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Abstract
Purpose: A theoretical framework based on coherent reflection and filter theory predicts that the phase-gradient delays of
stimulus frequency otoacoustic emissions (SFOAEs) are correlated with tuning sharpness in the mammalian cochlea. In this
paper, we use a computational model of the cochlea to test this theory and to evaluate how SFOAE phase-gradient delays may
be used to estimate the sharpness of cochlear tuning. Methods: This study is based on a physiologically motivated model
which has been previously shown to predict key aspects of cochlear micromechanics. Cochlear roughness is introduced to
model the reflection mechanism which underlies SFOAE generation. We then examine how varying the values of key model
parameters or of the sound pressure level of the stimulus affects the relation between cochlear tuning and SFOAE delays.
Finally, we quantify the ability of model simulations of SFOAE phase-gradient delays to provide reliable estimates of the
tuning sharpness of the model. Results: We find that variations of model parameters that cause significant broadening of
basilar membrane (BM) tuning typically give rise to a sizeable reduction in SFOAE phase-gradient delays. However, some
changes in model parameters may cause a significant broadening of BM tuning with only a moderate decrease in SFOAE
delays. SFOAE delays can be used to estimate the tuning sharpness of the model with reasonable accuracy only in cases
where broadening of cochlear tuning is associated with a significant reduction in SFOAE delays. Conclusion: The numerical
results provide key insights about the correlations between cochlear tuning and SFOAE delays.

Keywords Otoacoustic emissions · Cochlear tuning · Cochlear model · Group delay

Introduction

The mammalian cochlea is a sensory system known for
its sharp frequency selectivity, high sensitivity, and broad
dynamic range [1]. These characteristics arise due to an active
nonlinear feedbackmechanism, called the cochlear amplifier,
which is linked to the electromechanical response of outer
hair cells (OHCs). This feedback mechanism is also respon-
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sible for the generation of sounds by the cochlea, which are
called otoacoustic emissions (OAEs). OAEs are commonly
measured in the ear canal (EC) to provide a simple, effi-
cient, and noninvasive measure of cochlear function in both
research and clinical practice [2]. Some OAEs are emitted
due to a linear reflection mechanism caused by impedance
perturbations in the cochlear partition according to coher-
ent reflection theory [3, 4]. This includes stimulus frequency
OAEs (SFOAEs), which are sounds emitted by the cochlea
at the frequency of the external stimulus and are the focus of
the current study. One of the key characteristics of reflection
OAEs, including SFOAEs [4], is a rapidly rotating phase.
The phase gradient of SFOAEs characterizes the latency of
the emissions and is associated with the frequency selectivity
and sharpness of tuning of the mammalian cochlea. This link
between SFOAE phase-gradient delay and tuning sharpness
can be explained by a theoretical framework that combines
the theory of coherent reflection and filter theory [5].

The theory of coherent reflection predicts that the nor-
malized SFOAE phase-gradient delay (expressed in number
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of periods), NSFOAE , is linked to the normalized phase-
gradient delay of the BM at the best place (BP), NBM . More
specifically, the ratio of NSFOAE to the phase-gradient delay
of the pressure difference waves at BP is expected to be two
since SFOAE requires round-trip wave propagation; how-
ever, the ratio of NSFOAE to the BMgroup delay at BP, NBM ,
is predicted to be a bit less than two due to the difference
between the group delays of the BM response and fluid pres-
sure [5]. Filter theory predicts the relation between NBM and
the sharpness of tuning of the BM (which can be evaluated
using the equivalent rectangular bandwidth quality factor,
QERB). If the type andorder of cochlear filters are assumed to
be the same across longitudinal locations and across species,
the relation between NBM and QERB is expected to remain
invariant. Combined with the theory of coherent reflection,
this theoretical framework implies that the SFOAE tuning
ratio (defined as the ratio of QERB to NSFOAE ) is invari-
ant across locations and species. Experiments have shown
that the tuning ratio is indeed approximately invariant among
cats, guinea pigs, and chinchillas, at least for characteristic
frequencies (CFs) above the apical-basal transition [5]. This
opened the possibility of determining cochlear tuning from
SFOAE phase-gradient delay [5]. Using the SFOAE group
delay to estimate cochlear tuning in humans led to the con-
clusion that human ears are more sharply tuned than those of
other species [5]. However, the theoretical framework under-
lying the estimation of cochlear tuning from SFOAE delays
(coherent reflection theory and filter theory) relies on a series
of assumptions and approximations. One of the key assump-
tions is that the type and order of cochlear filters are invariant;
another one is that the ratio of SFOAE delays to BM delays
is invariant.

In this work, we aim to test this theoretical framework
using our previously developed cochlear model. After com-
paring the BM and SFOAE responses of the model to
available experimental data in gerbils, we study how changes
in cochlear tuning are correlated with changes in SFOAE
phase-gradient delays. To vary the sharpness of cochlear tun-
ing and SFOAE delays, the values of key model parameters
or the stimulus level are varied. We then examine whether
the simulated values for NSFOAE can be used to estimate the
sharpness of cochlear tuning in the model. Analysis of the
numerical results gives new insights about the link between
SFOAE delays and cochlear tuning.

Methods

Cochlear Model

This work is based on a three-dimensional (3D) model of the
gerbil cochlea. This model, which couples mechanical, elec-
trical, and acoustical domains, has been described in detail

in previous works [6, 7]. The micromechanical model of the
organ of Corti (OoC) includes one degree of freedom (DOF)
for the BM and two DOFs for the TM (shear and bending) at
each longitudinal cross-section. Within each cross-section,
elastic springs represent the elasticity of the BM, TM attach-
ment to the spiral limbus, reticular lamina (RL), OHC main
body, and hair bundle (HB) [8]. Furthermore, these cross-
sections are directly coupled to each other via structural
longitudinal coupling, which is considered in the BM and
TM, as described in Ref. [9].

