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top quarks with ē bosons. Soft-gluon corrections from resummation are calculated through
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1. Introduction

The contributions of higher-order corrections to top-quark processes, such as ĪĪ̄ production, Īē

production, and ĪĪ̄ē production are significant and improve the precision of theoretical predictions.

Soft-gluon corrections are important for all top-quark processes that have been studied, and they

approximate known exact results at NLO and NNLO very well. For a 2 → Ĥ process with

Ħė + ĦĘ → ĦĪ + Ħ2 + · · · + ĦĤ, where ĦĪ is the top-quark momentum, we define the threshold

variable ĩ4 = (Ħ2 + · · · + ĦĤ + Ħĝ)2 − (Ħ2 + · · · + ĦĤ)2 where an extra gluon with momentum Ħĝ is

emitted. At partonic threshold Ħĝ → 0 and, thus, ĩ4 → 0. The soft corrections involve logarithms of

the form [lnġ (ĩ4/ģ2
Ī )/ĩ4]+ with ģĪ the top-quark mass and ġ f 2Ĥ−1 for the order ĂĤ

ĩ corrections.

We resum these corrections in single-particle-inclusive kinematics for the double-differential cross

section and use them to derive approximate NNLO (aNNLO) and approximate N3LO (aN3LO)

predictions for total cross sections and top-quark differential distributions.

2. Soft-gluon corrections

The factorized cross section for a general top-quark production process can be written as

ĚĂĦĦ→ĪĔ =

∑

ė,Ę

∫

ĚĮė ĚĮĘ čė/Ħ (Įė, ĆĂ) čĘ/Ħ (ĮĘ, ĆĂ) ĚĂ̂ėĘ→ĪĔ (ĩ4, ĆĂ) (1)

where the č’s are parton distribution functions (pdf), ĆĂ is the factorization scale, and Ă̂ is the

partonic cross section. We take Laplace transforms Ě ˜̂ĂėĘ→ĪĔ (Ċ) =
∫

(Ěĩ4/ĩ) ě−Ċĩ4/ĩĚĂ̂ėĘ→ĪĔ (ĩ4)
and č̃(Ċ) =

∫ 1

0
ě−Ċ (1−Į ) č(Į) ĚĮ with transform variable Ċ , and we write the parton-parton cross

section as

ĚẴėĘ→ĪĔ (Ċ) = č̃ė/ė (Ċė, ĆĂ) č̃Ę/Ę (ĊĘ, ĆĂ) Ě ˜̂ĂėĘ→ĪĔ (Ċ, ĆĂ) . (2)

A further refactorization for the cross section,

ĚẴėĘ→ĪĔ (Ċ) = ć̃ė (Ċė, ĆĂ) ć̃Ę (ĊĘ, ĆĂ) tr

{

ĄėĘ→ĪĔ (Ăĩ (ĆĎ)) ď̃ėĘ→ĪĔ

( √
ĩ

ĊĆĂ

)}

, (3)

is given in terms of new functions ć for collinear emission from incoming partons, a hard function

ĄėĘ→ĪĔ, and a soft function ďėĘ→ĪĔ for noncollinear soft gluons. The hard and soft functions are

matrices in the space of color flow. In the case of collinear emission from any massless final-state

particles we also need a function Ć, but this does not apply to the processes studied here.

From Eqs. (2) and (3) we, thus, have the formula

Ě ˜̂ĂėĘ→ĪĔ (Ċ, ĆĂ) =
ć̃ė/ė (Ċė, ĆĂ) ć̃Ę/Ę (ĊĘ, ĆĂ)
č̃ė/ė (Ċė, ĆĂ) č̃Ę/Ę (ĊĘ, ĆĂ)

tr

{

ĄėĘ→ĪĔ (Ăĩ (ĆĎ)) ď̃ėĘ→ĪĔ

( √
ĩ

ĊĆĂ

)}

. (4)

ďėĘ→ĪĔ satisfies the renormalization-group equation, with ĆĎ the renormalization scale,

(

ĆĎ
ĉ

ĉĆĎ
+ ÿ(ĝĩ)

ĉ

ĉĝĩ

)

ďėĘ→ĪĔ = −� 
ď ėĘ→ĪĔ

ďėĘ→ĪĔ − ďėĘ→ĪĔ �ď ėĘ→ĪĔ . (5)

