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ABSTRACT: Tailoring mechanical properties through bond exchange reactions
(BERs) demands precise topological manipulation, yet accurately correlating
structures and properties to complex topologies remains a challenge. This
investigation delves into matrix-free polymer grafted nanoparticles (PGNPs) with
dynamic covalent bonds and examines how topological control can modulate material
properties. Through coarse−grained molecular dynamics simulations, the alterations
in the grafted polymer uniformity (α) induced by BERs triggered by terminals of
grafted polymers are examined. Innovative α-kinetics theoretical model is proposed to
capture the temporal evolution of topologies and elucidate the significant influence of
BER kinetics and initial topology. Additionally, the α-equilibrium theoretical model
characterizes equilibrium topologies, revealing the geometric distribution of grafted
polymers. The theoretical models are further extended to include scenarios beyond
terminal-triggered BERs, a*rming their comprehensive applicability. Subsequently, it
is elucidated how specific topological configurations can significantly enhance toughness and reveal the intrinsic mechanisms, which
enable the construction of structure−property relationships. In summary, this study not only addresses the experimental challenges
in the topological characterization of PGNPs, but also underscores the importance of strategic topological design in determining
material properties and advancing material science.

1. INTRODUCTION

Incorporating inorganic nanoparticles (NPs) into polymers
typically enhances mechanical strength, optical properties, and
thermal conductivity when compared to pure polymers.1−3

The hydrophilic nature of most inorganic NPs and the
nonpolar characteristics of polymers often result in mutual
incompatibility within organic matrices, leading to a negative
impact on material properties.4 A widely used approach to
ensure good NP dispersion is to graft polymers onto the
surface of NPs.5−7 This not only achieves uniform dispersion
of NPs but also enables such materials to exhibit a range of
unique properties, including improved transport of light
gases,8−10 ion transport,11,12 phononic and photonic band
gap properties,13 and enhanced impact resistance.14,15

The properties of polymer grafted nanoparticles (PGNPs)
are significantly influenced by numerous factors, including
shape and size of the nanocore,16 polymer chain length,17

grafting density,18 and number distribution of grafted polymer
chains.19 The polydispersity of grafted chain lengths is also
especially crucial in influencing the properties; however,
existing studies have primarily focused on systems with
uniform or bimodal chain distributions.20−22 For instance,
non-cross-linked systems derive material toughness primarily
from long-chain entanglement,23 while electromagnetic
applications, necessitating high filler concentrations, benefit
from enhanced dispersion facilitated by short-grafted chains.24

Further, the varied distributions of long and short chains,

coupled with the multidisperse design of grafted chains, lead to
diverse self-assembly behaviors.25−27 Depending on the
grafting density and polymer length, NPs can self-assemble
into various structures such as strings, sheets, or globular
forms.28,29 In a recent study, Wang et al. demonstrated that
mixtures of short C16 ligands and long PEG chains can lead to
diverse 2D assembly morphologies of silver nanocubes at the
air−water interface, highlighting the significant role that
polymer length combinations play in determining the assembly
behavior and morphology of NP systems.30 For anisotropic
particles, polymer grafts can control the relative orientation of
NPs within their assemblies.31 However, the limited research
on the influence of polydispersity of grafted chains on the
material properties hampers the understanding and utilization
of its benefits, emphasizing the necessity for in-depth
investigation into the polydispersity of grafted chains.
The concept of topological isomerizable network is used to

describe distribution changes of branches in the polymer
network, which introduces a novel perspective for exploring
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the polydispersity of grafted chains in PGNPs.32 This method
not only modulates the polydispersity of grafted chains
through bond exchange reactions (BERs) but also enables
further customization of the grafted polymer post-molding.
However, the complexity of PGNP presents significant
challenges in accurately characterizing the polydispersity of
the polymer chains, making it challenging to establish
structure−property relationships. To tackle these challenges,
molecular dynamics simulations provide a robust method for
analyzing material structures and establishing structure−
property relationships,33−35 while theoretical validation based
on simulation results o=ers insights into the influence of
structures on properties.36

In this study, we focus on the process of topological
isomerization (referring to polydispersity change of the grafted
chains) of PGNP and its impact on mechanical properties. To
e=ectively control and delve deeper into the topological
structures, we employed coarse−grained molecular dynamics
simulations37,38 (CGMD) and BER algorithm.39,40 Based on
simulation results and theoretical derivations, we established
theoretical models that accurately capture changes and
equilibrium states of these topological structures. Moreover,
by precisely manipulating topologies and conducting simu-
lations of mechanical properties, we elucidated the mecha-
nisms by which topological structures influence mechanical
performance. Our study proposes a new research paradigm for
manipulating the topological structures of PGNPs and for
developing structure−property relationships.