The micromechanical model and the electrical model are
coupled to each other due to mechano-electrical transduction
(MET) and somatic electromotility. The MET current is a
nonlinear function of the angular deflection of the OHC HB
relative to the reticular lamina, θhb/rl :

iMET (θhb/rl ) = Imax
hb ×

[ 1

1 + exp(− Lhbθhb/rl−X0
�X )

− Ps
0

]
, (1)

where Lhb is the length of the HB; X0 and �X are constant
values; Ps

0 is the resting open probability of the HB MET
channel; and Ihb is the saturating MET current and is given
by Imax

hb = Gmax
hb �V 0

hb where Gmax
hb is the saturating MET

conductance and �V 0
hb is the resting value of the difference

between the scala media potential and the intracellular OHC
potential. Somatic electromotility is modeled using linear
reciprocal equations:

isom = −ε3u̇
comp
ohc (2)

fohc = ε3�Vohc, (3)

where ε3 is the electromechanical coupling coefficient. Equa-
tion2 relates the OHC compression rate u̇comp

ohc to the somatic
current isom . Equation3 relates the OHC transmembrane
potential (�Vohc, defined as the difference between the intra-
cellular OHC potential and the scala tympani potential) and
the force applied by the OHCs on the BM and RL in the
extension direction, fohc.

All results except for the study of the effect of sound pres-
sure level were obtained using a linear frequency-domain
implementation of the model. The study of the effect of
sound pressure level is based on a nonlinear time-domain
implementation of the model. The use of a linear frequency-
domainmodel is advantageous as thismodel runsmuch faster
than the nonlinear time-domain model. The nonlinear model
converges to the linear model at low stimulus levels (20 dB
SPL and below).

Except for the parameters listed in the table in Table 1, all
parameter values for the baseline model are identical to the
values used in our previous paper [7]. The smooth version
of the cochlear model (i.e., the version of the model without
cochlear roughness, which is introduced in the next subsec-
tion) has been calibrated based on previously published in
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vivo BMmeasurements in gerbils at four different locations:
the 18 kHz [10] (Fig. 1 A and F), 26 kHz [11] (Fig. 1 B and
G), 35.5 kHz [12] (Fig. 1 C and H), and 45.5 kHz [13] (Fig. 1
D and I) characteristic places (CPs). The values of model
parameters were chosen such that the active to passive gain
of the model is similar to that observed experimentally; how-
ever, the model gain is a few dB higher than experiments,
especially at the 26 kHz CP. Appendix 2 shows the responses
of a model with reduced MET current and illustrates how
reducing MET conductance to bring the gain closer to that
observed experimentally has little effect on the relationships
between tuning sharpness and group delays.

The equivalent rectangular bandwidth (ERB) of the
smooth model BM response was used to calculate the quality
factor, QERB :

QERB( fCF) = fCF/ERB( fCF) (4)

where ERB is the equivalent rectangular bandwidth at the
local characteristic frequency, fCF [14]. Note that the char-
acteristic frequency (CF) and best frequency (BF) both refer
to the frequency of maximum BM response at a fixed lon-
gitudinal location: CF corresponds to the frequency of the
maximum response for low-level stimuli, whereas BF refers
to the level-dependent frequency of maximum response [15].
Similarly, the CP is the location of maximum response for
low-level stimuli of a given frequency, whereas the BP is
the level-dependent location of maximum response. QERB

is predicted to increase as CF increases (Fig. 1E), in a man-

ner similar to in vivo measurements in gerbil from Ref. [16].
However, the predicted phase has a steeper slope than exper-
iments around the CF (Fig. 1 F–I), implying that the model
overpredicts the BM group delay at CF. The normalized
group delay at CF expressed in number of cycles, NBM , is
plotted as a function of CF in Fig. 1J. The simulated NBM

increases as CF increases, as observed in the experimental
results in the gerbil cochlea reported by Charaziak and Shera
[16].However, the slopeof the NBM vs.CFcurve is shallower
than in the experiments; furthermore, the simulated NBM val-
ues are higher than the experimental values by a factor of 1.5
to 2.5. The simulated NBM values are also above the experi-
mental values in the model with reducedMET current shown
in Appendix 2.

Cochlear Roughness and SFOAE Simulations

In order to simulate reflection OAEs, cochlear roughness
is introduced in the BM stiffness. In the model with
cochlear roughness, the BM stiffness of the smooth model,
Kbm(x)|smooth , is perturbed according to the equation:

Kbm(x)|rough =
(
1 + σRr(x)

)
Kbm(x)|smooth (5)

where r(x) is a number generated by a randomnumber gener-
ation based on a normal distributionwith a standard deviation
of one, and σR is the standard deviation of the perturbations
from the smooth case. σR = 0.1% has been used throughout
this work for the rough models as this value results in similar
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Fig. 1 Comparison of the pure tone responses predicted by the nonlin-
earmodel to in vivo experiments in gerbil.A–C and F–HThe amplitude
and phase of the BM velocity relative to the stapes velocity; D and I
the amplitude and phase of the BM velocity relative to the EC pressure.
For the amplitude, experimental curves were shifted vertically so that
they overlap with the model in the low-frequency tail of the curves.
Simulations (solid lines) are compared to measurements (dashed lines)
in individual animals at 18 kHz CP from He and Ren [10] in A and F;
at the 26 kHz CP from He and Ren [11] in B and G; at the 35.5 kHz
CP from Overstreet et al. [12] in C and H; and at the 45.5 kHz CP from

