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Serre weights for
three-dimensional wildly ramified Galois representations

Daniel Le, Bao V. Le Hung, Brandon Levin and Stefano Morra

We formulate and prove the weight part of Serre’s conjecture for three-dimensional mod p Galois
representations under a genericity condition when the field is unramified at p. This removes the assumption
made previously that the representation be tamely ramified at p. We also prove a version of Breuil’s
lattice conjecture and a mod p multiplicity one result for the cohomology of U(3)-arithmetic manifolds.
The key input is a study of the geometry of the Emerton—Gee stacks using the local models we introduced
previously (2023).
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1. Introduction

The goal of this paper is to prove a generalization of the weight part of Serre’s conjecture for three-
dimensional mod p Galois representations which are generic at p. We also prove a generalization of
Breuil’s lattice conjecture for these representations and the Breuil-Mézard conjecture for generic tamely
potentially crystalline deformation rings of parallel weight (2, 1, 0). For a detailed discussion of these
conjectures, see [Le et al. 2020], where we establish the tame case of these conjectures.

1.1. Results.

1.1.A. The weight part of Serre’s conjecture. Let p be a prime, and let F/F* be a CM extension of
a totally real field F™ # Q. Assume that all places in F* above p splitin F/FT. Let G be a definite
unitary group over F* split over F which is isomorphic to U(3) at each infinite place and split at each
place above p. A (global) Serre weight is an irreducible I]_:p—representation V of G(OFf+ ). These are all

of the form ), , V, with V,, an irreducible Fp—representation of G(k,), where k, is the residue field of

vlp
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FT at v. For amod p Galois representation 7 : G — GL3 (Fp), let W (7) denote the collection of modular
Serre weights for 7. That is, V € W (r) if the Hecke eigensystem attached to r appears in a space of mod
p automorphic forms on G of weight V for some prime to p level.

For each place v|p, fix a place v of F dividing v which identifies G(k,) with GL3(k,). Define
Pv *=TlGa(F;, F;)- We can now state the main theorem.

Theorem 1.1.1 (Theorem 5.4.2). Assume that p is unramified in F and that p, is 8-generic for all v| p.
Assume that v is modular (i.e., W (r) is nonempty) and satisfies the Taylor—Wiles hypotheses.
Then
Q) Vo e W(F) & V, € W(p,) forall v| p,

v|p

where W8(p,) is an explicit set of irreducible Fp-represemations of GLs(ky) attached to p, (see
Definition 1.2.1).

In particular, this affirms the expectation from local-global compatibility that W (r) depends only on
the restrictions of 7 to places above p.

Remark 1.1.2. This is the first complete description of W (r) in dimension greater than two for represen-
tations r that are wildly ramified above p. Some lower bounds were previously obtained in [Gee and
Geraghty 2012; Morra and Park 2017; Herzig et al. 2017; Le et al. 2018a; 2018b].

The first obstacle we overcome is the lack of a conjecture. One basic problem is that while tame
representations (when restricted to inertia) depend only on discrete data, wildly ramified representations
vary in nontrivial moduli. Buzzard—Diamond-Jarvis defined a recipe in terms of crystalline lifts in
dimension two. However, after [Le et al. 2018a], it was clear that the crystalline lifts perspective is
insufficient in higher dimension. In higher dimensions, Herzig defined a combinatorial/representation
theoretic recipe for a collection of weights W’(5,) when p, is tame. For possibly wildly ramified p,
Gee et al. [2018] make a conjectural conjecture: they define a conjectural set conditional on a version
of the Breuil-Mézard conjecture. Our first step is to prove a version of the Breuil-Mézard conjecture
(Theorem 1.2.2 and Remark 1.2.3) when n = 3.

Having established a version of the Breuil-Mézard conjecture when n = 3, the weight set from [Gee et al.
2018] turns out (in generic cases) to have a simple geometric interpretation. Let A3 be the moduli stack
of (¢, I')-modules recently constructed by Emerton and Gee [2023]. The irreducible components of X3
are labeled by irreducible mod p representations of GL3(k,) and W8 (p,) is defined so that V,, € W&(p,)
if and only if p, lies on Cy,. However, this definition of W&(p,) gives very little insight into its structure.
We study Wé(p,) using the local models developed in [Le et al. 2023b] combined with the explicit
calculations of tamely potentially crystalline deformation rings in [Le et al. 2018a; 2020]. We ultimately
arrive at an explicit description of all possible weight sets W (5,) which allows us to then employ the
Taylor—Wiles patching method to prove Theorem 1.1.1.
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1.1.B. Breuil’s lattice conjecture and mod p multiplicity one. The weight part of Serre’s conjecture can
be viewed as a local-global compatibility result in the mod p Langlands program. In this section, we
mention two further local-global compatibility results —one mod p and one p-adic. We direct the reader
to the introduction of [Le et al. 2020] for further context for the following two results.

In the global setup above assume further that 7/ F* is unramified at all finite places and G is quasisplit
at all finite places. Let 7 : G — GL3(Q ») be a modular Galois representation which is tamely potentially
crystalline with Hodge—Tate weights (2, 1, 0) at each place above p and unramified outside p (though our
results hold true when r is minimally split ramified; see Section 5.4). Write A for the Hecke eigensystem
corresponding to . We fix places 0 |v|p of F and F* respectively. We let H be the integral p-adically
completed cohomology with infinite level at v, hyperspecial level outside v, and constant coefficients. Set
P & "G, and let o (7) be the tame type corresponding to the Weil-Deligne representation associated to
p under the inertial local Langlands correspondence (so that H [A][1/ p] contains o (t) with multiplicity
one). Let 7 and p be the reductions of r and p, respectively.

Theorem 1.1.3 (Theorem 5.4.4). Assume that p is unramified in F, r is unramified outside p, p is
11-generic, and r satisfies Taylor—Wiles hypotheses. Then, the lattice

o(r)NHN]
depends only on p.

We now let H be the mod p reduction of H. Thus, H is the mod p cohomology with infinite level at
v (and hyperspecial level at places outside v with constant coefficients) of a U(3)-arithmetic manifold.

Theorem 1.1.4 (Theorem 5.4.3). Let o (1)° be an O-lattice in o (t) with irreducible “upper alcove”
cosocle. Under the assumptions of Theorem 1.1.3, HomGLS(oFﬁ)(o (v)°, H [A]) is a one-dimensional

[, -vector space.

See Sections 1.4 and 2.1.F, for the notion of upper and lower alcove for Serre weights for GL3. The
statement of Theorem 1.1.4 is also true when the cosocle is not necessarily upper alcove if one imposes a
condition on the shape of p with respect to 7; see Theorem 5.4.3.

1.2. Methods.

1.2.A. Local methods: geometry of the Emerton—Gee stack and local models. We begin by recalling
the set W&(p) that appears in Theorem 1.1.1. Let K be a finite unramified extension of @, of degree f,
with ring of integers Ok and residue field k. Let A’k , be the Noetherian formal algebraic stack over
SpfZ, defined in [Emerton and Gee 2023, Definition 3.2.1]. It has the property that for any complete
local Noetherian Z ,-algebra R, the groupoid Xk ,(R) is equivalent to the groupoid of rank n projective
R-modules equipped with a continuous Gk -action; see [Emerton and Gee 2023, §3.6.1]. In particular,
XK,,,(FP) is the groupoid of continuous Galois representations p : Gy — GL, (FI,). As explained in [Le
et al. 2023b, §7.4], there is a bijection o — C, between irreducible I]_:p—representations of GL, (k) and
the irreducible components of the reduced special fiber of Xk ,,. (This is a relabeling of the bijection of
[Emerton and Gee 2023, Theorem 6.5.1].)
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Definition 1.2.1. Let p € XK,H(E,). Define the set of geometric weights of p to be
W(p) ={o | p € Co(Fy)}.

While Definition 1.2.1 is simple, it does not appear to be an easy task to determine the possible sets
WE(p). The irreducible components of Xk , are described in terms of closures of substacks, but we
expect the closure relations and component intersections in X , to be rather complicated.

We now specialize to the case n = 3. A key tool in the analysis of the sets W&(p) in this setting is
the description of certain potentially crystalline substacks. For a tame inertial type 7, let X" C Xk 3 be
the substack parametrizing potentially crystalline representations of type t and parallel weight (2, 1, 0).
Recall that o () denotes the representation of GL3(O ) obtained by applying the inertial local Langlands
correspondence to t (it is the inflation of a Deligne—Lusztig representation; see Section 2.1.C). The
following is an application of the theory of local models of [Le et al. 2023b]:

Theorem 1.2.2 (Corollary 3.3.3). If t is a 4-generic tame inertial type, then X" is normal and Cohen—
Macaulay and its special fiber X[;’ " is reduced. Moreover, X[g ' is the scheme-theoretic union

U .

o€eJH(o (1))

Remark 1.2.3. This shows that the choice of cycles Z, = C, solves the Breuil-Mézard equations for the
above X7 (see [Emerton and Gee 2023, Conjecture 8.2.2; Le et al. 2023b, Conjecture 8.1.1]).

The equality of the underlying reduced Ay ' ; and the scheme-theoretic union | J,, cIH@G (r)) Co 18 proved
in Theorem 1.3.5 in [Le et al. 2023b] though we reprove it here with a weaker genericity condition (see
Remark 1.2.4). The key point is to prove that the special fiber of X% is in fact reduced. (If we replace n
by A 4+ n with A dominant and nonzero or n = 3 by n > 3, the Breuil-Mézard conjecture predicts that
the analogous stacks never have reduced special fiber.) The special fiber of X" has an open cover with
open sets labeled by f-tuples of (2, 1, 0)-admissible elements (w;) in the extended affine Weyl group of
GL3. The complexity of the geometry of the open sets increases as the lengths of the w; decrease. When
the length of w; is greater than 1 for all j, the reducedness immediately follows from the calculations
in [Le et al. 2018a, §5.3]. Otherwise, the calculations of [Le et al. 2018a, §8] give an explicit upper
bound on the special fiber which when combined with Xﬁ }Ted =U, cJH(@ (1)) Co must be an equality, and
the reducedness follows.

Remark 1.2.4. An inexplicit genericity condition appears in the main theorems of [Le et al. 2023b] (see
§1.2.1 of [loc. cit.]). While we use the models constructed in [loc. cit.], we reprove some of its main
theorems in Sections 3.2 and 3.3 with the inexplicit condition replaced by the more typical genericity
condition on the gaps between the exponents of the inertial characters in 7. This is possible because of
the computations in [Le et al. 2018a; 2020].

Finally, we analyze W& (p) using local models. The special fibers of the local models embed inside
the affine flag variety where irreducible components appear as subvarieties of translated affine Schubert
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varieties. In Section 4, we introduce a subset W,y (0) C W8(p) of obvious weights for (possibly)
wildly ramified p, which has a simple interpretation in terms of the affine flag variety. Obvious weights
generalize the notion of ordinary weights that appear in [Gee and Geraghty 2012] and the additional
weights appearing in the exceptional cases of [Morra and Park 2017; Herzig et al. 2017; Le et al. 2018b].
The set Wy (0) gives upper and lower bounds for W8(p). We finally show that, in almost all cases, one
can determine W8 (p) from Wy, (0) (Theorem 4.2.5). This last part uses a curious piece of numerology
from the calculations of [Le et al. 2018a] — points in the special fibers of the local models never lie on
exactly three components.

1.2.B. Global methods: patching. To prove Theorems 1.1.3 and 1.1.4 we combine the explicit description
of the weight sets W (r), coming from Theorems 1.1.1 and 4.2.5, with the Kisin—Taylor—Wiles methods
developed in [Emerton et al. 2015] and employed in [Le et al. 2020, §5]. A crucial ingredient is the
analysis of certain intersections of cycles in the special fiber of deformation rings. The local models
introduced in [Le et al. 2023b] allow us to algebraize the computations made for the tame case in [Le
et al. 2020, §3.6].

We now turn to Theorem 1.1.1. The key input into its proof beyond the Kisin—Taylor—Wiles method is
the fact that the local Galois deformation rings of type (1, t) are domains when t is 4-generic. This is
guaranteed by the fact that the stacks X" are normal (Theorem 1.2.2). Then the supports of the patched
modules of type t are either empty or the entire potentially crystalline deformation rings of type (7, 7).
The proof is then similar to the tame case in [Le et al. 2020] — one propagates modularity between
obvious weights and then to shadow weights using carefully chosen types — except for one new wrinkle.
From the axioms of a weak patching functor, one cannot deduce the modularity of an obvious weight to
get started! Indeed one cannot rule out that p, lies on a unique component C,, and W (r) contains exactly

one Serre weight 0’ # o 4 &),, ov With the property that for any tame inertial type 7, if JH(G (7))

vlp
contains ¢’, then it also contains o. We use a patched version of the weight cycling technique introduced
in [Emerton et al. 2013] to rule out this pathology. In fact, we axiomatize our setup to make clear the

ingredients that our method requires.

1.3. Overview. Section 2 covers background on tame inertial L-parameters and representation theory in
Section 2.1, and Breuil-Kisin modules with tame descent data in Section 2.2, following [Le et al. 2023b].
Section 2.1.F gives a comparison between parametrizations of Serre weights in [Le et al. 2020; 2023b].

Section 3 establishes the main results about the geometry of local deformation rings. We specialize the
theory of local models in [Le et al. 2023b] to dimension three. The main results are Theorem 3.3.2 and
Corollary 3.3.3, which establish the geometric properties that we need, some of which are specific to
dimension three.

In Section 4, we analyze possible sets of geometric weights using the affine flag variety. Theorem 4.2.5
gives a complete explicit description when p is sufficiently generic.

Section 5 contains our global applications. In Section 5.1, we introduce the axioms of patching functors
following [Le et al. 2023b, §6] and prove the weight part of Serre’s conjecture assuming the modularity of
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at least one obvious weight (Proposition 5.1.11). The latter condition is then removed in Section 5.2 using
modules with an arithmetic action (Theorem 5.2.6). In Section 5.3, we prove results on mod p multiplicity
one and Breuil’s lattice conjectures for patched modules (Theorems 5.3.1, 5.3.13), generalizing analogous
results in [Le et al. 2020] to the wildly ramified case. Finally, Section 5.4 proves our main global theorems.

1.4. Notation. For any field K we fix once and for all a separable closure K and let G défGal(I? /K). If
K is a nonarchimedean local field, we let Ix C Gk denote the inertial subgroup. We fix a prime p € Z-.
Let ECQ p» be a subfield which is finite-dimensional over Q,. We write O to denote its ring of integers,
fix an uniformizer @ € O and let F denote the residue field of E. We will assume throughout that E is
sufficiently large.

We consider the group G & GL; (defined over Z). We write B for the subgroup of upper triangular
matrices, T C B for the split torus of diagonal matrices and Z C T for the center of G. Let &+ C &
(resp. @V C @) denote the subset of positive roots (resp. positive coroots) in the set of roots (resp. co-
roots) for (G, B, T). Let A (resp. AY) be the set of simple roots (resp. coroots). Let X*(T') be the group of
characters of T which we identify with 73 by letting the standard i-th basis element &; = (0, ..., 1,...,0)
(with the 1 in the i-th position) correspond to extracting the i-th diagonal entry of a diagonal matrix. In
particular, we let £} and &} be (1,0, 0) and (0, 0, —1) respectively.

We write W (resp. W,,, 17[7) for the Weyl group (resp. the affine Weyl group, the extended affine Weyl
group) of G. If Ag C X*(T) denotes the root lattice for G we then have

Wo=ArxW, W=X"T)xW

and use the notation , € W to denote the image of v € X*(T). The Weyl groups W, W, and W, act
naturally on X*(7') and on X*(T) ®z A for any ring A by extension of scalars.
Let { , ) denote the duality pairing on X*(7T") x X.(T'), which extends to a pairing on

(X*(T)®z A) x (X(T) ®z A)

for any ring A. We say that a weight A € X*(T) is dominant if 0 < (A, ") for all @ € A. Set X%T) to
be the subgroup consisting of characters A € X*(T) such that (A, «¥) =0 for all @ € A, and X(T) to be
the subset consisting of characters A € X*(T') such that 0 < (A, ") < p forall @ € A

We fix an element n € X*(T') such that (n, «¥) = 1 for all positive simple roots «. We define the p-dot
action as t,w - L =t w(p +n) — n. By letting wo denote the longest element in W define Wy, & wol_y.

Recall that for (a,n) € ®* x Z, we have the p-root hyperplane H, , = A (A+n,aY) =np}.
A p-alcove is a connected component of the complement X*(T) ®z R\ (U(a’n) Ho,’n). We say that a
p-alcove C is p-restricted (resp. dominant) if 0 < (A +17, a") < p (resp. 0 < (A +n, «")) for all simple
rootsa € Aand A € C. If Cy C X*(T) ®z R denotes the dominant base alcove (i.e., the alcove defined
by the condition 0 < (A +n, a¥) < p for all positive roots a € ®T, we let

W+ E (% eW: - Cois dominant} and Wt (W e W™ :@-Cyis p-restricted}.

. def ~
We sometimes refer to Cy as the lower alcove and C; = Wy, - Cy as the upper alcove.



Serre weights for three-dimensional wildly ramified Galois representations 1227

Let now O, be a finite étale Z ,-algebra. We have an isomorphism O, =[], es, O where S, is a finite
set and O, is the rlng of integers of a finite unramified extenswn F, + of Q,. Let Go = Reso /2, G /0, with
Borel subgroup Bo = Resop /z,B)0,, maximal torus TO = Reso /2, 1/0,, and Zo Res@p /2,20, We
assume that O contains the image of any rmg homomorphism O, — Z and write J & Homzp (O, 0).
We can and do fix an identification of G (GO) o with the split reductive group G . We similarly
define B, T, and Z. Corresponding to (G, B, T'), we have the set of positive roots 9+ C @ and the
set of positive coroots @V C ®V. The notation Ag, W, W, V_T/, V_~V+, V_T’T should be clear as should
the natural isomorphisms X*(T) = X*(T)Y and the like. Given an element j € 7, we use a subscript
notation to denote j-components obtained from the isomorphism G = G770 (so that, for instance, given
an element w € ﬁ/ we write w; to denote its j-th component via the induced identification V_T/ ~ W),
For sake of readability, we abuse notation and still write wg to denote the longest element in W, and
fix a choice of an element n € X*(T) such that (n, «¥) = 1 for all @ € A. The meaning of w, n and
oy = wo?—_y should be clear from the context.

The absolute Frobenius automorphism on O,/ p lifts canonically to an automorphism ¢ of O,. We
define an automorphism 7 of the identified groups X*(T') and X, (T") by the formula 7 (1), = Aoop-!
for all A € X*(T') and 0 : O, — O. We assume that, in this case, the element n € X*(T') we fixed is
m-invariant. We similarly define an automorphism 7 of W and V_T/

Let F7 be O,[1/p] so that F,I is isomorphic to the (finite) product [ ]

for eachv € §),. Let
def
6= [ 6/

Ff—E

F;f where F;F £ 0,[1/p]

vES),

be the dual group of G so that the Langlands dual group of Gy is /G Yv = GY x Gal(E/Q)), where
Gal(E/Q,) acts on the set of homomorphisms F ;r — E by postcomposition.

We now specialize to the case where S, = {v} is a singleton. Hence F ;r = K is an unramified extension
of degree f with ring of integers Ok and residue field k. Let W (k) be ring of Witt vectors of k, which is
also the ring of integers of K.