2. MODELS AND METHODOLOGIES

2.1. Model Construction. We utilize CGMD simulations
to study matrix-free PGNPs. An experimental example involves
grafted polyisoprene chains onto the surface of silica,41 with
the substitution of polyisoprene chains with molecular chains
such as polycaprolactone capable of undergoing BERs.32 In the
described model, NPs are characterized by a radius of RNP =
2.0σ, while the radius of each grafted polymer bead is set at RP
= 0.5σ, as illustrated in Figure 1a. Each system is composed of
nn = 27 NPs, with each NP grafted with ng = 20 grafted
polymers, and each grafted polymer consisting np = 44 beads.
To inhibit the movement of directly bonded grafted polymer
beads on the NP surface, these beads, along with the NP, are
considered a single rigid body (as demarcated by the beads
within a black dotted circle in Figure 1a). As depicted in Figure
1a, each set of four beads constitutes a unit, with each unit
possessing a dynamic bond linking the blue beads to the purple

beads. This setup allows for a directed BER consistent with the
experiment.32 Notably, the initial unit of the grafted polymer
(directly attached to the NP) functions as the grafted site,
remaining stationary and una=ected by BERs. The subsequent
units, capable of transferring between grafted polymers via
BERs, are termed grafted units. There are n = nnng grafted sites
and m = n(np/4 − 1) grafted units in the systems. More details
on model construction process are available in Supporting
Information Section S1.
Unlike the approach that employs the three-body potential

to implement the BER process,42 we use the commands fix/
react in LAMMPS to implement the BER.40 The BER is
triggered from the termini of the grafted polymer, as illustrated
in Figure 1b. When the purple bead B at the terminus of the
grafted polymer encounters with the purple bead D in the
middle of the grafted polymer, the A−B and C−D bonds break
with a thermodynamic probability Psw, while A−D and C−B
bonds are simultaneously formed. BERs are influenced by
several factors, including catalyst type, catalyst concentration,
and reaction temperature.43,44 Catalysts play a crucial role in
reducing the activation energy required for BERs, while
temperature provides the necessary energy for the reaction to
proceed.45 In simulations, these experimental conditions are
emulated by adjusting the activation energy ΔEsw and
temperature T, with Psw being governed by Psw = exp-
[−ΔEsw/(kBT)], where kB is the Boltzmann constant. If a BER
occurs between two separate grafted polymers (Figure 1b),
two new grafted polymers are produced. The content of ring
polymers comprises only approximately 2.5% with the
occurrence of BERs, as depicted in Figure 1d. Di=erences in
the chemistry between the NPs and the polymer beads do not
change the content of ring polymers at equilibrium (Figure
S2). To streamline subsequent theoretical derivations, BERs
that result in ring molecules are excluded from simulations.
Furthermore, the BERs occur not only between grafted chains
on the same NP but also between grafted chains on di=erent
NPs.
BERs induce changes in the topology, consequently altering

the distribution of the grafted polymer. To quantitatively
characterize this transition, similar to the concept of the
polydispersity index, we introduce the parameter α to assess
the uniformity of the grafted polymer
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Figure 1.Model and BER algorithm. Schematic diagrams of (a) the PGNP model and (b) the BER process. (c) The outcome of the BER within a
single grafted polymer. (d) Percentage of ring polymer as a function of BER time.
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where i represents the number of grafted units and 1 denotes
the unit of the grafted site. Pi = ni/n represents the ratio of
grafted chains with i grafted units, where ni is the number of
grafted chains with i grafted units.
2.2. Molecular Dynamics Simulation. In our simu-

lations, we characterize all nonbonded interactions using the
expanded truncated and shifted Lennard-Jones (L-J) poten-
tial,46 expressed as follows
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where Uij(r) denotes the interaction potential between
particles i and j at distance r. The term εij represents the
strength of interaction between the particles, while constant C
is introduced to maintain the continuity of the potential energy
at the cuto= distance rcutoff, beyond which the potential energy
is set to zero. The parameter Δij accounts for the excluded
volume between particles i and j, and it ensures that the
potential energy is properly calculated based on the physical
separation between the particles. By utilizing dimensionless L-J
units, with ε and σ serving as the respective units, we generalize
our analysis to encompass a class of polymers rather than
focusing on specific molecular structures. The εij is set to 1ε,
while the rcutoff is fixed at 2.24σ for simulating weakly attractive
polymer systems.
The stretching energy between adjacent beads is represented

by the harmonic potential47

=U l k l l( ) ( )stretch stretch 0
2

(3)

where kstretch denotes the sti=ness constant for bond stretching,
and l0 represents the equilibrium bond length. For all systems,
the parameters kstretch and l0 standardized to 100ε/σ