Cho et al. [13] in D and I. Model SPLs are from 20 to 90 dB in 10 dB
steps. Experimental SPLs are from 20 to 80 dB in A, 30 to 80 dB in B,
and 20 to 90 dB in C, all in 10 dB steps. In D, experimental SPLs are
58, 66, 78, 86, and 92 dB. The experimentally measured phases in F–I
are plotted at a single stimulus level (20 dB SPL; 30 dB SPL in G; 70
dB SPL inH; 58 dB SPL in I). E QERB of the BM velocity at low SPL.
J Normalized group delay, (NBM ) of the BM at the CP at low SPL.
Simulations in E and J are compared to experimental measurements in
gerbils (average of data for n = 16 animals) from Charaziak and Shera
[16]
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SFOAE levels and fine structure as in experiments in gerbils
[16]. A random number seed (RNS) is used in the model
to initialize the random number generator, which enables
the possibility of simulating a family of various roughness
profiles by using different RNS values. Simulations with
different RNS values mimic the measurement of OAEs in
multiple cochleae.

Calculation of the SFOAE is based on the reflection com-
ponent in the EC pressure, which is the vector difference
between the steady-state pure tone response of the models
with and without roughness (smooth model). This method,
which is advantageous because it can be applied to linear
frequency-domain simulations, differs from the nonlinear
compression and suppression methods, which are typically
used in experiments. We showed in Ref. [17] that the method
used in the current paper yields SFOAE amplitudes and
phases that are nearly identical to those obtained using the
nonlinear compression method. Vencovsky et al. [18] have
also shown using their nonlinear cochlear model that the
method currently used here yields nearly identical results to
the nonlinear compression method and suppression method
at least for frequencies above 0.9 kHz; however, short latency
components may be present when the compression or sup-
pression methods are used. The short latency components
present when the compression method or the suppression
method is applied would not affect the key results of this
paper as they would be filtered out by the method introduced
in the next section.

Robust Calculation of SFOAE Group Delays

SFOAEs are the summation of multiple components of dif-
ferent delays, which include a short latency component and
components of longer latency corresponding to multiple
internal reflections [19]. Interference between these multiple
components can complicate the interpretation of SFOAEs
and introduce bias (overestimation) in obtaining the phase-
gradient delays. The link between BM tuning and SFOAE
phase-gradient delay is expected to be strong only if the
first reflection component is considered. To determine the
first reflection component, the following method, illustrated
in Fig. 2, is applied. The SFOAEs as a function of fre-
quency (shown in Fig. 2 A and C) are first converted to the
time-domain by applying an inverse fast Fourier transform
(IFFT) (the black line in Fig. 2B) and are then transformed
into time-frequency representations by using continuous
wavelet transform (CWT) (Fig. 2D), in a similar manner to
the method proposed by Moleti et al. [20]. The CWT pro-
vides the constituent time-varying spectral components of
the SFOAE. To identify the 1st reflection component, the
group delay of the BM predicted by the smooth model at the
frequency-dependent best place, τBM (x), is first calculated.

Time-frequency filtering is applied over the CWT to identify
the short latency (delays less than 1×τBM ), 1st reflection
(delays between 1× and 3×τBM ) and 2nd reflection (delays
between 3× and 5×τBM ) components. These components
can be visualized in the time domain (red, gold, and blue
lines in Fig. 2B). After applying a fast Fourier transform, the
amplitude and phase of the 1st and 2nd reflection components
are obtained in the frequency domain (Fig. 2 A and C).

The peak-picking algorithm is then implemented [19]. This
method only considers the values of the group delay near fre-
quencies corresponding to peaks in the SFOAE level of the
1st reflection component. Here, the peak-picking selection
includes the peak itself and one point on either side of the peak
(Fig. 2A). To obtain the curve of phase-gradient delay of
SFOAE vs. frequency, the time-frequency filtering and peak-
picking method was applied to simulations obtained with
multiple RNS (64 RNS values for linear simulations; 16
RNS values for nonlinear simulations), before applying loess
smoothing [19] using a span of 50% to establish the general
trend for the group delay vs. frequency curve (e.g., Fig. 3C).

Variations in theModel Parameters
and in the Stimulus Level

Three model parameters were varied from their baseline val-
ues used in the calibrated model to study how changes in
cochlear tuning are correlated with changes in SFOAE group
delays. For all these variations, the state-space formulation
of the model allows us to check the linear stability of each
case before running the frequency-domain simulations [21,
22], which is important because a linear frequency-domain
simulation would not be meaningful in case of a model with
a linear instability (i.e., a model that predicts the generation
of a spontaneous OAE). For each parameter, the variation
was parameterized using a non-dimensional scaling factor,
defined such that a value of one corresponds to the baseline,
fully active, and calibrated model shown in Fig. 1.

The first parameter is the saturating MET current, Imax
hb ,

which was parameterized using the non-dimensional scaling
factor SFMET. SFMET = 0 corresponds to a passive model;
a value between 1 and 0 corresponds to partial loss of OHC
function (either due to a reduction in the MET channel satu-
rating conductance Gmax

hb or to reduction in �V 0
hb linked to

a reduction in the endocochlear potential, which is one pos-
sible source of age-related hearing loss [23]). In this study,
SFMET is varied between 1 and 0.44.