We denote the arithmetic Frobenius automorphism on W (k) by ¢; it acts as raising to p-th power on
the residue field.

Recall that we fixed a separable closure K of K. We choose 7 € K such that 1% A p and let
wg :Gx — (92 be the character defined by g(7) = wg (g)m, which is independent of the choice of 7. We
fix an embedding o : K < E and define o} = oy o™/, which identifies .7 = Hom(k, F) = Homg ,(K, E)
with Z/fZ. We write wy : Gk — O for the character o¢ o wi.

Let € denote the p-adic cyclotomic character. If W is a de Rham representation of Gg over E, then for
each x € Homg, (K, E), we write HT, (W) for the multiset of Hodge-Tate weights labeled by embedding
« normalized so that the p-adic cyclotomic character ¢ has Hodge—Tate weight {1} for every «. For
w=(u;)jes € X*(T), we say that a 3-dimensional representation W has Hodge-Tate weights p if

HTO'J(W) = {Ml,jv /"Lz,js ILS,j}
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Our convention is the opposite of that of [Emerton and Gee 2023; Caraiani et al. 2016], but agrees with
that of [Gee et al. 2018].

We say that a 3-dimensional potentially semistable representation p : Gy — GL,(FE) has type (u, )
if p has Hodge-Tate weights & and the restriction to Ix of the Weil-Deligne representation attached to p
(via the covariant functor p — WD(p)) is isomorphic to the inertial type 7. Note that this differs from
the conventions of [Gee et al. 2018] via a shift by 7.

Let I" be a group. If V is a finite length I"-representation, we let JH(V') be the (finite) set of Jordan—
Holder factors of V. If V° is a finite @-module with a I'-action, we write V° for the I'-representation
V°®e F over F.

If X is an ind-scheme defined over O, we write X g &y X spec 0 Spec E and X =5's X spec 0 Spec [ to
denote its generic and special fiber, respectively. If M is any O-module we write M to denote M ®o F.

If P is a statement, the symbol §p € {0, 1} takes value 1 if P is true, and O if P is false.

1.4.A. Tables. In Tables 1-3 we write «, 8 and y for the elements of w corresponding to (12), (23) and
wol(1,0,—1), respectively. Moreover, the image of 1 & (1,1,1) e X*(T) in W is denoted as t1. We identify
the elements above with matrices in GL3(Z((v))) via the embedding W — GL3(Z((v))) defined by

010 100 00 v! v 0O
a—~ {100}, B—{001)], y—~1]01 O and 71—~ |0 v O
001 010 v0 0 00w

2. Background

2.1. Affine Weyl group, tame inertial types and Deligne—Lusztig representations. Throughout this
section, we assume that S, = {v}. Thus O, = O is the ring of integers of a finite unramified extension K
of @, and Go =Resp, /ZPG J0x - We drop subscripts v from notation and we identify 7 = Homg, (K, E)
with Z/f7Z via o; Y pop™ > j.

2.1.A. Admissibility. We follow [Le et al. 2023b, §2.1-§2.4], specializing to the case of n = 3. We
denote by < the Bruhat order on VE’ = X*(T) x W associated to the choice of the dominant base alcove
Co and set

Adm(p) ={we W |® < ts(n) for some s € W}.

We will also consider the partially ordered group VI/V which is identified with f)[:/ as a group, but whose
Bruhat order is defined by the antidominant base alcove (and still denoted as <). Then Adm" (n) is
defined as above, using now the antidominant order. We have an order reversing bijection w +— w*

g oV ~ def 1 o~
between W and W defined as (w*); = w; ifw; = fy, Wj.

2.1.B. Tame inertial types and Deligne—Lusztig representations. An inertial type (for K) is the GL3(E)-
conjugacy class of a homomorphism 7 : Ix — GL3(E) with open kernel and which extends to the Weil
group of Gg. An inertial type is tame if it factors through the tame quotient of /5. We will sometimes
identify a tame inertial type with a fixed choice of a representative in its class.
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Givens = (5o, ...,5r—1) € Wand u e X*(T)NCy, we have an associated integer r € {1, 2, 3} (which is
the order of the element sos; - - - s —1 € W), integers a'V) e 73 for 0 < j' < fr—1 and a tame inertial type
(s, u+n) defined as t(s, u+1n) ol Z?:l (w fr)“fm) (see [Le et al. 2023b, Example 2.4.1, equations (5.2),
(5.1)] for the details of this construction). We say that (s, u) is the lowest alcove presentation for the
tame inertial type (s, u + 1) and that 7(s, u + n) is N-generic if u is N-deep in alcove Cy. We say
that a tame inertial type t has a lowest alcove presentation if there exists a pair (s, i) as above such that
T = 7(s, 4+ n) (in which case we will say that (s, i) is a lowest alcove presentation for 7), and that T
is N-generic if T has a lowest alcove presentation (s, w) such that u is N-deep in alcove Cy. We remark
that different choices of pairs (s, t) as above can give rise to isomorphic tame inertial types (see [Le et al.
2019, Proposition 2.2.15]). If 7 is a tame inertial type of the form t = t(s, u + ), we write w(t) for the
element 7, 4,5 € ﬁ/ (In particular, when writing w () we use an implicit lowest alcove presentation for 7).

Repeating the above with E replaced by [, we obtain the notion of inertial F-types and lowest
alcove presentations for tame inertial F-types. We use the notation T to denote a tame inertial F-type
T : Ix — GL3(F). We say that a tame inertial F-type is N-generic if it admits a lowest alcove presentation
(s, u) such that u is N-deep in Cy.

If u is 1-deep in Cy, then for each 0 < j' < fr — 1 there is a unique element s(’m i € W such that
(s(’)r, j,)_1 (a'V /)) is dominant. (In the terminology of [Le et al. 2018a], see Definition 2.6 of [loc. cit.], the
fr-tuple (s;, i )o<j <fr—1 is the orientation of (@Yo jr<fr-1.)

To a pair (s, u) € W x X*(T'), we can also associate a virtual Go([F,)-representation over E which we
denote R;(u) (cf. [Gee et al. 2018, Definition 9.2.2], where R;(w) is denoted as R(s, w)). In particular,
R () is a principal series representation. If i — 5 is 1-deep in Cq then R;(u) is an irreducible represen-
tation. In analogy with the terminology for tame inertial type, if 4 — n is N-deep in alcove Cq for N > 0,
we call (s, w —n) an N-generic lowest alcove presentation for R;(u), and say that Ry(u) is N-generic.
2.1.C. Inertial local Langlands correspondence. Given a tame inertial type 7 : I[x — GL3(E), [Caraiani
et al. 2016, Theorem 3.7] gives an irreducible smooth E-valued representation o () of Go([F,) = GL3(k)
over E satisfying results towards the inertial local Langlands correspondence (see [loc. cit.] for the proper-
ties satisfied by o (7)). (By inflation, we will consider o () as a smooth representation of Go(Z,,) without
further comment.) This representation need not be uniquely determined by T and in what follows o (7) will
denote either a particular choice that we have made or any choice that satisfies the properties of [Caraiani
et al. 2016, Theorem 3.7] (see also [Le et al. 2023b, Theorem 2.5.3] and the discussion following it).

When t = (s, u + 1) is a tame inertial type such that u € Cy is 1-deep, the representation o (7) can

be taken to be R;(u + 1) thanks to [Le et al. 2019, Corollary 2.3.5].
2.1.D. Serre weights. We finally recall the notion of Serre weights for G ([F,), and the notion of lowest
alcove presentations for them, following [Le et al. 2023b, §2.2]. A Serre weight for Go([F,) is the
isomorphism class of an (absolutely) irreducible representation of Go(F,) over [F. (We will sometimes
refer to a representative for the isomorphism class as a Serre weight.)

Given A € X (T), we write F (1) for the Serre weight with highest weight A; the assignment A — F'())
induces a bijection between X{(T)/(p — 7)X%(T) and the set of Serre weights (see [Gee et al. 2018,
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Lemma 9.2.4]). We say that F'(X) is N-deep if X is (this does not depend on the choice of A).
Recall from [Le et al. 2023b, §2.2] the equivalence relation on VI’ x X*(T) defined by

(ws (,()) ~ (tvw7 w — U)

for all v € X°(T). For (an equivalence class of) a pair (W, ® — 1) € I/I/T X (X*(T)NCpy)/ ~ the Serre
weight Fig, w) L F (m~ (@) - (w — 1)) is well defined, i.e., is independent of the representative of the
equivalence class of (w1, w). The equivalence class of (W, w) is called a lowest alcove presentation for
the Serre weight F(3, ). The Serre weight F(, ) is N-deep if and only if @ — n is N-deep in alcove Co.
As above, we sometimes implicitly choose a representative for a lowest alcove presentation to make an a

priori sense of an expression, though it is a posteriori independent of this choice.

2.1.E. Compatibility for lowest alcove presentations. Recall that we have a canonical isomorphism
E/ /Wq = X*(Z) where W, = Ag x W is the affine Weyl group of G. Given an algebraic character
¢ € X*(Z), we say that an element W € V_T’ is ¢-compatible if it corresponds to ¢ via the isomorphism
XZV /W, = X*(Z). In particular, a lowest alcove presentation (s, i) for a tame inertial type (resp. a
lowest alcove presentation (s, u — n) for a Deligne-Lusztig representation) is ¢-compatible if the element
tugns € V_T/ (resp. 1,5 € V_T/) is ¢-compatible. Similarly, a lowest alcove presentation (w1, w) for Serre
weight is ¢-compatible if the element #,,_,w; € V_T/ is ¢-compatible.

2.1.F. A comparison to [Le et al. 2020]. In [Le et al. 2020], the parametrization of Serre weights is
slightly different from the one in [Le et al. 2023b]. Here, we give a dictionary between the two.
Define a map
W x X*(T) = W/Wo = X*Z), (B,0) tyyiW, (2-1)

and write (VI’ x X*(T))* for the preimage of ¢ € X*(Z) (presentations compatible with ¢). The map (2-1)
is constant on equivalence classes, and we write (lZV x X*(T))¢/ ~ for the set of equivalence classes in
the preimage of ¢. The equivalence relation restricts to one on ﬁ/l x X*(T) or ﬁ/l X (X*(T)NCy—+n),
and we use similar notation, e.g., (V_T/1 X (X*(T)NCo+n))¢/ ~, for these subsets.

We let Aw and Wt be X *(T)/X°(T) and W / X°(T), respectively. Recall from [Le et al. 2020, §2.1]
the set

P = (o, ) € Ay x WY

| tom (W) € Wal.
Letting A be the set of p-restricted alcoves in X*(7T) ®z R, the map
B:PY > Awx A (0, B) > (@7 (@) Co)

is a bijection by [Le et al. 2020, Lemma 2.1.1].
For A € X*(T), the map

(W, x X* (D)2 ) ~5 YT (5, w) > (0 — A, w7~ 1(@))

is a bijection. (Here w — X also denotes its image in Ay.)
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Then Bou;, : (W, x X*(T))* "2/ ~— Aw x A is a bijection which induces a bijection
(W, x XX(T)NCo+n) "2/ ~— Afy x A, (@, 0) > (@— 1, B~ Co) (2-2)

when A —n € Cg and 1_\%1, is defined to be the set of " € Ay satisfying o’ +A —n € C, see [Le et al. 2020,
§2.1]. By the definition of T, in [Le et al. 2020, §2.1], for (w, w) € (V_T/1 X X*(T)NCo+ n)*‘”‘l/ ~,
we have

Fiipw) = F(Tra(w— A, - Co)). (2-3)

2.1.G. Reduction of Deligne—Lusztig representations. For i € {1, 2}, let ¢; denote the image of ¢/ via the
surjection X*(T) — Aw.

Proposition 2.1.1. Let . —n and ;t —n be 0-deep and 1-deep in Cy, respectively, such that u+n—»x € Ag.
If o e JH(R (1)) is a O-deep Serre weight, then o is contained in F(ft,\ (tu_,\s(E))), where T = (Zo)/ C
Ax+n

Ay ' x Aand

o= {(e1+€2,0), (61 —£2,0), (e2—£1,0), (0, 1), (£1, 1), (€2, 1), (0, 0), (¢1, 0), (2, 0)}.
If u — n is furthermore 2-deep, then JH(R;(u)) is F(St,\ (tu_;\s(E))).
Proof. [Herzig 2009, Appendix, Theorem 3.4] gives the identity

Rwy= Y. W(@- @us@w) "' ©0)—m)

WeW | /XO(T)

/Fr—1
wi, w2

1-deep in Cy implies that @ - (#,,5 (W, w) ' (0) —n) is —1-deep in a p-restricted alcove. This implies that

at the level of characters (in our situation, y is 1 if w; = w; and is O otherwise). That u — n is
for each w € ﬁ/f, W - (t,,5 (W w) "1 (0) — n) + 1 is dominant so that ¥ - (¢,,s (W, @)~ (0) — n) is dominant
or W (@ - (t,,s (W, @) ~1(0) — 1)) is zero. If o € JH(R, (w)), then o € JH(W (i - (t,,5 (0, ) ~1(0) — ))) for
some W € ﬁ/;r Herzig [2006, Proposition 4.9] gives a decomposition of such p-restricted Weyl modules.
The proof of [Le et al. 2020, Proposition 2.3.4] shows that o € F(Ttk (tM_As(E))). If w—n is 2-deep,
then w - (7,5 (Wp, w)~1(0) — n) is O-deep in a p-restricted alcove and hence dominant. The description of
JH(RT,LL)) again follows from the proof of [Le et al. 2020, Proposition 2.3.4]. O

If 4 —n is 1-deep in Cy, we let the subset JHow(Rs (1)) C JH(R, (1)) be the Serre weights of the form
F(W - (tus(@pw)~"(0) — 1)) for some @ € E/T We call the elements of JHou (Ry (1)) the outer weights
(of JH(m)). In the notation of Proposition 2.1.1, JHout(m) is the subset F(‘Zt,\ (tM_As(Eout))),
where Zou = (Zour0)’ € éé‘f" x A and

EOl.lt,O déf {(81 +827 0)7 (81 — &2, 0)7 (82 — €1, 0)(09 1)7 (817 1)7 (82’ 1)}

If A —n and u — n are O-deep and 2-deep in Cq respectively, and u +n — A € Ag, we define
W?(Z(s, u + 1)) to be the set of Serre weights F(Tt;\(twn_ks(r(E)))), where r(X) is defined by
swapping the digits of a € A in the elements (¢, a) € X.



1232 Daniel Le, Bao V. Le Hung, Brandon Levin and Stefano Morra

2.1.H. The covering order.

Definition 2.1.2. We say that a 3-deep Serre weight oy covers o if

oce () JHR)
R 1-generic

ooeJH(R)

(where R runs over 1-generic Deligne—Lusztig representations).
Lemma 2.1.3. A Serre weight o covers oy if and only if o3 1 07.

Proof. This follows from [Le et al. 2023b, Proposition 2.3.12(4)] where the slightly weaker genericity
hypotheses come from Section 2.1.G. U

2.1.I. L-parameters. We now assume that S, has arbitrary finite cardinality. An L-parameter (over E)
is a GY(E)-conjugacy class of a continuous homomorphism p : Gg, — LG(E) which is compatible
with the projection to Gal(E/Q,) (such homomorphism is called L-homomorphism). An inertial L-
parameter is a G"(E)-conjugacy class of a homomorphism 7 : Ig, — G"(E) with open kernel, and
which admits an extension to an L-homomorphism. An inertial L-parameter is tame if some (equivalently,
any) representative in its equivalence class factors through the tame quotient of /g, .

Fixing isomorphisms F,” => Q p forall v e §,, we have a bijection between L-parameters (resp. tame
inertial L-parameters) and collections of the form (poy)ves, (resp. of the form (7y)yes,) where for all
v € S, the element p, : Gg+ — GL3(E) is a continuous Galois representation (resp. the element
Ty : [+ — GL3(E) is a tame inertial type for F;").

We have similar notions when E is replaced by F. Again we will often abuse terminology, and identify
an L-parameter (resp. a tame inertial L-parameter) with a fixed choice of a representative in its class.
This shall cause no confusion, and nothing in what follows will depend on this choice.

The definitions and results of Sections 2.1.B-2.1.H generalize in the evident way for tame inertial
L-parameters and L-homomorphism. (In the case of the inertial local Langlands correspondence of
Section 2.1.C, given a tame inertial L-parameter t corresponding to the collection of tame inertial
types (Ty)ve S,, We let o () be the irreducible smooth E-valued representation of Go(Z,) given by

®yes, 7 (7))

2.2. Breuil-Kisin modules. We recall some background on Breuil-Kisin modules with tame descent
data. We refer the reader to [Le et al. 2020, §3.1-3.2; 2023b, §5.1] for further detail, with the caveat that
we are following the conventions of the latter on the labeling of embeddings for tame inertial types and
Breuil-Kisin modules (see [loc. cit., Remark 5.1.2]).

Let T =1 (s, +n) be a tame inertial type with lowest alcove presentation (s, ) which we fix throughout
this section (recall that p is 1-deep in Cy). Recall that r € {1, 2, 3} is the order of sosys2---s7_1 € W.
We write K'/K for the unramified extension of degree r contained in K and set f’ 4 fr, e 4 pf —1.
We identify Homg, (K, E) with Z/f'Z via o dzefa(’) o@~/ > j', where o, : K" — E is a fixed choice
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for an embedding extending o : K — E. In this way, restriction of embeddings corresponds to reduction
modulo f in the above identifications.

Let 7’ € K be an ¢/-th root of —p, let L’ &£ K'(7’) and A’ £ Gal(L’/K') ¢ A € Gal(L'/K). We
define the O, -valued character wg(g) «f g(")/m’ for g € A’ (this does not depend on the choice of 7”).
Given an O-algebra R, we set G/ g o (WK ®z, R)[#']. The latter is endowed with an endomorphism
¢ : S g = S g acting as Frobenius on W (k'), trivially on R, and sending u’ to (u’)?. It is endowed
moreover with an action of A as follows: for any g in A’, g(u') = (g(z')/7")u' = wg(g)u’ and g acts
trivially on the coefficients; if 0/ € Gal(L’/K) is the lift of p/-Frobenius on W (k") which fixes 7/, then
o/ is a generator for Gal(K'/K), acting in natural way on W (k') and trivially on both u’ and R. Set
v= @),

Sr = (61 ) = (WK 8z, RV
and E (v) LV p=®wW) +p.

Let YI2I(R) be the groupoid of Breuil-Kisin modules of rank 3 over & g, height in [0, 2] and descent
data of type 7 (see [Caraiani and Levin 2018, §3; Le et al. 2020, Definition 3.1.3; 2023b, Definition 5.1.3]):

Definition 2.2.1. An object of Y[%2-7(R) is the datum of
(1) a finitely generated projective &/ g-module 91 which is locally free of rank 3;
(2) an injective &/ g-linear map oy : ¢* (M) — M whose cokernel is annihilated by E (v)?%; and

(3) asemilinear action of A on 9){ which commutes with ¢y, and such that, for each j' € Hom@p (K, E),

(Qﬁ ®W(k’),0j/ R) mod I/l/ = Tv KXo R
as A/—representations.

