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Abstract— In superresolution microscopy (SRM), it is desired
to establish a well-reasoned model of data movie so that an
advanced localization algorithm can be developed to achieve a
high quality of SRM images. A model of data movie can be
composed of a model of data frame and a model of emitter

activation process. We previously developed a model of data frame.

In this paper, we focus on modeling of emitter activation process.
Both continuous and cycled illuminations are considered. While
Markov chains are considered for the former, no model is
developed for the latter. First, a three-state Markov chain is
adopted for the continuous illumination. The state transition
probabilities are derived from the first order of kinetics for the
emitter activation process. The stationary probabilities of states
are derived when an emitter is photoactivatable. Second, a novel
state transition diagram for the cycled illumination is proposed.
The state transition probabilities are derived for both the
activation frames and deactivation frames. Incorporating the
model of emitter activation process and the model of data frames,
the models of data movie for both the continuous and cycled
illuminations in 2D and 3D imaging are simulated by custom
MATLAB codes. The results show that the models can well
synthesize a data movie of SRM, thus providing a means to be
broadly utilized in simulating SRM systems, evaluating quality of
SRM images, and testing performance of localization algorithms.

Keywords—Single molecule localization microscopy, single
molecule imaging, data model, emitter activation, Markov chain

[. INTRODUCTION

Superresolution microscopy (SRM), e.g., PALM [1],
STORM [2], FPALM [3], and dSTORM [4], employs
photoactivatable molecules as emitters to trade off the temporal
resolution with a super spatial resolution, thus enabling to view
the ultrastructure of a biological sample at a nanoscale. A
camera takes a data movie that consists of a number of frames
on which the point spread function (PSF) images of the activated
emitters in each frame are presented. A localization algorithm is
employed to estimate the emitter locations from the data movie
and yields an SRM image of the estimated emitter locations. The
localization algorithm plays an important role in obtaining a
high quality of SRM images [5] [6].

It is desired to establish a well-reasoned model of the data
movie, and then an advanced localization algorithm can make
use of the model to achieve a high accuracy in emitter
localization. A model of an SRM data movie is usually
composed of two parts [7]. First, the data frame is modeled to
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incorporate all parameters of the SRM system except the emitter
activation process. Second, the process of emitter activations is
modeled. The combination of them constitutes a model of a data
movie. The first part is well modeled in [8] [9]. This paper will
focus on the model and analysis of the second part. Simulations
to generate data movies with 2D and 3D imaging will be carried
out to include both parts.

II. MODEL OF EMITTER ACTIVATIONS

There are two types of illuminations to activate emitters, i.e.,
the continuous illumination and the cycled illumination. In a
continuous illumination, as adopted in PALM [1], FPALM [3],
and dSTORM [4], a single photoswitchable molecule serves as
an emitter. In a cycled illumination, as adopted in STORM [2],
a pair of conjugated photoswitchable molecules are employed
to serves as an activator and an emitter, respectively.

The process of emitter activations is usually modeled by a
Markov chain with the two on and off states in [10], the three on,
off, and photobleached states in [11], and the four on, meta-off,
off, and photobleached states in [12], and generally J states in
[7]. The state transition probabilities are unspecific. Moreover,
these models consider only the continuous illumination. In this
paper, modeled are both the continuous and cycled illuminations.

A. Continuous Illumination

In the continuous illumination, the emitters are illuminated
continuously by an excitation laser. The mth emitter is randomly
independently switched to the on state denoted by a,,,(t) =1
for a random time T; during which the emitter emits photons.
Then it is switched to the off state denoted by a,,(t) = 0 for a
random time T, during which it does not emit photons. The
emitter is alternately switched to the on and off states as shown
in Fig. 1 until photobleached. The photobleached state is
denoted by a,,(t) = 2.

1 0 1 0

T, To T, To t

Fig. 1. The activation state a,,(t) for the mth emitter.

