs1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib32DE4506333D41350F612D3BBBEF2E6Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bibC9913E9902759477D84F2156D4BE4124s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib6E1F0D459097D3540A3318B30A797B2Ds1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib6E1F0D459097D3540A3318B30A797B2Ds1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib6E1F0D459097D3540A3318B30A797B2Ds1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib99E7C6AC93508604A2773020B9627635s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib41BB4D17409E6CE7AB68338911DAB08Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib41BB4D17409E6CE7AB68338911DAB08Es1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib07F87294B5E2408A7A05F4594F5FA8D9s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib07F87294B5E2408A7A05F4594F5FA8D9s1
http://refhub.elsevier.com/S0095-8956(25)00028-0/bib25DC4F4CE164A100861C9140E19FD088s1

	A structure theorem for pseudosegments and its applications
	1 Introduction
	2 Ramsey-type properties of hereditary families of graphs
	2.1 Proof of Theorem 2.2
	2.2 Deductions for intersection graphs of pseudosegments
	2.3 The strong Erdős-Hajnal property implies the polynomial Rödl property

	3 Proof of Theorem 2.8 -- for double grounded red curves
	4 Proof of Theorem 2.8 -- for ε-homogeneous families
	4.1 Low versus low density
	4.2 High versus low edge density
	4.3 High versus high edge density

	5 Proof of Theorem 2.8
	6 Topological graphs with no k pairwise disjoint edges
	7 Concluding remarks
	7.1 Further remarks on properties of hereditary families of graphs

	Data availability
	References