2 and 1σ,
respectively.
The Nose−́Hoover temperature thermostat and pressure

barostat are employed for equilibration within the NPT
ensemble (constant number of particles N, pressure P, and
temperature T). The movement of all beads is governed by the
equations of motion, which are integrated using the velocity-
Verlet algorithm with a time step of 0.001τ. After finalizing the
model construction (Supporting Information Section S1), each

system underwent a simulation for 10000τ at T = 1 and
pressure P = 1, and the structures resulting from these
simulations were leveraged for subsequent analysis.
2.3. Uniaxial Tensile Deformation. To explore mechan-

ical strength, we conduct uniaxial tensile deformation in
nonequilibrium MD simulations, a widely adopted method for
such investigations.48,49 The simulation box undergoes
deformation along the Z-direction at a constant engineering
strain rate

T
, while the lengths in the X and Y directions adjust

proportionally to maintain constant volume. The
T
is defined

as the change in length along the Z-direction over time t,
normalized by the initial length LZ(0). It is set to 0.0327/τ in
this study.50,51 The tensile stress σT is calculated using the
formula52

= +P P( 3 )/2
i

iiT ZZ
(4)

where PZZ represents the pressure in the Z-direction, ∑iPii

denotes the sum of pressures in all three directions.
Furthermore, we utilize the second-order Legendre polynomial
to quantify the orientation degree of polymer chains, expressed
as

=P (cos ) (3 cos 1)/22
2

(5)

Here, θ denotes the angle between the given bond’s direction
and the deformation axis, and ⟨···⟩ signifies ensemble
averaging. The value of P (cos )2 ranges from −0.5 to 1,
with extremes representing perfect orientation perpendicular
or parallel to the deformation direction, and 0 indicating
random orientation.
2.4. Triaxial Tensile Deformation. To investigate

toughness, we perform triaxial tensile deformation in NEMD
simulations to obtain stress−strain (σZ − εT) curves, a method
proven e=ective in prior studies.53,54 In these simulations,
deformation occurs exclusively along the Z-axis, while the
lengths in the X and Y directions remain constant, in contrast
to the method where the stresses are equalized in the three
principal directions.55 The

T
is also set to 0.0327/τ.51 It is

noteworthy that the stress considered here is the σZ,
representing the stress in the Z-axis direction, distinct from
the σT used in uniaxial tensile deformation. The toughness is
represented by the area enclosed by the σZ − εT curve. This
approach enables a qualitative comparison of toughness among
di=erent systems.
We conducted CGMD simulations using the LAMMPS

software developed by Sandia National Laboratories.56 Visual-

Figure 2. BER kinetics. The time dependence of the bond autocorrelation function Csw(t) at various (a) activation energy ΔEsw under T = 2.0 and
(b) temperatures T under ΔEsw = 3. (c) The BER lifetime τsw for di=erent ΔEsw and T systems. Each Csw(t) curve is fitted with the KWW equation,
represented by the solid line.
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ization of the simulation processes was performed using Ovito
software.57

3. RESULTS AND DISCUSSIONS

3.1. Kinetics of BER and α. To conduct a quantitative
analysis of topological kinetics, it is imperative to comprehend
the dynamical behavior of BER. We achieve this by examining
the normalized bond autocorrelation function, denoted as
Csw(t)

= + •C t N t t N t( ) ( ) ( )sw b 0 b 0 (6)

where Nb(t0) represents the number of dynamic bonds at the
time t0, and Nb(t0 + t) represents how many of these dynamic
bonds are left at the time t0 + t. It should be emphasized that
Nb(t0 + t) does not include those dynamic bonds that have
already participated in reactions. For example, if dynamic
bonds A−B and C−D undergo a BER and become A−D and
B−C at time t0 to t0 + t, Nb(t0 + t) does not include A−D and

B−C. In eq 6, = + •C t N t t N t( ) ( ) ( )sw b 0 b 0 , the angular
brackets ⟨···⟩ represent an average over multiple initial times t0,
while the overbar denotes normalization. Specifically, normal-
ization is done using ⟨Nb(t0) Nb(t0)⟩.Figure 2a,b illustrate the
time dependence of Csw(t) for di=erent systems with varying
values of ΔEsw and T, respectively, demonstrating that lower
values of ΔEsw and higher T lead to a more rapid decay of
Csw(t). The Csw(t) exhibits an exponential decay, which can be
e=ectively described by the Kohlrausch−Williams−Watts

(KWW) equation = [ ]C t t( ) exp ( / )sw sw , where τsw repre-
sents the BER lifetime and β = 1 indicates a first-order kinetics
for the BER.58,59 The τsw for various ΔEsw and T systems are
shown in Figure 2c, which aligns with the Arrhenius equation
τsw = τ0exp[ΔEsw/(kBT)], where τ0 is the pre-factor related to
di=usion kinetics and exp[ΔEsw/(kBT)] is the inverse of
thermodynamic reaction probability Psw. The results depicted
in Figure 3c indicate a decrease in τsw with decreasing ΔEsw
and increasing T. The BER rate ksw can be expressed as ksw =
k0Psw, representing the occurrence of BERs per unit time,
where k0 = ng/τ0. This observation suggests an intuitive
acceleration of the BER by decreasing ΔEsw and increasing T
(Figure S3).
The time−temperature superposition principle, extensively