Note that 990" d:“s):rt@W(kl),oj, R is an R[[u']-submodule of 91 in a standard way, endowed with a semi-
linear action of A’ and the Frobenius ¢gy induces A’-equivariant morphisms gbé};) cpr (MU /_1)) — MU,
In particular, by letting t’ denote the tame inertial type for K’ obtained from 7 via the identification Ix = I
induced by the inclusion K’ C K, the semilinear action of A induces an isomorphism tgy : (o Dy =m
(see [Le et al. 2018a, §6.1]) as elements of Y[O’Z]*’,(R).

Let M € Y0217 (R). Recall that an eigenbasis of M is a collection of bases U7 = (£, £, £7)
for each 9U" such that A’ acts on fl.(j ) via the character a)},"r{ v (see Section 2.1.B for the definition of
a'© e 73) and such that wp((0/)*(BY))) = BU' T for all j' € Homg, (K’, E). Given an eigenbasis 3
for M, we let Céjj{)ﬂ be the matrix of (/553];) c* (MU D) 5 MU with respect to the bases ¢*(8Y =Dy
and BU" and set
1"

i) def _ _
AS)s E Ad((s) ) W)™

)(Cs)
for j" € Homg,(K’, E). It is an element of GL3(R((v + p))) with coefficients in R[[v + p]|, is upper
triangular modulo v and only depends on the restriction of j’ to K (see [Le et al. 2023b, §5.1]).

Let Z(F) denote the Iwahori subgroup of GL3(F((v))) relative to the Borel of upper triangular matrices.

We define the shape of a mod p Breuil-Kisin module M € Y!1%21'7(F) to be the element 7 = (Z;) € w”
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such that for any eigenbasis 8 and any j € 7, the matrix Az()ét) 8 lies in Z(F)z; Z(F). This notion doesn’t
depend on the choice of eigenbasis, see [Le et al. 2023b, Proposition 5.1.8] (but it does depend on the
lowest alcove presentation of 7; see [ibid., Remark 5.1.5]).

3. Local models in mixed characteristic and the Emerton—-Gee stack

We assume throughout this section that S, = {v} so O, = Ok is the ring of integer of a finite unramified
extension K of Q,. We identify 7 = Homg, (K, E)) with Z/fZ via o} dzefcro o> j.

3.1. Local models in mixed characteristic. We now define the mixed characteristic local models which
are relevant to our paper. We follow closely [Le et al. 2023b, §4] and the notation therein.
For any Noetherian O-algebra R, define

LGo(R) & {A € GL3(R(v + p))), A isupper triangular modulo v};

L*Go(R) o {A € GL3(R[[v+ pl), A is upper triangular modulo v};

A, (v+ p)?A~" are elements of Matz(R[[v + p1) }

[0.2] def
L™"Go(R) = {A € LGo(R). ,1d are upper triangular modulo v

The fpqc quotients Lt Gp \ LI®21G» < LTGp\ LGo induced from inclusions LT Go(R) € LI%21GH(R)
LGo(R) are representable by a projective scheme Grg ’(29] and an ind-projective ind-scheme Grg, o, respec-
tively.

Forany 7 = (Z)jes € ‘z/'v and any Noetherian O-algebra R, define

U@ R =(UE)HR), ., < LIo(R)7
to be the set of f-tuples of matrices (A(j))jej € (LGo(R))7 such thatforall 1 <i,k <3 and j € J,
e A e v Rlv+p, 1/ v+ p)l;
. degv+p(A,§,J€)) <Vjk —8i<z;(k); and
o deg,,, (Ag )(k) ) = V).« and the coefficient of the leading term is a unit of R,

where we have written Z =zt, and v = (v} 1, v; 2, v} 3) jes (and recall from Section 1.4 the notation for the
Kronecker deltas 8;-, 8; -, k)). We set T2 (RYE T (2)(R)N(LI®2G(R))Y . Note that both T021(3)
and U () are endowed with a T 5-action induced by left multiplication of matrices. It follows from [Le
et al. 2023b, Lemmas 3.2.2 and 3.2.7] that the natural map U () — Grg o (resp. U102(z) — Gr[go’ ’é]’ )
factors as a T %-torsor map followed by an open immersion. (We have written Grg o for the product, over

Spec O, of f-copies of Grg ¢ indexed over elements j € 7, and Gr[g? ’éj’j

is defined similarly.)
We now compare the objects above with groupoids of Breuil-Kisin modules with tame descent. Let
(s, n) € W x X*(T) be a lowest alcove presentation for the tame inertial type t ] (s, u+1n). We have

the twisted shifted conjugation action of T% on U'%21(Z) given by

AV > 1; ADAd(sT (1),
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which is exactly the restriction to 7' of the (s, u1)-twisted ¢-conjugation in [Le et al. 2023b, §5.2]. By [Le
et al. 2023b, Corollary 5.2.3] the quotient of 002z, by this action is isomorphic to an open substack
Y[EO’ZJ’T(Z) of Y[go,z],r' We denote by Y%217(Z) the open substack of Y!%27 induced by Y[EO’ZJ’T(Z) (see
[Le et al. 2023b, Definition 5.2.4]).

By [Le et al. 2023b, Theorem 5.3.1], whenever u is 3-deep in Cy, we have a morphism of p-adic
formal algebraic stacks over O,

r7[0,2] /=~ Ap [0,2],7 /> [0,2],7
U Q)" —>Y ()—=>Y

where the left map is a T }-torsor for the twisted shifted conjugation action on the source and the second
map is an open immersion.

We finally consider Breuil-Kisin modules with height bounded by the cocharacter n € X, (T"). The
fiber Grg g of Grg o over E is the affine Grassmannian of GL3 and we let M 7(<n) be the Zariski closure
in Grg’ o of the open affine Schubert cell associated to (v + p)” in Grg g Let U (z, <n) be the pull back
of U2 (%) along the closed immersion M 7 (<n) <> Grg o-

Let Y="7 denote the closed p-adic formal substack of Y'%27 appearing in [Caraiani and Levin 2018,
§5] (and denoted Y™'* there). The computations of [Le et al. 2018a, §4] give the following:

Proposition 3.1.1. Let 7 € Adm" (). Then U (z, <n) is an affine scheme over O, with presentations
®]f:—01 O(ﬁ(Zj, <nj)), where the O-algebras O(ﬁ(Zj, <nj)) are given in Table 1. Moreover, let
(s, ) € W x (X*(T)NCy) be a lowest alcove presentation of T = (s, L+ n), with u being 3-deep in
Co and denote by Y="7(Z) the pull back of Y217 (2) along the closed immersion Y="F < y[0.21.7,

Then we have a morphism of p-adic formal algebraic stacks over O
UG <) — Y= (@) < Y=T, (3-1)

where the left map is a T },-torsor for the twisted shifted conjugation action on the source and the second

map is an open immersion.

3.2. Monodromy condition. We introduce closed subspaces of Y="7, Y="-7(Z) and UG, <n)”r, and
compare them with potentially crystalline substacks of the Emerton—Gee stack (introduced below).
Recall the element n € X*(T) we fixed in Section 1.4. Let t o (s, 4 + n) be a tame inertial
type with lowest alcove presentation (s, i), where p is 1-deep in alcove Cy. By [Le et al. 2023b,
Proposition 7.1.6] the datum of a p-adically complete, topologically finite type flat O-algebra R, and a
morphism f : Spf R — Y0217 (corresponding to an element 9t € Y[%:27(R)) defines a p-saturated ideal
Inx,v,, C R which is compatible with flat base change. (In the terminology of [loc. cit.], and in the case
where 9 is free over G/ g, the morphism f : Spf R — Y1217 factors through Spf R — Spf(R/Ion.v..)
if and only if 907 satisfies the monodromy condition [Le et al. 2023b, Definition 7.1.2].) This gives rise to
a O-flat closed substack Y0217V s yI0.217 (see [Le et al. 2023b, §7.2]) characterized by the property
that for any 9t € Y0217 (R) corresponding to Spf R — Y927 the pullback of the substack Y0-2}7 Ve
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Zit AV O, <n)
v+ p)ch1 0 0
afay v(v+ p)ea (v+p)c;, 0 Olcty, a1, €31, €55 Cays €32, €35
v(esr +(w+p)cy)  ven  ch
(v+ p)cty (v+ p)en 0
Byay 0 (v+ p)ies, 0 Olcly, €12, €3y, €31, €32, Cay, €531
ve3) v(ca + (v + p)cky) ¢y
v+ p)en (w+p)t, 0 Oleut, €y, €315 €22, €31, €5y, €32, €331/ I,
Bay v(v + p)cs, (v+p)cn 0
v(esi +(w+p)cy) ven  ch Iz, = (crican + peiycsy)
(v+ p)ici, 0 O Olctys €t €y, €22, €53, €5y, €55, €331/ 1z,
afy v(ca + (v + p)cyy) cn i
v(caiess(chy) ™+ (v+ p)chy) ve, on Iz, = (caac33 + pciycs;)

Olcyt, c12, €13, €, €5, €23, €31, €32, €33, Cha ]/ I
—1 11, €12, €13, 132 %22 23, 31 32, €33, 33 Z
cir cien(cl) ™ e+ v+ p)cly J

afa 0  (+pds, (v+p)ex (

vel, Ve 3+ (v+ p)cy I;, =

11632 — €123y, €11€33 + PC13cyy )
, * * %
C11C33 — C13C3; + PCi3C3;

Table 1 (continued)

Table 1. We list the O-algebras O(fj (Zj, =<n;)) appearing in Proposition 3.1.1. Note
that (’)(l~/(2j, <n;) = O(ﬁ(SZjB’I, <n;)) using the following change of coordinates
in terms of universal matrices AY): for ? € {@, *, /} we have ¢}, > C(?i+1)(k+1)’
for 1 <i, k <3, the integers (i + 1), (k+ 1) € {1, 2, 3} are taken modulo 3.

where,

is Spf(R/Ion,v,. ). We finally define Y =77V~ as the pullback of Y027V <y yI0.21.7 glong the closed
immersion Y =7 < yl0.2h7,

Let Xk 3 be the Noetherian formal algebraic stack over Spf O defined in [Emerton and Gee 2023,
Definition 3.2.1]. It has the property that for any complete local Noetherian O-algebra R with finite
residue field, the groupoid Xk 3(R) is equivalent to the groupoid of rank 3 projective R-modules equipped
with a continuous Gg-action, see [Emerton and Gee 2023, §3.6.1]. (In particular, we will consider closed
points of Xk 3(F) as continuous Galois representations p : Gxg — GL3(F), and conversely.) Moreover,
by [Emerton and Gee 2023, Theorem 4.8.12], there is a unique O-flat closed formal substack X" of
Xk 3 which parametrizes, over finite flat O-algebras, those Gk -representations which after inverting p
are potentially crystalline with Hodge-Tate weight n and inertial type . We define X="7 in the same
way, except that the condition on Hodge-Tate weights becomes <pn. In particular, XY="7 is the scheme
theoretic union of the substacks X** for A dominant and A < 7.

The substacks X7, X="-T have the following fundamental properties:
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Zjt g AV oWz, =nj)
Olcia, €13, €5, €51, €22, €23, Cha, C31, Chy, Cia )/ Iz
1 ) s €135 Cpp5 €22, €23, Co3, €31, C3p, C33 z
aica(cy) ™ cn2 ci3+ v+ p)ci; /
af vek c» ¢33+ (v + p)dc)
21 23
. e B I — €2C31 + PC3 €3, C12623 — €22C13
vesg 1)(‘32 L3]L23(C21) +(U+[))L33 j = * ok _ k% k% =0
€21€32€13 — PG €3pC 3 — €336 C12 =
Oleci1, €y, €13, Chyy Casy Ci1, €32, €33, €331/ Iz
Hy=1 . . 1> €12, €135 €225 €33, €315 €32, €33, €33
STER(GD) 61|C32+(U+P)CT2) c13 I
’ *
Ba 0 (v+ P)sz (v+ P)Cz3 %
" , ci1¢633 + pe3ici3
C31U €3V C33+(U+p)(,’33 15;': J V] ek Gkok ok
: 3 (C11C33 = C13€5)) — PC33CT,C3
Olci1, €12, €55y €13, €315 €22, Chy, €23, €31, €32, €33, €331/ Iz,
12 21 2 331/ 1z,
cir e+ @+ p)h, c13 C11€2 + PCiacyy, 11623 + PCi3cyy, €12€23 — C13C,
X N ./ .
a v en+(+p)e, €23 C11€32 — €31C12, €11€33 + PC31C13, C12€33 + Pe3cis,
c31v c32v (c33+ (v + p)c3z) I;; = | pe3jen +encan, €31033 — €23631, 22033+ peaacas,
/ /
C]]CZQC;; + 6‘136‘;16‘32 — C13CC3)
* * * * *
—C12651C33 1 PCy C1C33
Olcut, €y, €12, €13, €21, €22, €5y, €23, €31, €32, €33, €331/ I;
cii+cf(v+p) 2 c13 C11¢22 + peiacat, €113 + pei3cay, €12€23 — €136,
id Ve cn+c5,(+p) 23 C11C32 — €31C12, C€11€33 + PC31C13, C12€33 + PC3aCis3,
V3 V32 C33 +C§3(U+P) 12,- = | pca1¢32 + €20C31, €21€33 — €23C31, €22€33 + PC3C23,
* * * * >k K
C11€9C33 F €20C33¢T) +€33C1 0
— €][€23C32 — €5,C13C31 — C33C12C21 + €21C13C32

Table 1 (continued). The remaining relevant O-algebras for Proposition 3.1.1.

Theorem 3.2.1 [Emerton and Gee 2023, Theorem 4.8.12, Proposition 4.8.10]. Let X %7 denote either the
substack X" or X=""7, Then:
(1) The stack X7 is a p-adic formal algebraic stack, flat and topologically of finite type over Spf O.

(2) X7 is equidimensional of dimension 143 f, while for . dominant and A < n, X*7 is equidimensional
of dimension <1+ 3 f.

(3) Let p € X7 (F) corresponding to a mod p representation of Gg. Then the potentially crystalline
deformation ring Rg’f is a versal ring to X" at p.

(4) For any smooth map Spf R — X with R being a p-adically complete, topologically of finite type
O-algebra, the ring R is reduced and R[1/ p] is regular.

Using Proposition 3.1.1, we can finally relate the objects introduced so far:

Theorem 3.2.2. Let 7 € Adm" (n) and assume that the character . (appearing in the lowest alcove

presentation (s, ) of t) is 4-deep. We have a commutative diagram of p-adic formal algebraic stacks
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over Spf O:
UG, <n)» ——— Y7 () sy Y =0T
U(Z, <11, Vro0) — Y0V (3) sy y =0V
:)V(Sn,r(z) - an,r(z);) x=nt
XNT(F) 5 XN () AT
where

o all the stacks appearing in the left column and in the central column are defined so that all the squares

in the diagram are cartesian;
o the hooked horizontal arrows are open immersion;

o the left horizontal arrows are T ,,-torsor for the twisted shifted conjugation action on the source (induced

by the twisted shifted conjugation action on UGz, <m"r);

o the vertical hooked arrows are closed immersions and the vertical arrows decorated with “=" are

isomorphisms.

In particular, U (Z, <n, Vi.00) is an affine p-adic formal scheme over Spf O, topologically of finite type.
Furthermore, if £(Z;) > 2 for all j, then UG, <1, Vr.c0) is the p-adically completed tensor product over
O of the rings in Table 2.

Proof. This is [Le et al. 2023b, Proposition 7.2.3]. The last assertion follows from the computations in [Le
et al. 2018a, §5.3] noting that the whole discussion there applies to the p-adic completion (as opposed to
completions at closed points), and that the computations of [loc. cit.] can be performed with less stringent
genericity assumptions (see the proof of Theorem 3.3.2 for the precise genericity). U

Remark 3.2.3. Note that X" C X=""T can be characterized as the union of the (14+3)-dimensional irre-
ducible components (which is the maximal possible dimension). In particular, by letting U (Z,n, Vi.00) de-
note the maximal reduced O-flat (1+6f)-dimensional closed p-adic formal subscheme of U (Z, =1, Vi.00),
Theorem 3.2.2 gives an identification of X7 (%) with U (Z, 1, Vr.00)-

3.3. Special fibers. Let Fl denote the affine flag variety over [ for GL3 & (with respect to the Iwahori
relative to the upper triangular Borel), identified with the special fiber of Grg . As in [Le et al. 2023b,
(4.7)], we define the closed sub-ind scheme FIY° < FI.
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Zjl‘_l

OWEj, 1 Visw))

afay

/
O[CTla 21, 0317 C;za C327 C;;3]

Byay

* * rk
O[C”, C12, Cyy, €31, C3p, 033]

Bay

k *k / * ~
O[Cll’ C127 0215 CZZ’ C317 C32, C33]/IZJ*,V(S‘“)

_ 3k
I3, v, = (C11622 + pCic3)

* / * / * ~
Olety, ¢315 €22, €33, €315 €35 C33]/IZ;',Vx,-w,~+n,->

_ * ok
IZj,V(S_,L) = (c22033 + pC32623)

/ % * *
0[6323 C237 C337 C31s 0227 C13]/12j,V(y,u_)

L V0 = (cn1((@ = b)eascza — (@ — €)c5y¢s3) + ple' —a+e)cs chpets)

/ / * PR .
Ollc31, €22, €12, Cr3, C33, Cy15 Cr35 C32]]/Izj,ij(Mj+,7j)

A clz((a —b)czichy + (b — c)c;‘lc/B) —p(e' —a+c)c5 c5cl5,
A c0e31 + pcsics,

Ba

/ /
O[[Cl 1, 022’ C13a 6329 033’ C>3k1a CTZa Cik}]]/IZj,ij(MjJrnj)

L [ cn ((a —b)c3cs, — (a— c)c’220’33) —pe' —a+c)ci,cheh),
Zjs V) — ’ ( r * ) — %k %
Cpp\C11C33 — C13C31) — PCr3C L3

Table 2.
triple (a,

We list the O-algebras (’)(lNJ (Zj,mj, Vs,w))) appearing in Theorem 3.2.2. The
b,c)is (s(’)r,j,)_l(a’(j/)). Note that

OW Gy, Vis) ZOW G287, nj, Vis.)

using the following change of coordinates: for ? € {&, %, /} we have cfk — CZi Dk
(where, for 1 <i, k <3, the integers (i + 1), (k+ 1) € {1, 2, 3} are taken modulo 3) and
moreovera — b, b+ ¢, c+—a—¢'.

3.3.A. Labeling components of (FIV*)7

1239

Definition 3.3.1. Let (W, w) € V_T/T x (X*(T) N Co + n) and write Sp(wjwyg) for the open affine
Schubert cell associated to zT)Tw(*)‘ € V_T/V. We define C(3,,») to be the Zariski closure in (F1V)7 of
Sp(Wiw§) e+ N (F1Y°)7 | It is an irreducible subvariety of (F1V°)7 of dimension 3 f when w — 7 is 2-deep
(see [Le et al. 2023b, Proposition 4.3.3]). It does not depend on the equivalence class of the pair (w;, @)
defined in Section 2.1.D.

3.3.B. T|/-torsors. Replacing the Iwahori with the pro-v Iwahori in the construction of Fl yields a

T/ -torsor FI¥ — FI7. We use ~ to denote the pullback via this T'/-torsor of objects introduced so far
(e.g., C @0 C (l?lvo)j ). Let 151[0’2] C Fl be the pullback of the special fiber of Gr[g({ ’(29].
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On the other hand, F17 is also endowed with a T { -action by twisted shifted conjugation induced, at
level of matrices, by (AV) jeg > (1;AV1: 1)) je g for (1)) jeg € TY.