The activation of a fluorescence molecule satisfies the first
order of kinetics [13] [14], that is, both T, and T; are
exponentially distributed and depend on the excitation laser
power. Let the means of T and T; be t, and t;, respectively.
The probability density function of T; fori = 0,1 is

pi(t) = (1/t)exp(—t/t;). €Y
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Consider a frame time A, during which the mth emitter is in the
photoactivatable state. In the condition that the mth emitter is in
the state i for i = 0,1 at the beginning of a frame, the
probability that it remains the same state through the end of the
frame is p; = Pr(T; = t;), that is

pi = exp(=A./t). (2)

Let T, be the random time during which the mth emitter is
photoactivatable. That is, during the time ¢ < T, the emitter can
emit photons when activated. Assume that T, is exponentially
distributed with a mean t, and the probability density function
is

p2(t) = (1/tx)exp(=t/ty). 3)

The pair of states 0 and 1 can be considered as a composite
photoactivatable state. In the condition that the mth emitter is in
the photoactivatable state at the beginning of a frame, the
probability that the emitter remains in the photoactivatable state
through the end of the frame is

P2 = exp(=A/ty). C))

The transition probability from the photoactivatable state,
either state O or state 1, to the photobleached state is equal to

1_p2.

Clearly, if the mth emitter is in the state i at the beginning of
a frame, the probability that it remains the same state through
the end of the frame is equal to p;p, fori = 0, 1. Conversely,
the transition probability from state i to 1 —i for i = 0,1 is

equal to (1 — p;)p,-

With the exponential distribution, the random variables T,
T;, and T, are memoryless, that is, the state transition from each
of states 0, 1, and 2 depends only on the current state and is
independent of the previous states, which is a property of a
Markov chain. Denote by a,, (n) the state of the mth emitter in
the nth frame. Then a,,(n) is a Markov chain as shown in Fig.
2 where the self-transition of state 2 is omitted.

“ rlll
0 Tz'l

Fig. 2. State transition diagram of the Markov chain a,, (n).
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JeO.
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Let 7j; = Pr[a,,(n + 1) = jla,,(n) = i] be the transition
probability from state i to state j for i, j = 0, 1, 2. Then the state
transition probabilities can be expressed in terms of the
probability density functions of Ty, Ty, and T, as

{7'0,0 = PoP2, 11,0 = (1 = Po)p2 120 = 1 — o,
To1 = a- p1)P2'7'1,1 = P1D2, 1 =1-p,,

To2 =112 =0, and r,, = 1. The state transition probabilities
are determined by parameters t; for i = 0,1, 2 through three

)

probabilities py, p1, and p,. The state transition matrix can be
easily written according to Eq. (5).

The four transition probabilities r;; for i, j = 0,1 in Eq. (5)
describe the state transition in the composite photoactivatable
state, that is, the emitter is not photobleached yet. The two
probabilities 1,; for i = 0,1 describe the transition from a
photoactivatable state to the photobleached state.

State 2 is an absorbing state and therefore the Markov chain
is transient and does not have stationary probabilities for states
0 and 1. States 0 and 1 construct a two-state Markov chain that
alone is obviously irreducible, recurrent, and aperiodic, and
therefore has a stationary probability for each state of 0 and 1,
ie., B; = Pr[a,,(n) = i] fori = 0, 1. By applying the principle
that the back and furth flows from one state to another must be
equal in the stationary Markov chain, it is easy to obtain that

1P __17P
2-=po—p1’ 2—=po—p1
With approximation, the result is applicable to the case that the

transition probability from the composite photoactivatable state
to the photobleached state is sufficiently small, i.e., 1 — p, = 0.

Bo B (6)

For a data movie of N frames, let P, be the probability that
an emitter is photobleached in the nth frame. For1 <n < N,

P, =p3 (1 —py) @)

is the probability of n — 1 photoactivatable frames followed by
the photobleached frame. Forn > N,

Pyyq = Pév 3

is the probability that the emitter is photobleached after the Nth
frame or the emitter is photoactivatable in the entire movie. The
average number of photoactivatable frames per emitter equals

N
2 — _ N
M=) (= DR, + NBy,, = 2P TP - P2) (o)
— 2

n=1

Then the average number of activations or the average number
of frames that an emitter is activated in the data movie is
approximately equal to

Mae = ,81N2- (10)

The average total number of activations for all M emitters in the
data movie is approximately equal to

Mgy = B1MN,. (11)

The probability that an emitter is photoactivatable in the nth
frame is equal to the probability that the emitter is
photoactivatable in all frames from 1 to n, that is, p7. The
activation processes of all M emitters are mutually independent.
The average number of activated emitters in the nth frame for
1 < n < N approximately equals

M,(n) = Bp; M. (12)
B. Cycled illumination

In a cycled illumination [2], a pair of conjugated
fluorescence molecules is attached to ultrastructure of a
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biological sample, one of which serves as an activator and the
other serves an emitter. In the beginning of each cycle, for a
short time which is usually one frame time, a low-power laser
(e.g., a green laser in [2]) excites the activator that by the Forster
resonance energy transfer (FRET) [14] switches the emitter to
the on state with a probability. In the activation frame, usually
no data frame is taken. In several following deactivation frames,
another high-power laser (e.g., a red laser [2]) switches the
emitter to the off state with a probability, and the data frames are
taken by a camera. The illumination is operated cycle by cycle
as shown in Fig. 3.