utilized in polymer kinetics analysis, assumes consistent
temperature dependence across di=erent normal modes of
polymer chains.60,61 To validate its applicability to BER
kinetics, we scale BER times with τsw. In Figure 3a, the Csw(t)

curves, scaled by τsw for various ΔEsw and T systems,
collectively fit into a master curve Csw(t) = exp[−(t/τsw)],
confirming BER’s compliance with the TTASP. BER alters the
number of grafted units in the grafted polymer, consequently
a=ecting α. Upon analyzing the BER time dependence of α, we
find that TTASP also applies to α kinetics. Figure 3b
demonstrates this applicability, where the variations of α

with time for all ΔEsw and T systems conform to a master
curve after scaling the time by τsw (solid line in Figure 3b).
Initially, α increases with the BER time, eventually converging
to αE, which represents the uniformity of grafted polymer at
BER equilibrium. Additionally, variations in ΔEsw and T
exclusively impact the increase rate of α and do not alter αE.
The smaller the τsw, or in other words, the greater the ksw, the
greater the change rate of α (Figure S4). In systems with
varying grafted densities and sti=ness of the grafted polymer, α
exhibits a consistent pattern of change, suggesting that this
trend is not coincidental (Figure S5). Furthermore, the study
of the proportion of BERs between grafted chains on di=erent
NPs reveals that these reactions predominantly occur between
grafted chains on di=erent NPs, accounting for approximately
76% (Figure S6). Additionally, decreasing the grafting density
and increasing the sti=ness of the grafted chains enhance the
BERs between the grafted chains on di=erent NPs (Figure
S6d,e).
The application of TTASP to BER and α kinetics suggests

that catalysts or increased temperature can accelerate BERs,
facilitating rapid control of topology structures.62−64 By scaling
time with the τsw, the time axis becomes dimensionless.
Experimentally, by measuring the τsw, we can similarly scale the
time and obtain the corresponding master curve shown in
Figure 3b. In other words, once the τsw is measured
experimentally, it can be used in conjunction with the master
curve in Figure 3b to accurately adjust the reaction time to
achieve the desired α.
3.2. Theoretical Calculation of α. Figure 3b showcases

the kinetics variation curve for α concerning monodisperse
grafted polymers, but its utility for guiding experimental work
is constrained. The primary limitation stems from the fact that
grafted polymers in experiments are usually polydisperse,
making the existing kinetics curves less relevant. Additionally,
pinpointing the determinants of αE presents a significant
challenge. To overcome these hurdles, there is a need for the
formulation of theoretical models that can shed light on the
kinetics of α.

Figure 3. The time−temperature-activation energy superposition principle (TTASP). (a) Bond autocorrelation functions Csw(t) after scaling the
time by τsw for di=erent ΔEsw systems with T = 2 and di=erent T systems with ΔEsw = 3. The solid line represents the master curve of Csw(t). (b)
Variation of α with time for di=erent ΔEsw and T systems after scaling times with τsw. The solid line depicts the statistical average of α for all ΔEsw
and T systems.
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For a system with n grafted sites and m grafted units, the
mean quantity of grafted units is represented by s = m/n. To
elucidate the uniformity of the grafted polymer, we initially
deduce the probability of the grafted polymer with i-grafted
units at time t, symbolized as Pi(t). Presuming each BER
within the system to be random and given that m,n ≫ 1, the
change rate of grafted polymer with i-grafted units (i > 0) at
time t can be articulated as

=

+

=

=

> >

= +

=

< <

P

t
k w P w P

k w P w P

d

d
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j m

i j
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j i j
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0

1
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1
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(7)

where
>

wi j
j i denotes the probability of conversion from a

grafted polymer with j-grafted units to one with i-grafted units,
for cases where i is greater than j. For conversions that increase

grafted polymers with i-grafted units, =
> =

=

w P m/i j
j i

k i j

k m
k and

=
<

w m1/i j
j i . Conversely, for conversions leading to a decrease

in grafted polymers with i-grafted units, =
>

w m1/i j
i j and

=
< =

=

w P m/i j
i j

k j i

k m
k . By inserting the expressions for the Ksw

and the conversion probabilities into eq 7, we obtain the
following derivation

= [ ] +P t P F F( ) (0) e
i i i

E t

i
i (8)

where Fi = [1 − ∑j=0
j=i−1∑l=0

l=i−j−1Pl(t)Pj(t)]/(i + s + 1) and Ei =
(i + s + 1)/(sτsw). Specifically, F0 = 1/(1 + s) and Ei=(s + 1)/
(sτsw). More details of the theoretical model derivation are
given in Supporting Information Section S3. It is important to
emphasize that our theoretical model is a mean field model,
which assumes that all bonding sites are equally accessible.
This simplification makes the theoretical framework more
manageable but may overlook specific spatial constraints. For
instance, bonding sites near the NP surface or those
surrounded by grafted chains of di=erent lengths may have
varying levels of accessibility. Furthermore, NPs of low
curvature may lead to less accessible bonds versus those with
high curvature. Future work could incorporate these spatial
considerations to provide a more accurate representation of
the system.
By integrating the definition of α (eq 1), the theoretical