3.3.C. Labeling by Serre weights. Recall from [Le et al. 2023b, Lemma 2.2.3] the bijection (0, w) >
(F@,,0)s to—qW1 W4/ W,) between lowest alcove presentations (w1, w) of 0-deep Serre weights and 0-
deep Serre weights o with the choice of an algebraic central character { € X*(Z) lifting the central
character of o. If (W1, w) maps to (o, ¢) under this bijection, then we set Cg e (,.0)- 1f the algebraic

central character { € X*(Z) is understood, we will simply write C,.

3.3.D. The local model diagram in characteristic p. As explained in [Le et al. 2023b, §7.4] there is a
bijection ¢ — C, between Serre weights and the top dimensional (namely, 3 f-dimensional) irreducible
components of Xk 3. (This is a relabeling of the bijection of [Emerton and Gee 2023, Theorem 6.5.1].)
The main result of this section describes sufficiently generic C, in terms of the coordinate charts of
Theorem 3.2.2.

Recall that CI>—M0d§§’} denotes the fppf stack over | whose R-points, for a finite type F-algebra R,
parametrize projective rank n étale (¢, Og, K®[FPR)—modules (recall that O¢ g denotes the p-adic comple-
tion of (W (k)[[vI)[1/v]). We have a morphism (Xk 3)F — ¢-M0d§§’} corresponding to “restriction to
Gk (see [Emerton and Gee 2023, §3.2]).

Theorem 3.3.2. Let (s, 1) be a ¢-compatible 4-generic lowest alcove presentation of a tame inertial
type t. Let 7 € Adm"” () and o € JH(G (1)).

We have a commutative diagram

Cs
~10.2]

f‘Ba,Z — U(Z? 77» V‘L’,OO)": — U(zv S 77)[F EE— Flj 'S*tll*+77*

= Remark 3.2.3 | =

Co(7) —— X" (3§

4
T[F
~N

v.g
TI]:

(3-2)

Co(2) —> X" (D)r

~ e

L(s, ~ 0,2 .
Tyt Ly TR et/ T oshoconj]

.
~N

(XK,3)[F > cD-MOde;”?;

SO

~

Co — X

T3

where

o All the squares are cartesian (this defines the previously undefined objects Cy(2), EU () and ‘ig, )
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o All the hooked arrows decorated with a circle are open immersions; all the hooked undecorated arrows
are monomorphisms and, except iy, are moreover closed immersions; all the arrow decorated with T[Fv’j
are T[FV’J-torsors.

e UG <n)p— Y£™" is an open immersion followed by a T[Fv"j-torsor map. The map U (Z, < n)f —
110.h]

FL; - s%t, 4y is given by the formula
(AD) ;> (AD) 5%t
and is a locally closed immersion.

o The map 1 ) is given, fpqc locally, by M +— (Agﬁﬁ)js*tﬂ*ﬂ*,for any choice of eigenbasis B for
Me YT (R).

o The map 1 is defined, fpgc locally, by sending the class of a tuple (AY)) jeg to the free rank n étale
@-module with Frobenius given by (AY)) jeg in the standard basis.

o If o = F(%v,12y(s(€), a)), then the closed immersion ‘ﬁm > U (2, n, Vr,00)F corresponds to the ideal
Zj Be;.a).z;OWUE, 10, Vioo)p) With Be; a2, in Table 3 (or the unit ideal if Pie, a).z,;, Up to symmetry,
does not appear in Table 3 for some j); in particular U (Z, 0, V¢ 00)F is reduced.

o The bottom horizontal map identifies X[g " with the reduced union of [55/ / T[FV’J—sh.an] foro’eJH(G (1)).

Proof. Theorem 3.2.2 (together with Remark 3.2.3) and [Le et al. 2023b, Proposition 5.4.7, Theorem 7.4.2],
imply the existence of the portion of diagram (3-2) which excludes the leftmost vertical column, the top
triangle, and the identification of U (Z, n, Vr,00)F With entries of Table 3. (In the notation of [Le et al.

2023b, Proposition 5.4.7] the monomorphism ¢y would be denoted as ¢+, the morphism ¢,y would

H*+'7* b
be the diagonal arrow.) Furthermore, all stated properties of this portion of the diagram are already known
to hold, except possibly for the last item. We now explain how to fill in the missing parts with all the

desired properties except for the last item.

(1) We first deal with the case £(z;) > 2 for all 0 < j < f — 1. In this situation, the computations in [Le
et al. 2018a, §5.3.1] show that ﬁ(%, 1N, Vioo)F = 17(2, < n)f identifies with the scheme given by Table 3.
Indeed, we note that:

o The computations in [Le et al. 2018a, §5.3.1] of various completions of U (Z, m, Vr,00)F are in fact
valid for U (Z, 7, Vz.00)F.

o The computations are performed with an unnecessary strong genericity condition: indeed, by using
the “(1,3)-entry” of the leading term in the monodromy condition, one recovers the last displayed
equation at page 59 of [loc. cit.] with n — 3 replaced by n — 1.

Choosing the closed subscheme fjﬁg,g according to Table 3, we have now constructed the top horizontal
arrow of diagram (3-2). This uniquely induces the leftmost vertical column of the diagram for some
choice of irreducible component C, of X7*. We need to show that
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Zjty UGjs s Vit 05 (gj.a;) € o PBeejap.z
e, 00
afay viea ey, 0 (81 +2,0) 0)
U2d31 VC32 C§k3
(e Ve 0
0 v2c§2 0
Bray ves ven +vidy o (e2, 1) 0
(—-1—-b+ C)C?,QCT] —(—=1—=a+4c)cipe31 =0
Ve vel, O
vics, veyy 0 (e1+€2,0) (c11)
Bay v(c31 +uda) vea
B (62, 1) ()
&2, 22
(=1 —a+c)cfyes1 — (=1 =b+c)esen =0
UZC]l 0 0
v(ca1 +vdy) 0 C (€1 +€2,0) (c22)
By v(care33(csy) ™ +vday) vel, e
I r=0;
(e1, ) (c33)
(=1—a+c)ercs, + (b —c)dzicnn =0
e enexn(cd)™ daen ()T el
0 ves, Vo3 (0,0) (c1)
B vey, ve3p vds3
I p=0;
0, 1) ((a —Db)casezn — (a — ©)cyzds3)

ci1((@ —b)excsn — (a —c)cjzdzz) =0

Table 3 (continued)

Table 3. The table records data relevant to Theorem 3.3.2. The first column records
the components of z. The second column records the coordinates of (ﬁ (Z, 1, Vi00)E)
in terms of the universal matrix AY) and the relations between its coefficients. Re-
call that in the statement of Theorem 3.3.2 the Serre weight o is parametrized by
(,u +n—Xx+s(e),a) € A’\ x A. The 1dea1 correspondmg to the closed immersion
‘B“ < U(z N, Vr.co)F 18 of the form Z 0 ‘B(e/ aj).z;» Where each ‘13(6 a3 is a min-
imal prime ideal of O(U(z], nj, Vs (u; +n,))[p) The elements (¢;,a;) € ZO are speci-
fied in the third column and the 1deal ‘,B(Sj ay).z; specified in the fourth column records.
The structure constants that feature in the presentation are given by (a, b, c) € I]:3 with
(a,b, C)—S (M/"'ﬂ]) mod p.
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Zjty 17(51', ), Vit uj+n)e (gj,a;) € Xy PBeej.a.zj
cizen(ei)™ cn ci13 +vch,
UC§1 (&)) ¢34+ vda3 (e1, 1) (c12, €31)
ve3g vcy, C31cz3(c§‘1)_l + vds3
p (61— €2,0) (c31, d33)
I =0;
0,0 12, C
ciz(a — b)esida — (b — cdsacyy) = 0; ©.0 12, e2)
(=1—=a+c)ency, = (=1 —a+b)cpdz =0 o, D (c22, (b — ©)d33¢5, + (a — b)c3da3)
e () enen + vty c13
0 vy Vel (&2, 1) (d2, c11)
: + vd
ve3) ves €33 1 Vds3 (82 —¢1,0) (d22, c32)
,BO[ I;. F= 0;
*j’ 0,0) (c11, c13)
ci1((a — b)csacy; — (a — ¢)dnds3) = 0;
(1 +a— C)C33C;3("T2 — 013((a _ b)cnc; _ (u _ c‘)d22d33) (0, 1) ((a b)L32¢23 (a . C)d22d33s
e3¢ —cnids3) =0
(e1, 1) (c11, €13, €31)
cii ey, c13
,0 , €31, €325 — d
vel, cx + vdn - (&2,0) (c11, €31, €32¢5, — daacay)
ve3) ve3 (37 lesiens +vck; =0 (c11. ey — daacsy
£, 1) T ’
Ly=0; ez (a—b)cizdn + (=1 —a+c)excty)
o
—b)ciact, — (a —c)cp3cn =0; .
(@=bjency = Jensca (62 —¢1,0) (c23, daa, €365, — doyc3r)
(e—a+c)excsn — (e —a+b)epnct; =0;
0,0) (c11, €13, €23)
(c—1—=a)czienc), — (c =1 —a)czicizdan
+ (¢ = 1 =b)enciacsy +cnckcs; — cndncy; =0 on  (ench—eneen,
’ (a — b)c31dyy + (¢ — b)(c36h; — dnacs)))
(e1,0) (cii» i=1,2.3, €21, €31, €23)
(031,C33,011,
i+ e}, cin ci3 (e1, 1) (=1 —a+o)encis — (=1 —a+b)cicy,
Ve ¢ +vcs, 23 €21€13 — 623671)
*
vest vesz - Cs3 v (&2,0) (cii»i=1.2.3, €12, €31, C32)
: Ig.y[F =0;
id . ] . (c12, €22, €1,
(c=1=a)cyc33+ (b —1—a)ency;, — (c—1—a)cesn =0; (&2, 1) (a—b)eaicrs — (=1 —b+c)excly,
(a—b)cien + (e — 1 —=Db)essef, — (@ —b)cjzez =0; €21€32 — 031032)
(b —c)cfien+(a—c)ericsy — (b —c)cpear =0 0,0) (cii, i=123, €13, €23, C12)
(c23, €33, €22,
o, 1) (a —b)caic3 — (a —c)esicyy,

.
3013 — €126%)

Table 3 (continued). Further data relevant to Theorem 3.3.2.
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(a) the composite of the top horizontal arrows identifies ‘ﬁm ; with an nonempty open subscheme of Cs:
and

(b) Cc =Cs.

For item (a), we use [Le et al. 2023b, Propositions 4.3.4, 4.3.5]: one checks that according to Table 3, the
image of 530, ; along the top horizontal arrows is, in the notation of [loc. cit.], a T[Fv’j—torsor over

S (il . 5)
for suitable choices of wy, W, and for § taken to be t+ns, and this is exactly an open subscheme of 5§
For item (b), we use the just established item (a), and then use the same argument as in the third
paragraph in the proof of [Le et al. 2023b, Theorem 7.4.2] to recognize that C is actually C,.

(2) We deal with the general case. The computations in [Le et al. 2018a, §8], namely Propositions 8.3,
8.11 and 8.13, as well as those of! [loc. cit., §5.3.2, §5.3.3], show that the closed embedding of

Uz, 1, Vo) = UEZ, <)

factors through U (Z, m, Vr.00)table,F, Where we temporarily write U (Z, 1, Vr.00)table,r for the scheme
defined in the second column of Table 3.
We have to prove that this closed immersion is actually an isomorphism. Let n; be

#(W (262", p-5(%) + ) NIHER, Ga+1))).

Note that the arguments of [Le et al. 2018a, §8] show that U (Z, M, Vr.00)table.F 18 reduced, and that its
number of irreducible component is n;. We will show that there are at least n; irreducible components of
X[g '" which intersect the open substack X7 (7).

Now, from the previously established cases of diagram (3-2), we see that X" must contain all the
C,» which occurs in diagram (3-2) for 7’ such that E(Z/j) >3 forall 0 < j < f — 1. In particular, X"
contains all C,» such that o’ € JH(R, (1« + n)). Note that by definition,

XTI»T(Z)”: = X”?’T N [ﬁ(z, < T'])[FS*[M*+,7*/T[FV’J—Sh.an].
We are thus reduced to showing that there are at least n; choices of o’ as above such that
Cor N [T G, = mps™ 1/ Ty -shecnj] # 2.

IThe computations of [Le et al. 2018a, §5.3.2, §5.3.3] are also performed with unnecessary strong genericity conditions:
again using the “(1,3)-entries” of the leading term in the monodromy condition recovers, in Sections 5.3.2 and 5.3.3 of [Le et al.
2018a], respectively, the equations

c11((a — b)C326‘;3 —(a— c)c/22c§3) —ple—a +c)c>fzc’2k3c§1 + O(p"_l),
c12((a—b)e3ichy + (b —0)c3 ch3) — ple —a+0)c3 el + 0(p"

(see the last displayed equations on pages 60 and 61 of [Le et al. 2018a]) obtaining the “monodromy equations” claimed in
[loc. cit.] as soon as p is 4-deep in alcove Cy.
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But this last condition is equivalent to
CoNUGE, < Mps™ tys gy # 9,

and in turn equivalent to Zs*#,+ 4, € Gg To summarize, we need to show the combinatorial statement
that the number of C g, which contain Zs*f,,+ 4« is exactly nz. But this is the same combinatorial statement
as [Le et al. 2023b, Theorem 4.7.6], and we observe that the conclusion of that Theorem holds in our
current setup: this follows from the invariance property [Le et al. 2023b, Proposition 4.3.5] of 5(‘;/, as
well as the fact that Z's ™t ,» € 5§, whenever 5§ occurs in diagram (3-2) for Z’ such that E(Z’j) > 3 for
0<j=f-L

At this point, we have shown that U (Z, n, Vr.00)F identifies with U (Z, M, Vr.00)table.F» and thus we
establish the top horizontal arrow of diagram (3-2). The rest of the proof now is exactly the same as in
the previous case.

Finally, it remains to check the last item in the theorem. But the reducedness follow from the reducedness
of each U (Z, 1, Vz,00)F, While the identification of the irreducible components was already established in
the arguments above. U

Corollary 3.3.3. Let 7 € Adm" (n) and assume that the character | (appearing in the lowest alcove
presentation (s, ) of T) is 4-deep. Then

o X[g’r is reduced,
. (’)(ﬁ(Z, 1, Vi.00)) is a normal domain; and
e forany p : Gk — GL3(F) the ring RZ’T is either O or a normal domain.

Remark 3.3.4. It can be showed that both O(fj (Z,m, Vi.00)) and RZ’T are Cohen—Macaulay. This can be
done by either explicit inspection of the schemes occurring in Table 3 as in [Le et al. 2018a, §8], or by

using the cyclicity of patched modules proven in Theorem 5.3.1 below.

Proof. The fact that (’)(ﬁ (z, n, Vmo)) is a normal domain follows from the fact that its special fiber
is reduced, as in the proof of [Le et al. 2018a, Proposition 8.5]. The statement for RZ’T follows in
the same way, noting that Rg}, being (equisingular to) a completion of the excellent reduced ring
OWU(Z,n, Vi.00)F), is reduced. O

We can finally introduce the notion of Serre weights attached to a continuous Galois representation
,5 . GK — GL3([F)

Definition 3.3.5. Let p : Gk — GL3(F) be a continuous Galois representation. We define Wé(p) to be
the set of Serre weights o such that p € C, (F) (cf. [Le et al. 2023b, Definition 9.1.2]).
If p|1, is tame so that o], is isomorphic to a tame inertial F-type t(w, w4 n), then we define W’ (p)
to be W’ (T(w, w+1)) (see Section 2.1.G for the latter). We also say that p is N-generic if T(w, w+n) is.
Finally, we say that a Serre weight is generic if it is a Jordan—Holder constituent of a 4-generic Deligne—
Lusztig representation. (By equation (2-3) and Section 2.1.G, a Serre weight is generic if and only if it
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admits a lowest alcove presentation (w;, w) such that (w, w; - Cp) € t,4,5(X) for some u € CoN X*(T)
that is 4-deep.) A generic Serre weight is necessarily 2-deep by [Le et al. 2023b, Proposition 2.3.7]. We
let Wgen(p) and W,

en

(p) denote the subsets of generic Serre weights of W& () and W’ (), respectively.

Remark 3.3.6. When restricted to the present setting, the subset ngn(ﬁ) C W8(p) defined in [Le et al.
2023b, Definition 9.1.2] (consisting of 8-deep Serre weights) is a subset of the set defined above.

Corollary 3.3.7. Let p : Gk — GL3(F) be semisimple and 4-generic. Then ngen(,é) = W;en(ﬁ).

Proof. Let o be a generic Serre weight so that o € JH(m) for some 4-deep u € Cp and s € W.
By Theorem 3.3.2, if p ¢ X[g " then o ¢ W#(p). Else p, being semisimple, corresponds to a point in
T[Fv’ji ceUG, < n)r in the diagram (3-2). The proof of Theorem 3.3.2 (precisely, the end of the third
paragraph in the proof of item (2) there) shows that p € C, if and only if o € W (p). O

Proposition 3.3.8. If p : Gk — GL3(F) is a Galois representation such that p**|, is 6-generic, then
every Serre weight in W8(p) is generic, i.e., ngen(ﬁ) = W&(p).