A|lD|..|]D|A|D]..]|D

T T
Cycle 1 Cycle 2 :

Fig. 3. A cycled illumination. Each cycle consists of one A-frame followed by
K D-frames.

In an activation frame A, denote by T,; for i = 0, 1 the times
of off and on states, respectively, which are exponentially
distributed with the means t,;. The probability that the state
retains unchanged during an A-frame is equal to

Pai = exp(—A¢/tyy). (13)
Correspondingly, the probability of a state transition is equal to
1-pa-

Similarly, in a deactivation frame D, denote by Tp; for i =
0,1 the times of off and on states, respectively, which are
exponentially distributed with the means tp;. The probability
that the state retains unchanged during the D-frame is equal to

ppi = exp(—A./tpy). (14)
The probability of a state transition is equal to 1 — pp;.

Fig. 4. The state transition diagram corresponding to the cycled illumination
in Fig. 3. The states 0’s, 1’s, and 2’s are identical in the A-frame and in the D-
frame. In an A-frame, the state transits according to the upper diagram denoted
by the squared A. In a D-frame, the state transits according to the lower diagram
denoted by the squared D. At the end of the A-frame, the states are moved from
the A-diagram to the D-diagram. At the end of the Kth D-frame, the states are
moved from the D-diagram to the A-diagram.

In general, the laser powers are properly set up so that an
emitter has the following activation behavior. In an A-frame, a
0-state is more likely to transit to a 1-state, i.e., 1 — Pgg > Pao
or puo < 0.5. That is, t4g < A;/In(2) = 1.4427A,. On the
other hand, in a D-frame, a 1-state is more likely to transit to a
O-state, i.e., 1—ppy >pp; or pp; <05, ie, tp; <
A /In(2) = 1.4427A,.

The photoactivatable time T, is exponentially distributed
with the mean t,. Same as in the continuous illumination, the
probability for an emitter to be photoactivatable in both states 0
and 1 in an A-frame as well as in a D-frame is identical and equal

to p,.

Fig. 4 shows the state transition diagram of the cycled
illumination where the self-transitions of state 2 are omitted. The
state transition probability from a i-state to itself is a;; in an A-
frame and d;; in a D-frame for i = 0,1. Thus, the state
transition can be expressed by a two-phase diagram with the
state transition probability as

Qo,0 = PaoP2, a0 = (1= Pao)P2, az0 =1 —py,
o _ _,_as)
Qo1 = ( PA1)p2'a1,1 = Pa1P2, a1 = D2,
Aoz = a;, = 0,and a,, = 1 for A-frames and
{do,o = PpoP2, dip=(1- PDo)Pz’dz,o =1-p,, (16)
doy = (1 = pp1)P2,di1 = Pp1P2s dy1 =1—py,

do, = dy, =0, and a,, = 1for D-frames. The state transition
probabilities are determined by the five parameters t,q, ta1, tpo»
tp1, ty through pyo, a1, Ppos> Pp1, and p,.

III. SIMULATIONS

Two simulations are carried out to generate data movies
based on the model. One is for the continuous illumination with
2D imaging, and the other is for the cycled illumination with 3D
imaging. The frame model in [8] [9] are considered. Simulations
are carried out by custom codes in MATLAB.