model for α-kinetics can be articulated as follows
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The theoretical model of α-kinetics demonstrates that α-
kinetics are influenced exclusively by the τsw, Pi(0), and s. The
significance of τsw on α-kinetics has been verified in Figures 3b
and S4. To further validate the influence of the initial topology
αinitial on α-kinetics, we set s = 10 and examined α-kinetics
across various αinitial, as showcased in Figure 4a. The α values
for systems with di=ering αinitial tend to converge toward αE
with the progression of BER time. The theoretical predictions
for α-kinetics (represented by solid lines in Figure 4a) are in
close agreement with the simulation outcomes, accurately
depicting the evolution of α-kinetics and validating that αE =
1.91 when s = 10. Figure 4b presents both simulation and
theoretical findings regarding α-kinetics for systems with varied
s, indicating that αE ascends with an increase in s. Moreover, as
s increases leading to a larger ksw (Figure S7), the rate at which
α changes also accelerates with the increase in s. Furthermore,
we observed that α increased with increasing s, after the BER
reached equilibrium (α reached stabilization).
Traditionally, the manipulation of grafted polymer top-

ologies has been guided by empirical adjustments of BER
durations within experimental frameworks.32,65 This approach
requires intermittent cessation of the reaction to conduct
structural assessments, significantly extending the duration of
experimental procedures. Moreover, the intricacies involved in
evaluating the molecular weight distribution of polymers
grafted onto NPs, as opposed to linear polymers, complicates
the establishment of definitive structure−property correlations.
The theoretical model we introduce for α-kinetics sheds light
on precise reaction time management, thereby mitigating these
challenges and enhancing the precision in achieving targeted α

values.
We recognize that eq 9 does not yield an analytical solution.

However, as t → ∞ and BER equilibrium is attained, the
possibility emerges for deriving an analytical solution to
facilitate more in-depth analysis. To advance a more detailed
examination and more intuitively unravel the quantitative
interplay between αE and s, it is imperative to develop the
theoretical model for α-equilibrium further. Equation 8
delineates that the equilibrium probability of the grafted
polymer with i-unit (

_

P
i E
) can be articulated as

Figure 4. Theoretical calculation of α-kinetics. α as a function of BER time for di=erent (a) initial topologies αinitial and (b) mean quantity of
grafted units s. The scatter symbols are the results obtained from the simulations and the solid lines are the results from the theoretical model. The
simulations are repeated three times for each variable to plot the error bars.
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Utilizing the principle of mathematical induction,66 it can be
demonstrated that
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Equation 11 illustrates the equilibrium geometric distribu-
tion of grafted polymers, which is dependent exclusively on the
s. Systems with varied αinitial converge to the same equilibrium
distribution of grafted polymers when s is consistent, as
depicted in Figure 5a. In contrast, systems with di=erent values
of s, result in unique equilibrium geometric distributions of
grafted polymers, as shown in Figure 5b.
Drawing from the grafted polymer’s geometric distribution,

with its expected value Ei = s and variance Vari = s + s2, we
deduce

=
+ + +

+
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Equation 12 shows that αE is only a=ected by s. Figure 5c
presents the theoretical model of α-equilibrium (represented
by the solid line), which aligns closely with the simulation data
across di=erent s systems (indicated by scatter symbols).
Additionally, by applying eq 12, the maximal uniformity of the
grafted polymer at equilibrium,

_E MAx
, is derived as

=lim 2
s

E
, as illustrated in Figure 5c.

The integration of simulation outcomes with theoretical
model predictions provides compelling evidence for the
geometric distribution pattern of polymers grafted onto NPs.
This finding diverges from conventional polymerization
theories that typically predict exponential or Gaussian
distributions for the molecular weight profiles of polymers.67

Our α-equilibrium theoretical model posits that leveraging
dynamic covalent bonding in grafted polymers paves the way
for the facile synthesis of polymers characterized by geometri-
cally distributed branching.
3.3. Extend the α Theoretical Calculation to Free BER.