Proof. Since the proof uses methods which are now well-known (see, e.g., [Gee et al. 2017, §3]) but
orthogonal to those of this section, we will be brief. Let p be as in the statement of the proposition.
Then in particular, p > 6. Suppose that F(1) € W8(p). Let p' : Gk — GL3(F) be a maximally
nonsplit Galois representation lying only on Cr(;). Then p’ has an ordinary crystalline lift of weight
A+ 1 by [Emerton and Gee 2023, Lemma 5.5.4]. Then by [Emerton and Gee 2014, Corollary A.7]
there is an automorphic globalization 7" : Gp+ — G3(F) (where Gs is the algebraic group defined
in [Clozel et al. 2008, §2.1] with n = 3) of p’ which is potentially diagonalizably automorphic in
the sense of [Le et al. 2019, Theorem 4.3.1]. The proof of [Le et al. 2019, Theorem 4.3.8] im-
plies that Homc(oF;)((X)U'p W)Y, S(U))Ord # 0 in the notation of [loc. cit.]. Since the natural map
HomG(@F;)(®v|p F()Y, S(U))Ord — HOHIG(OF;)(®U|,, W)Y, S(U))Ord is an isomorphism by [Gee
and Geraghty 2012, Lemma 6.1.3], we conclude that HomG(OF;r) (®v|p F(\)Y, S(U)) is nonzero. This
olp Ri(M)Y, S(U)) # 0 by [Herzig 2011, Lemma 2.3]. In particular, o’ has a
potentially semistable lift of type (n, 7) for t =7 (1, A). Since W8(p’) ={F (1)}, we conclude that Cr ;) is

implies that HomG(Op;) (®

a subset of the substack of Xk 3 corresponding to potentially semistable representations of type (1, 7). In
particular, since p € Cr(,)(F), p has a potentially semistable lift of type (1, 7). By [Enns 2019, Lemma 5],
£° has a semistable lift of type (1, t). Then R (L) is 1-generic by [Enns 2019, Proposition 7] (the proof
of [Enns 2019, Theorem 8] shows that R;(A) is 2-generic in the sense of [Enns 2019, Definition 2] where
8 =6 and n + 1 = 4 here so that R|(A) is 1-generic by [Le et al. 2019, Remark 2.2.8]). In particular,
any potentially semistable lift of type (1, ) is potentially crystalline. By the proof of [Le et al. 2019,
Proposition 3.3.2], 7 is 4-generic (the proof shows that any lowest alcove presentation of t is 3-generic,
but one compatible with a 6-generic lowest alcove presentation of pj is 4-generic). We conclude that
R ()) is 4-generic and that F (1) is generic. O

Corollary 3.3.9. Let p : Gk — GL3(F) be semisimple and 6-generic. Then W&(p) = W’ (p).
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Proof. This follows from Corollary 3.3.7, Proposition 3.3.8, and the fact that W, gen (p) = W?(p) in this
case. (|

Remark 3.3.10. The notions and the results of this section hold true, mutatis mutandis, when the set
S, has arbitrary finite cardinality, and 7, p are a tame inertial L-parameter and a continuous [F-valued L-
homomorphism respectively. In this case U 2), glo.2l (2), etc. are fibered products, over Spec O and over
the elements v € S, of objects of the form ﬁ(Zv) g2 (2), etc. for z, € (WV)H°m@p(F+’E)' the twisted
shifted T %-conjugation action is now induced by AW > tj AU )s (tz-1(jy) for j e Homg, (Fp, E). Analo-
gously, the algebraic stacks Y1027 Xk 3, X7, etc. are fibered products, over Spf O and over the elements
ve Sy of Y 0.2l yp Fit 3 X% etc. The results of this section hold true in this more general setting.

4. Geometric Serre weights

The irreducible components of X’k ,, from [Emerton and Gee 2023, Definition 3.2.1] give rise to a partition

Ne\yUda

oceW+ o¢gWt

of Xk, with locally closed parts

indexed by sets W™ of Serre weights. It is of interest to determine the geometric properties of these
pieces, e.g., when they are nonempty. In principle, one can directly study

N\ U 6 (4-1)

oeW+ oWt
o generlc
for a set W+ of generic Serre weights using the relationship between Xk , and F1°, but this seems to be
complicated even when n = 4. In this section, we determine when (4-1) is nonempty in generic cases
when n = 3 using a notion of obvious weights for wildly ramified representations.

4.1. Intersections of generic irreducible components in F1V°. We first study the geometry of F1V°. The
set J will be a singleton, and so we will omit it from the notation. For n € N, let Cy.qeep be the set of
w € X*(T) such that w — n is n-deep in Cy. Recall from Section 3.3.A that given (w, ) € Wl X Ca-deeps
we have the irreducible subvariety C g ) of F1V°. We define Fl, %eep
(W, w) € W1 X Co.geep (in particular, these C( ) are its irreducible components). The action of T}’

and
2- deep
its irreducible components. We let TV be the extended torus T[Fv x G,,. We write Fl for the set of

as the union of the C3 ) with
(resp. G,,) on FI1V0 induced by right multiplication (resp. loop rotation 7 - v =t~ v) preserves FI,°

T} -fixed points (or equivalently TV—ﬁxed points) of FI)°, . under right translation.

2-deep

Definition 4.1.1. For x* € F1°, (), let W3 geep (X¥) be the set

2-deep

(@, w) € (W X Caugeep) | x* € Ciay(P)}/ ~ .

deep

Recall that the equivalence relation is given by (i, ) ~ (,, @ — v) for any v € X(T).
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The main result of this section classifies the sets Wf deep (x*) for x* € Fl2 deep

of Theorem 3.3.2 (namely, the combinatorial statement in the proof of item (2) there) and Corollary 3.3.7

(F). Combining the proof

(see also [Le et al. 2023b, Proposition 2.6.2]), we obtain the following description of Wzg deep()c*) for
x* € FLLG L (F)

Theorem 4.1.2. For x* € F1V¢T"

8
2-deep’ W,

5. deep(x*) is the set

{@, x5 '(0)) € W} X Coudeep | T2 1 W}/ ~ .

A first step towards understanding Wﬁg deep (x*) will be the determination of the subset Wy, (x*) C

2 deep (x*) of obvious weights. It is defined as follows (see [Le et al. 2022]).

Definition 4.1.3. (1) Let y € W and & € W, be such that yw~1(0) € Ca-deep- We define C 5 y5-1(0)) (V™)
to be the intersection C g yi-1(0)) N Ty \ U(y*)[p in F1,°

(2) Let x* € FIY

2-deep”

9. deep([F). Then define SP(x*) to be the set

{(y, @, y@1(0))) € W x (W X Caudgeep)/ ~ | x* € Cyi1 10y 7))}

and S(x*) and Wy, (x*) be the images of SP(x*) under the projections of W x (W1 X Co-deep)/ ~ tO w
and (Wl X Cy-deep)/ ~» respectively.

We call elements in S(x*) specializations of x*. The set SP(x*) is the set of specialization pairs
consisting of a specialization and an obvious weight.

Lemma 4.1.4. For x* € F1\° ([F) and W € W1 such that xw = (0) € Cs. -deeps X € C xii-1(0))-

2- deep
Proof. For any w € Wi, since x* € S[‘F’(w*wa‘)(xw_ we)*, x* € S[FU(@, e, xw lwg) = Cw.xi-1(0)) (see
[Le et al. 2023b, (4.9) and Proposition 4.3.5]). Il

Remark 4.1.5. (1) Let x* € FI," Since x* is the unique 7}’-fixed point of C g ,5-1(0)) (™),

2- deep
SP(x*) = {(x, (@, x@1(0))) € W x (Wi X Ca-deep)/ ~}

by Lemma 4.1.4. In particular, S(x*) = {x}. Moreover, for all tame inertial F-types T, (0, w) €
Woby (W(7)*) if and only if F(5 4) € Woby(T) in the sense of [Le et al. 2023b, Definition 2.6.3].

(2) For x* € F1)° (F), clearly, Wopy (x*) C Wf_deep(x*).

2-deep
To determine W§ deep (x*), we first determine SP(x*). The idea is that Wy, (x*) gives a lower bound for

W5, deep(x*) (Remark 4.1.5(2)) while S(x*) gives an upper bound by Lemma 4.1.7(2) and Theorem 4.1.2,
and SP(x*) combines these invariants into a more uniformly behaved set (see Corollary 4.1.10).

The following results are key to our analysis of SP(x*). For x* € FIYO , let Oy : SP(x*) — W be the

2-deep’
map that takes (y, (W, w)) to the image of yw ! in W.

Proposition 4.1.6. For x* Fl2 deep O : SP(x*) — W is injective.

Proof. This is [Le et al. 2022, Proposition 3.6.4]. (It can also be proven by direct computation in the case
of GL3.) O
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Let 7% L*Gr be the Iwahori group scheme. For w, € W and x* € Fl, let i (x*, ;) € W be the
unique element such that x* € 7\ Zw (x*, w,)*Zw;.

Lemma 4.1.7. Suppose that y € S(x*). Then
(D w(y*, wr) = w(x*7 wr); and
(2) Wideep(x*) - Wideep(y*)‘

Proof. That y € S(x*) implies that x* € Ty \ U (y*) or equivalently that y* is in the T[Fv—orbit closure
of x*. For (1), y* is in the (T[Fv—orbit) closure of Z\ Zw (x™*, w,)*Zw? which implies the desired inequality.
For (2), if x* € C(,0), then y* € C(i,,) since C(g ) is T[Fv—stable and closed. O

The following result provides a method to start with an element of SP(x*) and produce another using
a simple reflection in W.

Vo

2-deep and s € W be a simple reflection. Suppose that for some y € W,

Proposition 4.1.8. Let x* € Fl

(1) yw=st_,w(0) —n, ysw=1(0) —n, and Vt_(sw)-1 () (0) — n are 2-deep; and
2 (y. @, yw_l(o))) € SP(x*),

where sw € Wl is the unique element up to X°(T) such that sww 's~' € X*(T). Then either
(yw~'sw, (w, yw='(0))) € SP(x*) or (y, (5w, ysw~'(0))) is in SP(x*).

1 1

Proof. Let i, be y(@ ='W, 'wosw)~! so that @ (y*, W;) = W~

this corresponds to the choice of the inertial type t in [Le et al. 2018a, Proposition 7.16(3)]. We will see

w;lwosw. In Galois-theoretic language,

that there are only two possibilities for w(x*, w,). First, wilﬁglwosw < w(x*, w;) by Lemma 4.1.7(1).

Let M (< n)r C Fl be the reduced closure of Uy,ewZ \ Z1,,-1(,, Z (this is compatible with the notation in
Section 3.1). Let M (1, Vi, (0))rw; be the intersection M (n)fw? NFIY. Forz e WY, let M(n, Vi, 0)F(2)
denote the intersection M (1, Vg, 0))r N (T \ U (z)) which is isomorphic to

~ def ~
Uz, 1, Vs, 0)F = T \ UG, 1, Vi, 0)F-
Now, x* lies in C g, ,5-1(0)) Which is the closure of
M (0, Vg, )5 (ty1 ) W7 = T\ Tty1() L7 N F1Vo,

hence W (x*, ;) < t,,-1(,. Combining this with the last paragraph, we have

1 1

~ ]~ ~ o~ x o~
W w, wosw < w(xT, we) < b1 ()

Since £(w~! @;1 wosw) =3 = £(t,-1(y) — 1 (this is a consequence of a more general result in [Le et al.
2022], but can be checked directly using [Le et al. 2018a, Table 1]), we see that w (x*, w;) = fy=1(n) OF
1175;] wosSW.

If W(x*, ;) = t,-1(,), then (y@_lsw, (w, y@_l(O))) € SP(x*) (this is represented by the red and
1

w_

blue parts in Figure 1). We claim that if w(x*, w;) =w~ ﬁh_lwosw, then x* € C g 510y () (this is
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Figure 1. We illustrate the dichotomy given by the last paragraph of the proof of
Proposition 4.1.8. We represent the data (y, (w, w)) € SP(x*) by the alcove labeled by
y and the dot (resp. circle) at w € X*(T)/ X%T) when @ - Cy is lower (resp. upper)
alcove (thus the left picture is the case where w - Cy is upper alcove, and the right picture
the case where w - Cy is lower alcove). The starting pair (y, (W, yw™! (O))) € SP(x*) is
given by the red triangle (with vertexes labeled by the set Wop, (¥*)) and the source of
the arrow (labeled by the obvious weight (i, yi~'(0)) € Wopy (x*)). The dotted triangle
represents the possible new specialization, while the tip of the arrow represents the new
obvious weight.

represented by the arrows in Figure 1). It suffices to show that

~_1~—1 ~ ~
I\NZ@ Wy, wos®) Ty NFIY CINTHS (0 T g1y NI (4-2)

Using (1), [Le et al. 2023b, Theorem 4.2.4] shows that both
INZ@ '@, ' wos W) ZwENFIY  and T\ Z(wosSw)*I(Sw ' W, 1) * W} NFIY (4-3)

1 1

are isomorphic to A?. The equality @~ th_] WosW = SW E;lwosﬁb implies that the latter space in
(4-3) is contained in the former by the proof of [Le et al. 2023b, Proposition 4.3.4] (one can directly
check that (ﬁu”ﬁ;l)(wos)sfi’u is a reduced factorization) so that the spaces in (4-3) are equal. Finally,

observe that
I\ Z(wossW)*Z(Sw W, )* Wi € T\ Z(wosw)*T(woswy ) (S0~ ', ) 7

and

T\ Z(wosW)*L(woswy )* S~ W, )* W NFIV0
=T\ Z(Sw ™ "W, ' wosw)* Z(W,5w)* (woswy )* w5, ) Wk NFIY
_ * * * Vi
= I\ gyt T gyt OFL

by (the proof of) [Le et al. 2023b, Proposition 4.3.4]. Putting this all together yields (4-2). O
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Vo

Proposition 4.1.9. For x* € Fl, 5.,

SP(x*) is nonempty.
Proof. By hypothesis, we have x* € C(g ) for some (0, w) € VT/I X Ca.deep- It follows from the definition
of C(i,0) that it is a closed subscheme of mtw* NFIY°. Thus Ciw C Uz < Sg(2)t.+. Note
that SP(2) C Tp' \ U (D)rtwr = T’ \ U (Ztw)F, for example, see [Le et al. 2023b, Proposition 4.2.13]. It
follows that C () has an open cover Uz§z75*w;; C(i,0) (Ztwr).

If w - Co = Co, then any 7 < w*wy satisfies Z* € Ww. Choosing such a Z with x* € C (g, ., (Zt»+) gives
(tn2*, (W, w)) € SP(x*) and we are done.

Suppose now that w - Cy is the upper p-restricted alcove. For Z < w*wy, either Z* € Ww*, or z* € W',
where w’ is the unique element in W, such that @' < . In particular w’ - Co = Cy. There are two cases:

o If x* € C(iy.0) (Zt,+) for some 2" € Ww*, we get (1,2%, (W, w)) € SP(x*) as above.
o Otherwise, x* € (UZ* cewi SE (Z)ta,*) NFIY =C (i .w)- Repeating our arguments with (W, w) replaced
by (W', ), we are also done in this case. O

Corollary 4.1.10. Let x* € Flzv_ ‘zieep. If there exists yo € S(x*) with yo(0) € Ce.deep» then O« : SP(x*) — W

is bijective.
Proof. By Proposition 4.1.6, it suffices to show that 6.+ : SP(x*) — W is surjective. By Proposition 4.1.9,
SP(x*) is nonempty. If (y, (w, yw_l (0))) € SP(x*) and s € W is a simple reflection, then either

(v~ 'si, (@, yw~'(0) € SP(x*) or (y, $W, ysw™'(0))) € SP(x*)

by Proposition 4.1.8 so that Qx*(y, (w, y@‘l(O)))s is in the image of 6,«. (The hypothesis that yy(0) €
Cé-deep guarantees that Proposition 4.1.8(1) applies.) Since simple reflections generate W, the result
follows. 0

zv_ “deep such that there exists yo € S(x*) with yo(0) € Ce.deep- Then

there exists . —n € Co and w € W such that the image of Wopy (x*) under (2-2) is one of the sets
(1) w{(©,0)};

(2) w{(er —&2, Dk

(3) w{(0,0), (g1 — &2, D};

4 w{(0,0), (e1 — &2, 1), (&2 — &1, D3

(5) w{(0, 1), (e1,0), (¢2,0), (e1 + €2, D}; and

(©) w{(0,0), (61— &2, 1), (e2 — &1, 1), (€1, 0), (€2, 0), (61 + &2, 1)}.

Moreover, every possibility arises. Finally, with respect to the six above alternatives for Wopy (x*) the

Lemma 4.1.11. Suppose that x* € Fl

image of Wég_ deep (x*) under (2-2) is contained in
(1) w{(0,0), (0, D};

(2) w{(er — &2, D}

(3") w{(0,0), (0, 1), (e1 — &2, D};
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(4/) UJ{(O, 0)’ (07 1)’ (81 — &2, 1)’ (82 — €1, 1)}’
(5" w{(0, 1), (e1,0), (e1, 1), (e2, 0), (g2, 1), (&1 + &2, 1)}; and
(©) w{(0,0), (0, 1), (e1 — 2, 1), (&2 — &1, 1), (€1, 0), (e1, 1), (62, 0), (€2, 1), (g1 + &2, D}

Remark 4.1.12. The sets in the second part of Lemma 4.1.11 are the minimal sets containing the
corresponding sets in the first part closed under changing a O in the second argument to a 1. Since the set

in the second part are obtained by taking intersections ﬂye S(x*) WQg (y*) which are closed under this

-dee

operation, these sets are a natural upper bound for Wf_ deep (x*). '
Proof. We will illustrate the proof with various figures, all of which follow the same graphic conventions
as in Figure 1.

Recall that we have canonical isomorphisms W /W, = X*(Z) and y(Fl) = X*(Z). In this proof
we will choose various A € X*(T) with the property that the image of ¢, in X*(Z) is the same as the
image of x*, and use (2-2) to identify (Wl X (X*(T)YNCy+ n))‘_’”z)/ ~ and A%V x A, since the latter
set is more convenient to work with here.

By Corollary 4.1.10, one obtains the elements of Wy, (x*) by repeatedly applying the process described
in Proposition 4.1.8 which we call a simple walk. We use the following two basic facts repeatedly.

(1) If (e, a) € Wopy(x™), then either Wy (x*) = {(&, @)} or there is a simple walk from some (y, (&, a))
giving another element (&', a’) € Wopy (x*) in which case a # a’ and ¢ — &’ € W{ey, &2}.
() W5 goep ™) CMyesirry) Wageep ™) by Lemma 4.1.7(2).

The analysis can be divided into a number of cases.
o Suppose that there is no element of the form (g, 1) in Wy (x*). Then Wepy (x*) consists of a single
element by (i), which after changing A, we assume to be {(0, 0)}. Then by Corollary 4.1.10, S(x*) =
{thw | w € W}. Then Wideep(x*) C ﬂyes(x*) Wideep(y*) ={(0, 0), (0, 1)} by (ii); see Figure 2, left. This
gives (1) and (1").
o Suppose now that (g, 1) € Wopy(x*) for some ¢ € Aw. Say (yi, (g, 1)) € SP(x*). If a simple walk

produces (y», (¢, 1)) € SP(x™) (i.e., a new element of S(x*) rather than Wy, (x*)), then there exist
A—n e Coand w € W such that y; =, w and y, = t, wwg. Then

W5 teep 1) N W3 e (73) = w{(0, 0), (0, 1), (g1 — &2, 1), (2 — &1, D}

Fact (i) precludes w(0, 1) from being in Wy (x*). Moreover, if w(e; — &, 1) and w(e; — &1, 1) are in
Woby (x*), then so is w(0, 0). Changing w if necessary, we assume that ¢ is w(e; — &3, 1). Then Wy (x™)
is one of cases (2), (3), or (4).

— In case (2), S(x*) has six elements by Corollary 4.1.10, and furthermore

W5 ieen ) C (] Wieep0) = {6, D)
yeS(x*)

by (ii) — this is (2'); see Figure 2, middle.
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__________

.
Lt S

_________

Figure 2. Left: Case where Wop,, (x*) = {(0, 0)} and #S(x*) = #W. The set Wypy (x™)
is pictured by the red dot and the set S(x*) by the 6 triangles. The simple walks only
produce new specializations. Middle: Case where Wopy (x*) = {(e, 1)} and #S(x*) = #W.
The set Wopy (x*) is pictured by the red circle and the set S(x*) by the 6 triangles. Again,
the simple walks only produce new specializations. Right: Case where #S(x*) = 4. We
have the four specializations given by the triangles, and the starting obvious weight (¢, 1)
by the red circle. The simple walk producing the new obvious weight is pictured by the
black thickened arrow.

— In case (3), S(x*) has four elements, and ﬂyes(x*) Wég_deep(y*) is given by (3'); see Figure 2, right.

— In case (4), given by Figure 3, left, S(x*) = {y1, 2} and Wideep(y;“) N Wf_deep(y;‘) is given by (4').