Thesecondparameter is theTMlongitudinalcouplingscaling
factor (SFTMLC), which scales the values of longitudinal sti-
ffness andviscosity of theTM[9] fromtheirbaselinevalues[6].
Experimental studies, which have examined howgeneticmu-
tations that affect the TM proteins alter TM properties and
cochlear function in some transgenic mice [24–26], and the

123



Evaluating the Correlation Between Stimulus Frequency Otoacoustic Emission... 579

-1

-0.5

0

0.5

1

IF
F
T
 o
f 
S
F
O
A
E
 (
a
.u
.) B

0 1 2 3 4 5

Time (ms)

10

15

20

25

30

F
r
e
q
. 
(
k
H
z
)

D

BM
3

BM
5

BM

-40

-30

-20

-10

0

M
a
g
n
it
u
d
e
 (
d
B
 r
e
 m
a
x
)

-40

-20

0

20

S
F
O
A
E
 (
d
B
 S
P
L
)

A

-40

-30

-20

-10

0

P
h
a
s
e
 (
c
y
c
le
s
)

C

Total

1
st
 Reflection

2
nd
 Reflection

Short latency

Peak-picking

10 15 20 25 30

Freq. (kHz)

0

1

2

3

4

D
e
la
y
 (
m
s
)

E

Fig. 2 Illustration of applying time-frequency filtering and of the
peak-picking method. Amplitude (A) and phase (C) of SFOAE pre-
dicted by the baseline linear cochlear model with roughness (with RNS
= 0). B Inverse fast Fourier transform of the SFOAE response. D
Time-frequency distribution of SFOAE response by using continuous
wavelet transform (CWT). White curves indicate 1, 3, and 5 times the
phase-gradient delay of BM responses at CF; these curves are used as
guidelines to filter the SFOAE responses into short latency, and 1st and

2nd reflection components. E SFOAE phase-gradient delay, τSFOAE .
In A–C and E, the black, red, blue, and gold lines represent the total
SFOAE response (i.e., unfiltered response), the first reflection compo-
nent, the second reflection component, and the short latency component,
respectively; the red dots correspond to the frequencies of the peaks of
the 1st reflection component and to the frequencies just below and just
above the peaks. The SFOAE delays are evaluated at the frequencies
identified by the peak-picking method

theoretical results from Ref. [9], which showed that TM lon-
gitudinal coupling tends to broaden cochlear tuning,motivate
us to study the effect of SFTMLC on SFOAE delays. In the
current study, longitudinal coupling was increased by varying
SFTMLC between 1 and 8 in order to broaden cochlear tuning.

The third model parameter that has been varied is the OoC
impedance scaling factor (SFOoC). SFOoC scales the stiffness
of OHCs, RL, and hair bundles (HBs), as well as the bending
stiffness, mass, and damping of TM from the corresponding
baseline values. This variation is motivated by our recent
resultswhich showed that the impedance ofOoCcomponents
affects the tuning of the BMvibrations [7]. SFOoC was varied
between 1 and 0.4.

In addition to these three parameter variations, a nonlinear
implementation of the baseline model was run at stimulus le-
vels from 0 to 60 dB SPL to evaluate how an increase in SPL
affects the link between cochlear tuning and SFOAE delays.

Results

SFOAE Predictions of the Baseline Cochlear Model

Figure3A and B shows the amplitude and phase of the SFO-
AEs predicted by the baseline cochlearmodelwith roughness
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plotted vs. frequency. Dots inC show NSFOAE for 64 RNS, where each
point is calculated at the frequency of the peak-picking method applied
to the 1st reflection component of the SFOAE. The solid line is a loess

fit of the points using a span of 50%. The dashed line corresponds to
2 × NBM . D. NSFOAE plotted vs. QERB . In C, the experimental data
(average of n = 5 animals) are from Charaziak and Shera [16]. In D,
the blue line is the following empirical equation from Charaziak and
Shera [16]: NSFOAE = QERB/0.63 where QERB corresponds to the
quality factor of the BM

for three different RNS values, which mimic measurements
in different cochleae. For each RNS, the amplitude has many
peaks and valleys, i.e., fine structure, whichdependon theRNS
value. ThepredictedSFOAEhasapproximately thesamelevelas
observed in gerbils in response to low-level stimuli [16]; howe-
ver, themodel predictions seem to lack the broadmacrostruc-
ture observed in these experiments, where SFOAE drops
to a low level over a relatively broad frequency range. The
SFOAEphase has a steep slope and accumulates about 25–30
cycles from 10 to 30 kHz. The SFOAE phase-gradient delay
was calculated based on the procedure described in themeth-
ods, i.e., time-frequency filtering was applied to isolate the
1st reflection component before applying the peak-picking
method. Throughout the results, the phase-gradient delay,
NSFOAE was expressed in number of cycles:

NSFOAE = − f

2π

d � PSFOAE

d f
(6)

where � PSFOAE refers to the phase of the SFOAE expressed
in radians and f is the frequency in Hz. The phase-gradient
delays at the peak-picked frequencies are aggregated using
simulations of all 64 RNS values using a loess fit and plotted

as the normalized phase-gradient delay (red dots in Fig. 3C).
The loess fit of the NSFOAE predicted for all RNS values
generally increases as frequency increases and is slightly less
than 2 × NBM , where NBM refers to the BM group delay
expressed in number of cycles.Despite significant variability,
the NSFOAE values predicted from individual RNS (the dots
in Fig. 3C) follow this general trend. In a manner consistent
with the overestimation of the BM phase slope in Fig. 1, the
predicted NSFOAE tends to be abovemeasurements in gerbils
by a factor 2 to 2.3.

The correlation between NSFOAE and tuning sharpness
is evaluated by plotting NSFOAE as a function of QERB . As
the frequency is swept, Fig. 3D shows that the variations in
NSFOAE and QERB are correlated, in bothmodel predictions
(at least for frequencies up to 30 kHz) and experiments in
gerbils: the broader tuning observed at more apical locations
is generally associated with lower normalized group delays.
However, as observed in Fig. 3C, the predicted NSFOAE val-
ues are significantly above the measured NSFOAE values.