In previous discussions, BER was characterized as being
triggered by dynamic bonds at the termini of grafted polymers,
necessitating the involvement of terminal dynamic bonds. The
concept of “free BER” breaks through this limitation, allowing
dynamic bonds at any position along the grafted polymer
chain, not just the terminals, to initiate BERs. This indicates
that internal dynamic bonds within the polymer chain can also
trigger reactions, thereby moving beyond the constraint of
requiring terminal dynamic bonds to participate. This new
perspective o=ers a more flexible approach to understanding
and controlling the structural characteristics of PGNPs,
particularly in terms of the length distribution of grafted
chains.
Specifically, the free BER introduces a novel BER type into

the system, as depicted in Figure 6a. When the purple bead B
in the middle of the grafted polymer encounters the purple
bead D in the middle of another grafted polymer, the A−B and
C−D bonds break with a probability of Psw, while A−D and
C−B bonds form concurrently.
We similarly derive a theoretical model of α-kinetics based

on eq 7. Due to the change in the BER mode, the conversion

Figure 5. Theoretical calculation of α-equilibrium. The distribution of grafted polymer at equilibrium for di=erent (a) initial topologies αinitial and
(b) mean quantity of grafted units s. (c) α at equilibrium as a function of the mean quantity of grafted units s. All scatter symbols are the results
obtained from the simulation and all solid lines are the results from the theoretical model. The simulations are repeated three times for each
variable to plot the error bars.

Figure 6. Theoretical calculation of α-kinetics for free BER. (a) Schematic diagrams of newly introduced BER process. α as a function of BER time
for di=erent (b) αinitial models and (c) the number of grafted units of the grafted polymer. The BER rate for systems with αinitial less than 2 is
adjusted by an empirical correction factor ξ = 1 + s/20 (Supporting Information Section S2). The scatter symbols are the results obtained from the
simulation and the solid lines are the results from the theoretical model. The simulations are repeated three times for each variable to plot the error
bars.
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probabilities also di=er. For conversions that lead to an
increase in the number of grafted polymers with i-grafted units,
the conversion probabilities are given by
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For conversions that result in a decrease in the number of
grafted polymers with i-grafted units, the conversion
probabilities are
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By incorporating these conversion probabilities into eq 7, we
derive an expression analogous to eq 8
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The outcomes from both simulation and theoretical model,
illustrating the temporal evolution of α for various systems
characterized by αinitial and s, are showcased in Figures 6a,b.
The consistency between the theoretical predictions and
simulation data underscores the model’s validity. Mirroring
the pattern observed in the BER mode triggered by the termini
of grafted polymers, α in the free BER mode also tends to
stabilize at the same αE over time. Notably, in the scenario of
free BER mode where the system starts with an αinitial greater
than 2, there’s an initial increase in α followed by a decrease,
eventually steadying at αE.
Owing to the intricate nature of Fi′, formulating a theoretical

model of α-equilibrium through mathematical induction poses
significant di*culties. As an alternative, we initially adopted
the principle of detailed balance. At equilibrium, the
transformation between grafted polymers complies with the
detailed balance conditions within the realm of thermody-
namic equilibrium
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Figure 7. Theoretical calculation of α-equilibrium for free BER between grafted polymers. (a) The distribution of grafted polymer at equilibrium
for di=erent mean quantity of grafted units s. (b) α at equilibrium as a function of the mean quantity of grafted units s. Schematic diagram of the
structural changes after (c) free BER between grafted polymers and (d) BERs triggered by the termini of the grafted polymer. All scatter symbols
are the results obtained from the simulation and the solid lines are the results from the theoretical model. The simulations are repeated three times
for each variable to plot the error bars.
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denote the probabilities of grafted
polymer with i-grafted units and (i + 1)-grafted units,
respectively. The conversion probability from a grafted
polymer with i-grafted units to one with (i + 1)-grafted units
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conversion probabilities into eq 14, the following expression
can be derived
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Integrating mathematical induction with eq 15 enables the
derivation of a formula that mirrors the distribution pattern of
grafted polymers as outlined in eq 11. Consequently, the α-
equilibrium theoretical model for the free BER model aligns
precisely with the model triggered at the termini of grafted
polymers, as encapsulated in eq 12.
Figure 7a,b showcase the outcomes of both the theoretical

model and simulations for
_

P
i E
and αE under the scenario of

free BER among grafted polymers, validating the e*cacy of our
equilibrium theoretical model. These results confirm that the
mode of BER exerts no impact on the equilibrium topology of
grafted polymers. It is reasonable to anticipate that the
equilibrium topology of grafted polymers remains una=ected
by the specific BER mode employed. For every structure
realized through a free BER, as illustrated in Figure 7c, an

equivalent structure can be achieved via three termini-triggered
BERs, as depicted in Figure 7d. In Figure 7c, NPs A and B are
grafted with polymer chains A1−A2−A3−A4 and B1−B2−B3,
denoted as A−A1−A2−A3−A4 and B−B1−B2−B3, respectively.
Following a free BER event, the resulting structures are A−
A1−B3 and B−B1−B2−A2−A3−A4. Figure 7d illustrates that
starting from A−A1−A2−A3−A4 and B−B1−B2−B3, after three
termini-initiated BERs, the structures A−A1−B3 and B−B1−
B2−A2−A3−A4 can be similarly generated. Although the
pathways di=er, both BER modes can yield identical grafted
polymer structures (including the sequence of unit con-
nections), indicating that BER modes may influence α-kinetics
but not the α-equilibrium state.
3.4. Mechanical Properties. To pave the way for