The soft anomalous dimension �ď ėĘ→ĪĔ controls the evolution of the soft function via the above

equation and, thus, gives the exponentiation of logarithms of Ċ [1, 2].
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Renormalization-group evolution leads to resummation, and we find the expression [1, 2]

Ě ˜̂Ăresum
ėĘ→ĪĔ (Ċ) = exp

[

∑

ğ=ė,Ę

āğ (Ċğ)
]

exp

[

∑

ğ=ė,Ę

2

∫

√
ĩ

ĆĂ

ĚĆ

Ć
Āğ/ğ (Ċğ)

]

× tr
{

ĄėĘ→ĪĔ

(

Ăĩ (
√
ĩ)
)

× exp

[

∫

√
ĩ/Ċ

√
ĩ

ĚĆ

Ć
�
 
ď ėĘ→ĪĔ

(Ăĩ (Ć))
]

ď̃ėĘ→ĪĔ

(

Ăĩ

(√
ĩ

Ċ

))

exp

[

∫

√
ĩ/Ċ

√
ĩ

ĚĆ

Ć
�ď ėĘ→ĪĔ (Ăĩ (Ć))

]}

. (6)

The resummed cross section is then expanded at fixed-order through N3LO and transformed back

to physical space. Many top processes have been studied with calculations of corrections for total

and differential cross sections. These include top-pair production: ĪĪ̄ in the SM through aN3LO,

and ĪĪ̄ in SMEFT at aNNLO; top-pair+Ĕ: ĪĪ̄Ā at aNNLO and ĪĪ̄ē at aN3LO; single top: Ī- and

ĩ-channel and Īē through aN3LO; single-top+Ĕ: ĪħĄ, ĪħĀ, and ĪħĖ through aNNLO; single-top

BSM: ĪĀ, ĪĖ , ĪĖ ′, Īĝ through aNNLO, and ĪĄ− through aN3LO; see Ref. [3] for reviews of the

theory of soft-gluon corrections used for all these processes and additional references.

3. ĪĪ̄ production
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Figure 1: Top-quark ĦĐ (left) and rapidity (right) distributions in top-pair production at 13 TeV LHC energy.

Calculations of soft-gluon corrections for top-quark differential cross sections go back thirty

years [4]. The soft anomalous dimension matrix is 2 × 2 for the ħħ̄ → ĪĪ̄ channel and 3 × 3 for

the ĝĝ → ĪĪ̄ channel; they were calculated at one loop in the mid-90’s [1] and at two loops fifteen

years ago [2]. There are partial results at three loops [3], and the four-loop massive cusp anomalous

dimension (determined from its asymptotics in Ref. [5]) contributes to the four-loop result.

The NLO expansions of the resummed cross section agree with exact NLO results very well,

and the NNLO expansions provide aNNLO results that predicted the exact NNLO to very high

accuracy (percent or per mille) for total cross sections and top-quark ĦĐ and rapidity distributions.

By further adding the third-order soft-gluon corrections to the exact NNLO result, we obtain aN3LO

predictions [6] which are the state of the art, and to which we also add electroweak corrections [7].

The aN3LO QCD + NLO EW cross section with Ć = ģĪ and scale and pdf uncertainties is

[7] with MSHT20 aN3LO pdf [8] at 13 TeV, 802+22
−17

+16
−17

pb, and at 13.6 TeV, 886+24
−19

+18
−20

pb; with
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MSHT20 NNLO pdf [9] at 13 TeV, 836+23
−18

+17
−11

pb, and at 13.6 TeV, 925+25
−20

+18
−12

pb; with CT18 NNLO

pdf [10] at 13 TeV, 842+23
−18

+18
−16

pb, and at 13.6 TeV, 932+25
−20

+20
−18

pb; and with NNPDF4.0 NNLO pdf

[11] at 13 TeV, 816+23
−18

+5
−4

pb, and at 13.6 TeV, 904+25
−20

+5
−5

pb. Furthermore, with PDF4LHC21 NNLO

pdf [12] the result at 13 TeV is 837+23
−18

+20
−16

pb, and at 13.6 TeV it is 926+25
−20

+22
−17

pb.