Note that throughout the paper, QERB and NBM are cal-
culated using the smooth model. This approach cannot be
directly followed in an experiment since roughness cannot
be eliminated. However, we show in Appendix 3 that the
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model with roughness yields values of QERB and NBM that
are nearly identical to those obtained with the smooth model
if filtering is applied to eliminate the secondary reflections.

Effect of Changes in Parameters or Stimulus Level
on BM and SFOAE Responses

Figure4 shows the effect of varying model parameters or
stimulus level on the amplitude and phase of theBMresponse

and of SFOAEs predicted for one single RNS. In all cases,
the changes inmodel parameters or increase in the SPL cause
(1) a reduction in the amplitude of the BM velocity response
(Fig. 4 A–D), (2) a broadening of the BM velocity response
(Fig. 4 E–H), and (3) a reduction in the SFOAE ampli-
tude (Fig. 4 I–L). In cases of reduced HB current, increased
TMLC, and increased SPL, these changes in amplitudes and
tuning sharpness are associated with decreases in the peak
frequency (Fig. 4 A, B, and D) and in the slopes of the phase
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Fig. 4 Effect of varying model parameters and the level of the stimulus
on BM velocity and SFOAEs. Amplitude (A–H) and phase (I–L) of
the BM velocity relative to the EC pressure. In A–D, the longitudinal
location is fixed to the 20 kHz CP of the smooth baseline model; in this
case, the BF varies as the parameter varies. In E–L, the longitudinal
location is varied so that all curves peak at the same frequency of 20
kHz. Keeping the peak frequency invariant facilitates the comparison

of the shape of the amplitude response and of the slope of the phase
response. M–T SFOAE amplitude relative to the EC pressure (M–P)
and SFOAE phase (Q–T) relative to the SFOAE phase at 10 kHz. The
SFOAE results are the filtered SFOAE with the first reflection only for
a single RNS. In the last column, the sound pressure level was varied
from 0 to 60 dB SPL
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of both theBMvelocity (Fig. 4 I, J, andK) and SFOAE (Fig. 4
Q, R, and T), implying that the group delays are significantly
reduced. However, in the case of varied OoC parameters, the
peak frequency increases (Fig. 4C) and the slope of the phase
responses is not affected as significantly as in the other cases
(Fig. 4 K and S).

Figure5 shows QERB and NSFOAE plotted as a function of
the scaling factor used to control each parameter variation.
All parameters were varied such that the range of QERB is
roughly similar for all parameter variations (from 6.6 in the
baseline model to 3, as seen in the 1st row of Fig. 5). How-
ever, NSFOAE is observed to vary much more significantly
in the cases of the decreased HB current, increased TMLC,
and increased stimulus level than in the case of varied OoC
parameters (2nd row of Fig. 5). Overall, a monotonic trend is
observed between the scaling factor and NSFOAE . NSFOAE

is close to 2 × NBM in the baseline case. In all cases, as the
parameter variations cause a reduction in QERB , the loess fit
of NSFOAE progressively deviates slightly from the 2×NBM

curve.

Relation Between SFOAEDelays and Cochlear Tuning

Figure6 shows how the variations in model parameters or in
the SPL of the stimulus affect the relation between NSFOAE

and QERB . For all parameter variations, NSFOAE is posi-

tively correlatedwith QERB (Fig. 6A, solid lines). In the case
of increasedTMLC, NSFOAE is nearly proportional toQERB

as it follows the black dashed line. The curve NSFOAE vs.
QERB deviates from a proportional relation in the three other
cases. The curve NSFOAE vs. QERB is below the propor-
tional line in the case of decreasedMETcurrent and increased
SPL; the opposite trend is observed in the case of decreased
OoC impedance. In all cases, the curves for NSFOAE vs.
QERB are slightly below the corresponding 2 × NBM vs.
QERB curve (dotted lines).

The link between NSFOAE and QERB can also be exam-
ined by calculating the SFOAE tuning ratio, defined as
αSFOAE = QERB/NSFOAE [5]. αSFOAE is nearly invariant
in the case of increased TMLC. Decreasing the MET current
or increasing the SPL causes moderate, non-monotonic vari-
ations of αSFOAE . However, varying the OoC parameters
causes a significant decrease in αSFOAE . The variations in
αSFOAE are the consequence of two factors, which can be
understood by writing αSFOAE as the product of two terms:

αSFOAE = αBM × 2NBM

NSFOAE
(7)

whereαBM = QERB/(2NBM ) is the BM tuning ratio, which
is plotted in thin dotted lines in Fig. 6B. In this analysis, NBM

corresponds to the BM group delay evaluated at the BP of
the model for the chosen values of the parameters or stimu-
lus level. αBM varies significantly in the case of varied OoC
parameters, which can be interpreted as a change in the type
and/or order of the BM filters as the parameter varies. More-
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over, in all cases, the ratio NSFOAE/NBM , which is plotted
in Fig. 6C, also varies; for all parameter variations, a reduc-
tion of QERB is associated with a nearly monotonic decrease
in this ratio. When QERB is large, this ratio approaches 2;
as QERB decreases, the ratio drops progressively to around
1.7 to 1.85 depending on the parameter variation.

HowDo NSFOAE Simulations PredictQERB?