understanding the influence of topology on mechanical
properties, we initiate our discussion by examining the
structural characteristics of PGNPs across di=erent α values.
Unlike Phukan et al.‘s work on the mechanical response of NP
networks,68 our focus is on the influence of α on mechanical
properties, without allowing cross-linking between the end of
grafted chains to form a network structure.
Beginning with a system with α = 1.00 as the foundational

structure, we employ BERs to derive two distinct systems
characterized by α = 1.44 and α = 1.88. These configurations
symbolize homogeneous, transitional, and equilibrium top-
ologies, respectively, with the distribution patterns of the
grafted polymers depicted in Figure 8a. Notably, the system
with α = 1.88 exhibits an approximate geometric distribution
of grafted polymers, as illustrated by the black solid line in
Figure 8a. NPs within the three distinct topological structures
are well-dispersed throughout the system, without any
occurrence of aggregation (Figure S8). Subsequently, we

Figure 8. Structural characterization. The (a) distributions of grafted polymer, (b) average asphericity ⟨κ
2⟩ and squared radius of gyration ⟨Rg

2⟩ of
PGNPs, (c) average number of entanglements of grafted polymer and (d) entanglement number distribution for di=erent α systems.
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commenced our investigation into the anisotropy of PGNPs by
computing the gyration tensor for each NP and extracting its
three eigenvalues λ1, λ2, and λ3, organized in descending order
as λ1 ≥ λ2 ≥ λ3. The aggregate of these eigenvalues equates to
the squared radius of gyration, Rg

2 = λ1 + λ2 + λ3. For
anisotropy quantification, we introduce the asphericity κ

2 of

PGNPs, defined as =
+ +

+ +

2 3

2 ( )

1

2

1
2

2
2

3
2

1 2 3
2 .69−71 The aspher-

icity κ
2 spans from 0 to 1, where κ

2 = 0 symbolizes an isotropic
shape of PGNPs, depicting a spherical symmetrical distribution
of all atoms, and κ

2 = 1 signifies a highly anisotropic shape,
with atoms aligned linearly. This parameter sheds light on the
shapes of PGNPs across di=erent distributions of grafted
polymers. Figure 8b showcases the mean asphericity ⟨κ

2⟩ and
squared radius of gyration ⟨Rg

2⟩ across diverse α configurations,
illustrating that heightened α values correspond to increases in
both ⟨κ

2⟩ and ⟨Rg
2⟩, indicative of the enhanced heterogeneity in

PGNPs. This observation is bolstered by snapshots of
individual PGNPs within varied α systems, as depicted in the
inset of Figure 8b, where the increase in α is associated with
the presence of longer grafted polymers alongside shorter ones,
contributing to the PGNPs’ augmented heterogeneity.
The Z1+ algorithm72,73 serves to compute the average

entanglement number ⟨Z⟩ across varying α systems, as shown
in Figure 8c. These findings reveal a relationship between α

and ⟨Z⟩, where a lower α is associated with a higher ⟨Z⟩. The
distribution of the entanglement number, PZ (where Z
represents the entanglement number), is further detailed in

Figure 8d. In the system characterized by α = 1.88, which has a
higher proportion of shorter grafted polymers as depicted in
Figure 8a, there’s a noticeable increase in the number of
grafted polymers with Z = 0. Conversely, the system with α =
1.00 shows a greater occurrence of grafted polymers with Z <
3, yet a reduction in those with Z > 3. Although longer-grafted
polymers contribute to a higher Z, their presence in the system
is relatively minimal. Hence, it is deduced that systems with
elevated α values typically exhibit a higher Z.
Having conducted a detailed analysis of structural character-

istics, we now turn our attention to the exploration of
mechanical properties to gain a deeper understanding of how
di=erent topologies specifically influence performance. Initially,
we assessed the mechanical strength of various α systems
through uniaxial deformation, with the corresponding stress−
strain (σT − εT) curves illustrated in Figure 9a. Notably, at εT

= 4, the mechanical strength of the α = 1.88 system saw a 22%
reduction in comparison to the α = 1.00 system, as shown in
the inset of Figure 9a. This decrease is largely due to the higher
entanglement number present in the α = 1.00 system, as
evidenced in Figure 8c. To delve deeper into why the α = 1.00
system exhibits superior mechanical strength, we analyzed the
bond orientation degree P (cos )2 and bond energy Ebond,
both of which significantly influence the system’s stress. The
alignment of bond orientation with the deformation direction
amplifies the force component in that direction, and a
heightened Ebond signifies an increased force acting on the