« Finally, we suppose that (&, 1) € Wopy (x*) for some € € Ay and a simple walk starting with (¢’, 1) for any
= Aﬁv such that (&', 1) € Wopy (x*) always yields a new element of Wy, (x*). Let (y1, (g, 1)) € SP(x*).
After possibly changing A, there exists w € W such that Wzg_ deep(y;k) is

lU{(O, 0)7 (0’ 1)’ (81 — &2, l)a (82 — €1, 1)7 (81’ O)a (‘917 l)s (827 0)7 (82a 1)9 (81 +82a 1)}
and ¢ = €| + ;. By assumption, we have that (y;, w(ey, 0)) and (y;, w(ez, 0)) € SP(x*).

— If a simple walk starting with (y;, w(ey, 0)) yields (y2, w(ey, 0)) € SP(x*) for some y, € W, then
W5 deep @) C W5 geep V) N W5 4o, (V) which is (5) (see Figure 3, middle).

We claim that w(ey, 1) ¢ Wopy (0). If w(ey, 1) € Wby (p) then, as argued before with w(e| + &3, 1),
there would necessarily be two elements in Wy, (x™) C Wf_ deep opnN Wzg_ deep(y;) which correspond
to two adjacent vertices in Figure 3, middle. However, there are no such elements in (5"). Sim-
ilarly, w(ez, 1) ¢ Wopy(x*). A simple walk from (y,, w(ep, 0)) € SP(x*) yields two elements in
SP(x*) — (y1, w(eq, 0)) and (y3, w(e’, @)). If y, # y3, then w(ey, 0) ¢ Wideep(yg‘), which contradicts
Lemma 4.1.7(2). We conclude that w(e’, a) = w(0, 1) € Wq,y(p). This gives the set in (5).
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(sl+£1,l)

(&,a)
(€,,0) (€,,0)

(&,—€,1)

___________

Figure 3. Left: Case where #S5(x*) = 2. We have the two specializations given by the
red and blue triangles, and the starting obvious weight (e, 1) by the red circle. The
simple walks producing the new obvious weights are pictured by the black thickened
arrows. Middle: We picture (for w = 1) the simple walks pertaining the third bullet point
in the analysis of the proof of Lemma 4.1.11. The arrows from (g, 1) € Wy (x™*) to
(e1,0), (&2, 0) exist by the assumption that any simple walk from (g, 1) always yields
a new element of Wypy(x*). In this middle picture, we consider the case where a
simple walk from (y1, (¢1, 0)) yields (y», (¢1,0)) € SP(x*) with y, # y; (such y; is
uniquely determined.) Since (y3, (&2, 0)) ¢ SP(x*), we have the arrow from (g1, 0) to
(0, 1). Right: Again, we consider the third bullet point in the analysis of the proof of
Lemma 4.1.11, but now we consider the case when a simple walk from (yi, (g1, 0))
yields (yi, (1 — &2, 1)) € SP(x*) (hence, yields the arrow from (g1, 0) to (g; — &3, 1);
compare with the middle figure.

— If the process in Proposition 4.1.8 from (y;, (¢1, 0)) € SP(x*) yields (y;, w(e; — &2, 1)) € SP(x*)
instead of (yz, w(ey, 0)), then S(x*) = {y;} by (ii) since y; is the unique y € W such that Wideep(y*)
contains w(e; — &3, 1), w(ey, 0), w(ez, 0), and w(e| + &3, 1); see Figure 3, right.

We conclude from Corollary 4.1.10 that Wy (x*) = Wopy (y]) which is given by (6). Then the

upper bounds for Wi deep

(x*) in cases (5) and (6) again follow from (ii).
We now show that every possibility arises.
e One checks that case (6) arises when x* =7 \ Z(f, w)™.

o If welet y =t(,0,—1ywo and x* € Z\ Zy*Z(t, w)*(F) but is not equal to T\ Z(t,wy)*, then one can
check that fw, iwy € S(x*) s0 that Wopy (x*) C Wy jeep (w0) N Wy 4 (tawy) by Lemma 4.1.7. This
rules out (6). One can furthermore check that the image of Wopy (x*) under (2-2) contains (5) so that out
of the six possibilities it must equal (5).

o Next, if 51 and s, € W denote the simple reflections and x* is generic in

I\ ZIs152Tsrs1(tw)* NI\ Isrsi1Isisr(tw)*,
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then t,w, Hwwy € S(x*) so that
Woby (x*) C Wzg_deep(lxw) N Wﬁg_deep(b\wwo)

by Lemma 4.1.7. This rules out (6). One can furthermore check that the image of Wy, (x*) under (2-2)
contains (4) so that out of the six possibilities it must equal (4).

o If x* is generic in Z \ Zsps1Zsys2(f,w)*, then fw, Hhwss, hLwsysy, hwwy € S(x*). Then by similar
arguments as above Wopy (x*) is contained in (3). One can furthermore check that Wy, (x*) contains (3).

o If x* is generic in Z \ ZwoZ(t, w)*, then Wideep(x*) only has one element, namely (1).

« If x™ is generic in an upper alcove component, then Wf_ deep (x*) only has one element corresponding to
2). O

Theorem 4.1.13. Suppose that x* € Flzv_ ‘zjeep such that there exists yo € S(x*) with yo(0) € Ce.decp- Then

there exist . —n € Cy and w € W such that under (2-2) the image of Wopy (x™) is as in Lemma 4.1.11 and
the image of Wzg_

deep (x*) is correspondingly one of

(1) w{(0, 0)} or w{(0, 0), (0, D};

(2) w{(er —&2, D}

(3) w{(0,0), (g1 — &2, D};

4 w{(0,0), (g1 — &2, 1), (&2 — &1, D};

() w{(0, 1), (1, 0), (e1, 1), (62, 0), (e2, 1), (€1 + €2, 1)} and

(6) w{(0,0), (0, 1), (61 — &2, 1), (&2 — &1, 1), (61, 0), (&1, 1), (62, 0), (62, 1), (61 + 2, D}.
Moreover, every possibility arises.

Proof. We explain how the bounds on Wopy (x*) and Table 3 can be used to determine Wzg_ deep (x*). Let
x*e Flzv_ %eep be as in the statement of the theorem, and let A and w be as in Lemma 4.1.11. Define X8 (x*)
to be the image of Wf_ deep (x*) under (2-2). Table 3 (with s; in the notation therei taken to be w in this
proof) implies that the number of irreducible components of the completion of U(Z, 0, V-1 (,4.))F at
an [F-point is never three (and that each irreducible component is smooth). Theorem 3.3.2 then implies
that #X8 (x*) N1,5(Xg) # 3 for all ¢,5 € W,. (The relevant type t in Theorem 3.3.2 is 4-generic since
w(yg, w(r)) <wx*, w(r)) € Adm(n) by Lemma 4.1.7(1) and yo(0) € Cs.deep.) This is the key fact that
we will use in our analysis of X8 (x*).

The upper and lower bounds, say X"°(x*) and ©'°(x*), respectively, for £8(x*) from Lemma 4.1.11
give upper and lower bounds for 8 (x*) Nt,s(Zg) for each t,s € W,. For each (¢, a) € »Ub(x*) \ =10 (x*)
in cases (3)—(6), one can choose f,s € W, such that

o (U0 ZP(*) Nt (Zo) = {(e, a)}; and
o #XW (X)) N1,5(Zp) =3 or #ZP(x*) N1ys(Zg) = 3.
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Figure 4. Choice of #,s in cases (3) and (4). The red circles and the dot represent
= (x*), the black circle the element in " (x*) \ ='°(x*). We have fixed an element
LipqW € W so that s~ 1w Ly € S(x7).

Figure 5. Choice of ¢,s in cases (5) and (6).The red circles and dots represent b (x*)
the black circles the element in 0 (x*) \ =P (x*). We have fixed an element tugnWw € w
so that st w e € S(x%).

Then the fact above implies that #30(x*)N1,5(Zo) =3 if and only if (g, a) € X8(x™*). From this, one
checks that X8 (x™*) is as claimed. We now illustrate in Figures 4 and 5 the choices of 7 in cases (3)—(6).

Finally, we show that every possibility arises. Since Lemma 4.1.11 showed that every one of the
six possibilities arises, we only need to show that the two possibilities in case (1) arise. The case
w{(0, 0)} arises when x* is generic on a lower alcove component so that Wf_ deep
corresponding to this component. The case w{(0, 0), (0, 1)} arises when x* is generic in the intersection

(x*) only has one element

of the two components corresponding to w{(0, 0), (0, 1)}. Indeed, this intersection is two-dimensional
so as long as x* is not in cases (5) or (6) which are of dimensions one and zero, respectively, the case
w{(0, 0), (0, 1)} must apply. O

Remark 4.1.14. The notions in this section extend to the case of products: if x* = (x/);c7 € (FL, deep)J ,
we let Wf_deep(x*) and Wopy (x*) be the subsets [ [, ; W, deep(x*) and [ ;<7 Woby (x]") of

(W, x (X*(T)NCo+m)/ ~,
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respectively. The natural analogues of Theorems 4.1.2 and 4.1.13 generalize to this setting.

4.2. Classification of geometric weight sets. Let p : Gk — GL3(F) be a continuous Galois representation.
If 7 is a 4-generic tame inertial type and p arises as an F-point of X[g ' then Theorem 3.2.2 attaches a
Breuil-Kisin module 9t € Y©2-7(F) to . In this scenario, we define the shape W* (5, T) € W¥7 of p
with respect to t to be the shape of M e Y [0.21.7(F) (see Section 2.2). Let W; deep(/5) be the set of Serre
weights {o | o is 2-deep and p € C, (F)}.

Definition 4.2.1. Let SP(p) be the set of pairs (o1, o) with p; a tame inertial F-type and o € Wzg_ deep(,5)
such that there exists a 4-generic tame inertial type T with

e 0 € JH(6 (7)) and
o« TP, 1) =W (D1, T) € twvy

for any, or equivalently all, extensions ,g 1:Gx — GL3(F) of p1 (in particular 0 € Wopy(01)). Let Wopy () C

Wideep deep(0)- Let S(p) be the image of SP(p)

under the projection to the set of tame inertial F-types. We call an element of S(p) a specialization of p.

(p) be the image of SP(p) under the projection to Wzg_

Definition 4.2.2. We say that a Galois representation p : Gg — GL3(F) is m-generic if the tame inertial
F-type 0%|;, is m-generic and p has an m-generic specialization.

Remark 4.2.3. (1) If m > 6, p: Gk — GL3(F) is semisimple, and p|;, is m-generic, then p is m-generic
in the sense of Definition 4.2.2 since p|7, € S(p).

(2) It is shown (in greater generality under a suitable genericity assumption) in [Le et al. 2022] that
0%, € S(p) so that the requirement that p has an m-generic specialization in Definition 4.2.2 is
superfluous when m is sufficiently large.

We now recall the setting of Theorem 3.3.2. In particular, we have a pair (o, ¢) which corresponds to a
lowest alcove presentation (W, w) of a Serre weight o. Given the auxiliary choice of an appropriate tame
inertial type t (and letting (s, ;) be the compatible lowest alcove presentation), we have the diagram

C = Cioy — Cim

| l

~ 0,2
A %10y ——— Fly

me (4-4)
10,2]

Co — [Fl77 - s*tyrpys/ Ty -sh.cni]

[T

(Xk,3)F —— ®-Modig't
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In particular the composite of the middle column gives a map Cé — CD—Mod%} which does not depend
on 7 and which factors through Xk 3. Note also that a‘; is a subvariety of (I?IVO)J , and that the rightmost
vertical arrow factors through (F1V)7

The following proposition relates the Galois theoretic notions in Section 3.3 with the geometric notions
in Section 4.1 (or rather, its product version as in Remark 4.1.14):

Proposition 4.2.4. Let p € Xk 3(F) be 6-generic and (W, w) be a lowest alcove presentation of an
element of W& (5) compatible with a 6-generic lowest alcove presentation of 5%. If ¥* € (F1°*)7 (F) has
f gen(p) 4 8 p f p%. If ( )< (F)

images x* € (Flzv_(zieep)J(l]:) and p € Xk 3(F) then (W, w) is in Wopy (x*) (resp. Wzg-deep(X*)) if and only if
F(@,0) € Wobv(0) (resp. Wfdeep(ﬁ))-

Proof. This follows from Theorem 3.3.2, applied to suitably chosen auxiliary 4-generic types T containing
F.0)- O
Theorem 4.2.5. If p : Gx — GL3(F) is 6-generic, then there exist . € X*(T) and w € W such that
Woby (0) is F(‘Zt)\ (]_[jej iy Eobv,j(,é))) where for each j € J, Zowy, j(p) is one of the sets

(1) {(0,0)};

(2) {(e1 —&2, D}

(3) {(0,0), (e1 — &2, D};

@) {(0,0), (61 — &2, 1), (e2 — &1, D};

(5) {0, 1), (&1, 0), (&2, 0), (&1 + &2, 1)}; and

(6) {(0,0), (1 — &2, 1), (€2 — €1, 1), (€1, 0), (62, 0), (e1 + &2, 1) }.
Furthermore, ngen(,é) = F(‘Ztk (]_[jej w; Ef(ﬁ))), where with respect to the six above alternatives for
2zobv,j(la)a Ef(ﬁ) is

(1) {(0,0)} or {(0, 0), (0, D)};

2) {(e1 —&2, D};

(3) {(0,0), (e1 — &2, D}

(4/) {(0’ O)a (81 — &2, 1)5 (82 — €1, 1)}’

(5") {0, 1), (1,0, (1, 1), (£2,0), (g2, 1), (61 + &2, 1)} o

(6/) {(O’ 0)7 (07 1)’ (81 — &2, 1)’ (82 — €1, 1)7 (817 0)’ (819 1)’ (82’ O)v (82’ 1)7 (81 +82’ 1)}

Moreover, every possibility arises. If p is furthermore 8-generic, then W8 (p) = F(‘ItA (]_[jej iy Ef (,5)))
with Ef. as above.

Proof. This follows from Proposition 4.2.4, Theorem 4.1.13, and Proposition 3.3.8. g

Remark 4.2.6. By the proof of Theorem 4.2.5 (and Lemma 4.1.11), if p is 6-generic and has an m-generic
specialization, then every specialization is (m—4)-generic.
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Theorem 4.2.7. Let T and 1’ be 4-generic tame inertial types and p € X" (F) and 5’ € X7 (F). Suppose
further that X*, X'* € (Fl "I (F) have images x*, x'* € (F1, deep)‘7([F) and p, p' € X5(F), respectively, such
that x'* is in the closure of the TV-orblt of x*. Then p' € X"*(F) and w*(p’, ) < w*(p, T). Moreover,
Ween(p) C Wien ().

Proof. Since p € X" (F), x* € C, for some o € JH(c (7)) by Theorem 3.3.2. Since C, is closed and

T +-stable, x'* € C,. We conclude that o' € X" (F) again using Theorem 3.3.2. Similarly, x* is in the
closure of Z\ Zw*(p, T)Zw*(t) which implies the desired inequality.
If p € C, for a generic weight o, then the same argument above shows that o’ € C, . g

Corollary 4.2.8. Let v and t' be 4-generic tame inertial types and p € X" (F) N X7 (F). Suppose that
p1 € X7 (F) such that W*(py, T') = W*(p, T'). Then py € X"*(F) and W*(p1, T) < W*(p, 7).

Proof. This follows from Theorem 4.2.7 since there is a contracting T[Fv-cocharacter for each translated
Schubert cell (see [Le et al. 2023b, Lemma 3.4.7]). U

5. Results for patching functors

We start in Section 5.1 by recalling the formalism of weak (minimal) patching functors and we prove
abstract versions of Serre weight conjectures assuming the modularity of an obvious weight (see Proposi-
tions 5.1.10 and 5.1.11 below). This assumption is removed in Section 5.2 if the weak patching functor
comes from an arithmetic module. In Section 5.3, we prove results on cyclicity of patching functors
arising from arithmetic modules and we finally give global applications of the above results in Section 5.4.

5.1. Patching functors and Serre weights. We recall the setup and the basic definitions for weak
minimal patching functors. Recall from Section 1.4 that we write the finite étale Z,-algebra O, as the
product [, s, Oy, where S, is a finite set and for each v € S, O, is the ring of integers in a finite
unramified extension F," of @, and that LG denotes the Langlands dual group of Go = Reso ,/2,(GL3,0,).
Following Section 2.1.1, an F-valued L-homomorphism p : Gg, — LG(F) (resp. a tame inertial L-
parameter t : Ig, — GY(E)) is identified with a collection (5,)yc s, of continuous homomorphisms
Pv : G+ — GL3(F) (resp. with a collection (7y)yes, of tame inertial types 7, : I+ — GL3(E)).

Let p be an L-homomorphism over F with corresponding collection (Pv)ves,- We write R, for the
O-algebra R; ®o R”, where

def ® R

ves,,0

and R? is a (nonzero) complete local Noetherian equidimensional flat O-algebra with residue field F such
that each irreducible component of Spec R” and of Spec R” is geometrically irreducible (we remind the
reader that M denotes M ®¢ F for any @-module M). We suppress the dependence on R” below. For a
Weil-Deligne inertial L-parameter 7, let Roo(7) be Roo Q& Rg’f, where

R’? T def ® R77u Ty

ves,, 0
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Let Xoo, Xoo(7), and X oo(7) be Spec R, Spec Ry (T), and Spec Roo(7) respectively. Let Mod(X ) be
the category of coherent sheaves over X, and let Rep,(GL3(0O))) denote the category of topological
O[GL3(0,)]-modules which are finitely generated over O.

Recall from Section 2.1.C that given a tame inertial L-parameter T we have an irreducible smooth
E-representation o (7) attached to it. If 6°(7) C o (7) is an O-lattice, we write ¢°(t) for 0°(7) ®o F in
what follows.

Definition 5.1.1. A weak patching functor for an L-homomorphism p : Wg, — LG(F) is a nonzero
covariant exact functor M, : Rep,(GL3(0,)) — Mod(X ) satisfying the following: if T is an inertial
L-parameter and o °(7) is an O-lattice in o (7) then:

(1) My (0o°(7)) is either zero or a maximal Cohen—Macaulay sheaf on X (7).
(2) For all 0 € JH(G°(1)), Moo (o) is a maximal Cohen—Macaulay sheaf on X (7) (or is 0).

(3) Suppose o° is an O-lattice in a principal series representation R (). Then M, (0°) is supported
on the potentially semistable locus of type (n, T(1, n)) in Xoo.

We say that a weak patching functor M is minimal if R? is formally smooth over O and whenever 7t is an
inertial L-parameter, Moo (0°(7))[ p_l], which is locally free over (the regular scheme) Spec Roo (7)[ p‘l],
has rank at most one on each connected component.

Remark 5.1.2. The above definition of weak patching functor is slightly weaker than that in [Le et al.
2023b, Definition 6.2.1] and closer in spirit to that of [Le et al. 2019, Definition 4.2.1]: the purpose of the
third item is to eliminate nonregular Serre weights.

Let d be the (common) dimension of X (t) for any inertial L-parameter 7. If M is an R s-module
whose action factors through Roo(7) for some inertial L-parameter 7, let Z(M) be the associated d-
dimensional cycle. Note that Z(M,(—)) is additive in exact sequences.

We now fix an L-homomorphism p : Wg, — LG(F) and a weak patching functor M. Let W(p) be
the set of Serre weights o such that My (o) # 0.