The fact that NSFOAE is approximately proportional to QERB

(or equivalently that the SFOAE tuning ratio is nearly invari-
ant) suggests that measuring NSFOAE can directly be used to
estimate QERB . This is what was used by Shera et al. [27] to
estimate cochlear tuning in humans at the population level.
We evaluate in Fig. 7 how simulations of NSFOAE can be
used to estimate the QERB of the model, both for the case of
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tuning ratios, αBM and αSFOAE . The black thin dashed lines in A and
B correspond to a constant tuning ratio of 0.3374, which is the tuning
ratio of the baseline model. C Ratio of NSFOAE to NBM

the NSFOAE predicted for a single RNS, and for the loess fit
of multiple RNSs. Even in the case of a computer simulation
which is not affected by noise and measurement errors, the
ability of using a single NSFOAE measurement to estimate
QERB is more challenging due to the inherent variability of
NSFOAE linked to the generation mechanism of SFOAE.

Figure7A illustrates the process used to estimate QERB

for a single simulation. The group delay predicted for a single
RNS value at anMET scaling factor of 0.80 is shown in a thin
magenta line, along with the peak-picked values indicated
using dots. We chose to quantify the error in the NSFOAE -
based estimate of QERB at a single frequency of 20 kHz
which is the midpoint of the frequency range of 10 to 30 kHz
used for these simulations. To reliably estimate NSFOAE at
20 kHz for that single simulation, the peak-picked values of
NSFOAE were fitted using a linear function of frequency:

N f it
SFOAE ( f ) = β0 + β1 f (8)

The least square fit, N f it
SFOAE ( f ), plotted in a thick magenta

line, captures the general trend seen in the simulation for the
chosen RNS value. Furthermore, this fit is close, but not iden-
tical, to the loess fit of the 64 RNS for the SFMET considered
in this simulation.

N f it
SFOAE ( f = 20kHz) is used to estimate QERB at 20

kHz by using the equation:

Q̃ERB( f ) = N f it
SFOAE ( f )

αSFOAE ( f , SFMET = 1)
(9)

where αSFOAE ( f , SFMET = 1) is the SFOAE tuning ratio
of the baseline model. The process was repeated for all
SFMET values. For the RNS value used in Fig. 7B, the esti-
mate of QERB based on Eq.9 is observed to approximately
follow the curve QERB(SFMET ) directly calculated from
simulations of the BM response.

To quantify the precision and accuracy of this method, the
percent relative error in the estimate of QERB was calculated
as follows:

EQERB = 100 × Q̃ERB − QERB

QERB
(10)

where QERB refers to the true value of QERB , (i.e., the value
directly obtained from the simulation of the BM response)
and Q̃ERB refers to the value obtained from NSFOAE . EQERB

is plotted as a function of the true QERB in Fig. 7 C–F for
the variations in model parameters or stimulus levels. The
dots show the error for individual RNS values. In the case of
decreased SFMET , increased SFTMLC , and increased SPL,
the error is relatively small (less than 20% for all individual
RNS). The mean error (shown in a solid line) is negative
in the case of decreased SFMET and increased SPL, which
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Fig. 7 Estimation of QERB
based on NSFOAE simulations.
A Comparison of the NSFOAE
predicted for a single simulation
(RNS=2) for SFMET = 0.8
(thin magenta line) to the least
squares fit using Eq.8 (thick
magenta line). The trend line
obtained using the loess fit of 64
RNS for SFMET = 0.8 is shown
in a thick black dotted line for
reference. B Comparison of
Q̃ERB calculated from the fit of
SFOAE delay at 20 kHz shown
in A using Eq.9 to the true value
directly calculated from the
predicted BM response, QERB .
C–F The percent relative error
between Q̃ERB and QERB is
plotted as a function of QERB in
the case of decreased Imax

hb (C),
increased TMLC (D), decreased
ZOoC (E), and increased SPL
(F). The dots correspond to
individual RNS cases; the solid
lines and the shaded area
represent the mean and ± one
standard deviation, respectively.
The black dotted line in C–F is
the error for the Q̃ERB
estimated based on the loess fit
of all RNS
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is due to the fact that, in these cases, the NSFOAE curve is
above the constant αSFOAE curve in Fig. 6A. The mean error
is very close to 0 in the varied TMLC case and remains less
than 10% in the decreased Imax

hb case. However, the method
overestimates QERB by large errors of up to 70% in the case
of increased ZOoC , which is due to the deviation of NSFOAE

from the constant αSFOAE case in Fig. 6A. These results
show that NSFOAE predicted for a single ear allows for an
estimate of QERB of reasonable accuracy (errors of up to

20%) for the varied MET, TMLC, and level cases. However,
for the case of varied ZOoC that affects significantly the shape
of the BM response but not the SFOAE delays, the method
is unable to estimate QERB reliably.

Themean error of the Q̃ERB predicted for all RNS tends to
be slightly negative in the case of decreased Imax

hb , increased
TMLC, and increased SPL. This error is linked to the fact that
the SFOAE tuning ratio drops slightly below the value of the
baseline model in Fig. 6B. Another approach for multiple
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RNS is to use the loess fit to directly obtain Nloess
SFOAE at 20

kHz, before using this value in Eq.9 to calculate an estimate
of QERB . The estimate based on the loess fit, shown in a black
dotted line in Fig. 7 C–F, is observed to be nearly identical to
the mean error shown in the solid line.

Discussion

This work utilizes a physiologically motivated model of the
gerbil cochlea to investigate how changes in cochlear tuning
affect SFOAE phase-gradient delays. After calibration, the
baseline model predicts a similar BM amplitude response as
in in vivo measurements in gerbils, with similar QERB val-
ues (Fig. 1). However, the group delays of the BM response
and of SFOAEs are higher than in experiments by a factor of
around two. The slope of the NSFOAE vs. frequency curve is
predicted to be shallower than in experiments.Computational
models of the cochlea that rely on coherent reflection have
been previously used to simulate SFOAEs and study their
generation mechanisms and key characteristics [17, 18, 28,
29]. While these previous models have not been used to sys-
tematically study the link between the sharpness of cochlear
tuning and SFOAE delays, they often predict higher group
delays than in experiments (e.g., [28]).More phenomenolog-
ical models can bemore easily tuned to predict more realistic
SFOAE group delays [30].