A. Continuous Illumination

In the simulation of continuous illumination with 2D
imaging, the 2D Gaussian PSF is applied. The following
parameter values are employed. (a) Data frame: The wavelength
for Alexa 700 is A = 723 nm, and numerical aperture is N, =
1.40. The standard deviation of the 2D Gaussian PSF is
estimated from the Airy PSF and is equal to 0 = 1.3238/a =
108.81 with @ = 2mN, /A [15]. The size of the field of view is
Ly = L, = 4096 nm, pixel size is D, = D,, = 128 nm, and
frame size is K,, = K,, = 32 pixels. Frame time is D, = 0.01
sec, emitter intensity is I = 300000 photons/sec, and the
average photon count per frame per emitter is D,/ = 3000
photons. The mean of Poisson noise is b = 5, and then y,, =
60000 and the signal to Poisson noise ratio (SPNR) is SPNR =
10log,,(0.07912y,/02) = —3.97 (dB) [15]. The Gaussian
noise has mean y =5 and variance G = 3 photons/sec/nm?,
and then y; = 100000 and the signal to Gaussian noise ratio
(SGNR) is SGNR = 10log;,(0.07912y,/0?) = —1.75 (dB)
[15]. Furthermore, the ratio of emitter intensity and total noise is
y = 37500 and then the total signal to noise ratio (SNR) is
SNR = 10log;((0.07912y/0c?) = —6.01 (dB) [15], which is
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in the range of middle SNRs in practice. (b) Emitters: M = 500
emitters are located on a 2D helix. The distance between adjacent
emitters is 40 nm. (¢) Emitter activation process: The data movie
has N = 500 frames, and then the acquisition time is DN = 5
sec. The mean time of emitter deactivation is t, = 0.3 sec, and
then p, = 0.967. The mean time of emitter activation is t; =
0.2 sec, and then p; =0.607 . The mean time of
photoactivatable emitter is t, = 5 sec, and then p, = 0.998.
Then the state transition probabilities are 1y o = 0.965, 175 =
0.033, 154, = 0.393, ry; = 0.605, 1,5 = 0.002, and 1,; =
0.002. The state 0 has a probability 5, = 0.923, and the state 1
has a probability f; = 0.077. Then the average number of
photoactivatable frames per emitter by Eq. (9) is N, = 316.742,
and its value in simulation is 314.260. The average number of
activations per emitter in the data movie by Eq. (10) is M,, =
24.361, and its value in simulation is 23.986. The average total
number of activations for all emitters in the data movie by Eq.
(11)is M, = 12181.094, and its value in simulation is 11993.

In the simulation, the activation state a,, (n) for each emitter
in a frame is generated by the state transition diagram in Fig. 2.
The number of activated emitters with a,,(n) = 1 in each frame

is shown in Fig. 5. The average number M,(n) of activated
emitters over all M emitters by Eq. (12) is also shown. M, (n)

well predicts the number of activated emitters and the
photobleaching tendency with respect to frame n.

50

as |l
a0 (..
35 =N
30
25

20

Number of activated emitters

15

10

5
100 200 300 400 500

Frame

Fig. 5. Number of activated emitters vs. frame n in simulation. The sample
mean is denoted by the red crosses and the mean + standard deviation is denoted
by the black crosses. The curve is the estimated mean M, (n) by Eq. (12).

As shown in Fig. 6, once activated, emitters usually retain in
the activated state for 2 to 4 consecutive frames. Since the
standard deviation of PSF is o = 108.81 and pixel size is equal
to D, = 128 nm, the Gaussian PSF effectively takes about 5 X
5 pixels. The data frames suffer from pixelization and noise.

Fig. 6. From left to right are frames 104, 105, 106, and 107 with the number of activated emitters equal to 34, 35, 30, and 27. The emitter locations on the helix
are shown by the white dots. Emitter 1 is located at the inner end of the helix, emitter 500 is located at the outer end of the helix, and the other emitters are placed
in order on the helix. Emitter 2 is activated in frames 104, 105, and 106. Emitter 20 is activated in all four frames.

B. Cycled Illumination

In the simulation of the cycled illumination with 3D imaging,
the 3D Gaussian PSF with astigmatism is applied. The following
parameter values are used. (a) Data frame: For the 3D Gaussian
PSF, ¢ =205, d = 290, 0, = 140 nm, A, = 0.05, B, =
0.03, 0,9 = 135 nm, 4, = —0.01, B, = 0.02. The size of the
field of view is L, = L,, = 4096 nm, pixel size is D, = D, =
128 nm, frame size is K, = K, = 32 pixels, and axial depth is
L, = 400 nm. Frame time is D; = 0.01 sec, emitter intensity is
I = 240000 photons/sec, and the average photon count per
frame per emitter is D,/ = 2400 photons. The mean of Poisson
noise is b = 0.3, and then y,, = 60000. The Gaussian noise has
mean y =5 and variance G = 3 photons/sec/nm?, and then
Yg = 100000. The ratio of emitter intensity and total noise is
y = 37500 . For z5 =0, 0,(z,) = 172.88 nm, 0,(z,) =
165.79 nm, and then the total SNR is SNR =
10log[y/(0x(20)0y(20))] — 11.02 = 1.219 (dB) [16],
which is in the range of middle SNRs in practice. (b) Emitters:
M = 500 emitters are located on a 3D helix as shown in Fig. 7.
The distance between adjacent emitters is 40 nm.