Figure 1 displays theoretical results through aN3LO QCD × EW for the top-quark ĦĐ and

rapidity distributions in ĪĪ̄ production [7] at 13 TeV LHC energy using MSHT20 aN3LO pdf [8].

4. Īē production

Calculations of soft-gluon corrections for Īē production have been available for close to two

decades [13, 14], and the soft anomalous dimension for Īē production is known to three loops [13].
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Figure 2: Īē− + Ī̄ē+ cross section at aN3LO with scale and pdf uncertainties at LHC energies.

Figure 2 shows the theoretical Īē− + Ī̄ē+ production cross sections at aN3LO [14] at LHC

energies and compares them with LHC data at 7, 8, 13, and 13.6 TeV [15–17].

The aN3LO cross section for Īē−+ Ī̄ē+ production with Ć = ģĪ and scale and pdf uncertainties

with MSHT20 NNLO pdf [9] at 13 TeV is 79.5+1.9
−1.8

+2.0
−1.4

pb, and at 13.6 TeV it is 87.6+2.0
−1.9

+2.1
−1.5

pb;

with MSHT20 aN3LO pdf [8] at 13 TeV it is 77.3+1.9
−1.8

+2.0
−2.1

pb, and at 13.6 TeV it is 85.6+2.0
−1.9

+2.2
−2.3

pb;

and with PDF4LHC21 pdf [12] at 13 TeV it is 79.3+1.9
−1.8

+2.2
−2.2

pb, and at 13.6 TeV it is 87.9+2.0
−1.9

+2.4
−2.4

pb.

5. ĪĪ̄ē production

The observation of ĪĪ̄ē events at the LHC has shown that the measurements are significantly

higher than theoretical predictions at NLO. The QCD corrections at NLO are large while the

electroweak corrections are smaller but significant. Further improvement in theoretical accuracy

can be obtained by the inclusion of higher-order soft-gluon corrections [18] using the formalism

for 2 → 3 processes [19]. We calculate aN3LO QCD corrections and further add to them NLO

electroweak corrections to provide state-of-the-art theoretical predictions.

Figure 3 shows the theoretical predictions for the total ĪĪ̄ē cross section using MSHT20 NNLO

pdf [9] and a comparison with data at 8 and 13 TeV from ATLAS [20] and CMS [21]. We note the

large ć-factors and the improved agreement with data at aN3LO.
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Figure 3: Cross sections through aN3LO QCD+NLO EW for ĪĪ̄ē production at LHC energies.

At 13.6 TeV with Ć = ģĪ , the NLO QCD corrections increase the LO result by 47%, the

aNNLO QCD corrections by a further 17% (and consistent with the partial NNLO result in [22]),

and the aN3LO QCD corrections by an extra 6%, while the electroweak NLO corrections provide

7%. Thus, the total aN3LO QCD+NLO EW cross section is 78% bigger than LO QCD.

In the comparison with 8 and 13 TeV CMS and ATLAS data, the NLO and even aNNLO results

are not sufficient; we need aN3LO corrections to describe the data. At 8 TeV, the measured cross

section from CMS is 382+117
−102

fb and from ATLAS it is 369+100
−91

fb. The theoretical prediction at

aN3LO QCD + NLO EW with central scale Ć = ģĪ is 266+7
−12

+6
−6

fb.

At 13 TeV, CMS finds 868 ± 65 fb, with 553 ± 42 fb for ĪĪ̄ē+ and 343 ± 36 fb for ĪĪ̄ē−, while

ATLAS finds 880 ± 80 fb, with 583 ± 58 fb for ĪĪ̄ē+ and 296 ± 40 fb for ĪĪ̄ē−. The theoretical

prediction at aN3LO QCD + NLO EW with central scale Ć = ģĪ is 779+22
−19

+12
−13

fb, with 517+14
−12

+8
−9

fb

for ĪĪ̄ē+ and 262+8
−7

+4
−4

fb for ĪĪ̄ē−.

Top-quark ĦĐ and rapidity distributions in ĪĪ̄ē production at 13 and 13.6 TeV have also been

calculated in [18]; the ć-factors decrease at larger top ĦĐ while they increase at larger rapidities.

Finally, we note that soft-gluon corrections are important for the related processes of ĪĪ̄Ė

production.

Acknowledgments

This material is based upon work supported by the National Science Foundation under Grant

Nos. PHY 2112025 and PHY 2412071.