Another way to evaluate the SFOAE predicted by the
model is by examining the ratio of SFOAE group delays
to BM group delays. The baseline model predicts that the
ratio of SFOAE group delay to BM group delay is near two
(1.95), which is a bit higher than has been observed in exper-
iments: NSFOAE has been found to vary between 1.2× and
1.8× NBM , depending on the species, including 1.6 in ger-
bils [16]. In the current model, SFOAEs originate primarily
from the peak of the traveling wave. Because this model
has purely local OHC feedback, the delays of forward and
reversewaves are nearly identical, such that the SFOAEdelay
is about twice the BM group delay in the case of a sharply
tuned model. The finite element model from Motallebzadeh
and Puria [28], which includes non-local OHC feedback
due to the cytoarchitecture of the organ of Corti, predicts
a much lower value for NSFOAE/NBM of about 0.6. Shera
and Altoe [30] demonstrated that varying the locality of the
OHC feedback allows NSFOAE/NBM to vary significantly.
They concluded that the values reported in experiments for
NSFOAE/NBM suggest that the OHC feedback is primarily
local; however, introducing a small amount of non-locality
in our model by accounting for the longitudinal tilt of OHCs
might be needed to lower the predictions of our model for
NSFOAE/NBM to values closer to experiments.

The limitations in the accuracy of the NSFOAE predictions
of the baseline model should not deter from using the model
in improving understanding of the correlations between tun-

ing sharpness and SFOAE phase-gradient delays. In order
to limit the computational cost, the study of the effect of
model parameter variations on QERB and NSFOAE was con-
ducted using a linear frequency-domain implementation of
the model, such that the results obtained here only directly
apply to SFOAEs measured in response to the stimulus of
level up to about 20 dB SPL. However, the findings are
expected to be qualitatively similar for higher sound pres-
sure levels. All model parameter variations considered in
this article cause concurrent changes in QERB and NSFOAE ,
i.e., reductions in QERB are associated with lower NSFOAE .
NSFOAE and QERB are nearly proportional to each other in
the case of increased TM longitudinal coupling; the rela-
tionship between NSFOAE and QERB is close to being
proportional in the decreased HB current case but not in
the varied OoC impedance case. This lack of proportion-
ality in the varied OoC impedance case arises because the
BM tuning ratio is significantly affected by the parameter
variations. The filter theory used by Shera [5] to interpret
the relationship between group delay and tuning sharpness
relies on the assumption that the overall transfer function
between input (EC pressure) and output (BM displacement)
can be represented as a filter of fixed type (for example, a
gammatone filter) and order. The type and order of the BM
filters are not directly available in the model as these depend
on the hydrodynamics of the fluid, the micromechanics of
the organ of Corti, and the electromechanical feedback from
OHCs. Nevertheless, it may be possible to fit (or approxi-
mate) the transfer function of the BM response using specific
filters. As discussed by Shera, for a given filter of fixed order,
bandwidth and group delay are simply related: for exam-
ple, for a gammatone filter of order n, the normalized group
delay N is related to the quality factor Q3dB by the equation:
N = n

√
21/n − 1Q3dB/π [31]. The lack of invariance of the

BM tuning ratio in the varied OoC impedance case suggests
that the effect of this parameter’s variation cannot be cap-
tured by a simple change in the parameters of fixed type and
order of the BM filter, but that the type and/or order of the
filter changes when the parameter is varied. The possibility
that the tuning ratio may change significantly needs to be
kept in mind when SFOAE phase-gradient delays are used
to estimate cochlear tuning in multiple species, or in animals
with altered properties (such as transgenic mice with altered
TM protein expressions [26]).

In addition to this change in the tuning ratio, all parameter
variations affect the ratio of NSFOAE to NBM : in all cases,
the broadening of cochlear tuning is correlated with a mod-
erate reduction in NSFOAE/NBM . With broader tuning, the
SFOAE generation region becomes broader and the size of
contributions from locations basal to the peak increases rela-
tive to contributions from the peak. This shift in the SFOAE
generation is the likely sourceof the reductionof the NSFOAE

to NBM ratio.
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The effect of increasing sound pressure level is predicted
to be quite similar to the effect of directly reducing the MET
current. The nonlinear model predicts that increases in SPL
cause broadening of BM tuning, and decreases in BM and
SFOAE delays (of the 1st reflection component), as observed
in experiments. This relation between QERB and NBM when
SPL is increased is similar, but not identical, to the trend
observed when the MET current is reduced. As observed in
the experimental data from Charaziak and Shera [16], the
BM tuning ratio is nearly level-independent when SPL is
increased, such that NBM is predicted to be nearly propor-
tional to QERB . The ratio of NSFOAE to NBM is predicted
to depend weakly on SPL. Although Charaziak and Shera
observed that the ratio of NSFOAE of the 1st reflection com-
ponent to NBM is nearly constant when stimulus level is
varied, our model predicts that the broadening of cochlear
tuning at higher SPL is associated with somewhat lower
NSFOAE to NBM ratios (Fig. 6C).