400 -
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1000 T 2000

= 1000
y (nm) o o % (nm)

Fig. 7. 500 emitters are located on a 3D helix.

(c) Emitter activation process: The data movie has N = 500
frames, and then the acquisition time is D;N = 5 sec including
both the A-frames and D-frames. The mean time of
photoactivatable emitter is t, = 5 sec, and then p, = 0.998.
For A-frames, the mean time of emitter deactivation is ty, =
0.015 sec, and then pyy = 0.513. The mean time of emitter
activation is t4; = 0.02 sec, and then py; = 0.607. Then the
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state transition probabilities are ayo = 0.512, a; o = 0.486,
ap, = 0.393,a,1 = 0.605, a,, = 0.002, and a,; = 0.002.

250

200 | L

150 |
S .

100 | ) s

Number of activated emitters

o
Q

100 200 300 400 500
Fig. 8. Number of activated emitters in each frame.

For D-frames, the mean time of emitter deactivation is tpq =
0.30 sec, and then ppy = 0.967. The mean time of emitter
activation is tp; = 0.008 sec, and then pp; = 0.287. Then the
state transition probabilities are dy, = 0.965, d; o = 0.0327,

do, =0.712,d;, = 0.286, d, o = 0.002, and d,; = 0.002.
The average number of photoactivatable frames per emitter in
simulation is N, = 316.742. The average number of activations
per emitter in simulation is M,, = 60.792. The average total
number of activations for all emitters in simulation is My, =
30396.

As shown in Fig. 7, M = 500 emitters are located on a 3D
helix. In the simulation, emitters are illuminated in cycles. Each
cycle consists of one A-frame followed by three D-frames. The
emitters are activated according to the state transition diagram
in Fig. 4. The number of activated emitters in all N = 500
frames are shown in Fig. 8. It is apparent that in the A-frames
the number of activated emitters is much larger than that in the
D-frames. In each cycle, the number of activated emitters
decreases in order of the three D-frames.

Fig. 9 shows four frames in cycle 27. The first frame, i.e.,
frame 105, is an A-frame and has a much larger number of
activated emitters than in the following D-frames. In the three
D-frames, i.e., frames 106, 107, and 108, the number of
activated emitters decreases in order.

Fig. 9. From left to right are frames 105, 106, 107, and 108 with the numbers of activated emitters equal 192, 65, 33, and 21. Emitter 1 is located at the inner end
of the helix, emitter 500 is located at the outer end of the helix, and the other emitters are placed in order on the helix. Emitters 20, 21, and 25 are activated in all

four frames.

Note that 0,(z) < 0,,(2) for z K —1, and 0,(2) > 0, (2)
for z > 1. The emitters with a small number m have z,, < —1,
and then 0,(z,,,) < 0y(2;,). On the other hand, the emitters with
a large number m close to M = 500 have z,, > 1, and then
0x(Zy) > 0y(Z,,). The property is demonstrated in Fig. 9.

IV. CONCLUSIONS

It is important to establish well-reasoned models of data
movies in superresolution microscopy (SRM) in order to
develop advanced localization algorithms to achieve a high
quality of SRM images. For the continuous illumination, the
state transition probabilities are derived by the first order of
kinetics of emitter activations. The stationary state probabilities
in the photoactivatable time and the average number of activated
emitters in a frame are derived. For the cycled illumination, a
novel model of state transition is proposed, which is composed
of the activation frames and followed deactivation frames in
each cycle. An emitter is more likely to be activated in an
activation frame than in a deactivation frame. The state
transition probabilities for both types of frames are derived.
Simulations of both types of illuminations with 2D and 3D
imaging are carried out with incorporation of our previously
proposed model of frames. The results demonstrate that both

models for both types of illuminations well capture the
photodynamic of photoactivatable molecules in practice. The
derived formula for the average number of activated emitters
predicts that in simulation. The models and the custom
MATLAB codes can be broadly applied in simulations of SRM
systems.
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