Proposition 5.1.3. Ifp: Wg, — LG (F) is an L-homomorphism with 6-generic semisimplification, then
Wgen(ﬁ) = W(p).

Proof. We adapt the argument in Proposition 3.3.8: If F(A) € W(p), then My, (F (X)) # 0 so that
Mo (R (X)) # 0. This implies that o, and hence £, has a potentially semistable lift of type (1, T(1, A)).
The rest of the argument is the same. U
Proposition 5.1.4. (1) If 5%|;, is 7-generic, then W(p) C W’ (5|1, ).

(2) If p*| 1, is T-generic, then for any 4-generic p1 € S(p), W(p) C W?(51). (Note that S(p) consists of
tame inertial F-types so that W’ (py) is defined.)

Proof. Let o be in W(p). By the proof of Propositions 5.1.3 and 3.3.8, R;(}) is 5-generic if 0 = F(A) so
that o is 3-deep. Let p; be a 4-generic element of S(p) or p*|;,. Suppose that o ¢ W?(p1). By (the
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proof of) [Le et al. 2020, Lemma 2.3.13] and Proposition 2.1.1, we can find a 1-generic type t such that
o € JH(o (1)) and JH(o (1)) N W’ (p;) = @. That o € W(p) implies that p, and thus 0%, has a potentially
crystalline lift of type t as in the proof of Proposition 5.1.3. Proposition 3.3.2 in [Le et al. 2019] implies
that 7 is 4-generic. Lemma 5 in [Enns 2019] or Corollary 4.2.8 then implies that 5 1 € X7 (F) for any
extension 51 of p; to an L-homomorphism. Theorem 3.3.2 implies that JH(& (7)) N ngen (51) # . On
the other hand,

9

TH(E (1) N WE, (p1) = TH(@E (1) N W,

gen

(1) =JHG ()N W' (51) =2
by Corollary 3.3.7. This is a contradiction. 0

For a Serre weight o, let p(o) be the prime ideal or unit ideal in R; corresponding to the pullback of
the stack C, to Spec R;. For an inertial L-parameter 7, let I (7) be the kernel of the surjection R; — Rg’f.
Observe that if I(t) C p(o) # 1, then p(o) induces a minimal prime of Eg’r, and all minimal primes
arise this way.

Lemma 5.1.5. Suppose that t is an inertial L-parameter corresponding to a collection of 4-generic tame
inertial types (Ty)ves,. Then any minimal prime ideal of Rx(7) is of the form I (t) Roo + pRoo for some
minimal prime ideal p C RP.

If M is a nonzero finitely generated maximal Cohen-Macaulay R (t)-module, then Anng, (M) =
I1(7) + (w).

Proof. Since Rg’r is geometrically irreducible (its special fiber is reduced after arbitrary finite extension of
[F and hence is normal; see the proof of [Le et al. 2020, Lemma 3.5.4]), the first part follows from [Barnet-
Lamb et al. 2011, Lemma 3.3(5)]. Similarly, any minimal prime of R (7) is of the form p(c) R +PRoos
where p(o) corresponds to a minimal prime of RZ’T, and p is a minimal prime of R”.

If M is a nonzero finitely generated maximal Cohen—Macaulay R, (7)-module, then Z(M) is at least
the reduction of the cycle in Spec Ro (7)[1/ p] corresponding to a minimal prime of R (7). In particular,
for any prime p(o) of R; inducing a minimal prime of R™", Ann Roo(7) (M) is contained in a prime induced
by p(0) Roo + PR oo for some minimal prime p of R”. Since Reo/(P(0)Roo +PRoo) = R;/p(0) ® R”/p,
(P(0)Rx +PRx) N R; =p(o) by Lemma 5.1.6. We conclude that Anng (M) C p(o) for each minimal
prime ideal p(0) Roo(t) of Roo(7). Since Roo(7) is reduced, Anng, (M) C I(t) + (w). The reverse
inclusion is clear. U

Lemma 5.1.6. Let | be a field. If R and S are complete Noetherian local F-algebras with residue field [F,

then the natural map R — R ®¢ S, r +— r & 1 is an injection.

Proof. Let mg C S be the maximal ideal. The composition R — R QFS — R®f (S/mg) = R Qf [ is the
isomorphism given by r — r @ 1. The result follows. g

For the rest of the section, we assume that p is 8-generic. In particular, every element of S(p) is
4-generic by Remark 4.2.6.



1262 Daniel Le, Bao V. Le Hung, Brandon Levin and Stefano Morra

Lemma 5.1.7. If 01 is a Serre weight and Anng; M (01) C p(02) & Rj for a Serre weight o3, then

0'2’[‘0'1.

Proof. Since M., (01) is nonzero by assumption, Proposition 5.1.4 implies that o1 € W(5;) for any
specialization p; of p. Then o) is 6-deep because p is 8-generic. If o7 € JH(6 (7)) for a tame inertial
type 7 (necessarily 4-generic), then

() )= @)+1(r) CAmng, Muo(o1) C (o) S R,
oeJH(o (1))

by Theorem 3.3.2. This implies that o, € JH(G (7)). We conclude that o7 covers o, (Definition 2.1.2).
The result now follows from Lemma 2.1.3. ]

Lemma 5.1.8. If Wqy (0) N W (D) is nonempty, then Wy, (0) C W (D).

Proof. Let o9 € Wopy(p). We claim that there is an n € N and sequences of tame inertial types (7;)7_;,
specializations (p;)
° {Ui}?:() = Wobv(0);
e pieS(p)foralli=1,...,n;
« W(pi) NJH(G (1:)) = Woby (57) NTH(T (1)) = {01, 0} forall i = 1,..., n.

n
i

_, (elements in S(p)), and (not necessarily distinct) Serre weights (0;)7_; such that

Indeed, the proof of Corollary 4.1.10 gives a sequence of elements (y, (w, yw™! (O))) in SP(x*). We
define the sequences by taking the specializations p; corresponding to the elements y, taking the
Serre weights o; corresponding to the elements Fg ,5-1(0)), and taking the tame inertial types 7; to
be r(u, y(w_lfi,j]wosw)_l(O)) where u is the image of y(w_lw,j]wos&“))_l in W (see also the proof
of Proposition 4.1.8). We will use these sequences to prove the result by induction.

Suppose that o;_; € W(p) for some 1 <i <n. Then M, (6°(t;)) is nonzero. Since M, (6°(7;)) is a
nonzero finitely generated maximal Cohen—Macaulay R (t;)-module, Proposition 5.1.4 and Lemma 5.1.5
give

I1 Anng, Moo (6”) C Anng, Moo (6°(%i)) = 1 (zi) + (@) C p(o).
o’ €JH(G (m)NW(5:)
Then Anng; Moo (0i—1) C p(o;) or Anng; M (0;) C p(o;). The former contradicts Lemma 5.1.7 and so
o;i € W(p). O

Lemma 5.1.9. If p is semisimple and 8-generic, and o € W’ (p), then there exists a tame inertial

L-homomorphism t such that
(1) 0 € JH(6 (7)); and
(2) o’ € W (p) NTH(5 (1)) implies that 6’ } o.
Proof. This follows from [Le et al. 2020, Lemma 3.5.9]. O

In fact, t is unique. We say that t is minimal with respect to p and o.
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Proposition 5.1.10. Let p : Wg, — LG (F) be an 8-generic L-homomorphism and let M, be a weak
patching functor. If Wopy (0) N W (p) is nonempty, then Anng, Moo (o) C p(0) for all Serre weights o. In
particular, W8(p) C W(p).

Proof. The inclusion is trivial if o ¢ W&(p). Suppose that o € W&(p). Choose an 8-generic p’' € S(p)
(e.g., o) and choose the tame inertial type T which is minimal with respect to p’ and o.

For any Serre weight ¢’ 1 o, o’ € JH(G(t)). Theorem 4.2.5 implies that JH(G (t)) N Wby (0) is
nonempty. Lemma 5.1.8 implies that M, (6°(t)) is nonzero for any lattice 0°(tr) C o (7). Since
Mo (c°(7)) is a nonzero finitely generated maximal Cohen—Macaulay R oo (7)-module, Proposition 5.1.4
and Lemma 5.1.5 give

]_[ Anng, My (0') C Anng, Moo (6°(1)) = I(7) + (=) C p(0).
o’ eJH(G (2)NW(p")

Then Anng, M (c") C p(o) for some o’ € JH(G (7)) N W?(p’). Lemma 5.1.7 implies that o 1 ¢’. That
7 is minimal with respect to o’ and o implies that 6’ 1 o, hence 0 = o”. O

Proposition 5.1.11. Let p : Wg, — LG (F) be an 8-generic L-homomorphism and let Mo, be a weak
minimal patching functor. Assume that Wy (0) N W (p) is nonempty. Then Z(Mx(0)) is the irreducible
or zero cycle corresponding to the prime or unit ideal p(0) Reo. In particular, W (p) = W8(p).

Proof. Let t be a 4-generic tame inertial type. Let C, (p) be the irreducible or zero cycle corresponding
to the ideal p(0) Rs. Then

Z(Roo(D)) = Z(Moo(0°(@)) = Y ZMx(o) = Y Colp),
0 €JH(@ (7)) o €JH(G (1))

where the first inequality follows from the fact that M, is minimal (see [Le et al. 2018a, Proposition 7.14])
and the second inequality follows from Proposition 5.1.10. However the first and last expression are equal
by Theorem 3.3.2, which forces the inequalities to be equalities. We conclude that the result holds for all
o € JH(6 (7)) for a 4-generic tame inertial type 7. In particular, the result holds for all generic o.

Finally, suppose o is nongeneric. Then Proposition 5.1.3 shows that Z(Ms,(0)) =0 and o ¢ W8(p),
by Proposition 3.3.8, s0 p(0) Roo = Ro. O

5.2. Arithmetic patched modules. et Ry, be as in Section 5.1 and set F, o »®z, Qp.

Definition 5.2.1. An arithmetic Roo|GL3(Fp)]-module for an L-homomorphism 5 : Wg, — LG(F)isa
nonzero O-module M, with commuting actions of Ry, and GL3(F}) satisfying the following axioms:

(1) The Roo[GL3(O)p)]-action on M, extends to Roo[[GL3(O),)]] making My, a finitely generated
R [[GL3(O))]-module.

(2) The functor HomoygLy0,)1(—: M) : Repp(GL3(0))) — Mod(X o), denoted M (—), is a weak
patching functor.
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(3) The action of Hey ")) (0/(1)) = My ) (@ (1)°)[1/p] on Ma (@ (t)*)[1/p] factors through the

composite
GL3(F, o o,
Horon @) 25 RE[1/p] = Reo(0[1/p],
where the map 7, is the map denoted by 7 in [Caraiani et al. 2016, Theorem 4.1] except with r),
normalized so that r,, () = rec, (7 ® | det |"~1/2),

We say that an arithmetic Roo[GL3(F),)]-module My, is minimal if My (—) is.

Let I be the preimage of By(F,) under the reduction map Go(Z,) — Go([,). Let I be the (unique)
pro-p Sylow subgroup of I. Let x : I/I; — O* be a character. Let 6(x) be ind?(o” ) x. If x is regular,
ie., x = x* implies s =1 for s € W(GL;?”), then 0(x)[1/p] is absolutely irreducible.

Lemma 5.2.2. If x : 1/1} — O is a regular character, then the Go(Z ,)-cosocle of 0(x) is isomorphic

1>y

to the unique Serre weight o (x) with o ()" = ¥.

Proof. By Frobenius reciprocity, HomGO(zp)(Q (x), o) =Hom;(x, o) =Hom;(x, o). Then

Homgz,)(0(x),0) #0
if and only if 0 = o ()) in which case it is one-dimensional. Il

Lets € W(GL§P) and x* be the character such that x*(¢) = x (s ~'ts) for

teTy(Zy) ZTO,) = [ TO.
vES),
The representations 6 () and 6(x*) are isomorphic.

Lemma 5.2.3. Let x : I/I; — O™ be a regular character. Fix s € W(GL;?"), and let 0(x) — 0(x*) be a
nonzero map which is unique up to scalar. Let I (), s) be the image of this map. Then o (x) € JH(I (x, 5)).

Proof. The natural surjection 6(x) — I (x, s) induces a surjection on Go(Z,)-cosocles by Lemma 5.2.2.
Thus the cosocle of 1 (), s) is isomorphic to o (). Il

Let x =Q),c s, Xv be as above and decompose each x, as xy.1 ® xv.2 ® Xv,3 in the usual way. For each
v € Sy, let T, (resp. 7,,1) be the tame inertial type (xv,1 D Xv,2 @ Xv,3) © Artl_pv1 (resp. xv.1© Art;vl). Then
letting © & (Tv)ves, (resp. 71 gt (Tv.1)ves,) we have that o (7) =60 (x)[1/p] (resp. o (71) is the inflation of
X1 to (’);). For each v € §), let val‘“ be the endomorphism defined in [Le et al. 2023a, §10.1.2] so that

7, def L3(Fp)

v . . G
ul'= Hves,, UTTL1 is an endomorphism of lndGL3(op)0(X)'

Lemma 5.2.4. With x and t as above, suppose that T is 4-generic. If o € JH(G (1)) is not an outer weight,
then Noo(Uy, 1) vanishes on Cy ().

Proof. Up to a unit, for each v € S, the image of 7 (Uy, ,,z,) (mod @) € [ in (the completion of) the
second column of Table 1 is a nonempty product of diagonal elements modulo v by [Dotto and Le 2021,
Corollary 3.7]. One can check that each of these diagonal elements modulo v is contained in each of the
ideals in the final column corresponding to (0, 0), (g1, 0), or (&2, 0). O
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Lemma 5.2.5. Let p be 8-generic, and let M, be an arithmetic R[GL3(F))]-module. Then

Suppg, Meo() C Co ().
In particular, W (p) C WE(p).

Proof. Let o’ be a Serre weight such that C,/(p) C Supp R Mo (o). We will show that o/ = o. Set
x to be the Teichmiiller lift of o/, i.e., 0 = o (x). Let 7 and 1; be defined in terms of x as before,
e.g., 0(t) =0(x)[1/p]. Since o covers o’ by Lemma 5.1.7, ¢’ € JH(G (7)). Since the only weight in
JH,u (G (7)) that o covers is o itself, we conclude that 6’ = o or ¢’ is not in JHyu (7 (7)).

We have

Cor(7) C Suppp, Mao(0) C Suppy, Mao(I (1))
= SUPPRE noo(Url,r)Moo(O(X)/(w)) C SUPPRﬁ nOO(U‘L’l,‘L’)E%9

where the second inclusion follows from Lemma 5.2.3 and the equality follows from the fact that
Moo (0(x))/(Moo(Uz, 1), @) = Moo ((0(x°) ®0 F)/1(x, 5)), where s, = (132) for all v € S, by [Le et al.
2023a, (10.1.9)] (and using the exactness of My, (—)). Then (Noo (U, 1), @ )p(o') /(@ )pory # 0. Since
Eg is reduced, Lemma 5.2.4 implies that o’ € JHo (5 (7)). Il

Theorem 5.2.6. Let p be 8-generic and M, be an arithmetic Roo|GL3(F,)]-module. For a Serre weight o,
SuppR/3 Moo (0) =Cy(p). In particular, W (p) = WE(p). If M is furthermore minimal, then Z (M~ (o))
is the irreducible or zero cycle corresponding to the prime or unit ideal p(0) Roo.

Proof. If o is nongeneric, then o ¢ W(p) and o ¢ W(p) as in the proof of Proposition 5.1.11 and the
desired equality holds. Since M, is nonzero, there is a generic 0 € W(p). Choose a 4-generic tame
inertial type t such that o € JH(6 (7)). Then M, (o (7)) is nonzero and in fact

Suppg, M@ ()= | )  Cor(p)
o’eJH (o (1))

by Theorem 3.3.2. On the other hand, we have
Suppg, Moo (@)= | ) Suppg, Mao(c).
o'€JH(G (7))

Then Lemma 5.2.5 implies that SuPPR,; My (o) = Cyr(p) for all o’ € JH(G (1)); in particular,

Suppg, Moo (0) = Cs (0).

It is easy to see from Section 2.1.G and Theorem 4.2.5 that W,y (0) NJH(G (7)) is nonempty. Combined
with the above, Wy (0) N W (p) is nonempty. By Proposition 5.1.10, W8(p) C W(p). With Lemma 5.2.5,
we have Wé(p) = W(p). By the above parenthetical, SuppRﬁ My (o) =Cy(p) if 0 € W(p) while it holds
trivially otherwise.

If M is minimal, then the last part now follows from Proposition 5.1.11. O
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5.3. Cyclicity for patching functors. In this section, we show that certain patched modules for tame
types are locally free of rank one over the corresponding local deformation space. The argument follows
closely that of [Le et al. 2020, §5.2].

Recall from Section 2.1.C the irreducible smooth E-representation o () attached to a tame inertial
L-parameter t. Given o € JH(c (7)) we write o (7)? for an O-lattice, unique up to homothety, in
o (7) with cosocle o. For an L-parameter p : Gg, —> LG (F), we write W&(p, T) for the intersection
W&(p) NJH(c(t)). Throughout this section, we fix an L-parameter p and a weak minimal patching
functor M, for p which comes from an arithmetic R[GL3(F))]-module. The main result of this section

is the following:

Theorem 5.3.1. Suppose that p : Gg, — LG (F) is a 11-generic L-parameter arising from an F-point
of X' for tame inertial L-parameter t (in particular, T is 9-generic) and let < w*(p, 7). Let
F(\) € W&(p, 1) be a Serre weight such that forall j € 7,

Az-1(j) € X1(T) is in alcove wy, - Co if £(Z;) < 1. (5-1)
Then Moo (o (7)F®) is a free Roo(T)-module of rank 1.

The proof is similar to the case when p is semisimple ([Le et al. 2020, Theorem 5.1.1] with slightly
weaker genericity assumptions), and we will indicate the necessary modifications. First, [Le et al. 2020,
Theorem 5.1.1] relies on a structure theorem for lattices in generic Deligne—Lusztig representations of
Go([Fp) [loc. cit., Theorem 4.1.9]. The following proposition improves the genericity hypothesis of that
result. We refer the reader to [loc. cit.] for unexplained notation or terminology.

Proposition 5.3.2. Let R be R,(i1) where u —n € Cy is 9-deep. Then the radical filtration of R° is
predicted by the extension graph with respect to o, and the graph distance, the radical distance and the
saturation distance from o all coincide on I'(R%).

Proof. As we now explain, the proof of [Le et al. 2020, Proposition 4.3.7] works for 9-generic R using
some minor improvements to genericity hypotheses. Replace R;%’?;}V with a suitable completion of
((’)(U (w, n, Vf,oo))) and the primes p®*P!(¢') with suitable completions of the primes corresponding to
‘,}?a,w in Theorem 3.3.2. The results of [Le et al. 2020, §3.5, 3.6] appearing in the proof of [Le et al.
2020, Proposition 4.3.7] hold for 7-generic ps. Indeed, [Le et al. 2020, Theorem 3.5.2] holds by the
same argument using Proposition 5.1.4 in place of [Le et al. 2020, Proposition 3.5.6]. The rest of the
results follow from Theorem 3.3.2. In particular, it holds for the ps chosen in the proof of [Le et al. 2020,
Proposition 4.3.7] since R is 9-generic. (Proposition 3.4.5 in [Le et al. 2020] holds with (n — 3) replaced
by (n —2). Indeed, [Le et al. 2019, Proposition 3.3.2] holds with m — n replaced by m —n + 1. The
proof shows this stronger result and that all lowest alcove presentations of T are (m—n)-generic.) All the
subsequent statements appearing in [Le et al. 2020, §4.3] then hold for 9-generic R (note that [Le et al.