The use of our model allows us to evaluate how SFOAE
delays may be used to estimate the sharpness of cochlear tun-
ing. We focus not only on group-level predictions (i.e., for
multiple RNS values in Fig. 7), as done previously in experi-
ments in different species, but also on predictions for a single
RNS (which represent data from a single ear). The method
assumes that QERB and NSFOAE are proportional to each
other. When applied at the population level (i.e., when esti-
mations for multiple RNS values are averaged, either based
on the loess fitting or by taking the median of individual
QERB estimates), the only source of error is the lack of exact
proportionality between QERB and NSFOAE . Because a pro-
portional relation between QERB and NSFOAE is a decent
approximation in the case of variedMET current and TMLC,
the population level estimates of QERB are within a few per-
cents of the directly predicted values. A somewhat larger
error is observed for the case of varied stimulus level due

to the larger deviation from proportionality. However, when
the ZOoC varied, the error can reach very large values due
to the lack of proportionality between QERB and NSFOAE ,
making the method useless.

Estimation of QERB from a single simulation (or experi-
ment) is more challenging due to variability of the NSFOAE

vs. frequency curve for a single RNS. It is essential to extract
a meaningful trend for the curve of NSFOAE vs. frequency,
which is representative of cochlear tuning rather than of the
inherent variability of the coherent reflection mechanism. To
eliminate the variability, the values of NSFOAE were fitted
using a simple linear function of frequency; other functional
dependencies for the curve NSFOAE ( f ) were considered
(not shown), but this did not significantly affect the results.
The error between the QERB estimated using a single simu-
lation and the true QERB is somewhat larger than the error
observed at the population level, but remains reasonable (i.e.,
less than 20%) in the decreased MET current and increased
TMLC cases. For the single RNS case, this error arises from
two sources: 1) the error in the estimation of the NSFOAE ( f )
trendline and 2) error in the relation between NSFOAE and
QERB (i.e., NSFOAE is not exactly proportional to QERB).

In conclusion, the use of a computational model allows us
to study the link between the sharpness of cochlear tuning and
SFOAE delays in a well-controlled environment. We found
that most model parameter variations cause nearly propor-
tional variations in QERB and NSFOAE , making it possible
to estimate QERB from NSFOAE . However, the numerical
results highlight the fact that it may be possible for changes
in model parameters to cause non-proportional changes in
QERB and NSFOAE .

Appendix 1: Table of Model Parameters

Table 1 Updated mechanical and electrical parameters for cochlear model, where x is the longitudinal position in cm

Param. Description Value in Ref. [7] Value in present study

Ktms TM shear stiffness (per unit length) 2.772 × 105 · e−6.422279x−1.319184x2 N/m2 2.772 × 105 · e−7.5425x N/m2

Cm Basolateral capacitance (per OHC) 17.45x pF 1.6933 · e4.08x pF
Gm Basolateral conductance (per OHC) 192 − 148.9x nS 55 · e2x nS
Gmax

hb Saturating HB MET conductance (per HB) Interpolated from Interpolated from

97.6 nS at x=0cm 109.5 nS at x=0cm

94.3 nS at x=0.13 cm 87.2 nS at x=0.13 cm

74.9 nS at x=0.224 cm 70.9 nS at x=0.224 cm

56.2 nS at x=0.32 cm 56.9 nS at x=0.32 cm

38.4 nS at x=0.44 cm 42.5 nS at x=0.44 cm

18.8 nS at x=0.67 cm 23.0 nS at x=0.67 cm

1.97 nS at x=1.12 cm 17.4 nS at x=0.75 cm

2.0 nS at x=1.12 cm

The model assumes 1000 sections per cm, each with 3 OHCs
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Appendix 2: Comparison of Model with
Reduced SFMET to Experiments

The tuning and delays of a model with reduced MET current
(SFMET = 0.88) are compared to experiments and to the
baseline model (SFMET = 1) in Fig. 8. The first row of Fig. 8
shows a reduction in the sensitivity of the BM responses
for the model with SFMET = 0.88. The second row of
Fig. 8 shows reduced QERB (Fig. 8D), NBM , and NSFOAE

(Fig. 8E) for the model with SFMET = 0.88 in comparison to
the baseline. Even though the model with reduced MET cur-
rent predicts a BM amplitude response that nearly matches
(at the 26 kHz and 35.5 kHz CPs) or even below (at the 18
kHzCP) the experimental curves, the BMand SFOAEdelays
of this model remain significantly above the experimental
values. The link between tuning sharpness and delays, upon
which our analysis rests, is unaffected by the exact values of
QERB , NBM , and NSFOAE of the baseline model.

Appendix 3: Calculation ofQERB and NBM
Using Filtered Response of Model with
Roughness

Introducing roughness affects the frequency response of the
BMto apure tone (Fig. 9AandC):with roughness, the ampli-
tude and normalized group delay curve have a fine structure.
If the QERB and NBM at BF are directly calculated from
the response of the rough models, there is variability in the
calculated values (Fig. 9 B and D). While the median value
of the NBM calculated for all RNS is nearly identical to the
NBM calculated for the smooth model, the median QERB is
significantly above the QERB of the smoothmodel. To obtain
more reliable estimates of QERB and NBM , we applied filter-
ing on the IFFT of the response of the model with roughness
(Fig. 9E) to eliminate the lobes of longer delays due to sec-
ondary reflections. The FFT of this filtered IFFT looks nearly
identical to the smooth model response near BF and lacks
any fine structure in this region (Fig. 9 A and C). As a result,
the QERB and NERB values are nearly independent of the
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Fig. 9 Comparison of QERB
and NBM calculation using
rough unfiltered, rough filtered,
and smooth BM responses. A,
C, and E The unfiltered, filtered,
and smooth BM response
amplitude (A), normalized
group delay (C), and waveform
(E) for one RNS. B and D
Median (bar height) and IQR
(error bar) of QERB (B) and
NBM (D) calculated with
unfiltered and filtered BM
response, using 64 simulations
with different RNS values and
SFMET = 1. The smooth value
is also shown for reference in B
and D
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RNS and are nearly identical to the values obtained with the
smooth model (Fig. 9 B and D).
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