Figure 9. Mechanical properties. (a) Uniaxial tensile stress, (b) bond orientation and (c) bond energy as a function of strain for di=erent alpha
systems. (d) Snapshots of individual PGNP in uniaxial deformation at di=erent strains for the system with α = 1.00. (e) Triaxial tensile stress as a
function of strain for di=erent alpha systems. (f) Snapshots of the system with α = 1.88 at di=erent strains in triaxial deformation. Di=erent colors
represent di=erent PGNPs.
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bond. The variations of P (cos )2 and Ebond with εT across
di=erent α systems are depicted in Figures 9b,c, respectively.
Owing to its higher entanglement number, the α = 1.00 system
demonstrates enhanced P (cos )2 and Ebond values, contri-
buting to its optimal mechanical strength. Figure 9d o=ers
snapshots of individual PGNPs at varying εT, providing insight
into the microstructural alterations during uniaxial deforma-
tion. The entanglement of grafted polymers across di=erent
NPs facilitates their alignment in the deformation direction,
bolstering mechanical strength.
After analyzing the mechanical strength of the systems, we

further explore the critical property of toughness to
comprehensively assess the impact of di=erent topologies on
mechanical behavior. We employed triaxial deformation53,54 to
investigate the toughness of various α systems, with the
corresponding stress−strain (σZ − εT) curves presented in
Figure 9e. This deformation method induces void formation
within the system, with the number of voids escalating as strain
increases. To facilitate the comparison of the σT − εT curves
for triaxial and uniaxial deformation, we also give the σT − εT

curves during triaxial deformation, as shown in Figure S9. A
system’s toughness is determined by its ability to withstand
void formation without fracturing. For instance, the breaking
strain for the α = 1.00 system was measured at 3.5, whereas for
the α = 1.88 system, it notably increased to 13.1. To
quantitatively assess the toughness across di=erent α systems,
we integrated the area under the σZ − εT curves, with the
findings illustrated in the inset of Figure 9e. Remarkably, the
toughness of the α = 1.88 system surged by 139% in
comparison to the α = 1.00 system. This variance in toughness
is ascribed to the distinct distributions of grafted polymers and
their ⟨Z⟩. In the α = 1.00 system, despite a high ⟨Z⟩, the
system predominantly comprises grafted polymers with Z of 1
and 2. This configuration facilitates the disentanglement of
grafted polymers on di=erent NPs under triaxial stress,
resulting in a reduced breaking strain. As α escalates, there’s
an uptick in some longer grafted polymers, consequently
increasing the prevalence of grafted polymers with Z > 3, as
depicted in Figure 8d. This proliferation of Z among longer
grafted polymers enables the system, especially at α = 1.88, to
maintain a cohesive physical entanglement network under
significant strains, e=ectively enhancing its structural integrity
and preventing breakage. The α = 1.88 system, with its
abundance of longer grafted polymers, achieves a 274.2%
enhancement in breaking strain and a 139% uplift in toughness
relative to the α = 1.00 system, as illustrated in Figure 9e. The
dispersity-toughness relationships here are in general agree-
ment with studies that looked at bidisperse star systems.74 For
a more illustrative depiction of the toughness enhancement
and breaking strain mechanisms, Figure 9f showcases snap-
shots of the α = 1.88 system under varying strains. Di=erent
colors are assigned to PGNPs to facilitate the observation of
entanglements across diverse NPs. The interlacing of long
grafted polymers forms numerous “thin stems”, typically
consisting of grafted polymers in varied colors, indicating
their formation through the entanglement of graft polymers on
disparate NPs. These “thin stems” bridge various NPs,
ensuring the system retains a cohesive physical network that
forestalls breakage.

4. CONCLUSIONS

Our research aims to investigate the impact of BERs on the
topology of grafted polymers and establish a clear correlation
between structure and properties. Initially, we verified that
both the BER kinetics and the evolution of grafted polymer
topology adhere to the time-activation energy−temperature
superposition principle. This enabled us to construct dynamic
master curves for BERs and the topology of grafted polymers.
Within these dynamic master curves, we observed an increase
in the α with the duration of BER time, ultimately stabilizing at
αE determined by s. Building on these observations, we
proposed a precise theoretical model of α-kinetics to describe
these dynamic changes, o=ering valuable insights into
determining the optimal reaction cessation time required to
achieve the desired topology. Additionally, we developed a
theoretical model of α-equilibrium, illustrating that the
distribution of grafted polymers adopts a geometric pattern
at equilibrium, solely influenced by s. Extending our theoretical
models to the free BER mode, we compared the theoretical
models of α-kinetics and α-equilibrium for both BER modes.
Despite di=erences in α-kinetics theoretical model, the α-
equilibrium theoretical models for both BER modes are
consistent. Notably, our findings reveal that mechanical
properties can be finely tuned through topological control.
Systems with uniformly distributed grafted polymers exhibit
enhanced mechanical strength due to a higher entanglement
number, while systems with exponentially distributed grafted
polymers demonstrate greater toughness owing to the presence
of longer grafted chains.
In conclusion, our developed theoretical models precisely

characterize the topology of grafted polymers and establish a
clear correlation between topology and mechanical properties.
This connection holds considerable potential for applications
in areas like flexible electronics75 and soft robotics,76,77

substantially broadening the utility of PGNP systems in
various advanced technological domains.
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