2020, Theorem 4.2.16] holds for 8-generic R). O
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We prove Theorem 5.3.1 through a series of lemmas. Until the end of the proof of Theorem 5.3.1, fix
0 8-generic, T a tame inertial L-parameter such that 5 € X7 (F) (in particular 6-generic), Z = w*(p, ),
w d:efi*, and A satisfying (5-1). We write 6 (7)° for 0(7)° ®e F in what follows.

Below, we modify the proofs of [Le et al. 2020, §5.1]. We will refer to the following as the usual
modifications: we replace ts, ps, W’ (ps), W’ (ps, Ts), Wi, and w; in [loc. cit.] by 7, p, WE(p),

Ws&(p, t), Zi, and w;, respectively. (In [Le et al. 2020, §5.1], the set Sp is denoted S.)

Lemma 5.3.3. Assume that © is 9-generic (for instance, if p is 11-generic) and £(Z;) > 1 forall j € J.
Let V be a quotient of 5 (t)°. Then Moo (V) is a cyclic R (t)-module.

Proof. First, the scheme-theoretic support of M, (o) is, by Theorem 5.2.6, (nonempty and) generically
reduced and hence reduced, e.g., by the proof of [Le et al. 2020, Lemma 3.6.2]. It is then formally smooth
by Table 3, and so M. (o) is free over its scheme-theoretic support by the Auslander—Buchsbaum—Serre
theorem and the Auslander—Buchsbaum formula.

Now the proof of [Le et al. 2020, Lemma 5.1.3] applies after the usual modifications. Moreover,
in the setup for [Le et al. 2020, Proposition 4.3.7, Lemma 3.6.10], R;%p:iv should be replaced by
(OW E. 1, Vi), (for asuitable x € U (Z, , Vr00)(F)) and N by log, #W¢ (5, 7). (Lemma 3.6.10 in
[Le et al. 2020] holds for p and T with W’(p, t) replaced by W&(5, t) by Theorem 3.3.2.) O

We now assume that o is 11-generic (in particular, T is 9-generic). We fix a semisimple p*P :
Go, —~ LG (F) such that * (g%, ) = W*(p, T) = Z. By Corollary 4.2.8, if 5 € X" (F) for a 4-generic 7/,
then o € X7 (F) and

w*(p*P, ") < w*(p, 7). (5-2)

Let (s, u — n) be the 7-generic lowest alcove presentation for p%° compatible with the implicit 9-generic
lowest alcove presentation of T so that p°P| Ia, =1(s, 1.
Now let V be a quotient of o (7)? such that there exist subsets Xy ; C EJ._I (Xp) such that

1_[ Yy, = JH(V), (0,a) 0@w.a &ef F(%r,(sw, a))
ieJ
is a bijection. We will show the cyclicity of M, (V) by inducting on the complexity of the set W&(p, t) N
JH(V).
Let Ef C r(Xp) such that (w, a) = F(Tv,(sw, a)) defines a bijection from Ej’.' — W8(p). (The sets
Ef exist by Section 2.1.G, Corollary 3.3.9, Theorem 4.2.5, and Corollary 4.2.8.)

Lemma 5.3.4. Suppose that for all j € J either £(Z;) > 1 or Zy ; C {(¢, 1), (0,0), (1, 0), (&2, 0)} for

some € € {0, €1, €2}. Then M (V) is a cyclic Roo(T)-module.

Proof. We induct on
def

n=#{i € J:£(Z) <1and #Xy; =3}.

If n =0 we let 7’ be the tame inertial L-parameter corresponding to 75 constructed in the first paragraph
of [Le et al. 2020, Lemma 5.1.4] with respect to p*°. Since o € JH(6 (7)) by construction, X .7 (F)
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contains the 11-generic p so that 7" is 9-generic. Then p arises from a point in U (Z', 1, Vir.00)(F) by
Theorem 3.3.2 since o € JH(c(t')) and E(Z’j) > 1 by (5-2). The result follows now from Lemma 5.3.3.

Observe that if £(z;) < I, then A,-1(;) € wy, - Co so that (g, 1) is necessarily in Ej’.’ since F(A) €
W8 (p)NJH(V). The general case then follows verbatim as in the proof of the general case in [loc. cit.] with
the usual modifications. Moreover, references to [Le et al. 2020, Theorem 3.6.4, Table 3, Theorem 4.1.9]
are replaced by references to Theorem 3.3.2, Table 3, and Proposition 5.3.2 respectively; and references
to [Le et al. 2020, Lemmas 3.6.12, 3.6.16 (3.19)] are replaced by references to Lemma 5.3.9 and 5.3.10
after localization at x (in fact [Le et al. 2020, Lemma 3.6.12] is sufficient for the case of z; =1,). O

Lemma 5.3.5. Suppose that £(Z;) > 1 or
Dy.; C ;' (Zo\ {(v1,0), (v, 1), (v3,0)}),

where (v1, v2, V3) is (61 — €2, €1, €1 + €2), (82 — €1, €2, €1+ €2), or (61 — €2, 0, &2 — €1). Then Mo (V) is

a cyclic Ry (t)-module.

Proof. This follows from the proof of [Le et al. 2020, Lemma 5.1.5] with the usual modifications. (In the
reduction step in the first paragraph of the proof, one possibly changes t and so possibly changes pP. This
only affects this proof.) References to [Le et al. 2020, Theorem 4.1.9] are replaced by Proposition 5.3.2
above, and references to [Le et al. 2020, Lemma 5.1.4] are replaced by references to Lemma 5.3.4.
Finally, we can and do choose V2 in the final paragraph of the proof of [Le et al. 2020, Lemma 5.1.5]
so that if (¢/,0) € Vi? in the notation of [loc. cit.], then (¢, 0) € 25. Indeed, £(Z;/) < 1 and [Le et al.
2018a, §8] ensure that ﬁ(Zi/, ni, Vs[_jl(m,+m,))[|: has at least 5 components, where t = (s, it + 1), so that
#Ef’, > 6 and contains two of 17)1._,1 (0, 0), (&1, 0), (e2, 0)) by Theorem 4.2.5. Then by Theorem 5.2.6, we
can apply [Emerton et al. 2015, Lemma 10.1.13] as described in [Le et al. 2020]. O

Remark 5.3.6. There was a gap in the proof of [Le et al. 2020, Lemma 5.1.5]: in the proof there one
needs to possibly change the type 7 to an auxiliary type, which may cause a loss of 2 in the genericity.
Since we need to apply [Le et al. 2020, Theorem 4.1.9] to this auxiliary type, one needs to increase the
genericity assumption by 2 in [Le et al. 2020, Theorem 5.1.1].

Lemma 5.3.7. Suppose that £(z;) > 1 or Sy ; C w;l(Eo \ {(v, 0)}), where v is 1 — &, &2 — €1, Or
&1+ &2. Then Mo (V) is a cyclic Ry (t)-module.

Proof. This follows from the proof of [Le et al. 2020, Lemma 5.1.6] with the usual modifications and
using Lemma 5.3.5 and Lemmas 5.3.11 and 5.3.12 below (completed at x). O

Lemma 5.3.8. With V as described before Lemma 5.3.4, M (V) is a cyclic Roo(T)-module.

Proof. The argument in the proof of [Le et al. 2020, Lemma 5.1.7] holds verbatim with the usual
modifications and the reference to [Le et al. 2020, Lemma 5.1.6] replaced by a reference to Lemma 5.3.7.
O

Proof of Theorem 5.3.1. Theorem 5.3.1 follows from the proof of [Le et al. 2020, Theorem 5.1.1] using
Lemma 5.3.8 in place of [Le et al. 2020, Lemma 5.1.7]. O
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In the lemmas below we refer the reader to Section 1.4.A for unexplained notation. These lemmas
are algebraizations of [Le et al. 2020, Lemmas 3.6.12, 3.6.14, 3.6.16(3.19), 3.6.16 (3.17) and (3.18)].

Their proof follows verbatim in our setting by replacing Re PLY and the ideals Cw,a) Of [loc. cit.]

with U(z nj, v 1 (p1j4m,; ))[F (with u; € X*(T) 4-deep) and the ideals ‘B(w a).ar;» Tespectively. (The
second dlsplayed equation in the statement of the Lemma 5.3.12 is not covered by [Le et al. 2020,
Lemma 3.6.16(3.17)], but the proof is analogous.) Alternatively, one observes that all the ideal equalities
we need to verify can be checked after projecting U (Zj,mj, VS;1 o +n‘l_))[p to F1, where there is a contracting
T -action with unique fixed point Z;. Since all the ideals involved are T}’-equivariant one only needs to
check the equalities after completion at Z;, which are exactly the results of [Le et al. 2020, §3.6.3].

Lemma 5.3.9 [Le et al. 2020, Lemma 3.6.12]. In ﬁ(tl, nj Vsj—l(ujﬂj))[p, we have the following ideal

relation:

(B0.01.e, VBo.1.0 N Beer0n.) + (B0.00.s VB 0,1, N Ber,00.11) = (Be0.0).6 1B 0, 1).1,)-

Lemma 5.3.10 [Le et al. 2020, Lemma 3.6.16 (3.19)]. In ﬁ((xtl, nj, VS/,—l(MjJrnj))[F, we have the following
ideal relation:

(Beo.1y.ar, VB 0.0100 N Bier.0ar) + (Beo. 1. VB 0,00 N Biea—er00.a11) = (B0, 1.ar, N B0.0),01,)-

Lemma 5.3.11 [Le et al. 2020, Lemma 3.6.14]. In ﬁ(tl, Njs VS;I(M].JF,”))[F, we have the following ideal

relation:

(313(0,0>,t1 N m(o,lm N c’B(ﬁl,o),tl N $(81,1)J1 N ‘B(Sz,o),tl)
+ (B0.0r.s VB0.1.0 VP20 D Beea o N Beer00.1) = (B0.01.e VB0.1).6 VBeer. 0.6 N Bier0.1)-
Lemma 5.3.12 [Le et al. 2020, Lemma 3.6.16 (3.17), (3.18)]. In ﬁ(atl, Njs V‘Y;I(Mﬁ,,j))[p, we have the

following ideal relations:

(‘B(O,l),ml NPB0.0).a1; N Ber.0).a6 N Pes—er.0).01 mm(az,l),atl)
+ (B0, 1.0, VB0.00.a1, NV Ber,00,0 N Ber,1).a1) = (B0, 10,00 VB 0,000, N B2, 0).011)

(Beo 1wty N Ber, 0.0, VB 0,00.a1, NV Bea—er,00.ar, VB0.1),a1,)
+ (Bea 1)t M Ben0.ar, VB0,00.0t, N Beer Dary) = (Biea ,ars N Bier.0),r, N B0,0),r,)

(Beer.D.at, VB©0.1).at, VPBier00.ar, VB, 1).01,)
+ (Beer.0.at, VB0, 1.t VM Bier0y.ar, N Beerary) = (Beer, 1.0 VB0, 1.0, N B2, 0),at,) -

5.3.A. Gauges for patching functors. Let T be a tame inertial L-parameter T and p : Gg, —> LG(F) be
an 11-generic L-homomorphism arising from an F-point A (F). Let M, be a weak minimal patching
functor coming from an arithmetic R;[GL3(F),)]-module.

The scheme X (7) is normal and Cohen—Macaulay by Corollary 3.3.3 and Remark 3.3.4. We let
Z C Xoo(7) be the locus of points lying on two irreducible components of the special fiber of X () (in
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particular Z C X (t) has codimension at least two) and

J iU E Xoo(1)\ Z > Xoo(1)

be the natural open immersion.
Theorem 5.3.13. Let 0, «k € JH(6 (7)) and let 1 : 0(T)“ — o (1) be a saturated injection. For any

0 € W8(p), let m(0) be the multiplicity with which 6 appears in the cokernel of 1. Suppose further that o
is as in Theorem 5.3.1. Then the induced injection Mo (1) : Moo (0 (7)) > Moo (0 (7)) has image

j*j*( I p(e)’"<9>Roo<r>)Moo(a(r)“),

eWs(p)
where p(0) is the minimal prime ideal of (eri)[F corresponding to 6 via Theorem 3.3.2 and localization at
peX.
Proof. The proof follows verbatim the argument of [Le et al. 2020, Lemmas 5.2.1 and 5.2.2, Theorem 5.2.3]
after replacing occurrences of W’ (ps) there with W8 (p). O

5.4. Global applications. In this section, we deduce global applications of Theorems 5.2.6, 5.3.1, and
5.3.13 generalizing results of [Le et al. 2020, §5.3] in the tamely ramified setting. Let F* be a totally
real field, S, the set of places of F* dividing p, and F/FT a CM extension. We assume that all places
of §, are unramified over Q and split in F. We start with the following modularity lifting result.

Theorem 5.4.1. Let F/F* be a CM extension, and let r : Gr — GL3(E) be a continuous representation
such that

e 1 is unramified at all but finitely many places;

e 1 is potentially crystalline at places dividing p of type (n, T), where t is a tame inertial type that
admits a lowest alcove presentation (s, (1) with u 4-deep in alcove Cy;
o yC r\/872.
NN Fkeradr 4,4 f(GF(g,,)) C GL3(F) is an adequate subgroup; and
o 7 Z 1 /(1) for some w a regular algebraic conjugate self-dual cuspidal (RACSDC) automorphic
representation of GL3(Ar) of weight 0 so that o (1) is a K-type for  at places dividing p.
Then r is automorphic, i.e., r = r,(z") for some ' a RACSDC automorphic representation of GL3(AF).

Proof. This follows from standard base change and Taylor—Wiles patching arguments using Corollary 3.3.3;
see [Le et al. 2023b, Theorem 9.2.1; 2018a, Theorem 7.4], and the addendum in [Le et al. 2020, §6]. I

We now suppose that F™ # Q. Let Op+ ), EO0p @27 p» be the finite étale Z ,-algebra denoted O, in
Section 5.1, 5.2. We fix an outer form G, r+ of GL, which splits over F and is definite at all archimedean
places of F*. There exists N € N, a reductive model G of G defined over Op+[1/N], and an isomorphism

L2 G/0F[1/N] - GL3,0,11/N] (5-3)
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(see [Emerton et al. 2013, §7.1]). Given a subset P of finite complement in the set of finite places of
FT which split in F and are coprime to pN, let Tp be the universal Hecke algebra Tp for places in
P (see [Le et al. 2023b, §9.1]). Given a compact open U = UPU, < G(A;O;p) x G(OFp+,,) and a finite
O-module W with a continuous U-action, let S(U, W) be the space of algebraic automorphic forms of
level U and coefficients W, as in [Le et al. 2023b, (9.2)]. If U is unramified at places in P, then S(U, W)
has a natural Tp-action. Let Tp(U, W) be the quotient of Tp acting faithfully on S(U, W).

Let G3 be the group scheme over Z defined in [Clozel et al. 2008, §2.1]. We consider a continuous
Galois representation 7 : Gg+ — G3(F) which is automorphic in the sense of [Le et al. 2023b], i.e., for
which there exists a maximal ideal m € Tp (U, W), for some level U and coefficients W satisfying

2 .
det(1 — F(Frob,)X) = Y (= 1) (Npo(w) DT X7 mod m
j=0
for all w € P. Note that the collection (r |Gr + )ves, defines an F-valued L-parameter, which will be denoted
as 7 in what follows. For such 7, we define as in [Le et al. 2023b, Definition 9.1.1] the set W (r) of
modular Serre weights for r.

Theorem 5.4.2. Letr : Gp+ — G3(F) be an automorphic Galois representation. Assume further that
o 7lgy (GF(gp)) is adequate; and
* 1, is 8-generic.
Then
W) = WE(r)p).

Proof. The proof of [Le et al. 2020, Theorem 5.3.3] applies verbatim after replacing [loc. cit., Theo-
rem 3.5.2] with Theorem 5.2.6 above. O

5.4.A. Mod p multiplicity one. We continue using the setup from Section 5.4. We assume further that
F/F™ is unramified at all finite places. We now let Sy denote the set of finite places of F* away from p
where 7 ramifies and assume that every place of Sy splits in F. For each v € Sy, with fixed lift v in F, we
let 73 be the minimally ramified type in the sense of [Clozel et al. 2008, Definition 2.4.14] corresponding
to 7|G,.~]7 : Gr; — GL3(F) and o (1) & o (1) oty be the G(O F;r)—representation attached to it (where ¢; is
the localization at v of the isomorphism (5-3); o (t,) is independent of the choice of v|v; see [Le et al.
2020, §5.3]). Fix an O-lattice Wy, in ), S o (1y). We have the following mod p multiplicity one result.

Theorem 5.4.3. Let r : Gp+ — G3(F) be a continuous Galois representation such that rp, is 11-generic.
Let T and F (L) € W&(r),, ©) be as in the statement of Theorem 5.3.1. Assume moreover that

o 7 : Gp+ — G3(F) is automorphic;
s 7l (Gr,)) is adequate; and

o the places at which v ramifies split in F.
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Then .
S(Uﬂg<0F+,p), <a(r>m> o[] Lf,) ®0 WSO)[m]

veS,
is one-dimensional over F, where m is the maximal ideal in the Hecke algebra Tp corresponding to 1.

Proof. The proof of [Le et al. 2020, Theorem 5.3.4] applies verbatim after replacing the reference to [Le
et al. 2020, Theorem 5.2.1] by a reference to Theorem 5.3.1 above. O

5.4.B. Breuil’s lattice conjecture. Now consider an automorphic Galois representation r : Gr — GL3(E)
as in Theorem 5.4.1 which is minimally ramified, i.e., for any place v of F lying above some v € Sy, the
Galois representation rlGr, is minimally ramified in the sense of [Clozel et al. 2008, Definition 2.4.14].
Let A be the kernel of the system of Hecke eigenvalues o : Tp — O associated to r, i.e., o satisfies
3 .
det(1 — ¥ (Frob,) X) = Y (= 1)/ (Nrjo(w) Da(T) X
j=0

for all w € P. For U? < G(A(;O;p ) and a finite O-module W with a continuous U”-action. Let

def

SUr,w) =

def

lim S(UPU,, W) and S(U?, W) =1im S(U?, W /@),

U, seN

where U, runs over the compact open subgroups of G(Op+ ;). By Theorem 5.4.1, §(U”, Ws)[A] is
nonzero.

Theorem 5.4.4. Let r : Grp — GL3(E) and t be as in Theorem 5.4.1. Assume furthermore that r is
minimally ramified and that the places at which r ramifies are split in F. Finally, assume that r), is
11-generic. Then the lattice o () N §(Up, Ws)Al Co(r)N §(Up, Ws)[A] ®o E depends only on r),.

Proof. The proof of [Le et al. 2020, Theorem 5.3.5] applies verbatim after replacing occurrences of
W’(Fs) there with W8 (rp) and the reference to [Le et al. 2020, Theorem 5.2.3] with a reference to
Theorem 5.3.13. O
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