References

[1] N. Kidonakis and G. Sterman, Phys. Lett. B 387, 867 (1996); Nucl. Phys. B 505, 321 (1997)

[arXiv:hep-ph/9705234].

[2] N. Kidonakis, Phys. Rev. Lett. 102, 232003 (2009) [arXiv:0903.2561]; Phys. Rev. D 82,

114030 (2010) [arXiv:1009.4935].

5



P
o
S
(
I
C
H
E
P
2
0
2
4
)
3
7
1

Theoretical results for top-pair and top+ē production Nikolaos Kidonakis

[3] N. Kidonakis, Int. J. Mod. Phys. A 33, 1830021 (2018) [arXiv:1806.03336]; Universe 6, 165

(2020) [arXiv:2008.09914].

[4] N. Kidonakis and J. Smith, Phys. Rev. D 51, 6092 (1995) [arXiv:hep-ph/9502341]; N. Kidon-

akis, Phys. Rev. D 64, 014009 (2001) [arXiv:hep-ph/0010002].

[5] N. Kidonakis, Phys. Rev. D 107, 054006 (2023) [arXiv:2301.05972].

[6] N. Kidonakis, Phys. Rev. D 90, 014006 (2014) [arXiv:1405.7046]; Phys. Rev. D 91, 031501

(2015) [arXiv:1411.2633]; Phys. Rev. D 91, 071502 (2015) [arXiv:1501.01581]; Phys. Rev.

D 101, 074006 (2020) [arXiv:1912.10362].

[7] N. Kidonakis, M. Guzzi, and A. Tonero, Phys. Rev. D 108, 054012 (2023) [arXiv:2306.06166].

[8] J. McGowan, T. Cridge, L.A. Harland-Lang, and R.S. Thorne, Eur. Phys. J. C 83, 185 (2023)

[arXiv:2207.04739].

[9] S. Bailey, T. Cridge, L.A. Harland-Lang, A.D. Martin, and R.S. Thorne, Eur. Phys. J. C 81,

341 (2021) [arXiv:2012.04684].

[10] T.-J. Hou et al., Phys. Rev. D 103, 014013 (2021) [arXiv:1912.10053].

[11] R.D. Ball et al., Eur. Phys. J. C 82, 428 (2022) [arXiv:2109.02653].

[12] PDF4LHC Working Group, J. Phys. G 49, 080501 (2022) [arXiv:2203.05506].

[13] N. Kidonakis, Phys. Rev. D 74, 114012 (2006) [arXiv:hep-ph/0609287]; Phys. Rev. D 75,

071501 (2007) [arXiv:hep-ph/0701080]; Phys. Rev. D 82, 054018 (2010) [arXiv:1005.4451];

Phys. Rev. D 93, 054022 (2016) [arXiv:1510.06361]; Phys. Rev. D 96, 034014 (2017)

[arXiv:1612.06426]; Phys. Rev. D 99, 074024 (2019) [arXiv:1901.09928].

[14] N. Kidonakis and N. Yamanaka, JHEP 05, 278 (2021) [arXiv:2102.11300].

[15] ATLAS and CMS Collaborations, JHEP 05, 088 (2019) [arXiv:1902.07158].

[16] ATLAS Collaboration, arXiv:2407.15594.

[17] CMS Collaboration, JHEP 07, 046 (2023) [arXiv:2208.00924]; CMS-PAS-TOP-23-008.

[18] N. Kidonakis and C. Foster, Phys. Lett. B 854, 138708 (2024) [arXiv:2312.00861];

PoS(DIS2024)162 [arXiv:2406.15773].

[19] M. Forslund and N. Kidonakis, Phys. Rev. D 102, 034006 (2020) [arXiv:2003.09021].

[20] ATLAS Collaboration, JHEP 11, 172 (2015) [arXiv:1509.05276]; JHEP 05, 131 (2024)

[arXiv:2401.05299].

[21] CMS Collaboration, JHEP 01, 096 (2016) [arXiv:1510.01131]; JHEP 07, 219 (2023)

[arXiv:2208.06485].

[22] L. Buonocore et al., Phys. Rev. Lett. 131, 231901 (2023) [arXiv:2306.16311].

6


	Introduction
	Soft-gluon corrections
	t production
	tW production
	tW production

